arXiv:1801.01699v4 [cs.IT] 3 May 2018

Variable-Length Intrinsic Randomness Allowing
Positive Value of the Average Variational Distance

Jun Yoshizawa
Waseda University
Email: junbadchel0313 @suou.waseda.jp

Abstract—This paper considers the problem of variable-length
intrinsic randomness. We propose the average variational dis-
tance as the performance criterion from the viewpoint of a
dual relationship with the problem formulation of variable-length
resolvability. Previous study has derived the general formula
of the e-variable-length resolvability. We derive the general
formula of the e-variable-length intrinsic randomness. Namely,
we characterize the supremum of the mean length under the
constraint that the value of the average variational distance is
smaller than or equal to a constant €. Our result clarifies a dual
relationship between the general formula of e-variable-length
resolvability and that of e-variable-length intrinsic randomness.
We also derive a lower bound of the quantity characterizing our
general formula.

I. INTRODUCTION

The problem of random number generation is one of the
important research topics in Shannon theory. This problem is
divided into

(i) the problem of resolvability (e.g. [, [3], [7], [1O], [L11]),
(ii) the problem of intrinsic randomness (e.g. [1, [2], [8I,
(9.

For these problems, the variational distance is a major crite-
rion used to measure the difference between the probability
distribution generated by a mapping from a coin distribution
[1] and a target distribution [1l]. Further, those problems are
divided into

(A) the case of fixed-length (e.g. [[L], [3], [71, [8]),
(B) the case of variable-length (e.g. [[L]], [2]], [O], [LO], [L1]).

Investigating a duality between resolvability and intrinsic
randomness is one of the important research topics. For the
problems of fixed-length resolvability ((i) & (A)) and fixed-
length intrinsic randomness ((ii)) & (A)), a duality of those
general formulae has been studied. One way to capture the
dual relationship of the general formulae is to see them from
the viewpoint of the smooth Rényi entropy [6]. For the problem
of fixed-length resolvability, Uyematsu [7]] has characterized
the general formula by using the smooth Rényi entropy of
order zero [6]. On the other hand, for the problem of fixed-
length intrinsic randomness, Uyematsu and Kunimatsu [§]]
have characterized the general formula by using the smooth
Rényi entropy of order infinity [6].

For the problem of variable-length resolvability ((i) & (B)),
Yagi and Han [10], [11] have characterized the infimum of the
mean length allowing positive value of the variational distance.
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However, the dual problem formulation to this problem has not
been discussed yet.

This paper considers the problem of variable-length intrinsic
randomness ((ii) & (B)) and discusses the duality with the
work by Yagi and Han [10], [11]. From the viewpoint of a dual
relationship with the problem formulation of variable-length
resolvability, we propose the average variational distance. This
is the expectation of the variational distance between the prob-
ability distribution generated by a mapping and the uniform
distribution for each length, where the expectation is taken
with respect to the length. As the main result, we characterize
the supremum of the mean length allowing positive value of
the average variational distance.

We can see a duality between the general formula by Yagi
and Han [10], [[11] and our general formula from the viewpoint
of the smooth Rényi entropy. The general formula of Yagi and
Han [10], [[L1] is related to the smooth Rényi entropy of order
a € (0,1) [6] (cf. [4], [5], [11]). On the other hand, our
general formula is related to the sub-probability distribution
which achieves the infimum of the smooth Rényi entropy of
order o € (1,00) [6] (cf. [4]).

It is worth noticing that our problem formulation is different
from the original formulation introduced by Vembu and Verdud
[9]. Vembu and Verdud [9] and Han [[1]], [2] have derived the
general formula of the supremum of the mean length under
the constraint that the value of the variational distance is equal
to zero. Their variational distance measures the supremum of
the difference between a conditional probability distribution
generated by a mapping given each length and a uniform
distribution. On the other hand, we consider one probability
distribution on all lengths, because we consider the average
variational distance. Therefore, our problem formulation is
different from their problem formulation.

The organization of this paper is as follows. In Sec. II, we
introduce the result of variable-length intrinsic randomness by
Han [1], [2]. In Sec. III, we state the result of e-variable-
length resolvability by Yagi and Han [10], [11]. In Sec. IV, we
describe e-variable-length intrinsic randomness. Specifically,
Sec. IV-A introduces the problem formulation of our study. In
Sec. IV-B, we describe the general formula of the e-variable-
length intrinsic randomness. Further, we state a lower bound
of the quantity characterizing the e-variable-length intrinsic
randomness. In Sec. V, we prove our results. In Sec. VI,
we discuss the dual relationship between the result by Yagi



and Han [10]], [11]] and our result. In Sec. VII, we consider
the second-order general formula. Finally, in Sec. VIII, we
summarize this paper.

