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MULTISTABILITY OF SMALL REACTION NETWORKS*

XIAOXIAN TANG' AND HAO XU*

Abstract. For three typical sets of small reaction networks (networks with two reactions, one
irreversible and one reversible reaction, or two reversible-reaction pairs), we completely answer the
challenging question: what is the smallest subset of all multistable networks such that any multistable
network outside of the subset contains either more species or more reactants than any network in
this subset?
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1. Introduction. For the dynamical systems that arise from biochemical reac-
tion networks, we ask the following question:

QUESTION 1.1. Given a class of networks with the same number of irreversible re-
actions and the same number of reversible-reaction pairs, what is the smallest nonemp-
ty subset of multistable networks such that any multistable network outside of the sub-
set has either more species or more reactants than any network from the subset? Here,
we define the number of reactants as the mazimum sum of stoichiometric coefficients
in the reactant complexes (see Definition 2.3).

The above question is motivated by the multistationarity (multistability) problem of
biochemical reaction systems, which is crucial for understanding basic phenomena
such as decision-making process in cellular signaling [3, 11, 25, 6]. Given a network,
we pursue rate constants such that the corresponding dynamical system arising under
mass-action kinetics has at least two (stable) positive steady states in the same sto-
ichiometric compatibility class. Mathematically, one needs to identify a value or an
open region in the parameter space for which a parametric semi-algebraic system has
at least two real solutions, which is a fundamental problem in computational algebraic
geometry [16, 8]. It is well-known that networks with only one reaction admit no mul-
tistationarity /multistability. So, for Question 1.1, the first non-trivial case to study is
the class of networks with two reactions (possibly reversible). It is implied by [15] that
for the networks with two pairs of reversible reactions, the smallest nonempty subclass
of multistable networks is the set with a single network “0 < X;, 2X; < 3X;".

That means for any other network with two reversible-reaction pairs, if it admits
multistability, either it has at least 2 species, or the number of reactants is at least
4. In this paper, our main contributions are complete answers to Question 1.1 for the
networks with exactly two reactions (see Theorem 2.4) and those with one irreversible
reaction and one reversible reaction (see Theorem 2.6).

Our main focus is the multistability problem. Generally, multisability is a much
more difficult problem than multistationarity because the standard algebraic tool
for studying stability (Routh-Hurwitz criterion [13], or alternatively Liénard-Chipart
criterion [9]) is computationally challenging (e.g., [19], [23]). Fortunately, for the
networks with one-dimensional stoichiometric subspaces, we can determine stability
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by checking the trace of the Jacobian matrix (see Lemma 3.4). Using the simpler
criterion and the elimination theory (from algebraic geometry), we prove an upper
bound for the maximum number of stable positive steady states in terms of the max-
imum number of positive steady states (Theorems 3.15). For the networks such that
the nondegeneracy conjecture [15, Conjecture 2.3] is true, a lower bound for the the
maximum number of stable positive steady states can be similarly obtained (Theorem
3.16). These results show that a multistable network admits at least three positive
steady states. So, the number of reactants for a multistable network should be at
least three (in fact, for two-reaction networks, the number of reactants should be
at least four, see Theorem 4.10). A recent study on at-most-bimolecular networks
[18] supports our result. These results extend [15, Theorem 3.6 2(c)], which is for
one-species networks, to two-reaction networks and to two-species networks with one
irreversible and one reversible reaction, or with two pairs of reversible reactions. We
remark that these results are based on a sign condition (see Theorem 3.5), which also
provides one way to determine multistationarity (by checking if the determinant of
the Jacobian matrix changes sign) for small networks with one-dimensional stoichio-
metric subspaces (see Corollary 3.14). There have been a long list of such criterion
(without or with a steady-state parametrization), see [5, 21, 24, 1, 16, 8, 10]. One
criterion in the list based on degree theory [10, Theorem 3.12] requires the networks
to admit no boundary steady states, which cannot be directly applied to two-reaction
networks since if a two-reaction network admits multistationarity, then it must admit
boundary steady states (see Theorem 4.8).

This work can be viewed as one step toward an ambitious goal: a complete
classification of multistable networks with one-dimensional stoichiometric subspaces.
As the first step toward the big goal, Joshi and Shiu [15] solved the multistationarity
problem for small networks with only one species or up to two reactions (possibly
reversible). Later, Shiu and de Wolff [22] extended these results to nondegenerate
multistationarity for two-species networks with two reactions (possibly reversible).
The idea of studying small networks is inspired by the fact that multistability or
nondegenerate multistationarity can be lifted from small networks to related large
networks [14, 2]. Here, our contribution is straightforward: one can directly read
multistable networks with few species and few reactants from the two main results
Theorem 2.4 and Theorem 2.6. For two-reaction networks with up to four reactants
and up to three species, there are in fact only two kinds of networks (but infinitely
many) that are multistable. For instance, by Theorem 2.4, we directly see the network
“X1. = Xo+4 X3, 2X1+ Xo+ X35 — 3Xy” admits no multistability (see more
details on this example in Remark 4.16). And, for the networks with one irreversible
and one reversible reaction, if there are up to three reactants and up to two species,
then only four kinds of networks are multistable.

The rest of this paper is organized as follows. In Section 2, we introduce mass-
action kinetics systems arising from reaction networks. We formally state our problem
and present the main results in Section 2.3. In Section 3, for the small networks with
one-dimensional stoichiometric subspaces, we provide a sign condition (see Theorem
3.5), which reveals the relationship between the maximum number of positive steady
states and the maximum number of stable positive stable steady states (see Theorems
3.15 and 3.16). In Section 4, we study networks with exactly two reactions. We prove
a list of necessary conditions for a two-reaction network to admit multistability (for
instance, see Theorems 4.8 and 4.10). Based on these results, for the set of all two-
reaction networks, we find the smallest subset of all multistable networks such that
any multistable network contains either more species or more reactants than any
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network in this subset (see the proof of Theorem 2.4). We extend these results for
networks with reversible reactions in Section 5 (see the proof of Theorem 2.6). The
proof of Theorem 2.7 is presented in Section 6. Finally, we end this paper with open
problems inspired by Theorem 3.16, see Section 7.

2. Background.

2.1. Chemical reaction networks. In this section, we briefly recall the stan-
dard notions and definitions on reaction networks, see [8, 15] for more details. A re-
action network G (or network for short) consists of a set of s species { X1, Xa,..., X5}
and a set of m reactions:

(2.1) o ; X1+ tagXs = By Xa 4+ B X, for j=1,2,...,m,

where all a;;; and §;; are non-negative integers, and (auj,...,as;) # (B1js-- -, Bsj)-
We call the s x m matrix with (4, j)-entry equal to 5;; — c;; the stoichiometric matriz
of G, denoted by /. We call the image of N the stoichiometric subspace, denoted by
S. Note that S is a real subspace.

We denote by x1,x2, ..., xs the concentrations of the species X7, X5, ..., X, re-
spectively. Under the assumption of mass-action kinetics, we describe how these
concentrations change in time by following system of ODEs:

K1 x?llngl e x?sl
Ko {2 wy?2 - xde?
(2.2) = flz) = N : )
Em x?lm xSQm . x?sm
where  denotes the vector (1, z2, ..., zs), and each k; € R is called a rate constant.
By considering the rate constants as an unknown vector k = (K1, K2, . . ., Km ), we have

polynomials f; € Q[x, z], for i =1,2,...,s.

A conservation-law matriz of G, denoted by W, is any row-reduced d x s-matrix
whose rows form a basis of S+, where d := s — rank(N) (note here, rank(W) = d).
The system (2.2) satisfies W& = 0, and both the positive orthant RS, and its closure
R>¢ are forward-invariant for the dynamics. Thus, a trajectory z(t) beginning at a
non-negative vector z(0) = 2% € R$, remains, for all positive time, in the following
stoichiometric compatibility class with respect to the total-constant vector ¢ := Wz €
R¢:

(2.3) P = {z e Ry, | Wza =c}.

That means P, is forward-invariant with respect to the dynamics (2.2).
In this work, we mainly focus on the three families of small networks defined as

Go := {the networks with exactly two reactions, i.e., m =2 in (2.1)},
Gy := {the networks with one irreversible and one reversible reaction}, and
Gy := {the networks with two reversible-reaction pairs}.

We denote the union U?_,G; simply by G. Also, we simplify/clarify our notation (2.1)
for reversible reactions. Any G € G; has the form

(2.4) YianX; & Y BuXi, YijapX; — X BiX,
and for any G € Ga, we denote it by
(25) EleailXi =4 EleﬁilXi, EZ'-S:lOéiQXi = Eleﬁiin.
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DEFINITION 2.1. For two networks G and G in G, we say the network G has the
form of the network G, if we can obtain G from G by relabeling the species.

EXAMPLE 2.2. For instance, the network (2.6) has the form of the network (2.7):
we obtain (2.6) from (2.7) by relabeling the two species X2 and Xs.

(26) X1+ X3 — XQ, Xo+2X3 — X1+ 3Xs.

(2.7) Xi+Xo — X3, 2Xo+ X3 — X;+4+3Xo.

