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Abstract

The global solution of the one-dimensional Broadwell model in the interval [0,1], with

reflecting boundary conditions at 0 and 1, is shown to converge strongly in L'(o, 1] to the

- constant equilibrium solution.

1. Introduction. We are concerned with the initial boundary value problem
(Oe+0;)v = 22 —vw
(Oy — 0z)w = 22 — vw

1
Oz = E(vw ~ z%)

v=uv(t,z), w =w(t, ), z=2(¢z),t €|0,00), z € [0,1], with initial conditions
v(0,z) = vo(z) > 0
w(0,7) = wo(z) 20
2(0,z) = z0(z) > 0,

and boundary conditions

v(t,0) = w(t,0)
v(t,1) = w(t, 1)
for t > 0. We refer to (3) as “reflecting boundary conditions”.

(1)

(2)

(3)

The equations (1) are known as “the Broadwell model in one space dimension”. This

model, introduced by Broadwell [1] in 1964, is one of the simplest discrete velocity models

of the Boltzmann equation, and has found much attention since it was first introduced [2-6].

We refer to [6] for a careful introduction and for a very complete list of other references.
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Here, we are interested in the asymptotic behavior of the global solutions to (1-3). We
shall confine our attention to nonnegative bounded continuous initial values, but everything
we prove generalizes to vo, W, zo € LY. Itis well-known that (1-3) is equivalent to looking
for 2-periodic solutions of the pure initial value problem, where the data are cxtended to
[-1,1] via
| vo(—z) = wo(z) |
wo(—2) = vo(z) | 4)
20(—z) = 2o(z)
and 2-periodically to R otherwise (if the initial values vo, wo and 2o are continuous and
satisfy vo(0) = wo(0), vo(1) = we(1), then this continuation yields continuous functions;
however, in terms of the well known mild solution concept discontinuities in the data can
be handled without difficulty).

A global mild solution of (1-3) is a triple of functions

v,w,z: [0,00) x [0,1] — R4

assuming the initial values at t = 0, satisfying the boundary conditions (3) for all ¢ 20,

~and such that for (¢,z) € [0,00) x (0,1) and z + 7 € (0,1), z — 7 € (0,1)

Lot 47,2+ 7)) = (2 = vw)(t 4 2 1)
%[w(t +7,z—1) = (" —vw)t+rz~7)
d 1 .
E—;[z(t +7,z)] = E(vw - 22)(t +7,z).

In short, we require differentiability of v,w and z along the characteristics.
A classical solution of (1-3) is a triple of functions v,w and z in C*(]0,00) x [0,1])

which satisfy (1-3) pointwise everywhere and which satisfy in addition the consistency

boundary condition

0.v(t,0) = -0 w(t,0
(¢,0) (¢,0) 5)
O:v(t,1) = -0, w(t, 1)

(which follows from (1) and (3) by subtracting the equations for v and w). Of course, if
we look for classical solutions, we have to require that vg, wg, zp € C! and that (3) and (5)
hold for the data.

The following results are well known.



Theorem 1. If vowy and zy are nonnegative and continuous, then (1-3) has a global

nonnegative continuous solution.
Proof. See (2], (3] or [5].

Remark. It is not known whether the solution remains uniformly bounded for all times.
The boundedness results due to Beale [3] and Bony [5] apply only to the pure initial value
problem with initial values in L} N LY.

Theorem 2. The global solution given by Theorem 1 satisfies
d 1
- / ((t,2) + w(t, 7) + 42(t, 2))de = 0 (6)
0

(mass conservation)

1
Z?t-/o (‘U - w)(ts I)d.’l: = 2U(t,0) - 2v(t’ 1) (7)

(momentum transfer)

2 / (v+25)(t, 2)dz = v(t,0) = v(t, 1) 9
& [ o+ 2t 2)de = w1~ w60

and
1 t 1 W
/(vlnv+w1nw+4zlnz)(t,z)d1‘+/ /(vw-—-zz)lnz—z(‘r,z)dzdr
0 o Jo
1
=/ (volnvo+wolnwo +4Zohl2‘o)d$
0

(H-Theorem).

. Remark. Property (9) is the main ingredient for the proof of Theorem 3 below. Note
that the integrand of the second term in (9) has only one sign:

(vw — zg)lni—t—:- > 0.

It is easy to calculate the (unique) steady solution of (1) which is expected in the limit

t — oo: By time independence, from 8,z = 0 we get vw = 2%, i.e. 8;v = d,w = 0. The
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boundary conditions (3) imply that v,w, and z must all be equal to the same constant
a > 0, and from the mass conservation law (6) a = %fol(vu + wo + 42z0) dz.

Our objective in this paper is to prove

1

Theorem 3. Let g(t,z) denote any of the three functions v(t,z), w(t,z) or z(t,z) solving
(1-3). Then

1 .
tgrg/o lg(t,z) — a|dz = 0. (10)

The asymptotic behavior of solutions of (1-3) has long been a problem of interest.
The question is intriguing because it is so easy to guess the right limit, but nontrivial to
prove (10). Besides, a proof of (10) is expected to contain methodology which ought to be
useful for more realistic kinetic models (whether our methodology will have that property
is something which remains to be seen. The best result so far is due to Slemrod [6], who
proved orbital stability for the Broadwell model. Specifically, he showed that there are
traveling waves (¢, z) = o(z — t), (¢, z) = w(z + t) and a function (¢, ) such that v, w
and z approach ¥, and Z weak- * in an appropriate Orlicz space.

The methods employed in [6] (a renormalization similar to the one used in [7], and

compensated compactness arguments) did not suffice to prove that t = w = Z = a.

QOur proof is based on the following elementary observation. From the mass conserva-

tion law,
ol : 1 T 1
/ (v(T,z) + w(T,z))dz — / (vo(z) + wo(z))dz = 2/ / (2* — vw) dzdt. (11)
0 , Jo o Jo
As the left hand side of (11) is a priori bounded by (6), the integral

T r1
/ / (2° — vw) dzdt
o Jo

1s bounded uniformly in T. Our job would be easy if we could find such bounds or

/OT /01 |22 — vw|dzdt = /OT /01(22  ow)sga(? — vw) ded: 12)

because then the integrals along characteristics over the right hand sides of (1) would a.e.
be convergent in the L! —sense. Now observe that by (9), there is a C > 0 such that

T 1
/ / (vw — 2*)ln = dzdt < C. | (13)
0 0 <
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In %% always has the same sign as (vw ~ 2?), i.e. In 2% plays a part like sgn(2? — vw) in

(12). We shall combine this observation with the renormalization trick to show that for

large enough ¢, v, w and z change very slowly along their characteristics, except on a set of

small measure. Then, a simple gebmetrica.l argument and the boundary conditions yield

the proof of Theorem 3.

2. Some Lemmata, and the Proof of Theorem 3.

Lemma 1. Let {fa} be o sequence of positive measurable functions on [0,1] such that
fa = f in measure as n — oo, [ fdz < C and such that for alle > 0 there isa § > 0
with [, fadz < € if (M) < 6 (i.e. the sequence {fn} is weakly relatively compact in L' ).

Then fn, — f strongly in L. ‘

Proof. Let € > 0. First, we can choose a § > 0 such that for all n

/M f,,dx;»/Mfdz <€/2

if A(M) < 6. Then, there is an Ng such that for all n > N,

Mz | fa(z) - f(2)| 2 €/2} < 6.

Therefore,

/ (fa = F)(@)] de = / (Fo— @) de 4 ¢/2 < ¢
(slfa=fi<e/s)

for n > N,.

Lemma 2. For every € > 0, there is a § > 0 such that for allt > 0 and all M with
MM) < §

/M v(t,z)dz + /M w(t,z)dz + /M 2(t,z)dzr < e

(1.e. the functions v(t,-), w(t,-) and z(t,-), t > 0, form a weakly relatively compact set in
LY).

Proof. This follows from the H-Theorem. Let H, denote the initial value of the H-

/zylnt)+/uvlntu+4/zlnzSHg,

-

o

" functional, then



and

/ v(t,x)d:r:/ v +/ v
M Mn{v>em} Mn{v<e™}

Sl(/ vlnv+/ wlnw+4/ zlnz) +e™6
m - Je>1 w>1 21

< -}-(Ho + E) +e™é.
m (4

Now, given €, choose m such that # (Ho+%) < €/2, and then choose é such that ée™ < /2.

In view of Lemma 1 and 2, Theorem 3 will be proved if we can show that for every
sequence ty — oo v(tn,z), w(tn,z) and z(¢n,z) converge to a in measure. To this
end, we next introduce the “renormalized solution concept”, which is for our problem
completely equivalent to the mild (or classical) solution concept respectively, depending
on the regularity of the initial values. Let D4, D_ and D be shorthands for 8; +8;, 8; — 9
and §, respectively, then (v,w, 2) is called a renormalized mild solution of (1-3) if

22 —vw
D, In(1 = =
+In(1+v) =Cy 5o
22 —vw »
= = 14
D-In(1+w)=C-:= 5 | (14)
Dln(l+2) =Gy = . 2222
o T2 1y,

and if the initial and boundary conditions hold.
In the sequel, C(v, w, z) will be an abbreviation for any of the three right hand sides
in (14). Also, let C > 0 be any positive constant (sufficiently large; C > 3 is enough).

Then we have

Lemma 3. For every sequence ty — oo there is a sequence ey \ 0, depending only on

the nitial values and on C, such that

/MC/ 1C(v,w, 2)| dzdt < en. | (15)

Proof. From (13), there is a sequence ay \, 0 such that

/ /(z — vw) ln—da:dt<aN.
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Let Iy = [tn,tn + C) and consider C(v,w,2) = ‘1_',::,"’ (the other two equations are dealt

with in exactly the same way). Also, let M = {(t,z) € In x [0,1]; 22 < 2vw}. We split

//"' — vu| /+/ = I+II
1+w M [

The integral I7 is easily estimated: On M¢, 22 > 2vw, hence

1
: II_l 5 (z —vw)ln—-—dzdtsm

To estimate I, let {hn} be a sequence with Ay \, 0 (la.ter, hy will be chosen as a
suitable function of ay ), and define
M, = {(t,z) € M; vw > hy, 22 2 vw(l + hy) or z° < vw(l — hy)}
M, = {(t,z) € M; vw < hn} |
M; = {(t,z) € M; vw(l - hy) < 2% <vw(l +hn)}
Clearly, My UM, U M3 = M.

On M, the imposed conditions entail that |22 — vw| > A%, and I% ~ 1| > hn. For

large enough N, the latter implies |In ;‘%l > $hn, i.e. we have an estimate
1, 2 z? _
—hy dzdt < (z* —vw)ln — dzdt < an,
2 M, M, rw .

which means that

N(My) < 2,:‘3”.. | (16)

Therefore, if we choose hy such that an/h};, — 0 as N'— oo, it follows from Lemma 2
that

22 —vw / | |
dzdt < vdzdt = o1). (17)
[ 5 B of1)

On M,, the conditions z? < 2vw and vw < hy yield 22 < 2hy, hence

|22 — vw| - .

127 =V dt < O - by (18)

M, 14w ;

" On M, the condition |22 — vw| < vw - hy leads to

2 _
/ li—”—‘”ldzdtgh,v/ vy ghN/ v,
M, l14+w Mal-{-w Ms
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and from mass conservation it follows that

1+w

. | ,
/ 12— vul ot < Chy. (19)
M .
Choosing hy = a}v/s (say), we see that ay/h}; — 0 as N = oo and that hy — 0.
This completes the proof.

Now, given ty, we will denote by P any point (t,z) € Iy x [0,1], and by L4(P), L_(P)
~and Lo(P) the ‘characteristics in Iy x [0,1] associated with Dy, D_ and D which pass

" through P. We extend L, and L_ by the reflecting boundary conditions (see Figure 1).

Figure 1.
L (P) L_(P)
t A + o}
\\
L_(P) ‘
¢ .
N / / > X

By [p.pCids, i = +,-,0, we denote the integrals of the r.h.s. of (14) along the

corresponding characteristic.

Corollary 4. Lett € Iy and P = (t,z). There is a constant ¢ > 0 such that

AMz; max |Cilds > /en} < ¢ \en.
P)

1=+,—,0 L'(
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Proof. Straightforward from Lemma 3, by Fubini’s theor -

Consequently, [} p, |Ci| ds will be smaller than ,/ex, except on a set of small measure.
This implies

Corollary 5. Ezcept on a set of measure < ¢\/en, In(1+v) (In(14+w), lh(l—{—z)napectiocly),
vary less than \/enN along their characteristics in Iy x [0,1].

Lemma 6. There is a constant C) > 0 such that for all ¢ > 0 and oll N € N

Az;2(t,z) 2 N} < C1/(NIn N).

Proof. N-Mz;z(t,2) 2 N} < [, v 2dz < glg(Ho + 2).
Let 0 < p < 1/2 and define M, = {z; ::+C l'5'1'1_:—:2-1(7',:J:)d'r < Jen}. By coi'oHa.ry 4,

AM,) > 1 - c\/eN. In addition, let

M} = {(t,z);z < 3P} N (M, x Iy).

From Lemma 6,

(M > C(1 -cyen) - CiC = C —o(1),

N
In e}

i.e. M is a set of approximately full measure in Iy x [0,1]. From the previous considera-

tions we have
2 — 22 -
/ low — 22| dzdt < —/ bow =27 < 2¢777.
M} evJmp 1+z
We use this to prove
Lemma 7. For g < 1 —p, |(vw — 22)(t,2)| < €, on In x [0,1), with the ezception of a
set of Lebesgue measure less than
p

€N
P
lneN

257777 + O(Vew) + O(=X) = o(1).

Proof. Note that
el - / dzdt < / lvw — 22| dzdt
Min{jvw—22|>ey } M}

1_
< 2ei77.



This immediately implies
MM N {jow - 2% 2 4)) < 2e§,-’-',

and the rest of the Lemma follows from the previous estimates.

Finally, we use the properties which we have proved to show that v(¢n,z) cannot be
close to zero except on sets M C [0, 1] of measure o(1). This is a consequence of the mass -

conservation and

Lemma 8. Suppose that there is a § > 0 such that for a subsequence {N;} of the inte-
gers there are times tyy € In; and measurable sets My, C [0,1] with A\(My,) > & and
SUp. My, v(thy,,z) = o(1). Then v(t,z), w(t,z), z(t,z) = o(1) en In; x [0,1] ezcept on

sets of measure o(1).

Proof. We give only a sketch which can be detailed along the lines of our previous
reasoning. Here and in the sequel, we use ~ as an abbreviation for “equality up to order
o(1) as N = o0”.

By the previous considerations, we can find a point P € M}, such that v(P) =~ 0 and
such that v varies slowly along the characteristic L;(P) (see Figure 2).

10



Figure 2.

Hence v = 0 on L4(P), and because z? = vw except on a set of measure o(1), it

follows that z = 0 on L (P) with the exception of a small set (“small set” is used here and

in the sequel in the obvious sense). As z varies slowly along most of the characteristics Lo,
we conclude that z = 0 in In; x [0,1}, with the exception of a small set. |

We use a contradiction argument to show that also v ~ 0 and w =~ 0 on Iy, x [0,1]
except on small sets. Otherwise, there would be a sub‘sequenée of the ty; (denoted for
simplicity by tx) and sets My C [0,1] with A\(Mn) 4 0 and, say, w(tny,z) /4 0 for
r € My. Because the boundary value problem is equivalent to the periodic pure initial
value problem with data extended by (4), v(tn,z) # 0 for z € —Mp (see Figure 3).
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Figure 3.

As v and w vary slowly along (most of) their forward characteristics, it follows that
vw % 0 for (t,z) € M,, where M; is a set of macroscopic (i.e. % 0) two-dimensional
measure. On the other hand, we already know that z = 0 on (most of) M2 , and 2% = vw

on (most of) M. This contradicts vw % 0, and the assertion of the Lemma follows.
Corollary 9. Ezcept on sets of measure o(1) in Iy x [0,1], v(t,z) % 0.

Proof, This follows from mass conservation and Lemma 8.

We collect the relevant information which we have obtained so far. On I %[0, 1] (with
the exception of a set of measure o(1)), In(1 + v), In(1 + w) and In(1 + z) (and hence v, w
and z) vary less that /ey (less than exp \/ex — 1) along their characteristics. For small

enough ¢ > 0, [(vw — 2?)(t,z)| < €} except on a set of 2-dimensional Lebesgue measure
o(1). With these observations, we are ready for the

Proof of Theorem 3. Consider a point P € In x [0, 1] (see Figure 4).



Figure 4.

tz-t1=3

(t=t1).

On the forward characteristic L4(P), choose a point Q such that |(z2 —vw)(Q)| < €},
‘(our Lemmata imply that for all P except those in a set of measure o(1) there is a set
of small one-dimensional measure of points on L;(P) such that |2? — vw| < €}, outside
this set). The other two backward characteristics from Q intersect in a point Py along
the line S R. Again we can assume that |(z? — vw)(P,)| < €} except for P, in a set of
small measure, and that the corresponding dependent variables v,w and z vary less than
eVé" — 1 along the characteristics connecting P; and Q. We find
#Q) = z(Py)
| (@) ~ vu(Q)
" 22(P)) = vw(P,)
v(Q) = w(Py)
w(Q) =~ v(P).
It follows that vw(Q) ~ vw(P;), and, from Lemma 6, because v, w and z can be assumed

to be bounded except on a set of small measure, this implies v(Q)v(P) ~ v(Q)v(Py), ie.
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v(P1) =~ v(P) because, by Corollary 9, v(Q) can be assumed to be positively bounded

below uniformly over N except on small sets.

Summarizing, we have proved that there is a P € Iy x [0,1] such that

v(P.) = v(P)

~ for P, on the line SR, with the exception of a set of one-dimensional measure o(1) on SR.

In other words, v is close to a constant on SR, except on a set of small measure (see Figure
4). As'v varies less than eV*™ — 1 along most L, —characteristics through SR, v is close
to a constant in (¢1,%2) x [0, 1] (except on a set of small measure), where t; —¢; = 3. From
the boundary conditions it follows then that w is close to the same constant C; except on -

a set of small measure in (¢;,¢;) x [0,1], and from 22 — vw = 0 also z ~ C;. By mass

~ conservation, it follows that C; = a. Using once more that v,w and z vary slowly along

most characteristics, we observe that for every sequence ¢ty — oo
(U(tN» ')7 w(tN’ ')a z(th )) - (a’ a, a)

in measure. In view of the remarks after Lemma 2, this completes the proof of Theorem
3.
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