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This paper studies a large class of two-player perfect-information turn-based parity games on infinite graphs,
namely those generated by collapsible pushdown automata. The main motivation for studying these games
comes from the connections from collapsible pushdown automata and higher-order recursion schemes, both
models being equi-expressive for generating infinite trees. Our main result is to establish the decidability of
such games and to provide an effective representation of the winning region as well as of a winning strategy.
Thus, the results obtained here provide all necessary tools for an in-depth study of logical properties of trees
generated by collapsible pushdown automata/recursion schemes.
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1 INTRODUCTION

This paper studies a large class of two-player perfect-information turn-based parity games on
infinite graphs, namely those generated by collapsible pushdown automata (CPDA).

Parity Games on Infinite Graphs

A two-player perfect-information turn-based parity game on a graph (or simply a parity game)
is played by two players, Eloise and Abelard, who move a pebble along edges of a graph whose
vertices have been partitioned between the two players and coloured by a function assigning to
every vertex a colour chosen in a finite subset of N. The player owning the current vertex, chooses
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2 Broadbent et al.

where to move the pebble next and so on forever. Hence, a play is an infinite path in the graph,
and the winner is determined thanks to the colouring function by declaring Eloise to win if and
only if the smallest colour appearing infinitely often is even.

Parity games have been widely studied since the 80s because of their close links to important
problems arising from logic. A fundamental result of Rabin is that w-regular tree languages, equiv-
alently tree languages definable in monadic second-order (MSO) logic, form a Boolean algebra [31].
The difficult part of the proof'is complementation, and since the publication of this result in 1969, it
has been a challenging problem to simplify it. A much simpler one was obtained by Gurevich and
Harrington in [21] making use of Muller games for checking membership of a tree in the language
accepted by an automaton: Eloise builds a run on the input tree while Abelard tries to exhibit a
rejecting branch in the run. The proof of Gurevich and Harrington was followed by many others
trying to simplify the original proof of Rabin (in particular Emerson and Jutla who introduced
the connection with parity games in [19]), and beyond this historical result, the tight connection
between automata and games is one of the main tools in the areas of automata theory and logic
(see e.g. [35, 39, 40]).

The above-mentioned result of Rabin is equivalent to the fact that, given a formula from MSO
logic, one can decide whether it holds in the complete infinite binary tree. Whether this result can
be extended to more and more complex classes of trees is an active line of research since then.
While decidability of MSO logic on the complete binary tree is equivalent to deciding whether
Eloise has a winning strategy in a parity game played on a finite graph, extensions to more complex
trees require one to consider games played on infinite graphs (and the more general the trees, the
more general the graphs to be considered).

Since the late 1990s, another important motivation for considering games played on infinite
graphs emerged because of their connections with program verification. Here, there is a trade-
off between richness of the graph describing the program to verify and decidability of the logic
used to express the property to check. Regarding logic, most of the logics considered in program
verification are captured by the p-calculus (an extension of modal logic with fixpoint operators)
and therefore the model-checking problem is reduced again to solving a parity game played on
a graph that is a synchronised product between the graph describing the system to verify and a
finite graph describing the dynamic of the formula. Hence, the quest here is to look for graphs that
model programs using natural features in programming languages (e.g. recursion, higher-order
arguments, rich data domains, etc.) and whose associated parity games remain decidable.

Both objectives — extending Rabin’s result to richer trees and verifying programs with natural
features in programming languages — games played on graphs generated by pushdown automata
and their extensions, in particular collapsible pushdown automata, have proven to be fruitful. Ina
nutshell, collapsible pushdown automata extend usual pushdown automata by replacing the (order-
1) stack by an order-n stack that is defined as a stack whose elements are order-(n — 1) stacks and
whose base symbols are equipped with links pointing deeper in the stack and that can later be
used to collapse the stack.

Main Results

Collapsible pushdown automata are equi-expressive with higher-order recursion schemes — these
are essentially finite typed deterministic term rewriting systems that generate an infinite tree when
one applies the rewriting rules ad infinitum — for generating trees [23, 24], this class of trees
subsumes all known classes of trees with decidable MSO theories. Regarding programs, collapsible
pushdown automata permit to capture higher-order procedure calls — a central feature in modern
day programming and supported by many languages such as C++, Haskell, OCaML, Javascript,
Python, or Scala.
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Collapsible Pushdown Parity Games 3

Hence, considering parity games played on transition graphs of (collapsible) pushdown au-
tomata is a central problem for both extending Rabin’s seminal result and verifying real-life pro-
grams. The study of such games raises three questions of increasing difficulty.

(1) Decide, for a given initial position, whether Eloise has a winning strategy, i.e. whether she
has a way to play that guarantees she wins regardless of the choices of Abelard. In the con-
text of program verification, the counterpart of this question is the (local) model-checking
problem.

(2) Finitely describe Eloise’s winning region, i.e. the set of all positions from which she has a
winning strategy. While in the setting of games on finite graphs this is equivalent to the
previous question, when considering an infinite graph it is unclear whether a finite presen-
tation of the winning region exists and, when it does, specific tools must be used to describe
such an object. In the context of program verification, the counterpart of this question is the
global model-checking problem.

(3) Finitely describe, for a given initial position, a winning strategy for Eloise. Note that a clas-
sical result (positional determinacy [19]) on parity games states that winning strategies can
always be chosen to be positional, i.e. to depend only on the current vertex; however, when
describing a winning strategy in a game played on an infinite graph, the purpose is to find
a suitable machine model of implementing a winning strategy rather than focusing on cap-
turing a special (simple) form of winning strategies. In the context of program verification,
the counterpart of this question is the synthesis problem.

In this paper we positively answer those questions. More specifically, our main Theorem implies
the following.

(1) One can decide, for a given initial position, whether Eloise has a winning strategy and this
is an n-ExpTIME-complete problem, where n is the order of the underlying collapsible push-
down automaton.

(2) We introduce a model of finite-state automata defining regular sets of configurations of col-
lapsible pushdown automata and prove that the winning region is always such an (effective)
regular set.

(3) We introduce a model of collapsible pushdown automata tailored to describing strategies and
prove that, for any game, we can compute a winning strategy described by such a machine.

Note that the above-mentioned results were presented by the authors in a series of papers in the
LiCS conference [8, 15, 23] and that the current paper gives a unifying and complete presentation
of their proofs.

Related Work

We briefly review the known results on collapsible pushdown parity games (and subclasses). See
Table 1 for a summary.

The first paper explicitly considering pushdown games (i.e. order-1 CPDA games) is [37, 38]: an
optimal algorithm for deciding the winner is given (ExpTIME-complete) as well as a construction
of a strategy realised by a synchronised pushdown automaton. However, decidability can be de-
rived from the MSO decidability of pushdown graphs [30] in combination with the existence of
positional winning strategies in parity games on infinite graphs [19]: indeed one can write an MSO
formula stating the existence of a positional winning strategy for Eloise (see e.g. [10] for such a
formula). A construction similar to the one in [37, 38] was given by Serre in his Ph. D. [33], and
we partly build upon it in the present paper. Another approach, using two-way alternating parity
tree automata, was developed by Vardi in [36]. The winning region was characterised in [9, 32]
and later in [22, 26] using saturation techniques.
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4 Broadbent et al.

Cachat first considered parity games played on transition graphs of higher-order pushdown au-
tomata (HOPDA, a strict subclass of collapsible pushdown automata) in [11] providing an optimal
algorithm for deciding the winner (n-ExpTIME-complete, where n is the order). As for pushdown
games, decidability can be derived from the MSO decidability of higher-order pushdown graphs
[17] in combination with the existence of positional winning strategies in parity games on infinite
graphs [19]. An alternative simpler proof was given in [14] that permits moreover to characterise
the winning region and to construct a synchronised order-n higher-order pushdown automaton
realising a winning strategy. Also see [16] for an approach extending the techniques of [36] to
higher-order, and [3, 25] for saturation techniques (for the reachability winning condition only).

Order-2 collapsible pushdown parity games were considered in [28] (under the name of panic
automata), where an optimal algorithm for deciding the winner (2-ExpTIME-complete) was given.
The general case was later solved in [23]. Winning regions were characterised in [8] and the win-
ning strategies in [15] (even if the results are somehow implicit in [23]). Finally, in [5], for the case
of the reachability winning condition, the approach of [25] was extended, leading to an algorithm
based on the saturation method to compute the winning region, and on top of this algorithm the
C-SHORe tool was developed [6].

Consequences

The consequences of the results presented here, together with the equi-expressivity result [15, 23,
24] between higher-order recursion schemes and collapsible pushdown automata for generating
trees, are mainly for the study of logical properties of the infinite trees generated by recursion
schemes. In particular, they imply the decidability of the MSO model-checking problem, both its
local [23] and global version (also known as reflection) [8], and the MSO selection problem (a
synthesis-like problem) [15].

Due to space constraints, these results are discussed in full detail in a companion paper [7].

Structure of This Paper

The article is organised as follows. Section 2 introduces the main concepts and some intermediate
results. In Section 3 we state our main result. Its proof is by induction and each induction step is di-
vided into three sub-steps, which are respectively described in Section 4 (providing a normal form
for CPDA), Section 5 (getting rid of the outmost links in the stack structure) and Section 6 (reduc-
ing the order of the CPDA). Section 7 summarises the proof and establishes matching upper and
lower complexity bounds. Finally, Section 8 discusses some logical consequences for collapsible
pushdown graphs.

2 PRELIMINARIES
2.1 Basic Objects

An alphabet A is a (possibly infinite) set of letters. In the sequel A* denotes the set of finite words
over A, and A? the set of infinite words over A. The empty word is written ¢ and the length of a
word u is denoted by |u|. Let u be a finite word and v be a (possibly infinite) word. Then u - v (or
simply uv) denotes the concatenation of u and v; the word u is a prefix of v iff there exists a word
w such thatv = u - w.

A graph is a pair G = (V, E), where V is a (possibly infinite) set of verticesand E C V XV is a
(possibly infinite) set of edges. For every vertex v we let E(v) = {w | (v, w) € E}. We assume that
for each vertex v of G E(v) is not empty.

When 7 is a (partial) mapping, we let dom(z) denote its domain.
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E ExpTiME-complete n-ExpTIME-complete e als.o [2S1NeeS
[33, 36, 37] [11, 14] a previous study

1 at order-2

Pushdown n-HOPDA n-CPDA

Table 1. Known results on collapsible pushdown parity games and subclasses.

2.2 Two-Player Perfect-Information Parity Games
An arena is a triple G = (G, Vg, Va), where G = (V,E) is a graph and V = Vg W V4 is a partition of
the vertices among two players, Eloise and Abelard.

Eloise and Abelard play in G by moving a pebble along edges. A play from an initial vertex
vy proceeds as follows: the player owning vy (i.e. Eloise if vy € Vg, Abelard otherwise) moves the
pebble to a vertex v; € E(vp). Then the player owning v; chooses a successor v, € E(v;) and
so on. As we assumed that there is no dead-end, a play is an infinite word vyv v -+ € V¥ such
that for all 0 < i one has v;4; € E(v;). A partial play is a prefix of a play, i.e. it is a finite word
VU1 - - - vp € V* such that for all 0 < i < £ one has v;4; € E(v;).

A strategy for Eloise is a function ¢g : V*Vg — V assigning, to every partial play ending in some
vertex v € Vg, a vertex v’ € E(v). Strategies of Abelard are defined likewise, and usually denoted
¢a.Ina given play A = vyv; - - - we say that Eloise (resp. Abelard) respects a strategy g (resp. ga)
if whenever v; € Vg (resp. v; € Va) one has v;41 = @g(vo - - - v;) (resp. viz1 = pa(vo - - - v;i)).

, Vol. 1, No. 1, Article . Publication date: April 2021.
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6 Broadbent et al.

A winning condition is a subset Q C V* and a (two-player perfect information) game is a
pair G = (G, Q) consisting of an arena and a winning condition. A game is finite if it is played on
a finite arena.

A play A is won by Eloise if and only if 1 € Q; otherwise A is won by Abelard. A strategy ¢ is
winning for player X in G from a vertex vy if any play starting from vy where X respects ¢ is won
by X. Finally a vertex vy is winning for X in G if X has a winning strategy ¢ from vy.

A parity winning condition is defined by a colouring function p, i.e. a mapping p : V —
C c N, where C is a finite set of colours. The parity winning condition associated with p is the set
Q, = {vovy - -+ € V| liminf(p(v;))izo is even}, i.e. a play is winning if and only if the smallest
colour visited infinitely often is even. A parity gameis a game of the form G = (G, Q,) for some
colouring function.

2.3 Stacks with Links and Their Operations

Fix an alphabet I of stack symbols and a distinguished bottom-of-stack symbol L € T'. An order-
0 stack (or simply 0-stack) is just a stack symbol. An order-(n + 1) stack (or simply (n + 1)-
stack) s is a non-null sequence, written [s; - - - s;]1, of n-stacks such that every non- L I'-symbol y
that occurs in s has a link to a stack of some order e (say, where 0 < e < n) situated below it in
s; we call the link an (e + 1)-link. The order of a stack s is written ord(s). The height of a stack
[s1---s;]is defined as [.

As usual, the bottom-of-stack symbol L cannot be popped from or pushed onto a stack. Thus
we require an order-1 stack to be a non-null sequence [y; - - - y;] of elements of T such that for all
1<i<ly; = Liffi = 1. We inductively define L, the empty k-stack, as follows: Ly = L and
Lryr = [Lg]

We first define the operations pop; and top; with i > 1: top,(s) returns the top (i — 1)-stack of
s, and pop; (s) returns s with its top (i — 1)-stack removed. Precisely let s = [s; - - - 57411 be a stack
with 1 < i < ord(s):

{ Si+1 if i = ord(s)

top;([s1 -+~ s1+1]) top; (si+1) if i < ord(s)

S
POPi([sl ees141])
~————

N

[sg---s7] ifi=ord(s)and! > 1
[sy -+ s pop;(si+1)] if i < ord(s)

By abuse of notation, we set 0p,,, 4(5)+1(s) = s. Note that pop;(s) is undefined if top;,,(s) is a
one-element i-stack. For example pop,([[L & f11) and pop, (L[ L a fI[L]1]) are both undefined.
There are two kinds of push operations. We start with the order-1 push. Let y be a non- L stack
symbol and 1 < e < ord(s), we define a new stack operation push{’e that, when applied to s, first
attaches a link from y to the (e — 1)-stack immediately below the top (e — 1)-stack of s, then pushes
y (with its link) onto the top 1-stack of s. Formally, for 1 < e < ord(s) andy € (I'\ { L }), we define

[sp---51 push’f’e(slﬂ)] if e < ord(s)
push”ly’e([slu-slﬂj) = [sl---slslﬂyj] ife=ord(s) =1
s [s1---s1 push’l/(slﬂ)] ife=ord(s)>2and!l > 1

where

e ' denotes the symbol y with a link to the 0-stack s;,;
e ¥ denotes the symbol y with a link to the (e — 1)-stack s;; and we define

—~ ? .
W (Tt tog]) = 4 Ctiootepushy ()1 iford(t) > 1
pus 1([t1 t+1]) { [tl"'tr+1?] ifOFd(t):]

, Vol. 1, No. 1, Article . Publication date: April 2021.
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Collapsible Pushdown Parity Games 7

The higher-order push;, where j > 2, simply duplicates the top (j — 1)-stack of s. Precisely, let
s = [sy---s;41] be a stack with 2 < j < ord(s):

{ Cs1- - sp418i41] if j = ord(s)

pushj(w) Cs -« 51 push;(si+1)] if j < ord(s)

N

Note that in case j = ord(s) above, the link structure of s, is preserved by the copy that is pushed
on top by push;.

We also define, for any stack symbol y, an operation on stacks that rewrites the topmost stack
symbol without modifying its link. Formally:

{ [sp---sprew!s;]  iford(s) > 1

4
rewy M [sp--- 5171 iford(s) =1andl > 1

N

where ¥ denotes the symbol y with a link to the same target as the link from s, ;. Note that rewi/ (s)
is undefined if top,(s) is the empty 1-stack.

Finally, there is an important operation called collapse. We say that the n-stack sy is a prefix
of an n-stack s, written sy < s, just in case sy can be obtained from s by a sequence of (possibly
higher-order) pop operations. Take an n-stack s where sy < s, for some n-stack sy, and top, s has a
link to top,(so). Then collapse s is defined to be so.

Example 2.1. To avoid clutter, when displaying n-stacks in examples, we shall omit 1-links (in-
deed by construction they can only point to the symbol directly below), writing e.g. [[LI[ Ler f1]
instead of [[L1[L & B11.

Take the 3-stack s = [[[ L 1] [[ L1[ L al]1]. We have

push’*(s) = [[[Lal1 00230 Lay]1]
collapse (pushi/’z(s)) [[[Lel]CCLI11]

TN
push!”®(rew” (push!"*(s))) = [L[L a]:lm:l]].
0
Then push,(0) and rew{’ (push;(0)) are respectivel

[[lLallLLI[LaByllLafyl]] and

N P
[[lLallLLI[LaByll LIl LaBalll.
We have collapse (push,(0)) = collapse (rew{ (push;(0))) = collapse(8) = [[[ L a]]].

The set Op! of order-n CPDA stack operations over stack alphabet T' (or simply Op, if T is
clear from the context) comprises six types of operations:

(1) pop, foreach1 <k < n,

(2) pushj foreach2 < j < n,

(3) push”ly’e foreachl <e<nandeachy e '\ {L1}),

(4) rew{ foreachy e T\ {L1}),

(5) collapse, and

(6) id for the identity operation (i.e. id(s) = s for all stack s).

Remark 2.2. One way to give a formal semantics of the stack operations is to work with appro-
priate numeric representations of the links as explained in [24, Section 3.2]. We believe that the
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8 Broadbent et al.

informal presentation should be sufficient for this work and hence refer the reader to [24] for a
formal definition of stacks.

2.4 Collapsible Pushdown Automata (CPDA) and their Transition Graphs

Collapsible pushdown automata are a generalisation (to all finite orders) of pushdown automata with
links [1]. They are defined as automata with a finite control and a stack as memory. In this work, we
are interested in CPDA as generators for infinite graphs rather than word acceptors or generators
of an infinite tree (see [24] for corresponding definitions), hence we consider a non-deterministic
version of them but do not equip them with an input alphabet.

An order-n collapsible pushdown automaton (n-CPDA) is a 4-tuple A = (T, Q, A, qo), where
I is the stack alphabet, Q is the finite set of control states, gy € Q is the initial state,and A : OxI"' —
2Q%0p,X0p), jg the transition function and satisfies the following constraint. For any g,y € Q X I,
for any (q’, op1, 0p2) € A(q, y) one has that op; € {rew] | « € T} U {id} and op; ¢ {rew] | a € T'}:
hence a transition will always act on the stack by (possibly) rewriting the top symbol and then
(possibly) performing another kind of operation on the stack. In the following, we will use notation
(q’, op1; op2) instead of (q’, op1, 0p2) (to stress that one performs op; followed by op,).

Remark 2.3. Obviously allowing a top-rewriting operation followed by another stack operation
does not add expressive power to the model. However, for technical reasons, this choice simplifies
the presentation.

Configurations of an n-CPDA are pairs of the form (g, s) where g € Q and s is an n-stack over
T'; we call (qo, L) the initial configuration.