2.2. Steady states. A steady state of (2.2) is a concentration vector z* € R,
at which f(z) on the right-hand side of the ODEs (2.2) vanishes, i.e., f(z*) =0. If a
steady state «* has all strictly positive coordinates (i.e., z* € R%,), then we call z* a
positive steady state. If a steady state 2* has zero coordinate(s) (i.e., z* € R$,\R2 ),
then we call * a boundary steady state. We say a steady state x* is nondegenerate if
im (Jacs(z*)|s) = S, where Jacy(x*) denotes the Jacobian matrix of f, with respect
to x, at *. A steady state x* is exponentially stable (or, simply stable in this paper) if
it is nondegenerate, and all non-zero eigenvalues of Jacy(z*) have negative real parts.

Suppose N € Z>o. A network admits N (nondegenerate) positive steady states
if for some rate-constant vector x and for some total-constant vector ¢, it has NV
(nondegenerate) positive steady states in the same stoichiometric compatibility class
Pc. A network admits N stable positive steady states if for some rate-constant vector
x and for some total-constant vector ¢, it has N stable positive steady states in the
same stoichiometric compatibility class P..

The maximum number of positive steady states of a network G is

cappos(G) = max{N € Zxg U {+00}|G admits N positive steady states}.
The mazximum number of nondegenerate positive steady states of a network G is
CaProndeg(G) = max{N € Z>q U {+00}|G admits N nondegenerate positive steady states}.

The mazimum number of stable positive steady states of a network G is

capsiap(G) = max{N € Z>q U {+00}|G admits N stable positive steady states}.

It is obvious that if G has the form of G, then CaAPpos (G) = CaPpos(G), CaProndeg (é) =

Capnondeg(G)u and capstab(G) = capstab(G)-

We say a network admits multistationarity if cappos(G) > 2. Notice that a net-
work that admits more than one boundary steady states is not said to admit multi-
stationarity in this paper. We say a network admits nondegenerate multistationarity
if capnondeq(G) > 2. We say a network admits multistability if capsian(G) > 2.

2.3. Problem statement and main results.

DEFINITION 2.3. For a non-negative integer K, a network G with reactions de-
fined in (2.1) is at-most-K-reactant if for all j € {1,...,m}, we have Y ;_; ayj < K,
and we say G is K-reactant (or, the number of reactants of G is K ) if G is at-most-
K -reactant and there ezists j € {1,...,m} such that Y ;_, ar; = K.

For the classes of networks Gy, G1 and Go, we provide complete answers to Ques-
tion 1.1: see Theorem 2.4, Theorem 2.6 and Theorem 2.7.

THEOREM 2.4. Given G € Gy, if G has up to 3 species and G is at-most-4-
reactant, then G admits multistability if and only if G has the form of one of the two
networks (2.8) and (2.9) below

(28) X14+3Xy — 44X+ X3, Xo+ X3 — Xy;



MULTISTABILITY OF SMALL REACTION NETWORKS 5
(2.9) X1 +2Xo+ X3 = [1Xo, 3X3 — B12X1 + PoaXo + B32X53,

where P21 € {0,1}, Bi2 € Zxo, P2z = f12(2 — f21) and P32 = P12 + 3.

Remark 2.5. We remark that for two networks with the same stoichiometric ma-
trix but different defining ODEs, they might have different dynamical behaviors. For
instance, consider the network

(2.10) Xi1+Xo = 2Xo0+ X3, Xo+4+ X3 — Xy

The networks (2.8) and (2.10) have the same stoichiometric matrix. However, The-
orem 2.4 shows that the network (2.8) admits multistability but the network (2.10)
does not.

Theorem 2.4 means for Gy, the answer to Question 1.1 is

H := {G has the form of the network (2.8) or the network (2.9)}.

In fact, Theorem 2.4 implies that H is the smallest multistable subset of Gy such that
any other multistable network has more species or more reactions than any G in H.
Similarly, one can understand why Theorems 2.6 and 2.7 below answer Question 1.1
for G; and Go, respectively.

THEOREM 2.6. Given G € Gy, if G has up to 2 species and G is at-most-3-
reactant, then G admits multistability if and only if G has the form of one of the
networks listed in Rows (7)—(10) of Table 4.

THEOREM 2.7. For G € Gs, if G has only one species and G is at-most-3-reactant,
then G admits multistability if and only if G has the form of the network

(211) 0 < Xl, 2X, < 3X,.

It is straightforward to prove Theorem 2.7 by Theorem 3.15 (see Section 3.3) and
[15, Theorem 3.6]. We provide the details in Section 6. Here, our main contributions
are Theorem 2.4 and Theorem 2.6. See the proofs in Section 4.2 and Section 5.

Note that for each set G;, an ambitious goal is to find the subset of all multistable
network. Our work provides one way to achieve the goal by detecting multistable
networks in Gy and G; when the number of species and the number of reactants are
restricted. Unfortunately, using the approach presented in this paper, we cannot
characterize multistability for the networks in G, with more than one species.

3. Small networks with one-dimensional stoichiometric subspaces.

3.1. Stability.

ASSUMPTION 3.1. For any G € G with reactions defined in (2.1), by the defini-
tion of reaction network, we know (c11,...,0as1) # (Bi1,...,8s1). Without loss of
generality, we will assume P11 — a11 # 0 throughout this paper.

LEMMA 3.2. For G € G, if G admits multistationarity, then there erists A €
R\{0} such that the equality

Bi2 — a2 Bi1 — a1
(3.1) : = -\

652 — Qg2 le — Q1

holds, and additionally, if G € Gy, then the scalar X\ is positive.
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Proof. By [15, Lemma 4.1], for any G € G, if cappos(G) > 1, then there exists
A > 0 such that (3.1) holds. By [15, Theorem 5.8], for any G € G, if cappos(G) > 2,
then there exists A # 0 such that (3.1) holds. By [15, Theorem 5.12], for any G € Ga,
if cappos(G) > 2, then there exists A # 0 such that (3.1) holds. 0

COROLLARY 3.3. For G € G, if G admits multistationarity, then the stoichiomet-
ric subspace of G is one-dimensional.

For any network G, if G has one-dimensional stoichiometric subspace, then all f;’s
defined in (2.2) will be the same polynomial up to scaling. For instance, for G € Gy,
we substitute (3.1) into f(z) in (2.2), and we get

(32) fl = K1 (ﬂzl — Oéﬂ) Zzl.fgkl — AHQ (ﬂzl — Olil) szlIzm, 7, = 1, NRRNCE

By this fact, we can derive a simple criterion (Lemma 3.4) for the stability.
LEMMA 3.4. For any G € G, if the stoichiometric subspace of G is one-dimension-
al, then a nondegenerate steady state x* is stable if and only if Y ;_, g—g:i o=z < 0.
Proof. Since the stoichiometric subspace of G is one-dimensional, there exists
A € R such that the equality (3.1) holds. We substitute (3.1) into f(x) in (2.2), and

we have

(3.3) (Bir —ai1) f1 = (B —an) fi, fori=2,...,s.

By (3.3), the matrix Jacy(z*) has rank 1, and so, it has at most one non-zero eigen-
value. Note also Jacy(x*) has at least one non-zero eigenvalue since x* is nondegen-
erate. Therefore, there is only one non-zero eigenvalue, which is equal to the trace of
the Jacobian matrix Jacy(z*). So, this eigenvalue has a negative real part if and only
if the trace of Jacy(z*) is negative. O

3.2. Sign condition. For any G € G, suppose f(z) = (fi(z),..., fs(x)) is
defined as in (2.2), and suppose the stoichiometric subspace of G is one-dimensional.
Define h, the system:

(3.4) hi = f1, hi == (B —ai)rs — (P11 —a11)x — o1, 2<i<s,

where ¢1,...,cs—1 € R. Here, the linear equation h; is derived by the ODEs (2.2) and
the linear-dependency condition (3.3).

THEOREM 3.5. Given G € G, suppose the stoichiometric subspace of G is one-
dimensional. If for a rate-constant vector k* and a total-constant vector c*, G has
ezactly N distinct positive steady states zV, ..., &N) where 2V, ... 2N) are ordered
according to their first coordinates (i.e., xgl) <0< :vgN)), and all positive steady
states are nondegenerate, then |Jacy, (z()||Jacy, (z0TD)|< 0 forie {1,...,N —1}.

The goal of this subsection is to prove Theorem 3.5. We first prepare some
lemmas. In fact, Theorem 3.5 directly follows from Lemma 3.6, Lemma 3.8, Lemma
3.10 and Lemma 3.11.

LEMMA 3.6. Let g(z) := anz™+---+a1z+ag be a univariate polynomial in R[z].
If the equation g(z) = 0 has exactly v (r > 2) distinct real roots, say z1 < -+ < 2z, and
if ¢ (z1) 20 fori € {1,...,r}, then we have ¢'(z;)g' (zi+1) <0 fori € {1,...,r — 1}.

Proof. Fix any i € {1,...,7 — 1}, let h(z) be the univariate polynomial such that
g9(z) = (z — z;)(z — zi+1)h(2). Note that

9'(2) = (2= zix1)h(2) + (2 = 2)h(2) + (2 = 2i) (2 — zi11)W (2).

