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1 Introduction

Most member countries of the Organisation for Economic Co-operation and Development (OECD) are
facing a sharp decrease in fertility rates: on average, the total fertility rate (TFR) was on a declining
trend until around the year 2000 and has remained at that particular low level ever since, as shown in
Figure 1.! Since this demographic trend may have a substantial negative impact on economic growth,
OECD governments have designed various pro-natalist policies, such as direct child subsidy, subsidy for
center-based childcare services, income tax deduction, childbearing leave program, and enhancement

of childcare facilities, to encourage families to raise children (e.g., Eydal and Rostgaard, 2018).
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Figure 1: OECD average total fertility rates from 1970 to 2017

If demographic trend stems from the sub-optimality of a family’s fertility choice, it is crucial to
clarify the mechanism of inefficient fertility choices in order to implement effective family policies.
This study elucidates two driving forces underlying the downward pressure on a household’s fertility
choice: the external effects of children on society, and non-cooperative behavior of couples for the
provision of childcare. This study shows which family policies are the most appropriate for correcting
fertility decisions that yield downward pressure on the fertility rate.

The externality of children on society has been treated as a major driving force underlying the
inefficiently low fertility in modern economy. Existing literature mainly considered the external effect

ITotal fertility rate (TFR) refers to the total number of children who would be born to a woman if she were to live till the
end of her childbearing years and give birth to children according to the current age-specific fertility rates. The TFR data used
in Figure 1 are taken from OECD Data (https://data.oecd.org/pop/fertility-rates.htm).



of children on society to be a positive fiscal externality generated under pay-as-you-go (PAYG) pension
systems (e.g., Cigno, 1992; Sinn, 2001).2 Existing literature on this subject concludes that child
subsidies have the substantial capacity to achieve the first-best investment in fertility. However, the
fertility rate has remained at a much lower level and has not yet recovered, even in countries that provide
high child subsidies, such as Germany, Spain, and Japan.? It seems there is a very limited effect of
child subsidies on fertility choice, since the demographic transition is not reversed over time.

This study focuses on the non-cooperative behavior of spouses as another driving force behind
suboptimal low fertility.# In our model, parents care about child quality and quantity that are treated as
household public goods.> We consider a sequential decision setting where a couple collectively decides
child quantity and, in the next stage, each spouse non-cooperatively determines his/her childcare
time.® Collective decision making with respect to child quantity, which maximizes the weighted
sum of spouses’ utilities, is a cooperative agreement between spouses; hence, it supposes Pareto
efficiency. In contrast, the strategic interaction between a husband and wife in providing childcare
leads to underinvestment in childcare due to the free-rider problem. Under such a sequential decision
setting, we find that even though fertility choice is a collective decision, suboptimal low fertility arises
due to non-cooperative behavior regarding the amount of childcare provided by the spouses. This
is consistent with the empirical result of Doepke and Kindermann (2019), who conclude that non-
cooperation between spouses leads to a low fertility rate. To the best of our knowledge, our study
is the first to theoretically derive that non-cooperative behavior of spouses toward childcare leads to
inefficiently low fertility in the model, distinguishing between child quality and quantity. Based on this
finding, we propose a novel channel through which the government can improve the low fertility rate
by employing an appropriate choice of family policies.

The strategic interaction between spouses is supported by recent econometric evidence from Del
Boca and Flinn (2012), who show that one-fourth of couples under-provide household public goods be-
cause of non-cooperative behavior. Regarding childcare decisions, Rasul (2008) empirically proves that
spouses cannot commit to household chores because a couple cannot reach legally enforceable agree-
ments about their investments in children due to non-observability by third parties; moreover, Pailhé
and Solaz (2008) show that the provision of childcare is not always observable and this is attributable

to a lack of effective monitoring between partners. Thus, the commitment of previously determined

2Cigno (1992) states that one of the motives for having children is to secure the risk of old-age consumption. Since PAYG
pension systems secure this purpose, public insurance induces people to have fewer children, and thus, fertility rates decline.
Sinn (2001) estimates that an additional child in Germany brings a net benefit of approximately 90,000 euros to the pension
system.

3The fertility rates in Germany, Spain, and Japan remain below the replacement level.

4Our model is applicable to both married couples and couples under common-law marriage if there is a household public
good (here, children).

SConsistent with de la Croix and Doepke (2003) and Gobbi (2018), we consider both child quality and quantity as household
public goods.

¢The justification of this setting is that even though fertility and time devoted to childcare are collectively and simultaneously
determined, it is possible to change the amount of time devoted to childcare from what is planned today, which indicates a
lack of commitment (Rasul, 2008). In addition, there is no way of monitoring a certain amount of childcare duties performed
by the other partner (Pailhé and Solaz, 2008). Therefore, we assume such a sequential decision setting.



time investment in childcare is not credible, and each partner’s child-caring decisions are unobservable
to the other. Allowing for this fact, the present study theoretically considers that households do not
commit to decisions regarding the time supplied toward childcare and non-cooperatively determine the
time.” In our model, childcare time includes the time that parents devote to improving the quality of
their children’s non-cognitive and cognitive skills, as well as the time that they simply spend with their
children. Therefore, childcare time includes the qualitative aspect of educational investment in children
(Del Boca et al., 2014).8

Our model allows child quality as well as child quantity to have external effects on society, which
corresponds to a driving force that is considered as the reason for the inefficiently low fertility, discussed
in previous studies. Heckman (2006) and Heckman and Masterov (2007) empirically demonstrate that
an increase in child quality improves health conditions in the local area, promotes social skills, and
reduces both crime rate and high school dropout rate. This finding implies that child quality has external
effects on society.

In addition, we introduce external childcare services offered by centers, which can be substituted
for spousal childcare time. Examples of such services are external early childhood education facilities,
preschools, and cram schools. In this extensive model, we compare the effectiveness of the subsidy for
center-based childcare services to that of direct child subsidies.

We allow the government to employ commodity tax, linear income tax, (direct) child tax/subsidy
(tax/subsidy on/for child quantity), and tax/subsidy on/for center-based childcare services in order to
correct the suboptimal low fertility levels. We note that many countries face the issue of securing tax
revenue due to cumulative budget deficits and increasing social security expenditure. In addition, a
revenue source of subsidies for childcare should be collected in the absence of a lump-sum tax in the
real-world tax system. Therefore, this study adopts the revenue-constrained optimal tax framework,
originally contributed by Ramsey (1927) and extended by Diamond and Mirrlees (1971a, b) and Mirrlees
(1971). This study allows policymakers to employ differential income tax rates for a couple (husband
and wife), that is, the so-called gender-based income taxation system.® We also analyze the case of a
common income tax rate on the husband and wife.

We demonstrate that, as a result of comparative statics of couples’ behavior due to changes in taxes,
an increase in labor income tax enhances fertility. This theoretical result is consistent with the empirical
result of Baughman and Dickert-Conlin (2009), showing that a reduction in income taxes decreases the
fertility rate. Under our optimal tax framework, income taxes, not the child tax/subsidy, play a vital
role in improving the low level of fertility caused by the non-cooperative behavior of spouses. In other
words, income taxes have a double dividend in that they increase tax revenue and correct the low fertility

level caused by non-cooperative behavior. Child tax/subsidy mitigates the deadweight loss induced by

"Browning et al. (2014) state that spousal behavior must be observable to each other to achieve a Pareto-efficient allocation.

8Del Boca et al. (2014) indicate that time inputs of both parents are extremely important in the cognitive development
process, particularly for young children.

9We provide several citations of previous studies examining gender-based income taxation in the last paragraph of Section
2.



income tax and corrects the external effects of children on society, in addition to allowing for own
price-induced deadweight loss. Specifically, under the availability of lump-sum taxes and absence of
externality of children on society, the optimal intervention for children is to ambiguously impose a tax
to alleviate the distortion on labor supply induced by income taxation for correcting the non-cooperative
behavior. Even if lump-sum taxes are unavailable, the child tax is likely to be optimal as the required
tax revenue becomes larger or the degree of external effects of children on society reduces. Based on
this result, it appears that child subsidy tends to become optimal as the required tax revenue is reduced
or as the degree of external effects increases. However, in our model, it is analytically unclear whether
this relationship is valid. This question is clarified through our numerical analysis. As other important
results, the subsidy for center-based childcare services becomes optimal provided there is an externality
of children on society and the difference in the bargaining power of spouses is not significant. The role
of the subsidy is to correct the externality of children on society, but not to improve the low fertility
associated with spousal non-cooperative behavior.

Our numerical analysis offers useful policy suggestions by investigating the impact of changes
in several parameters on optimal tax rates. We observe that the optimal intervention on children
tends to provide a subsidy as the revenue requirement reduces or as the degree of the external effects
increases. As a major concern, we also investigate the ranking of the direct child subsidy and subsidy
for center-based childcare services. The result shows that the subsidy rate for center-based childcare
services is more likely to be higher (lower) than the direct child subsidy rate as the required tax revenue
increases (decreases). We discuss the intuition underlying this result. We also numerically prove that
the introduction of childcare facility always improves welfare, increases child quantity, and raises child
quality under the optimal tax framework. In addition, we examine how a difference in spousal wage
rates and that in the bargaining power between spouses affect the income tax rate of both husband and
wife, which corresponds to the analysis of gender-based taxation.

Based on our theoretical and numerical results, we suggest the following policy implications for
family policies to improve the suboptimal low fertility rate under a revenue constraint. First, we
show that income taxation is effective in improving the fertility rate rather than direct child subsidy
when the non-cooperative behavior of couples is the key factor underlying the low fertility rate. This
policy suggestion is supported by empirical evidence, as in Jones and Tertilt (2008) and Jones et al.
(2010), who show that fertility is negatively related to the wage rate in most countries at most times.
Consequently, if the low fertility rates in the OECD countries that adopt direct child subsidies arise due
to the non-cooperative behavior of households, we recommend an upward shift in the income tax rate
and a downward shift in direct child subsidies as a policy reform, which may lead to a direct child tax.
This is a novel conclusion in our model that contrasts with the findings of prior studies emphasizing that
Pigouvian (or corrective) child subsidies are desirable. Second, although child subsidy is generally not
a useful method for enhancing the low fertility rate caused by households’ non-cooperative behavior,
it is required if the degree of the externality of children on society is crucial. When policymakers

aim to improve the TFR by correcting the under-provision of child quality that arises from the non-



cooperative behavior and external effect of children on society, they may employ a combination of
income taxation and child subsidy. Third, our theoretical and numerical results show that a childcare
facility enhances the fertility rate, and child subsidy is not an effective device for improving the low
fertility rate caused by the non-cooperative behavior of couples. These findings explain why pro-
natalist policies implemented by France, Belgium, and Norway are successful, while those executed
by Germany seem to be ineffective: fertility rate has improved in countries that provide more public
childcare, such as France, Belgium, and Norway, while it continues to remain low in countries with high
subsidies for childbearing, such as Germany (Doepke and Kindermann, 2019). The government has
an option to introduce childcare facilities rather than direct child subsidies. Fourth, childcare policies
under the fulfillment of the provision of childcare facilities depend on the government’s required tax
revenue. From the result that the subsidy for center-based childcare services is more likely to be higher
(lower) than the direct child subsidy as the required tax revenue becomes larger (smaller), we suggest
that a subsidy for center-based childcare services is desirable for countries that can collect large tax
revenues (e.g., developed countries), while the direct child subsidy is suitable for countries that cannot
collect large tax revenues (e.g., developing counties).

The remainder of the paper is structured as follows. The next section discusses related literature.
Section 3 describes our model, and Section 4 provides solutions for our model. The approach of optimal
taxation is analyzed in Section 5, and a childcare facility is introduced as an extension to the model in

Section 6. A numerical analysis is undertaken in Section 7. Section 8 concludes the study.

2 Related Literature

This study constructs a model based on the non-cooperative behavior of couples who underinvest in
child quality, leading to a suboptimal low child quantity, and examines the optimal tax structure that
plays a corrective role as an efficiency-enhancing device under a revenue constraint. In this respect,
our study is mainly related to three strands of research. First, several previous works have investigated
the structure of a household’s decision making style. In the traditional framework, households are
considered as a single decision making agent, which is known as the “unitary” approach initiated by
Samuelson (1956) and Becker (1974). Owing to a lack of empirical support for the unitary model
of households, Apps and Rees (1988) and Chiappori (1988, 1992) propose a “collective” approach,
allowing for bargaining power between spouses and assuming that households achieve a Pareto-efficient
allocation.!® A common assumption of the unitary and collective approach is that intra-household
behavior is efficient. However, recent literature has increasingly employed the non-cooperative model
in which allocation is not fully efficient (Konrad and Lommerud, 1995; Cigno, 2012; Gobbi, 2018).!!

10The unitary model ensures an income-pooling result in which a change in the source of household income does not affect
demand if the total income is constant. However, this is empirically rejected by Browning and Chiappori (1998).

'"Non-cooperative family decision making has been adopted in theoretical, empirical, and experimental literature. As
with our model, Konrad and Lommerud (1995), Cigno (2012), and Gobbi (2018) use a non-cooperative model for childcare
decisions. See other related literature on the non-cooperative model, for example, Lundberg and Pollak (1993), Anderberg
(2007), Lechene and Preston (2011), Cochard et al. (2016), Doepke and Tertilt (2019), and Heath and Tan (2020).



The non-cooperative model is supported by empirical evidence. For example, Del Boca and Flinn
(2012) estimate household time allocation between the production of a public good and labor market
work, and find that about one-fourth households act non-cooperatively. Our analysis builds on the
literature studying the non-cooperative model of households.

The second relevant strand of literature concerns the design of optimal taxation for households
consisting of two or more agents.!? In particular, using the self-selection approach (Stiglitz, 1982),
Balestrino et al. (2002) develop a two-type model with non-linear labor income taxation, non-linear
child taxes/subsidies, and linear commodity taxation when households differ in their ability in household
production as well as in the labor market. Corresponding to our model, Balestrino et al. (2002)
consider that both fertility and child quality are endogenously determined.!> However, their model
falls within the “unitary” approach that supports Pareto efficiency and thus, the fertility rate is initially
efficient. In their model, government intervention is justified by equity considerations (redistribution
fromrich to poor) and allocative efficiency considerations (specialization in domestic or market activities
according to comparative advantage). By contrast, we consider another justification for the government’s
intervention, which is to correct the under-provision of household public goods that arises from non-
cooperative household behavior. Using the Ramsey tax framework, our study analyzes optimal tax
policies for improving the suboptimal low fertility rate induced by non-cooperative couples. In a
recent contribution, Meier and Rainer (2015) study gender-based income taxation in the model with
a single household public good and find that marginal income tax rates should be differentiated by
gender based on both the Pigou and Ramsey considerations. In the model, the household public good
is under-provided due to non-cooperative behavior. Even though their setting is similar to our model,
our study differs from their framework in four ways. First, our study considers both child quality and
quantity as household public goods. Importantly, the two household public goods are determined in
different ways and stages; child quantity is collectively chosen first, and child quality is then decided
non-cooperatively. Second, our model allows the government to employ a child tax/subsidy on child
quantity as a direct intervention on the public good. Third, we introduce center-based childcare services,
which can be substituted for spousal childcare time. Fourth, we allow for the externality of children on
society.

The third strand of literature discusses the driving force underlying the low fertility rate in an
economy and then establishes Pareto-improving family policies that may correct the inefficiency. A
major explanation for the reduction in the number of children is that they involve a positive fiscal
externality when the government redistributes from the young to the old (e.g., PAYG transfers). As
argued by Cigno (1992), PAYG transfers lead to a suboptimal number of children, since children,

considered as assets by parents, are no longer required to secure consumption in retirement. Groezen

2There is a growing body of literature analyzing the optimal family tax/subsidy scheme; see, for example, Cremer et al.
(2003, 2011b, 2016, 2020), Schroyen (2003), Brett (2007), Kleven et al. (2009), Meier and Wrede (2013), Frankel (2014),
Apps and Rees (2018), Bastani et al. (2020), and Ho and Pavoni (2020).

