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Efficient and Parallel Solution of High-order Continuous Time
Galerkin for Dissipative and Wave Propagation Problems*

Zhiming Chen' Yong Liut

Abstract. We propose efficient and parallel algorithms for the implementation of the high-
order continuous time Galerkin method for dissipative and wave propagation problems. By
using Legendre polynomials as shape functions, we obtain a special structure of the stiffness
matrix which allows us to extend the diagonal Padé approximation to solve ordinary
differential equations with source terms. The unconditional stability, hp error estimates,
and hp superconvergence at the nodes of the continuous time Galerkin method are proved.
Numerical examples confirm our theoretical results.
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1 Introduction
In this paper, we study the following system of ordinary differential equations (ODEs)
Y'(t) =DY(t) + R(t) in (0,7), Y(0) =Yy, (1.1)

which is obtained from the method-of-lines approach for linear partial differential equations
(PDEs) after space discretization. Here T' > 0 is the length of the time interval, Y, R € RM,
and D is an M x M real constant matrix, where M is the number of degrees of freedom of
the spatial discretization. Without loss of generality, we assume

D+ DT <o, (1.2)

that is, D+ D7 is a semi-negative definite matrix. This condition is satisfied by a large class
of linear PDEs including the dissipative problems such as the parabolic equations and the
wave propagation problems such as the wave equation and Maxwell equations.

Let 0 = ty) < t; < -+ < ty = T be a partition of (0,7"). If the source R = 0 in
(), the exact solution in each time interval (t,t,,1) is Y(t) = eP(t=t)Y(t,) for which
Padé approximation to the exponential function can be used to construct and analyze
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numerical schemes to solve (LL1]). In [12], by using the partial fraction formula for the Padé
approximation, the [r/r], r > 1, Padé approximation leads to the following method

P.(1,D)

Ylin) ~ 3 D)

Yitn) = |11+ 3 - B Gl mD) 7 V() (1)
j=1 LAY

where 7, = tpy1 — tn, I € RM*M ig the identity matrix, P,(z) is the numerator of the
[r/r] Padé approximation to the exponential function e?, and {(1,--- ,(,} are zeros of P,(z)
which are known to be simple and lie in the left-half plane. (I.3]) indicates that one can
compute the approximation of the solution Y (¢,+1) in each time step by solving k complex
matrix problems and r — 2k real matrix problems of the form (I + 7,D in parallel, where k,
0 < k <r/2, is the number of complex zeros of P.(z) (see Remark Bl below). The purpose
of this paper is to construct algorithms sharing this very desirable property for solving (L.1I)
with general nonzero sources R(t).

There exists a large literature on implicit single-step time-stepping methods for solving
([TI) (see, e.g.,[16] and the references therein). The following continuous time Galerkin
method proposed in [I7] is probably the simplest

Y, =DP, 1Y, + PR in (ty,thr1), 0<n< N -1, (1.4)

where Y, is a piecewise polynomial of degree r > 1 in each interval (¢,,t,+1), continuous at
the nodes t = t,,, and P,_; is the local L? projection to the space of polynomials of degree
(r — 1) in each interval. It is shown in [I7] that (L4) is equivalent to the r-stage Gauss
collocation method at the nodes when R = 0 and has the highest classical order 2r among
all r-stage Runge-Kutta methods [16, Table 5.12]. The continuous time Galerkin method,
together with finite element discretization in space, is used in [2] for the heat equation
and in [I1], [I5] for the wave equation. We refer to [I] for a unified framework and the
comparison of the most popular implicit single-step time-stepping methods including also
the discontinuous time Galerkin method and various Runge-Kutta methods.

The difficulty in using the high-order continuous time Galerkin method or any implicit
time Runge-Kutta methods is that a straightforward implementation requires to solve a
system of linear equations of the size M x rM, which is not feasible in most time for
PDE problems. In a recent work [23], efficient iterative algorithms are developed based
on optimal preconditioning of the stage matrix for finding the stage vectors of the implicit
Runge-Kutta methods for solving (II]). For an r-stage implicit Runge-Kutta method, the
stage matrix is an r X r block matrix with each block being a M x M matrix. One can
find further references in [23] for developing efficient algorithms implementing the high
order implicit time discretization methods in the literature. We also refer to [22], [19]
for the implementation of the discontinuous time Galerkin method based on the block
diagnalization of the stiffness matrix.