So, ¢'(2)g'(zix1) = —(zix1 — 2z:)2h(zi)h(zit1). If ¢'(2:)g'(zix1) > 0, then we have
h(zi)h(zi+1) < 0. Notice that h(z) is a continuous function, so there exists zp €
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(ziy zit1) such that h(zg) = 0. We know zop # z for ¢ € {1,...,r}, which is a
contradiction to the hypothesis that g(z) = 0 has exactly r distinct roots. Therefore,
we definitely have ¢’(z;)g’(zi41) < 0. 0

LEMMA 3.7. The determinant of the Jacobian matriz of h defined in (3.4) with
respect to x (denoted by |Jacy|) is equal to

af;
3.5 — Br1)5 7t
( ) (0411 511 Z oz
which is also equal to
v 225}
s—2
(3-6) (0411 - 511) ;(0@1 - ﬂil)%,
Proof. For i = 2,...,s, let h; = anhjﬁn, where h; is defined in (3.4). Then,
the determinant of the Jacobian matrix of hq, ﬁg, el hs with respect to x is equal

to the determinant of the reduced Jacobian matrix (see [7, Definition 9.8] and [7,
Proposition 9.2]). By [7, Proposition 9.1], we know the determinant of the reduced
Jacobian matrix is the sum of the r X r (here, r := rank(N') = 1) principal minors of
Jacy. So, we have |Jacy|= (a1 —B11)* 7' D, gg Now (3.6) follows by substituting
equalities (3.3) into this expression for |Jacy|. 0

For the system h (3.4), define

(3.7) g(z1) = hi(z1,...,2s)|  _por—an o« Bai—ewr . €s-1

2T B —on1 YT Bri—arr ) 0 ST B o 1T Bri—enn

LEMMA 3.8. For the system h (3.4) and the polynomial g(x1) (3.7), if * is a
solution to hy(z*) = ... = hs(z*) =0, then

(3.8) (011 — B11)° " g/ (2F) = |Jack(a")].

Proof. By (3.7), and by long division, we have

Zqz i

where ¢1, . .., s are polynomials in R[z1, ..., zs]. For the both sides of (3.9), we take
the derivative with respect to x1:

(39) g(,Tl) =hi+—-— ﬁll .

Ohy 1 u Oh;
/ * L * . * *
g'(z7) 2, (%) + 7611 —— qu(x )ax1 (%)

ZQZ ﬁzl - 0411)

For the both sides of (3.9), we take the derivative with respect to z; (2 <1i < s):

O )

[311 — 011

0 = a—xi(x )+mfh(iﬂ )axi(fﬂ ),
(3.11) = ahl(x*)—qi(x*), i=2,...,5.

6:51-
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By (3.11), we have ¢;(z*) = 28 (2*). So, by (3.10), we have

ox;
8h1 8h1
12 ') = (g i)
B19 gD = G s S ) (o
Note that hy; = f1 (see (3.4)). By Lemma 3.7 and (3.12), we have (3.8). O

LEMMA 3.9. Given G € G, suppose the stoichiometric subspace of G is one-
dimensional. If for a rate-constant vector k* and a total-constant vector c¢*, G has a
positive steady state x*, then the first coordinate x7 is contained in the open interval

( Ci—1 +OO) Zf Bir—ai1 >0

Bit—ai1’ 311 a1

(3.13) I = N;_yI; where I; := ¢ (0,+00) if Bﬁ ar=0.
Ci— Bz i

(0’ 51'1*01&1) Zf ﬁli 3111 <0

Proof. By the system h (3.4), for any i (2 <14 < s) xf = 511:3111 xf — 51?’:;11'.
Note that x* is positive. So, for its i-th coordinate z}, we have z7 > 0. Hence, x] is
contained in the interval I defined in (3.13). a

LEMMA 3.10. Given G € G, suppose the stoichiometric subspace of G is one-

dimensional. If for a rate-constant vector k* and a total-constant vector ¢*, G has

exactly N distinct positive steady states zV, ..., ™) where ... ™) are ordered
according to their first coordinates (i.e., ,’Egl) <...< ng)), then all xgl), . :C&N) are
roots to g(x1) = 0, and for any 1 < i < N —1, there is no other real root to g(ajl) =0

between xgi) and a:giﬂ).

Proof. By the system h (3.4) and (3.7), all ,Tgl), .. ,ng) are roots to g(z1) = 0.
By Lemma 3.9, we have 3:(1) (N) € I (see (3.13)). Hence, if g(z1) = 0 has a real
solution =] between the two solutlons :zzg) and a:g“rl), then z7 € I. For j =2,...,s,
let ©7 = gjlizjlx’{ -3 “—__ Then z* is also a positive steady state, and it is

11 11 11 11

different from z(,... ) which is a contradiction to the hypothesis that G has
exactly N distinct positive steady states. d

LEMMA 3.11. Given G € G, suppose the stoichiometric subspace of G is one-
dimensional. A steady state x* is nondegenemte if and only if |Jacp(x*)|# 0.

Proof. Let Ny := (11 —ou1,...,Bs1 — asl) Recall Assumption 3.1 (we assume
Br1—aq; # 0). By (3.3), we have (f1,...,fs)" f1N1, and hence, Jacy(z*) =

,311 11
e L —N1V fi(z*), where V f; := (g—ﬁ, e g—fs). Therefore, we have
Jacf(a: )Nl = 7(N1Vf1($ ))N = 7N1(Vf1(113 )Nl)
P11 — ai1 B11 — a1

Note that by (3.6) in Lemma 3.7, we have |Jacy(x*)|= (a11 — B11)* 2V fi(a*)\;
Note also the stoichiometric subspace S is spanned by N7. So, im(Jacy(z*)|s) = S if
and only if |Jacy,(z*)|# 0. O

Remark 3.12. In [7, Definition 9.9], a nondegenerate steady state is defined as a
steady state such that the determinant of the reduced Jacobian matrix is non-zero.
From [7, Proposition 9.2] and Lemma 3.11, one can see this definition is consistent
with our definition.

THEOREM 3.13. [15] Suppose G € Gy, or, suppose G € Gy U Ga and G has up to
2 species. If cappos(G) < 00, then cappos(G) = capnondeq(G).
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COROLLARY 3.14. Suppose G € Gy, or, suppose G € G1 UGy and G has up to 2
species. Assume cappos(G) < 0o. For a rate-constant vector k*, if |Jacy(z*)| has the
same sign for any steady state x* € R, then G has at most one positive steady state
in any stoichiometric compatibility class.

Proof. Tt directly follows from Corollary 3.3, Theorem 3.5 and Theorem 3.13. 0O

3.3. Relationship between multistationarity and multistability.

THEOREM 3.15. Suppose G € G. If cappos(G) = N > 2 (N € Zxq), then
Capstab(G) < [%]

Proof. As cappos(G) > 2, it has a one-dimensional stoichiometric subspace (by
Corollary 3.3), and so, by Lemma 3.4, a nondegenerate steady state x* is stable if

and only if Y7 ; gf (z*) < 0. By Lemma 3.7, we have

af’t *
8:10Z

[Jacy (z*)|= (a1 — B11)* " Z
So, by Theorem 3.13, we conclude

(3.14) | Pnandesl @) | < () < [Prenden Gy (2 0
THEOREM 3.16. Suppose G € Gy, or, suppose G € Gy U Gy and G has up to 2
species. If cappos(G) = N > 2 (N € Zxq), then | 5| < capsian(G) < [5].
Proof. By Theorem 3.13, for G € Gy, or for G € G; UG (G has up to 2 species),
we have capnondeq(G) = cappos(G) = N. So, by (3.14) in the proof of Theorem 3.15,
we have the conclusion. d

4. Networks in Gj.

4.1. Boundary steady states and multistationarity. The main result of
this subsection is Theorem 4.8, which shows a multistationary network in Gy must
admit boundary steady states. This result will be used in the proof of Theorem 2.4
(see Section 4.2). In order prove Theorem 4.8, we start with some useful lemmas.

LEMMA 4.1. Given G € Gy, suppose the stoichiometric subspace of G is one-
dimensional. For the two systems f(x) (3.2) and h(z) (3.4), if z* € R® is a solution

to fi(z*)=...= fs(z*) =0, then

(4.1) Jacp(z®)| = wi(arr — Br1)* TG 1117*0%1_1 Z(ﬁil — 1) (o1 — o) Iy

i=1
Proof. By (3.2), we have

(4.2) gi: = mrin (B — i)y T ok — Akaaua (Bin — cin )y "I a0y, %2,

and

(4.3) r1(Bin — i)y 3™ = Ak (B — cin )Ty 2™

By (4.2) and (4.3), we have

(4.4) g—i(fﬂ*) = k1 (Bin — i) (i — o)} T 2y

Hence, by Lemma 3.7 and (4.4), we have (4.1). O
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LEMMA 4.2. Given G € Gy, suppose the stoichiometric subspace of G is one-
dimensional. If G admits a nondegenerate steady state, then the numbers in the
sequence

(4.5) (B11 — a11)(a11 — ai2), ..., (Bs1 — as1)(as1 — as2)

cannot be all zeros.
Proof. The conclusion follows from Lemma 3.11 and Lemma 4.1. 0
LEMMA 4.3. Given G € Gy, suppose the stoichiometric subspace of G is one-
dimensional. If the network G admits multistationarity, then

(4.6)  Fi,je{l,... s} st (B —an)(an —a)(Bi — aji)(aj — aj) <O0.

