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Abstract

We present a dynamic population game model to capture the behavior of a large population
of individuals in presence of an infectious disease or epidemic. Individuals can be in one
of five possible infection states at any given time: susceptible, asymptomatic, symptomatic,
recovered and unknowingly recovered, and choose whether to opt for vaccination, testing
or social activity with a certain degree. We define the evolution of the proportion of agents
in each epidemic state, and the notion of best response for agents that maximize long-run
discounted expected reward as a function of the current state and policy. We further show the
existence of a stationary Nash equilibrium and explore the transient evolution of the disease
states and individual behavior under a class of evolutionary learning dynamics. Our results
provide compelling insights into how individuals evaluate the trade-off among vaccination,
testing and social activity under different parameter regimes, and the impact of different
intervention strategies (such as restrictions on social activity) on vaccination and infection
prevalence.
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Dynamic Games and Applications

1 Introduction

As observed during the COVID-19 pandemic, and other epidemics such as SARS-CoV-1,
individuals encounter a challenging decision-making problem while attempting to protect
themselves from an infectious disease. Reducing social interactions might protect them from
getting infected in the short term, but comes with significant social and economic costs. While
an effective vaccine may impart lasting immunity from infection, it might come at a cost and
its supply may be limited as observed in developing countries such as India during COVID-
19 [3, 17]. Presence of asymptomatic yet infectious agents makes the problem even more
challenging as an individual is not aware of its true infection state and it may be necessary to
undergo testing to detect whether one is indeed infected [2]. While it is socially desirable for
individuals to undergo testing and isolate themselves if found to be infected to prevent further
infections, an individual who is not at a risk of developing severe symptoms may avoid testing
since isolation may cause significant mental and economic stress. Finally, although human
decision-making is strategic and forward-looking, it may still suffer from a certain degree
of bounded rationality, and needs to rely on a learning process while exploring the trade-off
among above actions (level of social interaction, vaccination or testing). In this work, we
propose a dynamic population game model to capture, in a rigorous and principled manner,
how a large population of self-interested individuals take decisions regarding social activity
level, vaccination and testing to protect themselves from an infectious disease.

Game theory presents a natural framework to examine decision-making by a large number
of strategic decision-makers. Past work has indeed examined game-theoretic decision-making
in the context of epidemics; see [9, 29] for recent reviews. For the class of susceptible-
infected-susceptible (SIS) epidemic model, formulations based on single-shot or static games
[26, 49], repeated games [16, 27, 48] and dynamic games [28] have been examined. Recent
papers that appeared after the onset of the COVID-19 pandemic have largely focused on
the susceptible-infected-recovered (SIR) epidemic model and its variants and have analyzed
individual decisions to adopt social distancing measures or vaccination, albeit separately [4,
5, 27, 34]. Most of the above settings consider single-shot decision-making by the agents.
For instance, [5, 26, 49] assume that vaccination decisions are made before the outbreak
with infection risk given by the likelihood of becoming infected in the steady-state of the
epidemic dynamics. However, as observed during COVID-19, vaccines are not necessarily
available at the onset of a new epidemic, and individuals decide whether to vaccinate or
not concurrent to the outbreak which makes the problem challenging and interesting to
investigate. In addition, most of the above works do not consider forward-looking agents,
i.e., agents do not incorporate the impact of their decisions on future state and payoffs.

Another stream of research have explored the notion of mean-field games in the context of
epidemics [44], particularly for social distancing [10, 43], vaccination [15, 45] and Stackel-
berg game settings [7, 31]. In addition, authors in [42] examined the impact of asymptomatic
infections in a partially observed mean-field game framework. However, to the best of our
knowledge, past work has not explored the case where agents can choose among vaccina-
tion, social distancing and testing, each having a different impact on the state transition of
the agent in an epidemic model with asymptomatic infections. In addition, computing equi-
librium strategies is often challenging in this class of games. While the problem of learning
in mean-field games has been studied in the past [35], this aspect has not been explored in the
context of epidemics. While some works have studied evolutionary learning in the context of
epidemic games in recent past [33, 36, 37, 47], these settings consider agents that are myopic
rather than forward-looking.
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In this work, we aim to address the above research gap and examine the behavior of a large
population of far-sighted agents as they strategically choose among vaccination, testing and
social activity level, and adapt their strategies following an evolutionary learning process.
We build upon the recent preliminary work [18] (by a subset of the authors of this paper) and
consider the susceptible-asymptomatic-infected-recovered-unknowingly recovered (SAIRU)
epidemic model. This model has also been examined in the context of state estimation and
prediction of epidemics in the recent past [2, 41].

In our model, at each time instant, each agent chooses whether to activate and if so how
many other agents it wishes to interact with, or whether to vaccinate itself, or whether to
undergo testing (see Sect.2.2 for a formal definition). Activation comes with a reward that
increases with activation degree, and a cost that captures social restrictions imposed by
authorities. Similarly vaccination, testing and being symptomatically infected comes with a
certain cost. Decision to vaccinate or undergo testing does not guarantee that the agent is able
to obtain the vaccine or testing kit due to limited supply. Successful vaccination results in
susceptible and unknowingly recovered agents developing immunity or becoming aware of
their immunity and moving to the recovered state, while an asymptomatic agent undergoing
testing moves to the symptomatic compartment. If an agent opts for testing in a state other
than asymptomatic, its state does not change (see Fig. 1 for possible state transitions under
different actions). Agents maximize a discounted infinite horizon expected reward which is
a function of the infection state distribution and the policy followed by the population.

Similar to [18], we leverage the framework of dynamic population games proposed in [19]
which is a generalization of the classical population game setting [46] to capture dynamically
changing population distribution and non-myopic decision-making. Specifically, the authors
in [19] show that this class of games can be reduced to a static population game setting which
enables a plethora of evolutionary learning models to be applied to study evolution of user
behavior in the same time-scale as population evolution. This is in contrast with mean-field
games [23, 30, 39] and other models of large population stochastic games [1, 32] where it is
often challenging to apply evolutionary learning strategies.

This manuscript differs from the preliminary work [18] as follows. First, in the prior
work [18], agents could only choose their activation degree; vaccination and testing were not
considered at all. Second, agents in asymptomatic and unknowingly recovered states were
constrained to behave as if they were susceptible irrespective of the relative proportions of
agents in these states. We explicitly take into account the proportion of agents in each of the
above three states while defining the expected reward and best response in this work.

The contributions and structure of this paper is described below. The dynamic model of the
infectious disease is presented in Sect. 2 which describes the probability of state transition for
different choice of actions by the agents. The strategic decision-making process of the agents
is described in Sect.3. Section4 defines the notion of best response and stationary Nash
equilibrium for our setting followed by showing its existence. The perturbed best response
dynamics to update the policy of the agents in a comparable time-scale as the state distribution
update is presented in Sect. 5. Section 6 presents detailed numerical results on the evolution of
the epidemic as well as the policies of the agents under the perturbed best response dynamics.
We thoroughly examine the impacts of (i) vaccination cost and availability limits, (ii) myopic
vs. far-sighted decision-making, and (iii) response of the population under different lockdown
strategies, and observe several counterintuitive phenomena that provide critical insights for
policymakers. For instance, we show that reducing cost of vaccination without increasing
supply may lead to a higher peak infection level as individuals would opt for vaccination
(instead of testing resulting in inadequate isolation of asymptomatic individuals).
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2 Epidemic Model

We consider a homogeneous population of (non-atomic) agents or individuals. The state and
the dynamics of this population are described below.

2.1 States

We consider the SAIRU epidemic model where each agent is in one of the following infection
states: Susceptible (S), Asymptomatically infected (&), Infected with awareness (I), Recov-
ered (R), and Unknowingly recovered (U). State U corresponds to agents that have recovered
without ever showing symptoms. Specifically, agents in state T move to state R after recovery
while agents in state A move to state U after recovery. In this work, we assume that agents in
states R and U are immune from further infection. Formally, we define the state of an agent
as s € S, where S := {S,A, I,R,U}. The state distribution is d € D := A(S), where
A(X) is the space of probability distributions supported on X. We write d[s] to denote the
proportion of agents with infection state s. Consequently, for every s € S, d[s] € [0, 1] and
> ses dls] = 1. We now describe the actions available to the agents, and the impact of their
chosen action on state transitions.

