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Neutrino-electron processes in a strongly magnetized thermal plasma
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We present a new method of calculating the rate of neutrino-electron interactions in a strong magnetic field
based on finite temperature field theory. Using this method, in which the effect of the magnetic field on the
electron states is taken into account exactly, we calculate the rates of all of the lowest order neutrino-electron
interactions in a plasma. As an example of the use of this technique, we explicitly calculate the rate at which
neutrinos and antineutrinos annihilate in a highly magnetized plasma, and compare that to the rate in an
unmagnetized plasma. The most important channel for energy deposition is the gyromagnetic absorption of a

neutrino-antineutrino pair on an electron or positron in the plasma (nn̄e6↔e6). Our results show that the rate
of annihilation increases with the magnetic field strength once it reaches a certain critical value, which is
dependent on the incident neutrino energies and the ambient temperature of the plasma. It is also shown that
the annihilation rates are strongly dependent on the angle between the incident particles and the direction of the
magnetic field. If sufficiently strong fields exist in the regions surrounding the core of a type II supernova or
in the central engines of gamma ray bursts, these processes will lead to a more efficient plasma heating
mechanism than in an unmagnetized medium, and moreover, one which is intrinsically anisotropic.
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I. INTRODUCTION

Neutrino heating and cooling plays an important role in
variety of astrophysical objects. In core collapse superno
~SNe! neutrinos produced deep within the core of the for
ing protoneutron star~PNS! are thought to deposit some fra
tion of their energy in a semitransparent region above
surface of the PNS, leading to a neutrino driven wind@1# and
a robust supernova explosion@2#. Although it is currently
thought that neutrino-nucleon scattering provides the bulk
energy transfer in this region, a significant fraction of t
energy and momentum exchange between the neutrinos
the matter occurs through neutrino-antineutrino annihilat
to electron-positron pairs and through neutrino-electron s
tering.

More recently, neutrino-electron interactions have be
proposed as an energy deposition mechanism for the ce
engines of gamma-ray bursts~GRBs!. A large fraction of the
binding energy released during the formation of a comp
object is emitted in the form of neutrinos and antineutrin
Both neutron-star–neutron-star mergers and the new ‘‘
lapsar’’ models for the formation of GRB fireballs rely o
neutrino-antineutrino annihilation to electron-positron pa
as a mechanism for the transport of energy from the de
and hot regions to regions of low baryon loading where
fireball can form and expand@3#. Unfortunately, even for the
extremely high neutrino densities expected in these syste
the cross section of neutrino-antineutrino annihilation in
absence of a strong magnetic field is still quite low, whi
means that the overall efficiency of conversion of gravi
tional potential energy to fireball energy is also low. Thus
is very difficult to explain the most energetic of GRBs usi
0556-2821/2000/63~2!/025014~12!/$15.00 63 0250
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neutron star-neutron star merger models, and even the
lapsar models have some difficulty in depositing sufficie
energy to drive the fireball through the overlying mantle
the star@4#.

The astrophysical arguments for the existence of sup
critical fields in nature have grown stronger recently with t
discovery of magnetars@5#. In these slowly rotating x-ray
emitters, field strengths of up to 431015 G have been in-
ferred. One may speculate that even stronger fields ma
present when such objects are born. This discovery neg
previous theoretical prejudice against the existence of s
strong fields, and suggest further examination of the eff
that strong magnetic fields may have on neutrino-elect
processes.

In the absence of a strong magnetic field, there
only two allowed types of interaction between neutrin
and electrons—neutrino-electron scattering (ne6↔ne6,
n̄e6↔ n̄e6), and electron-positron pair creation and anni
lation (nn̄↔e1e2). In the presence of a quantizing ma
netic field, electrons occupy definite states of moment
perpendicular to the field~Landau levels! and conservation
of perpendicular momentum between interacting particle
no longer required, as some of the momentum may be
sorbed by the field. This allows a number of exotic reactio
to proceed, where electrons or positrons jump between
ferent Landau levels while interacting with an external ne
trino current. These processes are very similar to interact
between photons and electrons in a strong field, such
single photon pair creation, which is also forbidden in t
absence of a strong field. The additional neutrino proces
allowed in the presence of a strong magnetic fie
©2000 The American Physical Society14-1
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are absorption of a neutrino-antineutrino pair by an elect

or positron (nn̄e6↔e6), and the absorption or emissio
of an electron positron pair by a neutrino or antineutri
(ne1e2↔n, n̄e1e2↔ n̄). Each of these may have an im
portant effect on the neutrino energy exchange opacities
strongly magnetized plasma.

A number of authors have shown that the rate of neutri
electron processes are increased due to the presence
supercritical magnetic field (B.Bcr54.431013 G).
Kuznetsov and Mikheev@6# considered neutrino-electro
scattering and the emission of an electron positron pair b
neutrino propagating through a magnetic field in the lim
that the electrons and positrons are in the lowest Lan
level. They concluded that with a very strong field, the ne
trino could lose only a small fraction of its energy throu
this process. While we do not analyze this process in de
numerically, our results for the neutrino-antineutrino anni
lation processes suggest that the restriction that the elec
and positron be in the lowest Landau level is too strong
more general calculation may be performed using the res
presented in this paper. Benesh and Horowitz@7# calculated
the rate of neutrino-antineutrino annihilation to electro
positron pairs in a strong magnetic field. They examined t
restrictive cases—nearly parallel collisions and head
collisions—and found no significant enhancement of
cross section for these types of interactions. Our more g
eral calculation shows that there are regions of phase s
with a significant increase in the annihilation cross secti
though for moderate field strengths, these regions are sm
More importantly, we show that the new channels for an
hilation which appears in a strong magnetic field
gyromagnetic absorption on electrons and positrons in
plasma—are more important over an astrophysically inter
ing range of phase space.

Bezchastnov and Haensel@8# calculated the rate o
neutrino-electron scattering in a strong magnetic field
evaluating the matrix element for the Feynman diagra
shown in Fig. 1, using the exact wave functions of the el
trons in the strong field as external states for the calculat
Considering energy ranges and magnetic field strengths
propriate for SNe calculations, they showed that while

FIG. 1. Feynman diagram for electron-positron pair creat
through neutrino-antineutrino annihilation.
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overall cross section for this scattering rate was not a str
function of magnetic field strength up to 1015 G, the strong
field introduced significant anisotropies in the rate, and co
lead to interesting parity violating effects.