Proof. By Theorem 3.13 and Lemma 4.2, if cappos(G) > 1, then the numbers in
the sequence (4.5) cannot be all zeros. Then, the conclusion follows from Lemma 4.1
and Corollary 3.14. 0

Remark 4.4. The condition (4.6) is exactly the same with the condition (2) stated
in [15, Theorem 5.2].

LEMMA 4.5. Given G € Gy, if G has no boundary steady state in any stoichiomet-
ric compatibility class, then for any k (1 < k < s), we have either ag; = 0 or aga =0
(i.e., the two monomials 115 _ x,®* and 115 _,x1**2 have no common variables).

Proof. Note that for G € Gy, we know h; defined in (3.4) is

(47) hl = (611 — all) (IﬂHz:lJJzM — Aﬁgl’[izlxz“) .

Clearly, if there exists k € {1,...,s} such that ag; > 0 and agz > 0, then there
exists at least one boundary steady state (x; = 0,...,z, = 0) in the stoichiometric
compatibility class P, defined by ¢ = (0, ...,0) € R*~! which is a contradiction to the
hypothesis that G has no boundary steady state in any stoichiometric compatibility
class. d

EXAMPLE 4.6. The converse of Lemma 4.5 might not be true. Consider the con-
sistent network

X1+2X21>X2+X3, X3K—2>X1+X2.

The two monomials IIj _ xp %% = xlxg and 117 _, 1% = x3 have no common vari-
ables. The system h (3.4) is

2
hi = —(kiz23 — Kaw3), ho = —z1+ 22 —c1, hg = =1 + T3 — Ca.

Let ¢y = —1, and let co = 1. Then, for any rate constants, there is a boundary steady
state (1,0,0) in Pe—(_1,1)-

LEMMA 4.7. Given G € Gy, if for every k (1 < k < s), we have either ag; =0 or
a2 = 0, then the network G does not admit multistationarity.

Proof. Assume G admits multistationarity. By Corollary 3.3, the stoichiometric
subspace of G is one-dimensional. For any k (1 < k < s), we have either a; = 0 or
QL2 = 0. If Q1 = 0, then (ﬂkl - Oékl)(am — Ozkz) = —ﬂklakz S 0. If QAo = O, then by
Lemma 3.2, there exists A > 0 such that

1 1
(Br1 — a1 ) (a1 — ag2) = —X(ﬁw — a2 (g1 — ap2) = _Xﬁlﬂakl <0.

So, the signs of the non-zero numbers in the sequence (4.5) are all negative. By
Lemma 4.3, G does not admit multistationarity, which is a contradiction. a
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THEOREM 4.8. Given G € Gy, if G has no boundary steady state in any stoichio-
metric compatibility class, then the network G does not admit multistationarity.

Proof. If G has no boundary steady state in any stoichiometric compatibility
class, by Lemma 4.5, for any k (1 < k < s), we have either ay; = 0 or ayz = 0. By
Lemma 4.7, G does not admit multistationarity. d

Remark 4.9. Theorem 4.8 can be interpreted geometrically by the zig-zags pro-
posed in [15]. There cannot be a zig-zag pattern whose rectangle has two sides on the
axes.

4.2. Smallest multistable networks: proof of Theorem 2.4. In this sub-
section, we present the proof of Theorem 2.4. First, we prove that a multistable
network in Gy must have at least 4 reactants (see Theorem 4.10). Second, we prove
a list of necessary conditions for the multistable networks (with 3 species) in Gy (see
Lemma 4.11 and Lemma 4.13). Third, using the results proved in the first two steps,
we find all candidates for the multistable networks with with 4 reactants and 3 species
(see Lemma 4.15). Finally, we discuss the candidates stated in Lemma 4.15 one by
one, and we complete the proof.

THEOREM 4.10. Given G € Gy, if G is at-most-3-reactant, then G does not admit
multistability.

Proof. If the two monomials in h(x) (see (4.7)) have no common variables, then
by Lemma 4.7, G does not admit multistationarity. So, G admits no multistability.

Note the total degree of hi(x) with respect to x is at most 3 since G is at-most-
3-reactant. Thus, if the two monomials in hj(x) have common variables, then the
equations hi(x) = ... = hs(z) = 0 have at most 2 common positive solutions. That
means cappos(G) < 2. So, by Theorem 3.15, capsian(G) < 1. O

LEMMA 4.11. Given G € Gy, if G has exactly 3 species and if capsiap(G) > 2,
then we have

(4.8) Br1 — a1 #0, and
(4.9) ak —age 70, for any k € {1,2,3},

and we also have

Pz —aia  Poa—az P32 — as

= = < 0.
Bi1 — an Ba1 — aoy B31 — 31

(4.10)

Proof. Clearly, if capsiap(G) > 2, then cappondeq(G) > 2 and cappos(G) > 2. So,
by Corollary 3.3, the stoichiometric subspace of G is one-dimensional, and hence the
steady states are common solutions to the equations hy(z) = ha(z) = hs(z) = 0
(see the system h (3.4)). Note that by Lemma 4.3, there exist two distinct numbers
j1,72 € {1,2,3} such that for any k € {j1,72}, (Bk1 — k1) (g1 — agz) # 0. Without
loss of generality, assume j; = 1 and jo = 2. Below, we show (831 —as1)(a31 —asz2) # 0.

In fact, we can rewrite the equations hy(z) = ha(z) = hs(z) =0 as

(4.11) To = 5x;§12x§532 =Vl (x1,23),
(412) T = AQIl - BQ = éQ(Il),
(413) I3 = A3$1 — B3 = 63(,@1),

where § = (M2)mian > 0, &y = 22200 (j = 1,3), A; = J0201 anq B =

a2 —a21’ Bri—ai1’
2, 3)

Cj—1

Br1—ai1’ (']
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If 831 —az1 = 0, then the equation (4.13) becomes z3 = — Bs, and so, the bivariate
function ¢; (z1,23) in (4.11) becomes /1 (x1) = 6(—Bs) %22, 5%, Note that ¢, (z;) is a
power function, and ¢3(z1) is a linear function. There are at most 2 intersection points
of their graphs in the first quadrant. So the equations h(z) = ha(x) = hs(x) = 0 have
at most 2 common positive solutions. By Theorem 3.15, G admits no multistability,
which is a contradiction. If az; — asze = 0, then £(z1,z3) becomes a power function
Uy () = 5961_512. With a similar argument, we can deduce a contradiction.

Finally, by Lemma 3.2, we have (4.10) since Bi1 — a1 # 0 for all k € {1,2,3}. O

For k =1,...,s, define v, = min{ag,ax2}, and ay; = ax; — v (j = 1,2).
Then hy (4.7) can be written as by = II}_,a)* h1, where

(4.14) hy = (B — o) (KlHZ:lng - )\ﬁzni:ﬂgkz) '

Let

(415) g(xl) = ﬁl(xlv---7$S)|m2:ﬁ21*0‘21m c1 p.o—Bsizast _Cs-1 .
o PsT B —an YT Bri—an

Bii—a11 1T Bri—err’

LEMMA 4.12. Given G € Gy, suppose the stoichiometric subspace of G is one-
dimensional. Let g(x1) and g(x1) be the polynomials respectively defined in (3.7)
and (4.15). For a fized rate-constant vector k* € R%, and a total-constant vector
c* € R, if G has a positive steady state x*, then §'(x}) has the same sign with

S

(4.16) > (B — ain)(ain — i) epiacy,
i=1

and additionally, if x* is a stable positive steady state, then §'(z7) < 0.

Proof. Since the stoichiometric subspace of G is one-dimensional, the steady state
x* is a common solution to the equations hi(x) = ... = hs(z) = 0 (see (3.4)).
By (4.15),we have g(z3) = 0. So, comparing (3.7) and (4.15), we have ¢'(z}) =
II;_ 27§’ (x7). By Lemma 3.8 and Lemma 4.1, ¢’(z7) has the same sign with (4.16),
and so, ¢'(«7) has the same sign with (4.16). Additionally, if z* is stable, by Lemma
3.4, Lemma 3.7 and Lemma 4.1, we know the sign of (4.16) is negative, and hence,
g'(z7) <. 0

LEMMA 4.13. Given G € Gy, suppose the stoichiometric subspace of G is one-
dimensional. Let I := (a, A) be the interval defined in (3.13), where a € R, and
A € RU{+o00}. Let g(xz1) be the polynomial defined in (4.15). For a rate-constant
vector k* and a total-constant vector ¢*, if the degree of §(x1) with respect to x1 is
3, and if G has at least two stable positive steady states, then G(x1) satisfies the three
conditions below:

(i) g(a) >0,

(i1) G(A) <0 (here, g(+o0) := lim §(z1)), and

T1—>+00

(i) there exists x5 € (a, A) such that g(z7) =0 and §'(z7) > 0.

