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Abstract: We show that a simple telescoping sum trick, together with the triangle
inequality and a tensorisation property of expected-contractive coefficients of random
channels, allow us to achieve general simultaneous decoupling for multiple users via
local actions. Employing both old (Dupuis et al. in Commun Math Phys 328:251-284,
2014) and new methods (Dupuis in IEEE Trans Inf Theory 69:7784-7792, 2023), we
obtain bounds on the expected deviation from ideal decoupling either in the one-shot
setting in terms of smooth min-entropies, or the finite block length setting in terms of
Rényi entropies. These bounds are essentially optimal without the need to address the
simultaneous smoothing conjecture, which remains unresolved. This leads to one-shot,
finite block length, and asymptotic achievability results for several tasks in quantum
Shannon theory, including local randomness extraction of multiple parties, multi-party
assisted entanglement concentration, multi-party quantum state merging, and quantum
coding for the quantum multiple access channel. Because of the one-shot nature of our
protocols, we obtain achievability results without the need for time-sharing, which at
the same time leads to easy proofs of the asymptotic coding theorems. We show that our
one-shot decoupling bounds furthermore yield achievable rates (so far only conjectured)
for all four tasks in compound settings, which are additionally optimal for entanglement
of assistance and state merging.

1. Introduction

Multi-user information theory is intrinsically difficult, with several of the classic trans-
mission problems remaining unsolved despite decades of research, including the bidi-
rectional channel [1], the broadcast channel [2], and the interference channel [3] (except
in particular cases), cf. [4]. Even models such as the multiple-access channel (MAC)
that have been solved early on [5,6] have recently exhibited unexpected additional com-
plexity: indeed, while the capacity region of a general MAC has a finitary single-letter
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expression, its computation (or even approximation) in terms of the channel parameters
turns out to be NP-hard, and with entanglement-assistance it is even uncomputable [7].

The foundational tool of joint typicality (a multipartite probability distribution being
typical in several of its marginals simultaneously) is frequently employed in classical
multi-user settings to define and analyze codes and decoders, and serves as a single
conceptual integrator of many constructions (even if it does not always yield the best
possible performance) [4,8]. The analogous problems in quantum information theory
have added difficulty at an even more fundamental level because this basic tool is sim-
ply not available in the required generality for multipartite quantum states, although it
has been conjectured both in a form suited to i.i.d systems [9, Conj. 3.2.7] and in a
general form for min-entropies [10], also known as the simultaneous smoothing conjec-
ture. In the absence of a general solution to this conjecture (either in its one-shot or the
asymptotic version), researchers have developed workarounds of varying complexity
and applicability. For small numbers of parties (two or three) and specific problems,
it can be avoided altogether [10]; and for classical information transmission tasks over
quantum channels with multiple senders and receivers, a “simultaneous hypothesis test-
ing” technique combining a modification of the state with hypothesis testing [11,12]
overcomes this technical barrier.

However, there are at least two types of tasks that require a different primitive and
therefore remain hindered by the simultaneous smoothing conjecture: cryptographic
privacy amplification and randomness concentration on the one hand, and simultane-
ous quantum information transmission between multiple parties on the other (including
channel coding, as well as channel simulation). All these impaired tasks can be based
on the decoupling of one part of a correlated state from another, via the concatenation
of a unitary (typically random) and a fixed irreversible quantum channel. This primitive
is well-developed in the case of a single system to decouple and well-understood to be
governed by min-entropies [13-23].

Here, we develop a solution for simultaneous decoupling, extending the “generalised
decoupling” approach of Dupuis et al. [24] to multiple systems undergoing local random
unitaries followed by a CPTP map (see Fig. 1). We are able to do so without addressing
the simultaneous smoothing conjecture by leveraging contractivity properties of random
channels and multiplicativity of contraction under tensor products.

We illustrate the reach of our method by proving multi-party generalised decou-
pling theorems in terms of both Rényi and smooth min-entropies. As applications, we
show how we obtain one-shot and asymptotic i.i.d. coding theorems for four quantum
information tasks.

The rest of the paper is structured as follows: we start with some notation and pre-
liminary material in Sect.2. Then we present the problem setting and main results in
Sect. 3, followed by the core technical lemmas in Sect. 4. The main decoupling theorems
are proved in Sect.5. In Sect. 6, we apply the decoupling theorems to the problems of
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Fig. 1. Generalised multipartite decoupling via local random unitary transformations 4; acting locally on
each system A;, followed by a fixed CPTP map 74,..A,—B
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randomness extraction [25,26], entanglement of assistance [9, 16,17,27], quantum state
merging (also known as quantum Slepian-Wolf problem), and quantum multiple access
coding [28]; these are developed in the fully general one-shot form, and then applied to
the i.i.d. asymptotics as well as to the so-called compound setting of an only partially
known i.i.d. source or channel. The resulting one-shot and compound rate formulas had
long been conjectured but are here proved for the first time. We conclude in Sect.7,
including a comparison with previous approaches.

2. Preliminaries

We denote the Hilbert spaces associated with finite-dimensional quantum systems by
capital letters, A, B, etc., and by | A| the dimension of A. The composition of two systems
is facilitated by the tensor product of the Hilbert spaces, AB = A ® B. Multipartite
operators pap acting on this tensor product space have their corresponding reduced
operator denoted as pg = Trp p4p. The set of normalized quantum states (non-negative
operators p on A with Tr p = 1) is denoted as S(A).

We use the abbreviation CP to denote completely positive maps 74—, p (and CPTP if
they are additionally trace-preserving maps), and 7ap = (14 ® T4/ g) (|ONP|D A47)
is their corresponding Choi operator, where |®) 4,4 = ﬁ le.ill li)a ® |i) 4 is the
maximally entangled state.

The basic metric on quantum states is given by the trace norm distance, ||p — o||1.
Recall the definition of the trace norm of an operator M: |[M|; = Tr~MTM. This
quantity is lower bounded by O (when p = o) and upper bounded by 2 due to the
triangle inequality |0 — oll1 < [lpll1 + [lo|l1 = 2. We shall mostly use the normalized
trace distance defined as

1
D(p.o):=Zlp =0l

We will also come across the Hilbert-Schmidt norm || M || = ~/Tr MTM. Actually, it is
useful to define the Schatten p-norms as a generalisation of the previous. Given a real
number p > 1 and a linear operator M, the Schatten p-norm is given by

1

1M1l = [Tr (MTM)ST

Likewise, we have to define the diamond norm of a linear map ® : A — B, which
is the trace norm of the output of a trivial extension of ® maximized over all possible
input operators M € A’A with ||[M||; < 1, thatis ||®], = max 1 lGdg @O)M ||y

1<

M st ||M]|
[29,30].

Our technical results are small upper bounds on the trace distance between states,
proving that they are almost equal. These bounds are presented in terms of conditional
entropy measures. Let us recall the following standard definitions. The von Neumann
entropy of a state py € S(A) is defined as S(A), = S(pa) = —Trplogp, and the
conditional von Neumann entropy of A given B for the bipartite state p4p is S(A|B), =
S(AB), — S(B),. Also, for pap € S(AB) and o € S(B), we define the sandwiched
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conditional Rényi entropy of order o € [%, 1) U (1, co) given op [31,32] as

| Lo =\ ifa < land Trpo # 0,
1TlogTr Op" PABOR"
o or suppp € A ® supp(o),

—00 otherwise.

Hy(A|B) o =

The maximisation of the sandwiched conditional Rényi entropy given op € S(B)
over all possible states o gives the conditional Rényi entropy of p4 g, denoted Hy (A|B) .
This quantity is monotone non-increasing in « [33], and if we take the limit o« — 1 we
recover the conditional von Neumann entropy S(A|B),. Furthermore, the limit of the
Rényi entropy when o — oo makes sense and is called min-entropy:

Humin(A|B), = Hoo(A|B), := max sup{h € R: pap <2714 ® o3},

where the maximum is taken over all states op € S(B). Similarly, for @ = % we find
the max-entropy:

~ 2
Hunx (A1), = 1\ (A1B), = maxlog | /pasy/1® o5 .

The max- and min-entropies are related by the fundamental duality relation
Hpnin(A|B)y = —Hmax(A|C)y for any pure tripartite state ¥ 4pc. Notice also that
for « = 2 we find the collision entropy, which is the quantity that shows up in the
original proofs of the variously general decoupling theorems [19,24]:

~ _ _ 2
H>(A|B), = sup —log Tr [(<1A ® o 1/4) OAB (11,4 Q oy 1/4)) i| .
op

This quantity, however, usually gives unreliable or loose bounds due to its rough respon-
siveness to small variations in the state p4p over which it is computed. This is why it
is commonly substituted by the min-entropy, which is more reliable, and robust and a
lower bound on the collision entropy due to the monotonicity of Rényi entropies under
«. In one-shot settings, it is also useful to e-smooth the min and max-entropies. Le.,
computing them on the best state w in an e-ball around p with respect to the purified

distance P(p, w) = /1 — ||\//_?ﬁ||%3

Hin(AIB), = max Huin (A B)o L. P(p, @) < €,
Hiyux (AIC)p i= min Hugx (A|C)y 1. P(p, ) < €.

Smoothing allows us to discard atypical behaviour in the states. In multi-party set-
tings, it makes sense to wish for simultaneous smoothing of all the marginals of the given
state: that is, we want to modify the global state so that its marginals appear smoothed.
More formally, for any number m of parties we would like to find functions g, (¢) and
hy, (€) with lim¢_, ¢ g, (€) = 0 and h,, (¢) finite for any m and € > 0, such that for every
state pA,..A,, B On an (m + 1)-party system Aj ... A, B there exists another state o with
P(p,0) < gn(e) that satisfies

V@ £ 1 C[ml Hmin(A7|B)o > Hy(ArlB)p — hin(e). (2.1)
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This has been stated as a conjecture [10,34] (without the additive A, (¢) term, which
however seems very natural to us), but remains unproven in general, in particular for
m > 2. It has also been used to conjecture rate regions in several multi-party quan-
tum information tasks. Here, we find local decoupling theorems without simultaneous
smoothing and apply them to finally prove the anticipated achievable rate regions for
several multi-party quantum information tasks.

The purified distance between two arbitrary states p and o is a function of the fidelity

F(p,o0) = ||ﬁﬁ||2, indeed P(p,0) = /1 — F(p, o). These quantities are related
to the normalized trace distance through the Fuchs-van de Graaf inequalities [35]:

1=/F(p,0) < D(p,0) < P(p,0) <y/D(p,0)[2— D(p,0)]. (2.2)

The first two are the original inequalities. We took the liberty of adding the third one by
noticing P(p, 0)=1—F(p,0)<1—[1—D(p, o)*> = D(p,0)[2 — D(p,o)].

3. Setting and Main Results

We consider random CP maps R* : A — B, where x is distributed on a given set
according to a certain well-defined probability law. If there are systems Aq, Aa, ..., Ay,
we consider independently random maps R : A; — B; fori € {1,...,k} =: [k].
Two particular channels are of special interest to us. The the constant channel (or state
preparation channel) P° : A — B, acting as P? (p) = opTrp, that outputs a state o
(or more generally a positive semidefinite operator) on B regardless of the input p, and
the fully depolarizing channel D : A — A, which can be seen as the particular instance
of the constant channel that prepares the maximally mixed state D(p) = \% Tra p. We
use superscripts to identify different objects, potentially acting on the same or other
spaces, such as R* and R¥/, and subscripts on states and channels to record on which
systems they act.

We shall only consider random CP maps R* with the property that the average map
E,R* is a constant map P?. Let us also introduce the difference A* := R* — P?.

Definition 3.1. We call a random Hermitian-preserving map A* A-expected-contractive
if for any system E and any matrix pag,

EcllA*(pap)ll2 < Mlpakll2.

Dupuis [36] equivalently calls R* A-randomizing, although he considers this concept
only for the preparation maximally mixed state o = ﬁl B-

Let the systems A, Aa, ..., Ay and E share a state PARE> and consider a fixed
quantum channel (CPTP map) 7 : Ay — B with Choi state TAyB- On each system
A; (i € [k]) we define random unitaries U; distributed according to a unitary 2-design,
so that the average Ey,if; = Dy, is the completely depolarizing channel, where we
denote the associated unitary channel U; (o) = U,-ozUl.T. Then we have random maps
RUN =T o Uy @ -+ QUy).

