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• Face recognition (Sohn et al.’ 17)

• Object recognition (Ghifary et al.’ 15)

• Sentiment analysis (Glorot et al.’ 11) 

• Accented speech recognition (Sun et al.’ 17)

• Indoor WiFi localization (Pan et al.’ 08)

• Relational reasoning (Davis et al.’ 09)

• ……
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Goal: generalization on target domain
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Justification of learning domain-invariant representations:

Theorem (Ben-David et al.’ 10):


•                      : true target/source errors 

•                     : divergence between target/source distributions

•                                     : optimal joint error
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• If not, under what conditions is it?


• Is there any necessary condition for this family of methods?




Overview

Question:


Is finding invariant representations while at the same time 
achieving a small source error sufficient to guarantee a 
small target error? 

Sufficient condition: only when the conditional distributions match


Necessary condition: only when marginal label distributions are close
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• If not, under what conditions is it?


• Is there any necessary condition for this family of methods?
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Consider a 1D adaptation problem:
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Target:

�11

x
�1 �0.5 0 0.5 1 1.5 2

y = 0 y = 1

source domain

y = 1 y = 0

target domain

DS = U(�1, 0)
<latexit sha1_base64="B4uYRkZP0jnlIJMhvH2YBBZC274="></latexit>

DT = U(1, 2)
<latexit sha1_base64="6ZM1hZpXB37ObrE4xzwLnLx14wc="></latexit>



A Simple Example

Consider a 1D adaptation problem:


Source: 

Target:

�11

x
�1 �0.5 0 0.5 1 1.5 2

y = 0 y = 1

source domain

y = 1 y = 0

target domain

DS = U(�1, 0)
<latexit sha1_base64="B4uYRkZP0jnlIJMhvH2YBBZC274="></latexit>

DT = U(1, 2)
<latexit sha1_base64="6ZM1hZpXB37ObrE4xzwLnLx14wc="></latexit>

(
<latexit sha1_base64="CD/+W6kdrKs/7eziwmMLrC6r9+w="></latexit>

)
<latexit sha1_base64="/CzBYNA9tf2BmD+v0JEp81UzyRI="></latexit>

h⇤(x) = 1 i↵ x 2 (�1/2, 3/2)
<latexit sha1_base64="3wYd7tH2o6N+aqyfauy3LU+Qzjs="></latexit>



A Simple Example

Consider a 1D adaptation problem:


Source: 

Target:

�11

x
�1 �0.5 0 0.5 1 1.5 2

y = 0 y = 1

source domain

y = 1 y = 0

target domain

DS = U(�1, 0)
<latexit sha1_base64="B4uYRkZP0jnlIJMhvH2YBBZC274="></latexit>

DT = U(1, 2)
<latexit sha1_base64="6ZM1hZpXB37ObrE4xzwLnLx14wc="></latexit>

(
<latexit sha1_base64="CD/+W6kdrKs/7eziwmMLrC6r9+w="></latexit>

)
<latexit sha1_base64="/CzBYNA9tf2BmD+v0JEp81UzyRI="></latexit>

h⇤(x) = 1 i↵ x 2 (�1/2, 3/2)
<latexit sha1_base64="3wYd7tH2o6N+aqyfauy3LU+Qzjs="></latexit>

�⇤ = min
h0

"S(h
0) + "T (h

0) = 0
<latexit sha1_base64="IzxZKNuEc/Exe4o5W56dWzNATWI="></latexit>



A Simple Example

Consider a 1D adaptation problem: Adaptation


�12

x
�1 �0.5 0 0.5 1 1.5 2

y = 0 y = 1

source domain

y = 1 y = 0

target domain

x
�1 �0.5 0 0.5 1 1.5 2

y = 0 y = 1

source domain

y = 1 y = 0

target domain g(x) = Ix0(x) · (x+ 1)

+ Ix>0(x) · (x� 1)
<latexit sha1_base64="Hk7gK9ZvHZgvlaE6B/70QQwbEHM="></latexit>

Bound-minimizing algorithm: min "S(h) +
1

2
dH�H(T ;S)

<latexit sha1_base64="l5UOtk2LD8ug2mfzYzf0s8046+A="></latexit>



A Simple Example

Consider a 1D adaptation problem: Adaptation


�12

x
�1 �0.5 0 0.5 1 1.5 2

y = 0 y = 1

source domain

y = 1 y = 0

target domain

x
�1 �0.5 0 0.5 1 1.5 2

y = 0 y = 1

source domain

y = 1 y = 0

target domain g(x) = Ix0(x) · (x+ 1)

+ Ix>0(x) · (x� 1)
<latexit sha1_base64="Hk7gK9ZvHZgvlaE6B/70QQwbEHM="></latexit>

Bound-minimizing algorithm: min "S(h) +
1

2
dH�H(T ;S)

<latexit sha1_base64="l5UOtk2LD8ug2mfzYzf0s8046+A="></latexit>

D0
S = U(0, 1)

<latexit sha1_base64="TnmOc77dRtBXpwLBcUaVYLBOmxI="></latexit>

D0
T = U(0, 1)

<latexit sha1_base64="ev9y89oZU911nrIb1pfQtZ8tD3c="></latexit>

Source: 

Target:

dH�H(S, T ) = 0
<latexit sha1_base64="yU9UWaTi87vcGT1ozmjrJz9YmDQ="></latexit>



A Simple Example

Consider a 1D adaptation problem: Adaptation


�12

x
�1 �0.5 0 0.5 1 1.5 2

y = 0 y = 1

source domain

y = 1 y = 0

target domain

x
�1 �0.5 0 0.5 1 1.5 2

y = 0 y = 1

source domain

y = 1 y = 0

target domain g(x) = Ix0(x) · (x+ 1)

+ Ix>0(x) · (x� 1)
<latexit sha1_base64="Hk7gK9ZvHZgvlaE6B/70QQwbEHM="></latexit>

Bound-minimizing algorithm: min "S(h) +
1

2
dH�H(T ;S)

<latexit sha1_base64="l5UOtk2LD8ug2mfzYzf0s8046+A="></latexit>

D0
S = U(0, 1)

<latexit sha1_base64="TnmOc77dRtBXpwLBcUaVYLBOmxI="></latexit>

D0
T = U(0, 1)

<latexit sha1_base64="ev9y89oZU911nrIb1pfQtZ8tD3c="></latexit>

Source: 

Target:

dH�H(S, T ) = 0
<latexit sha1_base64="yU9UWaTi87vcGT1ozmjrJz9YmDQ="></latexit>

If                  , then                  !  "S(h) = 0
<latexit sha1_base64="vOhxmKPf21jmz+DidbSVu7dAWco="></latexit>

"T (h) = 1
<latexit sha1_base64="DbdtTuEiyXfd1WfkWW/nqh6vJb4="></latexit>



A Simple Example

�13

x
�1 �0.5 0 0.5 1 1.5 2

y = 0 y = 1

source domain

y = 1 y = 0

target domain

x
�1 �0.5 0 0.5 1 1.5 2

y = 0 y = 1

source domain

y = 1 y = 0

target domain g(x) = Ix0(x) · (x+ 1)

+ Ix>0(x) · (x� 1)
<latexit sha1_base64="Hk7gK9ZvHZgvlaE6B/70QQwbEHM="></latexit>

Bound-minimizing algorithm: min "S(h) +
1

2
dH�H(T ;S)

<latexit sha1_base64="l5UOtk2LD8ug2mfzYzf0s8046+A="></latexit>

What’s wrong with this example?

"T (h)  "S(h) +
1

2
dH�H(T ;S) + �⇤

<latexit sha1_base64="61AbZdnkqFmEF6WmYw0WEedc8bY="></latexit>

||
<latexit sha1_base64="cOLlPwZYWKmOBSc61BiW1c43xPU="></latexit>

0
<latexit sha1_base64="WZrYTG83/jkP4dur1KsWUXEZ+0k="></latexit>

||
<latexit sha1_base64="cOLlPwZYWKmOBSc61BiW1c43xPU="></latexit>

0
<latexit sha1_base64="WZrYTG83/jkP4dur1KsWUXEZ+0k="></latexit>



A Simple Example

�13

x
�1 �0.5 0 0.5 1 1.5 2

y = 0 y = 1

source domain

y = 1 y = 0

target domain

x
�1 �0.5 0 0.5 1 1.5 2

y = 0 y = 1

source domain

y = 1 y = 0

target domain g(x) = Ix0(x) · (x+ 1)

+ Ix>0(x) · (x� 1)
<latexit sha1_base64="Hk7gK9ZvHZgvlaE6B/70QQwbEHM="></latexit>

Bound-minimizing algorithm: min "S(h) +
1

2
dH�H(T ;S)

<latexit sha1_base64="l5UOtk2LD8ug2mfzYzf0s8046+A="></latexit>

What’s wrong with this example?

"T (h)  "S(h) +
1

2
dH�H(T ;S) + �⇤

<latexit sha1_base64="61AbZdnkqFmEF6WmYw0WEedc8bY="></latexit>

||
<latexit sha1_base64="cOLlPwZYWKmOBSc61BiW1c43xPU="></latexit>

0
<latexit sha1_base64="WZrYTG83/jkP4dur1KsWUXEZ+0k="></latexit>

||
<latexit sha1_base64="cOLlPwZYWKmOBSc61BiW1c43xPU="></latexit>

0
<latexit sha1_base64="WZrYTG83/jkP4dur1KsWUXEZ+0k="></latexit>

8h 2 2[0,1], "S(h) + "T (h) = 1
<latexit sha1_base64="KXOs3WhbtJMqyvIrd3C6b3lih1M="></latexit>

In fact, �⇤ = 1
<latexit sha1_base64="DKy1j5fzUbocOfAWTh6nPu7pmBE="></latexit>



A Simple Example

�13

x
�1 �0.5 0 0.5 1 1.5 2

y = 0 y = 1

source domain

y = 1 y = 0

target domain

x
�1 �0.5 0 0.5 1 1.5 2

y = 0 y = 1

source domain

y = 1 y = 0

target domain g(x) = Ix0(x) · (x+ 1)

+ Ix>0(x) · (x� 1)
<latexit sha1_base64="Hk7gK9ZvHZgvlaE6B/70QQwbEHM="></latexit>

Bound-minimizing algorithm: min "S(h) +
1

2
dH�H(T ;S)

<latexit sha1_base64="l5UOtk2LD8ug2mfzYzf0s8046+A="></latexit>

What’s wrong with this example?

"T (h)  "S(h) +
1

2
dH�H(T ;S) + �⇤

<latexit sha1_base64="61AbZdnkqFmEF6WmYw0WEedc8bY="></latexit>

||
<latexit sha1_base64="cOLlPwZYWKmOBSc61BiW1c43xPU="></latexit>

0
<latexit sha1_base64="WZrYTG83/jkP4dur1KsWUXEZ+0k="></latexit>

||
<latexit sha1_base64="cOLlPwZYWKmOBSc61BiW1c43xPU="></latexit>

0
<latexit sha1_base64="WZrYTG83/jkP4dur1KsWUXEZ+0k="></latexit>

8h 2 2[0,1], "S(h) + "T (h) = 1
<latexit sha1_base64="KXOs3WhbtJMqyvIrd3C6b3lih1M="></latexit>

In fact, �⇤ = 1
<latexit sha1_base64="DKy1j5fzUbocOfAWTh6nPu7pmBE="></latexit>

Conditional distributions are maximally different after adaptation: 
Ex⇠U(0,1)

⇥
|DY |X

S �DY |X
T |

⇤
= 1

<latexit sha1_base64="tyND50zZby5aESwKlSFj2zC3Xgo="></latexit>



A Generalization Upper Bound

Failure mode: conditional shift increases during adaptation

Could we also take into account the conditional shift?

�14



A Generalization Upper Bound

Failure mode: conditional shift increases during adaptation

Could we also take into account the conditional shift?

�14

H ✓ [0, 1]X
<latexit sha1_base64="7eNAKYOU0HRqWCL76F3YCdWzZ1A="></latexit>

8h 2 H
<latexit sha1_base64="CdTIWttOC609bflsrMwTJ7N9sfE="></latexit>

Theorem (deterministic setting): Let             and             be the source 
and target domains. For any function class                , and             , 
the following inequality holds:  

hDS , fSi
<latexit sha1_base64="1QdPM51J2GUl9zBOHrGaCFANtgQ="></latexit>

hDT , fT i
<latexit sha1_base64="oeO3Id9qqDVNC1pMN4uQhYTi3T8="></latexit>

��"S(h)� "T (h)
��  d

H̃
(DS ,DT ) + min{EDS [|fS � fT |],EDT [|fS � fT |]}

<latexit sha1_base64="7DBUCBE0/4XbImNI3BbAdTJUWv8="></latexit>

•                                                                        , a hypothesis class 
induced by 


•           labeling function in source/target domains

H̃ := {sgn(|h(x)� h0(x)|� t) | h, h0
2 H, 0  t  1}

<latexit sha1_base64="4gxC8BZTbVHah9Q/teZcTxSucEo="></latexit>

H
<latexit sha1_base64="SM1q2BE3fqdv6Zb7lcRNP5QRJs0="></latexit>

fS/fT
<latexit sha1_base64="CgUVVB7kl+cZsFJd9QGgcFRBjpg="></latexit>



A Generalization Upper Bound

Failure mode: conditional shift increases during adaptation

Could we also take into account the conditional shift?

�14

Shift between data distributions

H ✓ [0, 1]X
<latexit sha1_base64="7eNAKYOU0HRqWCL76F3YCdWzZ1A="></latexit>

8h 2 H
<latexit sha1_base64="CdTIWttOC609bflsrMwTJ7N9sfE="></latexit>

Theorem (deterministic setting): Let             and             be the source 
and target domains. For any function class                , and             , 
the following inequality holds:  

hDS , fSi
<latexit sha1_base64="1QdPM51J2GUl9zBOHrGaCFANtgQ="></latexit>

hDT , fT i
<latexit sha1_base64="oeO3Id9qqDVNC1pMN4uQhYTi3T8="></latexit>

��"S(h)� "T (h)
��  d

H̃
(DS ,DT ) + min{EDS [|fS � fT |],EDT [|fS � fT |]}

<latexit sha1_base64="7DBUCBE0/4XbImNI3BbAdTJUWv8="></latexit>

•                                                                        , a hypothesis class 
induced by 


•           labeling function in source/target domains

H̃ := {sgn(|h(x)� h0(x)|� t) | h, h0
2 H, 0  t  1}

<latexit sha1_base64="4gxC8BZTbVHah9Q/teZcTxSucEo="></latexit>

H
<latexit sha1_base64="SM1q2BE3fqdv6Zb7lcRNP5QRJs0="></latexit>

fS/fT
<latexit sha1_base64="CgUVVB7kl+cZsFJd9QGgcFRBjpg="></latexit>



A Generalization Upper Bound

Failure mode: conditional shift increases during adaptation

Could we also take into account the conditional shift?

�14

Shift between data distributions Shift between conditional distributions

H ✓ [0, 1]X
<latexit sha1_base64="7eNAKYOU0HRqWCL76F3YCdWzZ1A="></latexit>

8h 2 H
<latexit sha1_base64="CdTIWttOC609bflsrMwTJ7N9sfE="></latexit>

Theorem (deterministic setting): Let             and             be the source 
and target domains. For any function class                , and             , 
the following inequality holds:  

hDS , fSi
<latexit sha1_base64="1QdPM51J2GUl9zBOHrGaCFANtgQ="></latexit>

hDT , fT i
<latexit sha1_base64="oeO3Id9qqDVNC1pMN4uQhYTi3T8="></latexit>

��"S(h)� "T (h)
��  d

H̃
(DS ,DT ) + min{EDS [|fS � fT |],EDT [|fS � fT |]}

<latexit sha1_base64="7DBUCBE0/4XbImNI3BbAdTJUWv8="></latexit>

•                                                                        , a hypothesis class 
induced by 


•           labeling function in source/target domains

H̃ := {sgn(|h(x)� h0(x)|� t) | h, h0
2 H, 0  t  1}

<latexit sha1_base64="4gxC8BZTbVHah9Q/teZcTxSucEo="></latexit>

H
<latexit sha1_base64="SM1q2BE3fqdv6Zb7lcRNP5QRJs0="></latexit>

fS/fT
<latexit sha1_base64="CgUVVB7kl+cZsFJd9QGgcFRBjpg="></latexit>



A Generalization Upper Bound

�15

H ✓ [0, 1]X
<latexit sha1_base64="7eNAKYOU0HRqWCL76F3YCdWzZ1A="></latexit>

8h 2 H
<latexit sha1_base64="CdTIWttOC609bflsrMwTJ7N9sfE="></latexit>

Theorem (deterministic setting): Let             and             be the source 
and target domains. For any function class                , and             , 
the following inequality holds:  

hDS , fSi
<latexit sha1_base64="1QdPM51J2GUl9zBOHrGaCFANtgQ="></latexit>

hDT , fT i
<latexit sha1_base64="oeO3Id9qqDVNC1pMN4uQhYTi3T8="></latexit>

��"S(h)� "T (h)
��  d

H̃
(DS ,DT ) + min{EDS [|fS � fT |],EDT [|fS � fT |]}

<latexit sha1_base64="7DBUCBE0/4XbImNI3BbAdTJUWv8="></latexit>

Shift between data distributions Shift between conditional distributions



A Generalization Upper Bound

�15

H ✓ [0, 1]X
<latexit sha1_base64="7eNAKYOU0HRqWCL76F3YCdWzZ1A="></latexit>

8h 2 H
<latexit sha1_base64="CdTIWttOC609bflsrMwTJ7N9sfE="></latexit>

Theorem (deterministic setting): Let             and             be the source 
and target domains. For any function class                , and             , 
the following inequality holds:  

hDS , fSi
<latexit sha1_base64="1QdPM51J2GUl9zBOHrGaCFANtgQ="></latexit>

hDT , fT i
<latexit sha1_base64="oeO3Id9qqDVNC1pMN4uQhYTi3T8="></latexit>

��"S(h)� "T (h)
��  d

H̃
(DS ,DT ) + min{EDS [|fS � fT |],EDT [|fS � fT |]}

<latexit sha1_base64="7DBUCBE0/4XbImNI3BbAdTJUWv8="></latexit>

Shift between data distributions Shift between conditional distributions

• Free of      , the optimal joint error �⇤
<latexit sha1_base64="slVYf49G6Yu+rcwWP4w4CcIA6YE="></latexit>



A Generalization Upper Bound

�15

H ✓ [0, 1]X
<latexit sha1_base64="7eNAKYOU0HRqWCL76F3YCdWzZ1A="></latexit>

8h 2 H
<latexit sha1_base64="CdTIWttOC609bflsrMwTJ7N9sfE="></latexit>

Theorem (deterministic setting): Let             and             be the source 
and target domains. For any function class                , and             , 
the following inequality holds:  

hDS , fSi
<latexit sha1_base64="1QdPM51J2GUl9zBOHrGaCFANtgQ="></latexit>

hDT , fT i
<latexit sha1_base64="oeO3Id9qqDVNC1pMN4uQhYTi3T8="></latexit>

��"S(h)� "T (h)
��  d

H̃
(DS ,DT ) + min{EDS [|fS � fT |],EDT [|fS � fT |]}

<latexit sha1_base64="7DBUCBE0/4XbImNI3BbAdTJUWv8="></latexit>

Shift between data distributions Shift between conditional distributions

• Free of      , the optimal joint error �⇤
<latexit sha1_base64="slVYf49G6Yu+rcwWP4w4CcIA6YE="></latexit>

• Two more noise terms if we extend the bound to stochastic setting



A Generalization Upper Bound

�15

H ✓ [0, 1]X
<latexit sha1_base64="7eNAKYOU0HRqWCL76F3YCdWzZ1A="></latexit>

8h 2 H
<latexit sha1_base64="CdTIWttOC609bflsrMwTJ7N9sfE="></latexit>

Theorem (deterministic setting): Let             and             be the source 
and target domains. For any function class                , and             , 
the following inequality holds:  

hDS , fSi
<latexit sha1_base64="1QdPM51J2GUl9zBOHrGaCFANtgQ="></latexit>

hDT , fT i
<latexit sha1_base64="oeO3Id9qqDVNC1pMN4uQhYTi3T8="></latexit>

��"S(h)� "T (h)
��  d

H̃
(DS ,DT ) + min{EDS [|fS � fT |],EDT [|fS � fT |]}

<latexit sha1_base64="7DBUCBE0/4XbImNI3BbAdTJUWv8="></latexit>

Shift between data distributions Shift between conditional distributions

• Free of      , the optimal joint error �⇤
<latexit sha1_base64="slVYf49G6Yu+rcwWP4w4CcIA6YE="></latexit>

• Two more noise terms if we extend the bound to stochastic setting
• Can use standard concentration argument to get high probability bound of

              and "S(h)

<latexit sha1_base64="cdZZM8f5t8VJPgUQIsHBgxgQY9s="></latexit>

d
H̃
(DS ,DT )

<latexit sha1_base64="YvP5PmUuJGrClKe+1n8qDNuGc94="></latexit>



An Information-Theoretic Lower Bound

Can we extend the counter-example to more general cases? 
Consider the general adaptation scenario:


•       (nonlinear) feature transformation

•                    (randomized) classification function
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T )  dJS(DZ
S ,DZ

T )
<latexit sha1_base64="Vh+n9HhF2vK5y4KswRtsTc+Ln/s="></latexit>

Lin’s Lemma (1991): dJS(DY ,DŶ ) 
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Digit classification:


Marginal label distribution:

�20

MNIST SVHN USPS



Experiments

�21

Source

Target


�21

U
SP

S 
- M

N
IS

T

U
SP

S 
- S

VH
N

SV
H

N
 - 

M
N

IS
T

SV
H

N
 - 

U
SP

S



Experiments

�21

Source

Target


�21

U
SP

S 
- M

N
IS

T

U
SP

S 
- S

VH
N

SV
H

N
 - 

M
N

IS
T

SV
H

N
 - 

U
SP

S



Summary

• Sufficient condition: matching conditional distribution


• Necessary condition: matching marginal label distribution


Collaborators:


Poster: #71, Pacific Ballroom, Today
�22

��"S(h)� "T (h)
��  d

H̃
(DS ,DT ) + min{EDS [|fS � fT |],EDT [|fS � fT |]}

<latexit sha1_base64="7DBUCBE0/4XbImNI3BbAdTJUWv8="></latexit>

"S(h � g) + "T (h � g) � 1

2

�
dJS(DY

S ,DY
T )� dJS(DZ

S ,DZ
T )

�2
<latexit sha1_base64="o0vVP/pKHqoVvwfwz2GoZY7xVeA="></latexit>

Remi Tachet des Combes Kun Zhang Geoffrey J. Gordon


