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Abstract: In the current article, we consider certain subfamilies S} and C, of univalent functions
associated with exponential functions which are symmetric along real axis in the region of open unit
disk. For these classes our aim is to find the bounds of Hankel determinant of order three. Further,
the estimate of third Hankel determinant for the family S; in this work improve the bounds which
was investigated recently. Moreover, the same bounds have been investigated for 2-fold symmetric
and 3-fold symmetric functions.
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1. Introduction and Definitions

Let the collection of functions f that are holomorphicin A = {z € C: |z| < 1} and normalized
by conditions f (0) = f' (0) — 1 = 0 be denoted by the symbol A. Equivalently; if f € A, then the
Taylor-Maclaurin series representation has the form:

f(z)zz—i—iakzk (zeA). 1)
k=2

Further, let we name by the notation S the most basic sub-collection of the set A that are univalent
in A. The familiar coefficient conjecture for the function f € S of the form (1) was first presented
by Bieberbach [1] in 1916 and proved by de-Branges [2] in 1985. In 1916-1985, many mathematicians
struggled to prove or disprove this conjecture and as result they defined several subfamilies of the
set S of univalent functions connected with different image domains. Now we mention some of
them, that is; let the notations &*, C and K, shows the families of starlike, convex and close-to-convex
functions respectively and are defined as:
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St = {feS:Zf/iZ)<1J_FZ, (zeA)},

)

_ (f'(2) 1+z
cC = {feS. ) < 1 (zeA)y,
fz) 14z
= . f A
K {fES g’(z)—<1—z’ org(z)eC, (zeA)yp,
where the symbol “ < ” denotes the familiar subordinations between analytic functions and is define
as; the function h; is subordinate to a function h,, symbolically written as k1 < hy or hy (z) < hy (2),
if we can find a function w, which is holomorphic in A with w (0) = 0 & |w(z)| < 1 such that
hy (z) = hy (w(z)) (z € A). Thus, h1(z) < hy(z) implies h1(A) C hy(A). In case of univalency of i in
A, then the following relation holds:

hl(Z) < hz(Z) (Z € A) = I (O) = ]’lz(O) and Iy (A) C hz(A)

In [3], Padmanabhan and Parvatham in 1985 defined a unified families of starlike and
convex functions using familiar convolution with the function z/ (1 — z)*, for all 2 € R. Later on,
Shanmugam [4] generalized the idea of paper [3] and introduced the set

R U2 ST

where “*” stands for the familiar convolution, ¢ is a convex and  is a fixed function in .4. We obtain
the families S* (¢) and C (¢) when taking z/ (1 — z) and z/ (1 — z)? instead of h in S;; (¢) respectively.
In 1992, Ma and Minda [5] reduced the restriction to a weaker supposition that ¢ is a function, with
Re¢ > 0 in A, whose image domain is symmetric about the real axis and starlike with respect to
$(0) = 1 with ¢/(0) > 0 and discussed some properties. The set S* (¢) generalizes various subfamilies
of the set A, for example:

1. If¢(z) = 142 with -1 < B < A <1, then S*[A, B] := §* (%igg) is the set of Janowski starlike
functions, see [6]. Further, if A =1 —2x and B = —1 with 0 < a < 1, then we get the set S*(«) of
starlike functions of order «.

2. Theclass S := §*(v/1+ z) was introduced by Sokél and Stankiewicz [7], consisting of functions

f € Asuch that zf'(z) / f(z) lies in the region bounded by the right-half of the lemniscate of

Bernoulli given by |w? — 1| < 1.

For ¢(z) = 1+ sinz, the class S*(¢) lead to the class S, introduced in [8].

4. The family S; := S* (¢*) was introduced by Mediratta et al. [9] given as:

@

Sj:{feS:zj{/(iz))<ez, (zeA)}, 2)

or, equivalently

S::{fES:logzl((ZZ))’<1, (zeA)}. 3)

They investigated some interesting properties and also links these classes to the familiar

subfamilies of the set S. In [9], the authors choose the function f (z) = z + }z* (Figure 1) and

then sketch the following figure of the function class S; by using the form (3) as:
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Figure 1. The figure of the function class S for f (z) = z + 3z

Similarly, by using Alexandar type relation in [9], we have;

(zf'(2))’

f(2)

From the above discussion, we conclude that the families S, and C, considered in this paper are
symmetric about the real axis.

