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Abstract

In recent decades qualitative inverse scattering methods with eigenvalues as target signatures
received much attention. To understand those methods a knowledge on the properties of the
related eigenvalue problems is essential. However, even the existence of eigenvalues for such
(nonselfadjoint) problems is a challenging question and existing results for absorbing media are
usually established under unrealistic assumptions or a smoothing of the eigenvalue problem.
We present a technique to prove the existence of infinitely many eigenvalues for such problems
under realistic assumptions. In particular we consider the class of scalar and modified Maxwell
nonselfadjoint Steklov eigenvalue problems. In addition, we present stability results for the
eigenvalues with respect to changes in the material parameters. In distinction to existing
results the analysis of the present article requires only minimal regularity assumptions. By
that we mean that the regularity of the domain is not required to be better than Lipschitz,
and the material coefficients are only assumed to be piece-wise W', Also the stability es-
timates for eigenvalues are obtained solely in LP-norms (p < co) of the material perturbations.
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1 Introduction

An important unresolved problem in inverse scattering theory is how to detect changes in the
constitutive parameters in an inhomogeneous anisotropic medium. An example are the efforts to
detect structural changes in airplane canopies due to prolonged exposure to ultraviolet radiation.
Currently this issue is resolved by simply discarding canopies every few months and replacing
them by new ones [25]. The difficulty to construct non-destructive evaluation methods for such
applications is that for anisotropic media the corresponding inverse scattering problem does not
have a unique solution [32]. A possible remedy to this problem is through the use of qualitative
methods [14, 11]. One choice of qualitative properties are so-called target signatures, such as
eigenvalues associated with the direct scattering problem that can be reconstructed from the mea-
surement of the scattering data. Classical methods use the frequency (or its square) as eigenvalue
parameter and among these target signatures are scattering frequencies (resonances) and classical
transmission eigenvalues. More recently developed methods use eigenvalue problems with an ar-
tificial nonphysical eigenvalue parameter and we refer to [12, 25] for an overview on this subject.
Classical methods which use the frequency as the eigenvalue parameter have two major drawbacks.
Firstly, the measured data is only known for real valued frequencies and thus the determination of
the location of complex eigenvalues is difficult. However all resonances have a non-zero imaginary
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part. The same holds also for classical transmission eigenvalues for absorbing media [25]. Secondly,
these methods require multi-frequency data, and their measurement-frequencies cannot be chosen
arbitrary since they must include the eigenvalues to be measured. Recently new methods have
been reported which overcome both of these drawbacks [13, 24, 6]. These methods are based on
a modified far field operator and use an artificial nonphysical eigenvalue parameter instead of the
frequency. Hence complex eigenvalues do not give rise to any difficulties and absorbing materials
can be treated effectively. Further, this way the scattering data is required only for a single fre-
quency, and moreover this frequency can be chosen a priori. Thus these new methods constitute a
great practical advance in qualitative inverse scattering methods. A first variant led to eigenvalue
problems of Steklov type [13]. In order to increase the sensitivity of the eigenvalues to changes in
the material a second variant was proposed [24] through the introduction of an additional sensi-
tivity parameter. A method similar to [24], but with a negative index material as background was
put forward in [6]. This second kind of method leads to equations of transmission type. Further
modifications for the far field operator have been introduced in [19, 26] and [21, 22, 23] to obtain
eigenvalue problems, which are more easily to analyze. Indeed the analysis of classical trans-
mission, modified transmission and Steklov eigenvalue problems requires sophisticated techniques
and can be challenging even for nonabsorbing media [15, 35, 34, 18]. An understanding of the
properties of the eigenvalue problems is essential for the related nondestructive testing methods.
Among the most important questions are the discreteness and existence of eigenvalues, and results
on the relation between changes in the material and the corresponding shifting of the eigenval-
ues. Clearly the existence of eigenvalues is essential, because if no eigenvalues exist, then related
methods for the inverse scattering problem are useless. In general for absorbing media the related
eigenvalue problems are nonselfadjoint, and the proof of existence of eigenvalues for nonselfad-
joint problems is a challenging task. If the domain and all material coeflicients are C*>°-regular,
then pseudo-differential calculus with a parameter [4, 2] can be used to obtain such results, see
e.g. [7, 43, 13, 24, 33]. However, for realistic applications smooth material coefficients cannot be
expected. If the chosen domain of observation and the object under investigation do not coincide,
then the material coefficients will be discontinuous at the boundary of the object. As mentioned
in the conclusion of [13], such a configuration is of significant practical advantage because compu-
tations for the artificial comparison problem can be done ahead of testing. Also the object might
be made of different materials. Even if the object is homogeneous and the chosen domain and the
investigated object coincide, an experienced flaw in the object is unlikely to be totally smooth.
A different technique which works also for rough coefficients/domains is to apply Lidki’s Theo-
rem (see e.g. [29, Chapter V, Theorem 6.2] for a generalized version). However, Lidki’s Theorem
requires the operator to be in a certain Schatten class, which often prevents its application. For
example [37] reports existence results for classical transmission eigenvalues, but does not cover the
most interesting case of second order problems in R3. As a remedy, the approach in [21, 22] for
Steklov problems was to alter the definition of the particular method such that the corresponding
operator is of trace class. However, such a modification is only known for Steklov problems, but
not for transmission problems. We will see, such a modification for Steklov problems is indeed not
necessary to guarantee the existence of eigenvalues. A second important question, the stability of
eigenvalues with respect to changes in the material, was addressed in [16, 17] for classical trans-
mission and in [22, 23] for smoothed Steklov eigenvalue problems.

In this article we follow [19] and consider the modified Maxwell Steklov eigenvalue problem in
conductive materials to find (A, u) € C x H(curl;Q2) \ {0} such that

curlp~ ! curlu — w?éu — iwou =0 in Q,

v x p teurlu — AVrAR dive(v x u) =0 on 99,

with the permeability p, the permittivity € and the conductivity o. The material coefficients p,
€, 0 are real, symmetric matrix valued, o is nonnegative and [, € are uniformly positive definite
[41]. Henceforth we adopt the notation € := & + Lo such that —w?¢ — iwo = —w?e. Since we
can find an orthonormal basis of R? which diagonalizes &(z) and o(z) simultaneously, it follows



that €(z) is a normal matrix. The remainder of this article is structured as follows. In Section 2
we recall a Keldysh Theorem to prove the existence of eigenvalues for nonselfadjoint operators,
and introduce tools to show that an operator is of finite order. In Section 3 we apply the former
technique to the scalar Steklov eigenvalue problem. In Section 4 we extend the former analysis
to the modified Maxwell Steklov problem. In Section 5 we establish in Theorems 5.3, 5.4, 5.7 the
stability of modified Maxwell Steklov eigenvalues with respect to changes in the material.