Decoupling is about the question: How far from tg = T (Lay,/|Ap|) is the output
of the channel RY% typically? To answer it, we aim to give an upper bound on

IEU[k] RU[k] (IOA[/(JE) — TB ® PE H]
=Euy |ToUh & @U—Da, ®--- ®Da,) payel,
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The crucial insight for everything that follows is that we can rewrite the difference
of maps inside the norm as

k

k
RUM — P =T o (®Ui - ®Dm)
i=1 i=1 (3.1)
= Z T o (04, ®Da,c),
PEICIK]

where ©4;, = U; — Da,;, hence Oy, = Q;c; Ui — Dy,), and Dy, = ®i¢1 D;.
Therefore, we have U; = © 4, + D4, and we can use the distributive law to get the above
expansion. Hence,

('RUlkJ _ pfﬂ) PAWE = Z T ((©4; ® Da,c)pagE)
P£ICIk]

= Z (71 0©4,) pasE,
W#IC[k]

3.2)

Are

1
with 77 : A; — B acting as T7(pa,) = 7T (PA, ® W)' The first step in our upper
bound is the application of the triangle inequality,

Buy, [RU9oae) —ms @ pr| = 32 Bu, |(Tio0a) pael,. G
P#1Ck]

This allows us to simply deal with each term ¢ # I C [k] separately in the remainder
of the argument.

The main technical results of the present work are formulated in the following theo-
rems and their corollary.
Theorem 3.2. Assume TA[k]_> B to be a CPTP map with Choi state, and consider the
random channels RV as above. Then, for any state p A E>

EU[k] HRUUC] (PA[k]E) — 73 ® PE Hl

1 ~ 1~
< > {2"'+‘e, + Dyexp, |:—§H2€’(A1|E)p|§£ - EHz(Ale)r,Ué“ :
D#1<[k]
(3.4)
_ AlI—-1 1 *% _ I .
where D = 2 Hiel 1-— Al , Tp = ’T(]lAlkJ/|A[k]|), the ¢y, are arbitrary

states on E, O’é are arbitrary states on B, and exp, denotes the exponential function to
base 2.

Theorem 3.3. Assume T : Ay — B to be a CPTP map with T (1/|Apql) = 1/|B|,
and consider the random channels RU% as above. Then, for any state p A B

IEU[k] RU[k] (pA[kJE) — 13 ® PE Hl

2 ! 7 7
< > oy 2 ey | (1= o ) (<Aa(A11E) g — Ba(ArlB)eey) |
D#1C[k]

3.5)
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Fig. 2. Multi-party decoupling via local random unitary transformations U4; followed by a fixed local CPTP
map Ty, p; on each of the systems A;

_1
where D; = 2111-1 nie] (1 — ﬁ) *as before, a; € (1; 2] are arbitrary real number

numbers and ¢ é are arbitrary states on E.

Corollary 3.4. Under the same conditions of Theorems 3.2 and 3.3, and in the special
case that the CP map is a tensor product, T = T\ Q- - -QTy withl; : A; — B; (see Fig.2)
and B = B ... By, then Equations (3.4) and (3.5) hold with D; = [];<; /1

1
|Ai*

Remark 3.5. In Theorem 3.2, we will almost always use the lower bound ﬁ;’ (Ag |E)p|{é
> Hih (ALE)

min
exponential of Equation (3.4) becomes Hx;lin

L and optimize {é for the min-entropy, so that the first term in the
(A7IE),.

Remark 3.6. For k = 1, both the above theorems, or more precisely their versions
from Corollary 3.4, reproduce well-known predecessors: Theorem 3.2 is essentially the
general decoupling theorem from [24], albeit without the smoothing of the channel Choi
matrix t4p (which in practice seems less critical than that of the state). Theorem 3.3 is
a restatement of the main result of [36]; see also the precursor [37].

Remark 3.7. Hao-Chung Cheng, Li Gao, and Mario Berta, in concurrent and independent
work [38], have discovered the same telescoping trick to obtain similar decoupling
bounds, and in fact a multipartite version of the convex-split lemma. In their work, they
apply the latter to the simulation of broadcast channels.

4. Lemmata

4.1. Technical ingredients for the proofs. Inthis subsection, we collect some well-known
technical lemmas that will be used throughout the paper. Their proofs can be found in
[24].

Lemma 4.1. Let M be a linear operator on A and o a positive defined operator. Then

1Ml < | Trlo] - Te[o 14 Mo 12 Mo 14], “.1)

If M is Hermitian this can be simplified to

IMIls < |/ Trlo] - Tr[(o =14 Mo~ 1/4)2], 4.2)

Lemma 4.2. Let M and N be two linear operators on A®?, and let F5 swap the two
copies of the A system: F 4 <Zij mj |i) |j)) = Zij mj|j)1i). Then, Tt(M ® N)Fa =
Tr MN.
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Lemma 4.3. Let M be a linear operator acting on the Hilbert space A®?. Then, for a
random unitary U distributed according to a 2-design (a set of unitaries that collectively
approximates the statistical behavior of the entire unitary group up to second-degree
polynomials [39]),

Ey, (U®2MU®2T) — alaq +BFa, (4.3)

where o and 8 are such that Tt M = alAIZ + BlAland Tt MF = a|A| + ;3|A|2.
We can easily generalise this lemma to a multipartite version:

Corollary 4.4. Let M be a linear operator acting on A?z R ® A,‘?z. Then, for U =
Ui ® --- ® Uy the tensor product of independent unitaries distributed according to
2-designs,

®2 157 ®2F
Eujg (UlkJ MUy, ) = e (FAL ® JlALc), (4.4)
LIk

where L¢ = [k] \ L is the set complement of L, and the coefficients cy, are determined
by the relations

Te[M(Fa, ®152)] = 3 erlaraeeliareo . 4.5)
Tc[k]
Lemma 4.5. Let wpp be a non-negative operator acting on AB. Then,
1
mTrwB_TrwAB<|A|TrwB (4.6)

Lemma 4.6. The normalized trace distance D(p, o) between two quantum states p, o €
S(A) is equal to the largest probability difference that the two states could give to the
same measurement outcome A:

D(p,0) = max Tr{A(p —0o)}. 4.7)

Theorem 4.7 (Uhlmann’s theorem for the purified distance). Let p,o € S(A) and
W) € A® A’ be a purification of p, with A’ = A. Then, there exists a purification
lp) € A® A’ of o such that P(p, o) = P(Yr, ¢).

4.2. Central lemmas. The proofs of the main theorems (which we will present in the
next section) rely on a series of new lemmas listed and proved in this section.

Lemma 4.8. Given any general CP map T; : A; — B with I C [k], Tj o Oy, is
Aj-expected-contractive with

2|I|—1
Ap = —IIT—’A,B|I2~

[Ty |A|2

iel
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Proof. Recall that 7 o ©4, is Aj-expected-contractive if Ey, || (T, o @A,) pAElR <
Arllpa;Ell2 for arbitrary pag, where Ey, is the expectation value over each U; with
i € 1. We will start by assuming p = p' to be Hermitian. Using Jensen’s inequality, we
find (Eg, | (77 0 ©4,) pa,£l2)? < Eu, Il (71 0 ©4,) pa, £ll3- Now we can expand the
square of the Hilbert-Schmidt norm as a trace without carrying the root throughout the
demonstration:

IEU[ ” (7—1 o ®A1) /0A1E||% = IEU[ Tr I:((?—I o ®A1) /OAIE)Z]

=Tr [EU, (71 0 ©®4,) ,OA,E)2:| :

where we have used the linearity of the trace in the second equality, and we are imposing
for simplicity the additional restriction that the matrices p4, g are Hermitian, and will
prove in the end that the results can be generalised to any matrix. Defining a subset
J C I and its complement J¢ = I\J we can write the expectation value as follows:

Ey, ((T7 o ®1)pA1E)2 = Z(—I)IMEU, (710U ® DAJC),OA,E]Z- (4.8)
jci

We prove this claim by induction on the cardinality of /. For |I| = 1 (thatis A; = A)
we have Eyy [(7 0 ©4)par)* = Eyl(RY — T o Da)par)?. Expanding the binomial
and remembering our condition EyU (pag) = Da(par) we find:

Ey (T 0 ©a)par)® = Ey[RY (par)*] = 2Ey[RY (par)] - [T 0 Dal(par)]
+[T o Dalpar)l?
= Ey[7 oU(pap)*] — [T o Dalpap)l?

=Y D)VIEy, [T1 0 U ® Da,)pa ]
JCI

because |J| € {0, 1}. We continue the induction by assuming that Equation (4.8) is true
for some I, and we want to pass to a bigger set I’ = I U {ip} (with U the disjoint
union) to compute the expectation value ]EUI, [(Tp o (~3,4[,),<)A[,E]2 onApy =A; ®A,.
Similarly let us define J' = J U {ig} forasubset J C I,thatis Ay = Ay ® A;,. Then,
expanding ® 4, 1= U; — Dy, and Oy, = ®i€1(l/{,- — Dy, ), and rearranging the terms
(recall Dy, = ®i¢ ; D;), we can re-write:

2 2
E’U,/ [(7—1/ o ®A,/)10AJ/E] = IEU,'OIEUI I:’];/ o (®A1 ® ®A,-O)PA,/E:|

= > DBy, [T o Us ® Da,)pay ]
JCI

2
® EU,'O [7}/ o (Z/{io - DAI'O)’OAI’E] .

By expanding the square (just as we did at the beginning of the induction) we can write
2

2 2
Eu, [ Tiro Uiy = Day)eage| = Buy [T oUigpa, ]’ = [T o Dayoae] -
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This allows us to write

c 2 2
> (=D IEy, [T 0 Us ® Da,)pa,e]’ @ Euy, [ Tir o Uy = Day)oa, i ]
J<li

c 2
=Y (=DY'IBy, By, [Tir o WUy @ Da,e)pa, k]
J<I

rc 2
+ (_1)|J |]EUJ [77/ (¢] (uj ®DAJ/c)pAI/E]

c 2
=Y (—DYEy, [Ty o U ® Da,e)pa,e] -
JCr

This completes the proof by induction. Now we perform the trace:

Tr []EUI (77 0 ©4,) PA,E)Z] =Tr Z(—I)UC‘EUJ (710U ® DAJC)/OA,E]2
Jci

i . Ta,.\2
=Tr | Y (-D)VIEy,RY! (m,m "f)
= Al

=Tr | Y (~DYIEy, RV (@) |,
JCI

1
using the abbreviation o := pa,r ® ﬁ for J € I. Now we use the swap trick (as
in [24]) to simplify this expression:

Tr Z(—l)”c‘EU,RU' (07)?
JCI

=Tr| Y (-~D""Ey, RV (0))®* Fp

| JcI
=Tr| Y (-D"'Ey, <®<U§>®2<T®2>*FBE(U,-)®2) o?
JCI iel

=Tr Z(—l)”c‘ojg’2 ZCL(FLE(@IL%CZ)

e LCI

J¢ 2
=3 |Tr|:pA[mL]E]CL [T T
1

J,LCI ie[JenL]

where we have used Corollary 4.4 in the third equality. Notice that for a fixed L we have
211 possible values for Tr[,oi[m”E] Hig[ﬂﬂu ﬁ. If we expand the sum, we find

2I1=IL1 elements for each of the 2!%! possible values of the trace and product. Notice
also that 2//I=IL1=1 of this elements are positive and 2//I=IZ1=1 of them are negative. This
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implies that VL # I the sum cancels. We just have to compute the case where L is the
whole 7. We find:

IVl
T []EU, (T1 004, IOAIE)Z] — ,Zg (|A3”| Trl:piJEjI. (4.9)

To compute c; we follow the steps in [40], let us define a new auxiliary subset P C [:

-
co Tr(:[B)
A 4] —1 Tr(r'z )
cr == Q| |4 ArBJ
: 1_[<|Ai| - 1) iel .

iel

1 Tr (rth)

thus

iel
_ 1 Z (—D'P Tr(ffoB)-

l—[ (1 _ %) por AP
|Ail

iel

(4.10)

We can find an upper bound for Equation (4.9) by keeping only the positive terms of
the sum, these are the terms such that |J¢| is even. And then transforming each partial

trace Tr[,oi}E] with J C I to Tr[pilE], using Lemma 4.5 we find:

P |[Ai’f] =y Mﬂr[mﬁ,g] >

Ajel

JcI |J¢| even |J¢| even
:2‘”_1Tr[pf\[E],
and similarly
el ['OAJE] - Tr[pi/E] > _Tel 2 |
,Zg,( M = —WZOdd e W ”;dd

I1—-1 2
ol Tr[pA,E]’

where we have used that any set / has 2111=1 qubsets with an even number of elements,
and the same number of subsets with an odd number of elements. With the same method
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we can bound c; from Equation (4.10) and find

SlI1-1

cr = ! Z (_1)|PC| Tr(r2 ) < —Tr[t2 ]
1_[(1 1 )LC[ |Apel Arb —l—[<1 1 ) AIB |
) TR
el 4] iy |Ail
2|I|71 )
cr = _—l_[< I Tr[TA,B:I-
)
2
icl |Ail

Putting together these bounds we obtain

2 2
(Eu, [ (71 0 ©4,) 'OAIE”2) < Ey, [(T10©4,) pA1E||2
4= 2 2
= —< ; ) lzarsls lpasely. @10
-—

iel |4l
which allows us to identify 27 > (4'”‘1/ [T, 1— ﬁ) 74, 5113, under the restriction
that p4, g is Hermitian.