3There are other related studies exploring the optimal system of policy instruments under endogenous fertility and child
quality (e.g., Cigno, 2001; Cigno and Pettini, 2002).



et al. (2003) analyze the role of a child allowance scheme when fertility is socially inefficient owing
to PAYG transfers.!4 They show that a child allowance system ensures the first-best outcome under
lump-sum transfers. Another explanation for the suboptimal low fertility rate is that an increase in
children’s human capital enhances the local security level, promotes social skills, and reduces adverse
health conditions as external effects (Heckman, 2006; Heckman and Masterov, 2007). Compared to
these studies, our study proposes a theoretical framework that describes inefficiently low fertility due
to the non-cooperative behavior of couples in addition to the external effects of children on society, and
then provides the optimal structure of family policy measures.

In addition to the above three strands, our study also relates to the literature on gender-based taxation,
which allows tax rates to differ between the husband and wife. Rosen (1977) is the first to argue about
the efficiency gains from employing differential taxation based on gender, while Akerlof (1978) shows
that the use of categorical information, such as age, gender, and disability status, known as “tagging,” is
welfare improving from the perspective of utilitarianism.!> Thus, if the government reflects observable
characteristics in the tax system, it can reinforce the redistributive tax system. Several studies explore
the gender-based taxation system; see, for example, Boskin and Shesinski (1983), Piggott and Whalley
(1996), Apps and Rees (19994, b, 2011), Kleven and Kreiner (2007), Cremer et al. (2010), Alesina et
al. (2011), Bastani (2013), Meier and Rainer (2015), and Komura et al. (2019).

3 Model

Consider an economy comprising H identical households, ¢ where the notation H denotes the number
of households living in a range that the externality of children reaches across the households (see more
details of the interpretation below equation (1)). Thus, H may indicate the country, region, or local area,
depending on the situation. Members of the household consist of a wife (1), husband (f), and children.
The wife and husband collectively decide on the number of children they want, while each spouse non-
cooperatively decides his/her two kinds of private consumption, labor supply in the external market,
and time spent on childcare. Parental time investment in childcare enhances child quality, including
non-cognitive and cognitive skills. A free-rider problem between the spouses generally occurs in the
process of enhancing child quality. Both child quality and quantity positively affect the utility of spouses
as household public goods. Furthermore, we allow child quality and quantity to positively affect society
as externalities.

The government corrects the free-rider problem in the couple and the externalities on society while
facing a revenue constraint. It imposes linear taxes on income for each spouse and implements a

commodity tax and a (direct) child tax/subsidy.!? The child tax/subsidy is a tax/subsidy on/for a child;

14Cigno et al. (2003), Fenge and Meier (2005), and Cremer et al. (2008, 2011a) are among the related literature on family
policy in the presence of fiscal externalities.

15]t is well known that tagging violates the principle of horizontal equity and therefore, is limited in practice.

16We consider that H is an integer greater than or equal to 2.

7By allowing the government to employ a commodity tax, we can check if it is virtually facing a revenue constraint (see
below Proposition 4 for more details). As a result, we can exclude meaningless results so that the child subsidy is optimal to



the amount of the child tax/subsidy proportionally increases with the number of children per couple.
This study considers the case in which the income tax rates on the husband and wife can differ: the
so-called "gender-based taxation." '8 The case with a common income tax rate on the spouses is analyzed
in Appendix E.

We consider the following sequential decisions of the government, the couple, and each spouse in
the couple. First, the government determines the tax rates to collect a given level of tax revenue and
to correct the suboptimal low fertility level. Second, the wife and husband collectively decide on child
quantity. Third, each spouse non-cooperatively decides two kinds of private consumption, labor supply

in the external market, and time spent on childcare.

3.1 Third Stage: Each Spouse in the Couple

For all identical households, each spouse non-cooperatively decides the amount of working time in the
outside labor market /;, time spent by each spouse on childcare activities 4;, and private consumption
of the numeraire z; and another commodity y;. We suppose that children provide direct utility benefits,
that is, children are a consumption good. Spouse i’s utility u; is given by!®
1
Y U+ b))
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where ¢(< 1) is the curvature of the utility of commodity y, ¢(> 0) is that of the disutility of total

+nq + uNgq - c(n),

time use, n is child quantity (i.e., the number of children per couple), ¢ is child quality (i.e., quality per
child), and N(= Hn) represents the total number of children in the economy. The fourth term ng in (1)
positively and equally affects the spouses as household public goods, while the fifth term N g captures
the positive externalities related to child quality and quantity across H households. We suppose that
the source of externality is Ng(= Hng), which is child quality ¢ multiplied by child quantity n of H
households, and u(> 0) denotes the (constant) marginal external effects on society. In this study, the
externalities, described by the fifth term, are called “the externality of children on society." Following

Sandmo (1975), we posit that each couple considers uNg as a fixed parameter. The intuition is that they

return a tax revenue beyond the required tax level to the consumer by checking the sign of the optimal commodity tax rate.
18Gender-based taxation is equivalent to the combination of a common tax rate on both genders and a tax rate deduction
for women. Only women bear the burden of reproductive responsibility during the fertility period, such as the time devoted
toward pregnancy, childbirth, and lactation. It is plausible that a subsidy or tax deduction in allowance must be provided for
these responsibilities.
19 Although sub-utility functions in our model are specified, the generalization of the sub-utility function, such as

um = Zm + 2m(Ym) + @l + hm) + Im(ng) + om(Ng),

ur =zp + 325(yp) + @wr(ly + hy) + 9p(ng) + 0r(Ngq) — c(n),
does not affect the optimal tax/subsidy expressions provided in Propositions 4—6, which are the main theoretical results in our
study. This is because our optimal tax/subsidy rates are expressed in terms of price elasticities.



behave in an atomistic manner, that is, they consider the impact of their own child quality and quantity
on H households to be extremely small. In contrast, the government allows for the external effects of
children on society. c(n) is a cost that only wives bear, depending on child quantity. This cost arises
from the biology of child rearing during the fertility period, such as the time devoted to pregnancy,
childbirth, and lactation (Rasul, 2008).2° The cost function is assumed to satisfy ¢’ > 0 and ¢”’ > 0.

Here, we provide some examples of the externalities of children on society. Improving g enhances
the local security level, promotes social skills, and reduces adverse health conditions as external effects
(Heckman, 2006; Heckman and Masterov, 2007). In addition, as ¢ improves, peer effects that children
produce positive learning spillovers in school life increase. As the external effects of the total number
of children in the economy N, children can learn sociality from the community of children, and parents
can also learn about childcare and receive information about education and medical care from other
couples with children. The increase in N generates synergy effects if ¢ has peer effects.?!

The quality function is given by

b)) :
g= M on " fn —— (Smhm)o- " (sfhf)
(oa (oa g (oa

) 2)

where s; denotes the productivity of spouse i for child quality, and o, which satisfies 0 < o < 1, is
the curvature of the quality function.?2 h;/n represents childcare time allotted to each child. We may
interpret that childcare time /; includes the time spent raising a child, as well as the time for improving
children’s non-cognitive and cognitive skills, such as the time spent reading books to children, time
spent on early childhood education at home, and the cost of the effort to discipline children. Childcare
time h; can be divided into two components: h; = E- + mn, where E,- is the time spent enhancing child
quality, and 7 is the (constant) minimal amount of time spent raising a child; hence, 7# is the total
minimal amount of time spent raising children. If 7 is exogenous, the theoretical results obtained in this
study remain unaffected as long as hi > 0.23 Thus, our setting presented by (1) and (2) is not restrictive.

In our model, the childcare time provided by both spouses affects child quality. Del Boca et al.
(2014) and Lundborg et al. (2014) empirically prove that the time invested by both husband and wife
is important for the human capital accumulation in children. Particularly, Del Boca et al. (2014) find
that in the cognitive development process, the father’s time is almost as important as the mother’s
time, especially for young children, and thus, we assume that the time a father spends with his children

positively affects child quality. In addition, our quality function (2) does not include some commodities

20Rasul (2008) also assumes that only the wife bears the cost function.

21'The additional interpretations are as follows. As the external effects of child quality g, children’s human capital formation
potentially increases the future tax base, which reduces the tax burden on future generations. Moreover, under PAYG social
security systems, the size of a person’s pension benefits depends on the number of children in all households N, as considered
in many previous studies.

22Meier and Rainer (2015) use a similar function for the household public good. However, in contrast to their setting, we
consider both child quality and quantity as household public goods, which are determined in different stages.

23Note that the first-order conditions of /; and n in this setting are identical to (12) and (26), respectively, as long as E- is
positive, that is, h; > Tn.
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as inputs. This assumption also follows Del Boca et al. (2014), who empirically find that the impact of
money on child quality is much more limited than the effect of parental time with children.

Each spouse has a different budget constraint, which is based on the non-cooperative couple model
(Lundberg and Pollak, 1993; Konrad and Lommerud, 1995; Anderberg, 2007; Lechene and Preston,
2011; Cigno, 2012; Meier and Rainer, 2015; Doepke and Tertilt, 2019; Heath and Tan, 2020).2* The

budget constraint of each spouse is
Zi + (L +1)pyyi + YxiPnX + Ynikpn = (1 = ti))wil;, i =m,f, 3)

where ¢, is the commodity tax rate on y;, p is the price of y;, y,; is the share of spouse i on the purchase
of the fertility good, x is the amount of a fertility good that a couple purchases, p,, is the price of x, y,;
is the share of spouse i in the child tax payment or child subsidy receipt, «;, is the child tax/subsidy, #;
(for i = m, f) is the income tax rate on the labor income of spouse i, and w; is the wage rate of spouse
i. Before-tax prices of the numeraire good are normalized by one without loss of generality. The share
of the purchased fertility good and the share of child tax payment (child subsidy receipt) are given for
each spouse at a certain level, satisfying vy, + yxr = 1 and ypn + ¥y = 1.7

The required amount of the fertility good is given by the following function:
X =uvn, “)

for a scalar v. The cost includes food, clothing, medical expenses, and overhead costs needed for
compulsory education.?¢ The ratio of expenditure on nursery schools, tutors, and cram education to the
cost of bringing up a child seems to be large, particularly in developed countries. This expenditure is
related to improving child quality. The extensive case in which such expenditure affects child quality is
discussed in Section 6. To simplify the analysis, we assume that one unit of the fertility good is required
to raise a child, that is, v = 1 (Groezen et al., 2003),%7 and that the shares of the purchase of a fertility
good and child tax payment (child subsidy receipt) are equal, that is, yyx; = yni(= v;) fori = m, f.28

Under these assumptions, (3) can be rewritten as

zi+ (L+ty)pyyi +vi(l + ty)pun = (1 —t))wili, i =m,f, )

24Substantial evidence on the fact that each spouse has his/her own budget constraint has been documented by Pahl (1983,
1995, 2008), Kenney (2006), and Lauer and Yodanis (2014).

25The couple may in part modify their defaults given by yy; and y,; (i = m, f). However, to simplify the analysis, we
assume that the cost shares of both spouses are constant.

26Compulsory education includes fees for lunch, material, stationery, field trip, study tour, and school excursion.

27This simple assumption is also adopted by Groezen et al. (2003).

28[f these two assumptions, v = 1 and yy; = yy;, are relaxed, the third and fourth terms on the left-hand side in (3) can

be rewritten as y,; (1 + )Z:l—;:v) pnvn. Defining 7, = «,/pnv and p,, = p,v, the expression becomes 7y ; (1 + %Tn) Dnll,
in which the additional term 7: : appears compared with the left-hand side in (5). That is, the assumption y,; # y5; allows
the effect of a child tax/subsidy rate to be different across spouses. Consequently, our theoretical results may be somewhat

modified under yy; # yn;, although relaxing the assumption of v = 1 does not affect the results.
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where t,(= k,/pn) is the child tax/subsidy rate on child quantity.

Denoting y,, as y and hence, y as 1 — vy as well as making use of (2) and (5), (1) can be rewritten

as
y</7
g
_ M +(1+ /JH)nl_o— (Smhm)” + (thf) ,
1+¢ o o

©
Yy
ur = (I=tp)welp = (1 +ty)pyyr = (1 =) + t,)ppn + ?

1+¢ o 7
M + (1 + pH)n'™ ($mtm) + (srhy) - c(n).

1+¢ o o

Each spouse decides his/her own labor supply and time invested for childcare, taking their partner’s
childcare time, child quantity, and external effects of children on society as given. Spouse i does not
consider that his/her own childcare time positively affects their partner’s utility. As shown by Rasul
(2008), partners do not commit to supplying a certain amount of childcare duties (i.e., there is no
clause in the marriage contract regarding how much time each parent should spend with their children).
Moreover, actions are unobservable, and there is no way of monitoring the childcare time supplied
by the other partner (Pailhé and Solaz, 2008). Hence, we resort to a Cournot—Nash non-cooperative
game to model the third stage, which leads to a suboptimal low child quality owing to the free-rider

problem.?°

3.2 Second Stage: The Couple

In the second stage, child quantity » is collectively determined as a decision made by the couple. In this
decision, the couple takes the income tax rate, child tax/subsidy rate, and external effects of children on

society as given. The couple’s utility function is a weighted average of the utility of spouses:

u = puy + (1 - puy, @)

where p is the bargaining power of the husband and satisfies 0 < p < 1. The value of the bargaining
power p is assumed to be constant in our model.3° If the couple considers the cost ¢(n) as an important

factor, p would be less than 0.5.3! The couple maximizes u, allowing for /; and /; to be functions

29This assumption is supported by recent econometric evidence from Del Boca and Flinn (2012), showing that one-fourth
of couples under-provide household public goods because of non-cooperative behavior.

30In line with Basu (2006), Komura et al. (2019) consider endogenous bargaining power depending on the relative income
difference between a husband and wife. For simplicity, as per Cremer et al. (2016), we assume that weights are exogenous.

31As long as p = 0.5, even if the husband bears this type of cost as well or it is shared by the spouses, the theoretical results
obtained in this study are unaffected because child quantity is collectively determined.
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of n, which is formulated in the third decision stage.3? This means that the decision about child
quantity is made prior to the non-cooperative decisions regarding /;, h;, z;, and y;. Even though child
quantity and childcare time are collectively determined, it is possible to deviate from what is planned
today, and to non-cooperatively determine the amount of childcare due to lack of commitment and
effective monitoring, as explained above. Thus, we postulate that the couple collectively determines
child quantity prior to childcare time made non-cooperatively by both the husband and wife. In this
setting, the determination process of n is efficient, since the couple collectively decides child quantity.
However, child quantity is at the suboptimal low level because the couple knows that child quality ¢
is under-provided in the next stage even if there is no externality of children on society, that is, y = 0.
This result is analytically provided in Subsection 4.3.

This setting is applicable to housing and healthcare. For example, a couple collectively deter-
mines the design, floor plan, and floor space for a house, and each spouse then non-cooperatively
provides housing maintenance. As an alternative example, the couple collectively decides their medical
insurance, and each spouse then non-cooperatively maintains their own health.

The number of children per couple can be divided into two components, n = n + n, where 7 is the
initially determined number of children, which can be the number desired by the spouse who wants to
have fewer children,3? and 7 is the endogenously determined number. For example, 7 is the minimum
number of children that a couple determines or promises before marriage, and n is the number after
marriage. If each spouse intends to have at least one child before marriage, that is, n = 1, n can be
interpreted as the number of subsequent children determined by the spouses. Throughout the study, the

change in n may be interpreted as that in 7.