2.2 Actions and Policies

Ateach time step (which could potentially represent one day), each agent strategically chooses
its actiona € A := {0, 1, ..., amax, dv, a; } Where

e a = a, denotes that the agent has decided to vaccinate itself,

e a = a, denotes that the agent has decided to get tested to determine its infection status,
and

e ac{0,1,...,amax } denotes the number of other agents it chooses to interact with.

The action @ = 0 signifies that the agent chooses not to interact with any other agent, i.e.,
it completely isolates itself during that time interval. An individual in states S and U upon
successful vaccination moves to state R, i.e., it acquires immunity from future infection and
is aware of its immunity status. If an agent in any other state chooses vaccination, it remains
in its current state. Similarly, an individual in state A moves to state T upon successful testing.
For all other infection states, testing does not lead to any state transition. In particular, since
agents in states S, U or R are not infected and otherwise healthy, their test result would be
negative.

A (Markovian) policy is denoted by 7 : S — A(A), and it maps an agent’s state s € S
to a randomization over the actions a € A. The set of all possible policies is denoted by
1< AS! In particular, w[a | s] is the probability that an agent chooses action @ when
in infection state s. All agents are homogeneous and follow the same policy 7. Policies need
to be consistent with the information structure of the problem. Thus, we assume that agents
that have never shown symptoms nor vaccinated successfully, and hence unaware of whether
they are susceptible, asymptotically infected or unknowingly recovered, act in the same way,
ie,w[-|S]l=n[|A]l =nx[ | U]

The concatenation of the policy and state distribution is the social state (w,d) € I1 x D.
This gives a complete macroscopic description of the distribution of the agents’ states, as
well as how they behave. The social state (7, d) is a time-varying quantity. In the following
subsection, we describe how the state distribution evolves as a function of the current state and
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Fig. 1 Evolution of states in the
SAIRU epidemic model under
activation, testing and
vaccination. Self loops are
omitted for better readability
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policy. In Sect. 5, we discuss how the policy evolves in time (denoting the learning process
of the agents).

Remark 1 We clarify that at a given time step, an agent can either choose its activation
degree or vaccination or testing. If we allow for multiple actions to be chosen at the same
time, it would make the model unnecessarily complex and the dimension of the set of feasible
actions will increase in a combinatorial manner. Since testing and vaccination are conducted
in a controlled environment such as a hospital, we assume that appropriate social distancing
behavior is followed and the likelihood of new infection is small when those actions are
chosen. We emphasize that the actions are not binding beyond one time step and an agent is
always free to choose a different action in the next time step if it is optimal to do so.

2.3 State Transitions

We now derive a dynamic model of the evolution of state distribution d when the agents
adopt a policy . The state of each agent changes at every time step according to transition
probabilities encoded by the stochastic matrix

Plst | s(r.d) =) wla|s]Plst |s.al(r. d), )
acA

where P[s™ | s, a](m, d) denotes the probability distribution over the next state when an
agent in infection state s chooses action a in social state (7, d). Note that the Markov chain
P[s™ | s](r, d) is not time-homogeneous as the social state (7, d) is time-varying. However,
it becomes time-homogeneous if (77, d) is stationary; we explore this stationary regime in
Sect. 4.

In order to define the state transition probabilities P[s™ | s, a](rr, d) for different state-
action pairs, we combine the transition rules of the epidemic model with the specific actions
as described next. A schematic of the state transitions under different actions is given in
Fig. 1.

2.3.1 State Transitions for Susceptible Agents

We first consider state transitions due to social interactions. At a given time, an agent in
state s chooses its activation degree a € {0, 1, ..., amax } according to policy m. Then, it
is paired randomly with up to a other individuals with the probability of being connected
with another agent being proportional to the activation degree of the target agent (analogous
to the configuration model [40]). The agent could also fail to pair with one or more of the
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a other individuals. This occurs with increasing probability as the total amount of activity
is low. This represents, for example, when the public space (streets, buildings) are largely
empty because most agents are staying at home.

Once the network is formed, a susceptible agent becomes asymptomatically infected with
probability Ba € (0, 1) for each asymptomatic neighbor and with probability 81 € (0, 1) for
each infected neighbor. Following [6, 21], we assume that the new infection always starts
in the asymptomatic state. We now formally define the transition probabilities starting from
susceptible state. We first define the rotal amount or mass of activity at social state (7, d) as

e(m.d) = dls] > anlals)

seS a€{0,1,....amax}

which is determined by the mass of active agents and their chosen degrees of activation under
policy . Similarly, the mass of activity by asymptomatic and symptomatic agents are

A (r, d) = d[a] Z anla|al, e(r,d)=d[I] Z anla| I

ae{0,1,...,amax } a€{0,1,....amax}

In order to consider the event of failing to pair with an agent when the amount of activity
e(m, d) is low, we introduce a small constant amount € > 0 of fictitious activation that does
not belong to any of the agents. Consequently, the probability of not interacting with any
agent, the probability of a randomly chosen agent being asymptomatic and the probability
of a randomly chosen agent being symptomatic are, respectively,

er(m, d)
e(w,d)+ €’

el(m,d)

[ _ _
i d) = T e(m,d)+ €

Y, d) = y (. d) (@)

€
e(m,d) + €’
Note that for a given €, the probability of encountering an infected agent (symptomatically
or not) goes to zero as the amount of infections goes to zero, as desired. As a result, the
probability of a susceptible agent to not get infected upon activation with degree a is

PlsT = s |s=8,alm,d) = (1 - Ba y>(m, d) — Br v (x, )" .

It is easy to see that when a susceptible agent does not interact with any other agent (i.e.,
a = 0), it remains susceptible. We define 0° = 1 for the special case 1 — Ba y2(7, d) —
Br yI(mw,d) = 0. When this agent participates in exactly one interaction (¢ = 1), the
probability that its neighbor is asymptomatic (respectively, symptomatically infected) is
y2(r, d) (respectively, y I (7, d)). When it draws a > 0 independent agents to interact with,
it must not get infected in any of the interactions to remain susceptible, and this occurs with
the probability specified above. As a consequence, we have

Pist=a|s=5S,al(nr,d)=1—-PlstT =5 |s=8,da](n,d).

If a susceptible agent decides to undergo testing, it remains in susceptible state. If it
chooses to vaccinate itself, it transitions to knowingly recovered state (R) as it becomes
immune to future infection. However, as observed in several developing countries during
COVID-19, the number of vaccines that are available on a given day is finite and potentially
much smaller compared to the total population [3, 17]. Let the proportion of individuals that
can be vaccinated on a given time period be vmax, i.€., Umax 1S the vaccine availability limit.
Let v(m,d) = Y g dls]mlay | s] denote the total mass of agents who opt for vaccination
at social state (7, d). The transition probability from susceptible to recovered can now be
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defined as

13 lf U(]T,d) E Umax

Umax :
o) otherwise.

PistT=R|s =8, a,](t,d) = 3)

Settings with sufficient supply of vaccines can be easily modeled by setting vmax = 1. The
probabilities of remaining susceptible upon choosing testing and vaccination are

Pist=s|s=5S,a]=1,
Pst=S|s=S,ay]=1—-PlsT =R |s =8, ap],

where (7, d) is omitted for brevity of notation. While the number of available tests is also
limited, it does not affect the transition of susceptible individuals who remain susceptible
irrespective of whether they were able to get tested or not.