It only remains to show how this result can be generalised from Hermitian to arbitrary
matrices. To start, any matrix = n4g can be decomposed into a Hermitian component

nr and an anti-Hermitian component in; (with n; Hermitian): n = ngr + in;. Now,
applying the definition of the 2-norm we have

[avan|) =1 (a¥an) a¥) = T A¥ Gk — innAY G + i)
=T [AY ()% + AV ()? ]

where we have used the decomposition of ) (and n = ng —iny) in the second inequality,
and the Hermitian preserving property of AV = RY — P and the distributive law in
the last. With the linearity of the trace and the definition of the 2-norm it follows that
1AY () ”; = || AY(ng) ”§+ |AY (rr) ||§ . Now, notice that both ¢ and 5; are Hermitian
so we can employ Equation (4.11) to obtain the following bound:

2 2 2
Eu |aon| ) =Bu | a0, +Eo |a¥an)|| = inxl3+ 3310013 = 23113,

where we have used ||n ||% = |Ing ||% +n; ||% in the last step. This proves that the property
EyllAY(p)[13 < A%llpll5 for Hermitian matrices extends to general matrices. So the

inequality (4.11) holds for any matrix p4, g, and we can take the square root of this
inequality to find Ey, || (T] o @A,) PALE ||2 < Arllpa;Ell2, concluding the proof. O

Lemma 4.9. Considera CPmap T : A — B with Choi operator tpp = (id Q7T )D g 4.
Define a random CP map RY := T(U - U"), where U is distributed according to a
probability law p on SU (A) that is a 2-design, for example, the Haar measure.

Then, the family RY is A-randomizing (equivalently, AV = RY — P78 is r-expected-
contractive) for any A > |1 — #”TAB”Z
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Proof. Notice that this is actually nothing else than a simple particular case of Lemma
4.8 with [I| = 1, thisis Ay = A. We will just find a tighter bound on the constant A. Let
us again develop the argument first for Hermitian matrices. From Equations (4.9) and
(4.10) we observe:

Tr 02 Trt2, —
T [Eu (T 0 ©) pap)?| = ¢ [Tr Par — fo} , with e = — 2211

We upper bound the parameter ¢ with the help of Lemma 4.5. Notice —|A| Tr ré <
—Tr ‘L'i - therefore ¢ < Tr ri g- Similarly, —|A| Tr ,0129 < —Tr ,oi - We thus find

1
Tr[Ey (T 0 ©) par)?| = (1 = W) (Tr 735) (Tt ).

Now, using Jensen’s inequality we have

1
Ey (T 0 ®)parlla)* <Eyl(T 0 ®)parll3 < (1 —~ W) lzagl3lpaell3,

Repeating the argument that concluded the proof of Lemma 4.8 we can directly generalise
this results to any matrix (not necessarily Hermitian) p4 . This implies that 7 o © is

A-expected contractive for any A > /1 — # ltagll2. |
Lemma 4.10. Let A* : A; — B; be Aj-expected-contractive maps, fori € I, where 1
is a finite index set and the x; are independent random variables. Then, the family

A IA[ = ®Ai — ®Bi = B[,

iel iel

where x; = (x; : i € 1), is Aj-expected-contractive with A\; = [];<; Ai-

iel
Proof. 1t is enough to prove the claim for I = {1, 2}, as then the general case follows
by induction on the cardinality of 1.

Indeed, if A™ = AM@A™E thenEy, [[AY (paE)ll2 = E as (A @A) (papE) 2.
If we define ”Z%E = (14 ® A*3)(papEg) we can bound

Eoas[(A™ & AB)(pape) 2 = Egas | A (035 )l
< MBI ez
= AaE, 1A (paBE) 2
< Aargllpagell?2,

and we are done. m]

We can join Lemmas 4.8 and 4.10 in a single statement by making a distinction
between the most general scenario where any general CP map 77 : A; — B is applied,
and the particular case where the map has a tensor product structure 7; = &), ; 7; such
that 7; : A; - B;, B = ®i€ ; Bi. In this second case, we can tighten the bound. We
redact such a general statement in the following corollary.
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Corollary 4.11. Givena CP map T : A; — B with I C [k], Tj o ©4, is Aj-expected-
contractive with A; = Dyl|t4,Bll2, where

_ ]
Lll < % (%) for a general CP map Ty : A — B,
D = [Ties w2
[Tics l—ﬁfl when Ty = Q;c; Ti with T; : A — B;.

Proof. The first statement is actually Lemma 4.8, so it has already been proved. The
second statement follows from Lemmas 4.9 and 4.10. Notice that if the CP map has
the commented tensor product structure, we can extract from Lemma 4.9 that 7; o ® 4,

is A;-expected contractive with A; = /1 — ﬁ”milgi l» for each system A;. Now,
from Lemma 4.10 we can calculate A; = [[;c; 4 = [[ies ( /11— ﬁ”TA,-Bi”Z) =

(l_[iel ﬁ) lTa, Bll2. 0

Lemma 4.12. Consider a A-randomizing family of channels RY := T (U - U"), where
T : A — B is a CPTP map such that T (14/|A|) = 1g/|B| with Choi operator
tag = (Id QT )D a1, U is distributed according to a probability law on SU (A) that is

a 2-design, and let us choose \* = Tr riB > (1 - ﬁ) ltaB ||%fr0m Lemma 4.9. Then,

log | B| +10g 3> = —Hy(A|B) 1z,

where tp = Trg tap = 1p/|B| is the maximally mixed state. Furthermore, for any

11 A — By, with T; (%) = ‘HBLI’, and Dy given in Corollary 4.11 we have

log | Br| +log 22 = 2log Dy — Ha(A7|B1) /ey

Proof. Applying the definition of the Rényi entropies we have

ﬁ(A|B) =logT Ls B Ls B
- =log Tr — ) | —
2 T|tp g B AB IB|

= 10gTr(|B|r§B) = log|B| +log A%,

2

where we have applied Lemma 4.9 in the last equality. Similarly, following Corollary
4.11 foraCPmap7 : A; — B we find

log| By | +log} = 2log Dy +log Tr[ 1B1173, | = 21og Dy — 211 B)eiey,

concluding the proof. O
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5. Proving the Multi-user Decoupling Theorems

In Sect. 3 we have found the bound

EU{k]

RU[“(PAME) ~ B ®PE Hl = Z Ey, “ (Tl °© ®A1) (,OAIE)”l .
B#ICIK]

which allows us to treat each term of the sum on the right-hand side independently.

Proof of Theorem 3.2. Let us define the modified objects (¢1) ™3 pa, £(¢1) ™3 = pa, z

and (Ué)_%(’]} o ®A,)(-)(oé)_% = (f[ 0 ©4,)(-), with a pair of states oé and g“é
chosen for each term ) = I C [k]. Using Lemma 4.1 we can bound

2
|(T1 0 ©a)pak], < \/Tr [((oé ® ¢ (T 0 Oapa (o ®h)H) ]

- \/Tr [((TI 0 ®A,)5A,E)2] =i o0a5n5

‘2. (5.1)

Hence, the expected values are bounded as E, || (TI °®Az)(PA1E)||1 < Ey,

H (’j} o ®A,),5A,EH2. We extract from Corollary 4.11 that ’j} o ©4, is Ar-expected-

contractive with A\ = Dy||T4, Bll2. Therefore, Ey;, (77 o Ou,)PAE

=Dy asl,

||,5A,E\ ,» With Dy = 2l1-1 [Tier (1 — ﬁ) * in the most general scenario. Now we

unpack our tilde-modified operators to the original ones:
~ ~ I—1 I—1 I —1 I—1
Dilita; li2llpa,Ell2 = Drli(og) *ta;B(op) *1121(CE) ™ * pa,E(CE) * 2.
Notice that we can always express sandwiched conditional Rényi entropies by means

. Thus,

I—a

l—a 1-a l—a
of Schatten-o norms as 2 & a(AIB)pic — HCEM PAECE”

D= Q

_1 _1 _1 1 L (AJE) —YEAnB)
D; ”(Ullg) itp,B(0p) 4H2H(§é) Tpa,ECE 4H2:D12 plch 2 ol

Now we can €7-smooth each term ) # I C [k]. That is, we consider states ,o;“ E
such that %HpA,E — p;x,E”l < ¢7. Thus, we can bound

(T 0 ©a)pase — (T oOx)Py, k|, <2 26,

norm under tensor products. Now using the triangle inequality we have

because @4, ]lo <2 and o ||@4, [l < 2!/l due to the multiplicativity of the diamond

Ey, ” (T 0®a)pAE ”1 <2l*¢ +Ey, ” (To ®A1):01/41E”1

17 177
~3BAIE) o1 =3B (ALB) 1

<2l+le, + D2 (5.2)

1 y€r1 177
~3 B ALIE) 1~ (ALY, 1

k]

< 2‘”+161 +D;2
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where ﬁ; ! is the smooth version of the sandwiched collision entropy, i.e. it is optimized
over all possible states inside a €;-ball around p (a lower bound). This finally gives us:

Eyy, R (pawE) — T8 ® PE H1
1~ 1~
< Z {2|1|+16[ + D[ €Xpy [_EHZGI (A]|E)p|§.é — Hz(A[|B)r|O, }}
PD#1C[k]

(5.3)

Proving Theorem 3.2 and Corollary 3.4 by changing the value of the constant D;
according to the structure of the CP map as shown in Corollary 4.11.

Notice that the above bound can also be expressed in terms of min-entropies by
lower-bounding H2 (A7|E)! ! (A1|E), (see Remark 3.5) on the last inequality

of Equation (5.2).
Dupuis [36] gave a bound on single-system decoupling using Rényi entropies; see
also [37]. The main technical result in that paper states

1 =
Pdls mln

Ey HNU(pAE)Hl < 2a—1 . 9% og|BI-Hy(A|E) +2l0g2) (5.4)

for any family of CPTP maps NV : A — B that is a A-expected contractive [36, Lemma
7 & Thm. 8]. Defining NV := RY — Dy, he finds

2 a=1 .17 7.
Ey HRU(PAE) — T8 ® PE Hl <2a-t. 275 HalAlE)picp +a(AIB)riep) - (55)

which we have rewritten using Lemma 4.12 in a more compact and recognisable form.
The general case is a straightforward generalisation of this, as we have done all the heavy
lifting before.

Proof of Theorem 3.3. We start once again with

EU[k] HRU[H (IOA[k]E) — 13 Q® PE Hl = Z EU] || (77 o ®A1) IOA1EH1 .
D#I<[k]

Just as in the previous proof, we can treat each term of the sum independently. Now, by
defining NV =T 0 ®4, 1 A; — By, we know from Lemma 4.8 that this family of
maps is A7-expected contractive. Thus, by Equation (5.4),

2 “g,—*‘(longuzmgxﬁﬁa (ALIE) 1)

Ev, [ (Ti 0 ©4,) pasel, =272 )

where o; € (1,2]. Furthermore, from Lemma 4.8 and more generally Corollary 4.11
we know the value of A, and actually we can identify log |B;| +2log A; = 2log Dy —
Hz(A I |B)T|,B using Lemma 4.12. Therefore we can finally write:

EU[k] RUlkJ (pA[k]E) — T3 ® PE Hl

2—% l—l 1 ~ ~
= Y by 2 e | (1= — ) (< Hu (A1) g — FaArBDery ) |
BAICIk] !