3.3 First Stage: The Government

The government maximizes its social welfare under a revenue constraint by manipulating the commodity
tax, income tax, and child tax/subsidy. We presume that the government’s objective function is the
utilitarian optimum based on equal weights between the husband and wife. Owing to the assumption
that couples are identical, the social welfare function is given by W = H(u,, + uy). Since H is constant,

we consider the following objective function of the government, which is given by

74
- Upm + U, (8)
The revenue constraint of the government is
& = tmWmlm + thflf + typy(ym + yf) + Inpnnl, (©)]

32Note that this optimization allows for the budget constraint of each spouse, because u; (i = m, f) in (7) corresponds to
each spouse’s utility given by (6).
3Let n' (fori = m, f) denote the number of children that spouse i wants. 7 can be regarded as min[n"", nf].
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where g is the required tax revenue per household and its level is assumed to be constant. The
government maximizes (8) with respect to #,,,, 77, 1, and #,,, subject to (9).34 Since couples are identical,
the result of this maximization problem coincides with the outcome of the optimization problem that the
government maximizes the sum of all couples’ utilities subject to the revenue constraint that is derived
by multiplying both sides of (9) by H. Since we assume that the social welfare function is utilitarian with
equal weights across spouses, the optimal marginal tax rates only depend on efficiency considerations.
Thus, unlike Alesina et al. (2011) and Meier and Rainer (2015), lump-sum transfers between spouses
to resolve distributional concerns are not required. To make the analysis more meaningful, throughout
this study, we assume that the required tax revenue exceeds the revenue collected from the tax systems

that correct the under-provision of child quality and quantity.

4 Model Solutions

4.1 Spouse

In this section, we analyze the solutions to the utility maximization problem of each spouse in the
couple, and the properties of the labor supply function and childcare function, given uNg.3> From (6),

we obtain the first-order conditions for the utility maximization problem of each spouse with respect to

Vi, l,', and hii
u; _
0= u = —(1 + [y)py + y‘p 1, i= m, f, (10)
dyi l
aui 13 .
0= ol =(1_ti)wi_(li+hi) . l=m,f, (11)
Ou; ¢ -0 o 0-1 ;
Ozah-:_(li-'-hi) +n A hi s l:maf' (12)

Defining the after-tax wage rate as w;(= (1 — ;)w;), (10), (11), and (12) immediately yield

1

yilty) = [(1+1,) py]#7T, i=m,f, (13)

hi(ti, n;wy, s;) = w;#si‘?‘r n, i=m,f, (14)
Li(ti, nywy, 80) = a)l.é - w;ﬁsi‘%n, i=m,f, (15)
hi(ti, ns wi, si) + Li(ti, ns wi, ;) = w%, i=m,f. (16)

34We implicitly assume that the government uses its tax revenue to purchase a public good G, satisfying G = Hg, and
provides it to consumers. In addition, we assume that the public good is additively separable in each spouse’s utility, that
is, u; + G. Thus, the precise expressions for the couple’s utility function and government’s objective function are u + G and
% + 2G, respectively. From these functional forms and constant G, due to the fixed revenue requirement, we find that the
optimal conditions presented hereafter are not affected by G. Therefore, our results remain valid even if the constant public
good is explicitly introduced into the utility functions.

o | Gmbmtm,n)7 | (srhy(ip.m)”
o o :

351n (6), uNg corresponds to uHn'~
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The aggregate time for the external labor market and domestic childcare, as given by (16), depends only
on the after-tax wage rate w; and the parameter of the sub-utility function ¢ due to a quasi-linear utility
functional form. From (14) and (15), the time spent on domestic childcare and the external labor market
is affected by the productivity of the household production s;, child quantity n, as well as the after-tax
wage rate w;. From (13), the commodity y; depends only on the tax-inclusive price and parameter of
the sub-utility function ¢.

From (14) and (15), we obtain

hin (E %) =—liy (E %) = w;ﬁsi'% >0, i=m,f, (17)

his, (z Z_Z) = Iy, (z g—i) - (+%) WS N0, i=m,f, (18)
hiw, (E Zf)l,) =— (%) w;'z%‘;rsi'%n <0, i=m,f, (19)

liw (s iﬁi) - éw]f " (ﬁ) WS> 0, i=mf. (20)

Equations (17) and (18) show that the amount of time spent on childcare increases while time spent on
the external labor market decreases with child quantity » and childcare productivity s;. These results
are very intuitive. The increase in n obviously requires more time to be spent on childcare. The increase
in s; enhances the marginal utility of 4; through a change in ¢, and hence, the time spent on childcare
increases with s;. The amount of increase in /; is the same as that of a decrease in /; because n and s;
do not affect aggregate time h; + /;, that is, h;, + l; = 0 and h;g, + l;5;, = 0, as shown by (17) and (18).
This is also confirmed by (16). From (19) and (20), w; has the opposite effects on /; and /;: time spent
on childcare decreases while time spent on the external labor market increases with the after-tax wage
w;. However, the amount of increase in /; exceeds the decrease in 4;. From (19) and (20), we have

1 e
hiw, + liw, = ?ﬂ >0, i=m,f, (21)

1

which implies that income taxation yields price distortions.
A comparison between the time allocation of the wife and that of the husband is also obtained from

(17)—(20). The results are summarized in the following proposition.

Proposition 1. Suppose that at least one of w; > w; and s; < s; is strict. Then, (i) l; > 1}, (ii) h; < h;,
(iii) hin < hjn» and (iV) _lin < _ljn-

Proposition 1(i) is obtained from (18) and (20), and 1(ii) from (18) and (19). We also confirm these
results from (14) and (15). Propositions 1(i) and 1(ii) show that the couple’s time allocation is similar
to Ricardo’s comparative advantage in the theory of international trade. Propositions 1(iii) and 1(iv) are

obtained from (17). They indicate that an increase in child quantity creates more childcare activities and
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less labor supply in the external market for the spouse with higher s and lower w. In other words, the
presence of children strengthens the movement toward a complete division of labor between domestic
childcare and the external labor market if there are gender differences in productivity, w; and s;. In
our model, a corner solution in child quantity (i.e., n = 0) is possible; however, to obtain meaningful
suggestions, we assume that n > 0 under optimal taxation. Our numerical examples, given in Section
7, ensure that n > 0.

Finally, we show that income taxation yields price distortions on time allocation between /; and ;.
By noting that h;;, = —w;hj,,, and l;;, = —w;l;,, fori =m, f, (19), (20), and (21) lead to

ah 1 —2+0 o .
(= 5] = (125 ) o™ 57> 0 =, 22)
al; 1 Le 1 2o o ,
lis; (E 6_12) = —gwiwi"’ - (m) wiw." 7 s7n <0, i=m,f, (23)
| e
bt + iy = =i, * <0 i=m,f. (24)

Income taxes can change the time allocation between domestic childcare provision and external labor
market: the income tax rate on spouse i increases their supply of childcare time and decreases their labor
supply. Thus, income taxes can play the role of correcting the non-cooperative behavior of spouses, and
then improving child quality. In other words, optimal income taxation would involve the Pigouvian tax
consideration. However, since income tax reduces the total amount of time spent on domestic childcare

and labor market, as shown by (24), it inevitably yields price distortions.

4.2 Couple

In this subsection, we consider the couple’s decision on child quantity. Allowing for (13)—(15), the
couple maximizes (7) with respect to n, given ulNg and all tax rates; this is the collective optimization

problem of the couple.3¢ Equation (7) is represented by

(4 1+¢
u = p (1 - tm)Wmlm(tm’ n) - (1 + ty)pyym(ty) + (ym(ty)) - (lm(tma ) ‘Ifn;(tm, ") } (25)
® Ji , h , 1+¢
+(1 = p) (1 = tp)wrle(tm, n) — (1 + t,)pyyr(ty) + (yf(;y)) - (‘f(tf n) ;L+f¢5t‘f n)) - C(n)}
= (1= P =)+ pYI (1 + ta)pun + (1 + pH)n' ™ [(S’"h’"(;’"’ o e ] |

36n (25), uNg corresponds to uHn'=7

SmPm (tm,n)” + (sfhf(tf’n’))u]
en g :
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Allowing for (11), (12), (14), and (17), the first-order condition with respect to n is given by3?

ou

0 = - ==l0=p)1 =) +py](1+1)ps = (1= p)c'(n) (26)

O_O— + p) (1 - l‘f)thfn(l‘f).

-0
+ ( = +1- p) (1 = t)Wi Hpn () + (

See Appendix A for the derivation of this condition. (26) implies that
n = n(tp, tm, tf). (27)

Although child quantity is collectively determined, it downwardly deviates from an efficient level. This
result has been analytically proven in Subsection 4.3. Here, we provide an intuition for this result.
From (2), we observe that ng = (n'~7 /o) [(smhm)‘f + (thf)g] , which shows that a smaller /; lowers
the marginal utility of n. With the spouses non-cooperatively taking care of their children in the third
stage, the amount of 4; is under-provided. Thus, child quantity is also under-provided.

Totally differentiating (26) with respect to n, t,,, tr, and t,, and using (17) yields the following

results: L.
on [1+(1=p) (1%)] Wnwn ™ s ™
=—|= z 0, 28
Ny, ( atm) (1 _p)c// > ( )
_1 o
Con\ 1+ p (e wre, s
I’ltf = % = (1 — p)c" > 0, (29)
on 1-p)(-v)+ n
n,, (E g) - K p)((1 - py))c prlon (30)

From (28)—(30), we obtain the following proposition.

Proposition 2. (i) n;, > 0 fori = m, f, and n;, < 0. (ii) Suppose that p = 0.5. Then, if w; > w; and
s; < sj with at least one strict inequality, ny; < ny;. (iii) Suppose that wy, = wy and sy, = s¢. Then, if

> <
p= 0.5, ny,, = Ny

Proposition 2(i) shows that child quantity increases with a rise in income tax rates. As mentioned
above, children are under-provided because both spouses are aware of the non-cooperative behavior
toward childcare in the next stage. Since the time spent on childcare increases with income tax, as
shown by (22), child quality is improved with the income tax rates and then child quantity is also
improved. This result has an interesting policy implication, that is, income taxation raises tax revenue
and improves the low fertility level. There is overwhelming empirical evidence on the fact that fertility
is negatively related to the wage rate in most countries at most times (Jones and Tertilt, 2008; Jones et
al., 2010), which supports our theoretical results. Although income effects due to a reduction in income

have a negative impact on the fertility rate, the decrease in after-tax wage lowers the opportunity cost

37From (17), we observe that h;,(¢;) fori = m, f.
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of having children. As a result, the former effect is not significantly large; therefore, the increase in
income tax can raise the fertility rate.

As discussed in the last part of Subsection 3.2, if n = 1, the change in n can be interpreted as a
change in the subsequent number of children after the first child. Baughman and Dickert-Conlin (2009)
empirically show that income tax deductions decrease the number of subsequent children after the first
child, and this evidence supports the first result in Proposition 2(i).

The second result in Proposition 2(i) shows that direct child subsidy unambiguously raises the
fertility rate. The intuition of this result is straightforward. Proposition 2(i) shows that both the high
income tax rate and low child tax (or child subsidy) rate increase child quantity. In this context, the
important question arises: which of these two instruments plays the role of correcting the low fertility
rate caused by non-cooperative behavior in a revenue-constrained optimal tax framework? This is
examined in Section 5.

From Proposition 2(ii), we observe that the income tax imposed on the spouse with lower productiv-
ity in the external labor market and higher childcare productivity yields a higher birthrate-improvement
effect. This is because, as shown in Proposition 1(iii), an increase in the income tax on this spouse
yields larger marginal effects on childcare time.

Proposition 2(iii) shows that an increase in the income tax rate on a spouse with lower bargaining
power induces a couple to have more children. In other words, although income taxes improve child
quantity, the impact of income taxes on a spouse with higher bargaining power is limited. Without
loss of generality, we consider a case in which the husband’s bargaining power is larger (i.e., p > 0.5).
Notice that an increase in #,,, directly decreases the husband’s disposable income, although the increase
in #7 does not directly affect his disposable income. Given this fact and /,,,, < 0, the husband desires
fewer children to mitigate the reduction in his private consumption when t,, increases than when #¢
increases. Thus, since the couple’s decision about n considers the husband’s utility as being more
important, the increase in n is further mitigated when 7,, increases than when 7 rises.

Before analyzing the government’s optimization problem, we provide the functions of #; and /;,
which allows for (14), (15), and (27) as

hi(ti’ n(tn’ Im, tf))9 li(ti, n(tn’ I, tf)), i= m, f (3 1)

These functions involve information about the decision made in the second and third stages. Allowing

for (31), the government maximizes social welfare subject to the tax revenue constraint.

4.3 Pareto-Efficient Allocation of Time and Number of Children

The objective of this subsection is to justify the government’s intervention for correcting the inefficiently
low fertility due to the non-cooperative behavior of couples. To this end, we compare two allocations
without the government’s intervention: a Pareto-efficient allocation and a household allocation in our

non-cooperative decision making model. If child quantity under the non-cooperative setting deviates
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from the socially efficient level, then an efficiency-enhancing policy intervention is desirable. First,
we derive a Pareto-efficient allocation without the government’s intervention, which corresponds to a
maximization problem of one partner’s utility subject to a given level of the other partner’s utility and
the resource constraint without taxes or subsidies. To focus on the inefficiently low fertility rate, due
to the couple’s non-cooperative behavior, we assume that there is no externality of children on society,
that is, 4 = 0. The Lagrangian is expressed by

max L = z,+ Ym _ (o + ) 77 4l (Smhm) + (shr) (32)
Zms Zfs Yo Yf»> bms @ 1+¢ o o
lf’ R, hfa n

+_
¥ ¢ 1+¢

+ & (Wil + Wrly — 2m — 25 = Py(Ym + Y£) — Pnn)

1o
+{ v _ k)0,
a ag

(Smhm)o- " (thf) ] — c(n) - ﬁf}

where uy is the reservation utility of a wife, and ¢ and { are Lagrange multipliers.3® The first-order

conditions are

=1-=
0= o Z, (33)
0=9%£_,_ Z, (34)
8Zf
oL
0= 5o =y~ Lpy (35)
0L
0= y; Lyf - {pys (36)
0=2£__ (b + hn)? + LW, (37)
Al
0= aL (lf + hf) + Z;Wf, (38)
ol
0= aaTL = = (I + hm)? + (L + 00" 7sqHG 7, (39)
a'L -0 .o730-1
0= ahf (lf+hf) +(1+0n S¢ hf , (40)

0= oL =1+l -0 7
on

—1c’(n) = {pn. (41)
o

(Smhm)o- n (sfhf)(r
a

Before comparing child quantity between the two cases, to avoid any confusion, we denote child quantity

under the Pareto-efficient allocation by n”F and that under the non-cooperative case by n’V¢ .39 Using

38Note that g is replaced by the right-hand side in (2).
39Note that n/VC is child quantity under the non-cooperative case when there are no taxes or subsidies.
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(33)-(40), (41) can be rewritten as

o 1-0 - o - o 1 , 1
nPE:O:err( )(W,‘n”s,'n"+w}”s}")—§c (nPE)—Epn. (42)

See Appendix B. Equation (42) determines n”£. We next derive the condition that determines child
quantity under the non-cooperative case. Given t; = 0 fori = m, f and t,, = 0, substituting (17) for A;,
in (26) yields

nN€ 0 =-(1-p)c’(N) = [(1 - p)(1 =) + py] pa (43)

l-o e e (1-o R
+ +1-p|lw,y,7s,;,7 + +p|lwy s,
o

o

which determines nV€.