An n-CPDA A = (T, Q, A, qo) naturally defines a transition graph Graph(A) := (V, E) whose
vertices V are the configurations of A and whose edge relation E C VXV is given by: (g, s), (q’,s")) €
E iff A(q’, op1;0p2) € A(g, top,(s)) such that s’ = op,(0op1(s)). Such a graph is called an n-CPDA
graph.

Example 2.4. Consider the following 2-CPDA (that actually does not make use of links) A =
({L, @}, {9a> 9> 9c> 94> Gas Gbs G} A, ga) With A as follows (we only give those transitions that may
happen):

i A(aa, J—) = {(qm id;PMSh?)}

o A(qa, @) = {(qas id; push), (qp, id; push,)};
® A(qp, a) = A(qp, @) = {(qv, id; pop,)};

® A(qp, L) = {(qe, id; pop,) };

® A(qe, @) = A(qe, @) = {(qe, id; popy) };

® A(qe, L) = {(qy, id; id)};

° A(qﬁ, 1, )=0.

Then Graph(A) is given in Figure 1.

2.5 CPDA Parity Games

We now explain how CPDA can be used to define parity games. Let A = (T', Q, A, qo) be an order-
n CPDA and let Graph(A) = (V, E) be its transition graph. Let Qg W Qa be a partition of Q and
let p : Q — C C N be a colouring function (over states). Altogether they define a partition
V& W V4 of V, whereby a vertex belongs to Vg iff its control state belongs to Qp, and a colouring
function p : V. — C, where a vertex is assigned the colour of its control state. The structure
G = (Graph(A), V&, Va) defines an arena and the pair G = (G, Q,) defines a parity game that we
call an n-CPDA parity game.
Given an n-CPDA parity game, there are three main algorithmic questions:
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(Ga: [[L]]) — (@a. [[La]]) —> (qa, [[Laa]]) ——— (qa. [[Laaa]]) >

l

(qp. [[La][La]])

l

(qp, [[La][L]]

l

(qe. [[La]])

l

)

l l

(v, [[Laa][Laal]) (s, [[Laaa][Laaal])

| i

(qp, [[Laa][La]]) (qp, [[Laaa][Laal])

i |

(g, [[Laa][L]]) (qp. [[Laaa][La]])

| |

(qy, [[L]]) <—— (gc. [[L]D) (Ge: [[Laal)) (g0, [[Laaa][L]])
(ge, [[La]]) (Ge: [[Laaal])

T |

(ge. [[Laa]]) <

Fig. 1. Transition graph of the CPDA of Example 2.4.

(1) Decide whether (qo, L) is winning for Eloise.
(2) Provide a description of the winning region for Eloise.
(3) If (qo, L) is winning for Eloise, provide a description of a winning strategy for Eloise from

(qO’ J-fl)'

Remark 2.5. Note that the first question is equivalent to the following one: given a vertex v € V
decide whether v is winning for Eloise. Indeed, one can always design a new n-CPDA parity game
that simulates the original one except that from the initial configuration the players are first forced
to go to v, from where the simulation really starts.

To answer the second question, we will introduce the notion of regular sets of stacks, and to
answer the third one we will consider strategies realised by n-CPDA transducers.

2.6 Regular Sets of Stacks with Links

We start by introducing a class of automata with a finite state-set that can be used to recognize
sets of stacks. Let s be an order-n stack. We first associate with s = sy,---, sy a well-bracketed

word of depth n,s° e (XU {[,1})*:

|

[s1

S

o 57]

ifn>1
ifn=0(ese)

, Vol. 1, No. 1, Article . Publication date: April 2021.



442
443
444
445
446
447
448
449
450
451
452
453
454
455
456
457
458
459
460
461
462
463
464
465
466
467
468
469
470
471
472
473
474
475
476
477
478
479
480
481
482
483
484
485
486
487
488
489
490

10 Broadbent et al.

In order to reflect the link structure, we define a partial function target(s) : {1,---,[s]} = {1,---, 5]}
that assigns to every position in {1, - - - , [s]} the index of the end of the stack targeted by the corre-
sponding link (if exists; indeed this is undefined for L, [ and ]). Thus with s is associated the pair
(s, target(s)); and with a set S of stacks is associated the set S = {(s, target(s)) | s € S}.

Example 2.6. Consider the stack s = [[[L ] ]m] 1]. Then

s=[[[Lal] [[LILLapyl]]
and target(s) = T where 7(5) = 4, 7(14) = 13, r(15) = 11 and 7(16) = 7.

We consider deterministic finite automata working on such representations of stacks. The au-
tomaton reads the word s from left to right (that is, from bottom to top). On reading a letter that
does not have a link (i.e. target is undefined on its index) the automaton updates its state accord-
ing to the current state and the letter; on reading a letter that has a link, the automaton updates
its state according to the current state, the letter and the state it was in after processing the tar-
geted position. A run is accepting if it ends in a final state. One can think of these automata as a
deterministic version of Stirling’s dependency tree automata [34] restricted to words.

Formally, an automaton is a tuple (R, A, ri,, F, 5) where R is a finite set of states, A is a finite
input alphabet, r;, € Ris the initial state, F C Ris a set of final states and § : (RXA)U(RXAXR) — R
is a transition function. With a pair (u,7) where u = a;---a, € A" and 7 is a partial map from
{1,---n} = {1,-- - n}, we associate a unique run ry - - - r, as follows:

® 7o = Tin;

e forall0 <i<n,riyg =6(r;,a;41) ifi +1 ¢ Dom(t);

o forall 0 <i<n,riyy =6(ri, aiv1, rr(i+)) if i + 1 € Dom(7).
The run is accepting just if r, € F, and the pair (u, ) is accepted just if the associated run is
accepting.

To recognise configurations instead of stacks, we use the same machinery but now add the
control state at the end of the coding of the stack. We code a configuration (g, s) as the pair (s -
q, target(s)) (hence the input alphabet of the automaton also contains a copy of the control state
of the corresponding CPDA).

Finally, we say that a set L of n-stacks over alphabet I is regular just if there is an automaton 8
such that for every n-stack s over I', B accepts (s, target(s)) iff s € L. Regular sets of configurations
are defined in the same way.

Regular sets of stacks (resp. configurations) form an effective Boolean algebra.

Property 2.7. Let Ly, L, be regular sets of n-stacks over an alphabet I'. Then L; U Ly, Ly N L, and
Stacks(T') \ L, are also regular (here Stacks(I') denotes the set of all stacks over T'). The same holds
for regular sets of configurations.

Proor. Closure under complement comes from the fact that we consider deterministic automata.
Closure under union or intersection is achieved by considering a Cartesian product, as in the case
of finite automata on finite words. ]

The following result shows that the notion of regular sets of n-stacks is robust with respect
to the computational model of CPDA. The result is used only when discussing consequences in
Section 8.1 and therefore its proof can safely be skipped by the reader.

THEOREM 2.8. Let A be an order-n CPDA with a state-set Q and a stack alphabet T, and let L be
a regular set of configurations.
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Then, one can build an order-n CPDA A’ with a state-set Q’, a subset F C Q' and a mapping
x : Q" = Q such that the following holds.

(1) Restricted to the reachable configurations from their respective initial configuration, the transi-
tion graph of A and A’ are isomorphic.

(2) For every configuration (q,s) of A that is reachable from the initial configuration, the corre-
sponding configuration (q’,s’) of A is such that q = y(q') and belongs (g, s) belongs to L if
and only ifq’ € F.

Proor. Fix an order-n CPDA A and an automaton 8 = (R, T U {[, 1}, rin, F, &) accepting L.

Let s be an order-n stack. Let 0 < k < n and let ¢ be the topmost k-stack of s, i.e. t = top;,,(s).
We are interested in describing how 8B behaves when reading pop,. (t) (for some technical reason
we do not care of the topmost (k — 1)-stack in t as we will later compose those behaviours), with
the convention that pop,(t) = t. If there was no link, this behaviour could simply be described as
a function from R into R. However, as we extracted ¢ from s, there may be some “dangling link” of
order greater than k.

We refer to Figure 2 for an illustration of the concepts below for the case where n = 4. To retrieve
the states attached to the respective targets of the links (of order n,-- -,k + 1 respectively) in s,
we will use as a parameter n — k states rp, - - - , r41 in R. For n-links, we consider the run induced
by reading s starting from r, and this gives the values for the respective targets of the n-links. For
(n — 1)-links, we consider the run induced by reading top,, (s) starting from r,,_; (note that states
in dangling n-links are known thanks to r, from the previous step) and this gives the values for
the respective targets of the (n — 1)-links. And so on until we consider, for (k + 1)-links, the run
induced by reading top,,(s) starting from ry.; (note that states in dangling i-links for i > k are
known thanks to r;) and this gives the values for the respectives targets of the (k + 1)-links.

Hence, we associate with ¢ a function 7; : R* % — (R — R) such that 7 (r,, . . ., re41) defines a
function from R into R that maps every state r € R to the state 7y (rp, . . ., 7k+1)(r) that is reached
by B when reading pop, (t) starting from r and where the states attached to the respective targets
of the links are determined by ry, - - - , g4 as explained above.

A stack symbol of the CPDA (A’, is a pair, consisting of a stack symbol of A, and an (n+1)-tuple
of the form (7, - - - , 7o) where the 7;s are as above.

As the function 7 describes the behaviour of pop, (top,,,(s)), if we want to reconstruct the
behaviour of top,,,(s) we need to compose, in the appropriate way, the various 7; function for
i < k which leads the following definition. We define 7, (r, - --r;) to be the same function as
to(rn---,r1); and foreach 1 < k < n,

R—>R

T (rp e Tks1)
elrn i) {rHr,:_1<rn~~rk><rk<rn---rk+1><r>>

Hence, each 7;/ is a function from R to R induced by reading (the segment of) s starting from
topy,,(s). As each 7;” can be obtained from the 7;s, we safely assume that we can access them
directly in A’ when reading the top, element of the stack. Note that, considering 7, applied to the
initial state 7, of 8 we deduce whether the current stack is accepted by B: hence this information
will be maintained, together with a state from Q, in the control state of A" and is used to define F.
The function y is the one erasing all auxiliary informations used by A’ in its control state.

We now explain how A’ behaves. Assume that the topmost stack symbol is (a, (zp, - - - , 7)) and
that the A-state stored is g. Then, the possible transitions of A’ mimic the ones of A when being
in state ¢ with topmost stack symbol a. For each order-n stack operation op of A, we define the
corresponding stack operation of A”:
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Ty

Illustration for the proof of Theorem 2.8 when n = 4. Missing states (?) in k-link’s target are retrieve

by reading topy.,;(s) from ry. For every k, r]:r is obtained by composing the 7;s for i < k.

@ (Tns > Tt 1 T The15 7"

If op = push, then A’ performs push; followed by rew, ) where for ev-
ery r € R t(rm - 1) () = S5y (Fua s ) (), Te) With 17 = (= 1) ().
Indeed, after performing a push; operation the only top; stack that is different from the one
before, is for i = k. Hence, one only needs to update 7;, which now maps a state r to the
state r’ obtained by first applying the previous 7 followed by the transformation induced by
the former top k — 1-stack (with the missing k-links being retrieve starting from r) together
with the missing closing parenthesis 1.

If p = pushll”k then A" performs pus where 7 and 7, are defined as
follows. The function 7 is equal to 7" while the function 7, (ry, ..., r1) maps a state r to
O(r,b,ti(rny - - - s k1) (rr)). Indeed, one simply has to update 7; and 7y. Regarding 7; one
needs now to take into the former topmost symbol which is exactly what does 7,". For 7y one
simulates the behaviour of 8 when reading a b and uses 7 with the appropriate parameters
to retrieve the state in the target of the newly created link.

If op = pop, (resp. collapse following a k-link) then A’ performs pop, (resp. collapse), con-

siders the new topmost stack symbol (a’, (7, - ,7;)) and does a rewia’(rmm’rkﬂ’ T"’MTO).

Indeed, for any stack s and any i > k, pop;(top;,,(s)) = pop;(top;,,(pop;(s))) and therefore
Tn, -+ , Tk+1 are inherited from the previous configuration while the other components are
preserved from the last time where (possibly a copy of) the topmost symbol was on top of
the stack (being inductively assumed to be correct).

h(b’ (Tn, > 72, T, 7p)), k
1

Correctness of the construction follows inductively from the above definition. m]
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2.7 CPDA strategies

Let A = (T, Q, A, qo) be an order-n CPDA, let Graph(A) = (V,E) be its transition graph, let
G = (Graph(A), Vg, Va) be an arena associated with A and let G = (G, Q,) be a corresponding
n-CPDA parity game.

We aim at defining a notion of n-CPDA transducers that provide a description for strategies in
G, that is the transducer describes a function from partial plays in G into V.

Consider a partial play A = vyv; - - - v¢ in G where vy = (qo, Ly,). An alternative description of
A is by a sequence (g1, rew;;0p1) - - - (qe, rewg; ope) € (Q x Opl x Opl)* such that v; = (g;, ;) for
all1 <i < {ands; = op;(rew;(si—1)) (with the convention that sy = 1,). We may in the following
use implicitly this representation of A when needed. Similarly, one can represent a strategy as a
(partial) function

¢+ (Qx Opl, x Op,)" — Q x Op;, x Op,

the meaning being that in a partial play A ending in some vertex (g, s) if p(1) = (¢, rew; op) then
the player moves to (q’, op(rew(s))).

An n-CPDA transducer realising a strategy in G is a tuple S = (3, R, , 7, ry) where X is a
stack alphabet, R is a finite set of states, ry € R is the initial state,

§:RX X (QxO0pl, xOpl) — Rx Op x Op:
is a deterministic transition function and
T:RX3Z — QxOp" x Op"

is a deterministic choice function (note that we do not require 7 to be total). For both § and 7 we
have the same requirement as for the transition function for CPDAs, namely that the first stack
operation should be a top-rewriting (or the identity) and that the second one should not be a
top-rewriting.

A configuration of § is a pair (r,t) where r is a state and ¢ is an n-stack over X; the initial
configuration of S is (rg, L,). With a configuration (r, t) is associated, when defined, a (unique)
move in G given by 7(r, top,(t)). A partial play A = (q1, rews;0p1) - - - (qe. rewe; ope) in G induces
a (unique, when defined) run of S which is the sequence

(ro, to)(r1, t1) - -+ (re, te)

where (ro, %)) = (r0,Ln) is the initial configuration of S and for all 0 < i < ¢ — 1 one has
&(ri, top, (i), (qir1, rewir1; 0pir1)) = (rig,rew] ;;0p;, ) with t;01 = op], (rew;, (t;)). In other
words, the control state and the stack of S are updated accordingly to 6.

We say that S is synchronised with A iff for all (r, &, (g, rew; 0p)) € Rx X x (Q X Opt, x Op)
such that §(r, @, (g, rew; 0p)) = (r’,rew’;0p’) is defined one has that op and op” are of the same
kind, i.e. either they are both a pop,. (for the same k) or both a push;. (for the same k) or both a
pushy® (the symbol pushed being possibly different but the order of the link being the same) or
both collapse or both id. In particular, if one defines the shape of a stack s as the stack obtained
by replacing all symbols appearing in s by a fresh symbol § (but keeping the links) one has the
following.

PROPOSITION 2.9. Assume that S is synchronised with A. Then, for any partial play A in G ending
in a configuration with stack s, the run of S on A, when exists, ends in a configuration with stack t
such that s and t have the same shape.

The strategy realised by S is the (partial) function ¢s defined by letting ¢ s(1) = 7((r, top,(t)))
where (r, t) is the last configuration of the run of S on A.
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We say that ¢g is well-defined iff for any partial play A = (q1,rews;op1) - - - (qe, rewe; ope)
where Eloise respects ¢ s whenever the last vertex (qz,s¢) in A belongs to Vg one has ¢ps(1) €
A(q, top,(s¢)), i.e. the move given by ¢s is a valid one.

3 MAIN RESULT

The following theorem is the central result of this paper.

THEOREM 3.1. Let A = (T, 0, 8, qo) be an n-CPDA and let G be an n-CPDA parity game defined
from A. Then one has the following results.

(1) Deciding whether (qq, L) is winning for Eloise is an n-ExpTIME-complete problem.

(2) The winning region for Eloise (resp. for Abelard) is regular. Moreover, one can compute an
automaton that recognises it.

(3) If (o> Ln) is winning for Eloise then one can effectively construct an n-CPDA transducer S
synchronised with A realising a well-defined winning strategy S for Eloise in G from (qo, Ln).

The proof is by induction on the order and each induction step is itself divided into three steps:
the first one is a normalisation result (Section 4), the second one removes the outermost links
(Section 5) while the third one lowers the order (Section 6). Finally Section 7 combines the previous
constructions and provides the proof of Theorem 3.1.

4 RANK-AWARE CPDA

Intuitively, a CPDA is “rank-aware” whenever, during any run of the CPDA, one can easily deter-
mine the smallest colour seen since the creation of the link on the topmost symbol. In particular,
one only needs to inspect the current control state and topmost stack symbol. This information
will be crucial in the next section when we show how to remove the outermost links from a CPDA.
In this section, we show that any CPDA can be transformed into an equivalent rank-aware CPDA.
The notion of equivalence is formalised in the statement of Theorem 4.8.

Fix, for the whole section, an n-CPDA A = (T, Q, A, qo), a partition Qg WQx of Q and a colouring
function p : Q — C c N. Denote by G its transition graph, by G the arena induced by G and the
partition Qg W Qa and by G the parity game (G, Q).

4.1 Definitions

Our main goal in this sub-section is to define the notion of rank-awareness. To do this we will
define the notion of link-rank. Assume that in configuration vy, the top,-element has a link (that is
possibly a copy of a link) that was created in configuration v;: then the link-rank in v,, is defined
as the smallest colour since the creation of the link, i.e. min{p(v;), - - - p(v;,)}. Ultimately, we will
show how to enrich the stack alphabet to be able to compute the link-rank. In order to maintain
this information, we need to define several other concepts. First we will define indexed stacks,
from which, we can then define the collapse-rank (for updating after performing a collapse) and
the pop-rank for k (for updating after performing a pop;.).

A finite path in G is a non-empty sequence of configurations vyv; - - - v, such that for all
0 < i < m — 1, there is an edge in G from v; to v;41. An infinite path is an infinite sequence of
configurations vyvy - - - such that for all i > 0, there is an edge in G from v; to v;;1. Note that we
do not require vy to be the initial configuration.

We now define a generalisation of n-stacks called indexed n-stacks. Following the same notations
as in Section 2.6, a stack s is equivalently described as a pair (s, target(s)) (recall that s is a well-
bracketed word description of s and that target(s) gives the link structure). An indexed n-stack
is described by a triple (s, target(s), ind(s)) where's ='s; - - - 51 and target(s) are as previously and
where ind(s) : {1,...,[s]} — Nis a partial function that is defined in any position j < [s] — n such
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687 thats; ¢ {[,]}. The previous conditions on the domain of ind(s) ensure that any stack symbol in
688 s which is not the topmost one has a value by ind(s) that we refer to as its index. An indexed
689 configuration is a pair formed by a control state and an indexed stack.

690 The erasure of an indexed n-stack (s, target(s), ind(s)) is the n-stack (s, target(s)). We extend
691  the notion of erasure to indexed configurations in the obvious way.
692 The intended meaning of the index of some symbol in the stack is the following. The index is

693 equal to the largest integer i such that since v; the symbol no longer appears as a top,-element.
694 Hence, if one uses the stack to store (and maintain) some information, the index is the moment
695 from which this information was no longer updated. Therefore when some symbol appears again
6%  as the top,-element, one has to update the information by taking into account all that happened
697 since v; (included).

698 With any path A = vyv; - - -, with v; = (p;, s;) for all i > 0, we inductively associate a sequence
699 of indexed configurations A’ = vjv] - - - such that the following holds.

700 o The erasure of A’ equals A (the erasure of a sequence of indexed configurations being defined

as the sequence of the respective erasures).

e For any indexed configuration v, = (qm, s,,) the following holds. Let s, = (EZ, target(s;,), ind(s;,)),

701
702

703
let s, = x1 - - - xp,, and let j be in the domain of ind(s;,) and such that xj,; = ]. Thenlet j* > j

be the largest integer such that x; = ] for all j + 1 < k < j’ and let i be the unique integer
such that x; - - - xj is well-bracketed. Then, for any i < k < j’, if ind(s;,) (k) is defined, one
has ind(s,,) (k) < ind(s,,)(j), and this inequality is strict if ind(s],)(j) # 0. Intuitively, posi-
tion j is the topmost symbol of some (j’ — j)-stack, and any symbol in this stack has an index
smaller than the topmost symbol.

704
705
706
707
708
709
710 The intuitive idea behind the forthcoming definition of A’ is rather simple. The indices are always
711 preserved, so one only cares about new positions in the stack. On doing a push, the indices of the
712 copied stack are inherited from the original copy. Then when new indices are needed (because a
713 position is no longer the top, one, it gets index m + 1 if the current configuration is vy,41).

714 Before going to the formal definition, we start with an example.

715
Example 4.1. In Figure 3, we give an example (at order 3) that illustrates the previous intuitive

idea as well as the formal description below (ignore the information on colours for this example).
We only describe the indexed stacked (omitting the control states), and indicate the stack operation

716
717

Zji (but omit the id operation). Indices are written as superscripts.

720 Now, we formally give the construction of A’ (the previously mentioned properties easily fol-

721 low from the definition). The initial configuration v; = (po, ), is obtained by letting ind(s]) be

72 the constant (partial) function equal to 0. Assume now that v] - - vy, has been constructed, let

723 vy = (Pm,sy,) With s, = (Sm, target(sm), ind(s),)) and let Um+1 = (Pm+1, Sme1) With s =

Zz Gm+1, targ.et(smﬂ)). Weleto,, = (pmﬂT Sroi1) witb S.;”“. = (Sm+1s t.arget(smﬂ), ind(s;n+1)) where
ind(s},, ) is defined thanks to the following case distinction on which stack oprations have been

72(’ applied to go from v, to Uy1.

727

728 e A top-rewriting operation (possibly equal to id) followed by a push{’k operation is applied in

729 configuration vy,. Then all previous indices are inherited and the former top,-element gets

730 index m + 1. Formally, ind(s}, ,,)(j) = ind(s;,)(j) whenever j < [s;| —n and ind(s/,, ) ([Sm| -

731 n)=m+1.

732 o A top-rewriting operation (possibly equal to id) followed by a push,. operation is applied.First,

733 all existing indices are preserved, i.e. ind(s, ,)(j) = ind(s;,)(j) whenever j belongs to the

734 domain of ind(s},). Then one writess;, as [ - - - [#]] n—k+1 with ¢ being well-bracketed; hence,

735
, Vol. 1, No. 1, Article . Publication date: April 2021.



736
737
738
739
740
741
742
743
744
745
746
747
748
749
750
751
752
753
754
755
756
757
758
759
760
761
762
763
764
765
766
767
768
769
770
771
772
773
774
775
776
777
778
779
780
781
782
783
784

’

0

w

push{?‘1

’
e

d

a.
rew{push,

2

pop, ’

3

pushf”1 ,
4

pushf‘2 ,
- S
pushs ,
— 5
push?”? ,
—_
push,
8
pop,y ’
9
collapse

~

— S0

pops
> S
y,1
pushy

=[[[L%°110[L]11]

1 =[[[L°%°110CL'A11]
sy =[[[L%°110[La?1[ 1L ]]]
s; =[[[L%°110[L"¢*101]]]

sy =[[[L°%° 111?111 2] ]]

TN
=[[[1°%°11[[L a*I[ L’ f1]]

PR N
e =[[[L% 1101 e?1[ L4 BO1IM L e® I L e’ f11]

S

PR
sy =[[[L°°11[[L e I[ L’ BT L ? I [ L e BTy 1]]

VR
sg =[L[ L% 1I[[ L e? I[P BOIIIL L a? 1L L’ BTy B I L4 BTy 111

N
s =[[[L%a®1I[[L e® [ L@ B 1T L a? I L a® BTy 81 L e’ BT

PR
=[[[L%°1I[[L e*I[ L4’ BCT1ILL L @ ]]]

PR
=[[[L°%°1I[[L «*1[L*’B]11]

RS
=[[[L%°1I[[ L ? 1 L%’ B2y 1]

Fig. 3. Example of a sequence of indexed stacks.
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colour : 3

colour : 0

colour : 1

colour : 5

colour : 3

colour : 2

colour : 4

colour : 6

colour : 5

colour : 6
colour : 4

colour : 3

colour : 2

Smi1 = [--- [#'1[#'11" k! where t’ is obtained from ¢ by (possibly )changing its last sym-

bol to reflect the top-rewriting operation. Then we let ind(s;, ,)(Isp,| — (n —k + 1) +j) =

ind(s;n)(|;7n;| —(n—k+1)—(|t] +2) +j) for all j > 1 such that the second member of the
equality is defined: the indices are simply copied from the former top (k — 1)-stack. Finally,
the former top,-element gets index m + 1: ind(s], ) ([sm| —n+k =3) =m + 1.

e A top-rewriting operation (possibly equal to id) followed by either a popy operation or a
collapse or id is applied in configuration vy, in A. Then all indices are inherited from the pre-
vious indexed stack. Formally, ind(s; ,,)(j) = ind(s;,)(j) whenever j belongs to the domain
of ind(s;,, ).

The following straightforward proposition is crucial. In particular, it means that if we stored
some information on the stack, the index gives the “expiration date” of the stored information, that

PROPOSITION 4.2. Let A = vyvy--- be a path and A’ =
st = (Sm, target(sy,), ind(s,)) be the indexed stack in v},. Let j be such that i = ind(s,,)(j) is defined.
Ifi > 0, then (i — 1) is the largest integer such that the j-th letter of s, is a copy of top,(si-1). Ifi = 0,

there is no i’ such that the j-th letter ofs,, is a copy of top,(si).

, Vol. 1, No. 1, Article . Publication date: April 2021.

is the step in the computation starting from which the information has no longer been updated.

vy -+ be as above. Let m > 0, let



785
786
787
788
789
790
791
792
793
794
795
796
797
798
799
800
801
802
803
804
805
806
807
808
809
810
811
812
813
814
815
816
817
818
819
820
821
822
823
824
825
826
827
828
829
830
831
832
833

Collapsible Pushdown Parity Games 17

Proor. Immediate by induction on m and from the definition of A’ from A. m]

Consider a finite path A = vyv; -+ vy, in G ending in a configuration v, = (g, s) such that
top, (s) has an n-link (if the link is a k-link for some k < n the following concepts are not relevant).
The link-ancestor of v, is the configuration v; where the original copy of the n-link in top, (s)
was created', or vy if the link was present in the stack of the configuration v,. The link-rank of
Up, is the minimum colour of a state occurring in A since its link-ancestor v; (inclusive) i.e. it is

min{p(v;), - - p(vm)}.

Example 4.3. Consider the sequence of indexed stacks given in Figure 3. The link-ancestor of
configuration vg is configuration v; and its link-rank is 5. The link-ancestor of configuration v,
is configuration vs and its link-rank is 2.

Definition 4.4. Ann-CPDA A = (T, Q, A, qo) equipped with a colouring function is rank-aware
from a configuration v, if there exists a function LinkRk : Q X I' — N such that for any fi-
nite path A = vy - - - vy, the link-rank (if defined) of the configuration v, = (g, s) is equal to
LinkRk(q, top,(s)). In other words, the link rank can be retrieved from the control state together
with the top;-element of the stack.

To show that any CPDA can be transformed into a rank-aware CPDA, we need to define the
collapse-rank and the pop-rank. First, we introduce the notion of ancestor. Fix a finite path A =
VU1 - - U, let vy, = (g, s) be some configuration in A and let x be a symbol in s. Then the ancestor
of x is the configuration v; where i is the index of x in v}, (the indexed version of v,,).

We now introduce the notion of collapse-rank. Fix a finite path A = vyv; - - - v, and assume
that the top,-element of v,, has a (k + 1)-link for some k. Then the collapse-ancestor in v, is
the ancestor of the top;-element of the target k-stack and the collapse-rank in vy, is the smallest
colour visited since the collapse-ancestor (included).

Example 4.5. Consider the sequence of indexed stacks given in Figure 3 (the colours of the cor-
responding configurations are indicated on the right part of the figure).

In vy the collapse-ancestor is v, and the collapse-rank is therefore 4. In v the collapse-ancestor
is v; and the collapse-rank is therefore 1.

Next, we give a notion of pop-rank. Fix a partial play A = vyv;--- v, and a configuration
Um = (¢, $) in A. Then, for any 1 < k < n, the pop-ancestor for k, when defined, is the ancestor of
the top,-element of pop, (s) and the pop-rank for k, when defined, is the smallest colour visited
since the pop-ancestor for k (included). In particular, the pop-rank for n is the smallest colour
visited since the stack has height at least the height of s.

Example 4.6. Again, consider the sequence of indexed stacks given in Figure 3.

In configuration vy the pop-ancestor (resp. pop-rank) for 3 is v (resp. 4), the pop-ancestor (resp.
pop-rank) for 2 is vg (resp. 5) and the pop-ancestor (resp. pop-rank) for 1 is v (resp. 2).

In configuration v], the pop-ancestor (resp. pop-rank) for 3 is v (resp. 0), the pop-ancestor (resp.
pop-rank) for 2 is v (resp. 1) and the pop-ancestor (resp. pop-rank) for 1 is v;2 (resp. 2).

Remark 4.7. To permit that the construction remains uniform if the ancestor of the pointed stack
(resp the ancestor of the top,-element of popy (s) / the link-ancestor) is vy, the collapse-rank (resp
the pop-rank / the link-rank) is simply the smallest colour seen since the beginning of the play.

!Formally, one could index links as well: whenever performing, in configuration v}, a push{ *¢, one attaches to the newly
created link the index j + 1. Later, if the link is copied (by doing a push . operation) then the index is copied as well.

, Vol. 1, No. 1, Article . Publication date: April 2021.



834
835
836
837
838
839
840
841
842
843
844
845
846
847
848
849
850
851
852
853
854
855
856
857
858
859
860
861
862
863
864
865
866
867
868
869
870
871
872
873
874
875
876
877
878
879
880
881
882

18 Broadbent et al.

4.2 Main Result

The next theorem shows that we can restrict our attention to CPDA games where the underlying
CPDA is rank-aware.

THEOREM 4.8. For any n-CPDA A = (I',Q, A, qo) and any associated parity game G, one can
construct an n-CPDA Ay and an associated parity game Gy such that the following holds.

o There exists a mapping v from the configurations of A to that of Ay such that:
- for any configuration vy of A, Ay is rank-aware from v(vy);
— Eloise has a winning strategy in G from a configuration v, iff she has a winning strategy in
G from v(vo);
— both v and v™! preserve regularity of sets of configurations.

o If there is an n-CPDA transducer Sy synchronised with Ay realising a well-defined winning
strategy for Eloise in Gy from v(qo, L), then one can effectively construct an n-CPDA trans-
ducer S synchronised with A realising a well-defined winning strategy for Eloise in G from the
initial configuration (qo, Ln).

4.3 Proof of Theorem 4.8

The proof of Theorem 4.8 is a non-trivial generalisation of [28, Lemma 6.3] (which concerns 2-
CPDA) to the general setting of n-CPDA and starting from an arbitrary configuration.

Fix an n-CPDA A = (T, Q, A, qo), a partition Qg W Qa of Q and a colouring function p : Q —
C c N. Denote by G the induced parity game. We define a rank-aware (to be proven) n-CPDA
Ak = (rrk’ Ork> Ark, qO,rk) such that Ok =0XxC and

L =T x (CU{O}) x (CU{O, H}) x (C---m u{O})

We define a map v that associates with any configuration of A a configuration of Ayy. Let (g, s)
be a configuration in A. Then v(q, s) = ((¢, p(q)),s’) where s’ is obtained by:

e Replacing every internal (i.e. that is not the top,-element) symbol y by (y, O, O, O) if it has
an n-link and by (y, O, 1, O) otherwise.

e Replacing the top;-element y by (y, p(q), p(q), 7,(q) if it has an n-link and otherwise by
(v> p(q), T, Tp(q)), Where 7,4 is the constant function assigning to any 1 < i < n the value
p(q).

We equip A with a colouring function py by letting py(q, ) = p(g). Our construction will
satisfy the following invariant. Let A be a finite path in Graph(A,) starting in some configuration
v(g, s) ending in some configuration ((p, 8), s) then the following holds. First, 6 is the minimal
colour visited from the beginning of the path. Second, if top,(s) = (&, mc, mj, ) then

e m, is the collapse-rank;

e m;y is the link-rank if it makes sense (i.e. if there is an n-link in the current top,-symbol) or
is T otherwise;

e 7 is the pop-rank: 7 (i) is the pop-rank for i for every 1 < i < n.

Trivially, from the definition of v, the invariant holds at the beginning of the path.

The transition function of Ay mimics that of A and updates the ranks as explained below. First,
let us explain the meaning of symbols O. Such symbols will never been created using a push;’k
ora rewlQ action: hence they can only be duplicated (using push;) from symbols originally in the
stack. The meaning of a symbol O is that the corresponding object (collapse-rank, link-rank or
pop-rank) has not yet been settled. However, when a O symbol appears in the top;-element the
various ranks can be easily retrieved as they necessarily equal the smallest colour visited so far (as
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noted in Remark 4.7): this is why we will compute the minimal colour visited so far in the control
state of Ayy.

In order to make the construction more readable, we do not formally describe A but rather
explain how Ay behaves. It should be clear that A, can be formally described to fit this informal
description (and that some extra control states are actually needed as we will allow to do several
stack operation per transition); technical issues about this construction are discussed in Remark 4.9.
Note that the description below also contains the inductive proof of its validity, namely that m.,
my and 7 are as stated above. To avoid case distinction on whether the link-rank is defined or not,
we take the following convention that min(¥, i) =  for every i € N.

The intuitive idea is the following. One stores in the stack information on the various ranks,
and after performing a pop,. or a collapse, one needs to update the information stored in the new
top,-element. Indeed this information has no longer been updated since the ancestor configuration
(this was the last time it was on top of the stack). To update it, one uses either the collapse-rank /
pop-rank in the previous configuration, which is exactly what is needed for this update.

Assume A,y is in configuration v, = ((q, 8), s) with top,(s) = (a, m¢, my, 7) and let vyv; - - - Ve
be the beginning of the path of Graph(A,x) where we denote v; = ((g;, 6:), si) (hence g, = g and
s¢ = s).Forany (¢, rewi/ ;0p) € A(g, @) (note that the case where no rew, is performed corresponds
to the case where y = «) the following behaviours are those allowed in ((g, 6), s).

(1) Assume op = pop,. for some 1 < k < n, let pop, (s) = s” and let top,(s") = (a’,m] ml, 7’).
Then Ay can go to the configuration ((¢’, 8”),s”) where 8’ = min(0, p(q’)) and s” is ob-
tained from s’ by replacing top,(s’) by

(@) (o', 0,0, (0",...,0)if m =O, m; =0 and ¢’ O;
() (@, 0, 7,(0,...,0)) if m; =0, m); = fTand " O;
(¢) (o', min(m,, r(k), p(q’)), min(m, 7(k), p(q’)), t”’) otherwise, with
e Jmin(r’ (i), 7(k), p(q')) ifi<k
7O = i), p(q) ifi> k.
Cases (a) and (b) correspond to the case where one reaches (possibly a copy) of a symbol
that was in the stack from the very beginning and that never appeared as a top,-element:
then the value of the collapse-rank, link-rank — if defined this is case (a) otherwise it is case
(b) — and pop-ranks are all equal to 6’.
We now explain case (c). Let vy be the ancestor of top, (pop,(s)). Then x > 0 as otherwise
we would be in case (a) or (b). By Proposition 4.2, it follows that top, (pop,.(s)) = top; (sx-1),
and by induction hypothesis, at step (x — 1), m¢, m} and 7" had the expected meaning. Let y

be the index of the top,-element of the pomted stack in s": y is also the top,-element of the
pointed stack in s,_;, and moreover y < x. Hence, the collapse-rank in vg44 is

min{p(qy), - - - P(gx-1), P(qx) - - -» P(qe)s P()}
=min{min{p(qy), . .., p(gx-1)}, min{p(gx), - .., p(qe)}, p(q)}
= min{m/, (k), p(¢')}

Similarly, when defined, the link-ancestor of s” is the same as the one in s,_;: hence the
pop-rank in v, is min{m}, 7(k), p(q")}.

Forany i < k, top, (pop;(s’)) = top,(sx—1) and therefore the pop-rank for i in v, is obtained
by updating 7’ (i) to take care of the minimum colour seen since v, which, as for the collapse-
rank, is min{z (k), p(q”)}: therefore the pop-rank for i in v,41 equals min{z’ (i), z(k), p(q")}.
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(3) Assume op = push; for some 2 < j < n, let push;(rew

Broadbent et al.

For any i > k, pop;(s’) = pop;(s) and thus top,(pop;(s’)) = top,(pop;(s)). Therefore the
pop-rank for i in vg; is obtained by updating the one in v, to take care of the new visited
colour p(q’): hence the pop-rank for i in vy, equals min{z (i), p(q")}.

(2) Assume op = collapse let k be the order of the link in top,(s), let collapse(s) = s" and let

top,(s”) = (a’,mg,mj,7"). Then Ay can go to the configuration ((q’,0’),s”) where 0" =
min(6, p(q’)) and s” 1s obtained from s’ by replacing top, (s”) by

(@) (a,0,0",(0',...,0)) if m; =O, m; =0 and 7" =O;

(®) (@, 0,7,(0,...,0")if m, =0, m] = fand ¢’ =O;

() (a’,min(mg, mc, p(q’)), min(m}, mc, p(q’)), 7”’) otherwise with

(i) = min(z’ (i), me, p(q’)) ifi < k
T min(z (i), p(q")) ifi > k.