2.3.2 State Transitions for Asymptomatic Agents

If an asymptomatic agent chooses not to undergo testing, it transitions to state I with proba-
bility 8; € (0, 1) which represents aggravation of the illness leading to the agent developing
symptoms. An asymptomatic agent may also recover without being aware of ever being
infected (i.e., transitions from state A to state U) with probability 87 € (0, 1). If the agent
fails to recover or develop symptoms or does not undergo testing, then it remains in asymp-
tomatic state. Thus for a # a;, we define the following state transition probabilities:

Plst =U|s=2,a] =4y,
Pist =1 |s=2,a]l=(-8))5;,
Plst =A|s=2,a] = (1 —860)(1 —5;).
If an agent chooses to undergo testing (i.e., chooses a = a;), then it becomes aware of its
infection status and transitions to state T depending on total availability of testing kits fmax,
and the mass of individuals that opt to get tested ¢ (7w, d) = ) es dls]m[a, | s]atsocial state

(7, d). It remains in the asymptomatic state if it neither recovers, develops symptoms on its
own or fails to get tested. Therefore, we have

P[s+=U|s=A,a,]=(Sg,
Pls*=T|s=2al=1-Pls"=U|s=2a4]-Pls"=2a|s=2,4],

where

Ps™=a|s=Aaaq]=

{(1_52)(1—5]{)(1—,(‘;?:,)), i 0nd) = s,

otherwise.
In particular, when # (7, d) < tmax, any agent who opts for testing is successful in obtaining
one, and if it happens to be asymptomatic, ceases to remain in that state. It either recovers

with probability 87 or becomes symptomatic with probability 1 — 8. The dependence of the
above transition probabilities on (77, d) is omitted for brevity of notation.
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2.3.3 State Transitions for Infected Agents

An infected agent in state T recovers and moves to state R with probability §% € (0, 1)
irrespective of its action. Otherwise, it remains infected. Formally, for any a € A,

Pis™=R|s=T,a]l=68% Plst=1I|s=1I,al=1-5.

2.3.4 State Transitions for Recovered Agents

Similarly, an agent in state R does not get infected again and remains in this state irrespective
of control action. Consequently, for every a € A, we have

Pst=R|s=R,a] = 1.

2.3.5 State Transitions for Unknowingly Recovered Agents

An agent in state U does not get infected again. However, it is not aware of its immunity
status unless it vaccinates. We therefore assume that upon successful vaccination it becomes
aware of its immunity and moves to state R, otherwise it remains in state U. Consequently,
we have

I, if v(m,d) < vmax

(&)

Pst =R |s=U, ayl(w,d) = {

Umax :
ERIE otherwise,

and

Pst=uU|s=U,al=1 if a #a,, and
PlsT=U|s=0U,a,](r,d)=1—-PlsT =R | s =U,a,](n, d).

Once the state transitions take place, the network gets discarded at the next time step
and the process repeats. Note that we do not consider possibility of reinfection, i.e., loss
of immunity after recovery or vaccination, in this work. There are indeed several infectious
diseases, such as SARS-CoV-1, where recovery from the disease imparts immunity from
further infection for a long period of time [51], and even COVID-19 imparts immunity for
a few months after vaccination or infection. We discuss the technical challenges associated
with including loss of immunity in our model in Sect.7 and motivate this as a promising
direction for further research. We now describe the decision-making process of the agents
in the following section.

3 Strategic Decision-Making by Agents

In this work, we consider agents who aim to maximize long-run discounted rewards by
learning suitable policies. We first define the immediate or stage reward obtained by an agent
for different disease states and chosen actions. We then define the value function for an agent
in a manner that is consistent with the information structure defined earlier, and define the
notion of best response and stationary Nash equilibrium.
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3.1 Rewards

Each agent derives an immediate reward as a function of its state and action composed of
a reward r,[s, a] for its activation decision, a reward ryax[a] for its vaccination decision, a
reward for the decision to undergo testing res¢[a], and a reward rgis[s] for how its health is
affected by the disease. Formally,

rls, al := racls, al + rvaxlal + restlal + rais[s]. (6)

We now specify each component of the reward function. The activation reward is defined
as

Tact[s, a] .= ola] — c[s, a],

where o[a] € Ry denotes the social benefit of interacting with a other agents and is assumed
to be non-decreasing ina fora € {0, 1, ..., amax } with 0o[0] = o[ay] = o[a;] = 0. The cost
c[s, a] € R, denotes the cost imposed by the authorities to discourage social interaction and
is assumed to be non-decreasing in a with

c[I,a] > c[S,a] =c[A,a] = c[U,a] > c[R, a]

element-wise. The above assumption is quite versatile and allows us to model a variety of
(infection state-dependent) interventions such as (a) imposing more stringent restrictions on
symptomatically infected individuals, (b) exempting agents in state R from social distancing
restrictions (e.g., by setting ¢[R, a] = 0), and (c) discouraging large gatherings by setting
c[S, a] to a very high value for a larger than a permissible limit. We examine the impacts of
such choice of cost parameters in our numerical results in Sect. 6.

An agent who decides to vaccinate incurs a cost cyyx, and accordingly, we define

0 ifa # ay,

rvaxla] := .
—cvax if a = ay.

The cost of vaccination could potentially reflect the hesitation among some individuals to opt
for a newly developed vaccine for fear of adverse reaction, being influenced by conspiracy
theories, being skeptical about the effectiveness of the vaccine or the time and efforts required
in obtaining a vaccine (as observed in some developing countries during COVID-19 [3, 14]).
Similarly, an agent who decides to undergo testing incurs a cost ¢y leading to

(] 0 ifa # a,
Fiestl@) ‘= .
° —Crest 1fa = ay.

The final term in (6) encodes the cost of being ill:

—cgis ifs =1,
rdis[s] := .

0 otherwise.
The cost cgis encodes both the cost of being severely ill and possibly also the cost of being
isolated/quarantined for the duration of the disease. All three parameters Cyax, Ctest, Cdis are
assumed to be positive constants.

It follows from the above discussion that for any specific action a € A, the stage reward

for agents in susceptible, asymptomatic and unknowingly recovered states coincide, i.e.,
r[S,al =rlA,a]l =r[U,al.
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3.2 Effective Transition Probabilities

In order to analyze the discounted infinite-horizon expected reward, we borrow terminologies
from the Markov decision process (MDP) and dynamic programming literature. We first
define the expected reward, value function and single-stage deviation value (Q) function
under a given social state (7, d). Subsequently, we discuss the evolution of this social state
under evolutionary learning algorithms.

Note that an agent in states { S, A, U} is unaware of its exact infection state. From the
discussion in the previous subsection, we also note that the stage reward for such an agent
is identical regardless of its exact infection state. However, the long-run expected reward
depends on the probability of transition from this set to other known infection states, namely
I and R. Unfortunately, these transitions depend on the exact infection state; in particular,
only asymptomatic agents transit to I state (upon testing or developing symptoms) and only
non-infected agents transit to R state upon vaccination.

In order to tackle this challenge, we assume that each agent is aware of the proportion
of agents in states { S, A, U}, and assumes that it belongs to each of the above three states
with a probability that coincides with the proportion of agents in that state. While it could
be challenging to accurately estimate the proportion of agents in different infection states,
we believe that the agents likely have a reasonable idea regarding these proportions due to
availability of testing data and outcome of serology tests. In addition, these proportions may
be estimated as discussed below.

e At the onset of an epidemic, only a tiny fraction of the population is infected and almost
none of the population has lasting immunity (as was the case with COVID-19). Therefore,
it is reasonable to assume that agents are aware of the initial proportion of agents in states
{S,A,U} up to a close approximation. If the initial state distribution is approximately
known, the subsequent state distribution can be obtained relatively accurately by updating
the state distribution under the transition law stated in equation (1) at the currently adopted
policy at every instant.

e Agents may maintain a belief about their current infection state (which could correspond
to a Hidden Markov Model (HMM) estimate) from observed states I and R; in particular
by repeatedly updating a belief state vector (which consists of the probability of the agent
being in states S, A and U, respectively) using Bayes’ theorem. Since we consider a large
population regime, the belief state vector can then be interpreted as the proportion of
agents in states S, A and U.