Ce—{fES: < €%, (ZEA)}. (4)

For given parameters q,n € N = {1,2,...}, the Hankel determinant H, , (f) was defined by
Pommerenke [10,11] for a function f € S of the form (1) as follows:

an Apt1 . ﬂn+q,1
Ap+1 An+2 -+ Anig

Hq,n (f) = - . . : ®)
Ap+g—1 Ant+q -+ An4+2q-2

The concept of Hankel determinant is very useful in the theory of singularities [12] and in the
study of power series with integral coefficients. For deep insight, the reader is invited to read [13-15].
Specifically, the absolute sharp bound of the functional Hp (f) = apas — a3 for each of the sets S*
and C were proved by Janteng et al. [16,17] while the exact estimate of this determinant for the family
of close-to-convex functions is still unknown (see, [18]). On the other side for the set of Bazilevi¢
functions, the sharp estimate of |H (f)| was given by Krishna et al. [19]. Recently, Srivastava and his
coauthors [20] found the estimate of second Hankel determinant for bi-univalent functions involving
symmetric g-derivative operator while in [21], the authors discussed Hankel and Toeplitz determinants
for subfamilies of g-starlike functions connected with a general form of conic domain. For more
literature see [22-29]. The determinant with entries from (1)

1 ap as
H3 1 (f)=| a2 a3 a4
a3 ag as

is known as Hankel determinant of order three and the estimation of this determinant |Hz ; (f)| is very
hard as compared to derive the bound of |Hp, (f)|. The very first paper on H3 ; (f) visible in 2010 by
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Babalola [30] in which he got the upper bound of Hj 1 (f) for the families of S* and C. Later on, many
authors published their work regarding |Hz (f)| for different sub-collections of univalent functions,
see [8,31-36]. In 2017, Zaprawa [37] upgraded the results of Babalola [30] by giving

1, for feS7,
H <
\ 3,1(f)|—{ o, for fec,

and claimed that these bounds are still not best possible. Further for the sharpness, he examined the
subfamilies of S* and C consisting of functions with m-fold symmetry and obtained the sharp bounds.
Moreover this determinant was further improved by Kwon et al. [38] and proved |Hz 1 (f)| < 8/9 for
f € &%, yet not best possible. The authors in [39-41] contributed in similar direction by generalizing
different classes of univalent functions with respect to symmetric points. In 2018, Kowalczyk et al. [42]
and Lecko et al. [43] got the sharp inequalities

|Hs; (f)| <4/135, and |Hs; (f) <1/9,

for the recognizable sets IC and S* (1/2) respectively, where the symbol S* (1/2) indicates to the family
of starlike functions of order 1/2. Also we would like to cite the work done by Mahmood et al. [44]
in which they studied third Hankel determinant for a subset of starlike functions in g-analogue.
Additionally Zhang et al. [45] studied this determinant for the set S; and obtained the bound
|Hs1 (f)| < 0.565.

In the present article, our aim is to investigate the estimate of |[Hz 1 (f)| for both the above defined
classes §; and C,. Moreover, we also study this problem for m-fold symmetric starlike and convex
functions associated with exponential function.

2. A Set of Lemmas

Let P denote the family of all functions p that are analytic in D with £(p(z)) > 0 and has the
following series representation

p(z) =1+ i cnz" (z€N). (6)

n=1

Lemma 1. If p € P and has the form , then

len] < 2 for n>1, ?)
|k — penck] < 2, for0<u<1, 8)
lemen —crer| < 4 for m+n=k+1, 9)
Cnaok — ycncﬂ < 2(142u); for y R, (10)

2 2

1 lc1
——= < 2—— 11
2 > > 5 7 ( )

and for complex number A, we have

‘cz—)\cﬂ < 2max {1, 24 — 1|} (12)

For the inequalities (7), (11), (8), (10), (9) see [46] and (12) is given in [47].