Proof. By (4.15), we clearly see that if z* is a positive steady state, then x} €
(a,A) and g(z7) = 0. If * is stable, then by Lemma 4.12, we have §'(x}) < 0. So,
if G has at least two stable positive steady states z(*) and z(® (here, we assume
azgl) < 3:52)), then for i € {1,2}, :zrgi) € (a,A), g(xgi)) = 0 and g’(a:gi)) < 0. Since
the degree of g(z1) with respect to 1 is 3, there exists a third simple real root =7
to the equation g(z1) = 0. By Lemma 3.6, we know x} € (xgl),x§2)) C (a,A), and
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g'(x3) > 0 (i.e., the statement (iii) is proved). We can write g(x1) as
5 — _ M e _ .2
g(x1) = Clzr —ay’)(x1 —27)(w1 —2z;’), where C € R.

So ¢ (2V) < 0 implies that 7'(z") = C(V —21)(@” = 2?) <0 (ie.,C < 0).
Thus, g(a) = C(a — :Egl))(a —z3)(a — xgz)) > 0 (the statement (i)). Similarly, it is
directly straightforward to see §(A) < 0 (the statement (ii)). 0

DEFINITION 4.14. Given matrices of reactant coefficients o = (arj),, o and & =

(Gkj) gy qs which are associated with two networks G and G in Gy, we say o 1s equiv-
alent to &, if there exist finitely many matrices o9, ... o™ such that o9 = a,
o™ =&, and for any i € {0,...,n— 1}, we can obtain al D from o by switching
two Tows or two columns of a(?).

Clearly, if a network G € G has the form of a network G € Go, then the two matrices of
reactant coefficients associated with G and G are equivalent (remark that the converse
might not be true). Recall Example 2.2. The two sets of reactant coefficients (say «
and &) of networks (2.6) and (2.7) can be written as matrices

o= O
O = =

1 0
o = 0 and & = 2
1 1

We can obtain «a from & by first switching the two columns and then switching the
last two rows.
LEMMA 4.15. If a 3-species network G € Gy is at-most-4-reactant, and if G admits
multistability, then G can only have the form of one of the networks listed in Table 2.
Proof. If G admits multistability, then by Theorem 4.10, G must be 4-reactant,
and so, the degree of

hi = (B11 — ai11) (Hlﬂi:ﬂ:g“ — /\IiQHizliEgm) (recall (4.7))

with respect to x is exactly 4, i.e.,

3 3
(4.17) max{z akl,Zakg} = 4.
k=1

k=1

By Lemma 4.7, the two monomials in h; have common variables. Recall that iLl
(4.14) is the polynomial such that hy = II3_ 2" hi1, where v = min{ gy, ap2}. So,
the degree of h; (4.14) with respect to  is at most 3. On the other hand, Theorem 3.15
implies that if G admits multistability, then cappyos(G) > 3. Note that all positive
steady states of G are common solutions to the equations iLl () = ha(z) = ... =
hs(x) = 0. So, the degree of hy with respect to z is at least 3. Overall, the degree of
hy with respect to x is exactly 3. So, by the definition of iLl, we have

3
(4.18) > min{o, are} = 1.
k=1

Therefore, by Lemma 4.3 and Lemma 4.11, we know that the matrix of reactant coef-
ficients o := (a;)3x2 and the matrix of product coefficients 5 := (Bi;)3x2 associated
with G belong to the set

(4.19) B = {(a, 8) € ZL§? x 2L s.t. (4.6), (4.9), (4.10), (4.17) and (4.18) hold}.
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Here, we recall that the condition (4.6) stated in Lemma 4.3 is
Ji,j € {1,...,3} st (Bir — ain)(ir — @i2)(Bj1 — aj1) (a1 — ajz) <0,
and the conditions (4.9)—(4.10) stated in Lemma 4.11 are
a1 — age # 0 for any k € {1,2,3},

and
P12 — a1z _ Bz — az2 7 P32 — Q3o
f11 — an Ba1 — a1 B31 — az1
Define a map = : Z?g)z X Z‘?f — Z‘?f such that for any (o, ) € Z‘?f X Z;ﬁz,
(e, B) = a. Let
(4.20) Bo = {a€Z¥?st. (4.9), (4.17) and (4.18) hold}.

< 0.

Notice that B, is a finite set. For each a € B, define its equivalence class in B, as
[a] := {& € B,|& and « are equivalent matrices}. We explicitly compute the set B,
by Maple2020 [17], and it is straightforward to check by a computer program that
there are 12 equivalence classes in B, (see the supporting file #7 in Table 5). We pick
a representative from each equivalence class, and we present them in Table 1.

Note

(421) B = 77 (Ba)NB = 7 ' (Uaen.[a]) N B = Uaen, Uaeja) (771 (&) N B).

By Definition 4.14, if & € [a], then there exist two permutation matrices P and Q
such that & = Pa@. Thus, there exists a bijection ¢ : 7~ '(a) N B — 7~ 1(&) N B
such that for any (o, 8) € 77 1(a) N B, ¢(a, B) = (&, PBQ). By Definition 2.1, the
two networks associated with (a, 8) and ¢(«, 8) have the same form. Thus, by (4.21),
the multistable network G has the form of a network associated with an element in
7~ (a) N B for a representative a in B,. In the rest of the proof, we explain how to
compute 7~ !(a) N B for each representative recorded in Table 1.
For the values of ay; recorded in Table 1-Row (1), the condition (4.10) implies

(4.22) (Br2 = 1)/ (P11 —2) <0,
(4.23) Ba2/(B21 — 1) <0,
(4.24) Baz2/(Bz1 — 1) < 0.

Note that f; € Z>o. So by (4.23) and (4.24), we have 31 = 31 = 0. Also, note
that the sequence (4.5) is now

(4.25) B11 — 2,821 — 1, and f31 — 1.

Since both 821 — 1 and 31 — 1 are negative, by (4.6), we have 811 —2 > 0. So, by
(4.22), we have f12 = 0. We substitute 821 = 31 = S12 = 0 and the values of ay;
recorded in Table 1-Row (1) into (4.10), and we get

(B11 — 2)B22 =1, and (B11 — 2)P32 = 1.

We solve fj; from these two equations over Z>q, and we get S11 = 3, S22 = 1 and
832 = 1. Above all, we conclude that

2 1
7 Ha)NB={ 1o,
10

o O W
— = O
—

Similarly, from each « recorded in each row of Table 1, we can solve the corresponding
7~ 1(a) N B, and we record the corresponding network in Table 2. O
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o 221 @31 ©ril%) 22 Cg0)
(1) 2 1 1 1 0 0
(2) 2 2 0 1 0 1
(3) 1 3 0 0 1 1
(4) 1 2 1 0 0 2
(5) 2 2 0 1 0 2
(6) 1 3 0 0 1 2
(7) 1 2 1 0 0 3
(8) 2 2 0 1 0 3
(9) 1 3 0 0 1 3
(10) 1 2 1 0 0 4
(11) 4 0 0 1 1 1
(12) 3 1 0 0 2 1
TABLE 1

Representatives of equivalence classes in Ba (4.20)

Proof of Theorem 2.4. “<”: For the network (2.8), it is straightforward to
check that the equality (3.1) holds for A = 1. Let k1 = 9, ko = 50, ¢; = 6, and

cz = 32. By solving the equations hy(z) = ha(z) = hs(z) = 0 (see (3.4) and (4.7)),

we see that the network has three nondegenerate positive steady states:

(1) (7 V205 5 " V205 12 /205 7 n V205 5 205 12 /205
= (< — — — - — =

9
o , ), 2 = (5,1, —),2® = ( . ;
2 6 2 6 5 6 10 2 6 2 6 5 6

).

It is straightforward to check by Lemma 3.4 that (") and z(® are stable.
For the network (2.9), if f2; = 0, then for any 812 € Zso, S22 = 2012 and B3z =
P12 + 2. Tt is straightforward to check that the equality (3.1) holds for A = 312 > 0.

Let k1 =1, ko = %, c = 1—2?’, and ¢y = %. Then we have
hy = (Bi1 — on1) (ki o — AkolTj_y20*?) = — (w1323 — 48%3)
hy = (Ba1 —a21)z1 — (B11 — a11)r2 — ¢ = =211 + 29 — ?; and
hs = (831 —azi)xr — (B11 — a11)rs —cg = —x1 + 13 — 1

By solving the equations hj(z) = hao(x) = hg(z) = 0, the network has three nonde-
generate positive steady states:

@ _ 19 3V33 45 3v33 21 3v33 o 3 ) _ 19 3V33 45 3v33 21 333
z = (— ,— ,— ),z = (=,8,1), 2 = (—+ ,—+ y— )
8 8 4 4 8 8 4 8 8 4 4 8 8

It is straightforward to check by Lemma 3.4 that (1) and 2(®) are stable. Similarly, if

B21 = 1, then for any 12 € Zso, foz = Pro and Baz = Pro + 2. Let w1 = 1, k2 = 52,

c = 14—3, and co = %. Then the network has three nondegenerate positive steady

states:

(1) (19 3v33 45 3v33 21 3v33
z =g - v T T
8 8 8 8 8 8

3

19  3v33 45 3v33 21  3v33
),a® = (1,41),2% = (L + = =

8 8 '8 8 8 8

).