In this paper we propose an efficient realization of the method (I.4]) which uses Legendre
polynomials as shape functions to obtain a new stiffness matrix which is different from the
stage matrix in [23] applying to the Gauss collocation method. By exploiting the special
structure of the stiffness matrix, we construct an algorithm which computes the solution
Y, (t,,) at each node by solving k complex matrix problems and r — 2k real matrix problems
in parallel, where k, 0 < k < r/2, is the number of complex zeros of the [r/r] Padé



numerator P,(z). Moreover, a parallel-in-time algorithm is proposed to compute the other
coefficients of the solution Y, in each time interval (¢,,t,+1) which solves in parallel kr
complex matrix problems and (r — 2k)r real matrix problems. For the dissipative system,
in which D + D7 is negative definite, in the parallel-in-time algorithm, only k complex
matrix problems and (r — 2k) real matrix problems need to be solved. We remark that our
parallel-in-time algorithm is different from the other parallel-in-time algorithms based on
domain decomposition or space-time multigrid techniques in the literature (see, e.g., [13]).

As a by-product of our analysis, we obtain the following formula (Theorem B.3) to
compute the nodal values Y, (t,+1), 0 <n < N — 1, of the solution of (L.4])

P( k ®r1 TnD)
Y, (t r(tn) E 4'17b _ R 1.5
r( n—l—l) P( oD n + TnD) k—1 T TnRo, ( )
where for k = 1,--- ,r, ¢p1(N\) is a polynomial of degree r satisfying some recurrence re-

lations, and by, Rg are vectors depending on the source R. (L5l can be viewed as a
generalization of the [r/r] Padé approximation (L3]) for solving the ODE system without
sources.

The layout of the paper is as follows. In section 2 we introduce the continuous time
Galerkin method for (LI]) and prove the strong stability and derive a hp error estimate.
In section 3 we propose our parallel algorithms to implement the continuous time Galerkin
method. In section 4 we consider an alternative implementation for the dissipative system.
In section 5 we prove the optimal stability and error estimates in terms of r when D is
a symmetric or skew-symmetric matrix. In section 6 we consider the application of the
algorithms in this paper to solve the linear convection-diffusion equation by using the local
discontinuous Galerkin method and the wave equation with discontinuous coefficients by
using the unfitted finite element spatial discretization.

2 Implicit time discretization

In this section, we introduce the continuous time Galerkin method for solving (LI). Let

0=ty <t <...<ty =T be a partition of the time interval (0,7") with time steps

Tn = tnt1 —tn, 0 <n < N —1. We set I, = (tp,tn+1) and 7 = 408X 1{Tn}. For any
_n_ -

integer m > 1, we define the finite element space
V= {velCcOnM: v|, e [P 0<n<N-1},

where P™ is the set of polynomials whose degree is at most m. Define the local projection
P, m > 0, such that in each time interval I,,, Py, : [L2(1,)]M — [P™M satisfies

/In(va,w) dt:/ln(v,w) dt VYw € [pm]M

where we denote (-,-) the inner product of RM. Tt is well-known (see, e.g., Schwab [21])
that for any s > 0, m > 0,
min(m+1,s)

IV = Prvllzer,) < C%HVHH%M v € [H* (L))", (2.1)
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where the constant C' is independent of m, 7, but may depend on s. In this paper, for any
integer d > 1 and Banach space X, we denote || - ||x both the norm of X and [X]%.

For any integer r > 1, the continuous time Galerkin method for solving (I.1]) is to find
the function Y, € VI such that Y, (0) = Y, and

Y, =DP,1Y,+P1R inl,, 0<n<N-1. (2.2)

The following stability lemma extends an idea in Griesmaier and Monk [I5] where the
continuous time Galerkin discretization in time and hybridizable discontinuous Galerkin
method in space for the wave equation are considered.