To clarify the effect of non-cooperative household behavior on child quantity, we consider p = 0.5;
that is, we eliminate the difference between the bargaining power of the spouses. In this case, (43) can

be rewritten as

-0 1 g o 1, 1
nNC:0=( = +§) (w,‘,;"s,;;”+w}’”s}’”)—§c (nNC)—Epn. (44)
Noting that ¢(n) is a strictly convex function, from (42) and (44), we observe that nP* > nV Cif

21 (1‘7“) - Lo _ 1= (o)) > 0. We can prove that 7(c) > 0 for any 0 < o < 1 (see Appendix C).

o 2
Therefore, n©'E > n™NC. This is summarized in the following proposition.

Proposition 3. Under p = 0.5 and u = 0, if a couple non-cooperatively provides the childcare time,

PE NC 40

the number of children per couple is under-provided, that is, n" = > n

Although nP® in Proposition 3 is realized under a given situation in which childcare time and
child quantity are collectively and simultaneously determined, the collective decisions with different
stages also attains n”’F. Indeed, even if child quantity is collectively determined prior to the collective
decision concerning g, it achieves the same level as that under the Pareto-efficient allocation, that is,
nPE = n€, where n® denotes child quantity under the collective case in the sequential decision making
(see Appendix D). Thus, when p = 0.5 and u = 0 hold, the low fertility rate is attributable to only the
non-cooperative household behavior.

Furthermore, this argument holds even under the introduction of a childcare facility in Section 6.4!
This implies that, the time children spend in a childcare facility does not solve parental underinvestment

in childcare owing to the non-cooperative household behavior, although it improves child quality.

40Since couples are identical in our model, nPE > nNC results in HnPE > HnNC. Thus, the total number of children in
the economy also deviates from the socially efficient level.

41'We provide an outline of the proof. First, we conclude that nE > n™N € holds even in the presence of a childcare facility
using 7r(o") > 0 for any O < o < 1, which is shown in Appendix C. Furthermore, using a similar method in Appendix D, we
can show that nPE = n€ holds even under a childcare facility.
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5 Optimal Taxation

In this section, we examine the optimal structures of both the income tax and child tax/subsidy. The

income tax rates can be differentiated across genders, which is the so-called “gender-based taxation.”

The case with a common income tax rate for a couple, which is a more restrictive and realistic tax

system, essentially yields similar results as the case with gender-based taxation (see Appendix E). By

allowing for (13), (27), and (31), the government’s objective function (i.e., the government’s welfare

function per household) and tax revenue constraint are represented by
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The government maximizes social welfare (45) under the tax revenue constraint (46) by manipulating

ty, tm, tr, and t,,. We define the Lagrange function as L and the Lagrange multiplier on the revenue

constraint as A. Allowing for (17), the first-order conditions with respect to ¢y, t,,,, t, and t,, are given

by
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From these conditions, we first provide the optimal tax expressions and then discuss the optimal tax
structure.

First, we examine the optimal tax rate on commodity y. Using (10) and (47), we immediately

observe that

ly B
ry | = ==, 51
Y ( 1+ ty) E ©1)
(I+ty) 7 +Y75) .. . .
where g = 124 and £ = —(;m—iyf)yf.“ This is a standard Ramsey tax expression, and the optimal

tax rate on commodity y follows the well-known inverse elasticity rule. Let us consider the case in
which a lump-sum tax is available for the government, that is, the government does not virtually face
a revenue constraint. We consider a lump-sum tax equal across spouses and denote it by #,,,,,,. Since
a couple consists of two spouses, 217, is subtracted from the government’s welfare and is added to
the revenue constraint. Thus, the first-order condition with respect to #7,,p is that #7,,p : 0 = =2 — 24,
which leads to 4 = —1, and hence, B(= (1 + 1)/4) = 0. Therefore, the optimal tax rate on commodity
y is zero. This is a natural consequence of the optimal tax theory under a revenue constraint. However,
this consequence does not hold for the optimal income tax and child tax/subsidy in our model, as shown
below.

Next, we explore the optimal income tax rates for the spouses. Using (11), (12), and (50), (48) and

(49) can be rewritten as the following conditions (see Appendix F):

tm 2 0= =1 + VWil — AW, + (1 + 2uH)(1 = ty) Wi by, + (1 + /l)pnnn,_nlntm, (52)

“2Note that y(= dy;/dty) = py(dy;/d[(1 + ty)py]). Thus, E is the own-price elasticity of commodity y.
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These conditions explain the impact of the income taxes clearly and intuitively. The first two terms
reflect the price-distortion effects on resource allocation between the working time and the consumption
of the numeraire. These terms are related to a standard Ramsey tax implication. In our model, income
taxes also alter the time allocation from the external labor market to childcare time. This effect is
described by the third term, which involves corrective taxes for non-cooperative behavior, taking into
account the externality of children on society. The fourth term reflects the impact on child quantity.
Although child quantity is inefficiently under-provided in our model, this term does not reflect the
correction of the suboptimal number of children but is related to the tax-induced price distortions under
a revenue constraint. To confirm this, we consider the case in which a lump-sum tax is available. As
shown above, the availability of a lump-sum tax leads to 4 = —1, and hence, the fourth term vanishes.

Before presenting the optimal income tax expression, we define some elasticities as
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n

where we use the definition of w;(= (1 — #;)w;). 1n; is the (after-tax) wage elasticity of labor supply
and ¢; the (after-tax) wage elasticity of childcare time. 6; is the wage elasticity of child quantity and
involves the effect of w; on n determined in the second stage. § can be interpreted as the price elasticity
of child quantity.43> Note that all elasticities are defined as positive values in this study. In addition, we

adopt the following definitions:

(1 + tn)pnn

i (I —t)w;h; i
nl (1= t;)wil;’

i = (1 = t)ywil;”

(0%

=m,f. (55)
i
X :
cost, and a, , is the expenditure share of childcare expenses on after-tax labor income. The tax rates are

defined by

is the ratio between the after-tax labor income and value of childcare evaluated by the opportunity

ti . In
s i=m, f, 1, = .
-4 fom 1+1,

rp =

(56)

Note the following three points concerning the definitions of r;. First, from the definition of r;, we
observe that dr;/dt; = 1/(1 — t;)> > 0 and dr,/dt, = 1/(1 +1,)> > 0. Second, allowing for the first
property, we observe that 7, z tf & 1y z rr. Third, the sign of r; is the same as that of #; since

t; < 1fori = m, f, while the sign of r, is the same as that of #, since #,, > —1. Given that the optimal

“3Note that ny,, (= 0n/0ty) = pn(0n/d[(1 + ty)pn]). Thus, § is the price elasticity of child quantity.
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tax expressions of r; and r,, are very simple and intuitive, we treat them to examine the properties and
structure of #; and #,, at the optimum.

Using (54)—(56), (52) and (53) are transformed by the following optimal tax formula, respectively
(see Appendix G).

Proposition 4. In the endogenous fertility model, the optimal income tax rates are given by

8 (1 + a;;;%m) +(1+2uH) (1 - B)ale,,
Im = - , (57)

B(1+al, %)+ (1 +2um) (1 - oo

o (58)

nr

where B = HTA and hence, 1 — B = —%.

We first discuss the sign for optimal income tax rates. Although 1 — 8 > 0 holds from 4 < O,
the sign of S is unclear. However, equation (51) shows that 8 < 0 holds if and only if the optimal
commodity tax rate is negative. This condition implies that revenue from the tax systems, which correct
the under-provision of child quality and quantity, exceeds the required level g, and thus, tax revenue
beyond the required level is returned to the consumer through the negative commodity tax.## This case
is meaningless since the government does not virtually face a revenue constraint. Therefore, we assume
that § > 0 holds, that is, revenue from tax systems correcting the under-provision of child quality and
quantity does not satisfy the required level.4> Under 8 > 0, the optimal income tax rates are positive
from (57) and (58).4¢

We next provide an interpretation of elasticities n;, &;, 8;, and ¢ in the optimal income tax expression,
in relation to gender-based taxation. First, elasticity n;, which is in the denominator, is related to price
distortions between the consumption of the numeraire and working time in the outside labor market.
The optimal income tax rate r; decreases with 7;, given that the other elasticities and expenditure shares
are constant. To clarify this, let us consider the case in which 0,, = 0¢, &, = &7, @), = arﬁ ;> and
a/,’l’; = aﬁl. In this case, from (57) and (58), we observe that r,, ; rf & Nm § ny: a higher tax rate
should be imposed on the income of the spouse with smaller wage elasticities of labor supply, which

44We should also rigorously consider elements other than the component correcting the under-provision of child quality
and quantity, which appear in the optimal child tax/subsidy formula. As shown by (61), the other elements mitigate income-
tax-induced distortions and correct the difference in bargaining power between the couple’s utility and government’s social
welfare. Even if we allow for other elements, if the negative commodity tax holds, the fact that the government does not
virtually face a revenue constraint remains true even under this situation.

45We numerically confirm that g is positive in the numerical examples provided in Section 7, regardless of the availability
of a childcare facility.

“6Even if B < 0 holds, the optimal income tax rates are positive when the spouses are symmetric, that is, r, = rg > 0. In
the symmetric case, if ry, = re < 0 holds, the optimal child tax rate r;, is also negative from (61). However, it cannot satisfy
the revenue constraint (46) since the signs of all tax rates are negative. Thus, even when 8 < 0 holds, the optimal income tax
rates are positive under the symmetric cases.
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implies that the optimal gender-based taxation involves the Ramsey inverse elasticity rule (Boskin and
Sheshinski, 1983).

Second, elasticity g; relates to the corrective effects regarding underinvestment in childcare and
the suboptimal low fertility level. Income taxation corrects the inefficiently low childcare time due
to non-cooperative behavior, as shown by (22), and thus, enhances child quality, which leads to an
improvement in child quantity. This implies that income taxation has a double dividend: it can increase
tax revenue as well as correct the low fertility level caused by non-cooperative behavior. As shown
by (57) and (58), the optimal income tax rate r; increases as &; increases, ceteris paribus. Regarding
relative tax rates, we observe that r,, ; rf = &m ; gy if the other elasticities and all expenditure
shares are equal between a wife and husband. Another implication is that the corrective effect of income
taxes should be considered as being more important as yH increases, where yH denotes the degree
of external effects of children on society.4” This is because the effect of underinvestment in childcare
due to the couple’s non-cooperative behavior on society exacerbates as the external effects becomes
a more important factor in social welfare. Thus, when the value of uH is larger, more time spent on
childcare should be induced by higher income taxes to improve g and then n, which leads to an increase
in N(= Hn). As aresult, when uH increases, higher income taxes must be recommended to improve
N. Consequently, in a non-cooperative setting, income taxation is required to correct the effect of
underinvestment in childcare due to non-cooperative behavior not only on each spouse in a couple but
also on society. In contrast, in a cooperative setting, the second terms in the numerator of (57) and (58)
vanish, and thus the change in uH does not affect the optimal income tax rate of each spouse.

Finally, we discuss the relationship between the optimal income tax rates and the ratio of the
elasticities 6;/6. Since 60;/6 includes —ny, /n;, (i = m, f), we observe that it reflects the impact of
income tax on the child tax/subsidy through a change in child quantity. Given that —n;, /n;, > 0 from
(28)—(30), the increase in ¢; (i = m, f) raises t,,.#® The increase in #,, reduces n and then the decrease in
n increases labor supply, as shown by (17) and (30). As aresult, an increase in #,, mitigates the reduction
in labor supply induced by income taxes. Therefore, if the other elasticities and all expenditure shares
are equal between a wife and husband, a higher income tax rate should be imposed on the spouse with
a higher 6;/6, that is, r,, E rr &= 6 E fr. Notice that this term is the Ramsey tax consideration
under a revenue constraint: if a lump-sum tax is available (i.e., § = 0), the consideration is not needed
under optimal taxation.

Here, we provide the optimal child tax/subsidy expression. Prior to that, we define

nlin

Xi=—=" >0 i=mf. (59)

xi denotes the elasticity of working time in the outside labor market with respect to child quantity.

47In (57) and (58), uH is multiplied by 2 since the government’s weights on each spouse are equal to one.
48The mechanism through which #; increases ¢, is as follows: an increase in #; raises n and then the increase in n leads to
an increase in #,, owing to a rise in the tax base of ¢, (i.e., the rise in p,n).
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Using (11), (12), (14), (17), and (26), (50) can be rewritten as

tn o 0= =1+ D)punn;' = AtmWimlmn + tywrlpn + tapn) + (1= ty)Winlyn + (1 = tp)wylsy (60)
— (L + t)pn = 2(1 + uH)p(1 = ty)Wimlmn = 2(1 + uH)(1 = p)(1 = tp)wrlsy
+[2(1 + pH)(1 = p) = 1]c" + 2(1 + pH)[(1 = p)(1 = y) + pyI(1 + t,)pn.

Applying (54)—(56) and (59) to (60), we present the optimal child tax/subsidy expression in the following
proposition (see Appendix H).

Proposition 5. In the endogenous fertility model, the optimal child tax/subsidy is given by

B rm)(m+rf/\/f

n = g + a;r; a{:l + (1 = B)A, (61)
where
A = {[1 =21+ pH)p) 2t +[1 = 2(1 + (1 —p)]%} 62)
nl nl

[1—2(1 + uH)(1 - p)]c’
(1 +t,)pn

+ {1 =2(1 + pH) [(1 = p)(1 = y) + py]}.

The first term B/6 in (61) shows its own price distortion on child quantity that is in line with
the Ramsey tax implication: the direct child tax/subsidy rate should be inversely proportional to the
own-price elasticity . The second and third terms are related to the deadweight loss created by income
taxes. Noticing that y;(= —nl;;,/I;) includes [;;, and that y; is multiplied by the income tax rate r;, we
observe that r; y;/ a/,il reflects the effects of #,, on income-tax-induced distortions on the labor supply
of spouse i through a change in child quantity. Since a larger y; reflects a larger response of /; due to
the change in n, the larger y; implies that an increase in the child tax leads to a higher reduction in the
income-tax-induced deadweight loss. Thus, as the second and third terms increase, the child tax tends
to become more desirable. The last term A allows for the bargaining power between the spouses p and
degree of external effects uH.

To obtain an intuition of the optimal child tax/subsidy more clearly, let us consider the case in which
the bargaining power is equal across spouses (o = 0.5), there is no externality of children on society
(u = 0), and a lump-sum tax is available (8 = 0). We will discuss p, u, and 8 in the optimal child
tax/subsidy later. In this case, the first term in (61) vanishes and A|,_¢ 5 ,—o = 0; thatis, A is generated
when the weights are different between the spouses in the couple’s utility function (o # 0.5) or when
there is an externality of children on society (u # 0). Assuming that u =0, p = 0.5, and 8 = 0, (61)

can be rewritten as

-
Fp = rm/r\/nm AT, (63)
@ wrfl

This shows that the child tax/subsidy is not zero even if a lump-sum tax is available: the optimal
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intervention for a child is to unambiguously impose a tax. The income tax acts as a device to correct
underinvestment in childcare and, hence, improves the suboptimal low fertility by enhancing child
quality. However, income taxation reduces the aggregate working time /; + h;, which implies the
deadweight loss. To partially repress the distortions, the optimal intervention for child quantity is to
impose a tax because child tax lowers n, as shown by (30), and the decrease in n raises /;, as shown by
(17).

Here, by providing optimal income taxes when u = 0, p = 0.5, and 8 = 0, we further clarify the
explicit role of the direct child tax/subsidy. Under these conditions, (57) and (58) can be rewritten as

ri=@>0,i=m,f. (64)
i

From (63), (64), and Proposition 2(i), we undoubtedly observe that income taxation, not direct child
subsidy, plays the role of correcting the low fertility rate arising from underinvestment in childcare
due to the non-cooperative behavior of the spouses. Income taxes can directly correct the inefficient
decision on childcare time and hence, enhance the low fertility rate by improving child quality, given
that the decision on child quantity is made prior to the determination of childcare time. However, the
direct child subsidy does not create such effects since it cannot directly improve child quality. Thus,
income taxation is a more effective policy instrument for improving low fertility stemming from the
non-cooperative behavior of spouses for childcare.