3. Improved Bound of |H3; (f)| for the Set S;
Theorem 1. If f belongs to S;, then

|Hsz1 ()] < 0.50047781.
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Proof. Let f € S;. Then we can write (2), in terms of Schwarz function as
Zf/ (Z) _ L,w(z)
f(2)
If h € P, then it can be written in form of Schwarz function as
1
h(z) = % =1+cz+ez?+---.
From above, we can get
w(2) = h(z)—1  cz+cz? 40322+
S h(z)+1 24zt o4
zf'(z) _ 2\ .2 3) .3
) =14ayz+ (2113 — az) z° 4+ (3114 — 3azas + a2) z
+ (4615 — 2&1% —4ara, + 4&1%&13 — a%) =1+ p1z + P222 +--- (13)
and from the series expansion of w along with some calculations, we have
2 3 4 5
w(z) _ (w(z)”  (W(z)” (W) (W)
e’ =1+ w(z) + ottt Tt
After some computations and rearranging, it yields
1 c c2 A c c1c
w(z) 4= 2 Y11 .2 1 3 12 3
e +2clz+<2 8)2 +<48+2 n z
1 4 1 1, 1, 1 4
+ <384C1+2C4— 8c2—|—%c162—1c1C3 FA (14)
Comparing (13) and (14), we have
!
= -, 15
a > (15)
1 c%
- o'l 16
as 4 (CZ + 4 > ’ ( )
1 C1C2 q
_ 1 G2 G 17
ay g < st Tag (17)
1 C‘l1 Ccy . C1C3 C%Cz
= — —_— - —. 18
. 4<288+2+12 24 18)
From (5), the Third Hankel determinant can be written as
H3,1 (f) = —a%a5 + 2aja3a4 — ﬂg + asas — aﬁ.
Using (15), (16), (17) and (18), we get
_ 3By 53 5 L ccy 19 211 4 g 3 5, 13 ,, G
M1 () = 2764812 T go121% 30 T 5765127 ~ 3317761 64 128514 T 230412 36
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After rearranging, it yields

211 c2 3 c2 cqc 2 1
H = 4 1 > _a) A9 _1
31 (f) 1658881 (Cz 2 ) et (Cz 2 ) 56 |27 7 | T Tessascl (& —ac2)
407 N 529 55 G
* 1658881 (Clc3 CZ) 36 (3~ c12) = 64 4 (ca—cacs) = 16588812~ 64’

Using triangle inequality along with (7), (11), (8) and (9), provide us

211 |c1]? 3 ol | Jal jea | 1 3
< e S > M _ M
1Hs1 (Nl = ezags | ! < 5 )t 25 )t (275 | * 5504z 1l

+ﬂ| ‘2+1+l+ﬂc‘2+1
41472 ‘1 9 16 41472 8

If we substitute |c;| = x € [0,2], we obtain a function of variable x. Therefore, we can write

211 AT X2 x? 1
H < 42— = 2- —2-5 )+ 555
| 31 (f)‘ = 165888x ( ) + 32 ( ) + 48 ( ) + 82944x
407 5 1 529 1
b

1
41472 9 16 ' 41472 8

The above function attains its maximum value at x = 0.64036035, which is
|Hs1 (f)| < 0.50047781.

Thus, the proof is completed. [

4. Bound of |H3 (f)| for the Set C,
Theorem 2. Let f has the form (1) and belongs to C,. Then

1
o] < 0)
sl = 4
17
< -
|a4| = 1 4/ (21)
7
< —, 22
las| < % (22)

The first three inequalities are sharp.

Proof. If f € C,, then we can write (4), in form of Schwarz function as

14+ Zf// (Z) _ ew(z).

f'(z)
From (1), we can write
zf" (z) _ 2\ .2 3\ .3
1+ ) 1+2az + (6113 - 4112) z° + (12a4 — 18apa3 + 8a2) z

+ (20a5 — 18a§ — 32aza4 + 4851%513 - 16a§) A (23)
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By comparing (23) and (14), we get

0 = %, (24)
a; = 112<cz+(f>, (25)
0 = ;(C{:Hcs,—g), (26)
a5 = 210<2§8+C24+Ci;3—i22>. 27)

Implementing (7), in (24) and (25), we have

2| <3 and || <

i

Reshuffling (26), we have

a4l = 55

D et C%+
2412ﬂ T2 e

Application of triangle inequality and (7) and (11) leads us to

1]5 |c1] |C1|
<
|a4|_24{ |+24 2 — 7 +2

If we insert |c1| = x € [0, 2], then we get

1 5 X x2
las < o, {12 X+ o (22) +2}.
The overhead function has a maximum value at x = 2, thus

sl < 141

Reordering (27), we have

1 c3ca a2 a2 1 €162
2 <C4_48 s (273 )Tl

By using triangle inequality along with (7), and (8), we get

a5 = =
51790

las| < ¢
Equalities are obtain if we take
z 145 17 19
- J(O) ¢ — Sy Ry SR
f(z) /Oe dt = z+22 +4z +144 +360 + (28)

where
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Theorem 3. If f is of the form (1) belongs to C,, then
1
‘ag—'ya%‘ <6max{1,;|'y—1|}, (29)

where vy is a complex number.

Proof. From (24) and (25), we get

2
Q2 9 72
12 T1g 164

2
‘113 —Wz’ =

By reshuffling it, provides

1 1/3y-1

Application of (12), leads us to

11
‘ng,—’)’ﬂ%‘ Smax{6,12|3'y—3|}.

O
Substituting v = 1, we obtain the following inequality.

Corollary 1. If f € C, and has the series represntaion (1), then

1
}ag - a%‘ < & (30)
Theorem 4. If f has the form (1) belongs to C,, then
— < —. 31
|a2a3 — 24| < 5og (31)
Proof. Using (24), (25) and (26), we have
=2 7 5 G
0203 = a4 = |55+ 11521~ 24"
By rearranging it, gives
o 1 Cc1C2 1 7 3
2283 ”4|"’ 48 (C3 2 ) 48 <C3 24cl>"
By applying triangle inequality plus (8) and (10), we get
2R TI= 124 T 288 288
O
Theorem 5. Let f € C, be of the form (1). Then
3
‘a2a4 - a% < o (32)
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Proof. From (24), (25) and (26), we have

Cc1C3 C% c1C2 C5

_ 2l
‘“2“4 ”3’ 96 1536 1152 144|

By reordering it, yields

’a2a4 — a%‘ =

5C716 (co- %) + % <C3 N 2CB> + 14114 (ces-a)|.

Application of triangle inequality plus (7), (11), (10) and (9), we obtain

7 4 3

4
2l < — = _.
3‘ So76 576 T 1ad T

’a2a4 —a
O
Theorem 6. If f € C. and has the form (1), then
|Hs1 (f)] < 0.0234598.
Proof. Using (5), the Hankel determinant of order three can be formed as;
H3i (f) = —a5a5 + 2aya3a4 — ag + azas — ai.
Using (24), (25), (26) and (27), gives us

A3 S 173 23 CoCy 13 ,
1

- cZey 23
H _ 7 5 _ 6 1 3
31 (f) = 5760912 ~ 576 ~ 1728 ~ 663520+ 27648012+ 480~ 46980°

2 —_
27 960 T 91201

Now, rearranging it provides

173y, 3 103 2 ca 2
B () = 37760 <C2_2> 1658550712 < YR s
11 365 & N 23
17280412 <C3 1056C1C2) 1728 (s -a3) - 576 \ 1201

Application of triangle inequality plus (7), (11), (8), (10) and (9), leads us to

173 s |e1|? 103 ) |e1|? 1 83 1
H < 7 2— 2—
131 (1)1 < 5317765 11 < 2| T 829440 11 2| T 120 T gea0 T 216

Now, replacing |c1| = x € [0,2], then, we can write

173, x? 103 , x? 1 x2 11 41
< _
1Hs1 (N < 357775 (2 2 ) * 820420" (2 2) 20 P 2) T30 T ms0

The above function gets its maximum at x = 0.7024858, Therefore, we have

|Hs1 (f)| < 0.02345979.