Let d denote the belief of the agents about the state distribution at a given time instant.
While we assume d = d for some of our results, we use a distinct notation here to make
the distinction precise and avoid confusion. We de@pe a super state T := {S,A,U} and
define the state transition probability matrix, denoted P[s*|s, a](r, Zf) among states T, I and
R at social state (-, d). These transition probabilities capture the belief formed by an agent
regarding its next state as a function of its action, current known infection state and its belief
d.

Since agents in states I and R are aware of their exact infection state, state transitions
among them coincide with the definitions given earlier, i.e., for every a € A,

Pist=R|s=1I,a]=Plst =R|s=1I,a]=35%,
Pst=I|s=TI.al=PlsT=I|s=1Ial=1-6%,
Plst =R|s=R,al=P[sT =R |s=R,a] = .
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The above transition probabilities are independent of (i, d).

An agent in state T moves to state R if it is either susceptible or unknowingly recovered
and chooses to vaccinate itself. Given the current belief d, this transition probability is given
by

max(d[S],€)+d[U]  min(v(r,d),vmax)
PlisT =R |s=T,al(n,d) = { max@s],e)+d[al+d[U] v(r.d)
0, otherwise,

, if a =ay,

where vmax captures vaccine availability and v (7, d) denotes the total mass of individuals who
opt for vaccination as defined earlier. In particular, the second term denotes the probability of
being successful in getting vaccinated and the first term denotes the probability of recovery
upon successful vaccination. The parameter € prevents discontinuity at the corner case where
d[T] = 0. Essentially, we assume that the belief on the proportion of susceptible individuals
is non-zero and at least a small constant €.

Similarly, an agent in state T moves to state I only when it is asymptomatic and either
undergoes testing or develops symptoms on its own. This transition probability is given by

d[a]
max(d[S], €) + d[A] + d[U]

Plst=1|s="Tal(n,d) = PlsT =1I|s=Aa,al(r,d),

where the first term denotes the belief of the concerned agent that it is asymptomatic and the
second term is the probability of an asymptomatic agent becoming infected at social state
(7, d) defined earlier. Finally, we also have

fP?[er:T|s:T,a]:1—fP7[s+:I|s:T,a]—@[s+:R|s:T,a].

3.3 Expected Discounted Reward

We now define the long-run discounted expected reward for each epidemic state. First, observe
that the immediate expected reward of an agent in state s € S’ := { T, I, R} when it follows
policy 7 is

R[sl(m) = Y wla|s]rls.al,
acA

with r[s, a] as defined in (6). Note that agents in state T choose action a with probability
specified by m[a | S] which coincides with w[a | A] and w[a | U] as assumed earlier.
Similarly, for states s, sT € S, the effective state transition matrix is defined as

PlsT | slm.d) =Y _ 7zla | s1Pls™ | 5. al(r. d). @)
acA

Assuming that the social state would not change, the expected discounted infinite horizon
reward of an agent in state s with discount factor « € [0, 1) following the homogeneous
policy 7 is recursively defined as

VIsl(r, d) = RIsl(m) +« Y Plst | s1(r, d) VIsTI(r, d),

stes’

or, equivalently in vector form,

V(r,d) = —a P(r,d)”" R(x), ®)
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which is the well-known Bellman equation. Note that fora € [0,1), I — « P(n d) is
guaranteed to be invertible and accordingly, V (7, d) is continuous 1n the social state (7, d)

While an agent can compute the expected discounted reward V (r, d ) ata given social state
(m, 2), the policy 7 may not be optimal for the agent. We define the single-stage deviation
value [20, Section 2.7] for an agent in state s choosing an action a for the present time step
and subsequently following the homogeneous policy 7 as

Qls.a)(w.d) :=rls.al+a Y Pls* |s,al(x,d) V[T, d), )
stesS’
i.e., the agent is aware of the immediate reward and the effect of its action on their future
state; however, it assesses the future reward based on a stationarity assumption on (7, 47).
In other words, the agent chooses its action to maximize a single-stage deviation from the
homogeneous policy , and assumes that its own actions are not going to affect the social
state significantly. This assumption is fairly standard in the context of population games.

4 Equilibrium Analysis

Having introduced the above model of state transitions and agent behavior, we here define and
characterize the notion of stationary Nash equilibrium. Throughout this section, we assume
that agents are aware of the true state distribution, i.e., d = d. We start by introducing the
notion of best response map based on the single-stage deviation reward defined in (9).

The best response map at the social state (7, d) is the set valued correspondence B :
I x D= II< A(A)S! given by

B(m,d) = {{Us € A(A)}ses | Z (oslal = oylal) Qls, al(w,d) = 0,
acA

Vo! € A(A). s € {S. I.R}, 0s :aA:aU.}. (10)

We have denoted the Q function for agents in superstate T by Q[S, -] in the above equation
with a slight abuse in notation in order to avoid introducing additional variables. Thus, the
best response map is a correspondence from the space of social states to the set of policies
for each epidemic state satisfying two properties:

e the policy for agents in states S, A and U coincide, and

e B(m,d) contains all randomized (mixed) strategies o over the actions that maximize
expected single-stage deviation reward Q at the current state s € {S, I, R} assuming that
all other agents follow the homogeneous policy 7 and their states are distributed as per
d.

Since the set of actions is finite, there always exists a randomized strategy that maximizes the
reward Q at every state, and hence the correspondence B is guaranteed to be non-empty. We
now formally define the notion of a stationary Nash equilibrium to be a social state (7 *, d*)
such that the state distribution d* is stationary under the current state and policy 7 *, and 7 *
is a best response to the social state (7™, d*).

Definition 1 (Stationary Nash Equilibrium) A stationary Nash equilibrium is a social state
(r*, d*) € TI x D which satisfies
n* e B(r*,d"), (SE.1)

*= p(r*, dY T d*, (SE.2)
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where B(r*, d*) is the best response map defined in (10) and P (xr*, d*) is the stochastic
matrix as defined in (1).

Thus, at the equilibrium, the stochastic matrix P (7*, d*) (1) is time-homogeneous, and
the agents behave optimally in the Markov decision process defined by this stationary matrix
[20]. Since the game considered here has a finite number of states and actions, and the state
transition kernel and reward functions are continuous in the social state, it follows from [19]
that a stationary Nash equilibrium exists in our setting.

Theorem 1 (Theorem 1 in [19]) A stationary Nash equilibrium (7*, d*) for the proposed
dynamic population game is guaranteed to exist.

Furthermore, it is easy to see that any stationary Nash equilibrium is infection free since
both asymptomatic and symptomatic compartments are transient states for the transition
probability matrix P (7, d) irrespective of the social state.

5 Social State Dynamics

Since the stationary Nash equilibrium is disease-free for this class of epidemics, it is critical
to investigate the transient evolution of the state trajectory as well as the policy leading to
the equilibrium.

The state update is governed by the time-varying transition probability matrix P (m, d).
For the policy update, we get inspiration from the evolutionary dynamic models in classical
population games [46], and consider the perturbed best response dynamics. In particular,
we assume that the agents are not perfectly rational, with the bounded rationality factor
A € [0, 0o). When they are making a decision on which action to play, they follow the logit
choice function [46, Sect. 6.2], given by

exp (A Q[s, al(w, d))
> wexp(d Qls, a'l(m, d))

It is evident that 7[- | s](sr, d) is a probability distribution over the actions. For A = 0, it
results in a uniform distribution over all the actions, i.e., agents are not strategic and pick all
available actions with equal probability. At the limit A — oo, we recover the perfect best
response. At finite values of A, 77 assigns higher probabilities to actions with higher payoffs.
The combined policy-state distribution dynamics in continuous-time can be stated as

sl =nz @[ | sl(w,d) — x| | s](w, d)), (11)
d=P(r,d)"d—d, 12)

wla | s](m, d) =

where the parameter 1, > 0 controls the rate of policy changes with respect to the rate of
social interactions. For n,; < 1, agents have inertia in their decision-making, i.e., policy
changes occur at a slower time scale than interactions, and for 1, = 1, agents update their
policy at the same time scale as state transition. When n, > 1, policy update is faster than
state distribution update.