2 Notation and framework

For a vector space X (of scalar functions) let X := X2 and X := X3*3  whereas N, R, C still
denote the sets of natural, real and complex numbers. For a manifold D C R? and a subspace
X C L*(D) let X, := {u € X: (u,1)2(py = 0}. Recall that for Hilbert spaces X,Y a compact
operator K € L(X,Y) is in the Schatten class K,(X,Y) of order p € (0, +00), if the sequence of
singular values s, (K),n € N of K is ¢P(N)-summable. Further, a compact operator K € L(X,Y)
is said to be of finite order if there exists p € (0, +0o0) such that K € K,(X,Y). The following
theorem, which is a slight reformulation of [29, Chapter V, Theorem 8.3] and [40, Theorem 4.2,
Corollary 3.3], will be central for our analysis on the existence of eigenvalues.

Theorem 2.1 (Keldysh). Let X be an infinite dimensional separable Hilbert space and L(X)
be the space of bounded operators from X to X. Let T € L(X) be compact and K € L(X)
be injective, selfadjoint and compact. Let T or K be of finite order. Then the spectrum of the
operator function A(A) =1 —T — MK consists of an infinite sequence of eigenvalues, each with
finite algebraic multiplicity, which do not accumulate in C and such that for every § > 0 only
finitely many eigenvalues lie outside the sectors {z € C: |argz| < ¢} and {z € C: |argz—7| < §}.
If K is nonnegative, then for every § > 0 only finitely many eigenvalues lie outside the sector
{z € C: |arg z| < &}. Further the closure of the space spanned by the generalized eigenspaces of
A(") is dense in X.

Note that some authors apply Lidki’s theorem to establish the existence of eigenvalues. How-
ever, Lidki’s theorem requires the operator to be in a particular Schatten class and hence limiting
assumptions on the spatial dimension (as in [37]) or the introduction of additional smoothing
operators (as in [21, 22]) are applied. A major difference of Theorem 2.1 to Lidki’s Theorem is
that K is not required to be in a particular Schatten class, but only needs to be in an arbitrary
Schatten class. Consequently we can avoid restrictive assumptions. To prove that an operator is
of finite order the following two results will be helpful.

Theorem 2.2. Let n € N and Q C R™ be a bounded Lipschitz domain. Let ss > s1 > 0 and
k > max{s2,n/2}. Then the embedding Egs: gs1 from H*2(Q) into H**(Q) is compact and in
Kok /(sy—s0) (H™ (), H*(2)).

Proof. 1t holds Eyx 12 € Ko(H"(2),L*(Q)) due to Maurin’s Theorem [1, Theorem 6.61]. Let

(Sn, Pn)nen be the sequence of the normalized eigenpairs of the operator (E}k{kﬁLQEHkﬁL2)1/2.

Thus s, € [?(N). We denote real interpolation spaces (see e.g. [9]) as [Ho, Hi]ksp and
Hilbert space interpolation spaces (see e.g. [8, Appendix B]) as [Ho,Hiluss. It holds
H*(Q) = [L*(Q), H*(Q)]k,s/k,2 due to [9, Theorem 14.2.7]. The spaces [L2(2), H*()]k s/k,2
and [L*(Q), H*(Q)]gs,s /1 coincide and the norms are equivalent due to [8, Theorem B.2]. Hence

the space H*(f2) consists of all functions u = > _ycawn Wwith Y- 5721(175/k)|cn|2 < +oo.

It follows that the eigenvalues of (Ejje; pei Erss ger)'/? are A, = s 5)/F (whereby H*(Q)
is equipped with the scalar product (-,-)z2(q) mk (@) s = $1,82). Hence Epsz gs1 €
Ko (sa—s0) (H*2 (€2), H* (€2)).

]HS,s/k’

O

The next lemma is hardly a new result. However, we only found references for the case
Wy =Wy = Ws.



Lemma 2.3. Let W1, W and W3 be separable Hilbert spaces. Let B € L(W1,Ws) and A €
LWy, Ws). If s > 0 and either B € K (W1,W2) or A € Ks(Wa, Ws), then AB € K (W1, Ws).

and

IAB k. wy,ws) < I AllLow,, wo) 1 Bll g, owy wy o7

IAB| r, (wy,w) < 1Al wa) 1Bl Loy wa)
respectively.

Proof. Due to [28, Chapter VI Corollary 1.2] it holds s,(A) = $n(A*), sn(B) = s,(B*) and
$n(AB) = s,(B*A*). Thus it suffices to consider the case B € K (Wy,Ws). However, by
means of the min-max characterization of singular values it can easily be obtained that s,(AB) <
| All Low,, wa)sn(B) (see also [28, Chapter VI Proposition 1.3]) and the claim follows. O

3 Existence of scalar Steklov eigenvalues

In this section we consider the scalar Steklov eigenvalue problem [13, 6, 36] to find (A, u) €
C x H*(Q) \ {0} such that

—divpT'Vu —w?eu =0 in (1a)
vop 'Vu—Au=0 on . (1b)

For real € > 0 and real, positive definite p the existence of eigenvalues can be studied by means
of the spectral theorem for compact, selfadjoint operators. However, in the nonselfadjoint case
existing results [13] on the existence of eigenvalues are based on Agmon theory and require the
unrealistic assumption that the domain and all parameters are C'°°-smooth. An alternative ap-
proach was proposed in [21] to introduce a smoothing operator of sufficiently high degree in the
boundary condition of (1) and to prove the existence of eigenvalues by means of Lidki’s theorem.
However, this does not answer the question if such an approach is indeed necessary, and in addition
the introduction of a smoothing operator into the eigenvalue problem seems challenging for other
kinds of eigenvalue problems.

Assumption 3.1. Let p=t € L°°(Q) be real, symmetric and such that

inf T @)E > 0.
zeﬂ,ﬁecf',\&\:lg b @)

Assumption 3.2. Let the equation
—divp 'Vu —wleu=0 in Q, u=0 on 99, (2)
admit in H'(Q)) only the trivial solution u = 0.

Theorem 3.3. Let Q C R3 be a bounded Lipschitz domain. Let p satisfy Assumption 3.1, € €
L>(Q), w € R and Assumption 3.2 be satisfied. Then the spectrum of (1) consists of an infinite
sequence of eigenvalues, each with finite algebraic multiplicity, which do not accumulate in C and
such that for every § > 0 only finitely many eigenvalues lie outside the sector {z € C: |argz| < d}.