II. VARIABLE-LENGTH INTRINSIC RANDOMNESS: REVIEW

Let X be a finite or countably infinite alphabet and X™ be
the n-th Cartesian product of X. Let X" be a random variable
taking a value in X" and z" be a realization of X™. Let
X = {X"™}2° , be a general source [1]]. We denote by P(X™)
a set of probability distribution Px» on X™. We do not impose
any assumptions such as stationarity or ergodicity. Let U =
{0,1,..., K—1} be a finite alphabet of size K, where K is an
integer greater than or equal to 2. For any nonnegative integer
m, U denotes a random variable distributed uniformly on
U™ and u(™ denotes a realization of U (™), where m is called
the length of U(™). Let U* be the set of all finite strings
taken from U, including the null string A whose length is
zero, i.e., U* = {A,0,1,00,...}. A mapping ¢, is defined
as o, : X" — U*. Let I(p,(2™)) be the length of ¢, (z™).
Given m and @, the set D,, is defined as

D = {z" € X" | l{pn(2")) = m}.
Given ¢, the set J(p,) is defined as
T (pn) = {m € Lo [ Pl(pn(X™)) = m] > 0},
where Z( is the set of nonnegative integers. We denote
byl'| tpy () = log Px%' The variational distance be-

tween two probability distributions Py and Qx is defined
as d(Px,Qx) = >, cx |Px(z) — Qx(z)|. A probability
distribution Pxn is defined as
PX% (.’,Cn)
P n n = -
%3, (") = prxm e )
Previous studies such as [1l], [2]], and [9] investigated the
problem of variable-length intrinsic randomness defined as
follows.
Definition 1 ([lI)], [2]): A rate R is said to be i-achievable
if there exists a mapping ¢, : X — U™ satisfying
limsup sup d(P,, (xn), Pyom) =0, (1)

n—00 meJ (pn)

liminf ~Ep,, [[(on(X™)] = R,

n—oo N

(™ € D).

where Ep,., [-] denotes the expectation with respect to the
distribution Pxn.

The variable-length intrinsic randomness [11], [2] is defined
as follows.

Definition 2 ([U], [2]):

Si(X) :=sup{R | R is i-achievable}.

The following result was given by Han [1]], [2].
Theorem 1 ([1)], [2l]): For any general source X,

n—,oo N

where H(Pxn) is the entropy.

'In this paper, logarithms are of base K.

III. e-VARIABLE-LENGTH RESOLVABILITY: REVIEW

Let L,, be a random variable taking a length m. Let U (Zn)
be the variable-length uniform random number [10], [L1],
where the probability distribution is defined as
P[L,, = m]

Km
for all (™ € ™. Therefore, U™ is uniformly distributed
over U™ given L, = m. A mapping ¢, is defined as ¢, :
us — X,

Previous studies such as [10] and [11]] investigated the
problem of e-variable-length resolvability defined as follows.

Definition 3 ([I0], [I1]): Given € € [0,1), a rate R is
said to be r(e)-achievable if there exists a variable-length
uniform random number U (%) and a mapping ¢,, : U* — X™
satisfying

Py (u™ m) = P[UE) =4(™ L, =m] =

lim sup d(P(bn(U(Ln)), Pxn) <,

n—oo

1
limsup —Ep, [L,] < R.
n—oo N "

The e-variable-length resolvability [10], [L1] is defined as
follows.
Definition 4 ([l10)], [11)]):

Sp(e]X) :=inf{R | R is r(e)-achievable}.
The following quantity was defined by Koga and Yamamoto

(51
Definition 5 ([5]]): Given € € [0,1), G(X) is defined as

1
Gq(X) = lim lim sup EG[HT] (XM,

70 n—oo

where G;,(X™) is defined as

G XM = inf Pxn(z"
[E—H—]( ) A,,L:P[X"rel%,L]Zlfefer;q X (:E )
) PX"™ € A,)]
og =l
& Pyn ()

The following result was given by Yagi and Han [10], [11]]
(ct. [5]).
Theorem 2 ([10], [11)]): For any general source X,

S:(€X) = Glg(X) (e €]0,1)).

Remark 1: The study [5] derived the general formula of
weak variable-length source coding allowing e-error proba-
bility. The general formula is also characterized by G'q(X).

