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While Standard Model Effective Field Theory (SMEFT) systematically categorizes possible new
physics beyond the Standard Model, the parameter space of the SMEFT Wilson coefficients is
extremely vast in the current standard approach, which hinders experimental searches for new
physics. However, there are actually consistent conditions for the Wilson coefficients, arising
from requiring that SMEFT or, more precisely, the underlying higher energy theory satisfies some
axiomatic principles of quantum field theory. These consistent conditions go by the name of
positivity bounds, and the SMEFT parameter space can be significantly reduced by imposing
these positivity bounds. Particularly, we show that for the dim-8 subspace involving vector boson
scattering, only about 2% of the total parameter space satisfies the positivity bounds and thus the
majority of the naive SMEFT parameter space is theoretically inconsistent/unphysical.
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1. Introduction and Summary

New physics beyond the Standard Model can be systematically parametrized within the frame-
work of Standard Model Effective Field Theory (SMEFT), which is the renormalizable Standard
Model Lagrangian augmented by higher dimensional operators consistent with the symmetries of
the Standard Model. In the standard approach, in the absence of any detection of new phenomena,
the various coefficients in front of the higher dimensional operators, often called Wilson coeffi-
cients, are a priori allowed to take arbitrary values, encoding various different kinds of new physics
beyond the Standard Model. As a result, the parameter space of SMEFT is extremely large.

However, not every values are allowed for the Wilson coefficients, if SMEFT is assumed to
have a theoretically consistent ultra-violet (UV) completion. Specifically, there are so-called pos-
itivity bounds [1, 2] that the Wilson coefficients have to satisfy. As an EFT, SMEFT breaks down
(i.e., violates perturbative unitarity) at the cutoff scale Λ, beyond which SMEFT loses its validity
and a UV completion is needed. The UV complete theory should satisfy the usual axiomatic prin-
ciples of quantum field theory such as unitarity and analyticity. Using these properties, one can
express the scattering amplitude of the UV theory in terms of an integral of the imaginary part of
the amplitude along the real axis of s (s being the Mandelstam variable), which is called the dis-
persion relation (cf. the left of Fig. 1 and Section 2), and eventually derive a set of inequalities that
involve the amplitude and its derivatives w.r.t. the Mandelstam variables. Thus, from these purely
theoretical considerations, one can extract (or bootstrap) a number of physical constraints on the
Wilson coefficients. We would like to emphasize that the positivity bounds are different from the
unitarity bounds, and in particular analyticity plays an important role in deriving these positivity
bounds. In summary, not every set of Wilson coefficients can define a consistent EFT and the set
of physical Wilson coefficients must satisfy the positivity bounds.

The positivity bounds have dramatic impacts on reducing the parameter space of SMEFT. In
[3, 4], we apply the positivity bounds in leading order vector boson scattering (VBS, i.e., scattering
of W+, W−, Z and γ) to constrain anomalous quartic gauge couplings (aQGCs), and find that
the positivity bounds exclude the majority of the parameter space of the 18 aQGC related dim-8
operators (cf. Section 3), and only about 2% of the total parameter space satisfies the positivity
bounds. The positivity constraints on the dim-8 Wilson coefficients are displayed in Section 4,
ready to be used to check whether a given set of Wilson coefficients satisfies the positivity bounds.

The reason that we neglect the aQGC related dim-6 operators is twofold. (1) At leading order,
all the dim-6 operators contribute negatively to the VBS positivity bounds [3]. That is, all the VBS
positivity inequalities can be schematically written in the form of A8−A6 > 0, where A8 ∼O(Λ−4)

stands for dim-8 contributions and A6∼O(Λ−4) for contributions with 2 dim-6 three-point vertices;
by explicit calculations, one can show that A6 > 0 for all the nontrivial bounds, so A8 > 0 is weaker
than A8−A6 > 0 but still a valid bound. This also implies that SMEFT would be inconsistent with
only dim-6 operators but no dim-8 operators. (2) While QGCscan be affected by dim-6 operators,
it can be expected that the dim-6 effects will be first detected in other processes such as in Higgs
production and decay, diboson production or vector boson fusion. Nevertheless, we have given the
full positivity bounds with all the dim-6 contributions included in [3, 4].