Lemma 2.1. The problem ([2.2) has a unique solution Y, € VL which satisfies

 ax, 1Y (tn) s < [ Yollgar + CTY?|R| 220,17 (2.3)
s ¥, s < O Yol + T2 R 20 24

where the constant C is independent of r,7,D and R.

Proof. At each time step, (2.2]) is equivalent to a linear system of equations whose existence
and uniqueness of the solution follow from the stability estimate (2.4]). To prove the stability
estimates (2.3))-(2.4]), we denote by {L;}22, the Legendre polynomials on (—1,1) and define

Li=Ljoy 1, Whega P (=1,1) = (tn,tpe1) is the mapping P(&) = t~"+;"“ + t”“z_t"& for
£ € (—1,1). Then {L;}32, are orthogonal in L3(I,), Ly(t,) = (—=1)", Ly(tp+1) = 1, and

~ ~ 2r(r+1)
Lodt = —— / Ldt = ———2, 2.5
[Epa = [ (2.5

Tn
Forn=0,---,N —1,let Y? =Y, (t,) and Y, € [P"]M satisfy
Y. =DP, 1Y, inI, Y,(t,)=Y™ (2.6)

By multiplying (2.6) by Y, and integrating over I,,, we obtain easily by (L2) that

1« 1 . .
SV tnn) s = 51 R = [ OPaYo P Yyat <0

n

This implies A
1Y 7 (trg1) [lrar < (Y5 | as (2.7)

Since Y, € [P"1™ in I,,, we have the following decomposition introduced in [I5]
Y, =(=1)Y"L, + (t —t,)Y,, Y, e [PYM. (2.8)
Notice that P, 1Y, = Pr_a[(t — tn)?r], substituting this decomposition to (2.6]), we have
(=1 Y L.+ Y, + (t — t0) Y. = DPo_q[(t — t,)Y,] in I,.

Multiply the equation by Y, € [P"~1M and integrate over I,,, we have by (Z5) that

1~ 1~ ~ -
glerlliz(m + §TnIIYr(tn+1)II§w < O PrIY e Y 0 222,
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where we have used the fact that by (L.2I)

/ (DPr_1[(t — tn)Y,], Y, )dt = / (t — t,)(DY,, Y,)dt < 0. (2.9)
In I,

This yields ||§~(T||L2(In) < C’T{l/erY,f‘HRM and thus by using (2.3))
Iy < C/2rY g (2.10)
On the other hand, it follows from (22]) and (2.6) that
(Y, - Y,) =DP,_4(Y, - Y,) + PR in I, (Y, —Y,)(t,) =0. (2.11)

Then Y, - Y, = (t — t,)W, for some W, € [P"~1|M, By substituting this relation into
the equation (Z.I1]) we have

W, + (t —t,)W. =DP,_1[(t — t,)W,] + P,_1R in I,.

By multiplying the equation by W, and integrating over I,, we obtain by a similar bound

as in (2.9]) that
1 2 1 2
S IWellzz,) + 5Tl We(tna ) lrar < IR 2202 W ll 221 -

This ylelds HWTHL2(I7L) < 2||R||L2(I7) and thus

1

IYe = Yellzacr < 2l Rllzeqr,)- (2.12)

Now by multiplying (ZI1) by Y, — Y, and integrating over I,, we obtain by (I2) and (ZI2)
that

1 ~ N
S0 =Yl < [ PR Y=Yt < 2m R,

which implies by the triangle inequality and (2.7]) that
1Y (tnt1)lrar < [ Y7 ||pas +27'n1/2||R||L2(1n)-
This yields (2.3]). Next by using the triangle inequality, (2.10]), and (2.12]), we have
Y2l 21,y < O 2 el Y7 mar + 27 [ R 121, (2.13)
which implies by the hp inverse estimate that

,max [ Yrllgar < O Pl N 2, < OF Y llpar + O/ *r R 21,

This shows (2.4]) and completes the proof of the lemma. O

To derive an hp a priori error estimate for the continuous time Galerkin method (2.2)),
we first recall an interpolation operator in the literature (see, e.g., [2I, Theorem 3.17]).