IV. e-VARIABLE-LENGTH INTRINSIC RANDOMNESS
A. Problem Formulation

In this study, let X be a finite alphabet. In the problem of
variable-length intrinsic randomness, the probability distribu-
tion of L,, is defined as P (m) = P[X™ € D,,]. Therefore,
the probability distribution of U (X~ is defined as
P[X™ € D]

PU<Ln)(u(m),m)=]P’[U(L”)=u(m),Ln:m]: T ,



for all u(™) € U™. The performance criteria are the average
variational distance and the mean length. The average varia-
tional distance between P%L( Xn) and Py, is defined as

d(Py, (xn), Puca)

= > P Z | Py, (xn)(w) = Pyom (u)]
meJ (on) ueum
1 n Pwn(le)(u) 1
mEJ(Lpn) ueEU™
P[X" € D,y]
3 ¥ 5 P - SRR

mEJ(%) ueu™

We define the problem of e-variable-length intrinsic ran-
domness.

Definition 6: Given € € [0,1), a rate R is said to be i(e)-
achievable if there exists a mapping ¢, : X™ — U* satisfying

hm 5up d( (p"(Xn), PU(Ln)) < €, (2)
1 n
liminf ~Epy. [l(pn(X™))] 2 R. 3)

Remark 2: The variational distance (I) in Definition 1
measures the supremum of the difference between a condi-
tional probability distribution given each length generated by
a mapping and a uniform distribution. On the other hand,
the average variational distance (2) in Definition 6 measures
the difference between a probability distribution generated by
a mapping and a probability distribution of variable-length
uniform random number U(Xn). Therefore, unlike Definition
1, we consider one probability distribution on all lengths in
Definition 6.

The e-variable-length intrinsic randomness is defined as
follows.

Definition 7:

Si(e|X) :=sup{R | R is i(e)-achievable}.

Our concern is to investigate S;(e|X) for a general source
X.

B. Main Results

The following set plays an important role in producing our
main results.

Definition 8: Given ¢ € [0, 1), Qs(X™) is defined as the set
of sub-probability distribution QQx~ satisfying the following
conditions:

Qxn(z™) >0, (Vz" € {z" € X" | Pxn(2") > 0}),
Qxn(z™) < Pxn(2™), (V2" € &™),

> Qxn(a")=1-34.
aneXn

Next, using Q.(X™), we introduce a new quantity.
Definition 9: Given ¢ € [0,1), GI(X) is defined as

1
G(X) = lim lim inf = GH(x™),

710 n—oo N

where GIt7I(X™) is defined as

Gltl(x™) = sup

Qxn€Qecy~(XM)

EPX" [[’QX” (Xn)]

The following theorem is the main result in this paper.
Theorem 3: For any general source X,

Si(elX) = G(X) (e € [0,1)).

Proof: The proofs of the direct part and the converse part
are in Section V-A and Section V-B, respectively. [ ]
In Sec. VI, we discuss the dual relationship between the
general formula in Theorem 2 by Yagi and Han [10], [11]] and
our general formula in Theorem 3.
Remark 3: Instead of (IZ]) we consider the next condition:

Ci(P%l(erL), Pyriny) <e (Vn > ngp)

for some ng € N. We define S;(¢|X) as e-variable-length
intrinsic randomness corresponding to this condition. Then,
we have
_ le] n
(|X) th_l}gfnG (X™).

The following theorem characterizes the lower bound of
Gl(X).

Theorem 4: For any general source X,
H (X) < GY(X) (e€(0,1)),

where the quantity of the lower bound is defined as

H.(X) = sup{R|hmsupﬂ>[ L (X7) SR} ge}.

n— oo
Proof: See Section V-C. [ |
Remark 4: The quantity H (X) characterizes e-fixed-length
intrinsic randomness [[1].
V. PROOFS OF MAIN RESULTS
A. Proof of the Direct Part of Theorem 3

For any 7 > 0, n € N, and v > 0, there exist a QX% S
Qe+ (X™) satisfying

Epgnltgn (X™)] > sup Epgn[t@yn (X™)] =7
Qxn€Qeyr(X™)
= GIHTI(X™) — . )

[Definitions of notation]
e Rjis defined as R; = 3vj, (=0,1,2,...).
o I; is defined as I; = [R;,R;j4+1), (=0,1,2,...).
. Sij) C X™ is defined as

. n o 1 n .
Séﬂ):{x EX ‘E[,QX”(JT )EI]}, (]:0,1,2;)

&)
o Jis defined as J = {0,1,2,...}.
o We partition J into J; and Jy defined as
Ji={j = 1[P[X" € 8] > K-}, (6)

={0}U{j>1|PX" e SV < K™Y (1)



For z" € Sﬁbj ), it holds that

Qxn(2") < KM = g—mRs (=78,
Then, for j € Ji from (6, it follows that
Qx, (") <P[X" € SO K —1-18, )

[Construction of the mapping]

We use the following Lemma 1. The proof of this lemma
is similar to that of Lemma 2.2 in [2].

