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THE py—LAPLACE “SIGNATURE” FOR QUASILINEAR
INVERSE PROBLEMS

ANTONIO CORBO ESPOSITO!, LUISA FAELLA!, GIANPAOLO PISCITELLI?,
VINCENZO MOTTOLA!, RAVI PRAKASH?, ANTONELLO TAMBURRINO*!#

Abstract. This paper refers to an imaging problem in the presence of nonlinear
materials. Specifically, the problem we address falls within the framework of
Electrical Resistance Tomography and involves two different materials, one or
both of which are nonlinear. Tomography with nonlinear materials in the early
stages of developments, although breakthroughs are expected in the not-too-
distant future.

The original contribution this work makes is that the nonlinear problem can
be approximated by a weighted pg—Laplace problem. From the perspective
of tomography, this is a significant result because it highlights the central role
played by the pp—Laplacian in inverse problems with nonlinear materials. More-
over, when py = 2, this result allows all the imaging methods and algorithms
developed for linear materials to be brought into the arena of problems with
nonlinear materials.

The main result of this work is that for “small” Dirichlet data, (i) one material
can be replaced by a perfect electric conductor and (ii) the other material can
be replaced by a material giving rise to a weighted py—Laplace problem.
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1. INTRODUCTION

This paper is focused on nonlinear imaging problems in Electrical Resistance
Tomography where the aim is to retrieve the nonlinear electrical conductivity o,
starting from boundary measurements in stationary conditions (steady currents).
This is a nonlinear variant of the Calderén problem [11 2].
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Analysis of this class of problems highlights the limiting behaviour of the solu-
tion (electric scalar potential) for boundary data approaching zero. In this case,
the solution approaches a limit which is the solution of a weighted p—Laplace
problem. Moreover, the materials with nondominant growth can be replaced by
either a perfect electric conductor or a perfect electric insulator. These results
are significant from both a mathematical and an engineering point of view, since
they make it possible to approximate a nonlinear phenomenon with a weighted
p—Laplace problem. In one sense, this suggests the “fingerprint” of a weighted
p—Laplace problem in a nonlinear problem. The linear case, i.e. p = 2, is of
paramount importance. In this case, we have a powerful bridge to apply all the
imaging methods and algorithms developed for linear materials to nonlinear ma-
terials. The behaviour for large data has been studied in [3] where we use different
set of test functions for the Dirichlet energy as we do not have different growth
exponents (p and pg) for the asymptotic behaviour.

Hereafter, we consider steady current operations where the constitutive relation-
ship is nonlinear, local, isotropic and memoryless:

J(z) = o(z, |E(z))E(z) YzeQ. (1.1)

In (1.1)), o is the nonlinear electrical conductivity, J the electric current density,
E the electric field and 2 < R™, n > 2, is an open bounded domain with Lipschitz
boundary. €2 represents the region occupied by the conducting material. The
electric field can be expressed through the electrical scalar potential u as E(x) =
—Vu(zx), where u solves the steady current problem:

div (o—(:c, |VU(:U)\)VU(~"U>) = 0in & (1.2)
u(z) = f(x) on 01},

where f is the applied boundary potential. Both v and f belong to proper function
spaces that will be defined in the following.

The literature contains very few contributions on imaging in the presence of
nonlinear materials. As quoted in [4] (2020), “ ... the mathematical analysis for
inverse problems governed by nonlinear Maxwell’s equations s still in the early
stages of development.”. It can be expected that as new methods and algorithms
become available, the demand for nondestructive evaluation and imaging of non-
linear materials will eventually rise significantly .

Among the contributions to the nonlinear Calderén problem, special atten-
tion has been paid to the case based on the p—Laplacian, where o(z, |E(z)|) =
0(z)|E(z)|P~? in equation (1.1]), with 6 being an appropriate weight function. The
nonlinear p—Laplace variant of the Calderén problem was initially posed by Salo
and Zhong [5] and subsequently studied in [6, [7, 8 O 10, IT]. As well as the
nonlinear p—Laplace problem, mention must also be made of the work by Sun
[12], 13] for weak nonlinearities, the work by Cérstea and Kar [14] which treated a
nonlinear problem (linear plus a nonlinear term) and the work by Corbo Esposito
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et al. [I5]. The latter treat a general nonlinearity within the framework of the
Monotonicity Principle Method.

From the application perspective, nonlinear electrical conductivities can be
found in semiconducting and ceramic materials (see [16]), with applications to ca-
ble termination in high voltage (HV) and medium voltage (MV) systems [17, 18],
for instance. Nonlinear electrical conductivities characterize superconductors, key
materials for such applications as energy storage, magnetic levitation systems, su-
perconducting magnets (nuclear fusion devices, nuclear magnetic resonance) and
high-frequency radio technology [19, 20]. Nonlinear electrical conductivity also
appears in the area of biological tissues (see [21]). For instance, [22] proved that
nonlinear models fit the experimental data better than linear models.

Problem is common to steady currents as well as to other physical settings.
In the framework of electromagnetism, both nonlinear electrostatic and nonlinear
magnetostati(f phenomena can be modelled as in . In the first case the con-
stitutive relationship is D(x) = e(z, |E(x)|)E(x) (see [23] and references therein,
and [24]), where D is the electric displacement field, ¢ is the dielectric permittivity
and E the electric field. In the second case B(x) = p(z, |H(z)|)H(x) (see [25]),
where B is the magnetic flux density, u is the magnetic permeability, and H is the
magnetic field.

From a general perspective, the inverse problem of retrieving a coefficient of a
PDE ( Partial Differential Equation) from boundary measurements, such as the
electrical conductivity ¢ appearing in , is nonlinear and ill-posed in the sense
of Hadamard, i.e. it is an inverse problem.

A classic approach for solving an inverse problem consists in casting it in terms
of the minimization of a proper cost function [26, 27]. The minimizer of this
cost function gives the estimate of the unknown quantity. The cost function is
usually built as the weighted sum of the discrepancy on the data and proper a
priori information that must be provided to complement the loss of information
inherent to the physics of the measurement process. There are many iterative
approaches devoted to the search for the solution (the minimizer) of an inverse
problem. An overview can be found in several specialized textbooks [28], 29] [30,
31]. Other than the Gauss-Newton and its variant (see [32] for a review), let
us mention some relevant iterative approaches applied to inverse problems such
as the Quadratic Born approximation [33], Bayesian approaches [34], the Total
Variation regularization [35], [36], the Levenberg-Marquardt method for nonlinear
inverse problems [37], the Level Set method [38|, 39, the Topological Derivative
method [40], 41], 42] and the Communication Theory approach [43].

Iterative methods suffer from two major drawbacks: (i) they may be trapped
into local minima and (ii) the computational cost may be very high. Indeed, the
objective function to be minimized in order to achieve the reconstruction might

Tn magnetostatics, it is possible to introduce a magnetic scalar potential for treating simply
connected and source free regions.
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present several /many local minima which may constitute points where an iterative
algorithm may be trapped. Moreover, the computational cost at each iteration may
be very high because it entails computing the objective function and, optionally, its
gradient. Both computations are expensive in terms of computational resources.

An excellent alternative to iterative methods is provided by noniterative ones.
Noniterative methods are attractive because they call for the computation of a
proper function of the space (the so-called indicator function) giving the shape
of the interface between two different materials, i.e. the support of the region
occupied by a specific material. They usually require a larger amount of data than
iterative approaches, but the computation of the indicator function is much less
expensive. In general, noniterative methods are suitable for real-time operations.

Only a handful of noniterative methods are currently available. These include
the Linear Sampling Method (LSM) by Colton and Kirsch [44], which evolved into
the Factorization Method (FM) proposed by Kirsch [45]. Tkehata proposed the
Enclosure Method (EM) [46], 47] and Devaney applied MUSIC (MUltiple SIgnal
Classification), a well-known algorithm in signal processing, as an imaging method
[48]. Finally, Tamburrino and Rubinacci proposed the Monotonicity Principle
Method (MPM) [49].

The prototype problem which motivated this study consists in imaging a two-
phase material where the outer phase is linear and the inner phase is nonlinear (see
Figure . A configuration of this type may be encountered when testing/imaging
superconducting cables (see, for instance, [50, 51, 52, [53]). The main result of
this work is the proof that for “small” Dirichlet data f, the nonlinear material
can be replaced by either a perfect electric conductor (PEC) or a perfect electric
insulator (PEI). Consequently, when one material is linear, the limiting version of
the original nonlinear problem is linear. These results provide a powerful bridge to
bring all the imaging methods and algorithms developed for linear materials into
the arena of problems presenting nonlinear materials.

Moreover, in order to reach a thorough understanding of the underlying mathe-
matics, the results have been proved in a more general setting where both materi-
als are nonlinear. In this case, one material is replaced by either a perfect electric
conductor or a perfect electric insulator, and the other is replaced by a material
yielding a weighted py—Laplace problem.

A specific feature of this work concerns the required assumptions, which are
general and sharp, as discussed in Sections [3]and [6 The assumptions are general:
other than the standard conditions for existence and uniqueness of the solution
of (L.2), they involve pointwise convergence, only. The assumptions are sharp:
the fundamental conditions specifically introduced for replacing one material with
either a PEC or PEI cannot be removed, as shown by the counterexamples in
Section [6l

The paper is organized as follows: in Section[2] we present the ideas underpinning
the work; in Section (3| we set out the notations and the problem, together with



FIGURE 1. Description of two possible applications. Left: inverse
obstacle problem where the interface (0A) between two phases is
unknown. A and B are the regions occupied by the inner material
and the outer material, respectively. Right: nondestructive testing
where regions A and B are known, while the position and shape of
region C' (a crack) is unknown. The materials in regions A and B
are also known.

the required assumptions; in Section |4 we give a fundamental inequality for small
Dirichlet data; in Section [5| we discuss the limiting case for small Dirichlet data;
in Section [6] we provide the counterexamples proving that the specific assumptions
are sharp; in Section [7] we provide numerical validation of the proposed theory;
finally, in Section [8 we provide some conclusions.

2. UNDERLYING IDEAS AND EXPECTED RESULTS

In this section we present the main ideas underpinning this work. The key
is the “educated guess” that when the boundary data is “small”, the electric field
E = —Vu is small a.e. in ) and, therefore, its behaviour has to be governed by the
asymptotic behaviour of o (z, E) in the constitutive relationship (1.1]). Specifically,
let A cc Qand B := Q\A, we assume that there exist two constants py and qo,
and two functions 3y and ag which capture the behaviour of o, as £ — 07, in B
and A, respectively:

op(z,E) ~ By(x)EP*~? for ae. x€ B,

oalz, E) ~ apg(z)E®? for ae. z € A,

where op and 04 are the restriction of o to B and A, respectively and F = |E| =
|Vul.

Analysis of nonlinear problems is fascinating because of the wide variety of
different cases. The most representative cases are shown in Figure [2|

When, for instance, gy < pg it can be reasonably expected that either (i) region
A is a perfect electric conductor or (ii) region B is a perfect electric insulator,
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FIGURE 2. The electrical conductivities of the outer material and of
the inner conducting material, when og(-, E) = EP°~2 is represented
by the continuous lines and o 4(-, E) = E%2 is represented by the
dashed lines. The configurations when the order relation between pg
and qq is reversed easily follow.

because o would be dominant if compared to g4, at small electric fields. When
A cc Q, the ambiguity between (i) and (ii) is resolved in Section [5 where we
prove that region B cannot be assimilated to a PEI and, therefore, A has to be
assimilated to a PEC. Finally, the case py = ¢o (that is the case when A = () has
been treated in [15], 54].

Moreover, the limiting problem where the conductor in region A is replaced
by a PEC, can reliably be modelled by a py—Laplace problem in region B, with
a boundary condition given by a constant scalar potential u, on each connected
component of dA. In other words, u ~ u,, in B, where u,, is the solution of the
weighted py—Laplace problem arising from the electrical conductivity By(z)EPo—2
in B and |Vu,,| =0 on A.

The latter observation is also inspiring as it properly defines the concept of
“small” boundary data and the limiting problem. Specifically, it is well known
that the operator mapping the boundary data f into the solution of a weighted
po—Laplace problem is a homogeneous operator of degree 1, i.e. the solution
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corresponding to A\ f(x) is equal to Auy, (x), where wu,, is the solution corresponding
to the boundary data f. Thus, the term “problem for small boundary data” means
where the boundary data is Af and A — 0. Moreover, this suggests the need
to study convergent properties of the normalized solution v*, defined as the ratio
u?/\, where u? is the solution of corresponding to the Dirichlet data Af(x).
Indeed, if u* can be approximated by the solution of the weighted py—Laplace
problem, then the normalized solution v*(z) converges in B, i.e. it is expected to
be constant w.r.t. ), as A approaches 0. We term this limit as v° and we expect
it to be equal to u,,, i.e. the solution of the weighted po—Laplace problem with
boundary data f.
From the formal point of view, when gy < pg, v* weakly converges to w® € Wt (Q)

for A — 0T, where w® is constant in each connected component of A, and it is the
solution of:

(div (i) | V(@) P2Vu(2)) =0 in B,

Vet @l =0 ac. in A o)
SaA o(z, !Vwo(x)Daywo(:c)dS =0

(w’(x) = f(x) on 052,

in B. In this case, from the physical standpoint, region A can be replaced by a
Perfect Electric Conductor (PEC).

The solution of problem satisfies the minimum problem 7 described in
Section Bl

On the other hand, when py < o, v* converges, in B, to v% € WHP0(B), that is
the solution of the weighted py—Laplace problem in region B:

div (VT (@)) 0 n B,
Bo(x)|Vug(z)Po20,0%(z) = 0 on 0A, (2.2)
v%(z) = f(2) on 0f).

From the physical standpoint, problem corresponds to stationary currents
where the electrical conductivity is o(z, E) = So(x)EP, and region A is replaced
by a perfectly electrical insulating material (PEI).

The solution of problem satisfies the minimum problem 7 described in
Section [l

3. FRAMEWORK OF THE PROBLEM

3.1. Notations. Throughout this paper, €2 denotes the region occupied by the
conducting materials. We assume that 0 < R" n > 2, is a bounded domain (i.e.
an open and connected set) with Lipschitz boundary and A cc  is an open
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bounded set with Lipschitz boundary and a finite number of connected compo-
nents, such that B := Q\A is still a domain. Hereafter we consider the growth
exponents p,q,py and gy such that 1 < p,qg < o0, p # ¢, 1 < py < p < 0,
1 <q < q < andpy # q. p (po) is related to the growth of the electrical
conductivity in region B for large (small) electric fields (see Section [3.3| for further
details). Similarly, ¢ (qo) is related to the growth of the electrical conductivity in
region A for large (small) electric fields (see Figure [3)).

@‘*@Q =) ) =) )

(@) (b) (©)

FIGURE 3. A two phase problem (left) together with the electrical
conductivity growth exponents for the electric field in a neighbor-
hood of +o0 (center) and in a neighborhood of 0 (right).

We denote by dz and dS the n—dimensional and the (n —1)—dimensional Haus-
dorff measure, respectively. Moreover, we set

LE(Q):={0€ L*(Q) | 0 = ¢y a.e. in (2, for a positive constant co}.
Furthermore, for any 1 < s < +o0 we denote by W,*(Q) the closure set of CJ ()

with respect to the W —norm.

The applied boundary voltage f belongs to the abstract trace space B 5P (09),
which, for any bounded Lipschitz open set, is a Besov space (refer to [55], 56]),
equipped with the following norm:

HUHBP%@(a = ||u| e (o) + \u] 5o g < 400,

where |u\Bl,%,p(aQ) is the Slobodeckij seminorm:

—uy)P ’
b = (j o o y|| S <y>ds<x>) ,

see Definition 18.32, Definition 18.36 and Exercise 18.37 in [56].

This guarantees the existence of a function in W'?(Q) whose trace is f [56, Th.
18.40).

For the sake of brevity, we denote this space by X?(0€2) and its elements can be
identified as the functions in W**(Q2), modulo the equivalence relation f € [g]xr(a0)

if and only if f — g € W, (), see [56, Th. 18.7].
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Finally, we denote by XP?(02) the set of elements in X?(02) with zero average
on 02 with respect to the measure dS.

3.2. The Scalar Potential and Dirichlet energy. In terms of the electric scalar
potential, that is E(z) = —Vu(z), the nonlinear Ohm’s law (1.1)) is

I(z) = —o(z, [Vu(z)|) Vu(z),

where o is the electrical conductivity, E is the electric field, and J is the electric
current density.
The electric scalar potential u solves the steady current problem:

div (0(35, |vu(x)\)vu(x)) —0inQ
u(z) = f(x) on 0§,
where f e XP(092). Problem (3.1)) is meant in the weak sense, that is

L o (z,|Vu(x)|) Vu(z) - Ve(z) de =0 Yee CL(Q).

The solution u restricted to B belongs to W!?(B), whereas u restricted to A
belongs to W(A); however the solution u as a whole is an element of the largest
between the two functional spaces W?(Q) and W14(Q2). Furthermore, (i) if p < ¢
then WH?(Q) U W(Q) = WP(Q), and (i) if p = ¢ then W'P(Q) U Wh4(Q) =
whi(Q).

The solution u satisfies the boundary condition in the sense that v — f €
Wy (Q) U W, 9(Q) and we write u|aq = f.

Moreover, the solution w is variationally characterized as
argmin {E, (u) : we WH(Q) u WH(Q), ulso = f}. (3.2)
In (3.2)), the functional E, (u) is the Dirichlet energy

E, (u) = L Qp(a. [Vu(z)]) dz + j Qu(z, |Vu(x)]) da

where Qg and ()4 are the Dirichlet energy density in B and in A, respectively:

E

Qp (2, E) = J op (2,£)&d¢  for a.e. x € B and YE = 0,
0
E

Qa(z, F) = f oa(x,£)€dE for ae. z€ Aand VE = 0,
0

and op and o4 are the restiction of the electrical conductivity ¢ in B and A,
respectively.
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3.3. Requirements on the Dirichlet energy densities. In this Section, we
provide the assumptions on the Dirichlet energy densities ()g and () 4, to guarantee
the well-posedness of the problem and to prove the main convergence results of
this paper.

For each individual result, we will make use of a minimal set of assumptions,
among those listed in the following.

Firstly, we recall the definition of the Carathéodory functions.

Definition 3.1. @ :  x [0, +0) — R is a Carathéodory function iff:

(1) Qs — Q(x, F) is measurable for every E € [0, +00),
(2) [0,40) 3 E — Q(z, E) is continuous for almost every x € Q.

The assumptions on Qg and @) 4, required to guarantee the existence and unique-
ness of the solution, are as follows.

(A1) Qp and Q4 are Carathéodory functions;

(A2) [0,+) 3 E — Qp(z,E) and [0,40) 3 E — Qa(x, E) are nonnegative,
C1, strictly convex, Qp(z,0) = 0 for a.e. z € B, and Q4(z,0) = 0 for a.e.
xr € A

The behaviour of Q@4 and @) for small Dirichlet boundary data, satisfies the
following assumptions:

(A3) There exists two exponents py and o with 1 < pg < p < 0,1 < gy < ¢ < ®©
and pg # qo, such that:

st (1 (2] <t < (2 ()]

fora.e. x e BandV E > 0,

(ii) Q max{(Ego)qO , (EE())Q} < Qa(z,E) < @max{(%)qo’ <E£0)q}

forae.zeAandV E = 0.

Assumption (A2) implies that both Q)p and @4 are increasing functions in FE;
moreover, (A2) and (A3) imply that both Qp(z, F) < Q and Q4(z, F) < @, when
0 < F<E,.

Finally, assumption (A3) is implied by the well-known hypothesis used in the
literature (see e.g. assumptions (H4) in [I5] and (0.2) in [57]).

(A4) There exists a function 5y, € LY (B) such that:

= Bo(x) for a.e. x € B.

In Section [6 we will provide another counterexample to show that assumption
(A4) is sharp.
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3.4. Connection among o, J and (). This paper is focused on the properties
of the Dirichlet energy density (), while, in physics and engineering the electrical
conductivity o is of greater interest. From this perspective, assumptions (Ax) are
able to include a wide class of electrical conductivities (see Figure [4)). In other
words, the (Ax)s are not restrictive in practical applications.

c J
lo( -, E) .
P 1B
U ! Po=2 ! /
w2 ! / a5 E ! /
; , oE| — I ,
E) , , ’ ,
/ 7 n2 4 Y P2
4 ’ £ 4 ’
R ,c E I .. oE z
P . rd . - L s 0
P g -7 Phe -7
E, E Ey E
(@) (o)
o J
/ J(E
, (-, E)
’
’
~ oE /
7 ’
—————————————— ’ _
7 -
o(-,E) ’ e
7/ e
_______________ / -~ oE
o / e
c , o
’ -7
o - g
E, E E, E
(@ (b)
o

@ (b)

FI1GURE 4. Behaviour of the constitutive relationship in a neighbor-
hood of E = 0 for py > 2, pp = 2 and py < 2: in terms of (a)
the electrical conductivity o and (b) the electrical current density
J. Dashed lines correspond to the upper and lower bounds to either
oor J.
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There is a close connection between o, J and (). Indeed,

E
Qp (2, E) = f Jp(z,€) d¢  for a.e. € B and YE > 0,

0
E

Qa(z, F) = f Ja(x, &) d§ for a.e. z€ A and YE > 0,

0

where Jp and J4 is the magnitude of the current density in regions B and A,
respectively:

Jp(x, FE) = 0pQp(x,E) = og(x, E)E for a.e. z € B and YE > 0,

3.3
Ja(z, E) = 0pQa(z,E) = os(x, E)E for a.e. x € A and YE > 0. (3:3)

The electrical conductivity o(z, E) is the secant to the graph of the function
Jo(z, E(z)) and Qy(z, E(z)) is the area of the sub-graph of J,(x, E(z)). For a
geometric interpretation of the connections between o, J, and Q,, see Figure [f

J(-,E) J(- . E)

S~ oo
7/

(@) (0)

FIGURE 5. For any given spatial point in the region €, (a) the
electrical conductivity o(-, F) is the secant line to the graph of the
function J, (-, £); (b) Q4 (+, E) is the area of the sub-graph of J, (-, F).

3.5. Existence and uniqueness of the solutions. The proof of the existence
and uniqueness of the solution for in its variational form, relies on standard
methods of the Calculus of Variations, when the Dirichlet energy density presents
the same growth in any point of the domain 2. The case treated in this work is
nonstandard, because the Dirichlet energy density presents different growth in B
and A and, hence, we provide a proof in the following.
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Theorem 3.2. Let 1 < p,q <+, p # q and f € XP(0Q). If (A1), (A2), (A3)
hold, then there exists a unique solution of problem (3.2]).

Proof. Before distinguishing the two cases depending on the exponents order, we
observe that there exists a function uy € W'?(Q) that assumes a suitable constant
value in A, with Tr(ug) = f on 0Q, such that ||uo|lw1r) < C(OQ)||f]|xr@0) <
+00, by the Inverse Trace inequality in Besov spaces [56, Th. 18.34].

For this function uyg, it is easily seen that E,(ug) < +00. As a consequence, E,
is proper convex function, as required to apply [58, Th. 3.30].

Moreover, the strictly convex function @, (z,-) is coercive for a.e. x € ) with
respect to min{p, ¢}. Indeed, if p > ¢ and E > Ej, then, by assumption (A3), we

have
Qp(z, E) = Q (E£0>p > Q (Ego)q >Q l(EEO)q - 1] a.e. in B;

Qalz, E) = Q <E£0)q >Q l(EE())q — 1] a.e. in A.

If £ < FEy, then
E q
Qp(r,E)=>0=>Q l(—) — 1] a.e. in B;
E q
Qa(z,E)=20=>Q [(—) - 1] a.e. in A.
i E,
Therefore, setting @), = Qp in B and ), = Q4 in A, we have
E q
Qy(z,E) = Q l(—) - 1] a.e. in €,
=X E,
for any £ > 0.
P
Similarly, when p < ¢, we have Q,(z, E) = @ [(E%) — 1], for any E > 0.
Therefore, in both cases (p > ¢ and p < ¢), all the assumptions of [58, Th. 3.30]

are satisfied and, thus, the solution exists and is unique. 0

Remark 3.3. By invoking [58, Th. 3.30] one finds that the solution is an element
of Whmintrat(Q) = Whr(Q) u WH(Q). In both cases (p > ¢ and p < q) the
boundary data f € XP(0€2) is compatible with the solution space.

Let us observe that optimization problems on domains with holes have received
a great deal of interest in recent years, see e.g. [59, [60, 61, 62] and references
therein.

3.6. Normalized solution. Through this paper we study the behaviour of the
solution of problem (§3.2)) for small Dirichlet boundary data, i.e. the behaviour of
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u? defined as:

min Ey(u), (3.4)
ueWbhP(Q)uW19(Q)
u=Af on 09

for A - 0" (small Dirichlet data).

To this purpose, as discussed in Section [2| it is convenient to introduce the
normalized solution v* defined as:

In the following Sections, we prove that the behaviour of the normalized function
v is po—Laplace modeled for A — 07.

For any prescribed f € XP(0€Q) and A > 0, v* is the solution of the following
variational problem:

1
LG 60 = g ([ Qe Ve + [ QuteNTo@ir).
veWhHP(Q)uIW4(Q) B A
v=f on 0S)

(3.5)

The multiplicative factor 1/AP° is introduced in order to guarantee that the func-
tionals Gy are equibounded for small . The normalized solution makes it possible
to “transfer” parameter A in from the boundary data to the functional Gy.

Specifically, in the following Sections, we will prove that v* converges, under
very mild hypotheses, for A — 0%.

If go < po, the limiting problem of is a problem where the inner region A
is replaced by a PEC. The limit solution is termed w°.

If py < qo, the limiting problem of is a problem where the inner region A
is replaced by a PEI The limiting problem of v*, is termed v% in B.

Finally, we remark that v% and w® arise from a weighted py—Laplace problem.

4. THE FUNDAMENTAL INEQUALITY FOR SMALL DIRICHLET DATA

In this Section we provide the main tool to achieve the convergence results in
the limiting cases for “small” Dirichlet boundary data. Specifically, we show that
the asymptotic behaviour of the Dirichlet energy corresponds to a py—Laplace
modelled equation [5], 9] in domain B.

In the following, we study the asymptotic behaviour of the Dirichlet energy in
the outer region B. To do this, we prove the following general Lemma, first for a
weighted po—Laplace problem and, then, for the quasilinear case.

Let Qr(z, E) = 0(x) EP be the Dirichlet energy density for a weighted py—Laplace
problem defined in F', a bounded Lipschitz domain. We observe that QQr satisfies
assumption (A4).

Lemma 4.1. Let 1 < py < 400, F < R" be a bounded domain with Lipschitz
boundary, 0 be a nonnegative measurable function in F' and {w,}n.en be a sequence
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weakly convergent to w in WHP(F). Then we have

J 0(z)|Vw(x)|PPdr < hmme 0(z)|Vw,(z)Podx. (4.1)
rF n—+00 F

Proof. Let us set L := liminf,, o §, 0(z)|Vw,(z)[Pdz. If L = +o0, the inequality
(4.1)) is trivial; otherwise we consider a subsequence {n;},ey such that

-
lim | 0(z)|Vwy, (z)|P°dz = L.
J—+00 JF
This means that for any € > 0, there exists v € N such that

.
L—¢e< | 0()|Vwy,,(v)[°de < L +¢ (4.2)
Jr

for any j > v. Then, by the Mazur’s Lemma (refer for example to [63] 64]), there
exists a function N : N — N and a sequence {ocn,k} P ) for any n € N such that
(M1) apy =0 for any (n, k) € N x [n, N(n)],
(M2) Zg(z) oy = 1 for any n e N,
(M3) z, : A (Z) Qo Wy, — W in WHPO(F).
Then there exists a subsequence {z,, }ien such that

lim inf L 0(2) |V zn(2)[Pode = Tim | 0(z)|V iz, (2)Pde (4.3)

n—+00 >+ Jp

and another subsequence, again indicated with {z,, }cn, such that Vz,, — Vw a.e.
in F [56, Chap. 18]. Therefore, we have

J 0(z) | Vw(z)[Podz — f 0(x) lim inf |V z,, (2)[Pdz < limint | 6(2)|V 2, (2)dz
F F

l—+0o0 >+ Jp

= lim | 6(2)|Vzy,(z)Pdr = hmmfj 0(z)|Vz, ()| dx
P

l>+0 Jp n—+00

< liminf Z ankf z)|Vwy, (x)Pdx

n—+00

< lrllriligf Zk:n anp(L+e)=L+e

n—+0o0

_ liminf J 0(2) [V () Pda + <,
F

where in the first line the equality follows from the convergence result of (M3) and
the inequality follows from Fatou’s Lemma, in the second line we applied (4.3, in
the third line we applied the convexity of | - [P, and in the fourth line we applied

(E2).

Conclusion (4.1)) follows from the arbitrariness of ¢ > 0. O
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The next step consists in extending from the weighted po—Laplace case to
the quasilinear case. In doing this, we restrict the validity of the result to sequences
of the solutions of problem (3.5). The main difficulty in proving this result lies in
evaluating an upper bound of the measure of that part of B where the solutions
v* admit large values of the gradient (see Figure @

Q

FIGURE 6. The objective of the proof is to show that the set of
the points in B such that the solution v does not satisfy the
fundamental inequality (Cg,nj) and admit large values of the gradient
(Dg,,,) can be made sufficiently small (shaded region).

Lemma 4.2. Let 1 < py < p < 400, f € XP(0Q), (A1), (A2), (A3), (A4) hold,
and let the solution v* of (3.5]) be weakly convergent to v in WP (B), for A\ — 0F.
Let A, — 0" be a decreasing sequence for n — +oo, such that

f QO (2, A |V (2 )\)dx—hmmf—J Qu( AV @) )dz.  (4.4)

nHJrOO )\PD A—0t

Then, for any 6 > 0 and 6 > 0, there exists a set Fsg & B with |B\Fjg| < 0 such
that

liminff (Bo(w) — 8)|Vor (z)[Podz < im Apof Qp(w, \p| VO (2)|)dz. (4.5)
Fso

n——+0o0
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Proof. Let w® be the solution of problem (2.1)). We have

= [ @ < [ Qate Ve @) < 8 < G?)

M%fQBxMVw(NM

< maX{EPOJ |Vw )|podx )\P POJ |Vw )|Pdat}

where in the first inequality we used the left-hand 81de of (A3.i), in the second
inequality we added the integral term on A, in the third inequality we tested G}
with w?, and in the last inequality we used the right-hand side (A3.i).
Since p—po = 0, we find that {, [Vo*(z)[Pdx is definitively upper bounded and,
therefore, {, |Vore (z)|Podz is upper bounded by a constant M > 0, for any n € N.
Let us fix 6 > 0 and 6 > 0. For any n € N, we set

Csn=Cpi={zeB : (Bo(z) = 8)(A\a| VUM (2))?° < Qp(z, A\a|[ VO (z)])} -

(4.6)
Now, for any constant L > 0, we set
D,p=D,:={xeB : |[Vo™(z)| < L}
D:, =D :={zxeB : |[Vo™(z)| = L}
By definition of D, we have
|DE|LPe < J Vot (z)|Pode < M,
B
which gives |DS| < Lpo, for any n € N. By choosing L > (%)%, we have
0
D —. 4.7
D5 < (4.7
Let E,, be defined as
Esin=FE,={reB : (fy(z)—0)E" <Qp(z,E) VO E < \,L}.
Then, for any n € N,
C,2C,nD,2E,nD,. (4.8)
E, is increasing with respect to n and || J!2 E,| = |B|. Therefore there exists
a natural number n; = ny(0) such that
ni 0
n=1 4

By considering the complementary sets in B, (4.8) for n = ny gives
C’fh c k¢ UDC = FE° qu11

ni ni
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with
9 0 0
iy
as follows from and . Slmllarly, repeating the argument and replacing
27+1 with 4 in the previous argument, we construct a subsequence {An, }jen such

that

Gl <y

6

Gl < 55

Then, by defining

o)
F(;’g = ﬂ an,

J=1

0
F, =],
j=1
with |Fygy| < 92;’2 277 = 0, which means
Bl = 0 < [Esgl < |BJ.

we have

Therefore, we have

lim inf f (Bo(x) — ) Ve (@) < hminf o [ @il by, VoM (@)
Fae

. Po
I+ J—+ >‘”J Fs.

An _ An
<liminf s | Qole N, Ve @) = lim, g | Qe 0,90 @),
where in the first inequality we use Fsy = C),, for any j € N and the inequality
appearing in (4.6)), in the second inequality we take into account that Fsy < B,
and, in the last equality, we exploit the convergence given by (4.4). O

Finally, we prove the result on the fundamental inequality holding for A — 0.

Proposition 4.3. Let 1 < py < p < +w0, f € XP(09), (A1), (A2), (A3), (A4)
hold, and let the solution v* of (3.5) be weakly convergent to v in WHP(B), as
A — 0%, Then

J Bo(2)| V[P dz < lim inf — J Qu(x, NV (z)])da. (4.10)
B A—0+ AP0 B

Proof. First, we assume that v is nonconstant in B, otherwise the conclusion is
trivial. Therefore, the integral on the l.h.s. of is positive because [y €
LY (B).

Let {\, }neN be a decreasing sequence such that A\, — 0" for n — +o0, and

J QM| V0 (2 )\)d:p—hmmf—f QA Vo (2) ). (4.11)

nHJrOO )\po A—0t
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To prove ([4.10), we use Lemma [£.2] To this purpose, the measure
k:FeB(Q)— J Bo(x)|Vu(x)Podx
F

where B(£2) is the class of the borelian sets contained in €2, is absolutely continuous
with respect to the Lebesgue measure. Therefore, for any € > 0, there exists 6 > 0
such that x(F) < § for any |F| < 0. Therefore, for any fixed 0 < 0 < infp f,
|B\Fs| < 6 implies

K(B\Fyg) JB\F o(a) V() P < (4.12)

Hence, for § < min{e/ (2§, |Vu(z)[rodz) ,infp By(z)}, we have

fB Bo(2) [Vo(a)Pdz — = < fB Bo(2) | Vo) o — f Bo(a) Ve(a)Pde —

B\Fsp

< Bo(z)|Vo(z)Podx — 5JB \Vo(z)[Podx < J (Bo(z) — 9)|Vu(x)|PPdx

Fs Fs.0

A—07F

<liminfL (Bo(z) — 6)|Vor(z)|Poda < dim )\”OJ Qp(x, A\ VO (2)])da

—hklg(l)glf—f Qp(z, AV (2)|)dz
where in the first line we applied (4.12) , in the second line the connection between
5 and ¢, in the third line we used Lemma with F' = Fsy and the inequality
(4.5)) of the previous Lemma and in the fourth line we used (4.11)).

The conclusion follows from the arbitrariness of . L]

5. LIMITING PROBLEMS FOR SMALL DIRICHLET DATA

In this Section we treat the limiting case of problem (3.4) for small Dirichlet
boundary data.
We will distinguish two cases depending on py and qq:

(i) 1 < qo < po < +o0 (see Section |5.1));
(i) 1 < po < qo < +0 (see Section |5.2)).
In the first case, we prove that:

(i.a) v} — w® in WP (B), as A — 0%, where w? in B is the unique solution of
problem (2.1));

(i.b) v* — w® in Wl (A), as A — 0, where w is constant in any connected
component of A;

(i.c) v* — w® in Whro(Q), as A — 0T, where w° in B is the unique solution of
problem and in A is constant in any connected component.
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The limiting solution in €2, for 1 < gg < py < +00, is characterized by:

min Bo(v), Bo(v) =J Bo(z)|Vo(z)Podz. (5.1)
veWbPo () B
|Vu|=0 a.e. in A
v=f on OS2
Problem ([5.1)) is the variational form of problem ({2.1)).

Whereas, in the second case, we prove that:
(ii) v* — 0% in WP (B), as A — 0%, where v% in B is the unique solution of
problem ([2.2)).
For 1 < pg < qp < +00, the limiting solution is characterized by the following
problem:
min  By(v), Bo(v) =J Bo(z)|Vo(z)Podx (5.2)
B

veWbPo(B)
v=f on 02

The problem is the variational form of (2.2). We recall that v} € WP (B)
is the unique normalized solutions of the limiting problems in region B.

Using the results developed in Section [4, we are in a position to prove the main
convergence results.

5.1. First case: (g < pg. In the whole section we assume gy < pg < p and
qo < ¢; hence we have the continuous embeddings WHP(-) < WlPo(.) — WWhao(.)
and Wh4(.) — Wheo(.) for any bounded set with Lipschitz boundary.

For any fixed f € X?(0Q2) we study problem as A approaches zero. The
variational problem particularizes as

: A A = i x vix T x v(x x
i €30 0 = 5 ([ Qnte M@ + [ Qe AVer).
(5.3)

v=f on 0N
Let v* be the minimizer of (5.3 and w® be the minimizer of (5.1]); the aim of
this Section is to prove the following convergence result

v =~ w® in Wh(Q) as A — 0T,

The condition |Vv| = 0 is equivalent to saying that v is constant on each con-
nected component of A. This makes it possible to decouple the problems associated
to regions B and A. Specifically, region A behaves as a PEC, with respect to prob-
lem (j5.1]), whereas the outer region B behaves as p—Laplacian modelled material
with a PEC on 0A.

We first prove that v* is weakly convergent and we identify the limiting function
v e Who(Q), for A — 07; proving that the limiting function v° satisfies By(v°) =
Bo(w®). The latter equality implies v = w", because of the uniqueness of the
solution of problem . Then, assuming stronger hypotheses, we prove the
strong convergence in WhHe ().
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Theorem 5.1. Let 1 < gy < pg < 400 be such that py < p, qo < q, f € XP(IQ)
and v* be the solution of (5.3)). If (A1), (A2), (A3) and (A4) hold, then
(i) v} — w® in WP (B), as A — 07,
(ii) v* — w® in W (A), as XA — 07,
(iii) v* — w® in Whao(Q), as A — 0%,
where w® € WP (Q) is the unique solution of (5.1).

Proof. For the sake of simplicity, we will only treat the case when A has one
connected component. The general case can be treated with the same approach.

Let us consider a function in W'?(Q) whose trace on 0 is f and is such that
f =w’in A. We again denote this function by f and hence we have w® — f €
Wy (B).

A density argument [56, Th. 11.35] ensures that there exists {vy,}neny € CF(B)
such that

vy, — wo — f in WHP(Q), as n — 0.
Consequently, we have
lim f |V, — V(w® — f)[P°dx = 0.

n—+®0 Jo
We immediately deduce that f + v, € W'?(B) and
lim | Bo(2)|V(v, + f) — Vu[Podz = 0.
n—+0o0 Q
Hence, this implies that
lim BO(Un + f) = Bo(U)O).

n—+ao

Therefore, for any € > 0, there exists w € WHP(Q) with Tr(w) = f on dQ and
with constant value on A such that:

Bo(w) < Bo(w®) + . (5.4)

Hence

1
= [ @ < 5 [ ate V@)
B

< GMvY) < G(w f Qp(z, AVe(w)|)d

< max{EpO f Vw(z |podx )\P POJ \Vw(z |pdw}
(5.5)

where in the first inequality we used (A3.i)-left, in the second inequality we ex-
ploited the fact that Gj also contains the integral term over A, in the third in-
equality we used the fact that v* is the minimizer of G}, in the last inequality we
used (A3.1)-right.
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Since AP is bounded, as A — 0%, we find that {, [Vo*(z)|Podz is definitively

upper bounded by (/5.5).
We first prove that {v*}y < LP(B) is equibounded. By using the Poincaré

inequality [56, Th. 13.19], we have:

[0 = Fllzrosy + [[f]lromy < Cl[VO* = V|0 + || f]]r0(5)
ClIVoM|zro(sy + ClIV fllLro) + |l Lro(5)-

HUAHLPO(B)

<
5.6
- (5.6)

The claim is proved because the right hand side is equibounded.
Taking into account and (5.6), it follows that there exists 0 € Whro(B)
such that, up to a subsequence, v* — v% in WP (B), as A — 07, that is (7).
Similarly to , for region A, we have

f|vU wwx<——jQAwaU<n> -

1 Al A 1 A
< —/\qo_poG()(U ) < )\qo_poGo(w) /\qO — /\pof Qp(z, | A\Vw(x)|)dx

! Q Q,,
S Nao—po X {E_go fB Vw(z)[*dz, E—g/\p PO JB |VW($)|pdx} ,
(5.7)

MOWM%[@AvaU<m

EQO

where we exploited (A3.ii)-left in the first inequality. Therefore, by passing ([5.7))
to the limit, we have

Q
Q

Therefore, we find that §, |[Vo*(2)|%dz = O(AP°~©); now, we prove that {v*}, =
L®(A) is equibounded. By using the Poincaré inequality [56, Th. 13.19], we have:

lim )\qopof (Vo (z)|©dr <
A

A—07F

o JB Veo(a)[Poda.

[[0* = fllzao@) + 1f ]z
C|IVo* =V fll o) + |1 £l 2o (@) (5.8)
ClIVoM| Lo (o) + ClIV fllao @) + 1 f]] oo @)

[0z ay < 10| zoo (@)

NN //\

The claim is proved because the right hand side is equibounded. Hence, |[v*]|y1.00(4)
is definitively upper bounded.

Moreover, by taking into account (5.5)), (5.7)), (5.8)), that ¢o < po < p, it turns
out that v* € W (Q) and that ||v*||yy1.00(q) is upper bounded. Therefore, up to a

subsequence, we find that v* — v% in W% (Q). Moreover, v* — v in W14 (A) and

v? is constant in A because Vo* — 0 in L% (A). We have thus proved convergences

(11) and (%ii).
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The final step is to prove that v* converges to w®, which is the minimizer for
(5.1]). Specifically, we have the following inequalities:

1
0 0 E A s A/ A
Bo(w”) < Bo(v”) < ll)\IE(l]E_lf ;e JB Qp(z, [ AV (2)])dr < h/\riltl)rjf Gy(v?) 5.9

< /\lim+ Go(w) = Bo(w) < By(w®) + ¢,
-0

where in the first inequality we exploited that w® is the minimizer of By, in the
second inequality we used the fundamental inequality of Proposition [£.3], in the
third inequality we added the integral term on region A, in the fourth inequality we
exploited that v* is the minimizer of G}, in the equality in the second line we have
taken into account assumption (A4) and the dominated convergence Theorem, and
in the last inequality we have used .

By the arbitrariness of ¢ > 0, this implies that By(w®) = By(v") and, hence,

v = w® due to uniqueness of the solution of minimization problem ([5.1)). O

Remark 5.2. (5.9)) implies the equality in the fundamental inequality (4.10]).

5.2. Second case: pg < qp. In the whole section we assume py < ¢y < ¢ and
po < p; hence we have the continuous embeddings Wh4(-) < Who(.) — Whpo(.)
and WHP(.) < WHPo(.) on any bounded set with Lipschitz boundary.

In this case, problem particularizes as

1
min = G)(v), Gj(v) = — <f Qp(z, \|Vu(z)|)dx +J QA(m,/\|Vv(m)|)dm> ,
veW P (Q) Ao\ g A
v=f on 02
(5.10)
for any prescribed f e XP?(052).
In this case, limiting problem (5.2 plays a key role. Specifically, we have the

following Theorem.

Theorem 5.3. Let 1 < py < qo < 4+ with pg < p and qo < q, f € XP(IQ) and
v* be the solution of (5.10). If (A1), (A2), (A3) and (A4) hold, then

vd — 0% in WP (B), as A — 07,
where v% € WP (B) is the unique solution of (5.2).

Proof. Let us consider a Sobolev extension 9% in W0 (Q) of v% € WP (B) and
a function in W?(Q) whose trace on 09 is f, that we again denote by f. Hence
we observe that o% — f € W, (Q).

A density argument [56, Th. 11.35] ensures that there exists {v,}neny S C(£2)
such that

v, — Uy — f in WHP(Q), as n — .
Consequently, we have
lim f Vv, — V(0 — f)]P°dz = 0.
Q

n—-+aoo
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Therefore, we immediately deduce that f + v, € W1P(Q) and
lim | Bo(@)|V(vn + f) — VOR[Podz = 0.
n—+x Jp

Hence, this implies that
lim Bo(’l)n + f) = Bo(v%)

n—+0o0

Therefore, for any ¢ > 0, there exists w € WHP(Q) with Tr(w) = f on 0§ such
that:

Bo(w) < Bo(v) + €. (5.11)
Hence, we have

1
Epo f Vot (2)|Podr < v f Qp(z, A\ Vor(z)|)dx
B

< GMvY) < G(w f Q(z, AVe(w)|)dz

< max{ Cio f |Vw(x)|Pdz, %/\p_p(’ f |Vw(x)|pd:r} ,
Ey’ Jg Eq B
(5.12)

where in the first inequality we used (A3.i)-left, in the second inequality we ex-
ploited the fact that G} also contains the integral term over A, in the third in-
equality we used the fact that v* is the minimizer of G and in the last inequality
we used (A3.i)-right.

Since ||[Vv*|[PS 7ro(p) 18 definitively upper bounded and v = f on 09, then by
the Rellich—Kondrachov’s compactness Theorem [56, Th. 12.18|, there exists a
function v® € WP (B) such that

v =% in W'(B) as A — 0" (5.13)

The final step is to prove that v° is equal to v%, the solution of the limiting
problem ([5.2)).
Let 6 > 0 be prescribed, and let As be the §-Minkowski neighbourhood of A:

As ={zr e Q : dist(x, A) < 6}.

For any 7 such that 0 < 7 < §, we denote the mollified function (w), = p, * w,
where p, is the canonical mollifier. Then, for any 0 < 7 < 9, we define

w in B\Ags,
2(z) = —diSt(E’Aé)w + (1 — —diSt(?A‘S)) (w)r in As\A,
(W), in A.

Let us observe that the mollification of w in A (in the definition of z) is well-
defined, because A cc (2.
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We have the following inequalities:

Bo(vy) < Bo(v°) < liAm(i)r+1f Gy(v) < /\lir& Gy(2)

< Bo(z)|Vw(x)|PPdx

B\Ajs

aQ ” w  [w@) = @) @) )
+Ef” UA(;\A\W(%)\ + VW) (@) + oo dx
n ﬁ hm \90 pof V(w),(z)|*dx

< Bo(w) + Is5.< BO(vB) + I, +e,
(5.14)

where in the first inequality we exploited the fact that v% is the minimizer of By,
in the second inequality we used the fundamental inequality stated in Proposition
(since assumption (A4) holds), in the third inequality we used the fact that v*
is the minimizer of Gy, in the fourth inequality we used the dominate convergence
Theorem thanks to assumption (A4), in the fifth equality we exploited the fact
that limy_,g+ A?°7P% = 0 for qy > pp, and in the sixth inequality we used .
The symbol I;; refers to the terms in round brackets.
Since holds for any 0 < 7 < ¢, by first letting 7 — 0% and then 6 — 07,
we have
lim lim I5, =2 lim |\Vw(z)[PPdx =0,
6—0t 7—0+ 6—0*t As\A
where in the first equality we exploited the uniform convergence of the Sobolev
extension [65], Prop. IV.21] and in the second equality we exploited the fact that
the measure of As\A is negligible for 6 — 0%.
Hence, by the arbitrariness of € > 0, the inequality implies that By(v%) =
Bo(v°) and, therefore, v} = v° thanks to the uniqueness of (5.2). This result
together with yields the conclusion. 0

Remark 5.4. We observe that (5.14), implies the equality in the fundamental

inequality (4.10)).
Let us observe that from (5.14]), we find that the fundamental inequality (i.e.
(©-14))

the second inequality in , also stated in Proposition , holds as equality:
Bo(v°) = liminf G)(v*).
(o) = liminf G} ()

6. THE POINTWISE CONVERGENCE ASSUMPTION IN THE LIMITING CASES

The main aim of this Section is to prove that assumption (A4) for small Dirichlet
data is sharp. Specifically, we provide one example where (A4) does not hold, and
the previous convergence results (Theorems and do not hold.
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With a similar approach, not reported here for the sake of brevity, it is possible
to prove that even assumption (A4’) is sharp.

We prove this result by providing a Dirichlet energy density for which the ratio
Qp(z, E)/EP° does not admit the limit for £ — 0. As before, we first need to
provide two suitable subsequences (see Figure [7| for the geometric interpretation).

LA
(E Ly,
(E) 1 w(E) yr
by
/ w
282 B A
- / P Lﬂ,i
L4 T
" 11 14 Lzé’ } /
B2 i
E E

F1GURE 7. The continuous line represents the function describing
the Dirichlet energy density used in the counterexample for small
Dirichlet data.

Lemma 6.1. Let L > 1, then there exist two sequences
N en L 07 and {\!}ew | OF
such that
LA, . <\, LN, <Al VneN,
and a strictly convex function
U : [0, +o0[— [0, +0

such that
\Ij’[)‘In»LXn](E) = 2E2 \Ij‘[)\’,’l,LX/L](E) = 3E2

Proof. Let us fix \{ > 0. For each n € N we set the auxiliary function ® equal to
2E% in (A, L\") and equal to E% in (X, LA"). In interval (LA”, \!) the function ®
is equal to the tangent line to function 2E? evaluated at LA”. Point ), is found at
the intersection of this tangent line with function E2. In interval (LA, A2, ;) the
function @ is a straight line, continuous at L], and tangent to 2E2. Point A/ is
found as the abscissa of the tangent point between this straight line and function
2F?. This procedure is applied iteratively from n = 1. Function ® is convex and

sequences {\ }.en and {\’},cn are monotonically decreasing to zero.
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Therefore, the measure of intervals where ® is equal to E? or equal to 2E? is
nonvanishing. It is possible to prove that {\ },cy and {\},cn are two geometric
sequences. Indeed

1 1 1 1
r " " . / / . / " . Vi
)‘n - CQ_LAT“ /\n+1 - CI_LATN )\TL+1 - m/\n’ /\n+1 - m)‘nv

where ¢ = 24+ /2, ¢ = 1 + \/75 and C' is the geometric mean of ¢; and ¢y, that is

C? = (3+2V2).

Finally, we set U(F) = ®(F) + E?. ¥ is a strictly convex function. O

The construction of the counterexample in the planar case (n = 2) for py = 2
and 1 < gg < 40 follows the steps of the previous Section line by line but with the
aim of showing that limy o+ G} (v?) ¢ R, where G} is defined in (3.5)). Specifically,
the two sequences {\ },en | 0 and {A},en | O satisfy

lim sup G(/)\/" (™) < my(r) < my(r) < liminf GSZ(UA%).

n—+00 n—+00
The Dirichlet energy density defined as Qp(z, E) = V(F), satisfies all the as-
sumptions except (A4). This energy density is the basis to build a counterexample
proving that (A4) is sharp. Specifically, we consider a 2D case (n = 2) and py = 2
in the outer region. The growth exponent ¢, satisfies condition 1 < gy < 0.

Let r be greater than or equal to 10, and let the outer region €2 be the annulus
centred in the origin with radii 1 and r. This annulus is Dr\ﬁl, where D, and D,
are the disks of radii » and 1, respectively, and centered at the origin. The inner
region is, therefore, D;. We focus on problem (3.5)), where the Dirichlet energy
density is defined as

Qp(z,E) = ¥(E) in D,\D; x [0, +o0],
Qa(z,E) = ET in Dy x [0, +o0o].

Let v be defined as v =7 + 7{—3 We denote x = (x1,22) € R? and we consider the
problem

min GMv), GMo)— % ( LT\DI W\ Vo()|)dz +f )\q|Vv(x)|qu> |

veWbh4(D,) Dy
v=yx1 on 0D,

(6.1)
Here we prove that limy_, ., G*(v*) does not exist. Specifically, the two se-
quences {\, }nen T 400 and {\},en T +00 of Lemma [6.1] give

lim sup G (v™) < 04 < £y < lim inf G (v™). (6.2)
n—+00 n—+w0

As usual, v* is the solution of (6.1]).
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Let us consider the following problem

min _ Bg(v), By(v) = J |Vo(x)|*dx. (6.3)
veH'(D,\D1) Dy \D1

v=vz1 on 0D,

v=const. on 0D

The symmetry of the domain and the zero average of the boundary data imply
that the constant appearing in (6.3)) on 0D, is zero.
An easy computation reveals that

r? 4+ 12 1 _ _
= 7/.2—_1 (1 — m) r1 1n DT\DI

2

vp, ()

is the solution of (6.3)), that Avp. = 0 in D,\D;, and that we have

7r? — 12 1 Tr? 4+ 12 1
—— (1—- =) <|Vup, <—|1+—= oD, 1 <p<r.
r2 — 1 ( pz) [Vup, (2)] 21 < p2> on 0D, p<rT
Consequently, when p > 2, we have
37 =12 5702 + 12 ,
1_1—7”2 1 < |VUDT(£L‘)’ < 1_17”2——1 <10 in DT\DQ. (6,4)

Let L be greater than 10, A, 1 4o and let A? 1 +00 be the two sequences of
Lemma [6.1l It turns out that

N <N |Vup (z)| < LA, in D,\Ds. (6.5)
We have

lim sup G* (v*) < lim sup G* (vp, )
n—+00 n—+00

1
= lim sup TAE J V(X |Vup, (z)])dz + lim sup
n D, \D2

1
n—+o0 n—+0 ()\;1)2

< ZJ Vup, ()|*dr + 3J Vup, (z)|*d,
Dy \D> D3\D;

j YN, |Vop, ()])de
Dg\Dl

(6.6)

where in the first line we used the minimality of v*» for G™ and that vp,_ is an
admissible function for problem , in the second line we exploited the property
that the gradient of vp, in D; is vanishing, and in the third line we used . By
setting ¢; equal to :

- f Vo, (2)dz + 3 f Voo, (2)|d,
DT\DQ

Do\Dy

we have the leftmost inequality in (6.2]).
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To obtain the rightmost inequality in (6.2)), we consider the following problems

1
min _ H*(v), H(v) = —QJ V(A Vo(x)|)dx + QJ |Vu(z)|*da.
veHl(Dr\gb) A JpD, D2\Dy

v=vyr] on r

(6.7)

min_ D), D(v) =3 J Vo(z)[2de + 2 f Vo(a)2de. (6.8)
veH! (Dr\l;b) DT\DQ DQ\Dl
v=yri on -

The unique solution of is

<7 + ﬁ) T in DT\EQ
8 (1 + %) T in DQ\El.

2
i+

wp, (x) =

T

Analogously to (6.4), it can be easily proved that

12 12
1<4< (7——2) < |Vuwp, (z)] < <7+—2) <10<L ondD, 2<p<r.
p p

and hence we choose L > 10 such that
)\;/L < AZ\VU}DT (2)] < L)\Z in D,\Ds. (6.9)

Therefore, we have
G (™) = HY (wp,) = D(wp,), (6.10)

where the inequality comes from the definition of W. The equality follows from the

fact that H*» coincides with D by and the definition of W. Note that wp, is

a local minimizer in W4*(D,) n W?(D,.), since ¥ does not depend on x (see [60]

for details). Finally, wp, is a global minimizer thanks to the uniqueness of .
By setting

62(70) = D(wDr>
we have the rightmost inequality in (6.2) by passing to the limit in (6.10]).

At this stage, it only remains to be proved that ¢;(r) < ¢5(r). To this purpose,
we notice that:

ly(r) = QJ \Vup, (z)]2dx + 3J \Vup, (z)]2dx
D \D D2\D1

ly(r) = 3f |prr(x)|2dx + QJ \Vwp, (x)|2dx.
D;\Dy D2\D1

Condition ¢1(r) < f3(r) holds for large r, by observing that (i) vp, and wp,
solve the same associated Euler-Lagrange equation on Dy\Dy, (ii) Vup, () and
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Vwp, (z) are bounded functions on the bounded domain D,\D; by (6.5) and (6.9),
respectively, and (iii) it turn out that

SDT\DQ |Voup, (z)|?dx

lim =1,

r—+00 SDT\D2 ’V’LUDT (;L’)|2dl'

lim |Vup, (z)’dr = lim Vwp, (z)?dx = +o0.
7—>+00 Dr\Dz r—-+00 DT\DQ

7. FORWARD AND INVERSE PROBLEMS: APPLICATIONS AND NUMERICAL
ANALYSIS

NN
':l' éif-‘ 4338 -E‘?:JOE.-"#“‘

l‘l“ ..l . ‘\:.a

1]
' 'ﬁ:f 0'0:0:'&.‘ llf{s P .'h.
"53"'.3'- "' ‘&?i “a

FIGURE 8. Picture of the cross section for typical superconducting
cables. The cable consists in several petals (36 petals for (a), and
18 petals for (b) and (c)). Each petal is made up of many thin SC
wires (19 wires for (a), 37 wires for (b) and 61 for (c)). The picture
is in [67, Fig. 4] and it is courtesy of Instruments-MPDI.

In this Section we propose some applications of the theoretical results of the
previous Sections. The case of study refers to superconducting wires: a major
component in technological applications. After a brief presentation of supercon-
ducting materials, we show the impact of the theoretical results on both the For-
ward Problem, i.e. finding the scalar potential u assigned to the materials and
the boundary data, and the Inverse Problem, i.e retrieving the shape of defects
in the cross section of the wire. Figure [§| shows a typical cross section for a few
superconducting cables.

A type II High Temperature Superconducting (HTS) material [19, 20], in its
superconductive state, is well described by a constitutive relationship given by

B(J) = By (J/J.)". (7.1)

This constitutive relationship, named FE-J Power Law, was proposed by Rhyner
in [68] to properly reflect the nonlinear relationship between the electric field and
the current density in HT'S materials.
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An HTS described by an ideal E-J Power Law behaves like a PEC for a “small”
boundary potential, when “immersed” in a linear conductive material. Indeed, its
electrical conductivity is given by

J (E\ *
o= — -
Ey \ Ey ’

and it turns out that 0 — +o00 as £ — 07.

Typical parameters for J. and n are given in Table[I] They refer to commercial
products from European Superconductors (EAS-EHTS) and American Supercon-
ductors (AMSC) [69]. The value of Ej is almost independent of the material and
equal to 0.1 mV/m [70].

Type JJA/mm?| | n
BSCCO EAS 85 17
BSCCO AMSC 135 16
YBCO AMSC 136 28
YBCO SP SF12100 | 290 30
YBCO SP SCS12050 | 210 36

TABLE 1. Typical parameters for .J. and n.

The numerical examples have been developed with an in-house Finite Element
Method (FEM) based on [7I]. We consider a standard Bi-2212 round wire. The
geometry of the cable is shown in Figure [J] (left), together with the finite element
mesh used for the numerical computations (see Figure [J] (right)).

The radius R, of this HTS cable is equal to 0.6 mm [72]. The geometry of the
problem is simplified w.r.t. those in Figure[§] Specifically, each “petal” is assumed
to be made up of an individual (solid) superconducting wire, rather than many
thin superconducting wires. The electrical conductivity of the matrix surrounding
the petals is 5.55 x 107 S/m [73]. This electrical conductivity is equal to 95.8%
TACS. As reported in [74], the superconducting material is characterized by a very
high value of critical current J.. In particular, we assume

J, = 8000 A/mm? n =27

7.1. Solution of the forward problem. The replacement of the original prob-
lem with its limiting “version” has a major impact when numerically solving the
Forward Problem, i.e. the computation of the scalar potential u for prescribed
materials and boundary data. Specifically, the solution of the original nonlinear
problem is carried out by an iterative method. At each iteration the solution of a
linear system of equations is required. This linear system of equations is charac-
terized by a sparse matrix and, therefore, its solution is obtained by an iterative
approach. However, the regions corresponding to the nonlinear materials may give
rise to strongly ill-conditioned matrices, posing relevant challenges when solving
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FIGURE 9. Left: geometry of the cross-section of the superconduct-
ing cable. The solid superconducting material (light grey) in the
linear matrix (white). Right: the finite element mesh used in the
numerical computations.

the related linear system of equations. On the other hand, when it is possible
to replace the original problem with its limiting version, the nonlinear material is
replaced by a PEC and the overall problem is linear.

In the following we compare the solution of the Forward Problem obtained by
simulating the actual (nonlinear) superconducting material and the limiting prob-
lem where the superconducting material is replaced by the PEC.

In all numerical calculations, the applied boundary potential is equal to f(x,y) =
Vox/R.. In this way the parameter Vj represents the maximum value for the
boundary potential.

Figure shows the errors for “small” boundary potential when replacing the
superconducting material with a PEC. The error metrics are equal to the relative
error in the L?—norm (ep) and in the L®—norm (ey). As expected, the PEC
approximation is valid for “small” V. The accuracy of the approximation is very
high in its domain of validity.

Figure [11] shows the spatial distribution of the electric field E (top) and of the
electric scalar potential u (bottom) for small (V5 = 107°V) boundary potential,
in the presence of the actual HTS cable. It is evident from the plot that E is
perpendicular to the HTS regions for small V4. This is in line with the concept
that for small Vj the HTS regions behave like a PEC, where E is orthogonal to
their boundaries.

7.2. Imaging via linear methods. In this Section we provide numerical exam-
ples related to the solution of the inverse problem. We treat the case of pg = 2



33

102 E

10-8 Il 1 1 1
10°° 10 1078 1072 107! 10°
Vo (V)

FIGURE 10. Plot of the error for the PEC approximation (“small”
boundary potential).

since the limiting problem, being linear, provides a powerful “bridge” toward well
assessed and mature methods and algorithms developed for linear problems.

From a more general perspective (py # 2), the limiting case approach is very
relevant because it brings to the light that, when facing an inverse problem with
nonlinear materials, the canonical problem consists in solving an inverse problem
for the weighted py—Laplace equation, regardless of the specific nature of the
nonlinearity.

The configuration is that of section [7.1], and it refers to a superconducting cable.
Specifically, the inverse problem consists in retrieving the shape of defects in the
Mg-Al alloy matrix of a superconducting wire, starting from boundary data. This
is a very challenging task because of the nonlinear behaviour of the superconductive
petals, which results in a nonlinear relationship between the applied boundary
voltages and the measured boundary currents.

From a general perspective, the inverse problem can be tackled as follows: (i)
the data are collected on the actual (nonlinear) configuration under small bound-
ary data operations and (ii) the data are processed assuming that the governing
equations are those for the limiting problem that, in this case, is linear.

As mentioned above, this means that the inverse problem of retrieving the po-
sition and shape of anomalies in the Mg-Al matrix can be addressed by means of
the imaging methods developed for linear materials.

7.2.1. The imaging algorithm. The imaging algorithm attempts to estimate a to-
mographic reconstruction of the shape and position of the anomalies in the Mg-Al
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FIGURE 11. Plot of the electric field E (top) and of the electric
scalar potential u (bottom) for a “small” boundary potential (Vy =
1076 V).

matrix, starting from boundary data. The boundary data we adopt is the Dirichlet-
to-Neumann (DtN) operator, which maps a prescribed boundary potential into the
corresponding normal component of the electrical current density entering through
0€). In other words, the DtN operator gives the voltage-to-current relationship on
the boundary 0f2.
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In a practical setting we can measure a noisy version of a discrete approximation
of the DtN operator, that is a noisy version of the DtN operator restricted to a
finite dimensional linear subspace of applied voltages, as in the case of a finite set
of boundary electrodes. Hereafter, this discrete approximation is referred as G,
the conductivity matrix.

In order to solve the inverse problem we adopt an imaging method based on the
Monotonicity Principle [49], here briefly summarized for the sake of completeness.

Both the DtN operator and its discrete counterpart, the conductances matrix
G, satisfy a Monotonicity Principle (see [75, 49, [15]):

01 <09 = G < G'27 (72)

where 07 < 09 is meant a.e. in €2 and G; < G, means that G; — G, is a negative
semi-definite matrix. The Monotonocity Principle states a monotonic relationship
between the pointwise values of the electrical conductivities and the measured
boundary operator.

The targeted problem, that is the imaging of anomalies in the Mg-Al phase of
a superconducting cable, is a two phase problem. One phase corresponds to the
healthy material (the Mg-Al phase plus the PEC which replaces the superconduc-
tor, at small boundary data) while the other phase corresponds to the damaged
region, having an electrical conductivity o; smaller than the electrical conductivity
opq of the Mg-Al phase. As a consequence, if V; and V5 are two possible anomalies
well-contained in the Mg-Al phase, and V; < V5, it turns out that o; > 09 and,
therefore

VicV,= le > GV2 (73)

Equation (7.3 can be translated in terms of an imaging method, as originally
proposed in [49]. Specifically, (7.3)) is equivalent to Gy, * Gy, = Vi & V5, which
gives for Vi =T and V5, =V

GrxGy=1T¢V, (7.4)

where V' is the domain occupied by the unknown anomaly and 7" a known domain
occupied by test domain. Equation ([7.4) makes it possible to infer whether the
test domain 7' is not contained in the unknown region occupied by the anomaly
V. By repeating this type of test for several prescribed test anomalies occupying

regions Ty, Ty, ..., we get an estimate Vi of the unknown anomaly V' as:
V=T,  ©={Tx|Gy -Gy =0}
ke©

In the presence of noise, as is the case in any real-world problem, we adopt a
slightly different strategy (see |76l [77]). Specifically, let Gy = Gy + N be the
noisy version of the data, where ¢ is an upper bound to the 2-norm of the noise
matrix N, i.e. |NJ, < 0, then the reconstruction is obtained as

=T 6= MG G ri1=0) &
ke©
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where I is the identity matrix. Moreover, it has been shown that, under proper
assumptions V' < Vi, even in the presence of noisy data [77]. With a similar
imaging method it is possible to reconstruct a lower bound V;, to V. Existence of
upper (Vi) and lower (V) bounds to the unknown anomaly is an unique feature
of this imaging method.

Finally, the matrices related to test domains 7T} are evaluated numerically by
replacing the superconducting petals with perfect electric conductors.

7.2.2. Numerical Results. The reference geometry is that of the superconducting
cable in Figure [J] (left). We apply 16 electrodes at the boundary. The electrodes
are equal and uniformly spaced.

We assume the following noise model

N = nAG A

where A is a random matrix belonging to the Gaussian Orthogonal Ensamble
(GOE) (see [78] for details),

AGmar = max|(Gv)ij — (Gra)il

Gpg is the conductance matrix associated to the healthy superconducting wire,
i.e. without defects, and 7 is a parameter representing the (relative) noise level.

Hereafter we assume the noise level 1 equal to 0.01. Figure |12 shows the recon-
structions obtained with this method. The reconstructed defects are represented
in black whereas the red line is the boundary of the real defects. The boundary of
the petals is reported in black, like the electrodes but with a thicker line. These
reconstructions clearly demonstrate the effectiveness of the approach.

The conductance matrix was evaluated by applying boundary voltages of 1mV.

8. CONCLUSIONS

This study is a contribution to Inverse Problems in the presence of nonlinear
materials. This subject is still at an early stage of development, as stated in [4].

We focus on Electrical Resistance Tomography where the aim is to retrieve
the electrical conductivity/resistivity of a material by means of stationary (DC)
currents. Our main results consist prove that the original nonlinear problem can be
replaced by a proper weighted po—Laplace problem, when the prescribed Dirichlet
data is small”. Specifically, we prove that in the presence of two different materials,
where at least one is nonlinear, the scalar potential in the outer region in contact
with the boundary where the Dirichlet data is prescribed, can be computed by
(i) replacing the interior region with either a Perfect Electric Conductor (g < po)
or a Perfect Electric Insulator (¢o < po) and (ii) replacing the original problem
(material) in the outer region with a weighted py—Laplace problem. The presence
of the “fingerprint” of a weighted py—Laplace problem can be recognized to some
extent in an arbitrary nonlinear problem. From the perspective of tomography,



FIGURE 12. Reconstructions obtained by means o f monotonicity
based algorithm for linear materials in the “small” boundary data
regime.
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this is a significant result because it highlights the central role played by the
po—Laplacian in inverse problems with nonlinear materials. For pg = 2, i.e. when
the material in the outer region is linear, these results constitute a powerful bridge
allowing all theoretical results, imaging methods and algorithms developed for
linear materials to be brought into the arena of problems with nonlinear materials.

The fundamental tool to prove the convergence results is the inequality appear-
ing in Proposition [4.3l These results express the asymptotic behaviour of the
Dirichlet energy for the outer region in terms of a factorized py—Laplacian form.
Moreover, we have proved that our assumptions are sharp, by means of proper
counterexamples.

Finally, we provide a numerical example, referring to a superconducting cable,
as an application of the theoretical results proved in this paper.
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