The proof follows the same line as for the previous case. Cases (a) and (b) correspond to the
case where one reaches (possibly a copy) of a symbol that was in the stack from the very
beginning and that never appeared as a top,-element: then the value of the collapse-rank,
link-rank — if defined this is case (a) otherwise it is case (b) — and pop-ranks are all equal
to 0.
We now explain case (c). Let vy be the collapse-ancestor of vy. Then x > 0 as otherwise we
would be in case (a) or (b). By induction hypothesis, m;, m; and 7’ give the collapse-rank /
link-rank / pop-ranks in vx_;. Moreover the ancestor of the top,-element of the target of the
top link in s’ is the same as the one in v,_;. Therefore, the collapse-rank is obtained by taking
the minimum of the collapse-rank in v,_; with min{p(qy), . . . p(q¢), p(¢’)} = min{m., p(q’)}.
Similarly (if defined) the link-ancestor in s’ being the same as the one in v,_1, the link-rank
is obtained by taking the minimum of the one in v,_; with min{p(qx), ..., p(q¢), p(q¢")} =
min{mc, p(q’)}.
Let i < k. The ancestor of top,(pop;(s’)) is the same as the ancestor of top, (pop;(sx-1)).
Therefore the pop-rank for i in v¢44 is obtained by taking the minimum of the one in vy_q
with min{p(gx), . .. p(qe), p(q')} = min{mc, p(q")}.
Let i > k. Then the ancestor of top, (pop;(s’)) is the same as the ancestor of top, (pop;(s¢)):
indeed the collapse only modifies the top, stack, in other words pop;(collapse(s)) = pop;(s).
Therefore the pop-rank for i in v, is obtained by taking the minimum of the one in v, with
the new visited colour p(q’).
iy’mc’m”f)(s)) = s’ and let top,(s’) =
(y, me, my, 7) (note that O does not appear in top, (s’)). Then, A,y can go to the configuration
((¢’,6’),s”) where 8’ = min(6, p(q’)) and s” is obtained from s’ when replacing top, (s”) by
(v, min(me, p(q')), min(my, p(q’)). ') with
sy Jmin(z(@), p(q’)) ifi#j
(i) =
{p<q’) ifi=]j
Indeed, the collapse-ancestor in the new configuration is the same as the one in s. As by
induction hypothesis m, is the collapse-rank in v, the collapse-rank in v;; is obtained
by updating m. to take care of the new visited colour, namely by taking min{m., p(q’)}.
Similarly, if defined, the link-ancestors in vy and ve41 are identical and then the link-rank in
V41 18 min{m, p(q’)}.
For any i # j, the ancestor of top, (pop;(s)’) and the ancestor of top, (pop;(s’)) are the same.
Again using the induction hypothesis one directly gets that the pop-rank for i in vy, equals

min{z (i), p(q)}.
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The index of the ancestor of top; (pop;(s’)) is by definition € + 1. Hence, as the only colour
visited since v¢4; is p(q’) it equals the pop-rank for j.

(4) Assume op = push’f’k with1 <k <n,and f € (T \ {L}). Then Ay can go to (¢’, 0’), where
0’ = min(6, p’(¢’)), and apply successively rewiy’mc’ M%) and pushiﬁ’m”m”f ¥ where ml, =
min(z(k), p(q')), m; = p(q’) if k = n and m} = T otherwise, and 7’ (i) = min(z(i), p(q)) for
every i > 2 and 7(1) = p(q’).

Indeed, the pointed stack in s” is top (pop (s)) and therefore the collapse-rank in v, is the
minimum of the pop-rank for k in s and of the new visited colour p(q’), that is min{z (k), p(q’)}.
If k = n, the link-ancestor of v, is vey itself and hence the link-rank is the colour of the
current configuration, namely p(q’).

For any i > 2, as pop;(s) = pop;(s’) one also has that top,(pop;(s’)) = top,(pop;(s)) and
therefore the pop-rank for i in veyq equals the minimum of the one in v, with the new
visited colour p(q’), that is min{z (i), p(¢q’)}. Finally as the ancestor of pop,(s’) is v¢4+1 then
the pop-rank for 1 is the current colour, namely p(q’).

From the previous description (and the included inductive proof) we conclude that, for any
configuration vy of A, Ay is rank-aware from v(vy), where we let LinkRk((q, (y, m¢, my, ))) = my.

Remark 4.9. One may object that Ay does not fit the definition of n-CPDA. Indeed, in a single
transition it can do a top-rewriting followed by another stack operation and followed again by a
top-rewriting (which itself depends on the new top,-element). One could add intermediate states
and simply decompose such a transition into two transitions, but this would be problematic later
when defining an n-CPDA transducer realising a winning strategy.

Fortunately, one can define a variant .?{;k of A, that has the same properties as Ay, and addi-
tionally fits the definition of n-CPDA. The idea is simply to postpone the final top-rewriting to the
next transition. Indeed, it suffices to add a new component on the control state where one encodes
the top-rewriting that should be performed next: this top-rewriting is then performed in the next
transition (note that this fits the definition as performing two top-rewriting is the same as doing
only the last one). However, there is still an issue as the top-rewriting was actually depending on
the top,-symbol (one updates the various ranks) hence, one cannot save the next top-rewriting
in the control state without first observing the symbol to be rewritten. Again this is not a real
problem, as it suffices to remember which kind of update should be done (one concerning a pop,,
or one concerning a collapse) and to store in the control state the various objects needed for this
update (for this, one can simply store the former top,-element).

One also needs to slightly modify the LinkRk function so that it returns the link-rank of the
top,-symbol after it is rewritten. This can easily be done as the domain of LinkRk is Qy X [

Note that A/, and Ay use the same stack alphabet, but that the state space of A’, uses an extra
component of size linear in the one of the stack alphabet.

In conclusion building a rank-aware (valid) n-CPDA from a non-aware one increases (by a mul-
tiplicative factor) the stack alphabet by |C|"** and the state set by O(|C|"*?).

For now on, we uses A, to mean ﬂ;k.

We are now ready to conclude the proof of Theorem 4.8. First recall that we defined p, by
letting pyk(g,0) = p(q). Then, we define a partition Qu g W Qo 0f Qu by letting the states in
Ork e be those states with their first component in Qg, and those states in Qo be those states
with their first component in Qa. Let Gy be the corresponding arena and let Gy = (G, Qp,,) be
the corresponding n-CPDA parity game.

Consider the projection ¢ defined from configurations of A,y into configurations of A by only
keeping the first component of the control state, and by only keeping the I' part of the symbols in

, Vol. 1, No. 1, Article . Publication date: April 2021.



1030
1031
1032
1033
1034
1035
1036
1037
1038
1039
1040
1041
1042
1043
1044
1045
1046
1047
1048
1049
1050
1051
1052
1053
1054
1055
1056
1057
1058
1059
1060
1061
1062
1063
1064
1065
1066
1067
1068
1069
1070
1071
1072
1073
1074
1075
1076
1077
1078

22 Broadbent et al.

the stack. Note that, on the domain of v™!, { and v~! coincide. Also note that { preserves the shape
of stacks?, i.e. for any configuration vy, the stack in vy has the same shape as the stack in v(vy).

We extend { as a function from (possibly partial) plays in Gy into (possibly partial) plays in
G by letting {(vyvy - -+) = {(vg){(v]) - --. It is obvious that for any play A’ in Gy starting from
v(vy), its image {'(1’) is a play in G starting from v,; moreover these two plays induce the same
sequence of colours and at any round the player that controls the current configuration is the same
in both plays. Conversely, from the definition of A it is also clear that there is, for any play A in
G starting from vy, a unique play A" in Gy starting from v(vy) such that {(1") = A.

In particular, { can be used to construct a strategy in G from a strategy in Gyx. Indeed, let ¢y
be a strategy for Eloise from v(vg) in G;. We define a strategy ¢ in G from v(vp). This strategy
maintains as a memory a partial play Ay in Gy such that, if Eloise respects ¢, in G starting from
vy after having played A one has {(A;x) = A and moreover A is a play in Gy starting from v(vy)
where Eloise respects ¢yi. Initially, we let Adx = v(vo). Assume that we have been playing A and
that Eloise has to play next. Then she considers vy = @i () and she plays to v where v = { (vy).
Finally one updates A, to be Ay - vy. If it is Abelard that has to play next and if he moves to some
v, then Eloise updates A to be Ay - vy where vy is the unique configuration such that Ay - vy
is a valid play and such that {(v) = v. A similar construction can be done to build a strategy of
Abelard in G from one in Gyy.

Now, assume that v(v,) is winning for Eloise (resp. Abelard) and call ¢, an associated winning
strategy. Let ¢ be the strategy in G obtained as explained above. Then ¢ is winning for Eloise (resp.
Abelard) in G from vy (this follows directly from the fact that ¢, is winning and that we have
the property that {(A,) = A for any partial play A in G consistent with ¢). Hence this proves that
Eloise has a winning strategy in G from vy iff she has a winning strategy in Gy from v(vp).

The fact that both v and v™! preserve regular sets of configurations is obvious: for this one
basically needs to simulate an automaton on the image by v (or v™?!) that can be computed on-the-
fly (except for the very last steps of v where one needs to know the control state before deducing
the top, stack element as it has information on the colour of the control state. However, this is not
a problem to have a slight — finite — delay in the final steps of the simulation).

Finally, from the previous construction of a strategy ¢ from a strategy ¢, we prove that if there
is an n-CPDA transducer Sk synchronised with Ay realising a well-defined winning strategy
¢@xx. for Eloise in Gy from v(qo, Ln), then one can effectively construct an n-CPDA transducer S
synchronised with A realising a well-defined winning strategy ¢ for Eloise in G from the initial
configuration (qo, L,). Indeed, in our previous construction of ¢, we maintained a partial play A,
in Gy and used the value of ¢, (4,x) to define @(A). But if ¢,y is realised by an n-CPDA transducer
Sk, it suffices to remember the configuration of this transducer after playing A,k (as this suffices
to compute ¢,k (As)). Hence, to obtain S from Sy one needs to “embed” the transition function of
Ay into it, so that S can read/output elements in Q X Opl, x Opl, instead of Q. X Opix x Opi* . This
can easily (but writing the formal construction would be quite heavy) be achieved by noting that
the shape of stacks is preserved by {: hence if Sy is synchronised with Ay then S is synchronised
with A (as A and A are “synchronised”, and Sy and S are “synchronised” as well).

4.4 Complexity

If we summarise, the overall blowup in the transformation from G to Gy given by Theorem 4.8 is
as follows.

2 Recall that the shape of a stack is the stack obtained by replacing all non-L symbols appearing in s by a fresh dummy
symbol # (but keeping the links).
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PROPOSITION 4.10. Let A and Ay be as in Theorem 4.8. Then the set of states of Ay has size
O(|QI(IC| + 1)™*3) and the stack alphabet of Ay has size O(|T|(|C| + 1)2"*5). Moreover the set of

colours used in G and Gy are the same.

Proor. By construction together with Remark 4.9. O

5 REMOVING THE n-LINKS
5.1 Main Result

In this section, we show how one can remove the outmost (i.e. order-n) links. In the following 1f
intended to mean link-free.

THEOREM 5.1. For any rank-aware n-CPDA Ay = (L, Ork, Ark, Qo.rk) and any associated parity
game Gy, one can construct an n-CPDA Ay and an associated parity game Gy such that the following
holds.

o Ajr does not create n-links.

o There exists a mapping v from the configurations of Ay to that of Ays such that:

— Eloise has a winning strategy in Gy from a configuration vy iff she has a winning strategy
in Gy from v(vy);

— Ifthe set of winning configurations for Eloise in Gy is regular, then the set of winning config-
urations for Eloise in Gy is regular as well.

o If there is an n-CPDA transducer Sir synchronised with Ay realising a well-defined winning
strategy for Eloise in Gy¢ from v(qo, ik, Ln), then one can effectively construct an n-CPDA trans-
ducer S synchronised with Ay realising a well-defined winning strategy for Eloise in Gy
from the initial configuration (qo rk, Ln)-

The whole section is devoted to the proof of Theorem 5.1 and we thus fix from now on, a rank-
aware n-CPDA Ay = (Tik, Ork»> Arks Go,rk) (together with a function LinkRk), a partition Qyx g WOk A
of Qi a colouring function p : Q)x — C C N and we let C = {0,...,d}. Denote by G, the
transition graph of A, by Gk the arena induced by Gy and the partition Qi g ¥ QO a, and by
Gqk the parity game (G, Qp).

There are now two tasks. The first one is to prove that the previous simulation game can be
generated by an n-CPDA with the extra property that it never creates n-links. The second one
is to prove that this game correctly simulates the original one (i.e. Eloise wins in Gy from some
vertex v iff she wins in the Gy from the configuration v(v) for some mapping v — to be defined —
transforming vertices of the first game into vertices of the second one). The first task (see Section
5.2) is simple as the initial n-CPDA defining Gy is rank aware and therefore comes with a function
LinkRk as in Lemma 4.8. The second task (see Section 5.3) is more involved because we have to
define v and to prove that it preserves (arbitrary) winning configurations.

5.2 The Simulation Game: Gj¢

We now define Aj¢ and the associated game Gyr. We start with an informal description of Ajr and
then formally describe its structure.

The n-CPDA Aj¢ simulates Ay as follows. Assume that the play is in some configuration (g, s)
and that the player that controls it wants to simulate a transition (p, rew{"; 0p) € Ax(q, top,(s)).

In case op is neither of the form pushf "™ nor of the form collapse with top, (s) having an n-link
then the same transition (p, rew{’; op) is available in Ay, and is performed. The interesting case is

when op = push’f " and it is simulated by Ay as follows.

e The control state of Ay is updated to be p# and one performs rewy.
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1128 e From p#, Eloise has to move to a new control state p° and can push any symbol of the form

1129 (a,?) where B = (Ro, -+ Rg) € (29)4*1. A dummy 1-link is attached (and will never be
1130 used for a collapse).
e From p’, Abelard has to play and choose between one of the following two options:
— either go to state p and perform no action on the stack,
— or pick a state r in some R;, go to an intermediate new state r’ (of colour i) without chang-
ing the stack and from this new configuration go to state r and perform a pop, action.

1131
1132
1133
1134
1135
1136 The intended meaning of such a decomposition of the push’f "™ operation is the following: when
1137 choosing the sets in 75, Eloise is claiming that she has a strategy such that if the n-link (or a later
1138 copy of it) created by pushing f is eventually used for collapsing the stack then the control state
1139 after collapsing will belong to R; where i is meant to be the smallest colour from the creation of
1140 the link to the collapse of the stack (equivalently it will be the link rank — as computed in Ay —
1141 just before collapsing). Note that the R; are arbitrary sets because Eloise does not have full control
1142 over the play (and in general cannot force R; to be a singleton). Then Abelard can either choose

1143 to simulate the collapse (here state r’ is only used for going through a state of colour i). If he does
_)

1144 not want to simulate a collapse then one stores R since its truth may be checked later in the play.

Assume that later, in configuration (p’, t) one of the two players wants to simulate a transition

(r, rew'lg ; collapse) involving an n-link. By construction, top,(t) is necessarily of the form (y,??)).

Then the simulation is done by going to a sink configuration that is winning for Eloise iff r €

1145
1146
1147

1148 . —
1140 RLinkRk(p,y) i-e. Eloise wins iff her former claim on R was correct.

5o Formally we let Ay = (Tir, Qu, Air, go,1r) With

1151 o Tif = Iy U Ty x (29 )d+1
o ¢ O =0 Upl | peQu feETal U | peQu)Ulr |reQu 0<is<dUig,q)
' -
1153 o Ajsis defined as follows, where p, g, r range over Qyy, a, f, y range over I and R = (Ry, ..., Ry)

1154
ranges over (29%)d+1,

1155

= If (p, rewf;0p) € Aul(q,y) and if op is neither of the form push’f’n nor collapse, then

1156
(p. rews'sop) € Mir(g.y) and (p. rewi™ :.0p) € Aie(g. (1. K)).

o ~ I (p, rewS push?™™) € Au(g.y), then (PP, rew;id) € Ai(g,y) and (pF, rew!™ ™) id) €
1160 Ak (q, (}’,R))-

1161 - For allpﬂ € O, A(pﬂ }/) (pﬁ (v, R) (", push(ﬁ 3). 1) | S € (2Qu)d+1)).

- Forall p' € Q. A", (r,K)) = ((prid)) U (i) | 0 < i < dand 7 € Ry).

U Rarallrt € O, A% 1) = (r popy).

1165 — If (p, rew{; collapse) € A (q,y), then (p, rew(; collapse) € Aif)(q, ).

1166 - If (r, rew?; collapse) € Au(q,y), then (qi,id) € Ay(q, (y,R)) if r € Rpinkri(qy) and
(4. id) € Aie(g. (v, R)) if 7 € Ruinkri(q.y)-

o - A(gr. (v R)) = {(qu. id)) and Ai(gs. (v. B)) = {(gs. id)).
1170 We let Gjs be the transition graph of Ajy. Now, in order to define a game graph Gir out of Gy
171 welet Qg = Qg U {pﬂ | p € Ok, B € Ik}. Finally to define a corresponding n-CPDA parity
1172 game Gy we extend p by letting, Vp,r € Qu and f € Ty, p(p?) = p(p’) = d (as one cannot loop
1173 forever in such states, it means that they have no influence on whether a play will be winning or
174 not), p(r') = i for every 0 < i < d, p(qt) = 0 and p(g;) = 1 (hence a play that visits g; is winning
175 for Eloise and a play that visits g; is winning for Abelard, as these states are sinks).
1176
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1177 Note that Ajs never creates an n-link.

1178

1179 5.3 Correctness of the Simulation

1180 Consider some configuration vy = (py, So) in Gy.. We explain now how to define an “equivalent”
1181 configuration v(vy) in Gy (here equivalent is in the sense of Lemma 5.3 below). The transfor-
1182 mation consists in replacing any occurrence of a stack letter (call it y) with an n-link in sy by

1185 another letter of the form (y,TQ)) and replacing the n-link by a 1-link. The vector R is defined
118 a5 follows. Let s’ be the stack obtained by popping every symbol and stack above y, and let
EZE R = {q | Eloise wins in Gy from (g, collapse(s’))}. Then one sets R = (R,---,R).

1187 Example 5.2. Assume we are playing a two-colour parity game and let

1188

1189 N Y

1% so = [[Lal]l [[1Cabcl] [[1LabedIl],

1191 Ry = {r | (r, [[Lal]]) is winning for Eloise in Gy}
e Ry ={r| (r,[L[ a]]ﬁ]—f-a\bc]]]) is winning for Eloise in Gy}

1193
1104 Lhen

N S
1195 v(so) = [[Lal] [[ICab (c, (R1,R1))1] [[1Lab (c, (R, Ry)) (d, (Rz,R2))11].
1196 The rest of this section is devoted to the proof of the following result.
1197
1198 LEmMA 5.3. Eloise wins in Gy from some configuration v, if and only if she wins in Gy from v(vy).
11199 Assume that the configuration vy = (po, So) is winning for Eloise in Gyy, and let ¢,y be a winning
11200 strategy for her. Using ¢y, we define a strategy ¢y for Eloise in Gy¢ from v(vy). The strategy ¢
112011 maintains as a memory a partial play Ay in Gy, that is an element in V) (where Vi denotes the
1292 set of vertices of Gyy). At the beginning A,y is initialised to be (py, o). The play A, will satisfy the
2% following invariant: assume that the play ends in a configuration (g, s), then the last configuration
1204
1505 10 Anc has control state g and its top;-element is either top,(s) or (topl(s),?) for some R (and in
120, this case there is an n-link from the top,-symbol of s).
1207 We first describe ¢y, and then we explain how A,y is updated.