Lemma 1: Let R > 0, a > 0 be any constants, v > 0 be an
arbitrarily small constant, A,, C X™ be an arbitrarily set, and
¢ > P[X™ € A,] be an arbitrarily constant. Suppose that the
probability distribution Pxn» € P(X™) satisfies the condition

Pxn(z") < KR (ygn € A,). )

Then, there exists a mapping ¢, : A, — UL such that

1 c
5 Z PW"(Xn)(u) - K\_naRj
UGZ/{L"QRJ
1
< eKTMR 4 5(c —P[X™ € A,)). (10)
Proof: See Appendix A. ]

Remark 5: It is easy to check from the way of the proof
of Lemma 1 that Lemma 1 holds even if we replace the
probability distribution Px» and P[ X" € A,,] defined by Pxn
by sub-probability distributions.

We use Lemma 1 with R = R a=1
c=P[X" €S J>](> Q[x™ e 8Y g]).
mapping <p§l L 59
1
s X

weyln(1=27R; ]

From , there exists a
— Y= 29) ;) such that

PX" € S¥)

Q¢%7)(X")(u) - m

<P[X" e SV K F +2(IP’[X” € SW—Q[X" e SV,

(1)

where QX" € ) = ¥ . oo Qxn ().

Next, we construct the mapping ¢,, : X" — U* by
(4) (om0 n ()
(,On(xn) p— LJDTL ('r ); (./L' € Sn 7] € Jl)) (12)
A, (otherwise).
Therefore, it holds that

T(pn) ={0y U{ln(l = 2v)R;] |j € i}.  (13)

[Evaluatlon of the average variational distance]
From Qx» € Q- (X™), there exists a {G(J)}l |

{r() }Ijﬂl such that

€M 4@ 4 4 elID = ¢ (14)
T(l)+7—(2)++7'(‘”) :’7’7 (15)
PIX" € S9] - QX" € S0 = D 4+ 7). (16)

For j € J;, we have

DS

weylni—2mR; )

P[X" € S

Qenxm (W) = T azemy,)

(a) ~ i
< PX"eSWK~ mRJ+2( [X"eSsY)-Q[x"eSP))

W) 4 ()
—5
where (a) follows from (TI) and (12), (b) follows from (T6).
Then, it holds that

1
5 X
weylmA—2m Ry
1
<3 >
weyln—2M ;]
1
3 X
weylmA—27 Ry
1
5 2

weyln(1=27)R; ]

(

D pixn e SUK-R (17)

PX" € S

P, cxm(W) = 2 ha=am;]

1Py, (xn) () = Qg (xn)(u)]
PX" € S

Qou (W) = o,

—~
O

)

IN

P, (xmy () = Qu, (xmy (w)]

@) 4 70)
5
where (c) follows from . On the other hand, for j € Js,
it follows that

+P[X" e SOIK—™F 4 (18)

Z P[X" € Dy
- LX) -
uEMU K
1
= §|P<pn(X")(A) - ]P[Xn S Do]l
1
= SIPIX™ € Do - PIX" € Dol = 0. (19)

Next, for sufficient large number n € N, we prove that
the length |n(1 — 2v)R;] differs for each j € J;. For n >
we have

(1-27)3v>
n(l—2v)3v(j +1) —1 > n(1l —2v)3vyj. (20)
From the definition of the floor function, it holds that
[n(1 —27)Rj11] >n(l—27)3v(+1) -1, (21)
[n(1—27v)R;| < n(l —27)3vj. (22)
By substituting (ZI) and 22) for (20), we have
(n(1 = 29)Rj11] > [n(1 = 27)R;].
Therefore, we obtain the following fact: (#) For n > ﬁ

the length |n (1 — 2v)R;| differs for each ] € J1

For n > = 27)37 the combination of

and (&) yields
d(P,, (xny, Pran)

=3 X X

Wn(Xn) (U -
mEJ(LPn) ueU™

3 X 2

P[X™ € D,,,]
Km

_ Pll(pn(X™) = ml ‘

‘Pn(Xn Km
'HLEJ(Lpn) ueU™
1 Plx" e 5]
= 5 Z Z P‘FWV(X”)(U) - KL”(I*Q’Y)R]'J

VISDA ueu["(1*27)RjJ



Qapn (X™) (u)‘

= DD DR

%(Xn)(u) —
VISDA ueu["(l 27)R; ]
) () ()
+ Y PIX" e SPIE TR 4 ST % (23)
jeJ1 VISDA

First, we evaluate the first term on the right-hand side of (23).

% Z Z ‘P n(X”)(u) - Qtpn(X“)(u)‘
JE€T1 yeyln 215
=D I DI I DRV R AER)

JET1 yeylr—2MR;1 gnip, (27)=u

1 n 2 n
Y YT Pel) -G
JEJ1 yeylnO—2MR; ] 2@, (x™)=u
@1 S Py (@™) = Qxn(am)] L 2T (24)
N 2 ZETLGX" Xn Xn a 2 ’

where (d) follows from and (#), (e) follows from Q xn €
Q4+ (X™). Next, we evaluate the second term on the right-
hand side of (23).

S PX" e SOk < 3T KA

JjeJ1 jeJ\{0}
[(737172

=T e (25)

Finally, we evaluate the third term on the right-hand side of
3.

(4) (4) (4 (4
eV +T e+ ) e+ T
< s 26
Z - Z 2 2 7’ (26)

jeJ1 jeJ

where (f) follows from and (I5). By substltutmg 24,

’ and 1; for (23)), we have, for n > m

_ K73nw2
d(Pgan(X")7PU(Ln)) S e+T7+ W

By letting 7 | 0, we have

lim sup cZ(P%(Xn), Pyw.y) <e. 27

n— oo

[Evaluation of the mean length]
For n > ———, it follows that
(1-27)3y

Epyn [l{pn(X™))]
= Y mPl(pa(X™) =m]

me‘j(ﬁan
® S [n(1 - 29)R; JPIX" € S9]
JjE€J1
> (n(1-2y)R; — HP[X" € S)]
JE€J1
> ) n(l—29)R;PIX" € SP] - > PX" € §P)]
JEJ1 jeJ

= >l p1 = 37)PLX" € 5P -

VISDA

(1-=2v)(R

>n(l—2y) Z R PIX™ € SY] —3ny(1 —27) — 1

JjE€J1
n(l—2v) ZRJHP[Xn S
JjeJ
—n(l—2v) Z R; 1 P[X™ € SY] —3ny(1 —27) — 1
JEJ2
=n(l—-27) ZRj+1IP’[X” S
JjeJ

> RjaPX" €SP
Jj€J2\{0}
—n(1 = 29)RPX" € SO] — 3ny(1 —27) — 1

>n(l1-2y) ) RjP[X" € 57

—n(l-2y)

jedJ
—n(1—27) Y RiPX"e€SP]—6ny(1-27)—1,
j€J2\{0}

(28)

where (g) follows from @ We evaluate the second term on
the right-hand side of (28).

. (h) > )
S RpaPlx e 59 €5y Y+ K

jeJ2\{0} j=1
_ K KT R
— K —3n7? (1_K—3n72)2 - (1—K_3"72)2, (29)

where (h) follows from (7). By substituting (29) for (28), it
holds that

1

~Epca [Hpn(X™))] 2 (1 - 27) Y RiP[X" € 5]

jed
6v(1 — 27)[(*3”7
- i O -2 - 60
We evaluate the first term on the right-hand side of @)
(1-29)) RjpPlX" € 5]
JjeJ
@
>(1-29)) > Pxu( LQXW (z™)
J€J gnesP
1 n
= (1= 20) 1By lig,., (X)) G

where (i) follows from (5). The combination of (31)) and (30)
yields

B llon(X")
67(1— 29) K"

> (1-29) 2 By [, (X7)] -

(1 _ K*Bn'yz)Z
1
—6y(1—279) —
(1 =27) =~
(@) _
g 1- QW)EG[EJFT] (X") — (A =27y
n n
6v(1 — 2y)K =377 1
(1 7 K,3n72)2 67(1 2’7) ﬁv



where (j) follows from @) Therefore, it follows that

lim inf prn [(on(X™))]

n—o00 nN

> (1 —2v)liminf — G[€+T] (X™) —

n—oo

6v(1 — 279).
Since v > 0 and 7 > 0 are arbltrary, this indicates that

lim inf 1]prn [[(pn(X™)] > G(X).

n—oo

From and ., R satisfying R < GUI(X) is i(e)-
achlevable Hence, we have S;(¢|X) > GI(X).

(32)

B. Proof of the Converse Part of Theorem 3

Suppose that R is i(¢)-achievable, i.e., suppose that there
exists a mapping ¢, : X™ — U* satisfying (Z) and (3). From
(]ZI) for 7 > 0, there exists an ng € N such that

P X" € D,
'y - HAE Pl

Tom <e+T
mej(tpn) ueU™

‘Pn(Xn

for all n > mng. There exists a sequence {e( }“7(“"")‘,

{T@)}LQ‘P")' such that

(W L@ 4. 1Ten)D) < ¢ (33)
A DR C) T T(\J(son)\) <r 34
for m € J(¢n),
P[X™ € D,, m m
**E: Py, (xm( J‘gﬁf‘lze()+# .

ueU™

Next, the set Aﬁf”) C X" for m € J(pp) is defined as
follows:

P[X" €D,

A;m){xne)(” ‘ PX”L(mn)z Km - 7<pn(xn)€um}'

Moreover, we define the set V,,, D <pn(A£Lm)) by
P[X™ € D]

n > —— 5,
(xm)(u) = Km

For n > ng and m € J(p,), it holds that

Vin = {u eU™ | P,,

m my 1 P[X™ € D,,]
e 4 7tm) = ) Z Py, (xm)(u) — Kmm‘
ueU™
1 .. P[X" €D,
=52 | 2 PoEh-—m
ueU™ 'z, (™) =u
1 P[X™ € D,,]
32 (3 peen- TR

UEVm i, (z")=u

1 PX™ € D,,]
5 Y (P

wueU™\Vy,

Z PX"(ZZJn)>

T ipn (In):u

1 . PX™ e D,]
=32 (2 peen - BEEE)
EVim “zmipn (zn)=u

1 P[X™ € Dy

— X" D v -
+5(pxnep,) - 30 AL

uEVy,

;(MX"EDm]

>y Rw@%>

UEVm ™y, (x7)=u

P[X" € D,,
=:§:( 3 F&dﬂﬁ—[lvn])
UEVm “an:ipn (z™)=u
Q) P[X™ €D
s (X pewn-TEER)
m)y i, (z7)=u

lon(AS)[P[X" €D,]
Km

>

UEPn (A(nm) ) T (TM)=u

> 2

u€pn (AG™) T ipn (@) =u

PX" (In) —

|AS™|P[X™ € D,
Km

Y

PXn (:L’n) -

A pix» e D,,
LS prager - MR D
pneag™
P[X" € D,,

where (k) follows from V,,, D @n(A%m)). Hence, from
and (34), it follows that

DS (Pxn vy _ PIX" €Dy

— ) <e+71. (35
meJ (¢n) gneAl™ K

From . the definition of AY™, and the definition of

Qcyr(X™), there exists a Qxn € Qcyr(X™) such that

A P X" € D,

Qxn(z") < %, (36)
for all m € J(p,), and ™ € X" satisfying ¢, (z™) € U™.

Hence, for n > ng, it holds that

1
= letT] X"

Lot xn)

M1

> —Ep..|tA X"
= Pxn [LQXn( )]

=0 XX el

meJ (¢n) T*E€Dm
(m) 1 Km

_ P n 1 - -
ang%wI%;nx o8 5 e
2% Z Z mPxn (x

meJ (pn) T"E€Dm
1
= ~Epe llen(X")],

where (1) follows from Q xn € Qe r(X
(36). Therefore, it follows that

™), (m) follows from

lim inf — G [e+71(X™) > lim inf EPXW [(pn(X™))].

n—oo N n— 00

Since 7 > 0 is arbitrary, this indicates that

GM()>hmmf%hWU@AXﬂﬂ

n—oo

(37



By and , G!/(X) > R. Hence, we have S;(¢|X) <
Gl(X).
C. Proof of Theorem 4

For any v > 0, we define Ry =
definition of H_ (X), it holds that

H_(X) — v. From the

1
limsup]P’[anXn(X") < Ro} <e.

n—roo

(33)
For 7 > 0, there exists an ny € N such that

]PFLPX" (XM < Ro] < hmsupIE”[LpX,L (XM < Ro} + 7,
n n— oo
(39)

for all n > ng. From (38) and (39), for all n > ny, it follows
that

1
]Pl:nLPX,L (Xn) S R():| S €+ 7. (40)
The set A,, C X" is defined by
1
A, = {.Tn ex” ‘ —LPxn (Xn) < Ro}
n
For 2™ € A,,, it holds that
Pxn(z") > Ko, 41)
Next, we define the sub-probability Qxn by
K*”RO
B LS n ¢ An ,
Oxnamy =4 T ) (42)
PXH (l’n), (:C" ¢ An)
From {I)) and @2), for z™ € X™, it follows that
Qxn(z") < Pxn(a™), (43)
which implies that
1 ny _ L |[An|
G (z™) = Elog Toonfy =Ro+ — log|A,L| (44)
for 2™ € A,,. On the other hand, for =™ ¢ An, we have
1 n n
G (™) = Py (™) > Ro. (45)
From @4) and {@3), for z™ € X", it follows that
1 n
15, (") = Ro. (46)

Further, for n > ng, it holds that

Yo Qxel@m) = D Qxn(@™)+ Y Qxn(x

anexn anEA, g A,
K—’I’LRO
= > + 2 P
xneA |An| zng A
n n

1
= Ko —|—]P>|:anXn (Xn) > Roil

QU
>K "ot l—e—7>1—€e—1, (47)

where (n) follows from @@0). From the definition of
Qeyr(X™), @3), and @7), for n > ng, there exists a
Qxn € Qerr(X™) such that

Loxn (2™) 2 15, (™) 2 tpyn (27), (48)

for all 2™ € X™. From (6) and ({@8), for any n > ng and
" € X", it follows that

1 n
ELQXH (™) > Ro.

(49)

Hence, we have

(0 1
H. (X < - "
H(X)—v=Ro < min 15, (")
= ﬁ Z Pxn(z™) }lrél}(lﬂ LG n (2™)
J"EX"
<L X Polign )
" pnean
() 1 n
< = sup EPX” [LQX"L (X )]

N Qxn€Qeir(XM)

1
_ 7G[€+T] bl
Lgierxen),

where (o) follows from , (p) follows from Qx» €
Q1+ (X™). Since this formula holds for n > ngy and arbitrary
v >0 and 7 > 0, we have H_(X) < GI(X).

VI. DISCUSSION

In this section, we discuss a duality between the general
formula in Theorem 2 and our general formula in Theorem 3
from the viewpoint of the smooth Rényi entropy.

The study [4] clarified the sub-probability distribution q*,
which achieves the infimum of the smooth Rényi entropy of
order o € (0,1) [6]. In view of the condition of the infimum
in Theorem 2, this sub-probability distribution q* is related to
the sub-probability distribution &% of Gq(X).

On the other hand, the sub-probability distribution @ x»
Qi r(X™) of GIY(X) in Theorem 3 is related to g [4], where
q' is the sub-probability distribution achieving the infimum of
the smooth Rényi entropy of order o € (1,00) [6].

Therefore, we observe a duality between the general formula
of e-variable-length resolvability discussed in [10] and [11]]
and that of e-variable-length intrinsic randomness discussed
in this paper.

VII. SECOND-ORDER VARIABLE-LENGTH INTRINSIC
RANDOMNESS

We define the problem of (e, R)-variable-length intrinsic
randomness.

Definition 10: Given € € [0,1) and R > 0, a second-order
rate L is said to be i(e, R)-achievable if there exists a mapping
Yn : X" — U™ satisfying

limsup d(P,

n—r oo

(Epyn [l(pn(X™))] —=nR) > L.

W(xnys Puny) <6

liminf —

n—00 \/>



The (e, R)-variable-length intrinsic randomness is defined
as follows.
Definition 11:

Ti(e, R|X) :=sup{L | L is i(¢, R)-achievable}.
We establish the second-order general formula.

Theorem 5: For any general source X,

Ti(e, RIX) = lim lim inf — (GIF71(X™) — nR
X) = f( )

740 n—oo n
(e €0,

Proof: The theorem can be proven analogously to Theo-
rem 3 with due modifications. ]

1), R > 0).

VIII. CONCLUSION

We have investigated the problem of e-variable-length in-
trinsic randomness. The contribution of this paper is to derive
the general formula when we allow positive value of the
average variational distance and the lower bound of the value
characterizing e-variable-length intrinsic randomness. Further,
by comparing the previous result by Yagi and Han [10]], [11]
and our result, we have clarified the dual relationship between
the e-variable-length resolvability and the e-variable-length
intrinsic randomness.

APPENDIX A
PROOF OF LEMMA 1

We will use some notations for this proof.

. U, = L)
o M, := Klnak]
o up=ul" ) G=12,. M)
We construct sets A(i) C A, (i = 1,2,...,M,). First, for

uy € URL construct a subset A(1) C A, so as to satisfy
the following conditions

Z Pxn(z") <c- Py, (u1) = —
nEA(1)
and, for any 2" € A, \ A(1),
c-PUn(ul) < Z PXn(mn)+PXn(£n)
zneA(1)
Next, for uy € UL™*R), construct a subset A(2) C A, \ A(1)
so as to satisfy the following conditions
> Penla™) e Pu(w) = 5
" €A(2)
and, for any 2" € A, \ A(1) U A(2),

< > Pxnlw

" €A(2)

C- PU +PX7L( )

In an analogous manner, also for us € U L”“RJ, construct a
subset A(3) C A, \ A(1) U A(2), and so on. Then, ig is
defined as the number of final step of this precedure. For ¢,
we consider two cases.