It is straightforward to check by Lemma 3.4 that (1) and z(®) are stable. Here, we
compute these steady states by Maple2020 [17], see the supporting file #6 in Table 5.
“=": By Theorem 3.16 and [15, Theorem 3.6 2(b), Theorem 4.8], if G € Gy and
G has up to 2 species, then G admits no multistability. The networks (2.8) and (2.9)
are listed in Row (3) and Row (7) of Table 2, respectively. By Lemma 4.15, we only
need to show none of the other networks listed in Table 2 admits multistability.
For the network in Table 2-Row (1), the polynomial §(z1) defined in (4.15) is

g(xl) = R1X1T273 — )\KQ |x2:711701,x3:7117027
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where \ 1= gif o2 >0, and the interval I defined in (3.13) is (0, min{—c1, —c2}).
Note that §(0) = —Ak2 < 0 for any k2 € Rsg. So, by Lemma 4.13, this network in
Row (1) does not admit multistability.

For the network in Table 2-Row (2), the polynomial g(x1) is

~ 2
g(z1) = /@1I13:2—)\/£2:1:3| _Po—2 s 2
=B 27t ﬁ11 2 Bn P17 B2

where A\ := 512& > 0, and the interval [ is (max{0, 7%}, z%=). From the
11—&11 31 21
second column of Row (2), we see that S11 —2 > 0, 821 —2 = —f22(f11 — 2) < 0, and
B31 = f11—2>0. If % < 0, then §(0) = Akq 61?—2 < 0, and so, by Lemma 4.13
(i), the network in Row (2) does not admit multistability. If £= > 0, then by Lemma

4.12, for any positive steady state z* of G, §’(z}) has the same sign with

3

*
E (Bi1 — ain)(in — o) iy,
=1

= (P11 — 2)asa5 + 2(B21 — 2)xjxl — Bar1x] s
((B11 — 2)x3 — Ba12]) x5 + 2(f21 — 2)x] 23
= —coxh + 2(B21 — 2)x] %,

which is negative (Note 521 —2 < 0). So by Lemma 4.13 (iii), the network in Row (2)
does not admit multistability. Similarly, we can prove the networks in Rows (5), (8),
and (12) do not admit multistability.

For the network in Table 2-Row (4), the polynomial g(z1) is

g(xl) = (HlxlIQ AKng) |$2:—(ﬂ21—2)11-‘1—01,:63:11-‘1-025
where A := — gﬁ a2 > 0, and the interval I is (max{0, 7", —c2}, +00). From the

second column of Row (4), we see that 821 —2 < 0. If —co > 0 and —co > vt

then by the fact that §(—cy) = k1ca ((Ba1 — 2) ¢ + ¢1)” < 0 and by Lemma 4.13 (i),
the network in Row (4) does not admit multistability. If —co < 0, then by Lemma
4.12, for any positive steady state z* of G, §'(z}) has the same sign with

3

Z(ﬂil — 1) (i — o)y,

i=1
= —a5w3 4+ 2(Ba1 — 2)xTay + i
(] — a%) x5 + 2(B21 — 2)x} 2}
= —cowy +2(Bo1 — 2)ziz; < 0

Similarly, if —co < 6201172 (i.e., 1 + ca(B21 — 2) < 0), then we also have

3

Z(ﬂil — 1) (i — o) iy,

i=1
= — 2525 + 2(Bo1 — 2)zial + ziab

—x3x3 + (B21 — 2)xiws + 27 ((Bar — 2)23 + 23)

= —x325 + (Bo1 — 2)xTx3 + 27 (€1 + ca(fa1 —2)) <0
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(note the last equality (821 — 2)x% + 25 = c¢1 + c2(B21 — 2) above is deduced by
eliminating x} from the two conservation law equations (821 — 2)a} + 25 —c¢; = 0
and —z7 + 25 — c2 = 0). So by Lemma 4.13 (iii), the network in Row (4) does not
admit multistability. Similarly, we can prove the network in Row (10) does not admit
multistability.

For the network in Table 2-Row (6), the polynomial §(z1) is

~ 2 2
g(‘rl) = _(Hl‘Tl:EQ - /\KQIS) |I2:*11+617I3:*ﬁ31z1+62a
where A := gif o2 > 0, and the interval [ is (O min{ci, 3% }) (from the second

column of Row (4), we see that 31 > 0). If ¢4 < 5=, then by the fact that g(c1) =

M2 (—B31c1 + c2)? > 0 and by Lemma 4.13 (ii), the network in Row (2) does not
admit multistability. If % < ¢ (ie., —fB31¢1 + c2 < 0), then by Lemma 4.12, for any
positive steady state z* of G, §’(z}) has the same sign with

3

> (B — ain)(ain — o) yziy

i=1
* %k * %k * %
= — 525 + 2225 — 28312775
* ok * * *
— w575 + 207 (w3 — B3123)
— xyxy + 227 (—fB3161 +¢2) < 0

(note the last equality =5 — 83125 = —fs1¢1 + ¢2 above is deduced by eliminating x]
from the two conservation law equations x5 + 235 —c¢; = 0 and f3125 + 25 —c2 = 0). So
by Lemma 4.13 (iii), the network in Row (6) does not admit multistability. Similarly,
the network in Row (9) does not admit multistability.

For the network in Table 2-Row (11), the polynomial g(x1) is
g(x1) = (B —4) (Hlxl )\nggxg) |

To= )

B21 c1 _ _Ba1 €2
B11-4P1 T B -4 3T B -4 T By 4

where \ := g” o2 > 0, and the interval I is (max{0, - },+00). Note that
11—ai1 21 ﬁ31
g(+00) has a positive sign for any k2 € Rsg. So, by Lemma 4.13 (ii), the network in
Row (11) does not admit multistability. O
Remark 4.16. Tt is stated in [15, Remark 5.4] that the network recorded in Table
2-Row (1) admits multistability. But here, in the proof of Theorem 2.4, we proved it

does not.

5. Networks in G;: proof of Theorem 2.6. In this section, the goal is to prove
Theorem 2.6. We first recall the well-known Descartes’ rule of signs (see Theorem
5.2). The idea of the proof is similar to the proof of Theorem 2.4. In Lemma 5.7, we
ﬁnd all candidates for the multistable networks with 2 species and 3 reactants in G;
by [22, Theorem 3.5] (i.e., Lemma 5.3) and a list of necessary conditions (see Lemma
5.4). Then, we discuss these candidates one by one, and the Descartes’ rule of signs
plays a key role in this discussion.
DEFINITION 5.1. The sign of a real number a € R is

+ ifa>0
sign(a):=¢ 0 if a=0
— ifa<0

We define the sign of a vector x € R™ as:

sign(z) = (sign(z1), ..., sign(z,)) € {+,0,—}"
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TABLE 2

All candidates for multistable networks in Go with 4 reactants and 3 species

(only networks in Row

3) and Row (7) are multistable)

Network

(811, B21, B31, B12, B2z, B32) € 28

(1)

2X1 + Xo + X3 — 3X3
X1 — Xo + X3

(2)

2X1 +2Xg = B11X1 + B21X2 + B31X3
X1 + X3 = f22X2

(B11, —B22(B11 — 2) + 2,811 — 2,0, B22,0)
. 2
B11 € {3,4}; 0 < Porsgr—p

3)

X1 43Xy — 4Xo + X3
X 4+ X3 — X1

(4)

X1 +2Xo + X3 — Ba1 Xg
2X3 — B12X1 + B2 X2 + B32X3

(0, B21,0, B12, B12(2 — B21), B12 + 2)
B2y € {0,1}; Bz >0

(5)

2X1 +2X2 = B11X1 + P21 X2 + B31X3

(B11, —B22(B11 — 2) + 2, (2 — B32)(B11 — 2), 0, B22, B32)

X1 +2X3 — PaaXg + B32X3 B11 € {3,4}; 0< Bzzézﬁ; B3z € {0,1}

(6) X1 +3Xy = 4Xo + B31X3 (0,4, 831,1,0,2 — B31)
Xo +2X3 = X1 +B32X3 B31 € {1,2}

(7) X1 +2X2 + X3 = B21X2 (0, 821,0, B12,B12(2 — B21), B12 + 3)
3X3 — B12X1 + B22X2 + B32X3 B2y € {0,1}; Bz >0

(8)

2X1 +2Xg = B11X1 + B21X2 + B31X3
X1 +3X3 — PaaXg + B32X3

(B11, —B22(B11 — 2) + 2, (3 — B32)(B11 — 2), 0, B22, B32)
f11 €{3,4}; 0<Pm<gz2i P32 €{01,2}

(9)

X1 +3Xg — 4Xo + B31 X3
Xo +3X3 = X1 + B32X3

(0,4, 831,1,0,3 — B31)
B31 € {1,2,3}

(10) X1 +2X2 + X3 — B21X2 (0, 821,0, B12, B12(2 — B21), B12 +4)
4X3 — B12X1 + B22X2 + B32X3 B21 € {0,1}; B12 >0

(11) 4X1 — B11X1 + B21X2 + B31X3 (B21 + 4, 821, 821,0,0,0)
X1+ X9+ X3 =0 Ba1 > 0

(B11,0,1,3 — B11,3,0)
B11 € {0,1,2}

(12) 3X1 + X = B11X1 + X3

2X9 + X3 — B12X1 + 3X29

The number of sign changes in such a vector of signs v € {+,0,—1}" is obtained by
first removing all 0’s from v and then counting the number of times in the resulting
vector a coordinate switches from + to — or from — to +.