Proof. We aim to apply Theorem 2.1. To this end we consider H!(Q) with the modified scalar
product (u,u) g (q) == (B Vu, V') r20) + (u,0) 12(q), u,u’ € H'(Q). Let T, K € L(H'(2)) be
defined through

(Tu, ) (o) = (L +w?u, v’ ) r2),  (Ku,uw') () = (tru, tru) 1290,

for all u, v’ € H*(2) and A(X) := I—T—AK. Then the weak formulation of (1) is (A(A)u, ') g1 (o)
=0 for all u' € H*(Q) or equivalently in operator form A(\)u = 0. It readily follows that K is
selfadjoint and by means of standard Sobolev embedding theorems that 1" and K are compact.



With the embedding operator Ep s/« € L(H (), H3/*(Q)) and the trace operator trys/ 2 €
L(H?4(Q), L?(09)), K admits the representation K = EYp1 pasa Wissa o2 t0gsa 12 B grasa.
Thus it follows with Theorem 2.2 and Lemma 2.3 that K is of finite order, though the di-
mension of ker K = H}(Q) is infinite. As a remedy we introduce a topological decomposi-
tion H'(Q) = X @7 H{(Q) such that A(X\) becomes a triangular block operator with respect
to this decomposition. Hence for u € H'(Q) we define Pou € Hi(2) to be the solution to
((I=T)(Pau—u),up) g () = 0 for all ug € Hg(2). Note that due to Assumption 3.2 and the Fred-
holm alternative the operator P is indeed well-defined and bounded P, € L(H'(Q2), H}(Q)). It is
also straightforward to see that P, is a projection. Consequently with X :=ran Py, P; := (I — P»)
we constructed a topological decomposition H(Q) = X @™ H}(Q) with associated projections
Py, Py such that A(\) admits a block operator representation

C(PPANIx PPAN) o
A“)’“( 0 PSAWN|mi@)’

whereat P, P§ are the orthogonal projections onto X, Hi(£2). Due to Assumption 3.2 and the
Fredholm alternative the operator P A(M)|g1(q) is bijective. Hence the eigenvalues of A(X) and
Ax(N) = PPA(N)|x = Ix — PPT|x — APPK|x coincide. Note that {tru: v € X} = {tru: u €
HY(Q)} = HY?(99Q) from which we deduce that X has an infinite dimension. Now P{K|x =
PP K Py|x is injective and Theorem 2.1 can be applied. Hence the proof is finished. O

We close this section with a discussion on Assumption 3.2.

Remark 3.4 (Validity of Assumption 3.2). Let us discuss the validity of the Assumption 3.2.
We are interested mainly in nonreal €. In this case € is typically of the form e = € + %0 with
uniformly positive € € L>(Q) and o € L>®(Q) with o > 0 in Q. If o vanishes nowhere, then
the injectivity of (2) follows by elementary means. If only o > 0 in a subset QO C Q, then it
only follows that any solution u € H(Q) to (2) satisfies u = 0 in Q1. Thence if p=1,¢,Q allow
the application of a unique continuation principle, then it follows uw = 0 in Q0 as well. In cases
which are not covered by the aforementioned considerations one can arque that there exist at most
countably many frequencies w for which the Assumption 3.2 is violated.

Remark 3.5 (Necessity of Assumption 3.2). When comparing the assumptions of Theorem 3.3
with the assumptions of similar works (e.g. [13, 6]), the question appears if Assumption 3.2 is
indeed necessary. We do not have a definite answer to this question. However, we note that
when Steklov eigenvalues are studied by means of a Neumann-to-Dirichlet or a Robin-to-Dirichlet
operator R € L?(0N0), the Assumption 3.2 is implicitly used (often without mentioning it). Indeed
for an eigenpair (\,u) of (1) it is derived that ARtru = tru. To deduce for X # 0 that A\=1 is an
eigenvalue of R it is then necessary that tru # 0. We do not know how tru # 0 can be derived
without any further assumptions. However, if Assumption 3.2 is satisfied, then a solution (X, u) of
(1) with tru = 0 would contradict u # 0. On the other hand to deduce the existence of infinitely
man distinct eigenvalues of (1) from an analysis of R the Assumption 3.2 is also necessary. For
example if € is real, then R is selfadjoint and the existence of an orthonormal eigenbasis of R
follows. Since L*(0Q) is infinite dimensional, there exists an infinite sequence of eigenvalues
Tn,n € N to R. However, in the case that the codimension of ker R is finite only finite many
eigenvalues T,,n = 1,...,N € N are nonzero. Hence, we can only deduce a finite dimensional
sequence of eigenvalues T, 1,n =1,...,N to (1). However, if Assumption 3.2 is satisfied, then it
follows that R is injective and the former situation cannot occur. See e.g. [6, 21, 23] for works
which impose an assumption identical or similar to Assumption 3.2.

Remark 3.6 (Similar assumptions to Assumption 3.2). We mention that in some works [13, 36]
on scalar Steklov eigenvalues the assumption that the equation

—divp~'Vu —w?eu =0 inQ, v-p 'Vu=0 ondQ,



admits only the trivial solution uw = 0, appears (i.e. the Dirichlet boundary condition in (2) is
replaced by a Neumann boundary condition). This assumption is used to introduce a Neumann-to-
Dirichlet operator, and subsequently to transform the Steklov eigenvalue problem to an eigenvalue
problem posed on the space L?(0S)). Note that instead one can work with a Robin-to-Dirichlet
operator (with a suitably chosen Robin parameter) as in e.g. in [21] to avoid such an assumption.

4 Existence of modified Maxwell Steklov eigenvalues

In this section we consider the modified Maxwell Steklov eigenvalue problem [19, 35, 31, 30] to
find (A,u) € C x H(curl; Q) \ {0} such that

1

curlp~!curlu — w?eu =0 in Q, (3a)

vxp teurlu+ASu=0 on Q. (3b)

Here the operator S which appears in the boundary condition is as follows. We denote the
differential operators on 9f) with a subscript I'. Thence

S = —VrAp" divy tryx,
whereat tr,» u:= v x tru and A" maps into H!(09). Note that due to
tryx € L(H(curl; Q), H~'/2(divr; 9Q))

the operator S is indeed bounded: S € L(H (curl;2),L?(d9)). The eigenvalue problem (3) was
introduced in [19] as a modification of the standard Steklov eigenvalue problem (S = I) to cope
with the complicated nature of this equation. The Fredholmness of the standard Steklov eigenvalue
problem was later established in [35] and the distribution of eigenvalues in the selfadjoint case
reported in [34]. The approach to introduce a smoothing was generalized from the scalar case [21]
in [22] to (3). Note that our forthcoming analysis can easily be extended to those problems. We
are going to establish the existence of eigenvalues of (3) in Theorem 4.8. Before that we recall
some embedding results for the spaces

H(curl,dive, trd, ; Q) := {u € H(curl; Q): div(eu) € L*(), v x u= 0 on 99},
H(curl,dive,trd ; Q) := {u € H(curl;Q): div(eu) € L*(Q2), v -eu = 0 on 99},

which are equipped with the norm

Hu”?-](curl,dive;(l) = Hu”iz(sz) + | cur1u||i2(m + diV(®u)||%2(Q)a
and investigate the properties of the operator S.
Assumption 4.1. Let e € L(Q) be such that e := inf,cq ¢ecs j¢)=1 Re(§* e (2)€) > 0.

Proposition 4.2. Let ¢ satisfy Assumption 4.1. Then the spaces H(curl,dive,tr). ;Q) and
H(curl,dive,tr ; Q) embed compactly into L2(£2).

v-e’

Proof. For real valued matrix functions € this result is well known due to [44]. The proof from
[44] for complex valued matrix functions € which satisfy Assumption 4.1 requires only one mi-
nor adaptation: all inequalities of the kind (E*HUH%Q(Q) < {eu,u)r2(q) have to be replaced by

‘B—HU'H%?(Q) < Re({eu, u)r2(q)). See also the proofs of [5, Theorems 8.1.1, 8.1.3]. O

The set P := {Q;},5 = 1,..., N is called a partition of Q if Q; C Q,j = 1,..., N are mutually
disjoint connected Lipschitz domains, and it holds that Q = Ujvzl Q;. Let

PWH®(Q,P) :={e € L™(Q): elo, € WH™(Q;),j =1,...,N}.

We make an assumption on the topology of Q as in [20] and refer to [5, Chapter 3, Remark 3.2.1,
Theorem 3.3.2] for a discussion on this assumption.



Assumption 4.3. The Lipschitz domain € satisfies one of the following topology conditions:

o (Top),_,: “given any curl-free vector field u € C*(2), there exists p € C(2) such that
u=Vpin Q7
e (Top);.: ‘“there exist I € N nonintersecting manifolds, 1, ..., ¥, with boundaries 9%; C

o9, such that, if we let Q := Q\ UiI:1 Y, given any curl-free vector field u € C(Q), there
exists p € C(2) such that u = Vp in Q7.
We call € € L°°(Q2) normal, if e(x) is a normal matrix for almost all z € .
Proposition 4.4. Let Q be a Lipschitz domain which satisfies the topology Assumption 4.3. Let
e € PWL°(Q,P) be normal and satisfy Assumption 4.1. Then there exist constants si,s2 > 0

such that H(curl,dive,trl, ;Q) and H(curl,dive,trd ;Q) embed continuously in H*(Q) for all
s €(0,s1) and s € (0, s2) respectively.

0 .
v-e)

Proof. The result follows from [20]. Let u € H(curl,dive, trl,;Q) or u € H(curl,dive, trd ;).
Due to Theorems 5.5 and 5.6 of [20] we can make decomposition u = vyeg + Vp such that
[Viegllar2(0) < Cllullm(curt,dive:n) With a constant ¢ > 0 independent of u. The function
p € HY(Q) is a solution to (5.4) or (5.7) in [20] respectively. Due to Lemma 6.10 of [20] there
exists s > 0 such that the H*~1(Q2)-norm of the right hand-sides in (5.4) and (5.7) is bounded by a
constant times ||| 7 (curl,dive;2)- Hence Theorem 6.8 of [20] yields that ||p[|z1++(q) is bounded by
a constant times ||| g (curl,dive;2)- Note that Lemma 6.10 and Theorem 6.8 of [20] are formulated
only for matrix functions € which are multiples of the identity matrix. However, as the explained
on Page 3029 of [20] Lemma 6.10 and Theorem 6.8 of [20] extend to normal matrix functions e.

Thus the proof is finished. O
Next we investigate the properties of the operator S.
Lemma 4.5. The operator S € L(H (curl; ), L2(09)) is compact.

Proof. We recall S = prAfl divp try « and that fAl?lf is the solution to the problem to find
u € H(0N) such that

(Vru, Vru')izo0) = (fu' ) m-100)x ooy  forall ' € HL ().

For u € H(curl; Q) we know that divtr,x u € H~'/2(9Q), and hence one might expect that Su
admits some extra regularity, i.e. Su € H'T$(9€) with s > 0. However, for Lipschitz domains
the usual definition of H®(9€) via local coordinates is only well-defined for s € [—1,1]. Nonstan-
dard definitions of H*(99), s > 1 e.g. as tr H*t1/2(Q) exist, but such spaces lack some classical
properties of Sobolev spaces. In the following we consider the space H!(9) equipped with the
norm ||Vrul|r2s0) (which is equivalent to the standard H'(8Q)-norm on H}(952)). Will work
with the spaces [L2(9), H}(0Q)]ms.s, s € R generated by Hilbert space interpolation (see e.g. [8,
Appendix B]). For s € [—1,1] it holds [L2(9Q), H}(0Q)]ns,s = H:(99) (see e.g. [3, p. 232]). How-
ever, the spaces [L2(0Q), H!(0Q)]us,s are also well-defined for s > 1 (and in this case the name
extrapolation spaces might be more apt). Let (s, ¢n),n € N be the eigenpairs of (E*E)l/2 with
the embedding operator E € L(H}(99Q), L2(092)). Recall that [L2(99Q), H!(0Q)]us,s consists of all
functions v = Y, .\ cnpn With 3, s2079) e, 2 < 400. Since divtr,y u € H-Y/2(99) it follows
divtry u € [L2(09), H}(09)]rs,—1/2 and thus —Ar" divtr,x u € [L2(09), H!(0Q)] 5,32 Thus
Su=3 e Ve, with 3o s, en]? < +oo. Since HSUH%Z(aQ) = > nenlenl? it follows that
S € L(H (curl; ), L%(09)) is compact. O

Lemma 4.6. Let Q be a C*° domain. Then it holds that
S e L(H (curl; ), H/2(5Q)).

Proof. For C* domains the Sobolev spaces H*(0f2), s € R can be defined in the convenient way
and it follows from [27, Proposition 1] that indeed S € L(H (curl; Q), HY/2(9Q)). O



Assumption 4.7. Forker S := {u € H(curl;Q): Su = 0} let the equation
(u ' curlu, curlu’)r2(0) — w?(eu, u')r2() =0 for all u’ € ker S
admit only the trivial solution u =0 in ker S.

Now we are prepared to establish the main result of this section.

Theorem 4.8. Let Q C R? be a bounded Lipschitz domain. Let p satisfy Assumption 3.1 and e
satisfy Assumption 4.1. Let Q be a C°° domain, or 0 satisfy the topology Assumption 4.8 and
€ € PWH°(Q) be normal. Let w € R\ {0} and Assumption 4.7 be satisfied. Then the spectrum of
(3) consists of an infinite sequence of eigenvalues, each with finite algebraic multiplicity, which do
not accumulate in C and such that for every 6 > 0 only finitely many eigenvalues lie outside the
sector {z € C: |arg z| < ¢}.

Proof. We aim to mimic the technique for the scalar case (see Theorem 3.3) and to apply
Theorem 2.1. To this end we consider H(curl;2) equipped with the modified scalar prod-
uct (W, ') g(eury) = (pt curlu, curlu’)y2 () + (u,u’)r2(), w,u’ € H(cur; Q). Let T,K €
L(H(curl; Q2)) be defined through

(Tu, ) preuro) = (1 + w’e)u,u')2(q), (Ku,0')g(ewso) = (Su, Su')r200),

for all u,u’ € H(cur;Q) and A(\) := I — T — AK. Then the weak formulation of (3) is
(A(N)u,u’) geuryo) = 0 for all u’ € H(curl; Q) or equivalently in operator form A(A)u = 0.
Next we introduce a suitable topological decomposition H(curl; Q) = X &7 ker S (with ker S C
H (curl; ©2)) such that A(X\) becomes a triangular block operator with respect to this decomposition.
For u € H(curl; Q) we define Pyu € ker S to be the solution to (I —T')(Peu —u), ') gcuri;0) = 0
for all u’ € ker S, or equivalently formulated Pyu € ker S solves

(' curl(Pou — ), curlu’)p2(0) — w?(e(Pou — u),u')2(0) =0 (4)
for all u’ € ker S. Note that Z := {Vz: 2 € H}(Q)} C ker S. Let

Y :={uckerS: (u,Vz)guno) =0 for all z € HY Q)
={uckerS: divu=0in Q, v-u=0 on 09}

be the orthogonal complement of Z in kerS. Let Py and Pz the orthogonal projections on
the respective subspaces. Then with T := Py — Py the sesquilinearform ((I — T')u, ') 7 (curl;)
u, v € ker S is weakly T-coercive. Hence Assumption 4.7 and the Fredholm alternative yield that
the operator associated to the sesquilinearform ((I — T')u, 0’) g(cur;0), W, 0’ € ker S is bijective.
Thus Pyu is indeed well-defined and bounded P, € L(H (curl; ), ker S). Further it can easily be
seen that P, is a projection. Consequently with X := ran Py, P, := (I — P,) we constructed a
topological decomposition H (curl;2) = X &7 ker S with associated projections P;, P, such that
A()) admits a block operator representation

_(PPAN)|x  PPAN)|kers
A(A)N( 0 PIAW|as)’

whereat Py, Py are the orthogonal projections onto X, ker S. As we already discussed the operator
P9 A(N)|ker s is bijective. Hence the eigenvalues of A(A) and Ax () := PPA(N)|x = Ix — PT|x —
AP K |x coincide. Due to the definition of the space X the operator PYK|x is injective. It can
easily be seen that PP K |x is selfadjoint, and PYK|x is compact due to Lemma 4.5. Note that
it follows from (4) and Z C ker S that X C H(curl,dive, tr) ;). Thus Proposition 4.2 implies
that PPT|x is compact. If © is a C*° domain, then PP K|x is of finite order due to Lemma 4.6,
Theorem 2.2 and Lemma 2.3. If Q satisfies the topology Assumption 4.3 and ¢ € PW1>(Q)
is normal, then PYT|x is of finite order due to Proposition 4.4, Theorem 2.2 and Lemma 2.3.
It remains to show that X has an infinite dimension. To this end we apply some results from



[10]. Due to [10, Theorem 4.1] we know that the image of H(curl; 2) under the tangential trace
operator tr,y equals H~1/2(divp; 99). Let H(09) == {p € HL(0Q): Arp € H, /*(09)}. Due to
[10, Theorem 5.5] it holds that VrH(9Q) € H~/?(divr; 9Q). For p € H(99Q) let u(p) € H(curl; Q)
be such that v x u(p) = Vrp on 99. It follows that Piu(p) € X and that SPiu(p) = Vrp. Hence
VrH(092) € SX. Since the dimension of VrH(0N) is infinite, it follows that the dimension of X
is infinite too. Now Theorem 2.1 can be applied. Thus the proof is finished. O

To interpret the injectivity Assumption 4.7 we can apply similar considerations as in Re-
marks 3.4, 3.5, 3.6 for the scalar case. Compared to the Assumption 3.2 for the scalar case,

Assumption 4.7 looks a bit odd. However, this is exactly the Assumption which is e.g. missing in
[19].

5 Stability of modified electromagnetic Steklov eigenvalues

In this section we consider eigenvalue problem (3) for different pairs (u,€) = (po,€0), (Ln,€n)
of parameters, and investigate the convergence of eigenvalues as (pp,€n) — (Mo, €p). That is
we study the stability of eigenvalues of (3) with respect to perturbations in (y,e). If (un,er)
converges to (o, €g) in L>°(2)-norms, then it is rather straightforward to obtain the convergence
of eigenvalues. However, the former consideration excludes an important class of perturbations.
Consider e.g. P = Po + 61XB, (z1)], € = €0 + d2XB,, (2,)] With scalar constants 61,02, xp being
the characteristic function of a set B, I being the 3 x 3 identity matrix, z1,zo € Q, h > 0 and
the balls By(x) := {y € R*: |z —y| < h}. Then ||po — pallLe) = [01]; leo — enllLe) = [02],
while |[po — pallLe) = O(|61|h3/7), |leo — enllLr) = O(|02|h3/?) for each p € [1,00). Hence in
this case (un,€p) converges to (uo,€p) in LP(Q), p € [1,00), but not in L>*°(£2). Thus we would
like to obtain stability results in terms of LP(2)-norms. To this end we are going to reformulate
the eigenvalue problems (3) into eigenvalue problems for analytic Fredholm operator functions
To(-), Tn(-). Subsequently we will estimate in Lemma 5.2 the difference || To(\) — Tr(A)|| vy in
terms of ||po — pallLr () and [|eo —en Ly (o). Then general perturbation theory for analytic operator
functions [38, 39] will yield in Theorem 5.3 the convergence of eigenvalues in terms of ||po—pn ||lLr (o)
and |lep — €n|lLr(q)- In Theorem 5.4 we will apply a more specialized perturbation theorem [42]
to obtain an improved convergence rate under an additional assumption. In Theorem 5.7 we will
extend the former results to topologically nontrivial domains. Note that the forthcoming analysis
which will result in Theorems 5.3, 5.4 and 5.7 is a significant improvement of [22, 23]. Indeed
here we will require only uniform L bounds on pp,e, (see Assumption 5.1). In comparison
[22] requires that [[eg — enllL= () is sufficiently small and the analysis [23] for scalar problems
requires that Aj, converges to Ay in PW12°(Q, P) with a fixed partition P, whereat Ay, A in [23]
correspond to pal, [p,?l here.

Assumption 5.1. Let (pp)n>0,(€n)n>0 be sequences with pp,ep, € L2(Q) such that
SUpP>0 ||[|J;1||]Lco(Q), SUpPy >0 H@hH]Loo(Q) < 00. Let (pp)n>0 be real and symmetric, €y be normal,

and pi— = infreq eecs jej=1,h20 £V, ()€ > 0 and e = infoeq ccos g)=1,n>0 Re(§*en(2)€) > 0.
Let
Vi, == H(curl, dive), tr 2) :={ue H(curl; Q): div(epu) =01in Q, v - epu = 0 on 00},

(u,u')y, = (u; * curlu, curlu’)2(q).

0 .
v-ep’

Let V := V. For (un)n>o0, (€r)n>0 satisfying Assumption 5.1 it is well-known that we can make
the topological decomposition H (curl; Q) = V;, @7 VH(Q). The projection onto Vj, is given by

Pth =u— Vw
with w € H}(Q) being the solution to

(enVw, Vu')r2(q) = (enu, V' )12 for all w € H(Q). (5)



In addition if © is simply connected, which we assume from now on, then (-,-)y, is on V} an
equivalent scalar product to the standard H (curl; Q) scalar product. Lateron we will extend our

analysis in Section 5.1 to topologically nontrivial domains. Recall that the variational formulation
of (3) is to find (A, u) € C x H(curl;2) \ {0} such that

<|]J}:1 curlu, curl u/>L2(Q) — w2 <<}:hu, u/>L2(Q) — /\<Su, Su/>L2(6Q) =0 (6)

for all u' € H(curl; ). Testing (6) with Vw,w € H}(2) we obtain that any solution (\,u) €
C x H(curl; ) \ {0} satisfies u € V4, and trivially (A, u) satisfies (6) for all u’ € V;,. On the
other hand if (A\,u) € C x V;, \ {0} satisfies (6) for all u’ € V3, then (\,u) € C x V}, \ {0}
satisfies (6) also for all u’ € H(curl;€2). Thus we can consider the variational formulation of the
eigenvalue problem (3) in the space V}, instead of H(curl; Q). This is advantageous, because the
space V}, admits better embedding properties than H(curl; Q). However, when we compare now
the eigenvalue problems for h = 0 and h > 0 we recognize that these problems are posed now on
different spaces Vi # Vi, h > 0. To circumvent the latter we are going to reformulate the eigenvalue
problem for h > 0 in terms of the space V. Note that Py, € L(V,V},). Since curl Py, u = curlu
for u € V and Q is simply connected it follows that Py, ins injective. Due to V3, = Py, H(curl; Q2),
H(curl; Q) = V &7 VHX(Q) and Py, VH(Q) = {0} it follows that Py, surjective. Thus Py, is
bijection between V and V},. Consequently we can reformulate the eigenvalue problem for A > 0
to find (A\,u) € C x V' \ {0} such that

(y, ! curlu, curl u')r20) — w?(ep Py, u, Py, u')12(0) — AM(Su, Su')r290) = 0 (7)

for all u' € V, whereat we used that curl Py,u = curlu and SPy,u = Su. We introduce
Ay, Ae,, Aer € L(V) through

(Ap,u,u)y o= (;, ' curlu, curlu’) 2,
(A, u,u')y == (e, Py, u, Py, u') 120

(Atru, 11/>V = <SU., SU.I>L2(8Q)

for all u,u’ € V. Note that Ay, = I. Let Tp()\) := AJ}}(‘*’TZA% + Aq) and Tp(A) := I — AXTi(N)
for A € C\ {0}. Recall that due to Assumption 4.7 A = 0 is not an eigenvalue of (3). Thence the
eigenvalue problem (7) is equivalent to find (A,u) € C\ {0} x V'\ {0} such that Tp(A)u=0. We
recall the three-term Holder’s inequality

I fifefsllziy < Mfiller@ll f2llLac | f3ll Lrpe) p +-+-=1, (8)

for p,q,r € [1,00]. We also recall the continuous Sobolev embedding for
t€(0,3/2), t":=6/(3-2t), |lullpi=(o) < Crellullm(o) Yue H(Q), (9)
with the embedding constant Cp,; > 0.

Lemma 5.2. Let Q be a simply connected Lipschitz domain. Let (pn)n>o0, (€n)n>0 satisfy As-
sumption 5.1, po € PWH(Q,Py), €9 € PWH(Q,Ps), and sy, Se, > 0 be the mazimal Sobolev
embedding indices of H(curl,div po,trd,;Q) and H(curl,div @0,tr3_CO;Q) (see Proposition 4.4)
and 8y, = min{1/2,s,,}. Let 8 ,s: be as defined in (9). Then for each p1 € ( 00),

Mo’ “€o
2

p2 € (W, 00), there exists a constant C > 0 such that

2
1—2/3;

ITo(N) = TaM)lLevy < CL+1/IA]) (o — ballLe: @) + ll€o — enllLrz ()

for all A\ € C\ {0}. The constant C depends only on ), w, o, €, p1, p2, and the infinums and
supremums in Assumption 5.1.

10



Proof. We compute

2

w _
TAM}(A@O — Ag,)- (10)

T TR

To(\) — Th(\) = AN (A, — 1) (W;ACO + Atr) +

Note that due to Assumption 5.1 it holds sup,q [|A; |y < oo. First we estimate [|Ag, —
Ag, | Lvy. We compute for u,u’ € V that
((Agy — Ae, )u, ') vy = (eou, )2 (q) — (en Py, u, Py, u')12(q)
= <(Bou, uI>L2(Q) — <(BhPth, uI>L2(Q) (11)
= {(e — ep)u, u/>L2(Q) + {en(1 — Py, )u, u/>L2(Q).

Let 5 := 2/(1 — 2/po), ive. 1/pa + 1/t5 +1/2 = 1. Let ty := 3/2 — 3/13, i.e. 5 = 6/(3 — 2t2). Let
Cht > be the V < H(Q) embedding constant. Recall that (1 — Py, )u = Vw with w € HL(Q)
being the solution to (5), and that e_ is defined in Assumption 5.1. It follows

Vw2 < eZY[enn, V)| g1 = e (€0 — en)u, V)| g
< e Yeo — enllLes () llull s @
< CrzeZtleo = enflra o [l @)
< CH,CLe o — enllire oy [lullv.

Thence

[(en(1—=Py, Ju, u’)p2(q)| < (iglg lenllLoe(2))Cr,0CH, 1 Cr €~ €0 — enllue o llullv [0'[lv.  (12)

Further we estimate
[{(e0 — en)u, u')r2o)] < lleo = enllLea () Ul ) 10 llL2co)
< CL.t,Crolleo — enllLes (o llullae o [y (13)
< CH,t,CL.1,Crolleo — enllLez ) lullv ||| v.