Lemma 2.2. There exists an interpolation operator 11, : [H(0,T)]M — VT such that for
any v € [Wits>0, 7)™, s> 1, and n=10,1,--- ,N — 1,

(ILV)(tn) = v(tn), (ILv)(tne1) = v(tper), (L) =PV inl,, (2.14)

Tmin(r—l—l,s)
IV = vl < O————Ivlm ). (2.15)
Tmin(r,s)—l—l ,
e IV = vlgy < C———V'lweoo (), (2.16)

where the constant C is independent of T, but may depend on s.

Proof. The interpolation operator is defined as
t
v = v(t,) + / (Pov)dt Vi€ I
tn

(214)) follows easily from this definition. Next by using (2], we have

min(r,s)+1

1/2)(<./ / Tn /
tnglggiﬂ [v —ILv|py < Tn/ [v' = Pr_1v HLZ(LL) < CTHV ”W5’°°(In)-

This shows (2.16]).

The estimate ([2.I5]) is proved for s > 2 in [21]. Here we use the duality argument to
show ([2.I8) also from s > 1. Let w € H{(I,,) be the solution of the problem

" .
—w' =v—1II,v in I,.

It is easy to see that ||w|g2(;,) < Cllv — ILv|[z2(,). Since (v — ILv)(t,) = 0,(v —
IT,v)(tp+1) = 0, we multiply the equation by v — II,.v, integrate over I, and use (Z.I4]) to
obtain

|v — H’r‘VH%Q(In) = / (W, v — (I,v))dt = / (W — Praw' v — PV )dt

n In
Tmin(r—l—l,s)
= ¢ rs —wllz2 ) IVI[Es (1)
This completes the proof by using ”W”HZ(LL) < (v - HT’VHLZ(In)' U

The following theorem on the hp error estimate is the main result of this section.

Theorem 2.1. Let s > 1. Assume that R € [H*(0,T)|M, Y € [W't$>0,T)]M and
Y, € VI is the solution of the problem 22), we have

Tmin(r—l—l,s)
(Y =Y (0 s < CTV2 DY o1,
Tmin(r—l—l,s)
Jmax 1Y =Y, |gn <C(1+ Tl/Z)TST(Tl/QHYHWHW(O,T) + IR s 0,1))5

where the constant C is independent of 7,7, D but may depend on s.



Proof. Let II,Y € VI be the interpolation of Y defined in Lemma Since (I Y) =
P,_1Y' in I,,, we have

(I, Y) = P,_1(DY + R) = DP,_1(Y — I,Y) + DP,_1(IL,Y) + P,_1R in I,.
Thus by (22]) we have
Y, - (ILY) =DP,_1(Y, - ILY) = DP,_1 (Y — I, Y). (2.17)
As (Y, —II,Y)(0) = 0, we use (Z3]) and (ZI5]) to obtain

1gnnaéxN (Y, = IL.Y)(tn) || g

IN

CT1/2 ”Dpr—l (Y - HTY) HL2 (0,7

Fmin(r+1,s)
< CTV ——|DY | 01
r

This shows the first estimate as Y(t,) = II,Y(¢,). The second estimate can be proved
similarly by using (2.4]), (2.I6]), and Y' = DY + R. O

We remark that the first estimate in Theorem 2.1]is optimal in 7 and r and the second
estimate in the theorem is optimal in 7 but suboptimal in » which is due to the stability
estimate (24]) in Lemma Il In section 5 we will show that the stability in the L? norm
can be improved to remove the dependence on r in (ZI3]) when D is symmetric or skew-
symmetric by using the explicit formulas of Y, (¢) in section 3. We remark that many
spatial discretization matrices of the wave-like equations satisfy the property that D is
skew-symmetric, such as the energy conserving mixed finite element methods for solving
the Hodge wave equation in Wu and Bai [25] and the unfitted finite element method of the
acoustic wave equation in Chen et. al. [7].

The classical order of Runge-Kutta methods is the convergence order at the nodes
t = t,. For the continuous time Galerkin method, it is proved to be 2r when r > 2 in
Hulme [I7] for nonlinear ODEs and in Aziz and Monk [2] for parabolic equations. The
following theorem shows the hp superconvergence of the continuous time Galerkin method
at the nodes by using the idea of quasi-projection in [2, §4].