Thus the proof is completed. O
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5. Bounds of |H3 (f)| for 2-Fold and 3-Fold Functions

Letm € N = {1,2,...}.If a rotation A about the origin through an angle 27t/m carries A\ on
itself, then such a domain A is called m-fold symmetric. An analytic function f is m-fold symmetric in
A, if

f (ezm/mz) _ ezm'/mf (Z) , (z c A) ]

By S("), we define the set of n-fold univalent functions having the following Taylor series form

fz)=z+ i amk+1zm"+1, (zeA). (33)
k=1

The sub-families S, ") and Ce(m) of 8(M) are the sets of m-fold symmetric starlike and convex
functions respectively associated with exponential functions. More intuitively, an analytic function f

of the form (33), belongs to the families S, ") and Ce(m), if and only if

ZJJf éz) — exp (m) ,pepm, (34)
where the set P(") is defined by
p<m):{pep;p@)zuﬁcmﬂmh (zeA)}. (36)

Here we prove some theorems related to 2-fold and 3-fold symmetric functions.

Theorem 7. If f € S, @) and has the form (33), then

x|

|H31 (f)| <

Proof. Let f € S: (2). Then, there exists a function p € P2 such that

2f(2) _ . (P() =1
fz) P(p<z>+1>'

Using the series form (33) and (36), when m = 2 in the above relation, we can get

a3 = Z, (37)
—
a5 = 8" (38)

Now,

Utilizing (37) and (38), we get

64 32
By rearranging, it yields
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Using triangle inequality long with (8) and (7), gives us

1
[Hs1 (F)] < 5.
Hence, the proof is done. [

Theorem 8. If f € S, ) and has the series form (33), then

|H31 (f)| <

O | =

This result is sharp for the function
f(z) =ex /Zeﬁdx *2—1—124—1—2274—--- (39)
SR\ ) TETE T

Proof. As, f € S (3), therefore there exists a function p € PB) such that

2f(z) _ . (p() -1
fz) p(p<z>+1>'

Utilizing the series form (33) and (36), when m = 3 in the above relation, we can obtain

g =3
4= 5
Then,
2 3
H =2 =-232
31(f) = —ap = —5¢
Utilizing (7) and triangle inequality, we have
1
[Hs1 () < 5-

Thus the proof is ended. [

Theorem 9. Let f € Ce(z) and has the form given in (33) . Then

|H31 (f)| < 20"

Proof. As, f € Ce(z), then there exists a function p € P @) such that

') (pl)-1
AIe ‘ep(p<z>+1>'

Utilizing the series form (33) and (36), when m = 2 in the above relation, we can obtain

_ O
a3 = 15 (40)
C4
= —. 4
as m (41)

Hs1 (f) = azas — a%.
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Using (40) and (41), we have

3
C CaCy
H — 2 4 2
31 (f) 1728 T 180

Now, reordering the above equation, we obtain

(8)) 5

Application of (7), (8) and triangle inequality, leads us to

[Hs1 ()] < 155-

Thus, the required result is completed. [

Theorem 10. If f € Ce(?’) and has the form given in (33), then

1
< —.
[Hs1 (NI < 12 (42)
This result is sharp for the function
S N (P PSS W SR S
f(z)_/0 elWdt =z 4+ ot + 2o + (43)

where

Proof. Let, f € C€(3). Then there exists a function p € PB) such that

') (pE)-1
e P<p<z>+1>'

Utilizing the series form (33) and (36), when m = 3 in the above relation, we can obtain

_ 8
as 24
Then,
&
H =3
31 (1) = 57
Implementing (7) and triangle inequality, we have
Hs1 ()] < g
V= 14g

Hence, the proof is done. O

6. Conclusions

In this article, we studied Hankel determinant Hj 1 (f) for the families S, and C, whose image
domain are symmetric about the real axis. Furthermore, we improve the bound of third Hankel
determinant for the family S;. These bounds are also discussed for 2-fold symmetric and 3-fold
symmetric functions.
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