1208 Choice of the move. Assume that the play is in some vertex (q,s) with ¢ € Qg \ PP | q €
1200 Qr, B € k). The move given by ¢ir depends on ¢ (Ax) = (p, rew(’; op) (we shall later argue that
1210 @y is well defined whilst proving that it is winning).

12 o If op is neither of the form pushf "" nor collapse then Eloise plays (p, rew?; op) if top,(s) = y

1212 =3

1213 and she plays (p, rewia’R); op) if top,(s) = (y,?).

1214 e If op = collapse and top, (s) = y € Ly then Eloise plays (p, rew?; collapse).

1215 e If op = collapse and top,(s) = (y,?) then Eloise plays (gt, id). We shall later see that this

1216 move is always valid.

1217 _ B.n A e B . _ B (aj?))_ .

s o If op = push;”" then Eloise plays (p”, rew{; id) if top, (s) = y and she plays (p”, rew;”"’; id)
-

1219 if top, (s) = (v, K).

1220 In this last case, or in the case where ¢ € Qa and Abelard plays some (p”, rewy; id) (resp. some

EZ (»”, rewi“’ K). id)), we also have to explain how Eloise behaves from (p?, rew?(s)) (resp. (p”, rewi“’ B (5)).

1223 Eloise has to play (p?,pushiﬂ’s)’l) where S € (29n)4+1 describes which states can be reached

1224 if the n-link created by pushing S (or a copy of it) is used for collapsing the stack, depending
1225
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on the smallest visited colour in the meantime. In order to define —S) she considers the set of all
possible continuations of A - (p, pushlﬁ ""(t)) (where (g, t) denotes the last vertex of A,;) where she
respects her strategy ¢,x. For each such play, she checks whether some configuration of the form
(r, pop,,(t)) is eventually reached by collapsing (possibly a copy of the) n-link created by push’f "
If such an r exists, she considers the smallest colour i visited from the moment where the link was
created to the moment a collapse is performed (i.e. the link rank just before collapsing). For every
i €{0,...d}, the set S; is defined to be the set of states r € Q such that the preceding case happens.

Formally,

Si={r|3Au-vo- k- Vst play in Gy where Eloise respects ¢y and s.t.
v = (p, push'f’"(t)), Uk+1 = (1, popn(t)) is obtained by applying collapse from vy,
vy is the link ancestor of v and i is the link rank in vy}
Finally, we Set_S> = (So, . ..,Sq) and Eloise plays (p?,pushiﬁ’ S)’l)_

Update of A,. The memory A is updated after each visit to a configuration with a control state
in Qi U {qt, gi}. We have several cases depending on the transition.

o If the last transition is of the form (p, rew{’; op) or (p, rewia’R); op) with op being neither of

the form push'f " nor collapse, then we extend A, by applying transition (p, rew®; op), i.e. if
(g, t) denotes the last configuration in Ay, then the updated memory is Ay - (p, op(rewy (t))).

o If the last transition is of the form (g, id) or (g, id), the play is in a sink configuration.
Therefore we do not update Ay as the play will loop forever.

e If the last transitions form a sequence of the form (p”, rew;id) - (p?,pushiﬁ’s)’l) - (p, id)

or of the form (p?, rewia’R); id) - (p?,pushiﬁ’ S)’l) - (p, id), then the updated memory is Ay -
(p, push’f ""(t)), where (g, t) denotes the last configuration in A.

e If the last transitions form a sequence of the form (p'B, rew(;id) - (p?,pushiﬁ’ S)’l) - (', id) -

(r, pop,,) or of the form (r”, rewia’R); id) - (p?,pushg’g’s)’l) - (r,id) - (r, pop,,), then we ex-
tend A,x by a sequence of actions (consistent with ¢,i) that starts by performing transition

(p, push’f ") and ends up by collapsing (possibly a copy of) the link created at this first step

and goes to state r whilst visiting i as a minimal colour in the meantime. By definition of 3
such a sequence always exists. More formally, if (g, t) denotes the last configuration in Ay,
then the updated memory is a play in Gy, Ay - ¥p - - - Uk - k41, where Eloise respects ¢y and
such that vy = (p, pushlﬁ’"(t)), Uk+1 = (r, popn(t)) is obtained by applying collapse from vy,
vy is the link ancestor of v and i is the link rank in vy.

Therefore, with any partial play Ay in Gy starting from vy in which Eloise respects her strategy
@1f, is associated a partial play A,k in Gyx. An immediate induction shows that A, is a play where
Eloise respects ¢,.. The same argument works for any infinite play Ajr that does not contain a state
in {gt, gi}, and the corresponding play Ay is therefore infinite, starts from v(vy) and Eloise respects
¢rx in that play. Therefore it is a winning play.

Moreover, if Ay is an infinite play that does not contain a state in {gy, g;}, it easily follows from
the definitions of ¢y and A, that the smallest infinitely visited colour in Ajs is the same as the one
in A;.. Hence, any infinite play in Gy starting from v(v,) where Eloise respects @i and that does
not contain a state in {gt, gj} is won by Eloise.
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Now, consider a play that contains a state in {qi, g;} (hence loops on it forever). Reaching a
configuration with state in {qgt, g;} is necessarily by simulating a collapse from some configuration

with a top;-element of the form (a,?). We should distinguish between those elements (0(,73)) that
are “created” before (i.e. by the v function) or during the play (by Eloise). For the second ones,
note that whenever Eloise wants to simulate a collapse, she can safely go to state g; (meaning

@ir is well defined): indeed, if this was not the case, it would contradict the way S was defined
when simulating the original creation of the link. For the same reason, Abelard can never reach

state g; provided Eloise respects her strategy ¢ir. Now consider an element (a,?) created by v
and assume that one player wants to simulate a collapse from some configuration with such a
top,-element. Call Ay the partial play just before and call A the associated play in Gyx. Then in
Ak, Eloise respects her winning strategy ¢y If she has to play next in Ay, strategy ¢y indicates to
play collapse; if it is Abelard’s turn to move he can play collapse. In both cases, the configuration
that is reached after collapsing is winning for Eloise (it is a configuration visited in a winning play).

Hence, by definition of v, its control state belongs to R where 7€> = (R,---,R), and therefore from
the current vertex in Gy there is no transition to g; and there is at least one to g;. Therefore plays
where Eloise respects ¢ and that contain a state in {g, g;} necessarily contain state g; hence are
won by Eloise.

Altogether, it proves that ¢ is a winning strategy for Eloise in Gy from v(vy).

Let us now prove the converse implication. Assume that the configuration v(vy) is winning
for Eloise in Gy, and let ¢yr be a winning strategy for her. Using ¢j¢, we define a strategy ¢ for
Eloise in G,y from vy = (po, $0)- First, recall how v(vp) is defined: every symbol y in sy with an
n-link is replaced by a pair (y, (R, ..., R)) where R is the set of states r such that Eloise wins from
(r,s") where s’ is the stack obtained by first removing every symbol (and stack) above y and then
performing a collapse. We can therefore assume that we have a collection of winning strategies,
one for each such configuration (r, s’); call such a strategy <pr’l’(5l. Then, during a play where Eloise
respects ¢, if one eventually visits such a configuration (r,s"), the strategy ¢ will mimic the
winning strategy (prrl’(s/ from that point and therefore the resulting play will be winning for Eloise.
Then in the rest of this description we mostly focus on the case of plays where this situation does
not occur.

The strategy ¢, maintains as a memory a partial play Ay in Gy, that is an element in Vi (where
Vir denotes the set of vertices of Gjr). At the beginning Ay is initialised to the configuration v(vy).
After having played A, the play Ajr will satisfy the following invariant. Assume that the play Aj
ends in a configuration (g, s) then the following holds.

o If top, (s) = a, the last configuration of A, has control state g and its top,-element is « and
it has a k-link fg some k < n.

o If top,(s) = (@, R), the last configuration of A,x has control state g, its top,-element is & and
it has an n-link. Moreover, if Eloise keeps respecting ¢y in the rest of the play, if (possibly
a copy of) this link is eventually used in a collapse, then the state that will be reached just
after doing the collapse will belong to R; where i will be the link rank just before collapsing.

We first describe ¢, and we then explain how Aj¢ is updated. Recall that we switch to a known
winning strategy in case we do a collapse from (possibly a copy of) an n-link that was already in
So-

Choice of the move. Assume that the play is in some vertex (g, s) with ¢ € Qy g. The move
given by ¢, depends on ¢is(Ar) = (q’, rew; op) (we shall later argue that ¢,y is well defined whilst
proving that it is winning).
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If ¢ € Qu then Eloise plays (q’, rew?®;0p) where « is such that either rew = rew{ or

5
rew = rewﬁ“’ ) Note that in this case, op is neither a collapse involving an n-link nor of the

form push’f’".

If ¢’ = p# then Eloise plays to (p, rewf‘;push’f’n) where « is such that either rew = rew{ or
= rew(@B)

rew =rew; .

If ¢’ = g; then Eloise plays (r, collapse) for some arbitrary r € RLinkRk(p. top, (s)) Where (a,?)
denotes the top;-element of the last vertex of Ajr. Note that in this case, the collapse involves
an n-link.

Update of Aj. The memory Ay is updated after each move (played by any of the two players). We
have several cases depending on the last transition.

If the last transition is of the form (q’, rew{’; op) and op is neither a collapse involving an

n-link nor of the form push’f " then A is extended by mimicking the same transition, i.e. if
(g, t) denotes the last configuration in Ay, then the updated memory is Ais - (¢’, op(rew? (t))

if top,(t) = y for some y € Ly, and is A - (q’,op(rewﬁ“’R)(t)) if top, (t) = (y,TQ)) for some
-

(y,R) € Iys.

If the last transition is of the form (p, rew{’; push’f '™} then, we let (g, t) denote the last config-

uration in Ay. If top, (t) = y for some y € Ty then the updated memory is Ay - (p?, rew((t)) -

(0", push? ! (rews (1)) - (p, id) where gie (A - (b, rewS (1)) = (p7, pushi " (rew (1)),
If top,(t) = (y,?) for some (y,?) € Tj¢ then the updated memory is Ay - (p?, rewia’s)(t)) .

(0. push? " (rew!™ > (1)) (p. id) where gie (Aie- (0. rew!™ > (1)) = (7, push(P ™ (rew ™ (1))).
If the last transition is of the form (r, collapse) and the collapse follows an n-link, then we
have two cases. In the first case, the collapse follows (possibly a copy of) an n-link that was
already in sy and we claim (and prove later) that one ends up in a winning configuration
and thus one switches to a corresponding winning strategy as already explained. In the
other case, it follows an n-link that was created during the play, in which case we let Ayr =
v - - vy and denote by v; the link ancestor of v,,°. Then the updated memory is obtained
by backtracking inside Ajs until reaching the configuration where the (simulation of the)
collapsed n-link was created (this configuration is v;, the link ancestor) and then extending
it by a choice of Abelard consistent with the collapse. That is the updated memory is vy - - - v;-
(ré,t) - (r, pop, (t)) where v; = (p’, t) and ¢ denotes the link rank in the configuration A
was just before doing the collapse.

Therefore, with any partial play A,y in Gy in which Eloise respects her strategy ¢y, is associated
a partial play Ay in Gye. Note that if we end up in a configuration that is known to be winning, Ay
becomes useless and is no longer extended. This also implies that when collapsing an n-link that
was already in sy one necessarily ends up in a winning configuration. Indeed, assume the contrary
and let Ay be the constructed play before collapsing: then either Eloise has to play and therefore
moves to g; (and therefore the configuration in A,y after collapsing is winning by definition of
v, leading a contradiction) or Abelard could move to g; (leading a contradiction with @} being

3Here we implicitly extend the notion of link ancestor as follows. In Gy instead of creating n-link one pushes symbol of

the form (p, 7?)): hence whenever doing a pus

i
N
hiﬁ “R)-1 5ne attaches to the vector R the index of the current configuration.

Then if the top; element of v, is some (ﬂ,?) then the link ancestor of v,, is defined to be v; where i is the indexed

il
attached with R. Note in particular that the control state in the link ancestor is necessarily of the form p’.
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1373 winning). Therefore, from now on, we restrict our attention to the case where the n-links (and
1374 their copies) originally in sy are never used to do a collapse.

1375 An easy induction shows that Eloise respects ¢ in Ajr. The same argument works for an infinite
1376 play Ay, and the corresponding play Ajr is therefore infinite (one simply considers the limit of the
1377 Ay in the usual way*), starts from v(vy), never visits a state in {qi, ¢;} and Eloise respects ¢y in
1378 that play. Therefore it is a winning play.

1379 Now, in order to conclude that any play Ay in Gy in which Eloise respects strategy ¢y is
1380 winning for her, one needs to relate the sequence of colours in A, with the one in Aj. For this,
1381 we introduce a notion of factorisation of a partial play A;x = vov1 -+ - Uy in Gy (we should later
1382 note that it directly extends to infinite plays). A factor is a nonempty sequence of vertices of the
1383 following kind:

1354 (1) itis asequence vy, - - - v such that the stack operation from vj,_; to vy, is of the form rew{; push?”g,
1385 . . . . . . .

' the stack operation from vi_; to v is a collapse involving an n-link, and vy, is the link an-

1%86 cestor of vy.

187 (2) or it is a single vertex;

1388

1350 Then the factorisation of A, denoted Fact(A) is a sequence of factors inductively defined as fol-

1300 lows (we underline factors to make them explicit): Fact(A:) = vo - - - Ok, Fact(vg+1 - - - vn) if there

130 exists some k such that v, - - - v is as in (1) above, and Fact(An) = vo, Fact(v; - - - v,) otherwise.

1302 In the following, we refer to the colour of a factor as the minimal colour of its elements.

1393 Note that the previous definition is also valid for infinite plays. Now we easily get the following
1304 proposition (the result is obtained by reasoning on partial play using a simple induction combined
1305 With a case analysis. Then it directly extends to infinite plays).

1396 PROPOSITION 5.4. Let Ay be some infinite play in Gy starting from vy where Eloise respects ¢y
1397 and assume that there is no collapse that follows (possibly a copy of) an n-link already in sy. Let Aj
139 be the associated infinite play in Gy constructed from ¢yx. Let Ay o, Ark 1, - - - e the factorisation of
1399 Xk and, for everyi > 0, let ¢; be the colour of Ay ;.

1400 Then the sequence (c;)i»o and the sequence of colours visited in Aj¢ have the same lim inf.

1401

1402 The previous proposition directly implies that ¢y is a winning strategy for Eloise from vy in
1405 Gk

1404

05 34 Regularity of the Winning Region is Preserved

1106 We established in Lemma 5.3 that Eloise wins in G, from some configuration v, if and only if
1407 she wins in Gy from v(vy). We now prove that regular sets of winning positions are preserved by
1408 inverse image by v.

1409 ; o

o PROPOSITION 5.5. Assume that we have an automaton B¢ that recognises the set of winning con-

" figurations in Gy¢. Then, one can compute an automaton By that recognises the set of winning con-
urations in Gyy.

1412 fig tk

1413 Proor. We can safely assume that any control state of By is of the form (&, R) with R € Qj and

1414 such that, after reading some input stack s (possibly with some pending open brackets) By is in a

1415
4 Let (um)mso be a sequence of finite words. For any m > 0 let t;, = Um,0 * * * Uy, k,,,- Then the limit of the sequence

1416

417 (t4m)m>0 is the (possibly infinite) word @ = apa; - - - such that « is maximal for the prefix ordering and forall 0 < i < ||
there is some N; such that u,, ; = «; forallm > N;.

1418

In our setting, the play Ay associated with an infinite play A,y is defined as the limit of the sequence of partial plays
1419 (A" )mxo where A" is the partial play associated with Ay truncated to its m + 1 first vertices. From the definitions of the
1420 At it is easily verified that the limit Ay is infinite.

1421
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state of the form (&, R) with R = {r | By accepts (r,s’)} where s’ is the stack obtained from s by
closing all the pending open brackets (i.e. s’ = s]¥ for some well chosen k < n).

On an input (py, So) the automaton B, computes on-the-fly the image of (p, so) by v and simu-
lates B¢ on it. In order to compute v((po, So)), Brk needs to retrieve, when reading a stack symbol
with an n-link, the states that are winning for the stack obtained by collapsing the n-link. This is
simple as it is given by the 29f component of By (recall that B, simulates B¢, hence keeps track
of this information) and hence the automaton can access it by definition of the model of automata.
Indeed, the information (i.e. the states winning when doing a collapse) is correct before reading
the first stack symbol coming with an n-link, and by induction on the number of n-links, if it is
correct after processing the k first symbols with an n-link, on reading the (k + 1)-th symbol with
an n-link, the information is still correct as it was correct for the prefix read so far and therefore
B, correctly simulated By on this prefix.

We do not formally describe By as it is rather straightforward but we note that the size of By
is linear in the size of By. O

5.5 Strategies
In order to complete the proof of Theorem 5.1 it remains to establish the following proposition.

PrROPOSITION 5.6. If there is an n-CPDA transducer Sis synchronised with Ay realising a well-
defined winning strategy for Eloise in Gy from v((qo.ik, Ln)), then one can effectively construct an
n-CPDA transducer Sy synchronised with Ay realising a well-defined winning strategy for Eloise in
Gk from the initial configuration (qo,rk, Ln)-

Proor. The result follows from a carefully analysis of how we defined ¢, from @y in the proof
of Lemma 5.3. As we now only focus on the initial configuration (qo rk, L») We will not have to
deal with the special case of doing a collapse following (possibly a copy of) an n-link originally in
the initial configuration. Also note that v((qo,rk- Ln)) = (qo.rk> Ln)-

Recall that ¢, uses as a memory a partial play Ay in Gy and considers the value of ¢j¢(Ay¢) to
determine the next move to play. Now assume that ¢y is realised by an n-CPDA transducer S
synchronised with Ajs. Hence, instead of storing Ay it suffices to store the configuration Sy is in
after reading Ay.

One can also notice that the stack s, in the last configuration of some partial play A,k and the
stack sjr in the last configuration of the associated Ajr have the same shapes provided one replaces
in s¢ every 1-link from a symbol in T}y X (2@nc)d+1 by an n-link. Recall that these 1-links are never
used to perform a collapse: hence replacing those 1-links by n-links does not change the issue of
the game, and if one does a similar transformation on Sy it still realises a winning strategy, and it
is synchronised with the transformed version of Aj.

Now, it follows from the way one defined ¢, (both the choice of the move and the memory
update) that one can design an n-CPDA transducer S,k synchronised with A,y realising a well-
defined winning strategy for Eloise in Gy from the initial configuration (qo 1k, L ). In all cases but
one Sy simulates Sjr. The only problematic case is when the move to play is some (r, collapse)
involving an n-link. Indeed, one needs to backtrack in A}y (namely retrieve the configuration of
Syr right after the link ancestor) and extend it by doing (r¢, id) (where ¢ is the link rank) and
then (r, pop,,); one needs to retrieve the configuration of Sy right after this. If one performs a
collapse in Sy, one directly retrieves the stack content, but the control state of Sy is still missing.
However, one can modify Sy so that after the simulation of the creation of an n-link, i.e. after a

symbol of the form (ﬁ,ﬁ)) is pushed, it stores in its top,-element the control state it will be in
after doing the transitions (r¢, id)(r, pop,,), for each 0 < £ < d and each r € R (this can easily be
computed). As this information is then propagated when copying the symbol/link, it is available in
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the top,-element before doing a collapse involving an n-link, hence Sy can also correctly retrieve
the control state of Sys.

From this (somehow informal) description of S, the reader should be convinced that S, cor-
rectly simulates Sir on Ajr and hence, realises a winning strategy in Gyy. The fact that Sy is syn-
chronised with A,y follows from the fact that it is synchronised with the variant of Sy that itself
is synchronised with the variant of Ajs which is synchronised with A. O

5.6 Optimising the Construction

The set Qi has size O(|Qu|(|Tik| + |C| + 3)), which is not very satisfactory for complexity reasons.
Actually, one would prefer a variant of the construction where |I}x| does not appear in the blowup
concerning states. This factor actually comes from states {q" | ¢ € Qyk, v € L1k}, and one can easily
get rid of them by doing the following modification on Ajr. When simulating a push’f " instead
of going to ¢#, one stores the information on f (thanks to a rew, operation) in the top, element of
the stack (hence, the stack alphabet increases by a linear factor in |I3k|) and goes to a special state
q'. State ¢' is controlled by Eloise and the transition function is the same as from g# where f is the
symbol stored on the top,-element of the stack.

It is straightforward that this modification does not change the validity of Proposition 5.5 nor
Proposition 5.6.

5.7 Complexity

If we summarise, the overall blowup in the transformation from Gy to Gy given by Theorem 5.1
is as follows.

ProOPOSITION 5.7. Let Ay and Ajs be as in Theorem 5.1. Then the set of states of Ajs has size
O(10wk|(IC| +3)) and the stack alphabet of Ays has size O(|Ty|” - 21QxclICly Finally, the set of colours
used in Gy and Gy¢ are the same.

Proor. By construction together with the optimisation discussed in Section 5.6. ]

6 REDUCING THE ORDER

In the previous section, given a game played on a rank-aware n-CPDA, we have constructed an-
other game played on an n-CPDA that does not create n-links. The winning region (resp. a winning
strategy realised by an n-CPDA transducer) in the original game can then be recovered from the
winning region (resp. a winning strategy realised by n-CPDA transducer) in the latter game.

In this section, we prove a result of a similar flavour. Namely, starting from a game played on
an n-CPDA that does not create n-links, we construct a game played on an (n — 1)-CPDA, and we
show that the winning region (resp. a winning strategy realised by an n-CPDA transducer) in the
original game can be recovered from the winning region (resp. a winning strategy realised by an
(n — 1)-CPDA transducer) in the latter game.

We situate the techniques developed here in a general and abstract framework of (order-1) push-
down automata whose stack alphabet is a possibly infinite set: abstract pushdown automata. We
start by introducing this concept and show how n-CPDA that do not create n-links fit into it. Then,
we introduce a model of automata, automata with oracles, that accept configurations of abstract
pushdown automata and we relate this model with automata accepting configurations of n-CPDA
as defined in Section 2.6. Then, we introduce the notion of conditional games and show that it is the
notion that captures the winning region in the original game. Finally, we show how such games
can be solved by reduction to an (n — 1)-CPDA parity game, and from the proof we also get the
expected result on the regularity of the winning region and on the existence of a winning strategy
realised by a CPDA transducer.
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6.1 Abstract Pushdown Automata

An abstract pushdown automatonis atuple A = (A, Q, A, qo) where A s a (possibly infinite) set
called an abstract pushdown alphabet and containing a bottom-of-stack symbol denoted L € A,
Q is a finite set of states, qo € Q is an initial state and

A:QxA— 2947

is the transition relation (here A<? = {¢} U AU A - A are the words over A of length at most 2). We
additionally require that for alla # 1, A(q,a) € Qx(A\{L})=? and that A(q, L) € QX ({L}U{LD |
b # 1}), i.e. the bottom-of-stack symbol can only occur at the bottom of the stack, and is never
popped nor rewritten.

An abstract pushdown content is a word in St = L(A\ {L1})*. A configuration of A is a pair
(¢g,s) with g € Q and s € St.

Remark 6.1. In general an abstract pushdown automaton is not finitely describable, as the do-
main of A is infinite and no further assumption is made on A.

A abstract pushdown automaton A induces a possibly infinite graph G = (V,E), called an
abstract pushdown graph, whose vertices are the configurations of A and edges are defined
by the transition relation A, i.e., from a vertex (g,s - a) one has an edge to (¢’,s - u) whenever

(q'.u) € A(q,a).

Example 6.2. An order-1 pushdown automaton is an abstract pushdown automaton whose stack
alphabet is finite.

Example 6.3. Order-n CPDA that do not create n-links are special cases of abstract pushdown
automata. Indeed, let n > 1 and consider such an order-n CPDA A = (T, Q, A, qo). Let A be the
set of all order-(n — 1) stacks over I', and for every p € Q and a € A with y = top;(a), we define

A'(p,a) by

* (q.¢) € A(p, a) iff (q, rewy’; pop,) € Alq,y);

o (g.a’-a’) € A'(p,a) with a’ = rew] (a) iff (q, rew{; push,)) € A(q,y);

® (g,a’) € A'(p,a) with a’ = op(rew (a)) iff (q, rew];0p) € A(q,y) and op ¢ {pop,,, push,,}.
It follows from the definitions that A and the abstract pushdown automaton (A, Q, A’, qo) have
isomorphic transition graphs.

Consider now a partition Qg UQa of Q between Eloise and Abelard. It induces a natural partition
VE U Vi of V by setting Vg = Qg X St and Vo = Qa X St. The resulting arena Gaps = (Vg, Va, E) is
called an abstract pushdown arena. Let p be a colouring function from Q to a finite set of colours
C c N. This function is easily extended to a function from V to C by setting p((g,t)) = p(q). Finally,
an abstract pushdown parity game is a parity game played on such an abstract pushdown arena
where the colouring function is defined as above.

6.2 Automata with Oracles

An automaton with oracles is a tuple 8 = (P, Q, A, 8, po, O1 - - - O, Acc) where P is a finite set of
control states, Q is a set of input states, A is a (possibly infinite) input alphabet, py € P is the initial
state, O; are subsets of A (called oracles) and § : P x {0, 1}¥ — S is the transition function. Finally
Acc is a function from P to 29. Such an automaton is designed to accept in a deterministic way
configurations of an abstract pushdown automaton whose abstract pushdown content alphabet is
A and whose set of control states is Q.
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Let B = (P,Q, A, d,po, 01 - - - Ok, Acc) be such an automaton. With every a € A we associate a
Boolean vector x(a) = (b1, - - - bx) where

biZ{l ifa € O;

0 otherwise.

The automaton reads a configuration C = (g, a1az - - - a¢) from left to right. A run over C is the
sequence rg, - - - , re+1 such that ro = po and riyq = (i, 7(a;)) for every i = 0,-- -, £. Finally the
run is accepting if and only if g € Acc(rei1).

Remark 6.4. When the input alphabet is finite, it is easily seen that automata with oracles have
the same expressive power as usual deterministic finite automata.

We are going to use automata with oracles to accept sets of configurations of n-CPDA that do
not have n-links. As seen in Example 6.3 for an order-n CPDA that does not have n-links, we take
A to be the set of all order-(n — 1) stacks. The sets of configurations of an order-n CPDA without
n-links accepted by automata that use as oracles regular sets of order-(n — 1) stacks are easily seen
to be regular.

PROPOSITION 6.5. Let A be an order-n CPDA ‘A that never creates n-links. Let B be an automaton
with oracles Oy, . . ., Oy and assume that each O; is a regular set of (n — 1)-stacks (and denote by
C; an associated automaton). Let C be the set of configurations of A accepted by B. Then C is reg-
ular and we can construct an automaton C (now working on order-n stacks without n-links) of size
O(n|B||C1] - - - |Ck|) accepting it.

Proor. It suffices to mimic the behaviour of 8 and to run in parallel the C;s to compute the
value of the oracles. Hence, the automaton C is obtained by taking a synchronised product of 8
together with the automata Cy, - - - , Ci. An extra component, coding a counter taking its values
in {0,1,...,n}, is needed to keep track of the bracketing depth (initially the counter equals 0;
on reading an opening bracket [ the counter is incremented, on reading a closing bracket ] it is
decremented). When the counter is equal to 0 or 1 one simulates 8. When the counter goes to 2
(and as long as it differs from 1) one simulates in parallel the C;s. When the counter returns to 1
the components corresponding to the C;s give the value of the oracles on the last (n — 1)-stack
(i.e. b; = 1if and only if the control state of the C;s component is final). Hence the 8 component
can be updated. Then the control states of the C;s are put back to the initial state and the next
(n—1)-stack is processed. Finally, when the counter is again equal to 0 (i.e. the last closing bracket
has been read), the control state g of the input configuration is read and C goes to a final state if
and only if the current state p in the 8 component is such that g € Acc(p). m]

6.3 Conditional Games and Winning Regions of Abstract Pushdown Parity Games

We fix an abstract pushdown automaton A = (A, Q, A, qo) together with a partition Qg U Qa of Q
and a colouring function p using a finite set of colours C. We denote respectively by Gups = (V, E)
and G, the associated abstract pushdown arena and abstract pushdown parity game.

We show in Lemma 6.6 below how to define an automaton with oracles that accepts Eloise’s
winning region in the game G,ps. The oracles of this automaton are defined using the concept of
conditional game. For every subset R € Q we define the conditional game induced by R over
Gabs, denoted G (R), as the game played over G,,s where a play A is winning for Eloise iff one of
the following happens:

e In A no configuration with an empty stack, i.e. of the form (g, 1), is visited, and A satisfies
the parity condition.
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e In A a configuration with an empty stack is visited and the control state in the first such
configuration belongs to R.

More formally, the set of winning plays Q(R) in Gaps(R) is defined as follows:
Q(R) = [Qp \ VH(Q X {LHV] U V(R {LHV?

For any state g, any stack letter a # L, and any subset R C Q it follows from Martin’s Deter-
minacy theorem [29] that either Eloise or Abelard has a winning strategy from (g, La) in G,ps(R).
We denote by R(q, a) the set of subsets R for which Eloise wins in Gps(R) from (g, La):

R(g,a) = {R € Q| (g, La) is winning for Eloise in G,p,(R)}

Then one has the following characterisation of the set of winning positions in Gy in terms of
automaton with oracles.

LEMMA 6.6. Let G,ps be an abstract pushdown parity game induced by an abstract pushdown au-
tomaton A = (A,Q, A, qo). Then the set of winning positions in Gy for Eloise is accepted by an
automaton with oracles A = (P, Q, A, 8, po, O1 - - - Ok, Acc) such that

e P=29
[ ] pO = 0
e There is an oracle Og r foreveryq € Q andR C Q, anda € Oy iffR € R(q,a) anda # L
e Thereisanoracle O, anda € O, iffa= L
o Using the oracles, § is designed so that:
— From state O on reading L, A goes to {q | (q, L) is winning for Eloise in G}
— From state R on reading a, A goesto{q | R € R(q, a)}
o Acc is the identity function

The proof of Lemma 6.6 is a direct consequence of the following proposition.

PROPOSITION 6.7. Lets € (A\{L})*,q € Q and a € A\ {L}. Then Eloise has a winning strategy in
Gabs from (g, Lsa) if and only if there exists some R € R(q, a) such that (r, Ls) is winning for Eloise
in Gyps for everyr € R.

Proor. Assume Eloise has a winning strategy from (g, Lsa) in Gups and call it ¢. Consider the
set L of all plays in G,ps that start from (g, Lsa) and where Eloise respects ¢. Define R to be
the (possibly empty) set that consists of all r € Q such that there is a play in £ of the form
Vo -+ Uk (r, LS)Ug41 - -+ where each v; for 0 < i < k is of the form (p;, Lst;) for some t; # ¢. In
other words, R consists of all states that can be reached on popping (possibly a rewriting of) a for
the first time in a play where Eloise respects ¢. Define a (partial) function 7 : V — V by letting
t(p, Lst) = (p, Lt) for every p € Q. Define a function r7! : V — V by letting t7(p, Lt) = (p, Lst)
for all t € A*. We extend ™! as a morphism over V*.

It is easily shown that R € R(q, a). Indeed a winning strategy for Eloise in G,p,s(R) is defined as
follows:

o if some empty stack configuration has already been visited, play any legal move,
e otherwise go to 7(¢(r7'(1)), where A is the partial play seen so far.

By definition of £ and R, it easily follows that the previous strategy is winning for Eloise in Gps(R),
and therefore R € R(q, a).

Finally, for every r € R there is, by definition of £, a partial play A, that starts from (g, Lsa),
where Eloise respects ¢ and that ends in (r, Ls). A winning strategy for Eloise in G,ps from (r, Ls)
is given by /(1) = (A, - 1), where A, denotes the partial play obtained from A, by removing its
last vertex (r, Ls).
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Conversely, let us assume that there is some R € R(q, a) such that (r, Ls) is winning for Eloise
in Gyps for every r € R. and denote by ¢, a winning strategy for Eloise from (r, Ls) in Gyps. Let
@r be a winning strategy for Eloise in G,ps(R) from (g, La). We define 7 and 7! as in the direct
implication and extend them as (partial) morphism over V*. We now define a strategy ¢ for Eloise
in Gy for plays starting from (g, Lsa). For any partial play A,

e if A does not contain a configuration of the form (p, Ls) then ¢(A) = 7 (pr(z(1)));

e otherwise let A = A" - (r, Ls) - A’ where A’ does not contain any configuration of the form
(p, Ls). From how ¢ is defined in the previous case, it is follows that r € R. One finally sets
@A) = @r((r, Ls) - 17).

It is then easy to check that ¢ is a winning strategy for Eloise in Gyps from (g, Lsa). m]

6.4 Reducing the Conditional Game

The main purpose of this section is to build a new parity game G whose winning region provides
all the information needed to compute the sets R(g, a). Moreover, in the underlying arena the
vertices no longer encode stacks.

To help readability, we will use standard letters, e.g. A or ¢, to denote objects (plays, strategies...)
in Gyps, and letters with tilde, e.g. Aor @, to denote objects in G.

For an infinite play A = vyv; - - - in Gyps, let Steps; be the set of indices of positions where no
configuration of strictly smaller stack height is visited later in the play. More formally, Steps; =
{i € N |Vj>ish(v;) > sh(v;)}, where sh((q, La; -- - an)) = n+ 1is the stack height. Note that
Steps, is always infinite and hence induces a decomposition of the play A into infinitely many
finite pieces.

In the decomposition induced by Steps,, a factor v; - - - v; is called a bump if sh(v;) = sh(v;),
called a Stair otherwise (that is, if sh(v;) = sh(v;) + 1and j =i + 1).

For any play A with Steps, = {ny < n; < ---}, we can define the sequence (mcoliA)iZO e NV
by letting mcoli}L = min{p(vg) | n; < k < njyq1}. Obviously, this sequence fully characterises the
parity condition.

PROPOSITION 6.8. For every play A, one has A € Q, iff lim inf((mcolf)izo) is even.

In the sequel, we build a new parity game G over a new arena G = (V,E). This game simulates
the abstract pushdown game, in the sense that the sequence of visited colours during a correct
simulation of a play A in Gy is exactly the sequence (mcoll.A),-Zg. Moreover, a play in which a
player does not correctly simulate the abstract pushdown game is losing for that player. We will
then show how the winning region in G permits to compute the sets {a € A| R € R(q,a)}.

Before providing a description of the arena G. let us consider the following informal description
of this simulation game. We aim at simulating a play in the abstract pushdown game from its initial
configuration (qo, L). In G we keep track of only the control state and the top stack symbol of the
simulated configuration.

The interesting case is when the simulated play is in a configuration with control state p and
top stack symbol a, and the player owning p wants to perform transition (g, a’b), i.e. go to state
q, rewrite a into a’ and push b on top of it. For every strategy of Eloise, there is a certain set of
possible (finite) prolongations of the play (consistent with her strategy) that will end with popping
b (or actually a symbol into which b was rewritten in the meantime) from the stack. We require

Eloise to declare a vector R = (Ro, . ..,Ry) of (d + 1) subsets of Q, where R; is the set of all states
the game can be in after popping (possibly a rewriting of) b along those plays where in addition
the smallest visited colour whilst (possibly a rewriting of) b was on the stack is i.
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Abelard has two choices. He can continue the game by pushing b onto the stack and updating
the state; we call this a pursue move. Otherwise, he can select a set R; and pick a state r € R;,
and continue the simulation from that state r; we call this a jump move. If he does a pursue move,

then he remembers the vector 75 claimed by Eloise; if later on, a transition of the form (r, ¢) is
simulated, the play goes into a sink state (either g or g;) that is winning for Eloise if and only if
the resulting state is in Ry where 0 is the smallest colour seen in the current level (this information
will be encoded in the control state, reseted after each pursue move and updated after each jump
move). If Abelard does a jump move to a state r in R;, the currently stored value for § is updated
to min(6, i, p(r)), which is the smallest colour seen since the current stack level was reached.

V(q, a’) € A(p, a)

(¢.’. R, min(8. p(9)))
If A(r,e) € A(p,a) st.r € Ry IfA(r,e) € A(p,a) st.r ¢ Ry

@

(p.a, K. )

Y(gq,a’b) € A(p, a)

e (ZQ)dH
'’R,0,q,b, R )
/ |
(¢, b, R’ p(q)) (s,a’, R min(0, i, p(r)),i) —> (s,a’, R min(6, i, p(r)))

Vs €R;

Fig. 4. Local structure of G.

Let us now precisely describe the arena G. We refer the reader to Figure 4.

e The main vertices of g~ are those of the form (p, a,?, 0), where p € Q,a € A 7€> =

(Ro,...,Ry) € (ZQ)"IJrl and 0 € {0,...,d}. A vertex (p, a,?,@) is reached when simulat-

ing a partial play A in G,p,s such that:

— The last vertex in A is (p, sa) for some s € A*.

- Eloise claims that she has a strategy to continue A in such a way that if a (or a rewriting
of it) is eventually popped, the control state reached after popping belongs to R;, where i
is the smallest colour visited since the stack height was at least |sal.

— The colour 8 is the smallest one since the current stack level was reached from a lower
stack level. .

A vertex (p, a, R, 0) is controlled by Eloise if and only if p € Q.
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o The vertices (g, a) and (g, a) are here to ensure that the vectors R encoded in the main

vertices are correct. Both are sink vertices and are controlled by Eloise. Vertex (gi, a) gets
colour 0 and vertex (g, a) gets colour 1. As these vertices are sinks, a play reaching (gt, a) is
won by Eloise whereas a play reaching (g, a) is won by Abelard.
There is a transition from some vertex (p, a,?, 0) to (g, a), if and only if there exists a
transition rule (7, ¢) € A(p, a), such that r € Ry (this means that R is correct with respect
to this transition rule). Dually, there is a transition from a vertex (p, a,?, 0) to (g;, a) if and
only if there exists a transition rule (r,¢) € A(p, a) such that r ¢ Ry (this means that R is
not correct with respect to this transition rule).

e To simulate a transition rule (g, a’) € A(p, a), the player that controls (p, a,??), 0) moves to
(g, a’,?, min(6, p(q))). Note that the last component has to be updated as the smallest colour
seen since the current stack level was reached is now min(9, p(q)).

e To simulate a transition rule (g, a’b) € A(p, a), the player that controls (p, a,?, 0) moves to

. —
(p, a’,?, 0, g, b). This vertex is controlled by Eloise who has to give avector R’ = (R/, . . ., R;l) €
(29)?*1 that describes the control states that can be reached if b (or a symbol that rewrites
it later) is eventually popped. To describe this vector, she goes to the corresponding vertex
-
(p.a". R.0,4,b,R).
N
Any vertex (p, a’ ,75, 0,q,b,R’) is controlled by Abelard who chooses either to simulate a
bump or a stair. In the first case, he additionally has to pick the minimal colour of the bump.
_)
To simulate a bump with minimal colour i, he goes to a vertex (r’, a’, R, min(0, i, p(s))), for
some r’ € R}, through an intermediate vertex (', a’,?, min(0, i, p(s)), i) coloured by i.
q
To simulate a stair, Abelard goes to the vertex (g, b, R’, p(q)).
The last component of the vertex (that stores the smallest colour seen since the currently
simulated stack level was reached) has to be updated in all those cases. After simulating a
bump of minimal colour i, the minimal colour is min(6, i, p(r’)). After simulating a stair, this

colour has to be initialised (since a new stack level is simulated). Its value, is therefore p(q),
which is the unique colour since the (new) stack level was reached.

The vertices of the form (p, a,?, 0) get colour p(p). Intermediate vertices of the form (p, a’,?, 0,q,b)

q
or (p, a’,?, 0,q,b,R’) get colour d and hence, will be neutral with respect to the parity condition.
The following lemma relates the winning region in G with G,y and the conditional games
induced over G,ps.

LEMMA 6.9. For every po,q € Q and a € A the following holds.
(1) Configuration (po, L) is winning for Eloise in Gups if and only if (po, L, (0,...,0), p(po)) is

winning for Eloise in G.
(2) For everyR C Q, R € R(g,a) if and only if (g, a, (R, ..., R), p(q)) is winning for Eloise in G.

Remark 6.10. Note that the above lemma is proved in [33, Theorem 5.1] in the case of usual push-
down automata, i.e. when A is finite as remarked in Example 6.2. A careful analysis of that proof
shows that it does not make use of the fact that A is finite and therefore the proof of Lemma 6.9
could be skipped. Nevertheless, we give it below for completeness and also because we need a
careful analysis later when dealing with the regularity of the winning configuration and when
constructing a (n — 1)-transducer realising a winning strategy (in Theorem 6.15 below).
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The rest of the section is devoted to the proof of Lemma 6.9. We mainly focus on the proof of the
first item, the proof of the second one being a subpart of it. We start by introducing some useful
concept and then prove both implications.

6.4.1 Factorisation of plays in Gaps and in G.

Recall that for an infinite play A = vyv; - - - in Gy, Steps, denotes the set of indices of positions
where no configuration of strictly smaller stack height is visited later in the play. Recall that for
any play A with Steps, = {ny < ny < ---}, we define the sequence (mcollfl)izo € NY by letting
mcoli}L = min{p(vk) | n; <k < nj}

Indeed, for any play A with Steps; = {ng < n; < ---}, one can define the sequence (1;)i>o
by letting A; = vy, - - vp,,,. Note that each of the A; is either a bump or a stair. In the later we
designate (4;);>o as the rounds factorisation of 1.

For any play X in G, a round is a factor between two visits through vertices of the form

(p, a,?, 0). We have the following possible forms for a round.

e The round is of the form (p, a,TQ), 0)(q, a’,?, 0) and corresponds therefore to the simulation
of a transition (g, a’). We designate it as a trivial bump.

- - - - -

e The round is of the form (p,a, R,0)(p,a’,R,0,q,b)(p,a’, R,0,q,b,R")(s,a’, R, min(0, i,
p(s)),i)(s, a’,?, min(6, i, p(s))) and corresponds therefore to the simulation of a transition
(g, a’b) pushing b followed by a sequence of moves that ends by popping b (or a rewriting of
it). Moreover, i is the smallest colour encountered whilst b (or other stack symbol obtained
by successively rewriting it) was on the stack. We designate it as a (non-trivial) bump.

e The round is of the form (p, a,?, 0)(p, a’,?, 0,q,b)(p, a’,?, 0,q,b, ?)(q, b, ?, p(q)) and cor-
responds therefore to the simulation of a transition (g, a’b) pushing a symbol b leading to a
new stack level below which the play will never go. We designate it as a stair.

We define the colour of a round as the smallest colour of the vertices in the round.
For any play A = vyv1v; - - - in G, we consider the subset of indices corresponding to vertices of

the form (p, a,?, 0). More precisely:
Roundsy = {n | v, = (p, a,?, 0),peQ, ac A,T?) €29 0<o<d)

The set Rounds)L induces a natural factorisation of A into rounds. Indeed, let Roundsz ={ny <
ny <ng <---},thenforalli > 0, we let /1 = Uy, *** Up,,,- We call the sequence (Al)l>0 the round
JSactorisation of 1. For every i > 0, 2; is a round and the first vertex in A; 1 equals the last one in
Ai. Moreover, A= AO OA ©A; @ -+, where A ® /1,+1 denotes the concatenation ofA with A1+1
without its first vertex.

In order to prove both implications of Lemma 6.9, we build from a winning strategy for Eloise
in one game a winning strategy for her in the other game. The main argument to prove that the
new strategy is winning is to prove a correspondence between the factorisations of plays in both
games.

6.4.2 Direct implication.

Assume that the configuration (p, L) is winning for Eloise in Gy, and let ¢ be a corresponding
winning strategy for her.

Using ¢, we define a strategy ¢ for Eloise in G from (po, L, (0, . ..,0), p(po)). The strategy ¢
maintains as a memory a partial play A in Ggps. At the beginning A is initialised to the vertex
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(po, L). We first describe ¢, and then we explain how A is updated. Both the strategy ¢ and the
update of A, are described for a round.

Choice of the move. Assume that the play is in some vertex (p, a,??), 0) for p € Qg. The move
given by ¢ depends on ¢(A):
o If 9(1) = (r,¢), then Eloise goes to (g, a) (Proposition 6.11 will prove that this move is
always possible).
o If p(1) = (g, a’), then Eloise goes to (q, a’,?, min(6, p(q)))-
o If p(A) = (q,a’b), then Eloise goes to (p, a’,?, 0,q,0).

In this last case, or in the case where p € Qs and Abelard goes to (p, a’,?, 0,q,b), we also have

to explain how Eloise behaves from (p, a’,?, 0, g, b). She has to provide a vector ? € (2Q)d+1 that
describes which states can be reached if b (or its successors by top rewriting) is eventually popped,

depending on the smallest visited colour in the meantime. In order to define ? Eloise considers
the set of all possible continuations of 1 (g, sa’b) (where (p, sa) denotes the last vertex of 1) where
she respects her strategy ¢. For each such play, she checks whether some configuration of the form
(r’',sa’) is visited after A - (g, sa’b), that is if the stack level of b is eventually left. If it is the case,
she considers the first configuration (1", sa’) appearing after A - (¢, sa’b) and the smallest colour i
since b and (possibly) its successors by top-rewriting were on the stack. For every i € {0,...,d},
R] is exactly the set of states r’ € Q such that the preceding case happens. More formally,

Ri={r"| A1 (g,sa’b)vy---vi(r’,sa’) - - - play in Gyps where Eloise respects ¢ and
s.t. o] > [sa’bl, ¥j=0,...,kand min({p(v;) | j =0,...,k} U{p(q)}) = i}

- ) — -
Finally, we let R" = (Ry, ... ,R;l) and Eloise moves to (p,a’, R,0,q,b,R’).

Update of A. The memory A is updated after each visit to a vertex of the form (p, a,TQ), 0). We
have three cases depending on the kind of the last round:

e The round is a trivial bump and therefore a (g, a’) transition was simulated. Let (p, sa) be
the last vertex in A, then the updated memory is A - (g, sa’).

e The round is a bump, and therefore a bump of colour i (where i is the colour of the round)
starting with some transition (g, a’b) and ending in a state r’ € R was simulated. Let (p, sa)
be the last vertex in A. Then the memory becomes A extended by (g, sa’b) followed by a
sequence of moves, where Eloise respects ¢, that ends by popping b and reaches (r’, sa’)
whilst visiting i as smallest colour. By definition of R} such a sequence of moves always
exists.

e The round is a stair and therefore we have simulated a (g, a’b) transition. If (p, sa) denotes
the last vertex in A, then the updated memory is A - (g, sa’b).

Therefore, with any partial play 1 in G in which Eloise respects her strategy @, is associated
a partial play A in G,ps. An immediate induction shows that Eloise respects ¢ in A. The same
arguments work for an infinite play 2, and the corresponding play A is therefore infinite, starts
from (py, L) and Eloise respects ¢ in that play. Therefore it is a winning play.

The following proposition is a direct consequence of how ¢ was defined.

PROPOSITION 6.11. Let A be a partial play in G that starts from (po, L, (0, . ..,0), p(po)), ends in
a vertex of the form (p, a,?, 0), and where Eloise respects @. Let A be the partial play associated with
A built by the strategy @. Then the following holds:

(1) A ends in a vertex of the form (p, sa) for some s € A*.
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(2) 6 is the smallest visited colour in A since a (or a symbol that was later rewritten as a) has been
pushed.

(3) Assume that A is extended, that Eloise keeps respecting ¢ and that the next move after (p, sa) is
to some vertex (r,s). Thenr € Ry.

Proposition 6.11 implies that the strategy ¢ is well defined when it provides a move to some
(g1, a). Moreover, one can deduce that, if Eloise respects @, no vertex of the form (gs, a) is reached.

For plays that never reach a sink vertex (gt, a), using the definitions of G and @, we easily deduce
the following proposition.

PROPOSITION 6.12. Let 1 be aplayin G that starts from (po, L, (0, . .., 0), p(po)), and where Eloise
respects @. Assume that A never visits qi, let A be the associated play built by the strategy @, and let

(Ai)iso be its rounds factorisation. Let (1;);>o be the rounds factorisation of A. Then, for every i > 0
the following hold:

(1) Zi is a bump if and only if A; is a bump

(2) A; has colour mcoliA.

Now consider a play Xin G starting from (po, L, (0, ..., ), p(po)) where Eloise respects ¢. Either
Iloops in some (gt, a) (hence, is won by Eloise). Or, thanks to Proposition 6.12 the sequence of
visited colours in 1 is (mcollfl)izo for the corresponding play A in G,ps. Hence, using Proposition 6.8
we conclude that 1 is winning if and only if A is winning; as A is winning for Eloise, it follows that
Ais winning for her as well.

6.4.3 Converse implication.

First note that in order to prove the converse implication one could follow the same approach
as for the direct implication by considering now the point of view of Abelard. Nevertheless the
proof we give here starts from a winning strategy for Eloise in G and constructs a strategy for
her in Gyps: this induces a more involved proof but has the advantage of leading to an effective
construction of a winning strategy for Eloise in Gy, if one has an effective winning strategy for
her in G. _

Assume now that Eloise has a winning strategy ¢ in G from (py, L, (0, . ..,0), p(po)). Using @,
we build a strategy ¢ for Eloise in Gy, for plays starting from (po, L).

The strategy ¢ maintains as a memory a partial play Ain G, that is an element in V*. At the
beginning 1 is initialised to (po, L, (0, ...,0), p(po)).

For any play A where Eloise respects ¢ the following will hold.

e lisa play in G that starts from (po, L, (0, . ..,0), p(po)) and where Eloise respects her win-
ning strategy ¢.

e The last vertex of 1 is some (p, a,?, 0) if and only if the current configuration in A is of the
form (p, sa).

o If Eloise keeps respecting ¢, and if a (or a symbol that rewrites it later) is eventually popped
the configuration reached will be of the form (r, s) for some r € R;, where i is the smallest
visited colour since a (or some symbol that was later rewritten as a) was on the stack.

Note that initially the previous invariants trivially hold.

In order to describe ¢, we assume that we are in some configuration (p, sa) and that the last
vertex of A is some (p, a,?, 0). We first describe how Eloise plays if p € Qg, and then we explain
how A is updated.

Choice of the move. Assume that p € Qg. Then the move given by ¢ depends on ¢(A).
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o If q’ﬁ(%) = (g, a’,R, min(, p(q))), Eloise plays transition (g, a’).

o If (ﬁ(;t) = (p, a’,R, 0, g, b), then Eloise applies plays transition (g, a’b).

o If (ﬁ(;t) = (gt, a), Eloise plays transition (r, ¢) for some state r € Ry. Lemma 6.13 will prove
that such an r always exists.

Update of 1. The memory Ais updated after each move (played by any of the two players). We
have several cases depending on the last transition.

o Ifthe last move was from (p, sa) to (g, sa’) then the updated memory is X (q, a R m1n(0 r(q))).

o If the last move was from (p, sa) to (g, sa’b) let (p, a’ R 9 q,b R)) = ( (p, a R 0,q,b)).
Then the updatedmemoryls/l (p,a’, R 0,q.b) - (p,a’, R 0,q,b, R ) - (q,b, R’ 0(q)).

o If the last move was from (p, sa) to (r,s) the update of 1 is as follows. One backtracks in 1
until one finds a configuration of the form (p’, a’, R’, 0',p",a", R) that is not immediately fol-
lowed by a vertex of the form (s, a”, R 0”,i). This configuration is therefore in the stair that
simulates the pushing of a” onto the stack (here if a” # a it simply means that a” was later
rewrltten asa). Call A the prefix of X endmg in this configuration. The updated memory is X
(r,d, R’ mm(@’ 0,p(r)),0)-(r,a’, R’ m1n(9’ 0, p(r))). Formally, write 1=201 0 O/lk
where (/1 Jo<i<k is the round factorlsatlon of . Leth < k be the largest 1nteger such that Ah is

astalrandletih = (p’,a,R’,@)(p’,a,R’,@’,p ,a’ )(p,a,R’,@’,p ,a”,R)(p”,a”,R,p(p”

~ — — - — =
Deﬁne A;‘I = (p,, a/, R,, 0’)(1)’, a/, R’, 0,71),/, a”)(p/, a,’ R/’ el’p”7 a”? R)(r7 a/’ R/’ min(0,7 0’ p(r))7

(r,a, R3, min(6’, 8, p(r))). Then the updated memory is L 0] Iz @0 Ih_l © I;l
The following lemma gives the meaning of the information stored in A

LEMMA 6.13. Let A be a partial play in Gy, where Eloise respects ¢, that starts from (py, L) and
ends in a configuration (p, sa). We have the following facts:

(1) The last vertex ofI is of the form (p, a,R, 0) with R € (299 and 0 < 0 < d.
(2) Ais a partial play in G that starts from (po, L, (0, . .., 0), p(po)), that ends with (p, a,R, 0) and

where Eloise respects @.
(3) 6 is the smallest colour visited since a (or some symbol that was later rewritten as a) was pushed.
(4) If A is extended by some move that pops a, the configuration (r, s) that is reached is such that
r € Rg.

Proor. We first note that the last point is a consequence of the second and third points. Indeed,
assume that the next move after (p, sa) is to play a transition (r,¢) € A(p,a). The second point
implies that (p, a,R, 0) is winning for Eloise in G.If p € Qg, by definition of ¢, there is some edge
from that vertex to (gt, a), which means that r € Ry and allows us to conclude. If p € Qa, note that
there is no edge from (p, a,R, 6) (winning position for Eloise) to the losing vertex (gs, a). Hence
we conclude the same way.

Let us now prove the other points by induction on A. Initially, they trivially hold. Now assume
that the result is proved for some play A, and let A’ be an extension of 1. We have two cases,
depending on how A’ extends A:

e )’ is obtained by applying a transition of the form (g, a”) or (q, a’b). The result is trivial in
that case.
e )’ is obtained by applying a transition of the form (r, ¢). Let (p, sa) be the last configuration

N ~
in A, and let R be the last vector component in the last vertex of A when in configuration
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(p, sa). By the induction hypothesis, it follows that A’ = A - (r,s) with r € Ry. Considering
how A is updated, and using the fourth point, we easily deduce that the new memory A is as
desired.

i

Actually, we easily deduce a more precise result.

LEMMA 6.14. Let A be a partial play in Gy starting from (po, L) and where Eloise respects ¢ and let
(Ai)izo be its rounds factorisation. Let (A;)i=o,.. .k be the rounds factorisation of A. Then the following
holds for every i > 0.

o M;iisa bump if and only if A; is a bump.

e A; has colour mcoliA.

Both lemmas 6.13 and 6.14 are for partial plays. A version for infinite plays would allow us to
conclude. Let A be an infinite play in G,ps. We define an infinite version of X by considering the
limit of the (/1 )i>o Where 1 is the memory after the i first moves in A. See Footnote 4 on page 29 for
a similar construction. It is easily seen that such a limit always exists, is infinite and corresponds
to a play won by Eloise in G. Moreover the results of Lemma 6.14 remain true.

Let A be a play in G,ps with initial vertex (po, 1), and where Eloise respects ¢, and let A be the
associated play in G. Therefore A is won by Eloise. Using Lemma 6.14 and Proposition 6.8, we
conclude, as in the direct implication that A is winning.

6.5 Main Result

Following Example 6.3 we see an n-CPDA that does not create n-links as an abstract pushdown
automaton and we apply the construction of Section 6.4. We argue that the resulting game G is
associated with an (n — 1)-CPDA, which leads the following result.

THEOREM 6.15. For any n-CPDA Ay = (Lig, Qi, Alr, qo.1r) that does not create n-links and any
associated parity game Gy, one can construct an (n — 1)-CPDA A = (T,0,A, qo) and an associated
parity game G such that the following holds.

e (qo.if» Ln) is winning for Eloise in Gy if and only if (qo, Ln—1) is winning for Eloise in G.

o If the set of winning configurations for Eloise in G is regular, then the set of winning configura-
tions for Eloise in Gyt is regular as well.

o Ifthere is an (n—1)-CPDA transducer S synchronised with A realising a well-defined winning
strategy for Eloise in G from (qo, Ln—1), then one can effectively construct an n-CPDA transducer
Si¢ synchronised with Ay realising a well-defined winning strategy for Eloise in Gy from the
initial configuration (qo.1t, Ln).

Proor. Following Example 6.3, Aj¢ can be seen as an abstract pushdown automaton hence, we
can apply the construction of Section 6.4. We claim that the resulting game G is associated with
an (n —1)-CPDA. _

Indeed, one simply needs to consider how the graph G is defined and make the following obser-
vations concerning the local structure given in Figure 4 when G is played on the transition graph
of an n-CPDA that does not create links.

- - - =
(1) For every vertex of the form (p, a, R, 0), (g1, a).(gi,a).(p,a, R, 0,q,D), (p,a, R, 6,q,b,R’) or
(s, a, RO, i), a and b are (n — 1)-stacks.
- - -
(2) For every vertex of the form (p, a, R, 0,q,b) or (p,a, R,0,q,b, S), one hasa = b.
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This implies that any vertex in G can be seen as a pair formed by a state in a finite set and an
(n — 1)-stack. Then one concludes the proof by checking that the edge relation is the one of an
(n— 1)-CPDA.

Therefore, the first point follows from Lemma 6.9 and the second one follows by combining
Lemma 6.6 with Proposition 6.5 and Lemma 6.9.

We now turn to the third point and therefore assume that there is an (n—1)-CPDA transducer S
synchronised with A realising a well-defined winning strategy @ for Eloise in G from (o> Ln—1)-
We argue that the strategy ¢ constructed in the proof of Lemma 6.9 can be realised, when Gy is
obtained from an n-CPDA Ajs that does not create n-links, by an n-CPDA transducer Sis synchro-
nised with Aj. o

For this, let us first have a closer look at ¢. The key ingredient in ¢ is the play A in G, and the
value of ¢ uniquely depends on (F(I) In particular, if ¢ is realised by an (n — 1)-CPDA transducer
S, it suffices to know the configuration of S after reading A in order to define ¢. We claim that
it can be computed by an n-CPDA transducer Sy (synchronised with Ajs); the hard part being to
establish that such a device can update correctly its memory.

Let A = Vv -+ - vp and let ry = (o, $0) (P1, $1) - - - (pe, s¢) be the run of S associated with I
i.e. after having played vy - - - v, Sisin configuration (py, sk ). Denote by Last(r5) the last configu-
ration of ry e (pe, se)- To define ¢, Last(rz) suffices but of course, in order to update Last(rz), we
need to recall some more configurations from r;. In the case where the last transition applies an
order-k stack operation with k < n (i.e. it is neither pop, nor push,), then the update is simple, as
it consists in simulating one step of S.If the last stack operation is push, then the update of A con-
sists in adding three vertices and the corresponding update of r; is simple (as the only operation
on the (n — 1)-stack is to rewrite the top,-element). If the last stack operation is pop, one needs
to backtrack in I(hence in r7): the backtrack is to some vx with k maximal such that vy is of the

form (p’, a’, ?, 0, p”, a”,??)) and vg4q = (p”, a”,?, p(p”")). Once v has been found, the update is
fairly simple for both X and r1 (one simply extends the remaining prefix of X by two extra vertices
whose stack content is unchanged compared with the one in vy).

Define the following set of indices where A= VU1 - Vg

’ ’ _; ’ 4 " - " " - "

Ext(A) = {h | vy is of the form (p’,a’,R’, 0", p",a”, R) and vp+1 = (p”,a”, R, p(p”'))} U {£}
Note that after a partial play A the cardinality of Ext(z) is equal to the height of the stack in the
last configuration of A.

For any partial play A in Gy define the following n-stack (note that it does not contain any
n-link)
Mem(2) = Ls; sy, ---s,'ch]
where we let
° Ext(z) ={ki <<k}, Ibeing the memory associated with A as in the proof of Lemma 6.9;
° s]f is the (n — 1)-stack obtained from s; (recall that (pj, s;) denotes the j-th configuration of
r7) by appending p; to its top,-symbol (i.e. we work on an enriched stack alphabet).
Note that Last(ry) is essentially top,(Mem(4)) as the only difference is that now the control
state is stored in the stack. Moreover Mem(A) can easily be updated by an n-CPDA transducer:
for the case of a transition involving an order-k stack operation with k < n one simulates S on

top,(Mem(A)); for the case of a transition involving a push,, one first simulates Son top,(Mem(A))
(as one may do a rew, before push, ) and then makes a push,, to duplicate the topmost (n—1)-stack
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in Mem(A); finally, for the case of a pop,,, one simply needs to do a pop,, in Mem(A) to backtrack
and then update the control state. This is how we define S¢°.

The fact that Sy is synchronised with Ajr comes from the definition of how Sjr behaves when
the transition in n A involves a pop,, or a push and for the other cases it follows from the initial

assumption of S being synchronised with A. ]

Remark 6.16. When applying the general construction of Section 6.4 to an n-CPDA Ajs that
does not create links, we can safely enforce the following extra constraint on the vectors K and S:
they should be element in (2Q11;0Pn )4*1 where we let QﬁOp " denote the set of control states of Ajs
from which a pop,, operation can be performed. Indeed, the various component of such vectors
aims at representing set of states reachable by doing a pop,,. This is important later in the overall
complexity for Theorem 3.1.

6.6 Complexity

If we summarise, the overall blowup in the transformation from Gy to G given by Theorem 6.15
is as follows.

PROPOSITION 6.17. Let Ay and A be as in Theorem 6.15. Then the set of states ofﬁ has size
O(2%€111y and the stack alphabet of A has size O(|Ti¢|). Finally, the set of colours used in Gy and
G are the same.

Proor. By construction. O

7 PROOF OF THEOREM 3.1 AND COMPLEXITY

The proof of Theorem 3.1 consists in combining theorems 4.8, 5.1 and 6.15. Indeed, starting from an
n-CPDA, we apply Theorem 4.8 to obtain a rank-aware n-CPDA, then Theorem 5.1 to remove the
order-n links, and finally Theorem 6.15 to obtain an (n—1)-CPDA. By (n—1) successive applications
of these three results, we end-up with a 1-CPDA parity game. If we apply to this latter (pushdown)
game the construction of Section 6.4 we end up with a game on a finite graph. Solving this game
and following the chain of equivalences provided by theorems 4.8, 5.1 and 6.15 concludes the proof.
Concerning complexity, one step of successive application of the construction in theorems 4.8,
5.1 and 6.15 results in an (n — 1)-CPDA with a state set of size 0(22|Q|(‘C|+3)"+5), a stack alphabet
of size O(|T'|? - 2'Q|(‘C|+1)"+5) and an unchanged number of colours. Indeed,
e by Proposition 4.10 one has |Qu| = O(|Q] - (IC| + 1)™*3) and |Tyx| = O(IT| - (|C| + 1)2"+5);
e by Proposition 5.7 one has |Qir] = O(|Qul - (IC] + 3)) = O(Q| - (IC] + 3)"**) and
ITig] = O(ITac|? - 2!9x1IC1y = O(IT|2 - (|C| + 1)4n+10 . 21RIICHD™y = (|72 - 21QUICHD™™),
e and finally, by Proposition 6.17, one has |§| = O0(22CNxly = O(ZZ‘QMCHS)MS) nd
IT| = O(ITi¢l) = O(IT? - 2/011CHD™),

If one lets, for a constant K, Explh( be the function defined by ExpX (x) = x for all x and

Expl}f () = ZKEXPE(X), we conclude that the 1-CPDA obtained after (n — 1) successive applica-
tions of the three reductions has

e a state set of size O(Expz(lc‘%)n+ (OD) and
e a stack alphabet of size O(|T|2(" . Exp(‘clﬂ)n (on).

STechnically speaking, if we impose that a transition of Sj¢ does a rew, (or id) followed by another stack operation, we
may not be able to do the update of the stack after doing a pop,,. However, we can use the same trick as the one used to
define Ay, i.e. we postpone the rew, action to the next transition (see Remark 4.9).
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2157 Solving this latter game can be done by reducing it using the construction of Section 6.4 which

2158 leads to solve a parity game on a finite graph with O(Expi(‘clﬁ)n+5 (|Q|)'(|F|2("_1)~EXp(|C‘+l)n+5(|Q|))2)

n—1
2159 vertices. Solving this game can be achieved in time O(N'C!) where N denotes the number of ver-

2160 tices. Hence, the overall complexity of deciding the winner in an n-CPDA parity game is:

;I; e n-times exponential in the number of states of the CPDA;

Jies e n-times exponential in the number of colours;

Jos e polynomial in the size of the stack alphabet of the CPDA.

2165 Regarding lower bound, the problem is n-ExpTimEe-hard. In fact, hardness already holds when
166 one considers reachability condition (i.e. does the play eventually visit a configuration with a final
,16;  control state?) for games generated by higher-order pushdown automata (i.e. CPDA that never use
65 Ccollapse). A self-contained proof of this result was established by Cachat and Walukiewicz, but is
4160 fairly technical [12].

2170 Here we sketch a much simpler proof of this result that relies on the following well-known
.71 result: checking emptiness of a nondeterministic order-n higher-order pushdown automaton is an
4172 (n—1)-ExPTIME-complete problem [20] (here one uses higher-order pushdown automata as word
b5 acceptors)®. Trivially, this result is still true if we assume that the input alphabet is reduced to a
,174  single letter. Now consider an order-(n + 1) nondeterministic higher-order pushdown automaton
175 A whose input alphabet is reduced to a single letter. The language accepted by A is non-empty
.17 if and only if there is a path from the initial configuration of A to a final configuration of A in
.17,  the transition graph G of A. Equivalently, the language accepted by A is non-empty if and only
2175 if Eloise wins the reachability game G over G where she controls all vertices (and where the play
4179  starts from the initial configuration of A and where final vertices are those corresponding to final
.50 configurations of A). Now, consider the reduction used to prove Theorem 3.1 and apply it to G. As

151 A does not use links, we only need to do the third step, which leads to an equivalent reachability

s1g2  game G that is now played on the transition graph of an order-n higher order pushdown automaton.
2183 Inthe new arena, the main vertices are of the form (p, s, R, 0): here s is an n-stack (without links),?
2184 is actually a pair (Ry, R;) (we consider a reachability condition) and 0 is either 0 or 1. The important
2185 fact is that Ry and Ry can be forced to be singletons: this follows from the fact that all vertices in
2186 G are controlled by Eloise (and thus she can precisely force in which state the play goes if some
2187 pop, ., is eventually done). Therefore, one concludes that the size of the arena associated with Gis
2188 polynomial in the size of A. Hence, one has shown the following: checking emptiness for an order-
2189 (n + 1) nondeterministic higher-order pushdown automaton whose input alphabet is reduced to
2190 a single letter can be polynomially reduced to solve a reachability game over the transition graph
2191 of an order-n higher-order pushdown automaton. In conclusion, this latter problem is n-ExpTIME-
2192 hard.

2193

2194 8 CONSEQUENCES

2195 8.1 Marking The Winning Region

:21% If one combines the fact that the winning region in a CPDA parity game is regular (Theorem 3.1)
12197 together with the fact that the model of CPDA can perform regular test (Theorem 2.8) one directly
2% gets the following result.

2199

2200 © The following result is also proved in [20]: checking emptiness of an alternating order-n higher-order pushdown automa-
ton is an n-EXPTIME complete problem. Nevertheless, note that this result does not directly imply hardness for games on
higher-order pushdown graphs. Indeed, in general it is more difficult to check emptiness for an alternating device than to
solve a reachability game on the corresponding class of graphs: for instance, solving a reachability game on a finite graph

2201
2202
2203 s in P while checking emptiness for an alternating automata on finite word (even if one considers a 1-letter alphabet) is
2204 PSPACE-complete; the problems are trivially equivalent only when considering infinite words on a single letter alphabet.
2205
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CoroLrLARY 8.1. Let A = (I, Q, 8, qo) be an n-CPDA and let G be an n-CPDA parity game defined
from A. Then, one can build an order-n CPDA ‘A’ with a state-set Q’, a subset F C Q" and a mapping
x : Q" = Q such that the following holds.

(1) Restricted to the reachable configurations from their respective initial configuration, the transi-
tion graph of A and A’ are isomorphic.

(2) For every configuration (q,s) of A that is reachable from the initial configuration, the corre-
sponding configuration (q’,s’) of A’ is such that q = x(q’), and (q, s) is winning for Eloise in
G ifand only if ¢’ € F.

In other words, it means that from G one can build a new game that behaves the same but where
the winning region is explicitly marked (thanks to the subset F).

8.2 Logical Consequences

We now discuss the consequences of our main result regarding logical properties of structures
generated by CPDA. Due to its strong connections with parity games, we obtain positive results
regarding the p-calculus. Before discussing them, we will start with some consideration regarding
monadic second-order (MSO) logic.

For both p-calculus and MSO logic, it is usual to consider structures given by an edge-labelled
graphs coming with a labelling function that maps each vertex to a set of properties that hold in
it.

In the setting of CPDA, a natural way to define such a structure is by adding an input alphabet
to the CPDA and defining the transition relation as a partial function depending on the current
control state, the current top stack symbol and the input letter; the labelling function mapping
vertices (i.e. configurations) to properties can simply depend on the current control state (as we
did when defining the colour in CPDA parity games). Rather than giving a formal definition we
give an example that illustrates how to generate an edge-labelled graph using a CPDA with an
input alphabet.

Example 8.2. Let A = (T, Q, A, qo) be an order-2 CPDA over the input alphabet A = {a, b, c, 1, 2}

where I' = {a, f, L}, O = {q0,q1,q2} and A : QX T X A — 20%X0P; %0} s defined by

® A(qo, L,2) = A(qo, @, 2) = {(q1, id; push,)};

e A(q1, L,a) = A(q1, @, a) = {(qo, id; push?’Z)};

e A(q1, L,b) = A(q1,a,b) = {(qz,id;push’f’z)};

e A(q2, @, 1) = A(qz, B, 1) = {(q2, id; pop,) };

o A(qz, a,¢) = A(qz, B, ¢) = {(qo, id; collapse)};
Then A generates the edge labelled graph from Figure 5.

8.3 Monadic Second-Order Logic

We refer the reader to [35] for classical definitions regarding MSO logic over graphs seen as rela-
tional structures.

If one restricts its attention to higher-order pushdown automata, i.e. CPDA that do not use the
collapse operation, MSO logic is known to be decidable.

THEOREM 8.3. [17] The structures generated by higher-order pushdown automata have decidable
MSO theories.

The next theorem shows that this is no longer the case for collapsible pushdown automata. In
the statement below, FO(TC) is the transitive closure first-order logic which is defined by extending
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2255 (g [0L1T) —2> (qn, [[LI0LTT) —> (go, [LLTTRUIT) — 2> (qu, [TLTETUITLu1D) 4444*(qu[[L][La][Laa]])44444>(qg[[L][La][Laa][Laa]])-~
2256
2257
2958 (@2 [LLITLb1) (q2» [LLTT L0 au]T Laub1]) --
2259 .
2260
2261 (92, CCLICLID) (92, CCLI[ L@l Lal]) (g2, [LLI[Lad[ Laad[ Laa]]d) -
2262 ll
2263 ¥

(g2, [LLITLRICL]]) (¢ [0LIT D01 [ Daa10 La]]) -
2264
2265 KZ:J?\Q\
2266

(2, [[L1TLalTLaal[L1]) -

2267
2208 Fig. 5. The edge labelled graph generated from the CPDA with input from Example 8.2.
2269
2270

2271 the first-order logic with a transitive closure operator (see e.g. [41]); in particular it subsumes the
2272 extension of first-order logic with a reachability predicate.

ZZ THEOREM 8.4. There exists a structure generated by a collapsible pushdown automata that has an
yos undecidable MSO theory (actually even an undecidable FO(TC) theory).

2276 Proor. Consider the following MSO interpretation 7 (see e.g. [18]) applied to the structure
2277 defined by the order-2 CPDA from Example 8.2.

2278

27 palx,y) = xiy/\xiy

2280 1

2281 ep(x,y) = x—y

2282 withC =1 ba2b1*and R = c2ac¢ V 1c2ac1 where a bar-version of an edge label refers to
2285 an edge which is taken in the other direction. Hence, C is used to enforce that A-edges occur only
2284 between vertices from consecutive columns in the original structure while R is used to enforce
2285 that A-edges occurs only between vertices from consecutive rows in the original structure.

2286 We observe that the image of the structure generated by A by the interpretation 7, when re-
2287 stricted to its non-isolated vertices, is the “infinite half-grid” (see Figure 6).

2288

As the infinite (half-) grid has an undecidable MSO theory and as MSO interpretations preserve
2289 MSO decidability we conclude that the MSO theory of the structure generated by A is undecidable.
2290 To refine the result to FO(TC), we simply remark that the interpretation I is FO(TC) definable

2291 and that the infinite (half) grid has an undecidable FO(TC) theory [41]. m|
2292

2293 Remark 8.5. One can wonder about fragments of MSO weaker than FO(TC), e.g. FO(Reach) (the
2204  extension of first-order logic with the reachability predicate) or the classical first-order logic (FO).
2205 On a positive side, Kartzow proved in [27] that the structures generated by order-2- CPDA have
2206  decidable FO(Reach) theories. But moving to order-3 leads to undecidability, even if one restricts
2297 to FO, as proved by Broadbent in [4].

ZEZ The following is a direct consequence of Theorem 8.3 and Theorem 8.4.

2500 71y this proof think of an interpretation as a collection of formulas of the form ¢4 (x, y). Applying such an interpretation
2301 to a structure leads to a new structure with the same domain but different transitions: there is an A-labelled edge from x
2302 to y in the new structure if and only if ¢4 (x, y) holds in the original structure.

2303
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Fig. 6. The “infinite half-grid”.

CoOROLLARY 8.6. The class of graphs generated by collapsible pushdown automata strictly contains
the class of graphs generated by higher-order pushdown automata.

8.4 p-Calculus

We refer the reader to [2] for classical definitions regarding p-calculus as well as its connections
with games.

Due to the tight connection between p-calculus model-checking and solving parity games, and
the fact that the class of structures generated by CPDA is trivially closed by taking a synchronised
product with a finite graph, Theorem 3.1 directly leads the following result.

COROLLARY 8.7. The following holds.

(1) The p-calculus model-checking problem against structures generated by collapsible pushdown
automata is decidable and its complexity (where n denotes the order of the CPDA) is n-times
exponential in the number of states of the CPDA, n-times exponential in the alternation depth
of greatest and smallest fixpoints in the p-calculus formula and polynomial in the size of the
stack alphabet of the CPDA.

(2) The sets of configurations definable by a p-calculus formula over a graph generated by a col-
lapsible pushdown automata are regular.

Remark 8.8. In the case of higher-order pushdown automata, links are useless and therefore
stacks can be seen as finite words over the alphabet T U {[, ]} (where T denotes the stack alphabet)
and regular sets of configurations are regular languages in the traditional sense of finite words.
Hence, Corollary 8.7 permits to retrieve the main result in [14, Theorem 6] where the p-calculus
global model-checking problem against higher-order pushdown automata was tackled.

Also note that in this setting, a stronger notion of regularity was introduced in [13] and shown
to exactly capture MSO-definable subsets of configurations.

As we did in Section 8.1 to mark winning regions, combining item (2) from Corollary 8.7 together
with the fact that the model of CPDA can perform regular test (Theorem 2.8) one directly gets the
following result about marking a p-calculus defined subset of vertices in the transition graph of a
CPDA.

CoROLLARY 8.9. Let A = (I',Q, 8, qo) be an n-CPDA and let ¢ be a pi-calculus formula defining
a subset of vertices in the transition graph of A. Then, one can build an order-n CPDA A’ with a
state-set Q’, a subset F C Q" and a mapping y : Q' — Q such that the following holds.
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(1) Restricted to the reachable configurations from their respective initial configuration, the transi-
tion graph of A and A’ are isomorphic.

(2) For every configuration (q,s) of A that is reachable from the initial configuration, the corre-
sponding configuration (q’,s") of A’ is such that q = x(q’), and ¢ holds in (g, s) if and only if
q €F.

8.5 Perspectives

A natural perspective is to combine the results presented here with the equi-expressivity result [15,
23, 24] between higher-order recursion schemes and collapsible pushdown automaton for gener-
ating trees. In particular they imply the decidability of the MSO model-checking problem, both
its local [23] and global version (also known as reflection) [8], and the MSO selection problem (a
synthesis-like problem) [15].

These results and other consequences are discussed in full detail in a companion paper [7].
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