Theorem 2.2. Let s > 1. Assume that DY € [H*(0,T)]™ and Y, € V' is the solution
of the problem ([2.2]), we have
min(2r,s+r—1)
e (Y = Y)(ta) o < O DY ooy,
where the constant C is independent of 7,7 but may depend on s.

Proof. If r = 1, the theorem follows from the first estimate of Theorem 21 Now we
assume r > 2. Let IL, 'Y € VT be the interpolation of Y defined in Lemma Denote
wo=Y —1LY. For 1 <i¢ <r —1, we define correction functions w; such that

wl(tn) = O, w; = DPr_lwi_l in In, n = 0, 1, ce ,N — 1. (218)

We claim that w;(t,+1) = 0 so that w; € V7. In fact, by (2.14]), we have (w(, v), = 0 for any
v € [P 1M where (-,-);, is the inner product of [L2(I,,)]™. Since wy(t,) = wo(tni1) = 0,



we obtain by integration by parts that (w{,v’)s, = (Dwp,Vv’)s, = 0. Therefore, (W}, V), =
0 for any v € [P"2]M and consequently, wi(tn41) = | 1, widt = 0. By mathematical
induction, we know easily by the same argument that (w/,v);, = 0 for any v € [PT—i"1|¥

and w;(ty4+1) = 0. This shows the claim.
r—1

Let w = Zwi € VZ. By ([2I7) and (28], we have

i=1
Y, - (ILY) +w =DP,_ (Y, —ILY +w) — DP,_y (wy—1).
As (Y, —IL'Y + w)(0) = 0, we use ([2.3]) to obtain
1Y, =LY + w)(ta)llgar < CTV2IDPy—i(wrm1)llz20.r) < CTY?Dwr—al|z20.7)-
Now it follows from (2.18]) that
IDwillr2r,) < TID*wiallre,y, 1<i<r—1

By using (2.15]) we have then

min(2r,s+r—1)
rT— T T T
IDwr—1 25,y < 7 HID wol| 21,y < C—Ts DY || &5 (1,,)-

This completes the proof since by (214 and 2I]]), (Y, —ILY + w)(t,) = (Y, — Y)(tn),
1<n<N. O

The correction function w = Z:;ll w; is introduced in [2] which is related to the idea

of quasi-projection in Douglas Jr. et al [10]. Our new observation is that w; = 0 at the
nodes for 1 <4 <r — 1, which simplifies the proof.

To conclude this section, we recall some facts about Padé approximation to the expo-
nential function which can be found in Saff and Varga [20] and the references therein. For
any integers m,n > 0, the [m/n] Padé approximation to e* is defined as the polynomials
P(z) € P™, Qun(z) € P, Q,(0) = 1, for which

P(2)
L = O(|z|mtn ! as |z| — 0.
oo = O™ s
It is known that
2 (m4n—j)mled " (m+n—j)nl(-2)
Pn(z) = ( ) n(2) :Z( )ini(=2) (2.19)

(m +n)ljl(m — 5)! —  (m+n)ljl(n—j)!

J=0

<.

Obviously, @Qn(z) = P,(—z). When m = n, Py,(2),Qm(z) are called diagonal Padé nu-
merator and denominator of type [m/m] for e*. The following lemma follows easily from

.19)

Lemma 2.3. The diagonal Padé numerator of type [m/m] for €* satisfies Py(z) = 1, P1(z) =
1+ 32, Py(z) =14 32+ 522, and




The following lemma is proved in Hairer and Wanner [16, Theorem 4.12], [20, Theorem
2.4]. Tt is essential in proving the A-stability of numerical methods for ODEs based on the
Padé approximation of the exponential function.

Lemma 2.4. All zeros of the diagonal Padé numerator of type [m/m], m > 1, for e* are
simple and lie in the half-plane {z € C : Re(z) < —2}.

For m > 1, denote (1, -+ ,(n € C the zeros of P,,(z), the diagonal Padé numerator of
type [m/m] for e*, then by (2.19)
m! o m!
Pn(z) = (2 =C) (2= Gm), @m(z) =(-1) (z+C) - (24 Cm)-

@m)! m)!