! In normal form games, an analogous model of human decision-making has been studied extensively in the
past as it accounts for bounded rationality prevalent in human behavior by suitable choice of parameter A. The
corresponding notion of equilibrium is referred to as “Quantal Response Equilibrium” [22, 38].
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In our numerical investigations in the following section, we consider discrete-time update
equations given below

i1 [ | 81 = nena 71| 10w, di) + (1= nzng) mel- | ], (13)
i1 = na P (i, di) T die + (1 — ng)d, (14)

where 7, is the discretization parameter in the state distribution update equation. Note that
this update model leads to a perturbed version of the Nash equilibrium policy 7 at the rest
points that captures bounded rationality in human behavior, rather than the exact policy [46].

6 Numerical Results

We now illustrate the effectiveness of the proposed framework via numerical results. We
present a select number of case studies to illustrate

e the effect of vaccination cost and availability limit on the evolution of infection state
distribution and policy evolution of the agents,

e the impact of learning rate (timescale separation between state and policy update equa-
tions) on policy and state evolution, and

e the effectiveness of interventions (such as lockdown measures) on peak infection,
aggregate activation, testing and vaccination under game-theoretic strategies by forward-
looking agents.

Unless specified otherwise, we consider an infectious epidemic characterized by S = 0.3,
Br =0.2,8; = 0.05,87 = 0.05,and 6% = 0.2. We assume B > B asit was observed during
pandemics such as COVID-19 that individuals were most infectious just before the onset of
symptoms [11, 50]. Furthermore, even if symptomatic individuals are more infectious and
remain infected for alonger duration, yet they may cause less new infection due to being aware
of their infection status and adopting suitable measures such as limiting their interactions.
Consequently, we assume 85 < 8 ?.2 Each discrete time-step is assumed to represent one day.

We assume that agents can activate up to degree 5, i.e., amax = 5, and the activation reward
is linear in the activation degree, with a unit reward for maximum activation o[amax] = 1.
The illness is quite severe, with a discomfort cost cgis = 7. We assume that testing kits are
not very expensive with cpest = 0.1. The parameter € is set to be 1073,

The agents are highly rational (A = 20) and forward-looking with discount factor o =
0.99. The state distribution is updated with n; = 0.25. For policy update, we have set
nr = 0.5, i.e., state distribution is updated at twice the rate of policy update. The initial state
distribution is chosen such that 2% of the population is asymptomatic (2), 1% is infected (I)
and the remaining are susceptible. Under the initial policy, infected agents do not activate
while agents in other epidemic states choose to vaccinate with probability 0.01, undergo
testing with probability 0.01 and choose an activation degree uniformly at random with the
remaining probability.

We further consider that authorities can enforce lockdown regulations through the parame-
ter ajock, Which represents the maximum allowed activation degree. Lockdown is implemented
by setting c[s, a] = Oifa < ajock, and c[s, a] = 4o[a] otherwise. Unless stated otherwise, we
assume c[R, a] = 0 for all a, i.e., we do not impose any restrictions on the activity of agents
who are aware of their recovery. We set the activation cost for symptomatic agents in such a

2 From the perspective of epidemic state evolution, a symptomatic individual who is in strict isolation and is
not able to cause new infection is analogous to a recovered agent.
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way that it is preferable for symptomatic agents to isolate themselves, i.e., c[I, 0] < ¢[I, a]
for any activation degree a > 0. Thus, infections caused by asymptomatic agents is the
primary factor behind the epidemic.

We emphasize that the above parameter values are chosen to illustrate a wide range of
possible behavior that may emerge due to game-theoretic decision-making against infectious
diseases in general (not necessarily limited to COVID-19). The exact numerical values may
be changed to examine other possible scenarios or disease characteristics of interest (such as
settings where symptomatic individuals are more infectious with slow recovery).

6.1 Effect of Vaccination Cost and Availability

We first illustrate the effect of vaccination cost and availability in Fig.2. We have assumed
crest = 0.1, tmax = 0.05 for all figures. This choice of #,,,x implies that at most one twentieth
of the entire population can undergo testing on a given day. For example, for several countries,
the number of daily tests for COVID-19 per 1000 population hovered between 5 to 15 during
year 2021 [12], and this rate is consistent with our choice of #,,x. The plots in the left panel
correspond to the case where cyox = 10 and vpax = 0.01. The chosen value of vy, is
consistent with the data on number of daily COVID-19 vaccine dose administration which
hovered around 0.7 — 1% of the population for many countries during 2021 [8, 13].

The plots in the middle panel correspond to the case where cyax = 1 and vmax = 0.01,1.e.,
vaccines are available at a cheaper cost. For the plots in the right panel, we have considered
cvax = 10 and vpax = 0.05, i.e., more vaccines are available to be administered at each time
step.

On the top row, we plot the evolution of the policy of agents in state T over time for
all three choices of vaccination cost and availability limit; specifically, the probability with
which such agents choose to activate with degree ajock = 3, choose to vaccinate and undergo
testing. Since activation beyond ajeck is severely penalized and activation with degree strictly
smaller than ajck yields potentially smaller reward, those actions are chosen with negligible
probabilities and hence not shown in the plots. The resulting infection state trajectories, i.e.,
proportion of agents in states A, I and U are shown in the second row of Fig. 2.

Note from the plots in the left panel that when vaccination cost is sufficiently high, agents
in state T choose vaccination with a smaller probability at the onset of the pandemic, and
choose to activate or undergo testing otherwise. Such behavior is due to the fact that choosing
to vaccinate is no guarantee to successfully obtain a vaccine due to limited availability. In fact,
most of the population is susceptible at the onset of the pandemic, and a higher probability
to vaccinate will lead to a greater proportion of agents opting for vaccination compared to
vaccine availability, leading to a smaller probability of becoming successfully immune. As
the infected proportion eventually reduces, agents in state T begin to opt for vaccination with
a greater probability. This is because as the proportion of agents in state T is getting smaller,
it is more likely that agents opting for vaccination will be successful in obtaining it (after
which they move to state R and obtain larger rewards by activating with apmax as opposed
to activating with ajock in state T). As a result, the proportion of agents in state U gradually
reduces as these agents move to state R as observed in the state trajectory plots in the second
row.

The plots on the first two rows of the left panel further show an oscillatory behavior of
agents choosing to undergo activation or testing: a higher probability of activation leads to
an increase in asymptomatic proportion which incentivizes agents to undergoing testing. On
the other hand, a greater testing probability leads to more agents moving to symptomatic
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Fig. 2 Evolution of vaccination, testing and activation policy for agents in state T (top row), proportion of
agents in states A, I, U (second row), and quantities related to vaccination and testing (last two rows) with
time for different choice of vaccination cost and availability limits (shown at the top of each column)

compartment from where they cause fewer infections (81 < Ba) and also recover faster
(87 < &%), leading to reduction in the infected proportions.
The results in the middle panel of the top row show that agents choose to vaccinate at a
greater probability when vaccination cost decreases (cyax = 1). However, perhaps counter-
intuitively, it leads to a significantly larger peak in the asymptomatic proportion (see plots
in the left and middle panels of second row). This is due to the fact that vaccine availability
has remained unchanged, and more agents opting to vaccinate does not result in any change
in effective vaccinations. Rather, fewer agents opt for testing leading to ineffective isolation
of asymptomatic, yet infectious, agents and a significantly larger peak in asymptomatic
infection.
In order to obtain further insights on the impact of limited vaccine availability, we compare
the following three quantities at each time step in the plots in the third row of Fig.2:
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e total mass of successful vaccination: min(v(w, d), vmax) Where v(m,d) =
> ses dls]mlay | s]is the total mass of agents who opt for vaccination at social state as
defined earlier,

o effective vaccination, i.e.,

min(v(w, d), Vmax)
v(m,d)

(d[Sl]mlay|S] + d[Ulr[ay|U]),

which captures the proportion of agents that successfully transit to state R due to vacci-
nation, and

o the belief of an agent in state T regarding the probability with which it will be successful
in obtaining the vaccine and becoming immune if it chooses to vaccinate, i.e., the quantity

max(d[S], €) + d[U]  min(v(r, d), Vmax)
max(Zi\[S], €)+ ZZ\[A] + Zf[U] v(m, 3) .