Here we adopt a new approach to calculating the rate
neutrino-electron processes in a strong magnetic field. Ra
than adopting the direct approach of calculating the cr
sections from the diagrams shown in Fig. 1, such as ado
in @7# and@8#, we use a technique of finite temperature fie
theory ~FTFT! which relates the interaction rates to th
imaginary part of the diagram shown in Fig. 2~as the energy
of our interactions are low compared to theW-boson mass,
we use the Fermi theory to describe our interactions!. This
technique allows all the neutrino-electron interaction rates
be calculated on the same footing, and includes the effec
Pauli blocking. We follow the approach of Gale and Kapu
@9# which was developed in the context of calculating t
rate of dilepton production from hadron interactions in hea
ion collisions. It is based on the fact that the rate of dilept
production is related to the imaginary part of the polarizat
tensor. In general, production as well as decay rates of
ticles in matter can be extracted from the imaginary part
self energies computed by using FTFT@10#. In our case, the
interacting particles are neutrinos, not hadrons, and our
teractions are electroweak interactions and not due to nuc
forces. This approach leads to two important simplificatio
in that one obtains the total net rate of a given process, tak
into account both forward and back reactions. Also, num
cal evaluation of the rates is greatly simplified, as one c
calculate all of the rates virtually simultaneously.

The plan of this paper is as follows. In the first sectio
the expression relating the rate of a given neutrino-elect
process to the imaginary part of the polarization tens
based on the work of Weldon@10# and Gale and Kapusta@9#,
is presented. This expression is then used to calculate the
at which neutrinos and antineutrinos annihilate to electr
positron pairs in an unmagnetized vacuum, demonstra
that one obtains the same results as the direct calculatio

In the following section, a strong magnetic field is intr
duced, and the polarization tensor in a strongly magneti
plasma is presented. The imaginary part of the polariza
tensor is calculated, and expressions for the rates of eac
the neutrino-electron processes are given. A detailed num
cal evaluation of the annihilation rate is then performed, a
the rate is shown to reproduce the unmagnetized rate in
limit of a weak magnetic field.

n

FIG. 2. This is the diagrammatic representation of the polari
tion tensor used to calculate the rate of electron-positron pair
duction through neutrino-antineutrino annihilation. The imagina
part of this diagram is related to the rate of the process show
Fig. 1.
4-2



s
n

rs

ri-
s
se
ct
th
an
t-

d

n-
ol

e

e

in
io

l

rin
he
u

r-
a

cu

tri-

a.

for-
te
n
for
ear-

of

irs
t-

NEUTRINO-ELECTRON PROCESSES IN A STRONGLY . . . PHYSICAL REVIEW D63 025014
Finally, the behavior of the annihilation rate with increa
ing magnetic field strength is examined, and the implicatio
for systems in which significant neutrino heating occu
such as core collapse SNe and GRBs, are discussed.

II. BASIC FORMALISM

Ultimately, we wish to calculate the rate at which neut
nos and antineutrinos interact with electrons and positron
a strong magnetic field in matter through the proces
shown in Fig. 1. Rather than calculate these rates dire
through the use of the exact electron wave functions in
magnetic field, such as performed by Bezchastnov
Haensel@8# in their evaluation of the neutrino-electron sca
tering rate, we adopt an alternative approach suggeste
the use of finite temperature field theory~FTFT!. This theory
has been pioneered by Weldon@10# and also applied by Gale
and Kapusta@9# to calculate the rate at which electro
positron pairs are emitted from the fireball in heavy ion c
lisions.

According to Weldon@10# the decay and production rat
of a boson with energyE at temperatureT can be related to
the imaginary part of the boson self energyP by

G~E!52
1

E
Im$P~E!%, ~1!

whereG5Gd2G i is the difference of the forward rate of th
boson decayGd and the rate of the inverse processG i . The
decay and production rates are related by the principle
detailed balance

Gd

G i
5eE/T, ~2!

from which we get

Gd~E!52
1

E

1

12e2E/T
Im$P~E!%. ~3!

Instead of considering the decay of a boson we will
vestigate first the case of neutrino-antineutrino annihilat
to an electron-positron pair,nn̄→e2e1, in an electron-
positron plasma at temperatureTe and chemical potentia
me . The corresponding annihilation rate is given by Eq.~3!,
where the boson is replaced by the neutrino-antineut
pair. To lowest order the self-energy is now given by t
diagram of Fig. 2 which contains an electron loop. The fo
momenta of the neutrino and antineutrino are denoted byQ1
and Q2 and of the electron and positron byP1 and P2,
respectively. Here we use the notationQi5(qi ,qi) with qi

5uqiu and Pi5(Ei ,pi) with Ei5Api
21m2, wherem is the

electron mass. Then in Eq.~3! E5q11q2 holds and the self
energy is given by a Lorentz tensorPmn .

Next we want to relate the annihilation rate to the diffe
ential ratedRnn̄ /d3q1d3q2 describing the absorption of
neutrino-antineutrino pair with momentaq1 and q2 in the
electron-positron plasma. Usually, this rate would be cal
lated from the matrix elementM of Fig. 1 according to
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dRnn̄

d3q1d3q2

5
1

2q12q2
E d3p1

2E1~2p!3
@12ne1~E1!#

3E d3p2

2E2~2p!3
@12ne2~E2!#~2p!4

3d4~Q11Q22P12P2!(
i

^uMu2&, ~4!

where there is a sum over initial states and the Fermi dis
bution function for the electron is given by

ne2~E!5
1

e(E2me)/Te11
~5!

and the one of the positron by replacingme by 2me in Eq.
~5!. The distribution functions in Eq.~4! describe Pauli
blocking of the produced electron and positron in the plasm

Following Gale and Kapusta@9# the differential rate is
obtained from the annihilation rateGd by taking into account
the neutrino current

dRnn̄

d3q1d3q2

5
1

2q12q2

1

12e2E/Te
Mmn Im$Pmn~Q11Q2!%.