The foundation of the positivity bounds relies on the aforementioned axiomatic principles of
quantum field theory. Those principles have been accurately tested by various experiments at the
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Figure 1: (Left) Dispersion relation contour in the complex s plane. The red lines are branch cuts. The light
blue parts can be subtracted since they can be computed within the low energy EFT. (Right) The physical
subspace (only about 2%) of the SMEFT parameter space for the aQGC related dim-8 operators. This is only
a cartoon illustration: the sphere represents a 18D sphere and the green solid angle is the allowed region.

energies currently accessible, but are of course assumptions at higher energies. So reversing the
argument, another usage of these positivity bounds is to test the axiomatic principles of quantum
field theory by looking for possible violations of these bounds.

2. Positivity Bounds

In this section, we shall outline the derivation of the improved forward limit positivity bound
for the toy case of scattering of scalar particles with mass m, which captures the essential idea
but without further technical complications. For more details and the adaption of the proof in the
context of SMEFT, the reader may refer to Section 2 of [4].

The positivity bounds can be derived by assuming the underlying UV complete theory of
the EFT satisfies the most cherished principles of quantum field theory, most notably Lorentz in-
variance, unitarity, locality, analyticity and crossing symmetry. We shall focus on 2-to-2 elastic
scattering. By Lorentz invariance, a scalar amplitude must be a Lorentz invariant function of the
Mandelstam variables s and t (u = 4m2− s− t). A textbook application of unitarity is the optical
theorem, which states that the imaginary part of the amplitude in the forward limit is related to the
total cross section via ImA(s,0) =

√
s(s−4m2)σtotal(s). This implies that in the physical region

s > 4m2 we have ImA(s,0)> 0. A bit more sophisticated application of unitary (as well as locality)
implies the existence of the Froissart bound [5]: |A(s,0)|< cs ln2 s, as s→∞, where c is a constant.
Now, analyticity tells us that when extended to the complex domain, A(s,0) is analytic except on
on the real s axis, which contains possible simple poles at m2 and 3m2 and branch cuts above 4m2

and below 0. Therefore, by Cauchy’s integral formula, we can define a quantity

f (µ2)≡ 1
2πi

∮
C

ds
A(s,0)

(s−µ2)3 , (2.1)

where the contour C runs around the branch cuts and the infinity (cf. the left of Fig. 1). The Froissart
bound implies that the contributions from the infinite semi-circles vanish, and by complex analysis
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(or the Schwarz reflection principle) we have DiscA(s,0) = 2iImA(s,0), so we have

f (µ2) =
1

2πi

(∫ 0

−∞

+
∫ +∞

4m2

)
ds

DiscA(s,0)

(s−µ2)3 =
1
π

∫
∞

4m2
ds

[
ImA(s,0)

(s−µ2)3 +
ImA(u)(s,0)

(s+µ2−4m2)3

]
, (2.2)

where ImA(u)(s,0) is the u-channel amplitude. The optical theorem tells us that ImA(s,0)> 0 for
s > 4m2, and by crossing symmetry, we know also that ImA(u)(s,0) > 0 for s > 4m2, so we have
proven that

f (µ2)> 0 for 0 < µ
2 < 4m2. (2.3)

Now, crucially, by Cauchy’s theorem, f (µ2) equals to the sum of the residues of the simple poles
within contour C, f (µ2) = ∑C Res

[
A(s,0)/

(
s−µ2

)3
]
, and since the poles can be determined at

low energies, f (µ2) can be computed to a desired accuracy within the EFT and thus f (µ2) > 0
gives rise to constraints on the Wilson coefficients.

For the second equality of Eq. (2.2), the integral on the right hand side is from 4m2 to infinity.
But since we can compute ImA(s,0) within the EFT, an improvement on the bound (2.3) is to
subtract the integration from 4m2 to (εΛ)2,

fεΛ(µ
2) = f (µ2)− 1

π

∫ (εΛ)2

4m2
ds

[
ImA(s,0)

(s−µ2)3 +
ImA(u)(s,0)

(s+µ2−4m2)3

]
, (2.4)

where ε . 1 (see the light blue regions in the left of Fig. 1). Since the integrand is positive definite
from 4m2 all the way up to +∞, the quantity fεΛ(µ

2) is still positive. This improvement on the
bounds turns out to be useful for constraining aQGC Wilson coefficients in SMEFT with a high
cutoff scale [4].

3. Dim-8 operators in VBS

The SMEFT Lagrangian is given by

LSMEFT = LSM +∑
i

ciO
(6)
i

Λ2 +∑
i

fiO
(8)
i

Λ4 + · · · , (3.1)

where Λ is the cutoff and LSM is the Standard Model Lagrangian. SMEFT shares the same particle
content, gauge group structure and global symmetries as the Standard Model. We focus on vector
boson scattering, and the relevant dim-8 operators are [6]

OS,0 = [(Dµ Φ)†Dν Φ][(Dµ Φ)†Dν Φ]

OS,1 = [(Dµ Φ)†Dµ Φ][(Dν Φ)†Dν Φ]

OS,2 = [(Dµ Φ)†Dν Φ][(Dν Φ)†Dµ Φ]

OM,0 = Tr
[
ŴµνŴ µν

][
(Dβ Φ)†Dβ Φ

]
OM,1 = Tr

[
ŴµνŴ νβ

][
(Dβ Φ)†Dµ Φ

]
OM,2 =

[
B̂µν B̂µν

][
(Dβ Φ)†Dβ Φ

]
OM,3 =

[
B̂µν B̂νβ

][
(Dβ Φ)†Dµ Φ

]
OM,4 =

[
(Dµ Φ)†Ŵβν Dµ Φ

]
B̂βν

OM,5 =
1
2

[
(Dµ Φ)†Ŵβν Dν Φ

]
B̂β µ+hc

OM,7 =
[
(Dµ Φ)†ŴβνŴ β µ Dν Φ

]

OT,0 = Tr
[
ŴµνŴ µν

]
Tr
[
ŴαβŴ αβ

]
OT,1 = Tr

[
ŴανŴ µβ

]
Tr
[
ŴµβŴ αν

]
OT,2 = Tr

[
ŴαµŴ µβ

]
Tr
[
ŴβνŴ να

]
OT,5 = Tr

[
ŴµνŴ µν

]
B̂αβ B̂αβ

OT,6 = Tr
[
ŴανŴ µβ

]
B̂µβ B̂αν

OT,7 = Tr
[
ŴαµŴ µβ

]
B̂βν B̂να

OT,8 = B̂µν B̂µν B̂αβ B̂αβ

OT,9 = B̂αµ B̂µβ B̂βν B̂να ,

(3.2)

where Ŵ µν ≡ ig σ I

2 W I,µν , B̂µν ≡ ig′ 12 Bµν and the Higgs field should be expanded around the

broken vacuum Φ =
(

0, v+h√
2

)T
.
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4. Results

The VBS positivity bounds were first given with polarization vectors in [3]. These early
bounds require the user to numerically evaluate the bounds for all possible polarizations to pick
out the strongest ones. In [4], we have analytically eliminated the polarizations in the positivity
bounds, and the resulting bounds are much easier to use. These final bounds are of two kinds:
(1) the linear bounds

∑
j
(MS)i jFS, j > 0, ∑

j
(MM)i jFM, j > 0, ∑

j
(MT )i jFT, j > 0, (4.1)

(2) the nonlinear bounds

32(2FS,0 +FS,1 +FS,2)(2FT,0 +FT,1 +FT,2)

−max(0, 4FM,0 +FM,1, −4FM,0 +3FM,1−2FM,7)
2 > 0,

(4.2)

8(2FS,0 +FS,1 +FS,2)(8FT,0 +12FT,1 +5FT,2)

−max(0, 4FM,0 +FM,1, −4FM,0 +3FM,1−2FM,7)
2 > 0,

(4.3)

8(FS,0 +FS,1 +FS,2)
[
4c8

W (2FT,0 +2FT,1 +FT,2)+2c4
W s4

W (2FT,5 +2FT,6 +FT,7)+ s8
W (2FT,8 +FT,9)