THEOREM 5.2. (Descartes’ rule of signs)[12] Given a nonzero univariate real
polynomial g(z) = ag+ a1z + ... +anz", the number of positive real roots of g, counted
with multiplicity, is bounded above by the number of sign changes in the ordered se-
quence of the coefficients sign(ag), ..., sign(ay, ), i.e., discard the 0’s in this sequence
and then count the number of times two consecutive signs differ.

LEMMA 5.3. [22, Theorem 3.5] Given G € Gy, if G has exactly 2 species, then G
admits nondegenerate multistationarity if and only if there exists A € R\{0} such that
the equality (3.1) holds for s =2, and
(5.1) 3k e€{1,2} s.t. max{ag, Br1} < agz < Br2 or min{aky, Br1} > gz > Pre.

LEMMA 5.4. Suppose G € Gy, and suppose G has exactly 2 species. If G admits
multistability, then we have

(5.2) (B11 —o11)(f21 — 1) #0, and
P12 — a1z _ P2z — a2
(53) Bi1 —air  Por —am 0.

Proof. Recall that we have 811 —a11 # 0 by Assumption 3.1. If 821 —an; = 0, then
by (3.7), we have g(z1) = (811 — @11) (l@'ll—‘a?lx?“ - IigF'BQIJJfH + )\mgl"o‘m:v‘f‘m) ,
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TABLE 3
Representatives of equivalence classes in Co (5.10)

see “reversel.mw” see “reverse2.mw” see ‘“reverse3.mw” see “reversed.mw”
0 1 3 o 1 3 0 1 2 0 1 2

( 3 0 0 ) ( o 1 o ) 3 0 0 ) 3 2 0
0 1 2 0 1 2 0 1 2 0 1 3

( 3 0 1 ) ( o 1 1 ) 3 1 0 ) ( 3 2 0 )
0 1 3 0 1 3 1 o] 2 0 2 3
3 1 0 1 0 0 2 [¢] 0 3 1 0
0 2 3 0 1 2 1 6] 2

( 2 0 0 ) ( 1 0 1 ) ( 2 1 o )
2 o] 3 0 2 3

( 1 0 o ) ( 10 o0 )
1 o] 3 1 0 3

( 2 0 o0 ) ( 0 2 o0 )
1 o] 2 1 o 2
2 (o] 1 o 2 1
1 o 3 1 0 3

( 2 1 o0 ) ( 1 2 o0 )
2 0 3 2 0 3
1 2 0 0 2 0

where ' = —ﬁncjau. So, g(x1) has at most 3 terms, and hence, the number of

sign changes of the coefficients is at most 2. By Descartes’ rule of signs (Theorem

5.2), g(z1) = 0 has at most 2 positive roots. So, the network G admits at most 2

positive steady states. By Theorem 3.15, the network does not admit multistability,

which is a contradiction. So, the inequality (5.2) holds. Finally, by Lemma 3.2, we

have (5.3). 0
DEFINITION 5.5. Given two matrices of reactant coefficients

« « . & &
U_( 11 Bu 12>anda_< u fu 12>7

agr fo1 Qo Qo1 P21 Gog

which are associated with two 2-species networks G and G in G1, we say o is strongly
equivalent to &, if there exist finitely many matrices o9, ... 0™ such that ¢ = o,
o™ =6, and for any i € {0,...,n — 1}, we can obtain oY) from o by switching
the two rows or the first two columns of o(¥).

EXAMPLE 5.6. Consider the two networks below.

(54) X1 +2Xy & O, 2X1 — 3X1 + 2Xs.

(55) 0 & 2X; + Xo, 2Xs — 2X1 + 3Xs.

The two matrices of reactant coefficients of networks (5.4) and (5.5) can be rewritten
as o = ; 8 g and 6 = 8 % g . We can obtain o from & by first
switching the first two columns and then switching the two rows. So o is strongly
equivalent to &.

LEMMA 5.7. If a 2-species network G € Gy is at-most-3-reactant, and if G admits
multistability, then G can only have the form of one of the networks listed in Table /.

Proof. If G admits multistability, then by Theorem 3.15, we have cappos(G) >
3. Note that all positive steady states of G are common solutions to the equations
hi(z) =...=hs(z) =0 (see (3.4)). So, the degree of hy with respect to x is at least
3. Since G is at most 3-reactant, the degree of h; with respect to = is at most 3.
Overall, the degree h; with respect to x is exactly 3, i.e.,

2

(5.6) max{z am,Zﬂkl,Zakz} = 3.

k=1 k=1 k=1
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So, we have cappos(G) = 3. That means G has no boundary steady states and so,

(57) min{all,ﬂu,agl} = O, and min{agl,ﬂgl,agg} = 0.

Therefore, by Lemma 5.3 and Lemma 5.4, we know that the matrix of reactant co-

. . o} @ . .
efficients and product coefficients 7 := 1 fn 12 fio associated with G
g1 Po1 e P

belong to the set

(58) C := {( 3; g; 323 g;; ) € 225" st (5.1), (5.2), (5.3), (5.6), (5.7) hold}.

Define a map 7, : Z23" — Z2$? such that for any ( o fu oz Sz ) e 72!

Q21 521 Q22 [322 20 7
Qi1 [311 Q12

) . Note that if 7 satisfies (5.1), then 7 (7)
asn P21 Qe

its image under 7, is (

satisfies
(5.9) 3Jk e {1,2}s.t. max{ag1, Br1} < aie,or min{ag, Bk} > agz > 0.

Let

— ail B a2 2%3 Cov (e ey e .
(5.10) Co = {( o e )ezgo s.t. (5.2), (5.6), (5.7), and (5.9) hold}.

For any o € C,, define a equivalence class C, as
[o]c := {6 € C,|d is strongly equivalent to o}.

It is straightforward to check by a computer program that there are 25 equivalence
classes in C, (see the supporting files #2-5 in Table 5), and we pick one element from
each equivalence class as a representative. We present the 25 representatives in Table
3.

In Table 3, for any representative o recorded in a unbold/uncolored cell, the set
(o) NC is empty. For instance, for the first column of the second row, we have

o = [ om fuu a2 ) _ (0 1 2
a1 o1 a2 3 0 1)’
which satisfies the condition (5.9) because for k = 1, max{as1, Sx1} < a2 holds. By

the condition (5.1), we have $12 > aj2 = 2. The condition (5.3) can be written as

@ = ﬂ%gl So, we have B2 —1 < 0 since $12 — 2 > 0. Hence, 822 = 0 is the only

solution for 22 in Z>p. So we have f13 —2 = %, and we have no solution for 815 in

Z>o. Therefore, 7, 1(c) NC = . Similarly, we can easily verify that 7, 1(c) NC is
empty for any other o recorded in a unbold cell (see “reversel.mw”—“reversed.mw”).
We repeat the representatives in the bold/colored cells in the first column of Table 4,
and we write down their corresponding networks in the second column.

Note

—1

To

(5.11) C = 1, (Co)NC = Usec, Uselole (m,1(6)NC) .

By Definition 5.5, if & € [o]¢, then there exist two permutation matrices P and Q
such that 6 = Po@. Thus, there exists a bijection ¢ : 7 (o) NC — 7,1 (6)NC
such that for any 7 € 7, 1(0) NC, ¢(7) := PrQ. By Definition 2.1, the two networks
associated with 7 and ¢(7) have the same form. Thus, by (5.11), any multistable
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network G has the form of a network associated with an element in 7, (o) NC for a

representative o recorded in the first column of Table 4. In the rest of the proof, we

explain how to compute 7, ! (c) N C for each representative in C, recorded in Table 4.
For the reactant coefficients recorded in Table 4-Row (1), the matrix o is

ain P ai _ 2 0 3

a1 a1 a2 10 0)’
which satisfies the condition (5.9) because for k = 1, max{ay1, Br1} < age holds. By
the condition (5.1), we have 812 > 12 = 3. The condition (5.3) can be written as
ﬂ%;?’ = /i—Qf, i.e., B22 = 2(B12 — 3). Above all, we conclude that

Wal(U)ﬁC—{<i 8 g %(ﬂiu_g)>|ﬁl262>3}-

Similarly, from each set of reactant coefficients recorded in the first column of Table
4, we can solve 7, (0) NC, and we record the corresponding 821 and S22 in the third
column. |

Proof of Theorem 2.6. “«<”: For the network in Table 4-Row (7), it is straight-
forward to check that for any 12 > 2, the equality (3.1) holds for A = —(812—2) < 0.

Let k1 = %, Ko = 16, K3 = m and ¢; = —9. Then we have
2 1 3 5
hl = (ﬁll — all) (FL1$2 — RKaX1 — )\FLgJJl,TQ) = 51‘2 — 16&[:1 + §$1$2, and
hay = (B21 — a21)z1 — (P11 —a11)ze —c1 = —x1 — 22 +09.