(5.6)

concluding the proof of Theorem 3.3 and Corollary 3.4. O
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6. Applications

To illustrate the power of our decoupling results, we shall discuss and solve four ex-
ample problems in multi-user quantum information theory that have until now been
hampered by the absence of the simultaneous smoothing technique. These are, in order:
local randomness extraction from a given multipartite state in Subsection 6.1; concentra-
tion of multipartite pure entanglement in the hands of two designated users by LOCC,
aka entanglement of assistance in Subsection 6.2; quantum state merging, aka quan-
tum Slepian-Wolf problem in Subsection 6.3; and finally quantum communication via
quantum multiple access channels (MAC) in Subsection 6.4.

For all of them, we first show how our decoupling bound yields a flexible one-shot
achievability result, which in turn implies asymptotic rates in the i.i.d. setting that in
some cases had only been conjectured so far, or were known to rely on much more
complicated proofs. We demonstrate furthermore the versatility of the one-shot bounds
by generalising the i.i.d. asymptotic rates to the case that the single-system state/channel
is only partially known (compound source/channel setting).

In order to take this step from one-shot to i.i.d. settings we make use of the quantum
asymptotic equipartition property (AEP) [41], which we state below along with a couple
of other lemmas needed in the subsequent subsections.

Theorem 6.1 [AEP]. Let pap be a bipartite state acting on A ® B, so that for an integer
n, p;’?ﬁ is a state on (A ® B)®". Then, forany 0 < € < 1,

1
Jim = H, (A"|B") jon = S(A|B),.

min

1
lim —HS, (A"|B") jon = S(A|B),.

n—-oon max
O
Lemma 6.2 (State space e-net [42]). For € > 0 and an integer d, there exists a set Sy of

24d?
states on S(C?) with M = |Sy| < (g) , such that for every p € S(C?) there exists a

po € So with Llp — polly < e. o

Lemma 6 3 (Duality of Rényi entropies [31,43], see also [44]). Ifa, B € [ 00| such
that 3= = 2, then for any pure tripartite state Y Apc: H (A|B)y = —ng (A|C)y. O

Lemma 6.4 (Classical conditioning [31, Prop. 9]). For a cq-state papy = Zy PAB ®
Dy IY){yly and any o > 0,

Hy(A|BY), > min Hy(A|B),,.
Yy :

O

Lemma 6.5. For any convex combination of N states on AB, p = Zfil pipi, and
0<pB <oo

Hg(A|B)5 < max Hg(A|B),, +log N.
1
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Proof. We show the bound only for 0 < g < 1, for 8 > 1 itis analogous, and for 8 = 1
it follows from taking a limit (the case B = oo had been observed in [45]). Our starting
point is the relation [46, Prop. 2.9]

N N
Y piOppillo) < 0p@llo) <> pf Dplpillo),

i=1 i=l1

for the sandwiched Rényi relative entropy and the quantity appearing inside the loga-
rithm:

B
~ ~ ~ g 1op
Dg(pllo) = log Qg(pllo),  Qplpllo) =Tr [o ¥ po P ] :

B—1

We use the right-hand inequality and upper bound successively

N N
0p(@lo) <> pf Optpillo) < (mf"‘ @ﬁ(pill@) Sl < (m,-a" 0p(p; ||o>> NP,
i=1 i=1

the rightmost inequality by the concavity of the function x#. Thus,

Dy(@llo) = min Dy (pillo) —log N,

so finally for our conditional Rényi entropy, 17,3 (A|B), = maxq, — 55 (paBllla ® oB),

Hg(A|B)5 = —Dg(Bpllla ® op)
< max (—5,3(,0,-||]IA ® 03)) +log N
13

< max Hg(A|B),, +log N,
1

and we are done. m]

6.1. Local randomness extraction. Randomness extraction aims to convert weak ran-
domness into (almost) uniform random bits. If we hold some side information E about
the random variable A, we want our output to be perfectly random even with respect to the
side information. That is to say, we want it not only to be uniform but also uncorrelated
from E.

Measuring a state is a source of weak randomness, and each possible measure gives
us a different probability distribution of the outcomes. We would like to bind the amount
of randomness that can be extracted from an arbitrary state p4 over all possible measure-
ments. Even more, if we allow some side party E to hold side quantum correlations, we
want our output to be uniform and independent from it. This means that the processing
Na_ x of the overall state should result in Na_, x (oag) = |17X| ® pg. From this, it is
quite clear that there must be a connection between this problem and decoupling.

We want to go beyond this single-user scenario and study multipartite randomness
extraction. This has been developed in [26] in the i.i.d. asymptotic setting for k = 2.
Here we consider a state pa,..4, g of k cooperating users A; and an eavesdropper E.
The objective of the A; parties is to each make a destructive projective measurement
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{I'I)(f,.) }xiels1 © Ai = X so that all random variables X; are jointly uniformly distributed
and independent from E. We assume #; < |A;| and identify the outcomes x; with basis
states |x;) of a t;-dimensional Hilbert space X;. After the application of the POVM, we
want the output state o, £ to satisty

Do T el ® - ® b (el

x1€ln] xXp€ltx]

® Tray, (PA[HE (H(l) ® -enVe 11E))

LN g g g
=0 =~
XwE ™ x| |X | &P
The trace distance
5= L loxr - Mg g g
T | TmE T ) |X | O PE

is called the error of the protocol.

In the base case k = 1, this problem has been comprehensively studied in [25], where
it was shown that log |X| can be as large as log |A;| + (Hf; (A1|E),) - + O(loge)
while the error is O (€), where (x)_ = min{0, x} is defined as the negative part of the
real number x; furthermore, it was shown that this is essentially optimal. Looking at a
subset I C [k] of players and treating them as a single one, the optimality part of the
result from [25] shows that a protocol of error € necessarily satisfies ) ; ., log|X;| <
Y icrlog|Ai|+ (Hf, (A|E),)— forall I C [k]. We will show that this can essentially
be achieved.

Theorem 6.6. Consider the randomness extraction setting above. If the t; satisfy the
following set of inequalities,

VO£ TSkl Y logti <Y log|Ai| + (Hin(A[|E),)_+2loge,  (6.1)
iel iel
then there exists a one-shot local randomness extraction protocol with rates logt; and
error § < (3 + 2k e
Corollary 6.7. Consider the i.i.d. asymptotics of the state pf’l"m ACE" The optimal rate

region of the randomness rates R; = rll log t; of bits per copy of the state in the limit of
block length n — oo and error § — 0 is given by the set of inequalities

W ETCIk] ) R <) log|Ail+(S(Ar|E)p)-. (6.2)
iel iel
Proof. We prove here both Theorem 6.6 and Corollary 6.7. To achieve our goal, we
let each party i perform a random unitary U; on A; followed by a qc-channel 7; («) =
Y lxi) (x| Trae Py (which fulfills A (A X;)r, > log 14 14l) where P are the pro-

jectors corresponding to each x; € [f;] possible outcome, therefore 14, = Zﬁé 1 P(')
We impose an additional property on these projectors, they must have similar ranks.

Actually, we do not let any pair of projectors differ in more than one unit in rank. This
condition can be expressed as L@J < rank Px(') < {@—‘ For concreteness, let us
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sort them the greater first and the smaller after rank P)Ei) = P? ‘—‘ forx =1,...,]A;]

@ _ | Al
1

mod ¢; and rank Py forx = (|A;] mod ;) +1,...,14.

Now we can invoke Theorem 3.2 with Corollary 3.4 (cf. Corollary 4.11), finding that
there exist unitaries U; on A; (found with high probability by sampling from a 2-design)
such that

ox,. 5= Tiol) ® -+ @ Tx ol ®IdE) pa,..AE

Do Y e aly, ® - ® ) (xklx,

x1€ln] xp€lt]

& Tray, (page (VPO @ 0 Ul PPU @ 11))

satisfies

1
2

UXI.‘.XkE——®"'®—k®;0E

1

1 1~ 1~
< > 2|1|6+5 > exp, [—EHZG(A1|E)0|CI§ —EHZ(A1|B)”,§:| 63)
D1 CIk] pIClk] ‘

1 1
< 3e+ 3 Z exp, (—5 ( Hei (AflE), +log|Af| — Zlogt,)) ,

p£IC[k] iel

where we have chosen all €; = € to be equal and bounded D; < 1 in the first inequality,
we have calculated Z@#g[k] 2Mle = (3]‘ — e < 3*¢, and bounded the conditional
entropies using the arguments discussed at the beginning of the section. Finally, we can
bound § < (3% + 2k~ )¢ if the following system of linear equations is satisfied:

VO£ TSIkl Y logt <Y log|Ai| + H(Ar|E), +2loge.

iel iel

Since all #; < |A;], the above inequality is trivially true unless HS; (A; |E ), 18 negative.
So we might as well replace the min-entropy by its negative part (HS. (A[|E),)_,
resulting in the achievability of the region (6.1). Together with the outer bound derived
from [25] this region is thus shown to be essentially optimal. This answers the question
from [26] about a one-shot version of the basic protocol and achievable rates from that
paper, for all £ > 2; and completes the proof of Theorem 6.6.

From this bound we also obtain easily a proof for Corollary 6.7. Namely, invoking
the asymptotlc equipartition property for the min-entropy (Theorem 6.1), a tuple of rates
R = - log t; > 01is achievable as n — oo if and only if

VB ET Skl Y R <Y logl|Ail+(S(A[IE),)-,
iel iel
which concludes the proof, since the necessity of these bounds has been argued before
[26]. |

This reproduces the core result of [26] for k = 2, albeit with a much simpler protocol
than there, and proves the conjectured rate region for all numbers k of users.

To illustrate the benefit of being able to address each point in the achievable rate
region directly, and via one-shot techniques, we consider the case that the i.i.d. source



Decoupling by Local Random Unitaries Page 21 of 44 281

state is only partially known, i.e. itis pff[’z] gWithp € S CS(Ay... A E). The objective
in this so-called compound source setting is to design a protocol that extracts randomness
universally with the same figures of merit for all p®", p € S. The following theorem
also demonstrates the power of the Rényi entropic decoupling Theorem 3.3.

Theorem 6.8. In the i.i.d. limit of n — 0o and 8§ — 0, the achievable region of the rates
R, = lonil"fora compound source (p®” 1p € S), is given by

VO£ C Ikl Y R <) log|A;| + inf (S(A[|E),)-. (6.4)
iel iel pes
Proof. The optimality of the bounds follows from Corollary 6.7, since for a given subset
I C [kl and any p € S the bound ) ;.; Ri < > ;. log|A;| + (S(A[|E),)— applies.
It remains to prove the achievability. To this end, for block length n, we choose an
%-net Sp C S to approximate elements of S in trace norm. By adapting the proof of
o\ 2lAwP1EP

Lemma 6.2, we find N := |Sp| < (7”)

So = {p" :y=1,..., N} and define the cq-state

. We number the elements of the net,

N

~ 1 (»)en

PaErY = & 1;OA[,{]E Q Iy {rly -
y=

The plan is to construct a protocol for this state, argue that hence it works well on each

pgy[ l)ﬁ;, and finally that it also works on every p®", p € S by the net property. We could

do this directly using Theorem 6.6, except that we would have to make the smoothing
parameter € in the min-entropies dependent on n, which makes the argument awkward.
Instead, we opt to use the Rényi decoupling from Theorem 3.3 (Corollary 3.4), following
otherwise the proof of Theorem 6.6. This means that there, the error Equation (6.3) is
modified to

1 1x, 1x

—lox, x,py — == Q@+ Q@ —~ ® Py
2| [ X1l | Xkl 1
w1/ (6.5)
< ) ep - Ha(A’,’|E"Y)5+nlog|A1|—Zlogt,- ,
P£IC[k] iel

where we have chosen all «; = o > 1 equal. Now, the right-hand side of this bound is
<éif

WA TSkl Y logs; <log|A}| + Hy(A}|E"Y)j + . O_‘ - log (2"‘5) ,
iel

for some § > 0. However, we can lower-bound the conditional Rényi entropy here as
follows:

Hy (A}|E"Y)j5 > min Hy (AT|E™) joen = n (mé“ H, <A1|E>,,<y)>
>n (inf ﬁa(A1|E)p>
peS