~6!

Here the leptonic tensor for the neutrinos is given by

Mmn5(
s1s2

v̄~q2!gm~12g5!u~q1!ū~q1!gn~12g5!v~q2!

58@Q2
mQ1

n1Q1
mQ2

n2~Q1Q2!gmn1 iQ1aQ2b«ambn#,

~7!

where we have summed over the neutrino spins. This
mula differs from the one for the dilepton production ra
given in the appendix of Ref.@9# by the absence of a photo
propagator and a different structure of the leptonic tensor
massless neutrinos instead of electrons leading to the app
ance of the antisymmetric tensor«ambn in Eq. ~7!. Further-
more the two expressions differ by a factor exp(E/Te) accord-
ing to Eq.~2! because we are considering a decay instead
a production rate.

The total rate for the production of electron-positron pa
from neutrino-antineutrino annihilation follows by integra
ing the differential forward rate, Eq.~6!, over the neutrino
distribution functionsf n,n̄(qi)

Rnn̄5E d3q1

~2p!3E d3q2

~2p!3
@ f n~q1! f n̄~q2!

2„12 f n~q1!…„12 f n̄~q2!…e2E/Te#
dRnn̄

d3q1d3q2

. ~8!

Here we have included the back reactione2e1→nn̄, which
4-3
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is described by the second term in the square bracket
should be noted that our derivation of the rates at no t
assumed that the neutrinos are in thermal equilibrium w
the electron-positron plasma. For example, neutrinos tha
cape from the core of a supernova explosion may hav
roughly thermal distribution with a temperature ofTn

.5 MeV. After leaving the core these neutrinos will inte
act with the surrounding electron-positron plasma which
a typical temperature of aboutTe.1 MeV. In this case the
neutrino distribution functions in Eq.~8! are given by the
equilibrium Fermi distributions, Eq.~5!, where the tempera
ture and the chemical potential are replaced by the co
sponding values for the neutrinos escaping from the coreTn

andmn .
One may also determine the rate at which a neutrino s

ters in a thermal plasma in a similar manner. The differen
rate at which a neutrino~or antineutrino! scatters from an
initial stateQ1 to a final stateQ2, is given simply by replac-
ing Q11Q2 by Q12Q2 in Im$Pmn% andE5q11q2 by q1
2q2 in Eq. ~6!. The total rate of scattering,Rne6, is then
given by

Rne65E d3q1

~2p!3E d3q2

~2p!3
@ f n~q1!„12 f n~q2!…

2 f n~q2!„12 f n~q1!…e2E/Te#
dRne6

d3q1d3q2

~9!

with

dRne6

d3q1d3q2

5
1

2q12q2

1

12e2E/Te
Mmn Im$Pmn~Q12Q2!%,

~10!

whereE5q12q2. Note that both the electron and positro
scattering rates are included within the imaginary part of
polarization tensor in Eq.~10!. The strength of this method
lies in the fact that the correct calculation of the imagina
part of the polarization tensor leads the differential annih
tion and scattering rates for all of the separate channels
are allowed within the plasma. Thus, if one includes
effect of the magnetic field in the polarization tensor pro
erly, all of the exotic processes which occur in a magne
field are included in the rate calculations by default.

The unmagnetized rate

To demonstrate that the two approaches, based eithe
the matrix element as in Eq.~4! or on the FTFT as in Eq.~6!
are equivalent, we use Eq.~6! to calculate the rate o
neutrino-antineutrino annihilation to electron positron pa
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in an unmagnetized vacuum at zero temperature, and s
that it reproduces the results of the calculation of the proc
using the matrix element method.

In the one-loop approximation the polarization tensor
Eq. ~6! is given by

Pmn~K !52
GF

2

2
TrE d4P

~2p!4gm~cV2cAg5!

3G~P!gn~cV2cAg5!G~P2K !, ~11!

whereGF is the Fermi constant,G(P) is an electron propa-
gator, and

cV56
1

2
12 sin2uW , cA56

1

2
, ~12!

with uW the Weinberg angle, and the plus sign correspond
to electron neutrinos, and the minus sign to muon and
neutrinos. This tensor has been formulated in the limit t
the neutrino energies are small compared to theW mass,
which will always be justified in practice. This allows the u
of effective Fermi 4-vertices in the processes shown in F
1 and 2. The polarization tensor in Eq.~11! may be decom-
posed into vector-vector, axial-vector, and axial-axial pa
through

Pmn5cV
2amn12cVcAa5

mn1cA
2a55

mn ~13!

with

amn52
GF

2

2
TrE d4P

~2p!4 gmG~P!gnG~P2K !, ~14!

a5
mn5

GF
2

2
TrE d4P

~2p!4

1

2
@gmg5G~P!gnG~P2K !

1gmG~P!gng5G~P2K !#, ~15!

and

a55
mn52

GF
2

2
TrE d4P

~2p!4gmg5G~P!gng5G~P2K !.

~16!

In this section we will neglect matter contributions to th
rate, i.e., we setTe50 in Eq.~6!, set the distribution function
to zero and use only the vacuum part of the polarizat
tensor, Eq.~11!. This corresponds to neglecting the effects
Pauli blocking on the final state particles in Eq.~4!. Inserting
only the vacuum part of the electron propagators,
vacuum part of the polarization tensor, Eq.~11!, may be
written
Pmn~K !52
GF

2

2
TrE d4P

~2p!4

gm~cV2cAg5!~P” 1m!gn~cV2cAg5!~P” 2K” 1m!

@P22m21 i0#@~P2K !22m21 i0#
. ~17!
4-4
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Note that the real part of this tensor must be renormali
due to the singularities in the denominator of the integra
but the imaginary part is finite.

The imaginary part ofPmn ~actually, the anti-hermitian
part! is related to its discontinuity across a branch cut. T
branch cut is related to poles that appear above the pair
ation threshold,K254m2, and it lies along the positiveK2

axis from 4m2 to infinity. One has

Im$Pmn~K !%52
GF

2

32p2 I mn ~18!

with

I mn5E d4P Tr@gm~cV2cAg5!~P” 1m!gn~cV2cAg5!