These plots corroborate the above discussion. Effective and total vaccination coincide most
of the time except when asymptomatic proportion is significant compared to the total mass of
susceptible and unknowingly recovered agents. The belief of an agent in state T regarding the
probability of successful vaccination increases with decline in the asymptomatic proportion.

The plots in the fourth row of Fig. 2 show the analogous of the above three quantities for
testing. At the onset of the pandemic, as the asymptomatic proportion grows, agents in state T
choose to undergo testing and available testing kits are mostly exhausted. Nevertheless, since
testing does not change the states of susceptible or unknowingly recovered agents, and the
proportion of asymptomatic agents is much smaller compared to susceptible or unknowingly
recovered agents, only a small fraction of tests are effective (i.e., lead to successful state
transition from A to I). The plots also show that testing is most effective when asymptomatic
proportion is larger. Although testing results in asymptomatic agents incurring cost cgjs in
state I, such agents eventually recover, activate with degree am,x and derive a larger reward
compared to remaining in state T and activating with degree ajockx instead. Thus, testing
remains an attractive option, particularly when vaccination cost is large and vaccine supply
is limited. When vaccination cost reduces (plots in the middle panel) or vaccine availability
is larger (plots in the right panel), testing becomes a less attractive option. Similarly, when
the asymptomatic proportion decreases, testing is no longer an optimal action and agents
choose to vaccinate with a larger probability.

6.2 Effect of Learning Rate

Figure 3 shows the impact of evolutionary learning rate 1, on policy and state evolution of
agents. We have kept the state distribution update rate parameter n; = 0.25 and varied the
parameter 7, . Recall that when 1, = 1, both state and policy update takes place at the same
rate ng while for n; > 1 (respectively, n, < 1), policy update is faster (respectively, slower)
compared to state distribution update. The plots show that when n, = 0.25, the policy
update takes place at a slower speed which leads to a smooth variation of the probabilities
with which agents choose a certain action. As 7, increases, the policy changes faster leading
to more oscillations in these probabilities at the onset of the epidemic. The oscillations are
specifically more pronounced when n, > 1. As the epidemic dies out, the state distribution
is nearly stationary and then the policy evolution becomes smooth, eventually converging to
the stationary values. Note that the corresponding plots for n, = 0.5 were shown in the left
panel of Fig.2 discussed earlier.
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Fig. 3 Impact of evolutionary learning rate n; on policy and state evolution of agents in state T when state
distribution is updated at rate 7 = 0.25

The plots in the second row of Fig.3 show the corresponding evolution of proportion of
individuals in asymptomatic, symptomatic and unknowingly recovered states. The results
show that despite increased oscillations in the policy space, a larger 1, results in a smaller
peak infection, i.e., when agents frequently revise their policies, it leads to better outcome
toward reducing peak infection level of the epidemic. The time at which peak asymptomatic
infection is observed does not vary significantly with the learning rate.

The oscillations on the top row are primarily due to the coupled nature of evolutionary
learning and epidemic dynamics. Similar oscillations were reported in recent works such as
[33, 47] with myopic agents and more broadly in the context of feedback interconnection
of optimization algorithms and dynamical systems [24, 25]. The relative rate of learning
dynamics and plant (in this case, the epidemic model) dynamics plays a major role in the
transient as well as asymptotic behavior of such coupled dynamics, which we plan to explore
further in future work.

6.3 Insights into Effectiveness of Lockdown Measures

We now investigate the aggregate outcome of game-theoretic decisions made by myopic
and far-sighted agents under different types of social restrictions imposed by authorities. In
particular, we vary the parameter ajockx from 1 to the maximum degree amax and plot the
following four quantities under the dynamically evolving policy and population states in
Fig.4:

e the peak total infection (peak of sum of asymptomatic and infected proportions)

e aggregate activation (sum of aggregate activation by all agents in all states over the entire
duration)

e aggregate testing (sum of effective mass of successful tests carried out over the entire
duration), and

e aggregate vaccination (sum of effective mass of successful vaccination carried out over
the entire duration).
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Fig.4 Aggregate outcome of game-theoretic decisions made by myopic and far-sighted agents under different
types of social restrictions imposed by authorities

The last three quantities are multiplied by the parameter 7, to normalize them. We have used
Umax = 0.01, fmax = 0.05, ¢yax = 10 and ciest = 0.1 for the results in this subsection.

Recall that activation with degree below ajock does not incur any cost while activation
with degree larger than ajock leads to severe penalty for this agent. Consequently, a smaller
value of ajock signifies a more severe restriction on social interactions. As expected, the plots
show that more stringent restrictions lead to smaller peak infection as well as activation.

We now compare the results for « = 0.9, 0.99 and o« = 0.999; the former sufficiently
discounts future rewards while prioritizing stage rewards, while the agents are sufficiently
far-sighted in case of « = 0.999. We also consider two further variations: when recovered
agents are exempt from lockdown measures (shown in solid plots in Fig.4) and when these
agents remain subjected to lockdown measures despite being aware of their immunity status
(shown in dashed plots).

The plots show that agents with @ = 0.999 sufficiently prioritize future rewards result-
ing in a significantly smaller peak infection and higher aggregate testing and vaccination.
Nevertheless, aggregate activation by all agents does not exhibit significant difference for
o = 0.9 and @ = 0.999. Thus, far-sighted agents are able to achieve a greater reduction in
peak infection without sacrificing social interactions.

When activation restrictions continue to be imposed on recovered agents, we see a smaller
degree of activation and vaccination by the agents (shown in dashed curves in the figure). In
particular, since being aware of recovery does not lead to relaxation in social interactions, there
are less incentives to vaccinate. However, sufficiently far-sighted agents choose to undergo
testing with a slightly higher probability in this case. More interestingly, we observe that
peak infected proportion is slightly higher when recovered agents remain under restrictions
compared to when these agents are exempt from restrictions at all values of ajock. This
phenomenon is due to the fact that when recovered agents are exempt from social restrictions,
they activate with degree amax. Therefore, an activating susceptible agent is more likely to
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form connections with a recovered and immune agent compared to an asymptomatic or
infected agent. When recovered agents are only allowed to activate with degree at most ajock,
there are two factors at play: (i) susceptible agents are less likely to vaccinate, and (ii) a
susceptible agent is potentially more likely to get connected with an infectious agent leading
to a higher probability of becoming infected.

7 Discussions and Conclusion

We formulated a dynamic large population game from first principles to capture decision-
making by individuals to protect themselves from an epidemic. In our formulation, agents
choose whether to undergo testing, vaccination or to interact with other agents by examining
the immediate reward as well as discounted future reward. Our work is one of the first to
examine strategic considerations encountered by individuals as they choose (or avoid) to
undergo testing using game theory.

We believe that our model has the minimal complexity required to capture human
decision-making in presence of an epidemic. The presence of asymptomatic infectious agents
necessitates adding additional compartments to the SIR model and adding testing as a possi-
ble action. Similarly, having vaccination as a possible action necessitates modeling agents to
be forward-looking since the benefit of vaccination is only realized in the future. One com-
mon simplification in previous works has been to consider myopic agents but incorporate a
heuristic term that depends on the risk of future infection in their myopic costs (e.g., [33,
47]). This term essentially substitutes the discounted future cost in our model (right term in
(9)) and encompasses the future discount factor, the discomfort of illness, and the duration
of illness all in one heuristic. While it could be possible to derive some analogous epidemi-
ological insights with such a simplification, our model is more principled, interpretable, and
allows for a finer grained analysis.?