]
−max

(
0, 2

(
2c4

W FM,0 +FM,2s4
W −FM,4s4

W +FM,4s2
W
)
, − c4

W (4FM,0−2FM,1 +FM,7)−2c2
W FM,4s2

W

−s4
W (2FM,2−FM,3)−FM,5

(
s2
W − s4

W
))2

> 0, (4.4)

16(FS,0 +FS,2)
[
4c4

W (4FT,1 +FT,2)+ s4
W (4FT,6 +FT,7)

]
−max

(
0, 2c2

W FM,7 +FM,5s2
W +4FM,4s2

W

−2
√
(2FM,1−FM,7)

(
c4

W (2FM,1−FM,7)+ c2
W FM,5s2

W +FM,3s4
W

)
+4FM,4s2

W , −2c2
W FM,7 (4.5)

−FM,5s2
W −4FM,4s2

W −2
√
(2FM,1−FM,7)

(
c4

W (2FM,1−FM,7)+ c2
W FM,5s2

W +FM,3s4
W

))2
> 0,

where sW ≡ sinθW , cW ≡ cosθW , θW being the weak angle, FS,i ≡ fS,i, FM,i ≡ e2 fM,i, FT,i ≡ e4 fT,i

are rescaled Wilson coefficients and

MS =

 2 1 1
1 1 1
1 0 1

 , MM =


0 −2c4

W 0 −s4
W 0 s2

W c2
W c4

W
0 −2c4

W 0 −s4
W 0 −s2

W c2
W c4

W
0 −2 0 0 0 0 1
0 −2 0 −1 0 1 1
0 −2 0 −1 0 −1 1

 , (4.6)

MT =



0 0 1 0 0 0 0 0
0 2 1 0 0 0 0 0
2 1 1 0 0 0 0 0
8 12 5 0 0 0 0 0

8c8
W 8c8

W 4c8
W 4c4

W s4
W 4c4

W s4
W 2c4

W s4
W 2s8

W s8
W

0 0 4c8
W 0 0 2c4

W s4
W 0 s8

W
0 0 4c4

W 0 0 s4
W 0 0

0 16c4
W 4c4

W 0 4s4
W s4

W 0 0
0 0 4 0 0 1 0 0
0 16 4 0 4 1 0 0

0 0 8c4
W 0 0

(
c2

W − s2
W
)2 0 2s4

W

32c4
W 32c4

W 16c4
W −16c2

W s2
W 4

(
c2

W − s2
W
)2 1−8s2

W c2
W 8s4

W 4s4
W

0 0 4 0 0 2 0 1
8 8 4 4 4 2 2 1



(4.7)
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5. Demostrations and comparisons with experiments

We have mentioned that these positivity bounds significantly reduce the physically available
parameter space of aQGCs. Since both the linear and nonlinear bounds are homogeneous alge-
braically in the Wilson coefficients, the bounds carve out a small, connected solid angle (about
2%) in a 18 dimensional sphere. Moreover, the solid angle is convex, since the physical parameter
region is the convex hull of all the possible constraints.

Figure 2: 1D positivity bounds. Only one of the Wilson coefficients are kept nonzero, despite being the-
oretically unmotivated. The error bars for aQGC Wilson coefficients are from CMS (red) and ATLAS
(blue) at 95% C.L., as summarized in https://twiki.cern.ch/twiki/bin/view/CMSPublic/PhysicsResultsSM
PaTGC#aQGC_Results. The red regions are excluded by the positivity bounds.

We can not draw a 18 dimensional parameter space, but we may check how the positivity
bounds look like in lower dimensional slices. As global fits are inherently difficult from the exper-
imental point of view, 1D or 2D constraints (i.e., all the Wilson coefficients are set to zero except
for 1 or 2 of them being nonzero) are the standard output from experiments. So it is in these lowest
dimensional cases that we can compare to the experimental results; see Fig. 2 and Fig. 3. For more
details, see [4]. We would like to emphasize that in a consistent EFT approach where all the Wilson
coefficients are allowed to nonzero, some of the lower dimensional bounds may be relaxed. How-
ever, the generic feature is unchanged that the positivity bounds significantly reduce the physical
parameter space of SMEFT, as can be seen in the right of Fig. 1.
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