3~P” 2K” 1m!#d~P22m2!d„~P2K !22m2
…. ~19!

Inserting a delta function into Eq.~19! and relabelingP
→P1, leads to

I mn52E d4P1E d4P2 Tr@gm~cV2cAg5!~P” 11m!gn

3~cV2cAg5!~P” 22m!#d~P1
22m2!d~P2

22m2!

3d4~P21P12K !. ~20!

The trace in the integrand of Eq.~20! may be recognized
as proportional to the electron leptonic tensor,Lmn, and the
rate of pair production, Eq.~6!, is then given by

dR

d3q1d3q2
5

GF
2

2 E d3p1

~2p!3

3E d3p2

~2p!3

LmnMmn

2E12E22q12q2
~2p!4

3d4~P11P22Q12Q2!, ~21!

where

E d4Pid~Pi
22m2!5E d3pi

Ei
~22!

has been used.
Equation ~21! is identical to the rate, Eq.~4!, directly

calculated for the process shown in Fig. 1 by electrowe
theory, usingLmnMmn5( i^uMu2&. Thus we have shown
that the procedure outlined above is identical to the stand
method of calculating rates.

For later reference, the rate at which the annihilation p
cess proceeds in the absence of a magnetic field at zero
perature and in the limit of a vanishing electron mass,m
50, is given by

dR

d3q1d3q2
5

2GF
2~cV

21cA
2 !

3p
q1

2q2
2~12cosQ!2, ~23!

whereQ is the angle between the neutrino and antineutri
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III. STRONG MAGNETIC FIELDS

We may now make a significant generalization of o
theory, which justifies its introduction. The essential point
that the polarization tensor used in Eq.~6! contains all the
information about the electronic part of the process, with
reference to the presence or lack of a medium, or the p
ence or lack of a magnetic field. All that is required to ca
culate the correct rate is the appropriate polarization ten
for the given plasma. To determine the rate of neutrin
electron processes in a strongly magnetized plasma,
must use the polarization tensor for a strongly magneti
plasma. Thankfully, for our purposes, the polarization te
sors in a strong magnetic field are well known, the vect
vector part was calculated in the form used here by Melr
and coworkers@11#, the vector-axial part was calculated b
Kennett and Melrose@12#, and the axial-axial part may b
calculated in a manner directly analogous to both.

The polarization tensor is calculated in@11# and @12# us-
ing a vertex formulation of the coupling between an electr
in a magnetic field and an external 4 current. The vario
parts of the polarization tensor can be expressed in term

the vector vertex function@Gq8q
e8e (K)#m, and the axial vertex

function, 5@Gq8q
e8e (K)#m, whereq8 andq denote the quantum

numbers of the particles on either side of the interaction (pi ,
momentum,s, spin,n, Landau orbital!, ande ande8 denote
the nature of the particles, with a plus sign for electrons~the
particles! and a minus sign for the positrons~the antipar-
ticles!. The various components of the polarization tens
may be written

amn~K !52
GF

2eB

4p (
n8,n50

`

(
e8,e561

E dpi

2p

3

H 1

2
~e82e!1enq

e2e8nq8
e8J

v2e«q1e8«q81 i0
Te8e

mn , ~24!

a5
mn~K !5

GF
2eB

4p (
n8,n50

`

(
e8,e561

E dpi

2p

3

H 1

2
~e82e!1enq

e2e8nq8
e8J

v2e«q1e8«q81 i0
5Te8e

mn , ~25!

a55
mn~K !52

GF
2eB

4p (
n8,n50

`

(
e8,e561

E dpi

2p

3

H 1

2
~e82e!1enq

e2e8nq8
e8J

v2e«q1e8«q81 i0
55Te8e

mn ~26!

with

Te8e
mn

5 (
s8,s561

@Gq8q
e8e

~k!#m@Gq8q
e8e

~k!#n* , ~27!
4-5
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5Te8e
mn

5 (
s8,s561

1

2
$5@Gq8q

e8e
~k!#m@Gq8q

e8e
~k!#n*

1@Gq8q
e8e

~k!#5
m@Gq8q

e8e
~k!#n* %, ~28!

55Te8e
mn

5 (
s8,s561

5@Gq8q
e8e

~k!#5
m@Gq8q

e8e
~k!#n* ,

~29!

and whereK5(v,k), nq
e are the electron distribution

functions, and«q denotes the energy of the particle in th
magnetic field,

«q[«~pi ,n!5~m21pi
212neB!1/2. ~30!

Implicit throughout Eqs.~24! to ~29! is the relatione8pi8
5epi2ki . Note also that we are using natural units with
physical quantities scaled against the electron mass.

The polarization tensors given in Eqs.~24! to ~26! contain
the contributions from both the vacuum polarization and
electrons and positrons in the plasma. The vacuum pa
given by the term 1/2~e82e! in the numerator of the inte
grand. The real part of this term is divergent and must
renormalized. We are concerned here only with the ima
nary part, which is finite. Hence, we perform no renorm
ization here. The electrons and positrons of the plasma c
tribute to the polarization tensor through the distributi
functions ~more properly, the occupation numbers! nq

e ,
which in a magnetized thermal medium are given by
Fermi distributions

nq
e[ne~pi ,n!5

1

e[«(pi ,n)2eme]/Te11
. ~31!

The general form of the magnetic vertex functions a
given in @12#, and a general discussion of the properties
the vector part may be found in@11#. The components of the
vertex functions are

@Gq8q
ee8 ~k!#05Cq8Cq@ds8,s~de8,eB1sde8,2eA!

3~Jl 82 l
l

1rn8rnJl 82 l
l 1s

!2eds8,2s

3~sde8,eA2de8,2eB!~2rnJl 82 l 2s
l 1s

1rn8Jl 82 l 2s
l

!#, ~32!

@Gq8q
ee8 ~k!#15Cq8Cq@ds8,se~de8,eD1sde8,2eC!

3~2rnJl 82 l 2s
l 1s

2rn8Jl 82 l 1s
l

!

2ds8,2s~sde8,eC2de8,2eD!

3~Jl 82 l
l

2rn8rnJl 82 l 22s
l 1s

!#, ~33!
02501
l

e
is

e
i-
-
n-

e

e
f

@Gq8q
ee8 ~k!#25 iCq8Cq@ds8,se~sde8,eD1de8,2eC!

3~rnJl 82 l 2s
l 1s

2rn8Jl 82 l 1s
l

!2ds8,2s

3~de8,eC2sde8,2eD!

3~Jl 82 l
l

1rn8rnJl 82 l 22s
l 1s

!#, ~34!

@Gq8q
ee8 ~k!#35Cq8Cq@ds8,s~de8,eA1sde8,2eB!

3~Jl 82 l
l

1rn8rnJl 82 l
l 1s

!2eds8,2s~sde8,eB
2de8,2eA!~2rnJl 82 l 2s

l 1s
1rn8Jl 82 l 2s

l
!#,

~35!

and

5@Gq8q
ee8 ~k!#05Cq8Cq@ds8,s~sde8,eA1de8,2eB!

3~Jl 82 l
l

2rn8rnJl 82 l
l 1s

!2eds8,2s

3~2de8,eB1sde8,2eA!

3~2rnJl 82 l 2s
l 1s

2rn8Jl 82 l 2s
l

!#, ~36!

5@Gq8q
ee8 ~k!#15Cq8Cq@ds8,se~sde8,eC1de8,2eD!

3~2rnJl 82 l 2s
l 1s

1rn8Jl 82 l 1s
l

!2ds8,2s

3~2de8,eD1sde8,2eC!

3~Jl 82 l
l

1rn8rnJl 82 l 22s
l 1s

!#, ~37!

5@Gq8q
ee8 ~k!#25 iCq8Cq@ds8,se~de8,eC1sde8,2eD!

3~rnJl 82 l 2s
l 1s

1rn8Jl 82 l 1s
l

!

2ds8,2s~2sde8,eD1de8,2eC!

3~Jl 82 l
l

2rn8rnJl 82 l 22s
l 1s

!#, ~38!

5@Gq8q
ee8 ~k!#35Cq8Cq@ds8,s~sde8,eB1de8,2eA!

3~Jl 82 l
l

2rn8rnJl 82 l
l 1s

!

2ds8,2se~2de8,eA1sde8,2eB!

3~2rnJl 82 l 2s
l 1s

2rn8Jl 82 l 2s
l

!#, ~39!

wherel 5n2 1
2 (11s) is an orbital quantum number, and

Cq[S ~«q1«q
0!~«q

01m!

4«q
0«q

D 1/2

, ~40!

r i[pi /~«q1«q
0!, rn[pn /~«q

01m!, ~41!

A5r i81r i , B511r i8r i , ~42!

C5r i82r i , D512r i8r i , ~43!
4-6
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and pn5A2nB, «q
0[«(0,n), and the primed versions o

the same quantities have unprimed variables replaced
primed variables. Note again thate8pi85epi2ki is implicit
throughout.

The functionsJv
n(k'

2 /2B) in Eqs. ~32! to ~39! ~the argu-
ment is suppressed! are generalized functions related to t
Laguerre polynomials and defined by

Jv
n~x!5F n!

~n1v !! G
1/2

exp~2x/2!xv/2Ln
v~x!5~21!vJ2v

n1v~x!,

~44!

whereLn
v(x) are associated Laguerre polynomials. One m

write explicitly

Jv
n~x!5exp~2x/2!xv/2(

m50

n

~21!m
@n! ~n1v !! #1/2

~v1m!! ~n2m!!m!
xm.

~45!

Note thatJv
n(x)50 if n,0 or v,2n. A summary of the

properties of theJ functions may be found in@11#.

A. Annihilation rate

We now use the imaginary parts of Eqs.~24! to ~26! to
determine the rate at which a neutrino annihilates on an
tineutrino in a strongly magnetized electron-positron plasm
The imaginary parts of these integrals come from the po
in the denominators of the integrands, wherev2e«q
1e8«q850. The contribution of these poles may be calc
lated through the Plemelj formula

1

v2v0
5P 1

v2v0
2 ipd~v2v0!, ~46!

whereP denotes the principle value. The integral over t
delta-function introduced into Eqs.~24! to ~26! by the Ple-
melj formula may be done explicitly by determining the p
sitions of the poles of the integrand. Forv.0, which is the
case for neutrino-antineutrino annihilation, the denominat
of Eqs.~24! to ~26! only have zeros ife51, e8521, ~pair
creation!, e521, e8521 ~neutrino pair absorption on
positron!, ande51, e851 ~neutrino pair absorption on a
electron!. Each of these processes occurs in a different reg
of the phase space, determined by the existence of the r
of the energy conservation equationv2e«q1e8«q850.
Writing d5v22ki

2 , this equation has general solutions
the form

pi56
ki

2
j6

v

2
D1/2 ~47!

with

j511
2~n2n8!B

d
, ~48!

and
02501
by

y

n-
a.
s

-

rs

n
ots

D5j22
4~112nB!

d
. ~49!

The roots given by Eq.~47! are real ifD.0, which is true if
and only if

0,d,@A112n8B2A112nB#2, ~50!

which corresponds to a pair absorption on an electron
positron, and

d.@A112n8B1A112nB#2, ~51!

which corresponds to an electron positron pair creation. N
that for two annihilating neutrinos one hasd5v22ki

2.0.
The contributions of the vector-vector, axial-vector a

axial-axial parts of the rates may be separated out throu

dRnn̄

d3q1d3q2

5
1

2q12q2

1

12e2E/Te
Mmn Im$cV

2amn~K !

12cVcAa5
mn~K !1cA

2a55
mn~K !% ~52!

with K5Q11Q2. Each of the polarization tensor compo
nents in Eq.~52! contains a sum over two sets of Landa
levels evaluated at the root of the denominator, and a s
over thee ande8, which denote the type of particles whic
are interacting. Here, we divide the rate into the three c
tributing combinations ofe and e8, corresponding to three
different physical processes.

1. Neutrino pair creation

If Eq. ~51! holds, ande51, e8521, the poles in the
integrand of the polarization tensor components corresp
to the physical process of neutrino-antineutrino annihilat
to form an electron-positron pair,nn̄↔e1e2. Letting X
stand for a blank, 5, or 55, the imaginary part of the pol
ization tensor components may be written

Im$aX
mn~K !%5

GF
2eB

4p (
n,n850

`
«q«q8

upi«q82pi8«qu
XT21

mn

3@211ne2~pi ,n!

1ne1~pi8 ,n8!#upi :v2«q2«q850 ~53!

with pi852pi1ki . This equation is combined with Eq.~52!
and Eq.~8! to obtain the net rate of annihilation to neutrin
antineutrino pairs to electron positron pairs. The sum in
~53! is evaluated at the parallel momenta for which the re
nance condition is satisfied

pi5
ki

2
j6

v

2
D1/2, ~54!

pi85
ki

2
j7

v

2
D1/2. ~55!
4-7
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Equation~53! should be evaluated at both of these roots, a
the sum over the Landau orbitals is limited ton andn8 such
that A112nB1A112n8B,Av22ki

2.
The form taken by the blocking factors in Eq.~53! is due

to the fact that the imaginary part of the polarization tenso
related to the difference of the forward and reverse ra
@10#.

2. Gyromagnetic absorption on positrons

If condition ~50! holds and ifn8.n, with e521, and
e8521, the neutrino-antineutrino pair may be absorbed
a positron,nn̄e1↔e1, a process which is forbidden in th
absence of a strong magnetic field. The contribution to
imaginary part of the polarization tensor due to the root c
responding to this process may be written

Im$aX
mn~K !%5

GF
2eB

4p (
n,n850

`
«q«q8

upi«q82pi8«qu
XT22

mn

3@2ne1~pi ,n!

1ne1~pi8 ,n8!#upi :v1«q2«q850 ~56!

with pi85pi1ki . The sum is evaluated for this process
parallel momenta

pi52
ki

2
j6

v

2
D1/2, ~57!

pi85
ki

2
j6

v

2
D1/2. ~58!

3. Gyromagnetic absorption on electrons

On the other hand, if condition~50! holds and ifn.n8,
and e51 ande851, the neutrino-antineutrino pair may b
absorbed on an electron,nn̄e2↔e2, a process which is also
forbidden in the absence of a strong magnetic field. The c
tribution to the imaginary part of the polarization tensor d
to the root corresponding to this process may be written

Im$aX
mn~K !%5

GF
2eB

4p (
n,n850

`
«q«q8

upi«q82pi8«qu
XT11

mn

3@ne2~pi ,n!2ne2~pi8 ,n8!#upi :v2«q1«q850

~59!

with pi85pi2ki . The sum in Eq.~59! should be evaluated a
the roots

pi5
ki

2
j6

v

2
D1/2, ~60!

pi852
ki

2
j6

v

2
D1/2. ~61!

For the gyromagnetic absorption processes, the limits
the sums over the Landau levels enumerated byn andn8 are
02501
d

s
s

n

e
-

t

n-

n

given by uA112nB2A112n8Bu.Av22ki
2. There is no

upper limit on eithern or n8 implied by this relation. Instead
the upper limit on the Landau level is constrained by the f
that one of the distribution functions in Eqs.~56! and ~59!
must be non-zero for there to be a rate, and these distribu
functions are sampled at the resonant momenta given ab
which grow with increasing Landau number.

B. Scattering rate

A similar procedure may be used to calculate the rate
scattering of a neutrino or antineutrino off a thermal p
plasma in a strong magnetic field. In this case, the freque
of the disturbance in the field is given byv5q12q2, which
may be negative or positive. Hence, there are four contri
tions to the scattering rate, whereas there are only three
tributions to the annihilation rate. The processes corresp
to e51, e8521, pair creation by a neutrino,e51, e8
521 pair absorption by a neutrino,e521, e8521,
neutrino positron scattering, ande51, e851 neutrino
electron scattering. The rates of these processes are give
Eq. ~9! with

dRne6

d3q1d3q2

5
1

2q12q2

1

12e2E/Te
Mmn Im$cV

2amn~K !

12cVcAa5
mn~K !1cA

2a55
mn~K !% ~62!

and with K5Q12Q2. Again, the scattering and absorptio
processes occur in different regions of the phase space,
the conditions

d5v22ki
2,@A112n8B2A112nB#2, ~63!

which corresponds to neutrino scattering off electrons a
positrons, and

d.@A112n8B1A112nB#2, ~64!

which corresponds to electron positron pair creation and
sorption on neutrinos.

1. Electron-positron pair creation and absorption

The contribution of the pair creation and absorption p
cesses to the total neutrino scattering rate,ne1e2↔n, ap-
pears in two parts, for opposite signs of the energy trans
v. For v5q12q2.0, one has a contribution fore
51, e8521 if d.@A112nB1A112nB#2. This contri-
bution is given by

Im$aX
mn~K !%5

GF
2eB

4p (
n,n850

`
«q«q8

upi«q82pi8«qu
XT12

mn

3@211ne2~pi ,n!

1ne1~pi8 ,n8!#upi :v2«q2«q850 ~65!

with pi852pi1ki . Equation ~65! should be evaluated a
both the roots given by
4-8
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pi5
ki

2
j6

v

2
D1/2, ~66!

pi85
ki

2
j7

v

2
D1/2. ~67!

For negative energy transfer,v5q12q2,0, one has a
contribution for e521, e851 if d.@A112nB
1A112nB#2. This contribution is given by

Im$aX
mn~K !%5

GF
2eB

4p (
n,n850

`
«q«q8

upi«q82pi8«qu
XT21

mn

3@12ne1~pi ,n!

2ne2~pi8 ,n8!#upi :v1«q1«q850 ~68!

with pi852pi2ki . Equation ~68! should be evaluated a
both the roots given by

pi52
ki

2
j6

v

2
D1/2, ~69!

pi852
ki

2
j7

v

2
D1/2. ~70!

2. Neutrino-electron scattering

There is a contribution to the imaginary part of the pol
ization tensor for e5e851, if d,@A112nB
1A112n8B#2. That is, if this condition holds, the neutrino
electron scattering is kinematically allowed, and it contr
utes to the total neutrino scattering rate through

Im$aX
mn~K !%5

GF
2eB

4p (
n,n850

`
«q«q8

upi«q82pi8«qu
XT11

mn

3@ne2~pi ,n!2ne2~pi8 ,n8!#upi :v2«q1«q850

~71!

with pi85pi2ki . If d,0, then there is only one root to th
equationv2«q1«q850, which lies at

pi5
ki

2
j1

v

2
D1/2, ~72!

if ki.0, and at

pi5
ki

2
j2

v

2
D1/2, ~73!

if ki,0. If, on the other hand, 0,d,@A112nB
1A112n8B#2, then there are possibly two roots or no roo
depending on the relative sign ofv1ki and n82n. If n8
2n has the same sign asv1ki , then there are no roots, an
this scattering reaction is not kinematically allowed. If th
02501
-

-

,

are different in sign, then both the solutions given by E
~72! and ~73! are roots to the equation and represent op
scattering channels.

3. Neutrino-positron scattering

The structure of the theory for neutrino-positron scatt
ing is similar to that of neutrino-electron scattering. The ra
of neutrino positron scattering may be written

Im$aX
mn~K !%5

GF
2eB

4p (
n,n850

`
«q«q8

upi«q82pi8«qu
XT22

mn

3@2ne1~pi ,n!

1ne1~pi8 ,n8!#upi :v1«q2«q850 ~74!

with pi85pi1ki . If v22ki
2,0 then the energy conservatio

equation,v1«q2«q850 has a single root given by

pi52
ki

2
j1

v

2
D1/2, ~75!

if ki.0, and at

pi52
ki

2
j2

v

2
D1/2, ~76!

if ki,0.
Alternately, if 0,d,@A112nB1A112n8B#2, then

there are possibly two roots or no roots, depending on
relative sign ofv1ki andn82n. In this case, ifn82n has
the opposite sign tov1ki , then there are no roots, and th
scattering reaction is not kinematically allowed. If they ha
the same sign, then both the solutions given by Eqs.~75! and
~76! are roots to the equation and represent open neutr
positron scattering channels.

IV. EXPLICIT EVALUATION OF THE RATES

In Eqs.~53! to ~59! and Eqs.~65! to ~74! we have expres-
sions for the rates of the various neutrino-electron proces
in terms of double sums over the electronic Landau orbit
In general, these expressions may only be evaluated num
cally. To demonstrate how this is done, we now make
simple calculation of the rate of electron-positron pair p
duction through neutrino-antineutrino pair annihilation
such a strong field that only electrons and positrons in
lowest Landau orbital may be produced. This is not a phy
cally interesting calculation, as the approximations made
allow an analytic calculation are quite extreme.

A. Emission into the lowest Landau orbital

To illustrate the use of Eq.~52! we calculate the rate a
which electrons and positrons are created in the lowest L
dau orbital by neutrino-antineutrino annihilation for head-
collisions.

We assume that the magnetic field lies in thez-direction,
and let the neutrino 4-momenta be given byQ1
5(q1 ,q1 sina,0,q1 cosa) which lies in thex-z plane, and
4-9
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STEPHEN J. HARDY AND MARKUS H. THOMA PHYSICAL REVIEW D63 025014
Q25(q2 ,q2 sinu cosf,q2 sinu sinf,q2 cosu). As the elec-
tron and positron are created in the lowest Landau orbital,
have that n5n850, l 5 l 850, and thus,s5s8521.
This then leads to the following expressions for the ver
functions,

G052CqCq8~r i81r i!J0
0 , ~77!

G352CqCq8~11r i8r i!J0
0 , ~78!

5G05CqCq8~11r i8r i!J0
0 , ~79!

5G35CqCq8~r i81r i!J0
0 ~80!

with the other components zero.
Using Eqs.~77! to ~80!, the contraction over the neutrin

tensor in Eq.~52! may be performed explicitly, leading to th
rate of production of electron positron pairs in the lowe
Landau orbital from a neutrino-antineutrino pair,

dRnn̄

d3q1d3q2

5
GF

2eB

2p
Cq

2C
q

82
E2k'

2 /2B
«q«q8

upi«q82pi8«qu

3@~11cosu cosa1sinu sina cosf!

3~cVA2cAB!212~cosu1cosa!~cVA2cAB!

3~cAA2cVB!1~11cosu cosa

2sinu sina cosf!~cVB2cAA!2#, ~81!

where A5r i1r i8 , B511r ir i8 , and (J0
0)25e2k'

2 /2B has
been used.

Equation~81! is to be evaluated at both of the solutions
v5«(pi,0)1«(2pi1ki,0). These are given by

pi5
ki

2
6

v

2
A12

4

v22ki
2 ~82!

with

v5q11q2 , ki
25q1

2 cos2a1q2
2 cos2u12q1q2 cosa cosu.

~83!

Also,

pi85
ki

2
7

v

2
A12

4

v22ki
2. ~84!

We further restrict our attention to head-on collisions b
tween a neutrino and antineutrino with the same energyq1
5q25q. Leaving the angle between the neutrino and
magnetic field asa, the antineutrino angles must beu5p
2a, and f5p. Under these conditions,ki50, and k'

50, as we are in the center of momentum frame. Thuspi
56Aq221, andpi852pi . Evaluating Eq.~81! leads to

dRnn̄

d3q1d3q2

5
GF

2cV
2eB

p

me
2

qAq221
sin2a, ~85!
02501
e

x

t

-

e

where there is a factor of 2 due to the two roots of t
resonant denominator. Note the dependence on the a
with respect to the magnetic field. This shows the intrin
anisotropy of this process, in that neutrinos approach
head-on along the field line cannot interact to produce pa

B. General calculation

In general, the calculation of the rates proceeds num
cally. Our simple calculation motivates the numerical a
proach. One specifies the incident neutrino energies
angles, and explicitly calculates the leptonic tensor, Eq.~7!.
Then, for each allowedn andn8 for the process in question
one calculates the location of the roots, and the vertex fu
tions, Eqs.~32! to ~39!, evaluated at these roots. From th
vertex functions, one constructs theXTee8

mn matrices and con-
tracts them with the leptonic tensor. The results of the s
are then premultiplied with the phase space factors and o
prefactors to give the differential rate of the process.

While this is a reasonably complicated procedure, it ha
certain natural advantage, as it exploits the similarities
tween the calculations of the different processes. The a
nate method of Bezchastnov and Haensel@8# is not essen-
tially simpler. The procedure outlined here can be perform
in such a way that the rates for all seven processes ca
calculated simultaneously, with the common elements of
calculation shared for computational efficiency.

C. Weak magnetic field limit

Thus far, it has proved impossible to show analytica
that the expressions given above reduce to the unmagne
rate in the limit of a weak magnetic field. However, the n
merical calculation of the rates does reproduce the expe
behavior in the weak field limit. In Fig. 3, we show the ra
of electron-positron pair production through neutrino anni
lation as a function of magnetic field strength, normalized
the unmagnetized rate. This plot shows that the unmag
tized limit is obtained in the limit of small magnetic fiel
strength, as the graph tends to unity for a small magn
field.

D. Numerical results

We turn now to a more general survey of the properties
the annihilation rate as a function of magnetic field streng
neutrino energy, plasma temperature, and the various an
in the system. Throughout we assume that the chemical
tential of the plasma is zero. In general, the rates are v
complicated functions of these variables. To determine
effect of a strong magnetic field on an astrophysical syst
these rates must be averaged over thermal distribution
neutrinos and over a realistic angular distribution. This ex
cise is beyond the scope of this work.

In Fig. 4 we show the rate of neutrino-antineutrino an
hilation, scaled to the unmagnetized rate, of a 4 MeV n
trino and a 5 MeV antineutrino in a pair plasma of temper
ture T52 MeV as a function of magnetic field strengt
This plot shows the fine structure that comes about due to
quantized perpendicular momentum states. The underly
4-10
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rate of electron-positron pair production is a weak funct
of the field strength until around 1015 G. This is the field
strength at whichB'q11q2 in scaled coordinates, and thu
the magnetic field begins to dominate above this level. I
also here that the rate of gyromagnetic absorption
neutrino-antineutrino pairs becomes significant—this is
cause the amount of energy required to lift an electron
positron from its lowest Landau level to another~low!
Landau level is more closely matched to the available n

FIG. 3. Rate of neutrino-antineutrino annihilation for a nea
head-on collision between a 5 MeVneutrino and a 6 MeVantineu-
trino in vacuum as a function of magnetic field. The rate has b
scaled against the unmagnetized rate, and shows that the unm
tized theory is reproduced in the limit of a small magnetic field. T
behavior of the rate for very high field strengths where only p
ticles in the lowest Landau orbitals are produced is linear, and
lows the results derived in Sec. IV A.

FIG. 4. Representative calculation calculation of the rate of
nihilation of a 4 MeV neutrino and an 5 MeV antineutrino in a
MeV pair plasma as a function of magnetic field strength. The s
line shows the rate at which the pair process occurs as a functio
field strength, and the dashed line shows the rate of gyromagn
absorption onto electrons and positrons. The angular variables
chosen such thata50.2, u51.1, andf50.4.
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trino energy. This allows the phase space for this reactio
grow and for the process to proceed more vigorously. C
sequently, the effect of the magnetic field is stronger for l
energy neutrinos.

In Fig. 5 we show the annihilation rate for the same co
ditions as Fig. 4, except that the magnetic field is fixed
431015 G and the energy of the annihilating neutrino
allowed to vary. This plot shows the standard increase
cross section as a function of energy for the pair creat
rate, but also shows a number of other interesting featu
For instance, for low energy neutrinos, the pair creation r
is suppressed—this is because there is only enough ener
create pairs in the lowest Landau level, and these states
filled by the thermal plasma. On the other hand, there i
significant rate of gyromagnetic absorption on the plas
particles in the lowest Landau orbital, even for annihilati

FIG. 6. The rate of neutrino-antineutrino annihilation in a
MeV pair plasma as a function ofa, the angle between the incom
ing neutrino and the magnetic field. The other variables are a
Figs. 4 and 5.
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-

d
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FIG. 5. The rate of neutrino-antineutrino annihilation in a
MeV pair plasma as a function of the neutrino energy. The m
netic field is fixed at 431015 G, and the other variables are as
Fig. 4.
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with the lowest energy neutrinos. Of course, these rates m
be averaged over thermal distributions of neutrinos and
tineutrinos, so it is very unclear as to which of the proces
will dominate for which regions of parameter space.

Figures 6–8 show the annihilation rates as a function
the angles of the system. They show that the annihila
rates are anisotropic, and can have a very sensitive de
dence on angle. At higher neutrino energies or at lower fi
strengths there can be many more resonances, leadin
highly anisotropic heating and momentum deposition.

V. CONCLUSIONS

We have presented here a new calculation of the rate
neutrino-electron interactions in a strongly magnetized th
mal electron-positron plasma using FTFT. Starting from
imaginary part of the polarization tensor all neutrino-electr
processes, allowed in a strong magnetic field, can be tre
simultaneously. This calculation is accurate to first order
the Fermi theory, treats the effect of the magnetic field on
wave functions of the electrons exactly, and includes
effects of Pauli blocking.

FIG. 7. The rate of neutrino-antineutrino annihilation in a
MeV pair plasma as a function ofu, the poloidal angle between th
incoming anti-neutrino and the magnetic field. The other variab
are as in Figs. 4 and 5.
.
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These calculations show that the rate of the standard
magnetized processes may be modified greatly by the p
ence of a strong magnetic field, and that processes w
only occur in a strong magnetic field are the dominant
ergy deposition processes for a range of field strengths
neutrino and antineutrino parameters.

To make stronger conclusions about the physical impli
tions of these processes in strong magnetic fields it is ne
sary to average the rates calculated here over thermal d
butions of neutrinos appropriate to the astrophysi
scenarios being considered. However, it is clear that th
must be a reconsideration of the role strong magnetic fie
and neutrinos may play in extremely energetic astrophys
events such as core collapse supernovae and gamma
bursts.
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FIG. 8. The rate of neutrino-antineutrino annihilation in a
MeV pair plasma as a function off, the toroidal angle between th
incoming anti-neutrino and the magnetic field. The other variab
are as in Figs. 4 and 5.
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