Now, we turn to exploring the implication of the last term A, which relates to the bargaining power
between both spouses p and the degree of the external effects uH. First, to focus on the role of the

spousal bargaining power, consider that u = 0. Then, (62) can be rewritten as

o[ X xm ' _
Alyo=(@2p—1) o Trop 27)]. (65)

Totally differentiating (26) with respect to p and n and making use of (17), (55), and (59), we obtain*®

’

(1 +t)pn
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+(1=2y)|. (66)

(1+ tn)pn]
c”(1-p)

See Appendix I. Noting that 1 —p > 0, 1 + ¢, > 0, and ¢” > 0, from (65) and (66), we observe that

on

Alzg 2 0= (p-0.5) (%

>
) = 0. (67)
First, we clarify the meaning of (67). Without loss of generality, we assume that p > 0.5: the
bargaining power of the husband is larger than that of the wife. If dn/dp > (<)0, the husband wants
to increase (decrease) child quantity. Under p > 0.5, children are over-born (under-born) for the

government, because the government places equal weighs on the spouses in the welfare function. Thus,

499n/dp is independent of u because n is determined by the couple ignoring p.
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the government increases (decreases) the child tax rate to decrease (increase) child quantity. Thus,
from (61), the optimal child tax (subsidy) increases with the absolute value of A if A > (<)0. This
argument holds even in the case where p < 0.5, that is, the wife has more bargaining power than the
husband. When p = 0.5, since the weights on the spouses are equal between the couple’s utility and
the government’s welfare functions, the government does not need to adj ust the suboptimal low fertility
level caused by a difference in the weights.>® Thus, if p = 0.5, Al,-o =

Next, we explore the determinants of the sign of dn/dp. The sign of dn/dp depends on the three
terms ()(f/aff = Xm/ay), ¢'[(1 + ty)pp, and (1 — 2y) in (66) since ¢”’(1 — p)(1 + t,)pn > 0. First, we
consider the meaning of the term yy/ a/f — xm/a,;. Roughly speaking, as the effect of child quantity
on labor supply of spouse i increases, y;/ a/nl becomes large because y; includes /;;,,. The reduction
in labor supply of each spouse is harmful to them because it reduces their private consumption, while
a part of the labor supply reduction is used for childcare and leads to improvements in child quality,
which is beneficial to both spouses. Consider the condition that y /ari ; — Xm/a,; > 0 holds. Given
(59), this implies a larger reduction in the wife’s labor supply. Under this condition, the husband wants
to increase child quantity in the second stage because the increase in n benefits him without a large
reduction in his private consumption. Thus, an increase in the husband’s bargaining power p under the
condition that yr/ afl ; — Xm/a,; > 0 contributes toward an increase in child quantity. The second term
¢’ /(1 + t,)p, describes the allowance for the cost incurred by the wife. As the bargaining power of the
husband p is large, child quantity increases because the cost c¢(n) is irrelevant to the husband.5! The
final term (1 — 27) relates to the cost burden of bringing up children. If 0.5 > ¥ (i.e., if a smaller cost
burden toward the expenditure of bringing up children is imposed on the husband), then the husband
aims to increase the child quantity and, thus, the final term contributes to becoming 3~ 6" > 0.

Finally, we discuss the external effects of children on society, reflected by uH, and the required tax
revenue, represented by 3, in the optimal child tax/subsidy. To clarify the effects of uH and g in (61),
we consider the case where p = 0.5. In this case, (61) is reduced to

B, mXm  TiXf X X ¢’
rw=2t — (1 - puH +1+ - (68)
"o e T o ol U )

We observe that the direct child tax/subsidy depends on the Ramsey consideration that allows for price
distortion in the revenue-constrained optimal taxation framework, and Pigou consideration that allows
for correcting the externality of children on society. The former is shown by the first term, which
includes 8, and the latter is shown by the fourth term, which includes 1 — 8 and puH. In addition,
the direct child tax/subsidy allows for income-tax-induced deadweight loss. These correspond to the

second and third terms that include the income tax rates depending on 8, 1 — 8, and uH from (57) and

50Tn addition to the non-cooperative behavior of couples and the external effects of children on society, the government
must allow for the difference in social and private welfare as the third factor that causes the suboptimal low fertility rate.

51 As shown in the fourth term in (68), the marginal cost of child quantity ¢’ contributes to the lower tax rate (higher subsidy
rate). To improve the fertility rate, the direct child tax should be reduced. This is true even under a childcare facility. Indeed,
(90) under p = 0.5 yields the same expression as (68).
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(58). Allowing for these facts, we analyze the effects of § and H on optimal child tax/subsidy. The
first, second, and third terms are positive, while the fourth term is negative. Given the sign of each term,
as the required tax revenue increases (as indicated by a larger ) or as the external effects of children on
society reduce (as indicated by a smaller uH), the first term tends to be larger than the fourth term (i.e.,
the Ramsey consideration dominates the Pigou consideration), ceteris paribus. Given that the second
and third terms are positive irrespective of the changes in 8 and uH, the direct child tax is likely to be
optimal as S increases or uH decreases.

However, as the required tax revenue decreases or degree of the external effects of children on
society increases, we cannot conclude that the direct child subsidy tends to be optimal. As the required
tax revenue reduces, the fourth term grows larger than the first term (i.e., the Ramsey consideration
is dominated by Pigou consideration), while the change in the second and third terms in response to
a decrease in S is ambiguous from (57) and (58). Moreover, as the degree of the external effects of
children on society increases, we observe that the second and third terms take larger positive values
from (57) and (58), whereas the fourth term takes a larger negative value, ceteris paribus. Hence, under
the two conditions, it is unclear if the direct child subsidy is desirable. We numerically examine how
the changes in the required tax revenue and the degree of the external effects of children on society

affect the optimal direct child tax/subsidy in Section 7.

6 Childcare Facility

In this section, we introduce center-based childcare services, such as facilities for early childhood
education, preschools, and cram schools. These services can substitute for the childcare time each
spouse contributes. Let us denote the number of hours that children per couple spend in a childcare
facility by .. In this model, although the couple collectively decides the time children spend in a
childcare facility as well as child quantity, such decisions are not made simultaneously.5? We modify
the sequential decisions of the government, the couple, and each partner in the couple, as follows: first,
the government determines the tax rates; second, the couple collectively decides on child quantity;
third, the couple collectively decides the amount of time children spend in the childcare facility; and
finally, each spouse non-cooperatively decides his/her two kinds of private consumption, labor supply
in the external market, and time spent on domestic childcare.>3

The function of child quality ¢ is modified by

_ (sthm)o- + (sfh?f)a- + (SC%)O- —— (Smhm)” + (thf)o- + (sche)”

ag ag g g ag g

) (69)

52Due to the long-term nature of bringing up children, the decision on child quantity that a couple will have is made prior
to using services at a childcare facility. Therefore, we consider that the couple decides the time they plan to use the childcare
facility after they choose child quantity. Also, a motivation for allowing cooperation with regard to the use of the childcare
facility stems from the fact that parents can observe the amount of time children spend at the center.

53Even if the order of the third (/.) and fourth decisions (I; and 4;) is reversed, our main qualitative results are unaffected.
This is because [; and h; (i = m, f) are separable with /. in the utility functions (see equation (71)).
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where s, is the productivity of a childcare facility.>* To simplify the analysis, we assume that the
curvature of the quality function for the time children spend in the childcare facility, o, is the same as

that on childcare time spent by each spouse.>> The budget constraint of each spouse is modified by
zi+(1+ ty)py}’i +vi{(d +ty)pan + (1 +to)pehe} = (1 = t)wily, i=m, f. (70)

The expenditure on the childcare facility is given by (1 + t.)p.h., in which p. is the hourly price and
t. is the tax/subsidy rate for using the childcare facility. v; is spouse i’s share of the total expenditure
on the fertility good and childcare facility.>¢ Defining v,, = v (and hence, vy = 1 — v) and substituting
(69) for g in (1) and (70) for z; in (1) yield

17
U = U—nwwm%—%1+@mww—ﬂ%ﬂ+ﬁwnm+(l+kmdw}+%f (71)
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The differences in each spouse’s utility function between the cases with and without the childcare
facility are the expenditure on the childcare facility (fifth term) and contribution of the childcare facility
to child quality (third term in square brackets). We should note that, since y;, /;, and h; are additively
separable with respect to /. in each spouse’s utility function, the first-order conditions of each spouse
with respect to y;, /;, and h; are identical to (10), (11), and (12), and hence, equations (13)—(24) hold
even in the model with the childcare facility.5” This fact is used in the analysis in this section.

54Bastani et al. (2020) consider the quality of a childcare facility as a choice variable of parents. For simplicity, the quality
of the childcare facility is given at an exogenous certain level in our model.

55The difference between home care productivity for each spouse and the quality of the childcare facility is indicated by
the difference between s; (i = m, f) and s.. Although we have checked numerical results for how an increase in s, affects
optimal tax/subsidy structures while keeping s, and sy constant, we omit the results because the implication of the results is
straightforward; the rise in s, increases the optimal subsidy rate on the use of the childcare facility because the use of childcare
facilities becomes more beneficial.

56Generally, spouse i’s share of childcare facility expenditure may differ from that of fertility good expenditure. Obara and
Ogawa (2020) examine the optimal tax structure under the case in which the two types of cost shares of spouse i differ. See
Proposition 6 in Obara and Ogawa (2020).

57Note that each spouse takes uNgq as given in the optimization with respect to y;, /;, and h;. In (71), uNg corresponds to

1- SmBm (tm,n)” (sfhf(tf’n’))a (sche)”
uHn' =9 = + v + = .
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Substituting (71) for u; in (7) and allowing for (13)—(15), we obtain the couple’s utility function:

(4 1+¢
i = | (1= i) — (1 + 1)pyym(ty) + 22 - nlim ) 2 f’jb(”"’”)) ] 72)
(3 1 , h , 1+¢
+ (1= p) | (1 = tp)wplp(tpam) = (1 + t)pyye(ty) + by (;y)) _ ity ")Jlr+f(;tf ") —c(n)]

—[(A = p)A =v) + pv[{(1 + tw)pnn + (1 + tc)pche}

(bt )" (57hy 17, )7 (schcrf] |
(o g g

+ (1 +uH)n'="

As mentioned above, the spouses collectively maximize u first with respect to n and next with respect
to h.. We first show the couple’s determination of .. Given uNg,>® the first-order condition of (72)

with respect to A is

ou

0=an ="

[(1-p)A =v)+pv](1 +t)pe +n'"7sThT L, (73)

Solving this equation with respect to A., we immediately obtain the following function:

heiesn) = {[(1 = p)(1 =) + pv] (1 + t)pe} T sI7 . (74)
From (74), we obtain
_0Ohs)y (1 -1
het,. (: a1 ) = (—1 — O_) he(1+1¢t.)" <0, (75)
dhe -t %
hen (E . ) ={[A-p)A =)+ pv](1 +ic)pc} 77 5c77 > 0. (76)

The intuitions for the two results are highly straightforward.
We now turn to the couple’s decision about child quantity. Allowing for h. = h.(t., n), the couple
maximizes the utility function (72) with respect to n. Considering N g as given, the first-order condition

with respect to » is that

ou

0 = - ==[0-p)d=v)+pv](1+t)pn = (1= p)'(n) 77)

. (1 - p) (1= ty)Wnhtan(tm) + (1 — p) (1= tp)wrhpalty)
+ (1 ;0) [(1= )1 =v)+ pv] (1 + te)pehenc).

where we use (11), (12), (14), (17), (73), (74), and (76) for deriving this equation (see Appendix J).

Guhm )T, (sphp(tr,m)”  (sche)”
o + o + o :

581n (72), uNgq corresponds to uHn'=7
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Equation (77) implies
n = n(te, t, tm, t5). (78)

Here, we propose the impact of each tax rate on child quantity. Totally differentiating (77) with respect

to n, ty, tr, ty, and ¢, yields

1 foud

o) 1+ (=) (1%)] wmeon T s

>0, (79)

1 o

-0

_an\ [+ () wpe, sy
Ny (= @) - (1 —p)c” >0, (80)
n, (E g—tn) — _[(1 - p)((ll_—pv))ct ov] pn <0 .
_on) __[A=p=w+pr] T pcw;#sé%
ng.. (= atc) - (1 — ,D)C” < O’ (82)

where w, = (1 + t.)p.. To derive these four equations, we use (17) and (76). Equations (79), (80),
and (81) coincide with (28), (29), and (30), respectively. The intuition of these results is discussed
below (28), (29), and (30), respectively. The intuition of (82) is extremely straightforward because the
increase in ¢, reduces the time children spend in the childcare facility, which means that it worsens child
quality and then leads to a lower fertility rate.

Substituting (78) for n in (14), (15), and (74) yields

hi(ti, n(te, thy tms 7)), Li(ti, n(te, tny tm, t)), fori=m, f, and he(te, n(te, tn, tm, ty)). (83)

These functions involve information regarding the decision process in the second, third, and fourth
stages.

Substituting (71) for u; in (8) and allowing for (13), (78), and (83), we obtain the government’s
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welfare function:

W ym(ty))?
E = (1 - tm)Wmlm(tma n(t(,‘a Ins tms tf)) + M (84)
®
Ln(tons 1t ts s 1)) + P (tims 1t s s £6))) 0
_ UGt 1ttt 1y 1+¢m ot ms 1)) + (L= tp)wrlp(tr, n(tes tns s 17))
+ (yf(ty))(p _ (lf(l‘f, I’l(l‘c,l‘n, tm, lf)) + hf(l‘f, n(l‘c, ths Lo tf)))l+¢
® 1+¢

— (1 + 1)py(ym(ty) + yr(ty)) — c(nlte, tn, tm, tr)) — (1 + tn)punlte, tn, tm, tr)
- (1 + tc)pchc(ta n(tc, In, Tms tf))
+2(1 + puH)(n(tes tns tms 7)) ™

(ST (s 1t Ly tins 27)))

(o
. (sphyp(tr,n(te, tns tms 1)) . (Sche(te, nlte, tas tms 1£)))”

o

o

The government’s revenue constraint is modified by
8

= bWl (tms ey tny s 1)) + tpwrlp(tp, n(te, ty tms 1r))
+ 1Py (ym(ty) + yf(ty)) + tnpnn(ta tn, tins tf) + tcpchc(tw n(ta s tm, tf))a

(85)
where the fifth term represents tax revenue from the tax/subsidy for using the childcare facility. From

the government’s social welfare maximization subject to a revenue constraint, we obtain the optimal tax

Ic
Fe = .

T +1,
K).

expressions for ty, t,,, tf, t,, and t.. Before characterizing them, we define the following tax rate:

(86)
In the economy with a childcare facility, we derive the following optimal tax formulae (see Appendix
ized by

ry =

[l

>

Proposition 6. In the endogenous fertility model with a childcare facility, optimal taxes are character-

(87)
8 (1 +ag;%m) +(1+2uH) (1 - B ale,,
P = : (88)
T
ﬁ(1+ar£l%)+(l+2yH)(1 pal e
re= , (89)
ny
B Tmkm TXF
rn = o + a{l +(1-p),

(90)
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re = (1=B{1 =201 + pH)[(1 = p)(1 = v) + pv]}, oD

where
Q = {[1—2(1+,uH)p]X—:Z+[1—2(1+,uH)(1—p)]X—f.} 92)
“nl O{zl

N [1-2(1 + uH)(1 - p)]c’
(1 +t,)pn

+{1 =2(1 + pH) [(1 = p)(1 =) + pv]} .

Comparing (87)—(89) with (51), (57), and (58), we observe that the optimal commodity and income
tax expressions are identical to those in the case without a childcare facility. Since Q is obtained by
replacing y in A given by (62) with v, we observe that the expression for optimal child tax/subsidy
(90) is identical to (61). Hence, the optimal child tax/subsidy takes the same formula irrespective of
whether the childcare facility is available or not. The interpretation for the optimal child tax/subsidy
schemes remains unchanged, regardless of the availability of a childcare facility. The expression for the
optimal tax/subsidy for center-based childcare services (91), which depends on p, v, and uH, reflects
the corrections for /. deviating from a socially desirable level due to these parameters. The intuition
is similar to that of the third term of A in expression (61), which is discussed below Proposition 5.5° If
either p = 0.5 or v = 0.5 holds, the formula of (91) reduces to

re =—(1-B)uH < 0. (93)

The optimal intervention in the childcare facility is to unambiguously provide a subsidy to correct
the external effects of children on society provided u > 0. As the subsidy for center-based childcare
services increases the time devoted to a childcare facility, it improves child quality and, hence, enhances
child quantity. If there is no externality of children on society, that is, 4 = 0, then r. is zero; the
tax/subsidy on the use of center-based childcare services is not needed. The intuition is given below
equation (95).

Next, as one of the primary concerns, we examine the ranking of r, and r. at the optimum. From
(90) and (91), we obtain that

Fn—re = E+W+w+<l—ﬁ){[1—2<1+uH>p]X—$ (94)
0 a/nl afrfl alnl
Xr | [1=21+ uH)(1 - p)Ie’
1-2(1 H)(1 - — .
+[ ( +u )( p)] a,flcl + (1 +tn)pn }

59First, suppose u = 0 to focus on the role of the bargaining power. In this case, the termin (91) is (1-8)(2p—1)(1-2v)(= ©).

Furthermore, differentiating (74) with respect to p yields % = % (l—p)(}llm’ which leads to 66]}06 E 0if 0.5 E v; this

indicates that the effects of the difference in the bargaining power on /. occurs only if the cost shares of spouses are different

(v # 0.5). Using these results, we observe that ® E 0= (p- 0.5)%;‘ E

Consequently, p and v are critical to determine the sign of ®. Second, we consider either p = 0.5 or v = 0.5 to examine the
effect of uH. This case is discussed below (93).

0, which is similar to the meaning of (67).
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We observe that the optimal ranking of r,, and r. depends on the Ramsey consideration, which corre-
sponds to the first term including 3, and the Pigou consideration, which corresponds to the fourth term
including 1 — 8 and uH. To focus on the impact of changes in 8 and uH, we assume p = 0.5. Under
o = 0.5, the fourth term other than the weight (1 — ) can be rewritten as —uH [ﬁ—:’:ﬁl + ;(—,fl + m] < 0.
Furthermore, the optimal ranking of r,, and r. hinges on the second and third terms, which allow for the
income-tax-induced deadweight loss and include 8, 1 — 8, and uH from (88) and (89). Given that the
first term is positive and the fourth term is negative, as the required tax revenue increases (as indicated
by a larger $8), the first term is likely to be larger than the absolute value of the fourth term, ceteris
paribus. In addition, this is also likely to hold as the external effects of children on society reduce
(as indicated by a smaller yH), ceteris paribus. Thus, since the second and third terms are positive
irrespective of the changes in 8 and uH, r,, > r. is likely to hold as g increases or uH decreases. These
cases imply that the Ramsey consideration dominates the Pigou consideration.

However, we cannot conclude that the optimal tax/subsidy structure is such that r,, < r. as the
required tax revenue decreases or the degree of the external effects of children on society increases.
First, as the required tax revenue reduces, the absolute value of the fourth term under p = 0.5 is likely
to be larger than the first term, ceferis paribus. However, since it is unclear how the second and third
terms change in response to a decrease in 8 from (88) and (89), it is ambiguous if r,, < r. holds. Next,
as the degree of the external effects of children on society becomes larger, we observe that the second
and third terms increase with yH from (88) and (89), while the fourth term decreases with uH under
p = 0.5, ceteris paribus. Given that the second and third terms are positive and the fourth term is
negative, the two effects work in opposite directions in terms of an increase in uH, and thus, we cannot
conclude that r,, < r. holds. These results are confirmed in the numerical analysis in Section 7.

Finally, we clarify the role of each policy instrument to correct the inefficiently low fertility arising
from the non-cooperative behavior of a couple. To this end, let us assume that 4 = 0, p = 0.5, and

B = 0. Then, from Proposition 6, we obtain

a/is- r
i= o0 i=mf, r= 2 T S0 =0 95)
ni @, (YZZ

The optimal income tax and the direct child tax/subsidy are identical to (63) and (64), and the intuitions
are given below each equation. Note that no intervention in the childcare facility is optimal. First, we
examine the reason why a subsidy is not required for center-based childcare services. Although such a
subsidy can improve fertility from (82), it is not required from (93) if there is no externality of children
on society. This is because the subsidy for center-based childcare services yields price distortion on
the choice of h., which is efficiently decided by the couple, while income taxes directly adjust 4, and
hy, which are under-provided in our model. Thus, income taxes are more effective than the subsidy for
center-based childcare services to correct the non-cooperative behavior of couples. Next, we clarify
the reason why the tax for center-based childcare services is not required. The intuitive interpretation

for this result is obtained by comparing the tax on external childcare services with the direct child tax.
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As shown by (95), the direct child tax is needed to mitigate the income-tax-induced deadweight loss.
From (17), (81), and (82), we observe that not only child tax but also the tax on external childcare
services causes the downward distortion on child quantity, thereby enabling the government to mitigate
price distortions on labor supply induced by income taxation. However, from (75), the tax on external
childcare services affects resource allocation other than child quantity #; it yields the price distortion on
the time use of center-based childcare services. For this reason, the child tax is more effective than the
tax on external childcare services to mitigate the deadweight loss induced by income taxes, and thus,

the tax on external childcare services is not required.

7 Numerical Analysis

This section numerically examines the optimal tax structure in the presence of a childcare facility when
some important and suggestive parameters vary. The overall objective of this numerical analysis is
to illustrate and reinforce our theoretical results. Our numerical exercise is very simple but provides
important policy implications. We consider the variations of parameters pH, s(= s,, = sf), g Wm, and
p, where a change in s indicates that s,, and sy change simultaneously keeping s,, = s¢. The change in
uH implies the variation in the degree of the external effects of children on society. The increase in s
leads to more inefficiencies due to the non-cooperative behavior of the couple. Since each spouse does
not consider that his/her own childcare time positively affects the partner’s utility, a higher level of s
leads to a larger loss of the positive effect on the partner and thus, exacerbates the free-rider problem
for childcare. Furthermore, since the required tax revenue per household g is positively correlated with
BB, an increase in g enables us to examine the effect of an increase in 8 on the optimal tax structure. The
variations in uH, s, and g clarify the properties of the optimal tax structure, and those of w,,, and p are
undertaken to examine the gender-based income taxation under the asymmetric spouses.

To make the analysis tractable, we specify the function c(r) and the parameters as follows: c(n) =
n/2,9=02,0=v=05¢=10,wr=p. =42 5. =12,and py = p, = 1.0.% In this case, 1, and
t. under the optimal taxation are given by (90) and (93), respectively. Then, (77) yields

1+1, 2-p)s 1+p)s 4

_— R 96
20 —p) TN~ thwm 2200 —p)(1—1p) 70— p)(A +10) 0
and (79)—(82) can be rewritten as
_ (2-p)s B (1+p)s
"o = T =t P ™ T T2 )1~ 1 oD
1 4
ng, = ny. =

"1 -p) 71 - p)(1 + 12

As a benchmark case, we consider the symmetric case between spouses, in which uH = 0.15, g = 5.0,

wn = 4.2, s = 1.2, and p = 0.5. Note that since the marginal utility of parents’ own children is 1, as

60Since labor intensity in center-based childcare services is very high, we assume that p. equals the wage rate wy.
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shown in (1), we largely discount the marginal utility of children through the externality across couples
by uH. Unless otherwise noted, we consider these values under which the spouses are symmetric. We
use these numerical values of the parameters, (96), and (97), in numerically deriving the optimal tax
rates t, t; (i = m, f), t,, and #.. Notice that the signs of optimal tax rates and the relative size between

them are unchanged even if we employ ry, r; (i = m, f), r,,, and 7. (see below (56)).

7.1 Child Subsidy

We first investigate how the parameter pH, indicating the degree of external effects of children on
society, affects the optimal tax structure. Table 1 presents the optimal tax rates when yH takes the
values from O to 0.3 with an interval of 0.05. Note that the optimal income tax rates are always the
same between the spouses, 1,, = fr, because of spousal symmetry. As uH becomes large, income
taxes, child tax/subsidy, and tax/subsidy on/for external childcare services should play a stronger role in
improving both child quality and quantity that deviate from a socially desirable level. As uH increases,
the optimal income tax rates increase in order to increase childcare time and then improve child quality,
and the optimal subsidy rate for center-based childcare services increases in order to promote time use
of childcare facilities and, hence, improves child quality. More interestingly, the optimal child tax rate
decreases to uH = 0.25 and then increases; it takes a U-shaped pattern with respect to the degree of
the external effects of children on society. An intuition for this change is as follows. In the former
part, the optimal child tax rate decreases to directly enhance child quantity. Before explaining the latter
part, note that the tax-induced deadweight loss sharply increases with its tax rate. To mitigate the price
distortions induced by income taxation, the optimal child tax rate increases in the latter part because
the optimal income tax rates are sufficiently high.¢! This result differs from the optimal structure of
child tax/subsidy obtained in the previous literature; the child subsidy (¢, < 0) is optimal under u > 0
and increases with uH. To secure tax revenues for subsidies for external childcare services and to
compensate for the deficit in revenue due to a decrease in the child tax, both the commodity and income

taxes increase with uH.

Table 1. Optimal Tax Rates: Changes in uH

uH 0 0.05 0.1 0.15 0.2 0.25 0.3

ty 0.08355 0.08357 0.087 0.094 0.106 0.128 0.161
Im 0.151 0.167 0.189 0.219 0.256 0.301 0.352
ty 0.151 0.167 0.189 0.219 0.256 0.301 0.352
Iy 0.299 0.161 0.031 -0.085 -0.174 -0.215 -0.185
I 0 —-0.043 —-0.083 —-0.118 —-0.150 -0.177 -0.199

Table 1 shows that the optimal intervention for children tends to be a subsidy as uH becomes larger.

¢lEven if pH is greater than 0.3, the optimal child tax rate keeps increasing. In particular, the sign of the tax rate changes
between 0.35 and 0.4 (i.e., t;, > 0). However, the tax revenue from income taxes decreases with uH when pH is greater than
0.3. To focus on the left of the Laffer curve that an increase in taxes would raise the tax revenue, we omit the numerical results
in such a range.
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A larger pH implies that the externality of children on society becomes a more important determinant
of suboptimal low fertility level than the non-cooperative behavior of the couple. Table 1 suggests
that if the non-cooperative behavior of the spouses is the main cause of under-providing for children
(i.e., if uH is relatively small), the direct child subsidy worsens welfare. Furthermore, Table 1 clarifies
how the sign of ¢, — ¢, changes in response to uH. As discussed below (94), our theoretical analysis
demonstrates that, under the optimal taxation, 7. tends to be lower than ¢, as uH becomes smaller,
whereas it is unclear how the ranking of these subsidies holds as uH becomes larger, ceteris paribus.
Table 1 shows that 7. tends to be lower than ¢, as uH becomes smaller, which is consistent with the
theoretical result. Meanwhile, as uH increases, the ranking of these subsidies is switched at uH = 0.2,
that is, #,, tends to be lower than 7., and it is switched again at uH = 0.3, that is, #, is higher than ..
This double switching stems from a U-shaped pattern of the optimal child tax/subsidy.

Table 2 shows the impact of the proportional changes in parameter s reflecting the degree of
non-cooperative behavior on the optimal tax structure. The optimal income tax rates increase with s,
implying that the low fertility caused by the non-cooperative behavior of spouses should be improved
with income taxation. Moreover, while the commodity tax decreases with s, the subsidy for external
childcare services increases with s. This is due to the double dividend of income taxation, which
increases tax revenue as well as corrects the non-cooperative behavior. The numerical results are
consistent with the interpretation of Proposition 4. As with the changes in the parameter value uH, the
optimal child tax rate takes a U-shaped pattern with respect to the degree of non-cooperative behavior;
t, decreases to s = 1.4 and then increases. In the former part, the optimal child tax rate decreases since
the revenue constraint is relaxed owing to the increase in income tax rates. In the latter part, the optimal
child tax rate increases to mitigate the distortion induced by income taxation due to the non-cooperative

behavior of spouses.62

Table 2. Optimal Tax Rates: Change in s

s 0.9 1.0 1.1 1.2 1.3 1.4 1.5 1.6
ty 0.130 0.118 0.106 0.094 0.081 0.069 0.059 0.054
Im 0.189 0.196 0.206 0.219 0.235 0.258 0.288 0.325
ty 0.189 0.196 0.206 0.219 0.235 0.258 0.288 0.325
ty -0.039 -0.051 -0.067 -0.085 -0.103 -0.113 -0.099 -0.035
te -0.114 -0.115 -0.117 -0.118 -0.120 -0.121 -0.122 -0.1231

Next, we examine the sensitivity of the optimal tax structure to changes in revenue requirement.
Table 3 demonstrates the optimal tax rates when g takes values from 4.1 to 5.9 with an interval of
0.3. Note that both the optimal income taxes and the direct child tax increase, and the subsidy rate for
external childcare services decreases with the revenue requirement. The tax changes are simply due to

the relatively high revenue requirement.

62Even if s is greater than 1.6, the optimal child tax rate keeps increasing. In particular, the sign of the tax rate changes
between 1.6 and 1.7 (i.e., #;, > 0). However, the tax revenue from income taxes decreases with s when s is greater than 1.6.
Thus, as mentioned in footnote 61, we omit these numerical results under such a range.
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The numerical results in Tables 1 and 3 yield important policy implications for the child tax/subsidy.
As shown in the theoretical part, the optimal child tax/subsidy is given by (90), which coincides with
(61) and then (68) under p = 0.5. As discussed below (68), as the required tax revenue becomes larger
or the degree of the external effects of children on society becomes smaller, the direct child tax is likely
to be optimal, while it is unclear if the direct child subsidy tends to be desirable as the required tax
revenue decreases or the degree of the external effects of children on society increases. The numerical
results in Tables 1 and 3 show that the direct child tax becomes optimal as g becomes smaller, which is
consistent with the theoretical part. Meanwhile, they demonstrate that the direct child subsidy becomes
optimal as uH increases, since the corrective effect on the suboptimal low fertility level arising from
the externality of children on society (fourth term in (90)) is more likely to dominate the effect of
price distortions under a revenue constraint (first term) and the income-tax-induced distortions on labor

supply (second and third terms).

Table 3. Optimal Tax Rates: Change in g

g 4.1 4.4 4.7 5.0 53 5.6 5.9

ty 0.059 0.070 0.082 0.094 0.107 0.121 0.136
Im 0.194 0.202 0.210 0.219 0.227 0.236 0.245
tr 0.194 0.202 0.210 0.219 0.227 0.236 0.245
ty -0.221 —-0.178 —-0.133 —-0.085 -0.036 0.014 0.067
te -0.122 -0.121 -0.120 -0.118 -0.117 -0.115 -0.113

Another important finding is as follows. The ranking of the direct child subsidy rate and the subsidy
rate for center-based childcare services are switched with the required tax revenue. As mentioned below
(94), our theoretical analysis demonstrates that, under the optimal tax framework, 7. tends to be lower
than ¢, as g increases, whereas it is unclear how the ranking of these subsidies holds as g decreases,
ceteris paribus. Table 3 shows that, under the optimal taxation model, 7. tends to be lower than ¢,
as g increases, while 7, tends to be lower than 7. as g decreases. Based on (94) under p = 0.5, the
result #,, < t. suggests that the optimal taxes/subsidies must emphasize correcting the external effect of
children on society (fourth term in (94)) more than mitigating both price distortions under a revenue
constraint (first term) and income-tax-induced distortions on labor supply (second and third terms).
Thus, as the required tax revenue increases, the ranking order of these subsidy rates is switched. As a
policy recommendation, a welfare state in a developed country, in which a huge amount of tax revenue
can be collected because the government size is generally large, should design its tax/subsidy system so
that the subsidy rate for center-based childcare services would be higher than the direct child subsidy
rate. However, in developing countries, where the government’s size is generally small, the direct child
subsidy rate would be higher than the subsidy rate for center-based childcare services.

Finally, Table 4 shows the rate of welfare gain and the change in fertility rate owing to the availability
of childcare facilities, compared to a situation where childcare facilities are not available to households.

Unambiguously, they are improved by the introduction of childcare facilities. This result is confirmed
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by almost all the parameter values. The improvement and expansion of childcare facilities are effective
for enhancing the fertility rate and welfare. Allowing for the result in Table 1, a direct child subsidy
worsens welfare if the non-cooperative behavior of spouses is the main cause of under-provision for
children and, hence, the government has the option to introduce or improve childcare facilities rather
than direct child subsidies.

Table 4. Impact of Childcare Facilities on Welfare and Fertility Rates

HH 0 0.05 0.1 0.15 0.2 0.25 0.3
% 0.083 0.101 0.122 0.146 0.173 0.204 0.238
n 1.074 1.195 1.322 1.450 1.573 1.678 1.737

—_—

ﬁ: the rate of welfare gain, 71: the difference in child quantity

7.2 Gender-Based Income Taxation

Here, we consider the asymmetric cases between spouses to examine gender-based taxation. The wage
rates and bargaining powers of spouses vary. First, we consider the variation in the wage rate of the
husband, while keeping the wife’s wage rate constant: w,, takes the values from 3.6 to 4.8 with an
interval of 0.2. The case of w,,, = 4.2 is the benchmark case, as shown in the fourth column from the

right of Table 1. The optimal tax rates in this case are given in Table 5.

Table 5. Optimal Tax Structure under Different Wage Rates

Wi 3.6 3.8 4.0 4.2 4.4 4.6 4.8

ty 0.107 0.101 0.097 0.094 0.090 0.088 0.085
I 0.332 0.285 0.248 0.219 0.196 0.177 0.162
ty 0.243 0.233 0.225 0.219 0.213 0.208 0.203
1y 0.080 —-0.003 -0.052 —-0.085 -0.110 -0.130 —-0.146
tc —-0.1165 -0.1173 -0.1178 -0.1181 -0.1185 -0.1188 -0.1192

All the tax rates decrease with the husband’s wage rate. The increase in the wage rate w,, implies
the expansion of the tax base; hence, the required tax revenue can be attained at a lower tax rate.
Another finding is that the optimal income tax rate on the husband is lower (higher) than that on the
wife if w,, > (<)wy. This is contrary to the Ramsey inverse elasticity rule, which implies that a
higher tax rate should be imposed on the spouse with a smaller wage elasticity, that is, with higher
productivity (Boskin and Sheshinski, 1983). In the model with time spent on childcare, the income
taxation motivates workers to reduce more labor supply in the external market. If the husband has
higher productivity than the wife, the government has an incentive for the husband to work more in
the external labor market to enhance economic efficiency, while the wife engages more in childcare

activities (Meier and Rainer, 2015).63

63We also examine the optimal tax structure when the husband’s childcare productivity s, varies from 0.9 to 1.5 with an
interval of 0.1, keeping sy constant. The increase (decrease) in sy, has the reverse impact of the increase (decrease) in wy, on
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Next, we consider the variation in the husband’s bargaining power p in the decision about child
quantity. Table 6 shows the optimal tax rates in the case in which p takes from 0.65 to 0.35 with an
interval of 0.05. As the value of p decreases, the optimal income tax rates on both spouses increase,

while the optimal child tax rate decreases.

Table 6. Optimal Tax Structure under Higher Bargaining Powers of Wife

P 0.65 0.6 0.55 0.5 0.45 0.4 0.35

ty 0.018 0.043 0.069 0.094 0.116 0.136 0.153
tm 0.160 0.183 0.203 0.219 0.231 0.240 0.246
ty 0.161 0.184 0.204 0.219 0.229 0.236 0.241
ty 0.400 0.208 0.047 —-0.085 —-0.196 -0.291 -0.375
te -0.128 -0.125 -0.121 -0.1181 -0.115 —-0.113 —-0.111

As p decreases (i.e., 1 — p becomes larger), the cost c(n) becomes a more important factor in the
couple’s decision about child quantity. As children impose a burden on the wife, her higher bargaining
power results in fewer children.®* To increase child quantity, the optimal child tax rate decreases with
1 — p and the subsidy becomes optimal as 1 — p increases. The optimal income tax rates on both spouses
increase with 1 — p to improve child quantity based on the above reason and to secure funds for the
child subsidy.

Another feature of the income tax rates is as follows: a spouse with higher bargaining power
should be taxed at a lower rate. Without loss of generality, consider a situation in which the husband’s
bargaining power p is higher than 0.5. In this case, the government intends to reduce child quantity,
since the couple opts to have more children because they disregard the cost ¢(n) for a wife. To this
end, it is more effective to reduce the income tax rates on the wife more than that on the husband,
as shown by Proposition 2(iii). However, there is a disadvantage of imposing a lower income tax on
the wife: Proposition 2(iii) and (17) imply that the couple decides to have fewer children and then
the parents’ childcare time is significantly reduced. Thus, a lower income tax rate on the wife brings
stronger downward pressure on child quality than a lower income tax rate on the husband. As a result,
the government must allow for the two forces working in opposite directions when differentiating the
income tax rates between spouses. Table 6 suggests that the government should set a lower income tax
rate on the husband under p > 0.5, which implies that the government should emphasize maintaining
child quality over correcting the intra-family distribution through the decline in fertility rates. Lise
and Yamada (2019) empirically show that the bargaining power of men is higher than that of women,
p > 0.5. In that case, our numerical result shows that a higher income tax rate should be imposed on
the wife than on the husband.

time allocation of h; and [;. Therefore, the relative size between the optimal tax rates #,, and ¢ is opposite to that in Table 5.
64This is consistent with the empirical results of Ashraf et al. (2014).
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8 Conclusion

This study analyzes the optimal taxation system in an economy with non-cooperative couples, including
gender-based income taxation, commodity tax, child tax/subsidy, and a tax/subsidy on/for external
childcare services. The number of children is at a suboptimal low level in the economy for two reasons:
first, non-cooperative household behavior; second, externality of children on society. To model our
scenario, we consider both child quality and child quantity as household public goods. As the time spent
on childcare cannot be credibly committed between spouses and hence, a couple’s behavior becomes
non-cooperative, child quality is sub-optimally low. Meanwhile, child quantity and the time children
spend in a childcare facility are collectively decided by a couple. This study proves that non-cooperative
household behavior regarding the amount of time spent on childcare leads to a suboptimal low fertility
rate, although child quantity is collectively determined. This is consistent with the existing empirical
evidence (Doepke and Kindermann, 2019).

The results obtained in this study recommend the following suggestions to improve the low fertility
rate under a revenue constraint. First, the suboptimal low fertility rate stemming from non-cooperative
behavior should be corrected by income taxation and not through the implementation of a child subsidy.
If the external effects of children on society is relatively small, a child tax is desirable to mitigate
the distortionary impact of income taxes on labor supply. In this situation, the child subsidy should
be reduced or removed, since it impairs welfare. Second, our numerical analysis proposes that, as
the external effects of children on society increase, the optimal income tax rate and subsidy rate on
external childcare services increase, while the optimal child tax rate decreases and becomes negative
(i.e., child subsidy is optimal) at first and then increases beyond a certain point (i.e., child subsidy
decreases). According to the first and second arguments, if a low fertility rate is caused by both the
couple’s non-cooperative behavior and externality of children on society, the government faces the
problem of designing appropriate family policies corresponding to the two driving forces underlying
the inefficiently low fertility. Third, our numerical analysis shows that the full utilization of childcare
facilities is an effective policy to improve the fertility rate. This finding supports policies that provide
public childcare facilities, which are notably implemented by countries with higher fertility rates (e.g.,
France, Norway, and Belgium). The government has an option to introduce childcare facilities rather
than direct child subsidy. Finally, we recommend that countries collecting large tax revenues (e.g.,
developed countries) should employ higher subsidy rates for center-based childcare services than direct
child subsidy rates, while countries that do not collect large tax revenues (e.g., developing countries)
should implement the opposite policy.

Some extensions are left for future research. First, since our model considers identical households
and linear tax/subsidy instruments, it does not clarify whether all tax/subsidy instruments, including
gender-based income taxation, direct child tax/subsidy, and tax/subsidy on/for center-based childcare
services, should be regressive, proportional, or progressive with respect to family size and earnings.

To explore the optimal design of such policies under a couple’s non-cooperative behavior, we aim to
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extend our model to the Mirrleesian framework with heterogenous households and non-linear schedules
of these tax/subsidy instruments. Moreover, by incorporating cooperative households into this setting,
it would be interesting to examine the optimal tax/subsidy policies when the government cannot
observe whether households are cooperative or non-cooperative. Second, we abstract from the impact
of parents’ human capital accumulation on the amount of time they spend with their children. As
mentioned in Gobbi (2018), the American Time Use Survey for the period of 2003 to 2013 shows that
the amount of time parents invest increases with their education. This may imply that subsidies for higher
education bring significant returns on children’s human capital being inefficiently low due to the non-
cooperative behavior of a couple. Thus, it may be valuable to take into account the impact of education
subsidies through such a channel on children’s human capital in order to suggest implications for applied
tax/subsidy policies. Third, our model does not consider the government’s equity consideration since
all the couples are identical and the government places equal welfare weights on spouses. Allowing for
heterogeneous couples and unequal welfare weights on spouses, it will be important to investigate both
intra- and inter-couple redistribution. Finally, we adopt a quasilinear utility function to avoid analytical
complexity. It would be interesting to derive policy implications under a utility function with income

effect, which may reduce the fertility rate by increasing the income tax rate.>
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Appendix A: The Derivation of (26)

Allowing for (17), the first-order condition of (25) with respect to n is

0 = —p(I-twWnhp, — (1 - p)(1 - tf)wfhfn —[(1=p)A =y)+pyl (1 +t2)pn (A1)

—<1—p)c'+(1

_ O-) n < [(smhm)a + (thf)(r] +nl (s,‘;hg;_lhmn + s?h?_lhfn) .
From (11) and (12), we have
(L=tyw; =n'"7s7h7 i=m f, thatis, (1 —t)wih; =n'"s7h7, i=m,f. (A2)

From (14) and (17), we observe that h;,, = h;n~!. Using this and (A2), (A1) can be rewritten as (26).

Appendix B: The Derivation of (42)
Using (33)—(40), we obtain
ogohol i =m, f, thatis, wih; = 20" sThY, i=m,f. (B1)

w; =2n

Then, it yields
hi =2Fcw, "o s i=m, f, (B2)

1
i“’ —2Tew, "5 n,  i=m,f. (B3)

Substituting (B1) into (41) and using ¢ = ¢ = 1 from (33) and (34) yields

-0\ _ 1, 1
(20 )n 1(wmhm+wfhf)—§c —Epn=0. (B4)

Moreover, substituting (B2) for /; in (B4) yields (42).

Appendix C: The Proof of 7(c) > 0

To show that (o) > 0, we take the following two steps. First, we show thatlim,_,o [(1?%")2% - @] =

In2 ~ 0.69. Define f(o) = (1-0)(27° —1) and g(0) = o-. Obviously, £(0) = g(0) = 0and g’(c0") = 1.
%] = In2. Hence, using L’Hopital’s rule, lim,_,o %] = limg_0 [% .

As aresult, lim,_,g (o) > 0.

Furthermore, lim,_,o [

14275 (12 In2-1 .
Second, we show that 7’(o") > O for any 0 < o < 1, where 7’(0") = i ((17‘2” - ). Noticing that

21% (1% In2-1) (= ¢(0))is -1 at o = 0, it is sufficient to show that y’(¢c") > 0 forany 0 < o < 1.

After computation, we obtain ¢'(c) = 27+ (In 2)2ﬁ, which is positive for any 0 < o < 1.

Therefore, 7’(o) is positive forany 0 < o < 1.
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Appendix D: The Proof of n"f = n¢

In a cooperative setting for time allocation and consumption choices, the total after-tax income for each

spouse is shared between the husband and wife such that i’s consumption is

zi + (L+ty)pyyi + Vil + ta)pan = 6i [(1 = ti)Wil + (1 = tp)wyly], (D1)

where ¢, + ¢y = 1.
Given this sharing rule and the assumption that i = 0, a cooperative couple maximizes joint utility

(7). Using (D1), the maximization problem at the third stage can be rewritten as

max u = (pSm + (1= P)5f) [(1 = tym) Wil + (1 = tr)wyly | (D2)
Yo Y fslmsLpshimshy
Yin f
+ e +(1- p)? = (L +1)py(pym + (1 = p)yr)

(L + )"
1+¢

(Smhm)” + (thf)o-
(oa (oa

= [(1=p)A =)+ pyl(1 + t)ppn — p

1-o

I h 1+¢
(Ir + hy) .

-(1-p) Y

} — (1 = p)c(n).

Denoting p,, = p and py = 1 — p, the first-order conditions with respect to y;, /;, and h; are

ou _ .
0=5. = " (L+typy, i=mf, (D3)
l
al/t ¢ .
0= 3 (Pmsm + prsp)I =twi — pi (i + 1), i=m,f, (D4)
L
Ou [} 1-0 ,o10-1 .
Ozah_:—pi(li+hi) +n"s7hi T, i=m,f. (D35)
)
(D4) and (D5) yield
(A =t)w; =Tn'"7s7ho, i=m,f, (D6)
1 1
thatis, (1 — t;)w;h; = Tn'"7s7h, i=m,f,
where I' = m Then, (D3), (D4), and (D6) yield

1

y;k(ty): [(1+ty)py]ﬁ, i:maf7 (D7)
1 o
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where ©; = ;%1;,0)57_ Note that a similar condition to (17) holds:

1 foud 1

hiy =l =w, ™75 TTe >0, i=m,f. (D10)

1

~

In the second stage, the cooperative couple maximizes (D2), which is evaluated by y;.k , h;.“ , and llf“, with

respect to n. Using (D10), we can obtain the following first-order condition with respect to n:

not 0= [ogm + (1= p)sy] (1= t)wnlyy + (1= 1wyl | (D11)
= [(1 = p)(1 =)+ py](1 + tn)pn — (1 = p)c’(n)

« \O Wio
+(1-o;m™“ [(smhm) + Grhp)
a o

7 s )7 i + 57 ()T |
By allowing for (D6) and (D10), this can be rewritten as

n:0=—(1— p)’(m) — [(1 = p)(1 =)+ pyI(1 + t)py + T L _Z)n_l (

b + a)fh;) . (D12)

Using (D8), (D12) can be rewritten as

1- - o o o o
1= (0 sh” +wf7sF7 ), D13)
g

n:0=—1-p)'(n)~[(1-p)1=y)+pyl(1+t,)pn+

which yields child quantity under the cooperative case in the sequential decision, which is denoted by
nC. If p=1/2andt; =1, = 0, (D13) coincides with (42), which means that n?% = n€.

Appendix E: Common Income Tax Rate

In this section, we consider a common income tax rate on the husband and wife instead of the gender-
based taxation. Let us denote the common income tax rate by . Hence, t,, = t7(= t) and dt,, =
dtr(= dt). Except for (28) and (29), note that all conditions and equations obtained in Sections 3 and
4 are valid provided the index i of #; is deleted. Equations (28) and (29) are replaced by the following

equation:

1 o 1

g
1-o

[1 +(-p) (&)] WinWp ™7 s + [1 +p (&)] Wfa);l“’ S¢
(1-p)c”

> 0. (E1)

ng =
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Given these facts, the government maximizes (45) subject to (46) by choosing ¢ and #,,. Using (17), the

first-order conditions with respect to ¢ and ¢,, are®®

t . 0= _Wmlm + (1 - I)Wmlmt + (1 - t)wmlmnnt - (lm + hm)¢ (lmt + hmt)
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By noting that 7,,, = 1y = 1, (26) is reduced to
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Before providing the proof, we define the following expressions:

_ (1 +ty)pnn _(L+0)n, Tl + agny
ays—"""-— 0p=—"—, N=E———
am + af n am, + af
ama}’ﬁsm + afa'}flsf t
&= , I'= a; = (1 - l‘)W,‘li, i = m,f.

am + ar 1-¢

Multiplying each term in (E3) by —nt‘n1 n; and applying the resulting equation to (E2) yields

t 0 0= Wby + (1= OWalos = (b + Bon)? (e + hone) = welp + (1= Owylg,

=+ hy)? (e + hye) + pomg g + 20+ pHn = (500 g + 57 Ty

-1 (wmlm +wrlp + Wil + twelp — pnnnt_nln,) .

+ p) (1- Z)thfn(l‘).

(E2)

(E3)

(E4)

(E5)

(E6)

%6We omit the derivation of the optimal commodity tax rate on y;, since the same expression as (51) obviously holds even

under the common income tax rate.
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Using (11), (A2), and the definition of g8, (E6) can be rewritten as

t : 0=-p (wmlm + Wflf) -1 -1 +2uH)(1 -1) (wmhmt + thfz) ET)

—t (wmlm, + Wflf,) + Bpnnnt_nlnt,

which yields
R nnngin
t _ w Wff 1 p ta ' (ES)
1—1t (1 = 1) (Winbme + welgy) Winlm + wyly
1+ 2uH)(1 —¢t) (W by + wrh
(Wmlm + Wflf)
Using (54), (55), and (ES), we have
Winln + wel 1
1—1) (Wil o Ir) | Gmlmrapig (E9)
( _)(Wmmt+wfft) T"'af
(L=0) (Wl + Wrhpe)  Gmay &m + afa{:ISf E10)
Winlm + wrly B am + ar ’ (
nnn_ln 9
p t, It _ @b (E11)
Winlm + wyly 0
Using (ES) and (E9)—(E11), (E8) can be rewritten as
B (1 + %) +(1=B)1 +2uH)e
r= . (E12)

n

The optimal income tax expression under the common tax rate (E12) is similar to the optimal income

tax expressions under the gender-based taxation system, which is provided in Proposition 4. 7 is the

weighted average of the wage elasticities of the spouses, and ¢ is the weighted average of a;llsi, with

the weight being the disposable income share of the spouses. The intuition is similar to Proposition 4.
Multiplying each term in (E3) by —nt‘nl, we obtain

th 0= —(1=Wulnn — (L = Owrlpn + pann;! + (1 + t,)py (E13)
h,,)° sehe)”
+c¢ =21+ puH)(1 = 0o)n™@ (Smfm) + (s7hy) ]
o

—2(1 + uH)n'=“ (s,(’,;hz_lhmn + s?h}’_lhfn) + A (twmlmn +twylp, + pnnnt_n1 + tnpn) .
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Using (17) and (A2), this can be rewritten as

tn 0= —(1 = OWulnn — (L = OWrlpn + panny! + (L + t)py + ¢ (E14)

-2(1 +,uH)(

1-0

) n N1 = O Winhm + wrhys)
+2(1 + uH)(1 = 1) (Winbmn + wrlpy) + 2 (twmlmn + twylp, + pnnnt_n1 + tnpn) )

Multiplying each term in (E4) by 2(1 + uH) and making use of (14) and (17) yields

no: 0==2(1+uH)[(1-p)1~y)+pyl(1+tx)py —2(1 + uH)(1 - p)c’
+2(1 + uH) (1 — ‘T) n N = ) Wihm + wrhy)

=2(1 + uH)(1 = p)(1 = )Wilyn = 2(1 + pH)p(1 = )wylp,.

Applying this to (E14), we obtain

tn 1 0=(1+Dpunn;! +{1=2(1+ puH)[(1 = p)(1 =) + py]} (I + tn)pn (E15)
+[1=2(1 + pH)(1 = p)lc" = [1 = 2(1 + uH)p] (1 = )Wilmn
—[1 =21+ uH)(1 - p)](1 = t)wplp, + A (tWinlmn + twilpn + tnpn) .

Using the definition of g, (54), (55), and (56), (E15) can be rewritten as

B r/\/m_‘_m

==+ .
T 6 al o

nl

+(1 = pA. (E16)

The expression of the optimal child tax/subsidy takes the same form as (61), regardless of whether the

income tax rates are differentiable or not.

Appendix F: The Derivations of (52) and (53)

Multiplying each term in (50) by n; 'n, —and subtracting the resulting equation from (48) yield

tm 0 0= ~Wply + (1 = )Wkt = (on + Bi)® (Lng,y, + P, (F1)

+2(1 + ,uH)nl_o's,Zh,Z_lhmtm = A (Wil + tmWmlpe,,) + (1 + /l)pnnn,_nlntm.

Using (11) and (12), (F1) can be rewritten as (52). Similarly, we obtain (53).
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Appendix G: The Proof of Proposition 4

Equation (52) can be rewritten as

tm (1 +/1) In (1) (1 + 2uH )Wy hpy, (1 m) pnnng'ny, G
1 -ty A (1 - tm)lmzm A Wmlmtm 7 (1 - tm)wmlmtm
1+4 1 1 (1- tm)wmhm%
- B /l (l_lm)lmt + Z (1 * ZIJH) (1_tm)lmt
I - (1 =t )Winlm I, 1
(=tm)ne,,
142 (1 + 1) pn Ztdten.
+ .
A (1- tm)wmlm(l—tn;)lmrm (d+t)ney,
n
Using (54)—(56), (G1) can be rewritten as (57). Similarly, we obtain (58) by rewriting (53).
Appendix H: The Proof of Proposition 5
From (60), we obtain
l+t, A ) Uty Tty (Ltty)pan by Lty (L+t)pan If
n
1 c’ 1 (1 = ty)Winly 0l
——[1=-20+ uH)1 - p)] ———— + = [1 = 2(1 + uH)p]
A K P (I+t)pn A HEP (I +t) pun Iy
1 (1 —tp)wrly nly 1
+ = [1=2(1 + pH)(1 - p)] LIT I (1= 2(1+ uH) [(1 - p)(1 =) + py]}-
P (I+t,)pan Iy A

Using (54)—(56) and (59), (H1) can be rewritten as (61).

Appendix I: The Derivations of (66)
Substituting (17) for &;;, in (26) yields
0= =[(1=p)(1 =)+ py1 (1 + ta)ps = (1 = )’ (n) an

(1—0 ) = 1% (l—ff ) = 1%
+ +1-plwn”sn” + +plw, 7577
ag a

Totally differentiating (I1) with respect to p and n, we obtain

0 o o o o
0= (=21 +t)pn+ ') = (1= )" 52+ (0F 5] =i 517 1)
Here, using (17), (55), and (59), we obtain the following result:
Xi wil% Sil%
= i=mf. I13)
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Substituting (I3) into the fourth term in (I2) and dividing the resulting equation by (1 — p)c”’ yields (66).

Appendix J: The Derivation of (77)

We substitute (74) for A, in (72) and consider the maximization of u. Allowing for (17), the first-order

condition with respect to 7 is

0 = % = p(l - tm)Wmlmn + (1 - p)(l - tf)Wflfn — (1 _ ,O)C' (Jl)
—[(1=p)1 =)+ py] (1 + ta)pn = [(1 = p)(1 = v) + pv] (1 + tc)pehen

+alo (s;{,h;g—lhmn +STHT i+ 5T T hen)

(mhn)” | (s7y)” <schc)“] |

+(1-0)n™ [
o o o

Using (11), (12), (14), (17), (73), (74), and (76), (J1) can be rewritten as

0 = p(l - tm)wmlmn + (1 - P)(l - tf)wflfn - (1 - P)C/ (J2)
[ =p)A =y)+ pyl (I +t0)pn = [(1 = p)(A = V) + pv] (1 + 1c)pchen

+ (1 - tm)wmhmn + (] - tf)wfhfn + [(1 - P)(l - V) + PV] (1 + tc)pchcn

+ (1 ;U) {0 = tw)Winhmn + (1 = tp)wrhpn + [(1 = p)(A =v) + pv] (1 + te)pehen}.

Using (17), (J2) can be rewritten as (77).

Appendix K: The Proof of Proposition 6

By defining the Lagrange function as L and the Lagrange multiplier on the revenue constraint as A, and
by making use of (17), the first-order conditions of the government’s social welfare maximization (84)
subject to the revenue constraint (85) with respect to ty, ,,, tf, t,, and f. are given by

oL

= T = —pyym— 1+ ty)pyyrln —pyyr—(1+ ty)pyy} (KD
y

-1 -1 ’
+ Vi Yt Yy Yp = Alm + ¥+t + )Py
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oL
0 = ot,, = =Wl + (1 = ty)Wilms,, + (1 = ty)Wimlmnns,,, = (bn + hm)¢ (lmzm + hmlm) (K2)
m
+ (1 - tf)wflfnnfm - C/ntm - (1 + tn)pnntm - (1 + tc)pchcnntm
(Smhm)” (s7hy)”  (sche)”
loa o o

+2(1+uH)(1 —0)n ny, [

+2(1 + uH)n' 7 [sg b ™" (Rt + hinnite,,) + TR hpnny,, + 5T AT henny,, ]
= AWmlm + Wbz, + tiWilmnh,, + trWelpahy, + tapuhy, + tepehenny,,),
oL

= % = (1 = tm)Wmbmnne, = wely + (1= tp)welpr, + (1= tp)welpnng, (K3)

-y + hf)¢ (lftf + hftf) - c’ntf = (L+ty)pniy, = (1 + te)pchentu,

o h o W\
(Smhm) + (Sf f) " (sche)
(oa g a

+2(1 + pH)(1 = o)n™% ny, [
+2(1 + pH)n' 7 [sg b By + sTRT ™ (hpey + hpnng) + 5T hepnyy ]

- /l(tmwmlmnntf +wrlp + tywrlp, + tywelpniy, + tappig, + tcpchcnn,f),

oL
o,

(1 = ty)Wmlmnny, + (1 = tp)welepny, — c'ny, (K4)

—pan—(1+ tn)pn”tn -1+ tc)pchcnntn

mmm¢+@mﬂ”+@maj

+2(1+ uH)(1 —o)n 7ny,
o o o

+2(1 + uH)n'™ (sf,'lhgl_lhmnn,n + s?h?_lhfnn,n + sghg_lhcnn,n)

— A (tmWimbmnny, + trwelpnny, + pan + typpny, + tepehenny,)

oL
0 = g = (1 - tm)Wmlmnntg + (1 - tf)wflfnnlc - C,ntc (KS)

—(L+ty)pune. — pche — (L +te)peher. — (1 + te)pehenny,

(MMV+WMV+WMV‘

+2(1 + uH)(1 —o)n 7 ny,
o o o

+2(1 + uH)n' 7 [sg b ™ by, + 7RI hpnny, + SThT ™ (her, + henni, )]

= AtmWmlmnts, + tpwelepng, + tappng, + pehe +tepeher, + tepehenny,).

First, since (K1) coincides with (47), we obtain (87), which is the same expression as (51). Moreover,

using (11), (12), and (K4) and then conducting some manipulation, (K2) and (K3) can be rewritten as

tm 0= =1 + DWinly — AW, + (1 + 2uH)(1 = ty) Wi by, + (1 + /l)pnnn,_nlntm,
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tr:0==(1+Owelp — Atpwelpe, + (14 2uH)(1 = tp)wehpe, + (1 4+ /l)pnnn,_n1 ([P

These two equations are the same as (52) and (53), respectively. Using the process of Appendix G, we
observe that the two equations lead to (88) and (89), respectively.
We next derive (91). Multiplying each term in (K4) by n,‘nln,c and subtracting the resulting equation

from (KS5), we obtain

0 = ﬁpn”mt_nlntc + (I =B)pche + (1 =p)1 + l‘c)pchczC
- 2(1 _ﬁ)(l + /JI_I)nl_O—Scc)-hg-_lhctC - pchc - tcpchctc-

Using (73), this can be rewritten as

-1
te B Y2
= 1- “— | +(1- 1-21+ uH)[(1=-p)1-=v)+pv]}. (K6
v —“”;’f‘“f[ pchcn;] (1= A1 =201+ uH)[(1 = p)(1 =) + pv]}.  (K6)
Equation (81) yields
| (1= p)nc”
= — , K7
Pt = T (=) + e
and (74) and (82) yield
1— ’”
pehenyt = ——— L= Plne (K8)

C(=p(d=v)+pv’
Allowing for (K7) and (K8), the first term on the left-hand side in (K6) vanishes. Thus, using (86), we
obtain (91).

Finally, we derive the optimal child tax/subsidy expression. By multiplying each term in (K4) by
n,‘n1 and making use of (A2), (73), and the fact that h;,n = h; (i = m, f, c¢), after some manipulations,

(K4) can be rewritten as

0 = (1- tm)wmlmn + (1 - tf)Wflfn -c' - pnnnz_nl -(1+ tn)pn -1+ tc)pchcn (K9)
1
+ 2(1 + IUH) (;) {(1 - tm)Wmhmn + (1 - tf)thfn + [(1 - P)(l - V) + ,OV] (1 + tc)pchcn}
-A (tmwmlmn +tewrlp, + pnnn,_n1 + typn + tcpchcn) .

Multiplying each term in (77) by 2(1 + uH), subtracting the resulting equation from (K9), and making
use of (17), we obtain

0 = [1-2(1+uH)1-p)]c’ +(1+punn;! (K10)
+ {1 =2(1 + pH)[(1 = p)(A = v) + pv]} (1 + tc)pchen
+4 (tmwmlmn + tfwflfn + thpn + tcpchcn) + {1 - 2(1 + /JH) [(1 - p)(l - V) + pv]} (1 + tn)pn
= [1=2(1 + uH)p](1 = ty)Winlmn — [1 = 2(1 + uH)(1 = p)I(1 = tr)wlsn,
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which yields

1 ¢’ 1+A4 1
— |1 -2(1 + uH)(1 - + K11
( /l)[ ( HEX Pl (1 +t:)pn ( A ) _ (t)ne, ( )
n
1 nhen
he
v —5) {1=2(1+ gH) [(1 = p)(1 =) + py]} e
(I+tc)pche
¢ _nlmn . _n;ﬂ
m I f f
() e [ =
- (I+t0)pn - (I+tn)pPn
1-1t, (l_tm)Mljm?m 1 ty (l_tf)zawfn
nhen
te “he 1
- IHC) e (—5) {1=2(1 + ) [(1 = p)(1 =) + pv]}
(I+tc)pche
1 _nlﬂ 1 _ngfn
I E
+ —z) [1=2(1 + pH)p]— = == + (_5) [1 =201+ pH)(1 = Pl
(I~tp)Wmlm (l—tf)wflf

Given 1 - 8 = —% and (86), if we apply (91) to the sixth term in (K11), the third and sixth terms in
(K11) cancel out. Then, using the definition of g, (54), (55), (56), and (59), (K11) can be rewritten as

(90).
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