Recall that any polynomial ' € P™ ! can be expanded as the Lagrange interpolation
function at m distinct zeros of P,,(—z). This yields the following partial fraction formula
(see, e.g., Szegd [24) Theorem 3.3.5])

F(z) <~ F(=¢) 1
Pin(=2) _; Pr(&) 2+ ¢ (2.20)

Since P, (2) — (=1)™P,,(—z) € P™~!, we obtain the partial fraction formula for the [m/m)]
Padé approximation of e* (see Gallopoulos and Saad [12])

1
Rm,m(z) = 7Pm(—z) m 4 Z P/ <] P Cj .

(2.21)

Recall that if p(z) = 1", a;2" is a polynomial of degree m, then p(X) := Y"1 1 ;X" for any
matrix X € R¥™? d > 1. Obviously, if p(z) = p1(2) + pa(2) or q(z) = p1(2) - p2(2), where
p1, p2 are polynomials, then p(X) = p1(X) + pa(X), ¢(X) = p1(X) - p2(X). It follows now
from (Z20)-(@Z2I) that for any F € P™~! and any matrix X € R¥9 such that P, (—X) is
invertible,

& — S _F(_Cj) ) -1

CHE PV AL (222)
PaX) o mp N Pn(G) o

P, (—X) =D ]I+j§::1 P (() (GI+X). (2.23)

The identity ([2:23)) is the basis of the method (L3) in the introduction.

3 Parallel implementation

In this section, we propose parallel algorithms to implement the problem (2.2]) based on
finding analytic formulas of the determinant and all factors of the stiffness matrix of the
continuous time Galerkin method at each time step. To form the stiffness matrix, we use
the Legendre polynomials {Lj};-’:o in I,, as the basis functions. We assume

r r—1
t)=> a;L;(t), ProR=> R;L;(t)
§=0 §=0



where a;, R; € RM . Since Pr_lzr =01in I,, from (22]), we have
r _ r—1 _ r—1 »
Y oaLi(t) =D a;Li(t) + Y R;Lj(t)
§=0 §=0 §=0

For any k£ > 1, multiplying the equation by (t — t,)(tp+1 — t)zgg(t) and integrating over I,
we obtain

1 tn+1 .
Tkt 1) / )t — )t — )T (1) d

a
7L+1 ~
/ ) (bt — L4 (1) dt, (3.1)

where we have used the fact that

tnp1 _ T 7o k(k + 1)
Pl o _'n Tt _ 42
/t LiLy(t = tn)(tny1 — ) dt 5 L Li(1 —t})dt = 2 Pl 8k

n

Here 6; is the Kronecker delta function. By the recursion relation (2k + ) Ly(t) =
% (L;g+1( ) — L4 (1)),

/t L0 — )t — DL bt

57 ) 3~ I D0 )t — 1)
2 k(k + 1)

— 1 5 1 5.
T4 kL \ 2k g3

Substituting the identity into (3.1), we have

Tn ap—1 ap+1 Tn ([ Re—1 Riqr
= 5D = — 1<k<r-—2 2
2 <21<;—1 2k+3>+2<2k—1 21<:+3>’ sksr-2 (32
ak:T—n]D A +T—"Rk L k=r—1,rn (3.3)

2 2k—1 22k-1’

By the condition Y, (t,) = Y, we also have

T

S (~1)ia; = YT (3.4)
§=0

B2)-(B4) can be written as a system of linear equations

AX =B, (3.5)

10



where X = (al,a,--- ;al)T, B = (b}, b?,---  bI)T with

7 [ Rr—1 Rrp1 .
2 (2k—1 - 2k+3) fl1<k<r-2

b1 = —%”121’“_*{ ifk=r—1,r,
Y itk=r+1,
and

n ) 1

2D -1 -3 Ds 0
0 ZD: I ~=D1 0

— : Tn ‘1 ‘ _ Tn : 1 :
A= 0 711)27«—5 _Hl 2 Yor1 0
Tn

0 2D —I 0
0 .. I
I —I I —I e e (—1)”’2}1

Here I € RM*M s the identity matrix. By Lemma 2.I], (3.5) has a unique solution. Since
A € RMU+DXM{r+1) it is expensive to solve () directly when M > 1. Here we propose
efficient and parallel algorithms to solve (3.3]).

Notice that A is a (r + 1) x (r + 1) block matrix. For A € R, we define E,;(\) €
Rr+1)x(r+1) by

a; —1 by e e 0
0 ay —1 by - - 0
Eri(M) =1 o ar—y —1 by 0 (3.6)
0 Qp_1 -1 0
0 ap -1
c1  Cy Cr Cry1
with \1 \1
=\ b= ——— = (-1 k=1,... 1. 3.7
ag 2% — 1 k 22]€+3’ Ck ( ) ) ’ T+ ( )

Then A = E,1(7,D) by replacing each element e;;(\) of E,1;()\) by the M x M matrix
eij(TnD)]L Zv] = 17 cee T L.

We are going to solve ([3.5]) by extending the Cramer rule for the block matrices. We
first introduce some notation. For any matrix X = (X;;)¢. j=1, d = 1, we denote X;; the
matrix obtained by removing the i-th row and j-th column, 7,5 = 1,...,d. We also denote
Xy, i), (j1,-jy) the matrix obtained by removing the iy, - - ,ig-th rows and the ji,--- ,ji-
th columns, where 1 < i1 < --- <1 < d,1 < j; < --- < j; < d. The following property
about the adjugate matrix is well known

U

(det X)d; ; = > (—1)""* (det Xy ;) Xp;. (3.8)
k=1
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Denote by H = Ey11(A)(r—1,rr+1),(r—1,r,r+1) € R(=2%("=2) " Then the matrix E,,1()\)
can be partitioned as

H br—3 0 0
- -1 b O
E?‘-I-l()\) - ar_1 -1 0 (39)
0 ar -1
C1  Cr—2 Cpr_1 Cr Cr+1
Similarly, we have
H b—3 0
E,(\) — 10 |, B = H Yol 6w
Apr_—1 —1
ct G2 Cp_1
¢l G2 C-1 Cp
The following simple identities will play an important role in our analysis
ET’+1()‘)T,(7‘,7‘+1) - Er()\)*ﬂn, (311)

where for any X € R4 we denote X, ; € R4 (@=1) the matrix by removing the j—th

column of X. Similarly, we denote X , € R@=1Dxd the matrix by removing the i-th row of
X.
The following elementary lemma is useful in our analysis.

Lemma 3.1. Foranyr >3 and 1 < j <r —2, we have

det[Er—H()‘)(r—2,r,r+1),(j,r,r+l)] = —0r—1 det[Er—l()\)r—l,j]

= Qp—-1Cr—1 det[Er—l()\)r—Zj]v (312)
det[ET-H(A)(r—l,r,r+1),(j,r,r+1)] = - det[ET(/\)TJ]
= ¢y det[E, (N)r—15]. (3.13)

Proof. We only prove (312]). The identity ([BI3) can be proved similarly. By (B11]),

det[Er—i-l ()‘)(7"—2,7",7"+1),(j,r,r+1)] = det[Er()\)(r—Zr),(j,r)]

= det Hr—2.

br—3

= Qr_1 det[Hr_QJ].
On the other hand, it is easy to see from (B.I1) that
det[Er—l()\)r—l,j] = —det HT_QJ, det[Er_l()\)r_QJ] =Cpr_1 det[Hr_QJ].

This completes the proof. O
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To proceed, we note that

a 1 aq —1 0
Eg()\) = < 11 _1 ) s E3()\) = 0 as -1 . (3.14)
1 -1 1

Lemma 3.2. Let ¢, (\) = det E,11(\) be the determinant of E,11(X\). Then ¢1(\) = 1—aq,
902()\) =1—a1 4+ ajas, and

or(A) = o1 (A) + arar—1pr—2(N), r>3. (3.15)

Moreover, ¢.(\) = P.(=\), where P,(\) is the numerator of [r/r] Padé approrimation of

et

Proof. The determinants of E,11(\) for » = 1,2 follow easily from (3.14]). