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MAHLER DISCRETE RESIDUES AND SUMMABILITY FOR RATIONAL
FUNCTIONS

CARLOS E. ARRECHE AND YI ZHANG

ABSTRACT. We construct Mahler discrete residues for rational functions and show that they
comprise a complete obstruction to the Mahler summability problem of deciding whether
a given rational function f(z) is of the form g(z?) — g(z) for some rational function g(z)
and an integer p > 1. This extends to the Mahler case the analogous notions, properties,
and applications of discrete residues (in the shift case) and ¢-discrete residues (in the g-
difference case) developed by Chen and Singer. Along the way we define several additional
notions that promise to be useful for addressing related questions involving Mahler difference
fields of rational functions, including in particular telescoping problems and problems in the
(differential) Galois theory of Mahler difference equations.

1. INTRODUCTION

Continuous residues are fundamental tools in complex analysis, and have extensive and
compelling applications in combinatorics [FS09]. In the last decade, a theory of (¢-)discrete
residues was proposed in [CS12] for the study of telescoping problems, which has found
essential applications in several other closely related problems (see [HW15, Arrl7, Chel8,
AZ722] for some examples). A theory of residues for skew rational functions was developped
in [Car21], which has applications in duals of linearized Reed-Solomon codes [CD21]. The
elliptic orbit residues defined in [HS21] have applications in the combinatorial study of walks
in the quarter plane. We propose here a theory of Mahler discrete residues aimed at bringing
to the Mahler case the successes of these earlier notions of residues.

Let K be a field of characteristic zero and K(x) be the field of rational functions in an
indeterminate x over K. Fix an integer p > 2. We study the Mahler summability problem
for rational functions: given f(x) € K(z), decide effectively whether f(z) = g(a?) — g(z) for
some g(z) € K(x); if so, we say f(z) is Mahler summable.

The motivation to study Mahler equations comes from several directions: they find ap-
plications in automata theory (automatic sequences), transcendence, and number theory, to
name a few. We refer to [CDDMI18| for more details, and also for an altogether different
approach to Mahler summability: the algorithm of [CDDMI8, §3] computes all the ratio-
nal solutions to any linear Mahler equation. Thus with this one can decide, in particular,
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whether a given f(z) € K(x) is Mahler summable by computing (or showing non-existence
of) a certificate g(z) € K(z) such that f(x) = g(zP) — g(z).

Our goal here is different: we wish to construct a complete obstruction to Mahler summa-
bility. Let us elaborate. The image of the K-linear map A : g(x) +— g(a?) — g(x) is the kernel
of some other K-linear map (call it V) — but what is it? Determining such a V explicitly is
algorithmically desirable because it allows to decide the Mahler summability of f(z) € K(x)
without computing the certificate g(x) € K(z), whose computation is often in practice both
expensive and not strictly necessary (cf. [BCCL10, §1 & Table 1], [BCCT13, §1 & Table 1],
and [BLS13, §1]). We construct such a V explicitly in Section 4.4, in terms of our new notion
of Mahler discrete residues for rational functions, and prove in Section 4.3:

Main Theorem. f(z) € K(x) is Mahler summable if and only if all of the Mahler discrete
residues of f are zero.

The discrete and g¢-discrete residues developed in [CS12] comprise complete obstructions
to the analogous summability problems for f(z) € K(x), of deciding whether there exists
g(x) € K(z), such that f(x) = g(z + 1) — g(z), or such that f(z) = g(qx) — g(z), for
q € K neither zero nor a root of unity. This theoretical property of (¢-)discrete residues is
precisely what enables their applications to the telescoping problems considered in [CS12]
and their indispensable role in the development of the algorithms in [Arrl7, AZ22]. We
envision analogous applications of Mahler discrete residues to telescoping problems and in
the development of algorithms to compute (differential) Galois groups for Mahler difference
equations.

Our strategy is inspired by that of [CS12] (but see Remark 2.19): we utilize the coefficients
in the partial fraction decomposition of f(z) to construct an aspiring certificate g(z) € K(z)

such that

f(z) = f(z) + (g9(z") — g(2)) (1.1)
is Mahler summable if and only if f(x) = 0. The Mahler discrete residues of f(z) are (vectors
whose components are) the coefficients occurring in the partial fraction decomposition of
f(x). This f(x) plays the role of a Mahler remainder of f(x), analogous to the remainder
of Hermite reduction in the context of integration.

2. PRELIMINARIES

Here we define the notation and conventions used throughout this work, and prove some
ancillary results. We fix once and for all an algebraically closed field K of characteristic
zero and an integer p > 2 (not necessarily prime). We denote by K(x) the field of rational

functions in an indeterminate x over K. We often suppress the functional notation and write
simply f € K(z) instead of f(z).

Definition 2.1. We denote by o : K(z) — K(z) the K-linear endomorphism defined by
o(x) = P, called the Mahler operator, so that o(f(x)) = f(aP) for f(x) € K(z). We write
A =0 —id, so that A(f(z)) = f(a?) — f(x) for f(z) € K(z).

We say that f € K(x) is Mahler summable if f = A(g) for some g € K(x). The Mahler
summability problem for rational functions is: given f € K(x), decide whether f is Mahler
summable.
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Let K* = K\{0} denote the multiplicative group of K. Let K;* denote the torsion subgroup
of K*, i.e., the group of roots of unity in K*. For ( € K/, the order of { is the smallest
r € N such that (" = 1. We fix once and for all a compatible system of p-power roots of unity
(G )n=0 C K, that is, each (pn has order p™ and ¢ = (,n—e for 0 < ¢ < n. We denote by
7 L)p"Z — ZLJp*Z and by 7, : Z — Z/p"Z the canonical projections.

Each f € K(z) decomposes uniquely as

f= 1L+ fr, where (2.1)

fr € Klz,z7'] is a Laurent polynomial and fr = ¢ for polynomials a,b € K[z| such that
b # 0 and, either a = 0, or else deg(a) < deg(b) and ged(a,b) = 1 = ged(z, b). The subscript
L stands for “Laurent”. The subscript 7" stands for “Tree” (see Definition 2.6).

Lemma 2.2. The decomposition K(z) ~ Kz, v | ®K(z)r given by f < fr® fr asin (2.1)
is o-stable. For f,g € K(z), f = A(g) if and only if fr = A(gr) and fr = A(gr).

Proof. We see that o(fr) € K[z, 2] for any f;, € K[z,z™!]. By the Euclidean algorithm,
ged(o(a),o(b)) = o(ged(a, b)) for any 0 # a,b € K[z]. Thus the K-subspace K(z)r is also
stabilized by o. It follows that A(g) = A(f) if and only if A(g,) = fr and A(gr) = fr, for
any f,g € K(z) &

2.1. Mahler trajectories, trees, and cycles. We let P := {p" | n € Z>(} denote the
multiplicative monoid of non-negative powers of p. Then P acts on Z by multiplication, and
the set of maximal trajectories for this action is

Z)P = {{0}} U {{ip" | n € Zxo} } i € Z such that pti}.

Remark 2.3. The usage of trajectory is perhaps unfamiliar to some readers: it is standard
in the context of monoid (and more generally semigroup) actions, and replaces the more
familiar notion of orbit for group actions. As in that more familiar setting, the elements
0 € Z)P are pairwise disjoint sets whose union is all of Z.

Definition 2.4. For a maximal trajectory 6 € Z/P, the -subspace

K[gj,x_l]g = {Z cj:Ej € K[:)s,:z_l]

J

c;=0forall j ¢ 9} . (2.2)
The 0-component fy of f € K(z) is the projection of the component f;, of f in (2.1) to the
f-subspace K|z, 27y in (2.2).

Lemma 2.5. For f, g € K(x), fr = A(gr) if and only if fo = A(gg) for every 6 € Z/P.

Proof. This follows by observing that the K-decomposition K[z, z7!] ~ Doz P Kz, 271,
is o-stable (cf. [CHLW16, §5]). O

Definition 2.6. We denote by Tu the set of equivalence classes in K* for the equivalence
relation @ ~ v & a?” = ?" for some r, s € Z>g. For a € K*, we denote by 7(a) € Tys the
equivalence class of o under ~. The elements 7 € Ty, are called Mahler trees.
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Remark 2.7. The usage of tree in Definition 2.6 is motivated by the fact that one can define a
digraph structure D(7(«v)) on the vertex set 7(«) with an edge from & to v whenever P = ~,
whose underlying (undirected) graph is connected and acyclic provided that o ¢ K;*. We find
the terminology useful and suggestive even when a € K}, because even in this exceptional
case we do obtain a tree after collapsing the unique cycle in D(7) defined below.

Definition 2.8. For a Mahler tree 7 € Ty, the Mahler cycle of 7 is
C(r) :={~ € 7| v is a root of unity of order coprime to p}.
The cycle length of T is defined to be e(7) := |C(7)].

Example 2.9. (Cf. [CDDM18, Figures 4 and 5]). Let us illustrate the definitions of Mahler

trees and Mahler cycles with K = C and p = 3. In this example we write (, := e Cx,

for concreteness.
The vertices in the digraph D(7(2)) near ov = 2 are:

GVE QYR G

V3 2 GV
<3€/§/€/§ 2 GV2=——GV2
(V2 8 (V2

For o = {4, we have C(7((4)) = {{4, (3}, so the cycle length e(7((4)) = 2. The vertices in
the digraph D(7((4)) near C(7((y)) are:

C 13 25 <7 19 31
36 36 36 36 36 36

NN

\/\/CM
/\/\

(ta

1N RN

C5 17 29 11 23 35
36 36 36 36 36 36
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Remark 2.10. Let us collect some immediate observations about Mahler cycles that we shall
use, and refer to, throughout the sequel.

For a Mahler tree 7 € Ty, it follows from the Definition 2.6 that either 7 C K;* or else
T NK = 0. In particular, C(7) = () < e(7) = 0, which occurs precisely when 7 ¢ K/ (the
non-torsion case).

On the other hand, K} consists of the pre-periodic points for the action of the monoid P on
K* given by o +— a?" for n € Zsq. For 7 C K (the torsion case), the Mahler cycle C(7) is a
non-empty set endowed with a simply transitive action of the quotient monoid P/P¢ ~ 7Z/eZ,
where P¢ := {p"® | n € Z}, and e := e(7). We emphasize that in general C(7) is only a set,
and not a group. The Mahler tree 7(1) consists precisely of the roots of unity ¢ € K;* whose
order r is such that ged(r, p™) = r for some p™ € P, or equivalently such that every prime
factor of r divides p. When 7 C K} but 7 # 7(1), the cycle length e(7) coincides with the
order of p in the group of units (Z/rZ)*, where r > 1 is the common order of the roots of

unity v € C(7), and for any given v € C(7) we have that C(r) = {7* |0 < ¢ <e—1}.

2.2. Mahler supports and singular supports. Mahler trees allow us to define the fol-
lowing bespoke variants of the singular support sing(f) of a rational function f (i.e., its set
of poles), which are particularly well-suited to the Mahler context.

Definition 2.11. For f € K(x), we define supp(f) C Ty U {00}, called the Mahler support
of f, as follows:

e 0o € supp(f) if and only if f;, # 0; and
e for 7 € Ty, 7 € supp(f) if and only if 7 contains a pole of f.

For 7 € Ty, the singular support of f in 7, denoted by sing(f, ), is the (possibly empty)
set of poles of f contained in 7.

We omit the straightforward proof of the following lemma.

Lemma 2.12. For f,g € K(z) and 0 # ¢ € K we have the following:

(1) supp(f) =0 < f =0,
(2) supp(c(f)) = supp(f) = supp(c- f); and
(3) supp(f + g) C supp(f) Usupp(g).

Definition 2.13. For a Mahler tree 7 € T, the T-subspace
K(z), := {fr € K(z)r | supp(fr) C {7}}. (2.3)

For f € K(z), the T-component f. of f is the projection of the component fr of f in (2.1)
to the 7-subspace K(z), in (2.3).

Lemma 2.14. For f,g € K(z), fr = A(gr) if and only if f, = A(g,) for every T € Ty.

Proof. Tt follows from Lemma 2.12 that the K-linear decomposition K(x)r ~ €p K(x),

is o-stable (cf. [CHLW16, §5]).

TETM

2.3. Mahler dispersion. We now define a Mahler variant of the notion of (polar) dispersion
used in [CS12], following the original definitions in [Abr71, Abr74].
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Definition 2.15. For f € K(z) and 7 € supp(f), the Mahler dispersion of f at 7, denoted
by disp(f,7), is defined as follows.
If 7 € Ty, disp(f, 7) is the largest d € Z> (if it exists) for which there exists a € sing(f, 7)
such that o?" € sing(f, 7). If there is no such d € Zs, then we set disp(f, ) = co.
If 7 = oo, let us write fr = Zf\in ciwt € Klx, 7Y with c,en # 0.
o If fi = o # 0 then we set disp(f, 00) = 0; otherwise
e disp(f,00) is the largest d € Zs for which there exists an index ¢ # 0 such that
¢; # 0 and ¢ # 0.
For f € K(z) and 7 € Ty U {oc} such that 7 ¢ supp(f), we do not define disp(f,7) at all
(cf. [Abr71, Abr74,CS12)).

Similarly as in the shift and g-difference cases (cf. [HS08, Lemma 6.3] and [CS12, Lemma 2.4
and Lemma 2.9]), Mahler dispersions will play a crucial role in what follows. As we prove
in Corollary 3.2, they already provide a partial obstruction to summability: if f € K(x) is
Mabhler summable then every Mahler dispersion of f is non-zero. Moreover, Mahler disper-
sions also detect whether f has any “bad” poles (i.e., at roots of unity of order coprime to
p) according to:

Lemma 2.16. Let f € K(x) and T € supp(f). Then disp(f, ) = oo if and only if sing(f, 7)N
C(t) # 0.

Proof. (=). If disp(f,7) = oo, then there exist o, € sing(f,7) such that a?* = + for
infinitely many d € Z>o. Thus, both v and « are roots of unity. Let r be the order of a.
For any d € Z>q, the order of o isry =1 /gcd(p?, r), and we see that for every sufficiently
large d, the order ry of a?” is coprime to p, and therefore 7y is a root of unity of order coprime
to p.

(«<). For v € sing(f,7) N C(7) we have v**"7" = v for every n € Zsq (cf. Remark 2.10),
whence disp(f, 7) = oo by Definition 2.15. O

2.4. Mahler coefficients for partial fractions. We now study the effect of the Mahler
operator ¢ on partial fraction decompositions. For o € K*, m € N, and 1 < k < m, we
define the Mahler coefficients V" («) € K implicitly by

1 m p—1 Vk CZ
"(m) = —anm ;;ﬁ (24)

These coefficients are computed explicitly with the following result.
Lemma 2.17. There exist universal coefficients V' € Q such that
V(o) = Vi oo

for every a € K* and 1 < k < m. Moreover, these V' are the first m Taylor coefficients at
x=1 of

@ 4t )T =D VR (- DO - 1)), (2.5)
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Proof. We claim that V;™(a) = V;™(1) - o*=P™ for every a € K*. To see this, set x = ay for
a new indeterminate y, and note that

ipz—l Vi (o) 1 R 1 B
k=1 i=0 (- :ziio‘>k (27 — ar) (yp —1)m
m p—1 i m p—1
Vm(gz m
=o)L a"mZZ :
k:li:O(y gp k=1 i=0 _C

It follows that V"(Cle) = V() P™ for i = 0,...,p — 1. In particular for i = 0 we
obtain V;™(a) = V;™(1)a* P™  as claimed. Setting V" := V/(1), we see from (2.4) that V7
is the usual continuous residue of order k of f(x) := (2P — 1)7™. The formula (2.5) follows

from [Bro91, Section 2|, where it is shown that V' = % where g(x) := (z—1)"f(z)
(xp—l +- 1)

The following immediate consequence of Lemma 2.17 is obtained by evaluating (2.5) at
r=1.

Corollary 2.18. For o € K*, V" () = p~ "™ P,

Remark 2.19. We see in (2.4) two phenomena that arise in the Mahler context and have no
counterpart in the shift and ¢-dilation settings considered in [CS12] — the main inspiration
for the present work. Let f € K(x) such that 0 # fr asin (2.1). Then:
(1) the number of poles of o(fr) (counted either with or without multiplicity!) is strictly
larger than that of fr; and
(2) the (classical/continuous) higher-order residues of fr “leak” into the lower-order
residues of o(fr).

ool

These two phenomena are mainly responsible for our need to create new and somewhat
intricate bookkeeping devices in the Mahler setting, which were (invisibly) not necessary
in the shift and g¢-dilation settings considered in [CS12], in order to develop our proposed
analogous theory of Mahler discrete residues.

Example 2.20. Let us illustrate the definition of Mahler coefficients with p = 3, m = 2,
and o® = 1. Then (2.4) becomes
2 .
1 1 V2. b
i <<x— 1>2) RGEN R 2 M ey

2
k=1 i=0

since, according to Lemma 2.17, V(i) = V2 - (¢4)* 6 = V2. (% for k = 1,2. We find in this
case, using (2.5) in Lemma 2.17, that

1

2
=5 and Vi = ((z>+z+ 1)_2)/

V3 = (:)32+:E—|—1)_2

r=1 =1 9
One can verify using a computer algebra system (or by hand!) that the partial fraction
decomposition of 9 - (z® — 1)7% is indeed
1 2 -2 -2 —2(2
LG G G, =2

G102 (oGP (@—QP -1 i-G -
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3. MAHLER DISPERSION AND SUMMABILITY

The goal of this section is to prove Corollary 3.2: if f € K(x) is Mahler summable
then disp(f,7) # 0 for every 7 € supp(f). This is an essential ingredient in our proofs,
following [CS12]. The following result is a Mahler analogue of [CFMS21, Lemma 2.6].

Proposition 3.1. Let f,g € K(z) such that f = A(g). Then supp(f) C supp(g). Moreover,
disp(f,7) = disp(g,7) + 1 for every T € supp(f), with the convention that co + 1 = co.

Proof. By Lemma 2.12, 7 € supp(f) = 7 € supp(g). We consider separately the two main
cases: (1) 7 =o00; and (2) 7 € Ty

(1). For fr,gr € Klz,27'] as in (2.1), we have 0 # f;, = A(gy), since oo € supp(f), and
in particular g, ¢ K. Then fy = A(gy) for each § € Z/P by Lemma 2.5. Since, for § = {0},
Jroy = A(ggoy) = 0, it follows from Definition 2.15 that

disp(f, 0c) = max {disp (fs, 00) | {0} # 0 € Z/P, fy #0}.

We claim disp (A (gp) , 00) = disp (gg, 00) + 1 for every gy € K[z, 27 ']y with {0} # 0 € Z/P,
which will conclude the proof of (1). To prove the claim, let us write gy = Z?:o Cipi TP
where we assume ¢; # 0 and ¢;,a # 0, i.e., disp(gp, 00) = d. Then

d
A(ge) = C,-pdiEide — CiZEi + Z(Cipjfl — Cipj):EipJ,
j=1

from which it follows that disp(A(gs),o0) = d + 1, as desired.

(2). By Lemma 2.14, f. = A(g,) for each 7 € T, and in particular for each 7 € supp(f).
We consider two subcases, depending on whether disp(g, 7) is finite or not.

In the first subcase, disp(g,7) =: d < oo. Let a € 7 be such that « and o' are poles
of g. Let v € 7 such that 4#* = . Then 7 is a pole of o(g) but not of ¢ (by maximality
of d), whence v is a pole of f. On the other hand, AP = P i a pole of g but not of
a(g), for if a?" were a pole of o(g) then o' would be a pole of g, again contradicting
maximality of d. Hence v7*"" is a pole of f. Thus disp(f,7) > d+ 1. One can show equality
by contradiction: if o € 7 is a pole of f such that a?” is also a pole of f for some s > d + 1,
then each of a and o®” is either a pole of g or a pole of o(g). This implies (after tedious
but straightforward casework) that there exist 0 <i,j < 1 such that aP"" and o’ are both
poles of g, which contradicts the maximality of d since in any case s +7—j7 > s—1 > d.
Hence disp(f, 7) = disp(g, 7) + 1 in this first subcase.

In the last remaining subcase where disp(g,7) = oo, there exists v € sing(g, ) N C(7)
by Lemma 2.16. We claim +* € sing(f,7) for some ¢ € Z/eZ, where e := e(r) > 1
(cf. Remark 2.10, where we discussed the meaning of 7”[ for ¢ € Z/eZ, rather than ¢ € Z>,).
This will imply that disp(f, 7) = oo = disp(g, 7) + 1, by Lemma 2.16.

Let us prove the claim. Note that the K-subspace S of K(z),, consisting of rational
functions none of whose poles belongs to C(7), or equivalently (by Lemma 2.16), the K-span
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of the elements of K(z), having finite dispersion, is o-stable’. So we may assume

ZZ

— p
k= 1ZEZ/EZ v

where d(k,?) € K such that d(m,¢) # 0 for some ¢ € Z/eZ, without loss of generality,
because the other possible poles of ¢ in 7 cannot contribute to the possible poles of f in C(7)
(since S is o-stable). Then

_|_

S SRR LCRES o ol e S

i iezen ( ) i=0 \tez/eL (=G )"

+ (lower-order terms),

where the V'™ are as in (2.4), and therefore”

V(42" ) - d(m, €+ 1) — d(m, )
fr=03g) = > )

™ +
t€T /e (x - 7p‘z)

+ (lower-order terms) + (elements of S). (3.1)

But the coefficients V'™(4#") - d(m, { 4+ 1) — d(m, ¢) cannot be zero for every ( € Z/eZ, for
otherwise the computation

e—1 _ d g
d(m,g):d(m,g)ﬂv,;n( )—dmﬁnplmpjﬂ— (ZZ;),
j=0 Jj=0

where the middle equality is obtained from Corollary 2.18, would imply that d(m,¢) = 0 for
every { € Z/eZ. But this is impossible, concluding the proof of the claim that f has a pole
in C(7). O

Corollary 3.2. Suppose that f € K(z) is Mahler summable. Then disp(f, ) # 0 for every
T € supp(f).

4. MAHLER DISCRETE RESIDUES

In this section we define the Mahler discrete residues of f € K(z), in increasing order of
complexity: first at infinity, and then at Mahler trees 7 € 7T, separately in the subcase
where 7 ¢ K;, and finally in the subcase where 7 C K;* (cf. Remark 2.10).

UIf a denominator b € K[z] has no roots in C(7) then neither does o(b), for if v € C(7) were a root of o (b)
then v? € C(7) would be a root of b.

2See Remark 4.13, where we systematically elaborate on the details of this computation.
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4.1. Mahler discrete residue at infinity. Here we define the Mahler discrete residue of
f € K(z) at oo in terms of the component f; € K[z,z7!] of f in (2.1), and show that it
forms a complete obstruction to the Mahler summability of f;. The proof of Proposition 4.2
below follows the same strategy as that of [CS12, Propositions 2.5 and 2.10]: we add to fr,
a sequence of Mahler summable elements to eventually obtain a Mahler reduction f;, whose
apparent dispersion is 0, and then use Corollary 3.2 to conclude that f; is Mahler summable
if and only if this f;, = 0.

Definition 4.1. For f € K(z), let fr = > ., c;z? with ¢; = 0 for all but finitely many
j € Z. The Mahler discrete residue of f at oo is the vector

dres(f, o0 (Zg) € @ K.
0eZ/P

j€eo 0cZ)P

Proposition 4.2. For f € K(z), the component f, € K|z, 27! in (2.1) is Mahler summable
if and only if dres(f,00) = 0.

Proof. By Lemma 2.5, f; is Mahler summable if and only if f, is Mahler summable for all €
Z/P. We shall show fy is Mahler summable if and only if the component of dres(f, 00)s = 0.
We prove this separately in two cases: (1). § = {0}; and (2). 6 # {0}.

(1). For 0 = {0}, froy = co = dres(f,00)0y by Definition 4.1. If dres(f,00)r0; = 0, then
froy = 0 is Mahler summable. On the other hand, if dres(f, 00)(p; # 0 then fyoy # 0 and
disp( ffoy, 00) = 0 by Definition 2.15, so f{o} is not Mahler summable by Corollary 3.2.

(2). Suppose 0 # {0}. The claim is trivial in case fp = 0; assume fy # 0. Let us write
fo= Zjee c;x? € K[z, 27y, where: ¢; = 0 for all but finitely many j € 6 and ¢; # 0 for at
least one j € 0. Let us write § = {ip" | n € Z>o} for i € 6 such that p{i. Let h € Z>( be
maximal such that c;,» # 0. Let us define recursively: géo) :=0; and, if h > 1, then set

g =3 (z ) o = g+ (z ) o
/=0

k=0

for 0 <n < h—1. A straightforward induction argument shows:

ht1 n
B o (o) = 3 e+ (S (4
=0

k=n+1
for each 0 < n < h, whence fe(h) — (dres(f, 00)g)-2”". The harmless summand for k = h+1 in
(4.1) is included so that the sum makes sense for n = h, but ¢;,» = 0 for every k& > h. We see
that f(,(h) is Mahler summable if and only if fy is Mahler summable. In particular, if f(,(h) =0
then f, is Mahler summable. But if fg(h) # 0 then disp( fg(h), o) = 0, and by Corollary 3.2
79(}‘) is not Mahler summable, so neither is fy. Clearly, f(,(h) =0 < dres(f, oo)g = 0. O

Remark 4.3. For {0} # 6 € Z/P such that f, # 0, the elements f >99 € Kz, 271y
constructed in the proof of Proposition 4.2 are the f-components of the f, g € K(z) in (1.1).
If fo = 0, then we define fy := 0 =: go. In any case, we set fyo) := froy and g0y := 0.
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4.2. Mahler discrete residues at Mahler trees. Here we define the Mahler discrete
residues of f € K(x) at a Mahler tree 7 € Ty, in terms of the partial fraction decomposition of
the component f, € K(x), in Definition 2.13, and show they comprise a complete obstruction
to the Mahler summability of f,. We proceed separately in the non-torsion case 7 ¢ K} and
the torsion case 7 C K;* (cf. Remark 2.10), depending on which case we represent the poles
of f; in a particular manner.

Lemma 4.4. For f € K(x) and 7 € supp(f) N Ty such that T ¢ K, there exists v €
sing(f,7) and h € Zxq such that

sing(f,7) C Br(7y) :== {C;,wphw ‘ 0<n<h;ie Z/p”Z}.

Moreover, the elements Cf;nvphfn € Br(v) are uniquely determined by 0 < n < h and i €
Z]p"Z, relative to the choice of v € sing(f, 7).

Proof. Note that the set 8,(y) (mnemonic: “bouquet” of height h at ) is precisely the union
of the sets of roots of the y-polynomials y”" — fyph =0 for all 0 < n < h. The elements of
Br(7y) are uniquely determined by n and ¢ (relative to the choice of 7), because if we had
Cgm”yphfm = C;n”yph*n, then this would force m = n, for otherwise v € K contradicting our
assumptions, and then ¢J. = Cf,n implies that j = . Let us now show that for any finite set
S C 7 there exist v € S and h € Z>( such that S C §,(v). For a € 5, let h(a) € Z>o be
" e €P for every € € S, where €7 = {¢' | t € Z=o}. Choose v € S

h(a)

minimal such that a?
such that h(y) =: h is maximal among all elements of S. We claim that o = yph for
every a € S, which will conclude the proof, since h(a) < h for every a € S. To prove the

claim, note that in any case there exist ¢,r € Z>( such that o = fyph and P = A" and
the minimality of h(«) and h then imply ¢t > h(«) and r > h. But then

ph _ apt _ (aph(a))pt*h(a) _ (’ypr)pt—h(a) _ ,ypr‘kt*h(a)

y
and since v ¢ K;° we obtain that h + h(a) = r + ¢, from which it follows that » = h and
t = h(«), as claimed. O

Lemma 4.5. Let 7 € Ty with 7 C K and e := e(1). Choose v € C(1). Then for a € T
there are unique n € Z>q, i € Z/p"Z, and £ € Z/eZ, with either n =i =0 or p{ i, such that

o= (;n”yp

Y

L—me(n)

Proof. There exist integers n,t € Z>q such that a?" = AP, and we may take this n to be as
small as possible and replace t with ¢ := 7.(t). The p" distinct solutions to y?" = fypl, one
of which is y = «, are all of the form (;;nfyplfﬂe(") for i € Z/p"Z. Since n is minimal, either
n=i=0orelse 1 <i<p*—1withp{i. O
Definition 4.6. For f € K(x) and 7 € supp(f) N Ty, the height of f at 7, denoted by
h(f,7), is defined as follows.
o If 7 ¢ K/, h(f, ) is the smallest h € Z>( such that sing(f, 7) is contained in S,(7)
for some v € sing(f,7) as in Lemma 4.4.
o If 7 C K, h(f,7) is the smallest h € Z, such that a”" belongs to C(7) for every
a € sing(f, 7).
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Remark 4.7. Note that we always have h(f,7) < co. One can show that h(f,7) > disp(f, 7)
provided that disp(f,7) < oo, but even in this case the inequality may be strict.

4.2.1. Mahler discrete residues at Mahler trees: the non-torsion case.

Lemma 4.8. Let f € K(z) and suppose T € supp(f) N Tas such that 7 ¢ K. Then there
exists vy € sing(f, T) such that the partial fraction decomposition of f, is of the form

=Yy et ) (42)

i Aph-m)E
k=1 n=0 \icZ/p"Z (z =G ™)
where m > 1 is the highest order of a pole of f in sing(f, ) and the height h := h(f,T) is
as in Definition 4.0.
The coefficients c,(k,n,i) € K are uniquely determined by f and the choice of vy, and
moreover for any v,y € T as above we have 4 = g;ﬂ for some j € Z/p"Z, and

cs(k,n,i) = ¢ (k,n,i+ 7k (5)) . (4.3)

Proof. We obtain the existence of v € sing(f, 7) such that sing(f,7) C S,(v) by Lemma 4.4
and Definition 4.6. The existence and uniqueness of the coefficients ¢, (k, n, i) € K satisfying
(4.2) follows directly from the existence and uniqueness of partial fraction decompositions,

m

since in this case the elements C;,nvph*n € On(7y) are uniquely determined by n and i (relative
to the choice of v), by Lemma 4.4. For any 4 € sing(f, ) such that sing(f,7) C Bn(%) we
would have that 77" = 47" and AP = ﬁph such that 0 < n,n < h, which forces n = h =n
since v ¢ K}*. Hence 7 = Cg,ﬁ for some j € Z/p"7Z, and the computation

c5(k,m, 1) B c5(k,n, i) _cy(kynyi+ )
1z -n E i+7 —-n E i+7 —-n k
(x o Cp’th ) (x - Cp#’yph ) (x - pr’yph )
implies the transformation formula (4.3). O

Remark 4.9. Writing f, as in (4.2), let us compute the effect of o:
m ' Nk
S| et (v-ga” ) (4.4)
k=1 \i€Z/p"Z
> STV (G ) e (5w (@)

k
k=1 \iez/pntiz (I _ q)nﬂf}/phf(nﬂ))

for each 0 <mn < h — 1, where the V}* are as in (2.4) for k < s < m.

Definition 4.10. For f € K(x) and 7 € Ty, with 7 ¢ K[, the Mahler discrete residue of f
at 7 of degree k € N is the vector dres(f,7,k) € @, K defined in terms of the c,(k,n, 1)
in the partial fraction decomposition of f, in Lemma 4.8 as follows.

Set dres(f,7,k) := 0 if 7 ¢ supp(f) or if & > m. For 7 € supp(f) and o € 7, the
component dres(f, 7, k) 1= 0 whenever a?" £ ~#".
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For1<k<mand a = C;W with i € Z/p"Z, the component
dres(f, 7, k)o = ¢y (k, h,1);
where for 0 <n < h and i € Z/p"7Z we define recursively (in n):
¢,(k,0,0) :=c,(k,0,0); and, if h > 1, then set (4.5)
Cy(kyn, 1) = cy(k,m, i) + Z %% <C;,n7ph7n> 28y (s,n—1,m_ (i)

s=k
(cf. (4.4)) for 1 <n < h, where the V7 are as in (2.4) for k£ < s < m.

Remark 4.11. Note that the definition of dres(f, 7, k) for 7 ¢ K/ given above is independent
of the choice of v € sing(f, 7), because for any possibly different 5 = C;,ﬁ with j € Z/p"Z
we obtain C;;ﬁ = C;;f] ~ =: . The equality of the expressions

&5(k, h,1) = dres(f, 7, k)a = &(k, h, i + )

follows from (4.3), since C}ﬁphw = C;,;nyphfn for all i € Z/p"Z, and therefore é5(k,n, i) =
ey (kyny i+ 7h(4)) for every 0 < n < h.

4.2.2. Mahler discrete residues at Mahler trees: the torsion case.

Lemma 4.12. Let f € K(z) and suppose T € supp(f) such that 7 C K. Then for any
v € C(7) the partial fraction decomposition of f, is of the form

fq— _ ZZ Z/ Z dﬁ/(l{},n,i,g) 7 (46)

3 C—me(n) k
k=1 n=0 \4i€Z/p"Z \(LE€L/eZ (I B Cp"fyp )

where: m > 1 is the highest order of a pole of f in sing(f,T); the height h := h(f,T) is as
in Definition /.6; the restricted sum Y. is taken over i € Z/p"Z such that p { i whenever
n#0; and e :=e(1) > 1.

The coefficients d.(k,n,i,0) € K are uniquely determined by f and v, and moreover for
any v,7 € C([a]y) we have 5 = 4P for some j € Z/eZ, and

dy(k,n,i,0) = d(k,n,i, 0+ 7). (4.7)
Proof. If 7 C K then e > 1 (cf. Remark 2.10). We then have by Lemma 4.5 that for any

given choice of v € C(7) the elements o € 7 can be written uniquely as o = (;,nvpl*mn)
for some n € Zso and i € Z/p"Z such that either n = ¢ = 0 or else p { i. It follows that
the apparent poles in (4.6) are all distinct, and therefore the coefficients d,(k,n,i,¢) € K
are uniquely determined by f and 7. The set of elements o € 7 such that o e C (1) are
precisely the o = C;nypefﬂe " with n < h. It also follows from Lemma 4.5 that for any other

4 € C(7) there exists j € Z/eZ such that 4 = 4*, and therefore the computation
dy(k,n,i, 0) ds(k,n,i,0) _dy(k,n,i 0+ )

(x — g;wpzfmm)k N (x — C;’)wpeﬂ—mm)k N (x — C;’)wpeﬂ—wan))k

implies the transformation formula (4.7). O
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Remark 4.13. Writing f, as in (4.6), let us compute the effect of o:

o i 3" d,(k,0,0,0)- (:c—yp‘)_k (4.8)

k=1 (cZ/eZ

A

DDA (yp‘) -d,(5,0,0,0+ 1)

o\ k T
k=1 \(€Z/eZ (z =)
30> S Ve (G ) -y (5,0,0,0)
+ K )
k=1 i=1 \¢teZ/eZ (I - qﬁpe 1)

and for n > 1 and each ¢ € Z/eZ we have

o Zm: Z d,(k,n,i,0) - (x — C;nvp‘fmn))_k (4.9)

k=14€Z/p"Z
m : {—me(n+1) 41/
NI (G ™) -y (sm w1 (0), )
i {—1e(n
k=1 \iez/pnt1Z (:1; _ C;;nJrlfyp el L+1)>

where the V}® are as in (2.4) for k < s < m.

The following technical lemma is essential for the definition of Mahler discrete residues in
the torsion case. The map ng) defined below already appeared (anonymously) in (3.1). It
captures the effect of A on the (classical/continuous) residues at poles in the Mahler cycle
C(7) (see Definition 2.8), according to the computation (4.8).

Lemma 4.14. Let 7 € Ty with 7 C K and e := e(7). For~y € C(r) and m € N, define
DI KmXe — Kmee by
DI (cra)rchem = (dii)i<hem (4.10)
Lel/el leZ/el
where dygp == cpo— Y o, VE (7”2) - Csut1, and where the V7 are as in (2.4). Then ng) is
invertible and has no non-trivial fized points.

Proof. Let 0 # (cxe) € K™ ¢, and write (dyy) := Dg,m)(ck,g). Let 1 <7 < m be as large as
possible such that ¢,, # 0 for some ¢ € Z/eZ. To see that (dj,) # 0, note that, for each
Ve Z/eZ,

m
dro = cre— Y Vi(7") - copsr = cre = Vi (37) - e
S=r

because ¢, 11 = 0 whenever s > 7, and we see just as at the end of proof of Proposition 3.1
that the d,, cannot be zero for all ¢ € Z/eZ because this would imply that every ¢,, = 0,
contradicting our choice of r. Moreover, we also cannot have dj ¢ = ¢ for every 1 <k <m
and ¢ € Z/eZ, for this would also imply that ¢, , = 0 for every ¢ € Z/eZ, again contradicting
our choice of 7. OJ
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Definition 4.15. With notation as in Lemma 4.14, the inverse of nym) is denoted by Efym).

Definition 4.16. For f € K(z) and 7 € Ty, with 7 C K, the Mahler discrete residue of f
at 7 of degree k € N is the vector dres(f, 7, k) € @, K defined in terms of the d, (k,n,i, ()
in the partial fraction decomposition of f. in Lemma 4.12 as follows.

Set dres(f,7,k) := 0 if 7 ¢ supp(f) or if & > m. For 7 € supp(f) and o € 7, the
component dres(f, 7, k), := 0 whenever the smallest integer r € Zsq such that o? € C(7) is
different from h.

If h =0, then for 1 < k < m and o =~ € C(7) with { € Z/eZ, the component

dres(f, 7, k) e :=d,(k,0,0,0).

(—re(h)

If h > 1, then for 1 < k < m and o = C;]wp with 4 € Z/p"Z such that p { i and

¢ € Z/eZ, the component
dres(f, 7, k) := d(k, h,i,£); where we set

A~

dy(k,0,0,0) == ¢, (k,0),  with (4.11)
(C-y(k‘, f)) 1<k<m ‘= ,C,(ym) ((dv(k‘, O, 0, f))lgkgm) (4.12)
LeL]el LeL]el

for the linear map E»(ym) in Definition 4.15; and for 1 < n < h and i € Z/p"Z with p { i we
define recursively (in n):

~

d(k,n,i, 0) == d(k,n,i,0) + (4.13)

+ D V(G ) -y (son = 1, (), 0),
s=k

(cf. (4.9)) where the V7 are as in (2.4).

Remark 4.17. Note that the definition of dres(f, 7, k) for 7 C K given above is independent
of the choice of v € C(7), because for any possibly different 7 = AP with j € Z/eZ we obtain
C;hiplfﬂe(m = C;hvpe“*”e(h) =: . The equality of the expressions

~ ~

ds(k, h,i, 0) = dres(f, 7, k)a = d (k, h,i, 0+ )

follows from (4.7), after observing that D%m) ocyc; = D™ where cyc; 1 Kmxe — Kmxe

cre) = (Creys) for j € Z/eZ. Tt follows that cyc; o £8™ = £™ and therefore d=(k, n, i, £) =
’ o e g 7

aﬁ,(k;,n,i,ﬁ + j) for every 0 < n < h.
4.3. Proof of the Main Theorem. Our proof of Proposition 4.18 below follows a strategy
similar to that of [CS12, Propositions 2.5 and 2.10]: we add to f. a sequence of Mahler
summable elements to eventually obtain a Mahler reduction f, whose apparent dispersion
is 0, and then use Corollary 3.2 to conclude that f is Mahler summable if and only if this
fT =0.

There is a wrinkle: in case 7 € supp(f)NK; and the height h(f, 7) = 0 (see Definition 4.6),
disp(f, T) = oo by Lemma 2.16. Corollary 3.2 remains silent in this case, for which we provide
a specialized argument that relies on the technical Lemma 4.14.
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Proposition 4.18. For f € K(x) and 7 € Ty, the component f, is Mahler summable if and
only if dres(f, 7,k) = 0 for every k € N.

Proof. The Proposition is trivial for 7 ¢ supp(f) < f; = 0. Assume from now on that
7 € supp(f). The proofs in the different cases 7 ¢ K} versus 7 C K} proceed in parallel
below.

Write f; as in Lemma 4.8 if 7 ¢ K} and as in Lemma 4.12 if 7 C K}*. Let us define

recursively: gT :=0; and, if h := h(f,7) > 1 as in Definition 4.6, then for 0 <n < h —1 set

n D e Cy(kym, i)
g =g STy Sy

k=1 \icZ/p"Z (95 — (VP n)k

in case 7 ¢ K, with ¢,(k,n,4) as in (4.5); and

g(n—i-l — g(n) + i Z/ Z CZ’Y(kv n,t, 6)

L—Te(n)
k=1 \ i€Z/p"Z \LEZL/eZ (5'7 — P )

in case 7 C K/, with dv(k,n,i,f) as in (4.11) for n = 0 and as in (4.13) for n > 1. Setting
= f A <g£")>, an induction argument then shows that, for every 0 < n < h,

m  h+1 m A .
i (F,,1) & (k. i)
= e + — (4.14)
kz:; s;";rl ’EZX/;SZ (&= G ; iEZZ/I;"Z (z— C;wph*")k

in case 7 ¢ KJ; and
h

U e / d.(k,s,i,0
-y Y[y Ehend

i L—me(s)
k=1s=n+1 \ icZ/psZ \(lcZ/eL (I - Cpsvp )

S Y Y dV(E’”’f’@ _ (4.15)

(—me(n)
k=1 \ i€Z/pnZ \LEZL/eZ (95 =GP )

+

in case 7 C Kj*. The harmless summand for s = h + 1 in (4.14) and (4.15) is included so
that the sums make sense for n = h, but we set every c,(k,h+1,7) := 0 in (4.14) and every
dy(k,h+1,i,0) := 0 in (4.15). The induction argument is straightforward, requiring only:
the recursive definition of the coefficients ¢, (k,n,4) in (4.5), and the computation (4.4), in
case 7 ¢ KJ; the recursive definition of the coefficients d,(k,n,4,£) in (4.11) and (4.13),
and the computations (4.8) and (4.9), in case 7 C K;'; and a moderate amount of space and
courage to write it down in detail in each case. It then follows from (4.14) and Definition 4.10
(in case 7 ¢ K[), or from (4.15) and Definition 4.16 (in case 7 C K}*), that

Fo = szre;i;k , (4.16)

k=1 a€cT
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which holds uniformly in both cases 7 ¢ K and 7 C K;. Also in both of these cases we
have that ff(h) = fr+ A(ggh)), and therefore f, is Mahler summable if and only if ﬁ(h) is
Mabhler summable.

We claim that fT(h) is Mahler summable if and only if ﬁ(h) = 0. This will establish the
Proposition, since ﬁ(h) = 0 if and only if dres(f,7,k) = O for all £ € N by (4.16). The
non-trivial implication: fT(h) #0= ﬁ(h) is not Mahler summable, is proved in two cases: (1)
if either 7 ¢ K;* or h # 0; and (2) if both 7 C K;* and h = 0.

(1). In case 7 ¢ K, by Definition 4.10 f") has no poles outside of {Cy | i € Z/p"Z}.
In case 7 C K and h # 0, by Definition 4.16 ﬁ(h) has no poles outside of {(;hfypz | ¢ €
Z)eZ, i € (Z)p"Z)*} (cf. Lemma 4.5). Thus if either 7 ¢ K or h # 0, disp(ﬁ(h),T) = 0.
By Corollary 3.2, ﬁ(h) is not Mahler summable.

(2). Note that f, = ) in (4.16) in this case where h = 0 and 7 C K}, and the
Definition 4.16 gives

m dres(f, T, k:
k=

ZZ =2 2. ,

_ f}/p
k=1 ZEZ/@Z 1 teZ/eZ

where we write d,(k, () in lieu of d,(k,0,0, ), to simplify notation. Since 7 € supp(f), we
must have dres(f,7,m) # 0. We claim that f, cannot be Mahler summable. To prove the

claim, let again
=y Y A
N
1 0e 7/l (z =)

k=
despite having h = 0, where the ¢, (k, () are as in (4.12). By the computation (4.8) and the
Definition 4.15 of the map £{™,

i — 4+ A (g zm:pz_: > ka< )'Cv(k%f).

o -1\ k
k=1 i=1 (€7 /el (z = G™)

Hence f, is Mahler summable if and only if f, is Mahler summable. In particular, if f, = 0,
then f, is Mahler summable. On the other hand, if f. # 0, then disp(f,,7) = 0, in which
case f> cannot be Mahler summable by Corollary 3.2. Hence f, is Mahler summable if and
only if f, = 0. Let us show that f. # 0 = f. # 0.

In any case, the partial fraction coefficients of f, satisfy

Zm:V,j (") erlh e 1) = =g ka (57) - ey (ks £+ 1) = G- (4 (R, ) = s, ),
s=k

where the first equality follows from V;3( ;ﬁf” ) = C;k Vks(vpe) independently of s by Lemma 2.17,
and the second equality follows from the Definition 4.15 of E By Lemma 4.14, since the

map D ) has no non-trivial fixed points, we cannot have cy(k,0) = d(k,0) for every k and
¢ unless all d,(k,¢) = 0. So indeed f, #0 = f, #0. O
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Remark 4.19. For f € K(x), 7 € supp(f) N Tar, and h := h(f,7) as in Definition 4.6, the

elements ﬁ(h), gﬁh) € K(z), constructed in the proof of Proposition 4.18 are the 7-components
of the f,g € K(x) in the Mahler reduction (1.1).

Proof of the Main Theorem. Let f € K(z). By Lemma 2.2, f is Mahler summable if and
only if both fr and fr are Mahler summable. By Proposition 4.2, f; is Mahler summable
if and only if dres(f,o0) = 0. By Lemma 2.14, fr is Mahler summable if and only if f, is
Mahler summable for all 7 € Ty;. By Proposition 4.18, f; is Mahler summable if and only
if dres(f,7,k) = 0 for all k € N. O

4.4. Mahler reduction. We can now define the Mahler reduction (1.1): f = f + A(g)
promised in the introduction for any f € K(z), in terms of the decompositions f = fr + fr
and g = gr + gr as in (2.1), by setting

fr = Z fo and g = Z 99; and

b€ Z/P 0eZ/P
fr = Z JET(h(f,T)) and gr = Z g7(_h(f,-r))
7€ supp(/f) T€supp(f)

as in Remark 4.3 and Remark 4.19. It is clear from the definitions that c-f=c-f for
¢ € K. Setting f1+ fo := fi + f> defines a K-linear structure on {f | f € K(z)} such that
V : f+— fis K-linear and has the desired property that ker(V) = im(A).

5. EXAMPLES

Let us illustrate the Mahler discrete residues at Mahler trees in two small examples, with
notation as in Example 2.9. Example 5.1 gives a Mahler summable f in the non-torsion case
7 ¢ K. Example 5.2 gives a non-Mahler summable f in the torsion case 7 C K}*.

Example 5.1. Let 7 = 7(2), and consider the following f = f, with
sing(f,7) = {2, V2, V2, V2.

By Definition 4.6, h = h(f,7) = 1.

—28 + 43 + 2% — 4o C cy(k,n,i
f= (z — 2)2(a% — 2)2 :ZZ 7(, 31)n
k=1 n=0 i=0 (;L’ — (3.2 )

k

2 2
L L S ¢
=22 1892 ;(x—cwiﬁ 9V/4 ;x—g@f/ﬁ’
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for v := /2 as in Lemma 4.8. By Definition 4.10, for 0 <1 < 2:

dres(f, 7, gy = 533 + 170G - (1) + W (G57) -0

2 Do
:—3—5'(@,7)5:0; and

9~2
2 2i
dres(£, 7 2) = 1o+ VEG) - (1) = 5 = 37260 ) =0

by Lemma 2.17 and Example 2.20. Therefore f should be Mahler summable. And indeed,
f=4a(=-2)7)
Example 5.2. Let 7 = 7((4), and consider the following f = fT with

sing(f,7) = {1, ¢, Ci2, (B (o Cia )

By Definition 4.6, h = h(f,7) = 1.

f_

1 1( ¢ n Ca i ly n I " C12 n & )
26 4+1 6 \x— (4 I—CZI’ T — Ci2 93—C152 17—<172 r— 1121

The map E(l) in Definition 4.15 sends (C—2 Sy (C"l ). By Definition 4.16, for 1 <1 < 2;

1ol
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by Lemma 2.17. Therefore f is not Mahler summable.
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