In addition, the proposed framework naturally lends itself toward applying evolutionary
learning strategies which enables us to investigate the joint evolution of infection states as
well as agent decisions. We highlight the following key observations and policy implications
obtained via our analysis and numerical results.

e Reducing the cost of vaccination without increasing its supply potentially leads to a higher
level of peak infection because more agents opt for vaccination (as opposed to testing)
while effective vaccination remains unchanged due to limited availability (Fig.?2).

e Continuation of restrictions on recovered (which includes vaccinated) agents potentially
leads to reduced levels of vaccination and a greater peak infection, both for myopic as
well as far-sighted agents (Fig.4).

e When restrictions are withdrawn on recovered agents, both myopic and far-sighted agents
exhibit similar level of total activity while peak infection is significantly smaller for far-
sighted agents (Fig.4).

e When policy update is faster than the rate of epidemic evolution, it leads to smaller peak
infection, despite oscillatory behavior and frequent changes in the probabilities with
which different actions are chosen (Fig. 3).

We conclude with a discussion on the following promising directions for future research.

3 For instance, it is challenging to include reversible actions such as activity level and one-shot actions
such as vaccination simultaneously in a game involving myopic agents. Indeed, none of the prior works
have analyzed strategic choice among vaccination, testing and activity levels simultaneously in the past.
Nevertheless, individuals had to evaluate the trade-off among such possible actions during COVID-19.
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e Forseveral infectious diseases including COVID-19, recovered individuals are not perma-
nently immune from future infection, rather they may get reinfected. However, including
loss of immunity after recovery or vaccination in the epidemic model poses an important
technical challenge. Specifically, a recovered or vaccinated individual does not know
when it loses immunity, and thus, it does not know whether it is in state R or state S.
Thus, an individual is aware of its true state only when it is symptomatically infected.
The super state T would now include states S, A, U and R all of whom would follow
the same policy. Such an assumption would be too simplistic to study game-theoretic
decision-making. Another approach could be to allow an individual to keep track of its
previous state and update its belief about loss of immunity as a function of how much time
has passed since its last infection. However, this may render the decision problem non-
Markovian. A more detailed modeling approach would be to consider partial observation
in the dynamic population game framework. However, this is a theoretically challenging
problem in itself. Thus, extending this work to include the possibility of reinfection and
loss of immunity remains a challenging problem for future research.*

e While we have examined a specific class of evolutionary learning models in this work,
other families of learning dynamics, such as the replicator dynamics, could also be
examined.

e In this work, we assumed that parameters of the epidemic dynamics are known to the
agents. However, this may not be true at the onset of an epidemic. While there have been
much interest in multi-agent reinforcement learning in recent years, such strategies have
not yet been explored in the context of dynamic population games in general and for
epidemics in particular. Similarly, exploring evolutionary learning strategies for partially
observed mean-field (epidemic) games remains a promising direction for future research.

e As observed during COVID-19, in several countries, intervention by authorities often
failed to control the growth of the epidemic or caused severe economic damage as the
response of the population was not accounted for. Indeed, we have highlighted several
instances where counterintuitive outcomes may arise due to centralized interventions that
are not so well thought out. Designing suitable intervention strategies that includes the
response of the population requires extending the present framework to a Stackelberg
(leader-follower) game formulation and analyzing learning strategies therein.

We hope this work stimulates further research along the above lines.

Acknowledgements The authors thank Vaibhav Srivastava, Philip E. Paré and William E. Retnaraj for helpful
discussions.

Author Contributions All authors contributed toward problem formulation and theoretical analysis. ARH,
UM and EE designed the numerical case studies. The manuscript was primarily written by ARH, UM and EE,
with inputs from SB.

Funding Open access funding provided by Swiss Federal Institute of Technology Zurich Open access funding
provided by Swiss Federal Institute of Technology Zurich. A. R. Hota and U. Maitra were supported in part
by a joint Indo-US NSF-DST research project awarded by The Institute of Data Engineering, Analytics,
and Science Foundation (IDEAS), Technology Innovation Hub (TIH) situated at Indian Statistical Institute,
Kolkata, India. E. Elokda and S. Bolognani were supported by NCCR Automation, a National Centre of
Competence in Research, funded by the Swiss National Science Foundation (Grant no. 180545).

Data Availability All numerical results in the paper are obtained via simulations using parameters mentioned
in the paper. No part of the paper uses any external dataset.

4 Nevertheless, if we account for re-infections, we expect that the steady-state predictions of our model are
likely to change, but we do not expect the crucial early stage of the outbreak to change significantly. Hence, our
model provides important insights during the initial outbreak even for diseases imparting temporary immunity.

Birkhauser



Dynamic Games and Applications

Declarations

Conflict of interest None of the authors have any competing interest of a personal or financial nature.
Ethics Approval Not applicable.

Open Access This article is licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included in the
article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If material is
not included in the article’s Creative Commons licence and your intended use is not permitted by statutory
regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright holder.
To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

References

1. Adlakha S, Johari R, Weintraub GY (2015) Equilibria of dynamic games with many players: existence,
approximation, and market structure. J Econ Theory 156:269-316
2. Agrawal M, Kanitkar M, Vidyasagar M (2021) SUTRA: an approach to modelling pandemics with
undetected (asymptomatic) patients, and applications to COVID-19. In: 2021 60th IEEE Conference on
Decision and Control (CDC), pp 3531-3531
3. Alluri A (2021) India’s Covid vaccine shortage: the desperate wait gets longer. URL https://www.bbc.
com/news/world-asia-india-56912977. Accessed 11 June 2023
4. Altman E, Datar M, De Pellegrini F, Perlaza S, Menasché DS (2022) The mask game with multiple
populations. Dyn Games Appl 12(1):147-167
5. Amini H, Minca A (2022) Epidemic spreading and equilibrium social distancing in heterogeneous net-
works. Dyn Games Appl 12(1):258-287
6. Ansumali S, Kaushal S, Kumar A, Prakash MK, Vidyasagar M (2020) Modelling a pandemic with
asymptomatic patients, impact of lockdown and herd immunity, with applications to SARS-CoV-2. Ann
Rev Control 50:432-447
7. Aurell A, Carmona R, Dayanikli G, Lauriere M (2022) Optimal incentives to mitigate epidemics: a
stackelberg mean field game approach. SIAM J Control Optim 60(2):S294-S322
8. Canadian report on COVID-19 vaccine doses administered (2023). URL https://health-infobase.canada.
ca/covid- 19/vaccine-administration/. Accessed 11 June 2023
9. Chang SL, Piraveenan M, Pattison P, Prokopenko M (2020) Game theoretic modelling of infectious
disease dynamics and intervention methods: a review. J Biol Dyn 14(1):57-89
10. Cho S (2020) Mean-field game analysis of SIR model with social distancing. arXiv preprint
arXiv:2005.06758
11. Coronavirus disease (COVID-19): how is it transmitted? (2021). URL https://tinyurl.com/532chrb5.
Accessed 11 June 2023
12. Daily COVID-19 tests per thousand people (2023). URL https://tinyurl.com/4uy5Swmfp. Accessed 11
June 2023
13. Daily share of the population receiving a COVID-19 vaccine dose (2023). URL https://ourworldindata.
org/grapher/daily-covid-vaccination-doses-per-capita. Accessed 11 June 2023
14. De Chowdhury R (2021) Midnight vigils, snaking queues as some Indians await COVID vaccines. URL
https://tinyurl.com/3nfujrmu. Accessed 11 June 2023
15. Doncel J, Gast N, Gaujal B (2022) A mean field game analysis of SIR dynamics with vaccination. Probab
Eng Inf Sci 36(2):482-499
16. Eksin C, Shamma JS, Weitz JS (2017) Disease dynamics on a network game: a little empathy goes a long
way. Sci Rep 7:44122
17. Ellyatt H (2021) India is the home of the world’s biggest producer of Covid vaccines. But it’s facing a
major internal shortage. URL https://tinyurl.com/33vpmacn. Accessed 11 June 2023
18. ElokdaE,Bolognani S, Hota AR (2021) A dynamic population model of strategic interaction and migration
under epidemic risk. In: 2021 60th IEEE Conference on Decision and Control (CDC), pp 2085-2091
19. Elokda E, Censi A, Bolognani S (2021) Dynamic population games. arXiv preprint arXiv:2104.14662
20. Filar J, Vrieze K (1997) Competitive Markov decision processes. Springer, Cham

) Birkhduser


http://creativecommons.org/licenses/by/4.0/
https://www.bbc.com/news/world-asia-india-56912977
https://www.bbc.com/news/world-asia-india-56912977
https://health-infobase.canada.ca/covid-19/vaccine-administration/
https://health-infobase.canada.ca/covid-19/vaccine-administration/
http://arxiv.org/abs/2005.06758
https://tinyurl.com/532chrb5
https://tinyurl.com/4uy5wmfp
https://ourworldindata.org/grapher/daily-covid-vaccination-doses-per-capita
https://ourworldindata.org/grapher/daily-covid-vaccination-doses-per-capita
https://tinyurl.com/3nfujrmu
https://tinyurl.com/33vpmacn
http://arxiv.org/abs/2104.14662

Dynamic Games and Applications

21.

22.

23.
24.
25.
26.
27.
28.
29.
30.
31
32.
. Khazaei H, Paarporn K, Garcia A, Eksin C (2021) Disease spread coupled with evolutionary social
34.
35.
36.
37.
38.
39.

40.
41.

42.
43,
44,
45,
46.
47.
48,
49,

50.

Giordano G et al (2020) Modelling the COVID-19 epidemic and implementation of population-wide
interventions in Italy. Nat Med 26(6):855-860

Goeree JK, Holt CA, Palfrey TR (2020) Stochastic game theory for social science: a primer on quan-
tal response equilibrium. In: Capra CM, Croson RTA, Rigdon ML, Rosenblat TS (eds) Handbook of
Experimental Game Theory. Edward Elgar Publishing, Cheltenham

Gomes DA, Mohr J, Souza RR (2010) Discrete time, finite state space mean field games. ] Math Pures
Appl 93(3):308-328

Hauswirth A, Bolognani S, Hug G, Dérfler F (2020) Timescale separation in autonomous optimization.
IEEE Trans Autom Control 66(2):611-624

Hauswirth A, Bolognani S, Hug G, Dorfler F (2021) Optimization algorithms as robust feedback con-
trollers. arXiv preprint arXiv:2103.11329

Hota AR, Sundaram S (2019) Game-theoretic vaccination against networked SIS epidemics and impacts
of human decision-making. IEEE Trans Control of Netw Syst 6(4):1461-1472

Hota AR, Sneh T, Gupta K (2021) Impacts of game-theoretic activation on epidemic spread over dynamical
networks. SIAM J Control Optim 60(2):S92-S118

Huang Y, Zhu Q (2020) A differential game approach to decentralized virus-resistant weight adaptation
policy over complex networks. IEEE Trans Control Netw Syst 7(2):944-955

Huang Y, Zhu Q (2022) Game-theoretic frameworks for epidemic spreading and human decision-making:
areview. Dyn Games Appl 12:7-48

Huang M, Malhamé RP, Caines PE (2006) Large population stochastic dynamic games: closed-loop
McKean-Vlasov systems and the Nash certainty equivalence principle. Commun Inf Syst 6(3):221-252
Hubert E, Mastrolia T, Possamai D, Warin X (2022) Incentives, lockdown, and testing: from Thucydides’
analysis to the Covid-19 pandemic. J Math Biol 84(5):1-48

Jovanovic B, Rosenthal RW (1988) Anonymous sequential games. J Math Econ 17(1):77-87

distancing dynamics can lead to growing oscillations. In: 60th IEEE Conference on Decision and Control
(CDC), pp 4280 — 4286

Kordonis I, Lagos A-R, Papavassilopoulos GP (2022) Dynamic games of social distancing during an
epidemic: analysis of asymmetric solutions. Dyn Games Appl 12(1):214-236

Lauriere M, Perrin S, Geist M, Pietquin O (2022) Learning mean field games: a survey. arXiv preprint
arXiv:2205.12944

Liu S, Zhao Y, Zhu Q (2022) Herd behaviors in epidemics: a dynamics-coupled evolutionary games
approach. Dyn Games Appl 12(1):183-213

Martins NC, Certorio J, La RJ (2023) Epidemic population games and evolutionary dynamics. Automatica
153:111016

McKelvey RD, Palfrey TR (1995) Quantal response equilibria for normal form games. Games Econ Behav
10(1):6-38

Neumann BA (2020) Stationary equilibria of mean field games with finite state and action space. Dyn
Games Appl 10:845-871

Newman M (2010) Networks: an introduction. Oxford University Press, Oxford

Niazi MUB et al (2021) Effective testing policies for controlling an epidemic outbreak. In: 2021 60th
IEEE Conference on Decision and Control (CDC), pp 28062811

Olmez SY et al (2022) Modeling presymptomatic spread in epidemics via mean-field games. In: 2022
American control conference (ACC), pp 3648-3655

Petrakova V, Krivorotko O (2022) Mean field game for modeling of Covid-19 spread. J Math Anal Appl
514(1):126271

Roy A, Singh C, Narahari Y (2022) Recent advances in modeling and control of epidemics using a mean
field approach. arXiv preprint arXiv:2208.14765

Salvarani F, Turinici G (2018) Optimal individual strategies for influenza vaccines with imperfect efficacy
and durability of protection. Math Biosci Eng. https://doi.org/10.3934/mbe.2018028

Sandholm WH (2010) Population games and evolutionary dynamics. MIT Press, Cambridge

Satapathi A, Dhar NK, Hota AR, Srivastava V (2022) Epidemic propagation under evolutionary behavioral
dynamics: stability and bifurcation analysis. In: 2022 American Control Conference (ACC), pp 3662—
3667

Theodorakopoulos G, Le Boudec J-Y, Baras JS (2013) Selfish response to epidemic propagation. IEEE
Trans Autom Control 58(2):363-376

Trajanovski S, Hayel Y, Altman E, Wang H, Van Mieghem P (2015) Decentralized protection strategies
against SIS epidemics in networks. IEEE Trans Control Netw Syst 2(4):406-419

Transmission of SARS-CoV-2: implications for infection prevention precautions (2020). URL https://
tinyurl.com/4btvctz2. Accessed 11 June 2023

T Birkhauser


http://arxiv.org/abs/2103.11329
http://arxiv.org/abs/2205.12944
http://arxiv.org/abs/2208.14765
https://doi.org/10.3934/mbe.2018028
https://tinyurl.com/4btvctz2
https://tinyurl.com/4btvctz2

Dynamic Games and Applications

51. WuL-Petal (2007) Duration of antibody responses after severe acute respiratory syndrome. Emerg Infect
Dis 13(10):1562

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

) Birkhduser



	Learning to Mitigate Epidemic Risks: A Dynamic Population Game Approach
	Abstract
	1 Introduction
	2 Epidemic Model
	2.1 States
	2.2 Actions and Policies
	2.3 State Transitions
	2.3.1 State Transitions for Susceptible Agents
	2.3.2 State Transitions for Asymptomatic Agents
	2.3.3 State Transitions for Infected Agents
	2.3.4 State Transitions for Recovered Agents
	2.3.5 State Transitions for Unknowingly Recovered Agents


	3 Strategic Decision-Making by Agents
	3.1 Rewards
	3.2 Effective Transition Probabilities
	3.3 Expected Discounted Reward

	4 Equilibrium Analysis
	5 Social State Dynamics
	6 Numerical Results
	6.1 Effect of Vaccination Cost and Availability
	6.2 Effect of Learning Rate
	6.3 Insights into Effectiveness of Lockdown Measures

	7 Discussions and Conclusion
	Acknowledgements
	References