Together (11), (12),(13) yield that

| Aco — Aepllz(v) < Clleo — enllLrz () (14)

with a constant C' > 0.
Next we estimate ||(Ay, — I)Ag, || Lv). For u e V let vy := Ag u. Thence v, satisfies

(bo* curl vy, curlu’)y2(q) = (vi,u')y = (A, u,u)y = (eou, u')p2(q)

for all u’ € V, and even also for all u’ € H(curl; ). Hence curlp, ' curlv; = gou € L?(Q) and
v X [po_lvl = 0 on 01, i.e. [pgl curlv; € H(curl,div o, tr9,; Q). Let t5 = 2/(1 — 2/p1), i.e.
1/p1+ 1/t5+1/2 = 1. Let t; := 3/2 — 3/t7, i.e. t] = 6/(3 — 2t1). Recall that p_ is defined in
Assumption 5.1, and let Cr; be the H(curl,div o, tr9,; Q) < H(Q) embedding constant. We
estimate for u,u’ € V that

0 .
vX)

{(Ay, = DAgyu, ) vy = (" — o 1) curl vy, curlu’) 2 g |
= |<DJ1;1([IJO - [}Jh)[pal curl vy, curl u’>Lz(Q)|

< (sup b, o= @)l = pallim @b " curlvilly e g | curlw'lez oy

< Cr 1= lpo — wnllie @ Iyt curl v [lee oy o [|v

= —-3/2 _
< Cr1.0, O 1= |0 — alle o) llkg  curl vl g eursoy 0] v

< Cllpo — prllue @ llallv|[u’|lv,
(15)
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with C' = (C’H,ouzl/2 + 1)C’H,0Heo|hﬁo(g)\/§C~’H1tlC’Lytlu:3/2, whereat we used that

o ! ewrl vi ||z euriy < V2(Jlg * curlva ||re (o) + [leou rz(q))
<= 2V2lvily + Crolleoll (o) V2I[ullv
< C?{,oH‘EOHLw(Q)N:l/Q\/§Hu||v + Cr olleol|ne (o) V2llullv.

Hence

[(Ag), — ) Agllz(vy < Cllpo — wallLe ) (16)

Next we estimate [[(Ay, — I)Aw||r(vy. For u € V let vy := Agu. In a similar way as for v,
we obtain that curlpy'curlve = 0 and v x py'curlvy = Su € L?(99Q). Since Q is simply
connected and curl [pal curlvg = 0 it follows that [pal curlvo = Vw for a w € Hl(Q) Thence
v X [pgl curl vy € L%(09) implies that trw € H(9Q). Note that this point of the proof requires
us to work with 5, instead of s,,. It also holds that divpVw = divcurlvy, = 0 in Q. Let R be a
bounded extension operator H!(9Q) — H™*1(Q). Then wy := w — Rtrw € H}(Q) solves

(poVwy, Vw/>L2(Q) = —(uoV R trw, V’LUI>L2(Q)

for all w’ € H (). Note that the regularity index sy, equals the regularity index for the former
scalar Dirichlet problem (see the proof of Proposition 4.4). The right hand-side of the former
equation is in H 1% (Q). Thus it follows with [20, Theorem 6.8] that

g " curl vallu (o) < [IVwillan @) + VR trwla o) < Cllully
with a constant C' > 0. Hence estimates similar to (15) yield that

[(Ap, — DAullLevy < Cllk — prlle o) (17)
with a constant C' > 0. The claim follows now from (10), (14), (16) and (17). O

Theorem 5.3. Let 2 be a simply connected Lipschitz domain. Let (up)n>o0, (€n)n>0 satisfy As-
sumption 5.1, po € PWL(Q,Py), g € PWH(Q,Ps), and sy, Se, > 0 be the mazimal Sobolev
embedding indices of H(curl, div o, tr¥. ; Q) and H (curl, div e, trg,@o; Q) (see Proposition 4.4) and
Spo i= min{1/2,s,,,}. Let 55,55, be as defined in (9) and p, € (%,oo), p2 € (ﬁ,oo).
Ho €0

Let limp, 0 ||po — [th]Lpl(Q) = limy, 0 ||€0 — @hH]Lpz(Q) =0. Then

1. if (An)r>0 is a sequence of eigenvalues of (3) with (y,€) = (Un,€n), which converges to Ao,

then Ao is an eigenvalue of (3) with (p,€) = ([o,€o);

2. for every eigenvalue Ao of (3) with (u,€) = (po,€0) exists a sequence (Ap)p>0 with Ay being
an eigenvalue of (3) with (u,€) = (Un,€n) for almost all h > 0 such that (Ap)p>0 converges
to )\0,’

3. let A C C be compact and such that OA is contains no eigenvalues of (3) with (p,e) =
(Mo, €0). Then there exists an index ho > 0 such that for all h < hg the sum of the algebraic
multiplicities of all eigenvalues of (3) in A are equal for (p,€) = (uo,€0) and (u, €) = (Un, €p);

4. let Mg € C be an eigenvalue of (3) with (y,€) = (o, &) and & be the maximal length of its
Jordan chains. Let A C C be compact, such that the N\g € A is the only eigenvalue of (3)
with (Y, €) = (Mo, €o) contained in the closure of A. Let A\P°®" be the weighted mean (with
respect to the algebraic multiplicity) of all eigenvalues of (3) with (u,€) = (un,en) in A. Let
An € A be an eigenvalue of (3) with (p,€) = (Mh,€n). Then it holds that

Ao = Ml = 0 (o = 0l ) + 60 = €7 e )
and

Ao — A = O (llwo — wallir (o) + lleo — enllLez (o)) -
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Proof. We apply [38, 39] to To(-), Th(-) and use Lemma 5.2. The first two claims follow from [38,
Theorem 2]. The third claim follows from [38, Theorem 3]. The fourth claim follows from [39,
Theorem 2]. O

Note that in the following Theorem 5.4 the allowed range of p; is p; € ( 00), whereas

1— 2/ w9
in Theorem 5.3 it is required that p; € ( 00). Further note that (19) does not depend on

K.

- 2/5* )

Theorem 5.4. Let the assumptions of Theorem 5.3 be satisfied. Let Ao be an eigenvalue of (3)
with (y,€) = (po,€0) and (u,),n =1,..., N be a normalized basis of the corresponding generalized
eigenspace. Assume that

2|ow

N
Z T3 (Mo)up, Wn)y # 0, (18)

whereat T{(N) is the derivative of To(X) with respect to A and u, denotes the complex conjugation
of u,. Then the last statement of Theorem 5.3 improves with p1 € ( o0) to

. 2/** J
1A = Aul = O (llvo — pallie @) + lleo — enllLez (o)) - (19)
Proof. First note that (w,),n =1,..., N is a normalized basis of the generalized eigenspace of the

adjoint problem. Also note that 2p1 6 (W, 00). We apply [42, Theorem 4.1] to To(-), Th(-)

and use Lemma 5.2. Let C # 0 be the left hand-side of (18). Thence

CN
)\2 (

Mz

Ao = An) = ) (To(Mo) = Th(Xo))un, Un)v

2

O (1o = nlZzmn ) + lleo = enllErm(ay ) -

Recall (10):

2
_ w _
TO()‘O) - Th()\O) = A[phl (A[}Jh - ) (/\O Aeo + Atr) )\_OA[phl (Aeo - Aeh)‘

We estimate as in the proof of Lemma 5.2 that

<A[;h1(A‘EU — A@h)un,u_nh/ =0 (H@o — @hH]LpQ(Q)) .

For the other term we compute
2 2
Al;hl (Alth - I) (L/(\J_A% + Atr) = (AI}Jh - I) (i\]_Aeo + Atr)
0 0 ,
- (= DA = 1) (S A+ A
and estimate with v,, 1= (‘;’—jAeo + Agr)u, that

(A7 = D (5 Ay + A Y )|

< wlloo = {(n — po)ig ' curl v, g curl ) 2o |
+ (}Slli%HMIHLw(sz))uilH(Amh — Dvillvll(Ay, = Dy,

Hence by means of (8) we estimate similarly as in the proof of Lemma 5.2 further that

[{(pn — po)ig * curl vy, gt curl )2 o) = O (|0 — wallLe o)
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and
1(Aps, = Dvallvll (Aps, = Dy = O (o = ballEan 0 )

whereat we exploited that pg ! curl®,; has the same regularity properties as Mo Leurlv,. We recall
Hoélder’s interpolation inequality

Il < AN FIl e (20)

for g € [1,00], p € [1,4], 7 € [p,q] and « € [0, 1] with % = % + I_TO‘. At last we estimate as in [23]
by means of (20) with ¢ = oo, p = p1, 7 = 2p1, @ = 1/2 that

b0 — pallF2e () < o — ballLe o)

Hence altogether we obtain that

1A = Al = O (llvo — Rallie @) + €0 — enlliez(a)) -
O

Remark 5.5. Note that for a semisimple eigenvalue (i.e. k = 1) the left hand-side of (18)
equals % Ziv:l<5un,5u_n>L2(aQ). If we compare Theorem 5.4 with N =1 to [23, Theorem 7], we
observe that here we require (18) whereas no such assumptions occurs in [23, Theorem 7]. The
explanation is that there is a slight mistake in [23]. Indeed [23, Theorem 6] is an incorrect version
of [42, Theorem 4.1], which assumes that the eigenspaces for To(-) and its adjoint problem are
equal. However, in general this is only true for selfadjoint operators. Thus in the right arguments
of scalar products in [23, Theorems 6,7] ug needs to be replaced by uf. For Steklov eigenvalue
problems it holds uly = Tg (with the overline indicating the complex conjugation). Thus one cannot

deduce from Su # 0 that (Su, SU)r2(p0) # 0.

Remark 5.6. Note that for Theorem 5.4 we apply [42, Theorem 4.1] and can obtain an explicit
formula for the leading order perturbation term with respect to perturbations in €. However, for
perturbations in  the explicit perturbation term turns out to be of the same order as the remainder.

5.1 Topologically nontrivial domains

Until now we have assumed in this section that the domain €2 is simply connected. Let us discuss
now how to extend the former analysis and in particular Theorems 5.3 and 5.4 to domains (2
which satisfy Assumption 4.3 with (Top);.,. To construct a suitable topological decomposition
of H(curl; ) in this case we follow [5, Chapter 3] with some minor adaptations. Let

P.(Q) :={w e H}XQ): []g, =C forall i=1,...,1},

whereat [w]y, denotes the jump of w on X;. Functions w € Px((2) in general do not admit a weak
gradient Vi in Q. However, the weak gradient Vi is well defined in L?(€2), which we can identify
with L2(Q). We use the notation Vi € L2(Q) for the former function to emphasize the difference.
Note that curl Vio = 0 and SV = 0 for 1 € P,(). Recall [5, Theorem 3.3.2] which tells that
for u € H(curl; ), curlu = 0, if and only if u = Vi with @ € P.(). Let

Vi = {u e H(cwl;Q): (epu, Vid)pzio) =0 for all o € P(Q)}.
The projection onto Vj, is given by Py u:=u- Vi with w € P*(Q) being the solution to
(en Vi, Vi )20y = (epu, Vi )iy for all i’ € Py(Q). (21)

Hence we have a topological decomposition H(curl;Q) = Vj, @7 %P*(Q) and (u,u’)y =
<[p,:1 curlu, curlu’)2 () is on Vi, an equivalent scalar product to the standard H(curl; Q) scalar
product. Thus we can repeat the preceding analysis to reformulate eigenvalue problem (3) in
terms of Tj,(\) = I — AT),(\) on the space V := Vp, whereat in the definitions of T},(-) quantities
V, Py, merely need to be replaced by v, P;/h, etc..
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Theorem 5.7. Let Q satisfy Assumption 4.8 with (Top),.,. Then Theorems 5.8 and 5.4 still
hold true, whereat in the latter Theorem 5.4 quantities V, To(-) need to be replaced by \7, TO(-).

Proof. First we show that Lemma 5.2 can be generalized. Note that Proposition 4.4 holds already
for (Top);., and hence Estimates (14), (16) do not require any adaptation. To obtain (17) it
suffices to bound ||pg ' curl va || gt (@), V2 := Agu in terms of [lully. It holds curl byt curlve =0

and v X [pal curlvy = Su € L2(89). Due to [5, Theorem 3.3.2] we obtain pg ! curl vy = Vi for

a w € P.(92). Note that functions in P,(€2) have a well-defined trace in H*(92), s < 1/2. From
v x g teurl vy = Su € L2(09) we deduce that trw € H'(99Q). Let w € H'(2) be the solution
to divuVw = 0 in ©, w = on 9. As in the proof of Lemma 5.2 we can bound ||Vw||g (o) in

terms of [|ul|y;. In addition it holds Vi — Vw € H(curl, div o, t%,.; Q) and hence by means of
Proposition 4.4 we can estimate
g ! eurlvallma @) < Vi — V|l @) + Vol @
< Cp, |V — Vw|lLz) + IVwllan )
< Cr, IV ||rz) + (Cre, + DIIVwllan o)
< Cr(llpg t cwrlva L2 o) + [[1SullLean))

< Cojully

with a constants C1,Ce > 0. Altogether we established the generalization of Lemma 5.2 from
which the generalization of Theorem 5.3 follows directly. For the generalization of Theorem 5.4
we make the same modifications as for the generalization of Lemma 5.2. O
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