1) case of 19 = M,, — 1:

The set A(i) C A, \ Ui A(j) (i = 1,2,..., M, — 1)
satisfies the following condltlons
c
> Pxu(a") <c- Py, (u w) =3 (50)

T EA(3) n

and, for any 2" € A, \ ngl A),

C- PU" (uz) < Z Pxn (a:") + Pxn (.f?n)
zneA(i)

On the other hand, the set A(M,

61y

) is defined as follows:

M, —1
AM,) = A, \ ] Al)
i=1
From (9) and (31), for any i = 1,2,...,
An \ U2 AG),

c- Py, (u;) < Z Py (2™) 4+ c KM+ ER
xneA(i)
=P[X" € A(i)] 4+ cK " TVE,

M, —1 and 2" €

Hence, it holds that

P[X" € A()] > Mi — KM@t E, (52)
We define the mapping ¢, : A, — U"*E] by
on(@™)=wu; (2" € A) (1 =1,2,...,My,)). (53)
Then, it follows that
1 c
5 2 |Pexn(®) — fopamy
UGZ/{L”U‘RJ
1
< 5 Z IP n(Xn)(ui) —C- PU”(ui)|
i=1
| Maz1
=3 > P xmy(ui) — ¢+ Py, (u;)]
i=1
+§|P n(Xn)(uMn) _C'PUH('U/]\/[n) . (54)

We evaluate the second term on the right-hand side of (54).

| Py, (xm)(un,) — ¢+ Py, (un,)|

M, —1 M, —1
P[X" € A,] Z P, (xny(ui)— (1 Z Py (u; )‘
M, —1
< (e FIX e + | 3 (Povcenu) e Po(u) )
=1
M, —1

<(e=PX"€A))+ Y|P, (xm(ui)—c- Py, (us)l. (55)
i=1
The combination of (54) and (53) yields

D

uclYlnaR]

Cc

PS""(XW)(U) B K lnaR]




My—1
. 1
< Y Py (i) = e Po, (i) + 5 (e -

i=1

P[X" € A,]).
(56)

Further, we evaluate the first term on the right-hand side of

(B8
My,—1

Z |Py,, (xn)(ui) — ¢ Py, (ui)]
-1
@ Z PIX™ € A(i)] — ¢ Pu, (u)

=1

o Mil<Mn—P[X" € Ai ) Z KMt R

i=1

< MncK_"(“'W)R

~

:K\_naRJ CK—n(a-l—'y)RSCK—an’ (57)

where (q) follows from (53)), (r) follows from (50), (s) follows
from (52). By substituting (57) for (56), we have

1
3
wed |naR]

1
<K ™ME 4 i(c —

c

P (xmy(u) = K [naR]

PX" € A,]). (58)

2) case of 19 < M,, — 1:
The set A(i) C A, \ UjZy A(j) (i =
the following conditions:

1,2,...,14p) satisfies

> Poe@’) <ePu,(u) = 5
" €A(7)
and, for any 2" € A, \ U;‘=1 A(4),
c- Py, (u;) < Z Pxn(z") + Pxn(2").
z€A(i)
On the other hand, the set A(ig 4+ 1) is defined as follows:

1o

Alio +1) := A, \ [ J AG0)

i=1
Moreover, define the set A(i) (i =ip +2,...,M,) by
A(D) := ¢. (59)
Then, for any ¢« = 1,2, ..., M, it holds that
PIX" € A(i)] < e P, (u) = 77— (60)
We define the mapping ¢, : A,, — UL"*E] by
on(z™) =u; (2" € A®G) (1=1,2,...,M,)). (61)

Then, it follows that

1 c
- P, xmy (1) — ——
‘Pn(X ) na
2u€Z/{ZL":“RJ Klnef]
1 M, —1
<5 Y Pyt () — - Pu, (w)

i=1

| (Xn (’U,]\/[n) —C- PU" (’LLM") . (62)

We evaluate the first term on the right-hand side of (62).

M,—1
1

2 > Py xmy (wi) = ¢ P, (w)]

i=1

o 1 M,—1

22> IPIX" € AG) - ¢ Pu, ()]

M,—1

,—\
e
N =

s

M: Il

-

(¢~ Py, () —P[X™ € A®i)])
i=1
v e(M,-1) 1
WA ) pixne A
o, gt el
where (t) follows from (61), (u) follows from (60), (v) follows
from the construction of A(i). Next, we evaluate the second
term on the right-hand side of (62). From the analogous
calculation of the first term on the right-hand side of (62),

it holds that

(63)

‘ n(X™) (UM) —c- Py, (um,)

= §|P[Xn € A(My)] = c- Py, (ua,)|
1 w
= 5(e-Pu,(u,) ~BIX" € AOL)) & 5o (64)

where (w) follows from 49+ 1 < M, and (59). By substituting

(63) and (64) for (62), we have

1 c
5 Z PLPn(Xn)(u) - K\_naRJ
ueu[naRJ
co(M,-1) 1 c 1
< Tn ) - n — Z(p— n .
< oL 2]P’[X €A, + 201, 2(0 PX" e A,))

(65)

By (38) and (63), we can prove (I0).
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