By solving the equations hi(xz) = ho(z) = 0, the network has three nondegenerate
positive steady states: =z = (4 — V13,5 + v13), @ = (1,8), z® = 4+ V13,5 - v13). It
is straightforward to check by Lemma 3.4 that () and z(®) are stable. Similarly,
we can show the networks in Rows (8)—(10) admit multistability. We present the
computation in the supporting file #1, see in Table 5.

“=”": By Theorem 3.16 and [15, Theorem 3.6 2(b)], if G € G; and G has only 1
species, then G admits no multistability. By Lemma 5.7, we only need to show the
networks listed in Table 4-Rows (1)—(6) do not admit multistability.

For the network in Table 4-Row (1), the polynomial g(z1) defined in (3.7) is

g(x1) = —(k1xime — Ko — AR3TY) oy—(a14e1)/2
K1 C1k1
= —(7 — M)} — TZU% + Ko,
where A := —gif:gﬁ = —ng:ng > 0. The number of sign changes of the coefficients

is at most 2 since g(z1) has at most 3 terms. By Descartes’ rule of signs (Theorem
5.2), g(z1) = 0 has at most 2 positive roots. So, this network admits at most 2 positive
steady states and by Theorem 3.15, the network does not admit multistability.

For the network in Table 4-Row (2),

g(z1) = —(k12123 — K2 — Ai3®}) |oy=201 11

2 2
= (Ak3 — 4/@1):1:§ — 41 k1a] — 1R1T + Ka,

and the interval I is (max{0, -5}, +00), where \ := —Buoons . _Pmoom 5 g qf

Bii—ai1 B21—a21

—% < 0, then ¢; > 0, and so the number of sign changes of the coefficients is at
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most 2 since g(z1) has at most 3 terms. By Descartes’ rule of signs (Theorem 5.2),
g(z1) = 0 has at most 2 positive roots. Similarly, if = > 0 and A3 —4x1 > 0, then
by Descartes’ rule of signs, g(x1) = 0 has at most 2 positive roots. If —% > 0 and
Akg — 4k, < 0, then

a1

g/(_E) = 3(\k3 — 4k1)x? — 8cikimy — c%m|w1:_%1 = Z)\Iig,C% > 0.
So ¢’(x1) = 0 has at most 1 root over the interval I, and hence g(x1) = 0 has at most
2 roots over I. Above all, the network admits at most 2 positive steady states, and
so, by Theorem 3.15, the network does not admit multistability. Similarly, we can
show that the network in Table 4-Row (3) does not admit multistability.

For the network in Table 4-Row (4), the polynomial g(z1) is

g(Il) = —(511171117% — R2Z2 — /\’{3$§) |I2:961+01

= —(k1 — Me3)2d — 2c1m120% — (3ky — Ka)1 + C1ko,

where \ := —'Bif:gﬁ = —622:322 > (0. Note that for any k1 > 0, k3 > 0 and for any
c1 € R, —2¢1k1 and c¢1 ko have different signs if ¢; # 0. So the number of sign changes
of the coeflicients of g(z1) is at most 2. By Descartes’ rule of signs (Theorem 5.2),
g(x1) = 0 has at most 2 positive roots. So, this network has at most 2 positive steady
states and by Theorem 3.15, the network does not admit multistability.

For the network in Table 4-Row (5), the polynomial g(z1) is

g(r1) = K1 — ko1 — A63TY |oy—ny—cr»
and the interval I is (max{0,c;},4+00), where A := —gﬁ:gﬁ = —ngizzf < 0. So the

number of sign changes of the coefficients of g(x1) is at most 2. By Descartes’ rule of
signs (Theorem 5.2), g(x1) = 0 has at most 2 positive roots. So, by Theorem 3.15,
the network does not admit multistability. Similarly, we can show that the network
in Table 4-Row (6) does not admit multistability. O

Remark 5.8. In the proofs of Theorem 2.4 and Theorem 2.6, for each of the
multistable networks, we found the witness by the software RealRootClassification
[4] in Map1e2020. The software can also outputs an open region (a semi-algebraic set)
in the parameter space such that for any choice of parameters in the open region,
each of the multistable networks exhibits multistability.

6. Networks in Gs: proof of Theorem 2.7.

DEFINITION 6.1. [15, Definition 3.3] Let G be a reaction network that contains
only one species X1. Thus, each reaction of G has the form aX; — bXi, where
a,b>0 and a#b. Let m be the number of (distinct) reactant complexes, and let a; <
ag < ... < ap, be their stoichiometric coefficients. The arrow diagram of G, denote
p=(p1,-, Pm), is the element of {—, <, «e=>}™ defined by:

— if for all reactions a; X1—bX1 in G, it is the case that b>a;
(6.1) p; = — if for all reactions a; X1—bX1 in G, it is the case that b<a;
<o otherwise.

DEFINITION 6.2. [15, Definition 3.4] For T € Z>s, a T-alternating network is a
1-species network with exactly T+1 reactions and with arrow diagram p € {—, +}7T+!
such that p; =— if and only if piv1 =« for alli € {1,...,T}.
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TABLE 4

All candidates for multistable networks in G with 3 reactants and 2 species

(only networks in Rows (7)—(10) are multistable)

(11, @21, B11, P21, @12, @22)

Network

B12 and Bag in Zzo

(1)

(2.1,0,0,3,0)

2X] + Xo &0

B2z = %(512 -3)

3X1 = B12X1 + B22X2 B12 =3>0
(2) X1 +2X3 <0 Ba2 = 2(B12 — 3)
(1,2,0,0,3,0)
3X1 — B12X1 + Ba2 Xy B12 —3>0
3 X1 +2X9 <0 Bao = 2(B12 —2) + 1
(3) (1,2,0,0,2,1) 1 2 22 (B12 )
2X1 + Xo = B12X1 + B2 X2 B12 —2>0

(4)

(1,2,0,1,3,0)

X1 +2Xo & Xo

B2z = B12 — 3

3X1 — B12X1 + Ba2 Xy B12 —3>0
5 0& X1 4+ X Boo = B1o — 3
(5) 0,0,1,1,3,0) 1 2 22 12

3X1 = B12X1 + B22X2 B12 =3>0

(6) 0= X1 + X2 B2z = (B12 —2) +1
(0,0,1,1,2,1)

2X1 + X2 = P12X1 + B22X2 B12 =2>0

(7) Xo & X1 B22 = —(B12 —2) + 1
(0,1,1,0,2,1)

2X1 + X2 = B12X1 + B22X2 B12 =2>0

(8) X1 2X3 Ba2 = —2(B12 —2) +1
(1,0,0,2,2,1)

2X1 + Xo = B12X1 + B2 X2 Bi12 —2>0

9 X1 +2X9 <0 Bag = 2(B12 — 2

(9) 1,2,0,0,2,0) 1 2 22 (B12 )

2X1 — B12X1 + Ba2 X B12 —2>0

(10)

(1,2,0,1,2,0)

X1 +2Xo & Xo

2X1 — B12X1 + Ba2 Xy

B2z = B12 — 2
B12 —2>0

Proof of Theorem 2.7.

W,
<"
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For network G with the form of the net-

work (2.11), G has a 3-alternating subnetwork (i.e., {0—X7,0+X7,2X1—3X1,2X 1+
3X1}) with arrow diagram (—, <, —,«). By [15, Theorem 3.6 2(c)], G admits at
least [Z] = [2] = 2 stable positive steady states. Thus, G admits multistability.
“=": For any network G € G, if G has only one species, then G has the form
apX1<a1X1,a2X1<a3X7, and here, we have a; € {0,1,2,3} since G is at-most-
3-reactant. If G admits multistability (i.e., capsiar(G)>2), by Theorem 3.13 and
Theorem 3.15, G admits at least 3 nondegenerate steady states. By [15, Theorem 3.6
2(b)], G has a 3-alternating subnetwork, so G has 4 distinct reactant complexes with
arrow diagram (—, +—, —, ). Thus, G must have the form of the network (2.11). O

7. Discussion. Knowing the structures of small networks will help us to under-
stand important networks in biology. For instance, the multistability of the Huang-
Ferrell mitogen-activated protein kinase (MAPK) cascade with negative feedback can
be inferred from a subnetwork with much fewer species and reactions [2, Figure 1].
Following a study on a multistable network called ERK (a model for dual-site phospho-
rylation and dephosphorylation of extracellular signal-regulated kinase) [19, Figure 1],
a study on the maximum numbers of positive steady states for small networks has
also been carried out by looking at the mixed volumes.

For future work, we propose the problems below.

(1) Does there exist a network G in G such that cappos(G) = 3 but capsias(G) <

2?7 We remark that for all small networks we have studied (see Table 2 and
Table 4), if a network admits three positive steady states, then there are two
stable ones.

(2) Under which conditions does a network in G admit strictly more than 3 pos-

itive steady states?

(3) For the set of networks G; (i € {0,1,2}), which subset is the smallest such
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that any network in this subset admits strictly more than 3 positive steady
states?
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