>n (inf S(A[|E), — A(ot)) ,
peS
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where in the first line we have used Lemma 6.4 and the additivity of the conditional
sandwiched Rényi entropy, in the second line that Sp C &, and finally in the third the
uniform convergence of Hy(A7|E) to S(A;|E) as functions on state space. To explain
the latter, Hy (A[|E), — S(A[|E), point-wise as « — 1, and all H,(A/|E) and the
limit S(A;|E) are continuous, hence uniformly continuous, functions on the compact
state space. This implies that there exists A(a) > 0 (converging to 0 as @ — 1) such
that for all / and all states p, S(A[|E), > Hy(A[IE), = S(A[IE), — A(ar). With the
rates nR; = logt;, this implies that if

VO£ 1Skl R <log|As|+ inf S(A|E), — Ae) + 1% 1o (2*"5) ,
Pyt peS noa—1
then the right hand side of the bound (6.5) is < 4. This means that the error of the same
protocol on any one of the p")®” is < N§. Hence, by applying the triangle inequality
twice, on any 0®", p € S, the erroris < N8 + 2. Letting 6 = %, the error (< 37n) can
be made arbitrarily small, while the rates are bounded as

1 —1
WA TSIkl Y Ri <log|Af] + inf S(Af|E), — Ae) — O (M) .
o peS no—1)
Forn — oo and o — 1, this proves the claim. |

6.2. Multi-party entanglement of assistance and assisted distillation. Consider a pure
state ¥ apc;...c,, of two parties A and B who are helped by m other parties C; with the
aim to obtain approximately a maximally entangled state ®; of Schmidt rank d by using
arbitrary local operations and classical communication (LOCC). Namely, if the overall
CPTP map implemented by the LOCC protocol is denoted A : ABCy...C,, — A’B,
with |A’| = |B’| = d, we aim to find

!
A(Wagc..c,) = (Pa)arps

where |®,) is the standard maximally entangled state of Schmidt rank d. The trace
distance

1
3= 3 ||A(WABCI.,.C,”) —(@)ap |,
is called the error of the protocol.

It is worth pausing for the simplest case, m = 0, so that {4 p is already a pure state
between A and B. Then the objective is merely to concentrate the entanglement by LOCC
into maximal entanglement, and we find the essentially optimal logd > Hﬁlin(w 4) [47].
For m > 0, consider any bipartition of the helpers by choosing a subset I C [m] and
its complement /¢ = [m] \ I, and simulate any (m + 2)-party LOCC protocol by a
bipartite LOCC protocol between the systems AC; and BCjc. Thus, from the preceding
entanglement concentration considerations, we get the upper bound

logd < min Hlflin(llfACI)-

ACIC[m]

We can show that this bound is essentially achievable, up to an additive offset depending
only on § and m, and a technical condition.
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Theorem 6.9. Given the setting above, multi-party entanglement of assistance has an
achievable rate log d with error § <4 - 3m/2ﬁ if
logd < Im%n (ACp)y +2loge,
c

mm

6.6
—2loge < min (o)) (6.6)
G£1Cm] mm Y-

Corollary 6.10. In the i.i.d. limit of n — 00, the maximum asymptotic entanglement
1 ®n ;
rate R = - logd from ¢*" is

R = min S(ac,). (6.7)
1<[m]

where S(p) is the von Neumann entropy of the state p.

Proof. We prove both Theorem 6.9 and Corollary 6.10. To start with the former, our
strategy will consist in making a local random complete basis measurement onto each
C;, and a random projective measurement of rank-d projectors onto A; after that, B
will only have to perform a unitary. Let us fix orthonormal computational bases {| j)}
for each C; with i = 1,...,m and define a complete measurement in these bases as
Ti(y) = Z‘ Dy [FONTP] v [P @]. We also fix rank-d projectors P (we may
assume w.l. o g. that d divides the dimension |A| by trivially enlarging A if necessary),
then 7y(x) = Z‘ (0= <o>aP i) is defined as the projective measurement of rank d

on A. Using that the Rényi entropies of the Choi states are H2(C NC)y; =0 (Vi € [m])
and ﬁz (A |A), = —logd [24], Theorem 3.2 with Corollary 3.4 shows that there exist
unitaries Up on A and U; on C; (i € [m]), found with high probability by sampling from
a 2-design, such that

OAC)..C, = (TooUy@T1oU1 Q@ -+ ® Ty o Ui) Yac,...Cp,
satisfies

1 ]lA 1c, 1c,
= ||oAcCy..C — Q——Q - Q®

2 ! | | 1Chl [Cin

1 1 (6.8)
S 3m+1 Z 2 Z(H‘;m(AC])wflogd) 4 — Z 2 H[;m(C/),,,’
Q)CIC[m] D#1<[m]

choosing all €; = € equal. The right hand side of this last bound is < 7 := (3"*! +2")e
if the following conditions are satisfied:

logd < Imin (ACp)y +2loge,

mm

6.9
—2loge < mm (&) ©.9)
g @#I m1n 1//

Let ] = jO ;M M pe a set of possible measurement outcomes corresponding to
the general POVM element A7 = Pj0) ® i)YV |@---®|j™)(j™|. The probability
of getting this specific outcomes when measuring oac,...c,, 15

P() =Troac,, A
=Tt [(Uo® U1 &+ ® Un)¥iaci..c, o 8 U1 & - @ Un) A7,
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and the probability of obtaining the outcomes ] after measuring the maximally mixed
is given by

- = Tr = :
! |AIC1] - [Cm|  [ANICH] - - - [C

= 1c 1c P:o d
/ 1 m J
P(J)=Tf(—®—®- ‘® )A =

Al |Cy] [Cinl

We can bound the total variational distance between the two probability distributions
using Lemma 4.6:

1 ) | 14 _ I
= (Jj) — ()‘=— TY<UAC...C Q@ — ®- ®—’”>A7
Zzp, Py 22 ! A1 C| ICl )
J J
1 1y 1c, 1c,
< - ||loac,..c,, — Q — - ® =n.
2 : 1Al 1Cy [Cl ||

As 04cy,, and the maximally mixed state in the above trace distance are both direct sums
over operators in the orthogonal subspaces given by the support of A 7» we can rewrite

the trace distance in question as

1
2

1x Ic, 1c,
OAC,...Cp — R —F—&---®
1 1Al 1€l [Con

O'Ac[mA* <n,

Yzl

Using the triangle inequality ||p — o|l1 < ||p — T|l1 + [t — o |1 and the bound on the
total variation distance between p and p’ we can thus obtain

p%(m®WW {1y woe v o U

Pio

Vac,..c,Uo@Ui ® - @ Up)' ( 0 ® ‘](1)> ‘j(’”)» —
1

(6.10)

Let us now introduce the unit vectors

r(Jj)
Uo@1p@U1 ®-- Q@ Un) [¥)apc,. c,

\waB=Qé7(a@®ﬂB®me~@W®

so that we can define 5(j) = 3

N P. - o
Trg ¥ (j)as — —i-| , such that Y5 p(/)n(j) < 2n.
1

We have a purification w(f) AB, then by Uhlmann’s Theorem 4.7, there must exist a
)

purification ¢ of the projector # such that the purified distance is conserved. This
is a maximally mixed state on its support, therefore any purification will be a maxi-
mally entangled state of rank d (the dimension of the support) that we can write as

‘@d(})>AB = (U(;’) ® V(;’)) |®g) arps Where U(}) and V(f) are some isometries
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[, [ »
A — U1 U@ — A’
9j(0)
[7,1 [+ ] .
wABCL“Cm < : : : 7 }%(‘I’J)NB'
7] [+ ] i
R A -
B V() — B

Fig. 3. Diagram of the LOCC protocol that maximally concentrates the entanglement of an initial state
VABC;...C,n ONto Alice’s and Bob’s subspaces of dimension |A’| = |B| = d

applied to the canonical maximally mixed state |®;) 4 g-. Now, applying the Fuchs-van
de Graaf inequalities (2.2), we find

PO

L - ead], = P (v wati) = P (TrB V), ;) = /1D (2=n().

With these elements and facts, we can finally describe the LOCC protocol to concentrate
the entanglement in the hands of Alice and Bob: parties A and the C; apply the local
unitaries Ug and Uj;, followed by the projective measurements (P j<o>) and (| j(i))< j(i) |)
respectively (in the case of the C; they are destructive). The measurement outcomes are
broadcast to A and B who apply the (partial) isometries U (;’)T and V(f)T, respectively
(see Fig. 3). By the triangle inequality and the concavity of the square root, the resulting
CPTPmap A : ABCy...C,, — A’'B’ satisfies

1
5 1AWasci.c) = @dwp ], = V22 -2 <245 < 43" e,

The achieved one-shot rate (Fig. 4), always assuming that the second condition in (6.9)
is fulfilled, is therefore logd > min;c(y) Hr;in(ACI)l” + 2loge. This concludes the
proof of the theorem.

To prove the corollary, referring to the i.i.d. asymptotic limit of n — oo copies of
VABC;...c,, and vanishingerror § — 0, the AEP applies. This means that Hy; (A" CY)yen
~ nS(Wac,) and Hg, (CP)yen ~ nS(Yc,). By the above comment, we may as-
sume w.l.0.g. that all these von Neumann entropies are positive; for otherwise if some
S(¥c;) = 0 we can discard the corresponding parties, or if S(14c;) = 0 then A and
B are not entangled and there is nothing to distill by LOCC. In the positive case, all
exponential terms in the sum for 1 can be made exponentially or just sub-exponentially
small in n, and defining the asymptotic rate via logd = nR, we achieve its optimal
value R = min;cp,) S(Yac,). For the optimality, the necessity of the inequalities
R < S(ACy) can be argued by noting that any LOCC protocol between the m + 2
parties is at the same time an LOCC protocol for the bipartition ACy : BCp)\s, and the
optimal rate for bipartite entanglement concentration is the reduced state entropy [48].
O

Corollary 6.10 is the result from [17], proved there by a much more complicated, iter-
ative protocol that relied on the tensor product structure of v®". The present procedure
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was previously analyzed by Dutil [9, Ch. 5] and shown to work assuming the simulta-
neous smoothing conjecture in the i.i.d. case. Here finally we achieve the same without
any unproven conjectures. Note that in particular, no time sharing between different
protocols is necessary.

The first of the conditions (6.6) is essentially necessary, making the achieved rate
essentially optimal. The second condition looks like a technical artifact of the proof since
we require that all the local measurement outcomes of the helpers C; are close to being
uniformly distributed. However, this is not necessary for the objective of entanglement
of assistance, but at the same time it becomes difficult to achieve by random basis
measurements if some reduced state ¢, has rather small min-entropy. We can see
that this is benign when ¢, is actually pure, as then our state factorizes, ¥ apc,..c,, =
YaBc,c ®¥c,,and we can simply leave the parties C; out of the LOCC protocol without
any loss. We have to leave the general case as an open question. In any case, we can
observe that by providing a small amount of EPR states between any pair of players (in
fact, the pairs B and C; are sufficient), we can always ensure that the entropies H¢. . (Cy)
are sufficiently lower bounded.

Remark 6.11. Generalising [49], Cheng et al. [50] have considered a model of random
multipartite pure state defined by starting with a multipartite pure states on a larger
number or systems (original and auxiliary ones) and subjecting the auxiliary systems
to local random measurements. This is more general than our objective of obtaining
bipartite maximal entanglement, but in the bulk of the paper [50] also more specific
because there, the main interest is in initial states given by network of partially entangled
bipartite pure states. Interestingly, to describe the resulting random states, the authors of
[50] manage to resolve the simultaneous smoothing in that special case. In the case of
an arbitrary state, however, perhaps our current approach can help to gain insights into
the high-probability properties of the resulting random states.

Looking at the proof of Theorem 6.9, we see that the attainability is essentially the
same for an initial mixed state, as in the following theorem.

Theorem 6.12. Given a mixed state papc,...c,, = Tre W) {(¥lapc,..c, e in the above
setting, multi-party assisted distillable entanglement has an achievable rate log d with
error§ < 4. 3’"/2\/2 if

logd < min —
1C[m]
—2loge < min (C1IABCye)y.

— max

@#lg[m]

(AC1|BCe), +2loge,

max

6.11)

Proof. We trace the proof of Theorem 6.9, indicating only the necessary changes. To
start, we use the same random unitaries U; followed by the same 7;. Then Equation
(6.8) is replaced by

1a 1
OAC,...ChE — K —&-
: 1A] © [Cyl ICmI 1
le L(HE. (ACJ|E)y—logd) , | LHE. (C/|E) 6.12)
m+ mm 1 y —log — 2 Hmin\t1 v
sweal 3 ol Aoy ,
(/)CIC[m W#£IC[m]

with respect to the purification i of p on the right hand side and for

0AC,..CuE = ToolUp @T1 oy ® -+ - @ Ty o Uy @ IdE) pAC..CHE-
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Then, if the conditions (6.11) are satisfied, the right hand side of Equation (6.12)
becomes < (2'" + 3’”“) € =: 1, and we can continue as before until Equation (6.10),
which is replaced by

%;P(}) ”ﬁ (Pf<°> ®<j(”‘~~-<j(’")‘) UoRUI® -+ ® Up)

. . Pio
Vaci.ceUo@ U1 @+ @ Up)' (Pio ® |1} [ 1)) = L2 @ i
1

<2 (6.13)

The rest of the proof is almost unchanged, except that the purification |¢) 7 of ¥
comes in: with

>ABE=\/% (ij) Qe ® (1-(1)‘ . .<j<m)‘)
r(j)

Uo®Ipe®UI® - Q@ Uw) 1V)agec,..cp »

v

. - P.o
we have n(j) = % Trg ¥ (j)aBe — % ®VE

such that 3 p(j/)n(j) < 2n. Once
1

again, through Uhlmann’s theorem, gives us isometries U (f) : A"~ Aand V(}) :
B’E < B such that

(VG evD) (10aas ® 8)z) ~ v (D),

and the proof concludes exactly as before. Finally note that HE

(ACI|E) = —HE,,,(AC1|BCJc) by the duality relation between min- and max—entropriﬂti,rs1
(cf. [41]). O

Unlike the pure-state case we do not have any clear statement of optimality of the
rate achieved in this theorem. In fact, due to properties of the coherent information one
should optimise the expressions in (6.11) over preprocessing channels 7; : C; — C;.
(j=1,...,m)and ¢Typ : A — A’, and also consider swapping the roles of A and
B. Even then, we are limited by the specific protocol we are considering (rather than
a general LOCC procedure); furthermore, in the i.i.d. asymptotic limit regularisation
might be required. Nevertheless we can state the following result.

Corollary 6.13. (Cf. Dutil [9, Thm. 5.4.4]) Given asymptotically many copies of a state
PABCyy, (n>> 1) and o(n) EPR states between any pair of players, the following rate is
achievable for EPR distillation between A and B by LOCC assisted by the players C;:

R = sup Im[in] I(A'C})BCle)o 5.t. Y1 € [m] I(C})ABCle)o > 0, (6.14)
7; 1<bm
where the supremum is over channels T; : C; — C;. (j=1,....m)and Ty : A — A,
and '

oapc).c, = (To®idgQTI Q-+ ® Tn) PABC,...C-



281 Page 28 of 44 P. Colomer, A. Winter

To demonstrate a case where the one-shot result are relevant, we consider the problem
of i.i.d. entanglement of assistance when the source is only partially known, meaning
Y € S € S(ABCpyy), and we would like to design protocols as above for every n that
are universal for all [)®" € A" B"C["m] with ¢ € S (i.e. a compound source).

Theorem 6.14. Inthei.i.d. limit ofn — oo and errord — 0, the maximum entanglement
rate R = %logdfor a compound source (Y®" : € S), when o(n) EPR states are
available for free between any pair or players, is

R = inf min S(AC 6.15
S [0 SACy (©.15)

Proof. Even when the state ¥® is fixed and known, Corollary 6.10 upper-bounds the
rate by minycpn) S(ACy)y, hence the infimum of this quantity over i € S provides an
upper bound on the optimal rate R.

Regarding the achievability, for block length n choose an ;—net So C S of states for

S (i.e. a net to approximate elements of S). By adapting the proof of Lemma 6.2, we
2|AlIBI|Cm
find that N := |Sp| < ( ) ! . We number the elements of the net, Sp = {po; :

s = 1,..., N}. The plan is to construct a one-shot assisted entanglement distillation
protocol for the averaged state plus sublinear entanglement,

N m
~ 1
~ . ®
Pangcy,, @ Phycpn = (ﬁ Z Vs n) ® ® Pojc;
s=1 j=1

= Aanb[m]Cf;n Clm]»

o
Ia¥:
g

where CD;, o is a maximally entangled state between systems bj (with Bob) and c; (with
helper J) of dimensions |b;| = |c;| = do, logdy = o(n), A= A", B = B" by, and
Cj = C "¢ ;. Then to argue that the protocol performs well on all & (plus the sublinear

entanglement), and finally that it must perform well on all ®" with ¥ € S, we could
do this directly using Theorem 6.12, except that for that to work we have to make the
smoothing parameter € in the min-entropies dependent on n, which makes the argument
awkward. Instead, we opt to use the Rényi decoupling from Theorem 3.3 (Corollary
3.4), following otherwise the proof of Theorem 6.12. This means that there, Equation
(6.12) is replaced by

1®n ]l~

~ A
Opng, .CoE — Q=8 ®—=—QVE
G E A TG IConl

1
2

1

o — ~ ne
< Y exp _T(Ha(A CI|E)jgg — logd) (6.16)
AWCIC[m]

a—1~ ~
+ D expy (—THQ<CI|E>¢®5),

P#IS[m]
with respect to the purification J of ¢ and for
Sane, e = TooUy@Ti ol ® -+ ® Ty o Uy ®idp) (F ® D),

with the maps Uy and 7y acting on A", and I/; and 7 acting on 5]-.
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We upper-bound the right hand side of Equation (6.16) as follows: with é + % =2,
—Hy(A"C/|E)jp3 < —Ho(A"C}|E)5 — |I|logdy

—Hy(A"C}|E)j

= Hp(A"C}|B"Cllo)y

< max H;;(A"C”|B"C}Q)¢S®n +log N

SE[N
< sup Hﬁ(A"C?IB"C](-)I/,@m +log N
veS

= —n inf Hy(ACy)y +log N,
[nf «(ACp)y +log

IA

and similarly,

—Hy(C1|E) 353

IA

—Hy(C}1E)g — |Ilogdo

< —H,(C}|E)g —logdy

= Hy(C}|A"B"C}l.)5 —logdo
Hg(C!|A"B"C".) ,on +log N — logd

g p(CTl 1e)yen +log 0g do

A

IA

IA

sup Hg(C}|A" B"Clie) yon +log N — log do
YvesS

= —n inf ﬁa(CI)I/, +log N — logdj,
YveS

in both chains of inequalities using Lemmas 6.3 (for the equalities) and 6.5 (for the
inequalities in the fourth line) and the additivity of the conditional Rényi entropy, and
in the second chain additionally that I # @.

Thus, with the rate n R = log d, the right hand side of the bound (6.16) is < § if

a - log (2—’"—13)),

1
R < inf m1n H (ACp)y — — <10gN —
o

weS IC[m
1 log (2_'”_18) .

logdy > log N —
o

Since ﬁa (ACy), convergesto S(AC), asa — 1, and the converging as well as the limit
functions are continuous on the compact set of all states, hence uniformly continuous,
also the convergence H, (AC7) — S(AC) of the functions on state space is uniform.
Thus, there exists a A(x) > 0 (converging to 0 as « — 1) such that for all 7 C [m],

1nf S(AC1)1/, > sup H (ACp)y = sup S(ACy — A(a).
yes ves

And so the trace norm in Equation (6.16) is guaranteed to be < § if

o 1 log (2—171—18)) ,

1
R < inf m1n S(AC,)w — Ala) — — <10gN —
o

yeSIC
1 (2—m—15) .
— 1 Og

logdy > log N —
o
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Continuing the reasoning of the proof of Theorem 6.12, we obtain an assisted distillation
protocol for 7 that has error < 2+/8, hence it has error < 2N+/8 on each of the yen,
and so finally it has error < 2N+/8 + 1 on each source ¥ ®" such that ¢ € S. Choosing
8= % and logdy = ;T‘)‘l(logN —logn +m + 1), we get an error guarantee of < 37
across the set S, while the rate achieved is

1 —1
R = inf mm S(AC;)w Ala) — O8N~ 08h ,
YvesS n(ae —1)

which for n — oo and o« — 1 proves the claim. O

6.3. Multi-party quantum Slepian-Wolf coding: state merging. In terms of decoupling
strategy and objectives, this task could be considered a generalisation of the previous,
entanglement of assistance, except that we are interested in both entanglement yield and
entanglement consumption and their net difference. Namely, the setting is described by
a pure state Y¥4,..4, R Of k + 2 parties, k senders (Alice-i) holding A;, one receiver
(Bob) holding B and a reference system R, whose only role is to hold the purification.
Additionally the parties share maximally entangled states & ALB! between Alice-i and
Bob of Schmidt rank ¢;, so that the overall initial state is l

Var..aBR ® (Pe) a1 g @ ® (P) ay -

A one-way LOCC state merging protocol consists first of k& compression (encod-

ing) instruments (5.()‘) CAAL - Al ix e [65]>, with the individual maps acting as

é’i(x)(a) V(x)' V(x) Here, the V(x) A — A;A! are isometries, i.e. Vi(x)TVi(x) =
1 Al such that the projectors 1‘[§ N = V.(X) V.(X” form a projective measurement, i.e.
Z H(x) La,ar- We denote |A| = d;, |X;| = ¢;, hence |A;|¢; = d;{;, which
mlght necessitate to increase A; by isometric embedding. Secondly, of a collection of
decompression (decoding) CPTP maps D) : BB| ... B, — Ay...AxBB] ... B,
one for each tuple x[z] = x1 ... x; of outcomes (where A,- = A; and B = B). The idea
is that Alice-i performs the instrument &;, obtaining outcome x; which is communicated
to Bob, who collects the outcome tuple x[} and apphes DXix1. The result is a one-way
LOCC operation A : Ay...AyA|...A;BB|... B, — A AkBA” .A!B{...B]/
that can be written as

A = Zgl(xl) R-® glgxk) Q D@k |

X[k]

The objective is that at the end, after application of A, the Alices and Bob share approx-
imately the state ‘ﬂZ,‘..ZkER ® ((Ddl)AﬁBi R --® (Qdk)A;B,Q’ where now A ... A;B are
held by Bob, and Alice-i shares with Bob maximally entangled state of Schmidt rank
d,':

A (VfA]‘..AkBR ® (Pe)aip @ ® (‘Dck)A;B,Q)

!
X VZ . ABr © (Pa)arpy ® - ® (Pa ) arpy-
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III:IZ\X("12|“1 1 B)'."

S
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b r+ry= H
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(}l 1 xlng)w

ry

HE, (A1 A3B), Ay

max

Fig. 4. One-shot achievable rate region of a two-senders quantum Slepian-Wolf coding. Notice that the region
is open towards the northeast

The trace distance

1
ni=5 HA(WAI.A.A,(BR‘@(CDQ)A’IBi Q- ®(q)ck)A'kBi>

_WZl...A\kgR@((bdl)A’l’Bi’@ te ®(q)dk)AZB;€/‘ .

is called the error of the protocol.

Let us define the numbers r; := log¢; — logd; as the net one-shot rates of entangle-
ment cost for Alice-i, and the task is to characterize the possible tuples of these rates with
corresponding state merging protocols. This problem has been introduced and solved in
[16,17] in the asymptotic setting of both single and multiple senders, and in [20] in the
one-shot setting of a single sender. Dutil [9] has investigated the case of multiple senders
in the one-shot setting as well as in the i.i.d. asymptotics, and made the connection to
the question of simultaneous smoothing of collision entropies and min-entropies [51].

Theorem 6.15. Given the setting above, quantum state merging can be achieved with
errorn <4 - Sk/zﬁ if
VO # 1 C Ikl Y logd; < Hiyi(A[|R)y + ) loge; +2loge,
iel iel
or equivalently Zri > Hp . (ArlAjeB)y — 2loge,

iel

6.17)

with the above net one-shot rates of entanglement consumption r; = log ¢; — logd;.

Corollary 6.16. In the i.i.d. limit of n — oo, the region of achievable rates R; = %r,-
for successful quantum state merging of y®" is given precisely by

VIC[k] ) Ri=S(A/|ArcB)y. (6.18)

iel
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Proof. To describe our protocol, we fix unitaries V; : A; A; — X; A;’ and then can write
the instrument as a CPTP map 7;(«) = Zﬁ":](lx)(ﬂ ® ]lA/_/)Vionf(lx)(xl ® Lyn).
Its Choi state ‘L'Xl_) ALX AT has conditional Rényi entropy ﬁz(AiA; |XiA]) i) = —logd;

[24]. We can thus apply Theorem 3.2 with Corollary 3.4, which tell us that there exist
local unitaries U; on A; such that

1, | ﬂA/
ox,. xeAl AR = (T1oU1 ® -+ @ T o Uy ®idg) <I/IA] AR®—®---® —)

Ck
= Zp(x[k]) e (¥ @ - @ ) (X @ UA” )A,,R
X[k)
satisfies
1 ]]'XIA/{ ]leAZ
2 ‘GXU(]A(HR T hds e ® Uedi QYR 1
| : (6.19)
3ke 4 3 > expy [E(Z logd; — Y loge; — H;lin(A1|R)¢):| ,
W+IC[k] iel iel

choosing all €; = € equal. The right hand side of this bound is < § := (3% + 2k~ e if
Equation (6.17) is fulfilled. In that case, the total variational distance between p(x[x])
and the uniform distribution on X is upper bounded by 8, too, and so by the triangle
inequality we get

(xre1) L i
> pGup s oyl - d— ® @ Loy = > pep)d (xpeg) < 2.
X[k - ! L
) .
Notice that oA,,k] =Trp ‘yf(xlkJ)xl//(xlkJ) AT BB R with

[k17 7 [k]

’w(X[k > — ;<
AlBBR  /p(x(k)

(ll//)A[k]BR ® [®)ap - |CD>A,’(BIL) ;

x| (ViU @ -+ - ® VieUp)

—® QL Qyr= Trpy pyas Paysy ® - @ Parpy ® V3, Br

Then, just as before, we can conclude using Uhlmann’s Theorem 4.7 and the Fuchs-van
de Graaf inequalities (2.2), that for each x[x) there exists an isometry w Gtk BB[/ N~

Ak B By such that

w DT

" !/
A[k]BB[ ]R

% ”W(XM) ‘1/,()61u)><1/,(x[k1)

— V2, 48r ® (Pa)arpr ® - @ (Pa)arpy| = VG (2 — 8 (xpiy))-
1
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This means that defining £ (@) = (x| V;UiaU, V' |x;) and DY () = WOw)
BW DT as the encoding and decoding maps, this will satisfy the requirement for state
merging with error

1
5 HA (l/fAl...AkBR ® (Peaip @+ ® (q’Ck)A;B,Q)

V2, 28R ® (Pa)arp ® - ® <<1>dk>A;B,g( [ SV2002-28) <432 e.

With the one-shot achievability in hand, we can now once again use the AEP Theorem
6.1 for the min-entropy to get the optimal rate region for the i.i.d. asymptotics of a source
Y® asn — ocoand § — 0. Namely, rates R;, defined as the limits of ;—", are achievable
if and only if for all I C [k], Zie[ R; > S(A[]|A[cB)y. This completes the proof
of Theorem 6.15 and Corollary 6.16, since the converse (necessity of the asymptotic

inequalities) was argued in [17]. O

To be sure, the achievability of (6.18) was shown in [17], already, by finding the
extreme points of the region and noting that they can be solved by iteration of the
single-sender merging protocol, and then time-sharing (convex hull) for the remaining
region. The present protocol (removing the need for time-sharing) was first proposed
in the multiple-sender setting by Dutil and Hayden [51], where however the proof of
its functioning is incomplete. In Dutil’s PhD thesis [9, Ch. 4], the role of simultaneous
smoothing is fully analysed. Indeed, a decoupling bound of the form (6.19) was conjec-
tured there [9, Conj. 4.1.3], and the simultaneous smoothing problem was highlighted.
It could be solved only in the i.i.d. asymptotics of k = 2 senders.

To demonstrate a case where the direct attainability of points in the above rate region,
and also the one-shot result are relevant, we consider the problem of i.i.d. state merging
for a compound source, i.e. the source is only partially known, meaning p = Trg V¥ €
S € S(A[B), and we would like to design protocols as above for every n that are
universal for all |)®" € A’[’k]B” R" with Trg ¥ € S.

Theorem 6.17. In the i.i.d. limit of n — 00, the region of achievable rates R; = %ri for
a compound source (w‘g’” :Trg € S) is given by

VI Skl ) Ri>supS(A/|AsB),. (6.20)

iel pes

Proof. Even when the source p € Sis fixed, necessarily ) ", .; Ri = S(A;|A;eB), [17],
thus Ziel Ri > sup,cs S(Af|AjcB), for all subsets /. This takes care of the converse
bound in Equation (6.20), and it remains to prove the achievability.

To this end, for block length n we choose an T _net Sy C S of states for S (i.e. a net
to approximate elements of S). By adapting the proof of Lemma 6.2, we find that N :=

2|A B

|Sol < (%) . . We number the elements of the net, So = {ps : s = 1,..., N}
and choose purifications [), € AxBR of ps. As previously deployed, the plan is to
construct a one-shot protocol for the averaged source

1
= — Z p&" on Ay B", which has a purification

1

N
N Z [¥)®" @ Is) g € Al B"R"R,
s=1
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then argue that the protocol performs well on all ¥®", and finally that it must perform
well on all ®" with Trg ¥ € S. We could do this directly using Theorem 6.15, except
that for that to work we have to make the smoothing parameter € in the min-entropies
dependent on n, which makes the argument awkward. Instead, we opt to use the Rényi
decoupling from Theorem 3.3 (Corollary 3.4), following otherwise the proof of Theorem
6.15. This means that there, Equation (6.19) is replaced by

1 Ly, a7 Ly, ay
2 ‘UXmAf’k]RnR/  4d, e Lrdy @ Vrew 1
(6.21)
a—1 ~
< Z exp, |: <Z logd; — Zlogci — Ha(A7|R”R’)$>:| ,
9£IC[k] iel iel

choosing all «; = o € (1, 2] equal. With the net rates nR; = logc; — logd;, the right
hand side of the last bound is < § if
¢ - log (2"‘5)

= Hy(A}| A% B — % log (2—’&3) ,

VO #£T Skl Y nRi > —Hy(A]|R"R)y —

iel

where we have used the Rényi entropy duality (Lemma 6.3) with % + é = 2. In fact, we
can simplify this condition using Lemma 6.5 which tells us

Hy (A7) A% B")5 < max Hy(A}|A]B") Jon +log N
se[N] s

< sup ﬁﬁ(A7|A”(-B")p®n +log N
peS

= sup nHg(A;|ArcB), +log N.
peS

Thus, the trace norm in Equation (6.21) is < § if

1
YO £ 1 C [k ZR >supHﬁ(A1|Ach)p+—<logN+1

iel pes

ﬁﬂ(k—log&)).

Since ﬁﬁ(A[ |AjeB), converges to S(A7|AjeB), as B — 1, and the converging as well
as the limit functions are continuous on the compact set of all states, hence uniformly
continuous, also the convergence Hﬂ (A7|AjcB) — S(A7|AjeB) of the functions on
state space is uniform. Thus, there exists a A(8) > 0 (converging to 0 as § — 1) such
that for all 7 C [k],

sup S(Ar|AeB), < SUP Hyg(A[|A;cB), < sup S(Af|AscB), + A(B).
peS peS peS

And so the trace norm in Equation (6.21) is guaranteed to be < § if

VO #£TCIkl Y Ri= sup S(A 1141 B)y + A(B)
pe

1
+— (10gN+ p
n 11—

iel

5 (k —log 5)) . (6.22)
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Continuing the reasoning of the proof of Theorem 6.15, we obtain a merging protocol
for ¢ that has error < 2./3, hence it has error < 2N+/8 on each of the w;@”, and so
finally error < 2N+/8 + 21 on each of source ¥®" such that Trg ¥/ € S. Choosing

2
§ = % we get an error guarantee of < 4n across the set S, while the rates are bounded

Vo £ I C [k] ZRi > sup S(A;|A;cB), + A(B) + O (lognl—logn>’
icl peS n(l—p)

which for n — oo and 8 — 1 proves the claim. O

6.4. Quantum communication via quantum multiple access channels. A quantum mul-
tiple access channel is a CPTP map \V : Ay ... Ay — B from k senders A; to a single
receiver B. For later use, let us introduce the Stinespring dilation AN'(p) = Trg Vp v,
with V : Ay ... Ay — BE anisometry. Let each user i hold independent quantum mes-
sages (quantum systems) M; of dimension s; = |M;|. Then, a code for such a channel
consists of a set of encoding CPTP maps & : M — A and a single decoding CPTP
mapD : B — ]\71 . Mk where Ml- >~ M;. And the numbers log s; are the one-shot
rates. In this setting, we say that the code has error § if

1

587

P ® @ CDMkMk' 1

where ® MM, and @ ), are standard maximally entangled states of Schmidt rank s;.
The problem here is now to characterize, for a given error 8, the set of achievable one-
shot rate tuples (log sy, ..., log sg). Likewise, in the i.i.d. asymptotic limit N ®n when
n — oo and § — 0, we introduce the asymptotic rates R; = %log s; and ask for a
description of the achievable rate tuples (R, ..., Rx). By general principles this is a
convex corner, i.e. a closed convex set in the positive orthant, containing the origin and
stable under reducing any coordinate towards 0. See Fig. 5 for the one-shot tripartite rate
region and Fig. 6 for the i.i.d. bipartite rate region.

Theorem 6.18. Given the quantum MAC N : Ay — B and its Stinespring isometry

V i Ay — BE, as well as pure states (pX?A,_ with A} >~ A; (i € [k]), define

— D (k)
|w>Al,,.AkBE—(h[k]@w(\w( s @@ e )AkA;(), (6.23)

where we let V act on Afk]' Then there exists a code for the channel with error § <
(k + 1)2K*1 /€ if the one-shot rate tuples satisfy

VO #£ I C [k] Zlogsi < H; ,(A[|E)y +2loge = —H};, (Af|AeB)y +2loge.
iel

(6.24)
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log(s1) + log(s2) + log(s5) = —Hippe(AiAd24q|B) |

I log(s)) + log(ss) = —Hpop(A1As| A3B)

B log(so) + log(sz) = —Hup(A2A3| AL B)
(51) + 105(53) (A1 A3|AxB)

(

(

(s

10 H’L(l.’l

S1 mar(A1[A2A3B)

Sa2

mxz(AZ[AlASB)
(A3 A1 A2B)

g
g
log
g )
log(ss) = —Hppgs

Fig. 5. One-shot achievable rate region for a MAC with three senders A1, A and A3

Corollary 6.19. In the i.i.d. asymptotic limitn — oo and § — 0, the rates R; = }l log s;
are achievable for transmission over N'®" if

VI Skl Y Ri <I(A;)BAj)y. (6.25)
iel
where I (A[)BAjc)y = —S(A[|BAjc)y is the coherent information. More generally,

for an ensemble {q(u), |V,)} of states as in Equation (6.23), u € U ranging over a
discrete alphabet, the rates R; are achievable if

VIl ) Ri<) quI(An)BAR)y, = I(ADBAIU);.  (6.26)

iel u
the latter coherent information evaluated on the cq-state = Youa) |u)uly ® V.

Proof. We prove both Theorem 6.18 and Corollary 6.19. To describe good codes, fix
projective measurements (P | @) on A;, where each of the P §10) has rank s; (by enlarging
A; if necessary, we may assume w.l.0.g. that s; divides the dimension |A;|), and let

the corresponding CPTP map be 7; («) = Zl‘?,)l/ Sl’ P (,)ozP .. Its Choi state r(l) has

conditional Rényi entropy ﬁz(A; |A;).»y = —logs; [24]. We can thus apply Theorem

3.2 with Corollary 3.4 that tell us that there exist local unitaries U; on A; such that
oay. ME=(T1olUi @ - @Tx oy ®IdE) VA, . .AE

satisfies

14, La,
|A1] [Arl

1 1
k
< 3fe+ 3 E exp, |:§(§ logsi — HI;in(AllE)'/’>:| .

BAIC[k] iel

1
UA[k]E -

2

®YE
1
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choosing all €; = € equal, the right-hand side is < 7 := (3% +2k_1)§ if Equation (6.24)
is fulfilled. In that case, there must exist measurement outcomes j(’) for the POVM on
A; such that, with the outcome probability p(j) = Tr(U; ® --- ® Ur)V¥a, .4, (U1 ®

@ UT ( Q- ®Pj<k>)1

L1 t t
3 Hﬁ (ijUl Q- ®PiwlUr ® IlE) VAL AE (Ul Py ® - ®@U Piw ® IIE)

| P]()
- R Q — QVYE
1 Sk

<2n.
1

Unpacking the definition of ¥, this means that for each i there are unit vectors of Schmidt
rank s;, |5(’))A,_A_ o« (PjoyU; ® 1) |¢?), such that for all j

1
o
=14, ®  -QLy, ®V) <’ (1)>A’A1 ‘a(k)>A’kAk> ’

The previous trace norm estimate shows that each of the ¢ cp ) is nearly maximally mixed
on its support M;, up to trace distance < 27. So using Uhlmann s theorem 4.7 and
the inequalities (2.2) once again we conclude that there must exist maximally en-
tangled states @M;Ml. of Schmidt rank s; and isometries W; : M — A7, such that

P ((Wi ® llMl.)ClegMi(Wi ® IlMl.)T, (Z(i)> < 2,/7. Putting these last bounds together,

using the triangle inequality for the purified distance and its non-increase under CPTP
maps, we get

k
P (TI‘B VA[H%BE <® WiM,%A,cDM M, (W M; Ai)T) (VA[,(]%BE)T
i=1

Pj(l)U] ®:---Q® Pj(k)Uk Q1 ]lE) hﬁ)A].‘.AkBE

1
—®-~~®7®w5)52(k+1)«/ﬁ-

As the second argument in the purified distance has purification ®;7 @ --- ® P74, ®

VA BES by Uhlmann’s theorem there exists an isometry W:B— ]\71 Q- QM ®
A[x1 B such that

k
~ Al M — A M —A_+ / ~
P (WVA[H—>BE <® Wi i ICDM./M,-(WI‘ i 1)1> (VA[k]*BE)TWj ,

i=1

q>/T’7|M| ® - ® q)ﬁkMk ® ‘/IA[k]BE) < 2(k+ l)ﬁ

In other words, defining the encoders & (o) = Wl-on; and the decoder as D(B) =
Trags W8 wT, yields a code for the quantum MAC with one-shot rates s; [subject to

the conditions (6.24)] and error § = 2(k + 1)/ < (k + 1)2k+1ﬁ. This form of a one-
shot achievability region had been conjectured for a long time, with the best previous
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Ry

A 2

I(A2)A1B)y A

1(A2)B)y 1

(A1) B)y 1(A1)42B),

Fig. 6. Achievable rate region of a MAC with two senders A and A3 in the i.i.d. limit

result reported by Chakraborty, Nema, and Sen [40,52], who used rate-splitting and a
multipartite decoupling with a modified smooth collision entropy. Using the encoder
and decoder defined above, we can attain any point in the one-shot capacity region in
(6.24).

As in the previous example applications, we can directly apply the AEP Theorem
6.1 for the min-entropy [41] to obtain an achievable rate region for the i.i.d. quan-
tum multiple-access channel: Hy, (A7|E")yen ~ nS(A[|E)y = —nS(A[|BAje)y =

nl(Ap)BAjc)y, the latter quantity being the coherent information. Then, rates R; =
% log s; are achievable in the limitn — oo and 6 — 0 if Equation (6.25) is satisfied. The
more general statement with the distribution ¢ over u is obtained by applying the AEP
to the tensor product &), ;; V", where n, are non-negative integers with Y, n, = n
and ), ”n—” - q(u)| — 0. This completes the proof. O

This rate region inner bound goes back to Yard, Devetak and Hayden [28], where it
was obtained by determining the extremal points of the above region, attaining these
by successive decoders and the rest of the region by time-sharing (convex combi-
nation of rates). In the two-sender case (see Fig. 6) these extremal points are 7 =
[1(A1)B)y, 1(A2)A1B)y]l and S = [I(A1)A2B)y, 1(A2)B)y]. In the present proof
we can achieve for the first time each point of the region directly by a quantum simulta-
neous decoder, and without needing to appeal to the simultaneous smoothing conjecture
(cf. [40]).

As an illustration of a situation where it is essential to reach each point in the convex
hull of the corner directly and without time-sharing, we solve the problem of commu-
nication via a compound channel, which is given by a subset € C CPTP(A[] — B) of
the quantum channels mapping the A; to B. A code of block length n for the compound
channel is defined as above, but the error is the supremum over the error when applying
the code to N, \/ € €.

Inspired by Mosonyi’s approach to the single-sender case of classical communication
[46], using the Rényi decoupling bound (Theorem 3.3 and Corollary 3.4), we can prove
the following general achievability result.
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Theorem 6.20. Given the compound channel € C CPTP(A) — B), a probability
distribution q(u) over a discrete alphabet and reference states ‘(p,y)> € AiAg (i € [k]),

define the states
(k))
b AM&) ’

where we let N € € act on A/[k]' Then the asymptotic rates R; are achievable if

1
o

PuN) = (i, BN (

>A1A/l

VICIK YR < inf 3 qGI(ANBAR) s = inf 1ADBAU)0),
u

iel

the latter coherent information evaluated on the cq-state p(N') = ZM q) lu)(uly ®
pu(N).

The proof combines the ideas of Theorem 6.18 and Corollary 6.19 applied to the
uniform mixture channel N = % vazl N2" over a net for the set € (with respect to the
diamond norm), and proceeds like the analogous proof of Theorem 6.17 in the previous
subsection on compound quantum state merging, and we thus omit the details.

7. Discussion

Decoupling is a fundamental primitive in the design of quantum transmission codes,
quantum Slepian-Wolf coding, cryptographic communication, and channel simulation,
but has so far been largely limited to single-user settings. Here we have shown how
to leverage tensorisation properties of expected-contractive maps, to extend the basic
toolbox to simultaneous decoupling in a multipartite setting where each party applies
their own random unitary. We have managed to find achievability bounds for general
multipartite decoupling in terms of smooth conditional min-entropies as usual in one-
shot scenarios (Theorem 3.2); and in terms of conditional Rényi entropies (Theorem
3.3).

Our approach should be contrasted with the “standard” one of passing to a Hilbert-
Schmidt norm bound already in the first line of Equation (3.1), seeing that we can evaluate
quadratic averages not only of single random unitaries but also their tensor products.
This has been done in [9,51] and [40], and perhaps by other authors who have found
themselves then at the same impasse. For simplicity, consider a tripartite quantum state
PA A E (1.e. k = 2) and the usual setup of the composition of local unitary operations
(Ur on A and U, on A) followed by a fixed CPTP map 74,4, p with Choi matrix
TA;A,B- We can use Lemma 4.1 to bound

2
HTA1A2—>B[(U1 ® Up)pa, a, (U ® Ua)'1 — 153 ® pr H1

T 2
<Tr [((o @) VHTI(WU @ Up)p(U; @ Ua)'] — 13 ® pE) (0 ® ;)‘1/4) ] :

for two auxiliary states op and ¢g. At this point we have passed already to the trace
of a square, and following the method in [24] and used above (see also [40]), we de-

= - 14 ~ —1/4 ~1/4
fine Ta,a,>8() = 0 V4T 4, (Vo™ V4, paiae = ¢f / PAAESE /* and also
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TAA)B = 01; 1/ 41,41 AZBU; 1/ 4. Then, after expanding the square, evaluating the expec-
tations using [ dU UXU T=(TrX )% and Corollary 4.4, and after optimizing op and
Cg we finally get

2
Eu,.0; | T4y 40— 81U ® U2)pa, are (U1 ® Un)'1— 15 ® pi I
~2 ~2 ~2 ~2 ~2 ~2
= D<Tr[TAzB] Tr[ 5, p] + Te[24, 5] T[54, £] + Tr[74, 4,5] Tr[PAlAzED
(2—ﬁz(A1|B>f—ﬁz<A|\E>p + 2~ (A2B)e—Hy (A2 E), +2—ﬁ2<A1Az\B>f—ﬁz<A|Az|E)p)

(2*ﬁ2(A1 \Bkﬂmm(m|E>p+2fﬁz<Az\B>ermm(Az\E>p+27H2<A1Az\3>fmein<A1Az\E)p> )

where in the last line we have lower bounded the collision entropies by min-entropies, and

A7
3.2 and 3.3.

The resulting bound thus has the characteristic sum of exponential terms, one for each
subset of parties, and the exponents feature conditional min- and collision entropies of
the state and of the fixed channel Choi matrix, respectively, recalling the structure of [24].
So in some sense, this is a one-shot decoupling theorem. The technical problem is that
we have left the realm of trace distances in the very first step, and so the min-entropies
in the final expression all refer to the same state.

If now we want to move to smooth min-entropies to optimize the attainable rates
we need to smooth the global state so as to approximate all reduced states’ smooth
min-entropies simultaneously. The long-standing simultaneous smoothing conjecture
[10] states that this is possible in some way, but remains unsolved. In [40] it is partially
addressed to lead to an improved one-shot decoupling bound, but in the application to an
i.i.d. coding problem one still has to appeal to the asymptotic version of the simultaneous
smoothing conjecture, which remains open, too. Instead, the innocent-looking step of
passing to the second line in Equation (3.1) gains us a sum of tensor product random
maps, which we can split up using the triangle inequality so that each term can be dealt
with via its own quadratic average bound; at the end, we can then apply smoothing
separately to each of the exponential terms corresponding to the subsets of parties. We
thus prove the conjectured form of simultaneous local decoupling, while not having to
address the simultaneous smoothing conjecture.

We have shown the power of these results by presenting a series of relevant appli-
cations in multi-user quantum information tasks. We have found one-shot, finite block
length, and asymptotic achievability results in local randomness extraction, multipartite
entanglement distillation, and quantum communication via quantum multiple access
channels.

-1 —1
D=2 (1 1 ) (1 — ﬁ) is a constant like the ones encountered in Theorems
2

e In particular, we have found a one-shot version of local randomness extraction and
achievability rates for an arbitrary number k of cooperating users, as well as the
optimal rate region in the i.i.d asymptotics. The latter result reproduces the core
insight of [26] for k& = 2 collaborating parties, albeit with a much simpler protocol,
and proves the conjectured rate region for an arbitrary number k of users.

e Concerning multi-party entanglement of assistance, we have also found a one-shot
and i.i.d. optimal rates, reproducing the asymptotic results from [17] with a much
simpler approach. Actually, the used procedure was previously analyzed in [9] and
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shown to work assuming the simultaneous smoothing conjecture. With the application
of our theorems, we do not require the use of this unproven conjecture.

e Likewise, we solve the quantum version of the Slepian-Wolf data compression of
correlated sources, which reduces to the task of quantum state merging, in the one-
shot setting, as suggested by [9,51], as well as the i.i.d. setting, reproducing the
asymptotically optimal rate region of [16,17] and proving the conjectured one-shot
achievable region, by achieving each point of the respective regions directly, without
the need of time-sharing and without the simultaneous smoothing conjecture.

e Finally, we have found a one-shot achievability region for quantum communication
via quantum multiple access channels that had been conjectured for a long time. In
a similar fashion to the previous applications, we obtained an achievable rate region
for the i.i.d. quantum MAC, reproducing the result of [28]. For the first time, we can
achieve each point of that region directly by a quantum simultaneous decoder, without
the need of time-sharing, and without the simultaneous smoothing conjecture.

To illustrate the utility of the one-shot results we showed that they also solve the com-
pound source/channel versions of all four problems. These are conceptually important
results since they prove that attainable rates are in some sense robust and do not require
perfect knowledge of the source/channel. Indeed, consider the important case that the
set S (€) is a small trace-norm (diamond-norm) ball around an “ideal” state (channel).
Then Theorems 6.8, 6.14, 6.17 and 6.20 in particular imply that the optimal rates of the
ideal state/channel can be almost achieved by a protocol that works uniformly well in
the whole neighbourhood of the ideal.

An important future problem will be to extend the multipartite randomness extrac-
tion model to the cryptographic setting, where typically only lower bounds on the min-
entropies Hr;in(A 11E), are available. In that case, an extractor needs a seed of random-
ness to start with. For example, Theorem 6.6 (and Theorem 3.2 on which it is based),
requires only a unitary 2-design to give security guarantees with high probability. That is
to say, each local user could use a random element of the Clifford group as a seed. How-
ever, schemes with much smaller seeds are known in single-user settings [25,53,54],
and it will be interesting to adapt these to the multi-user case.
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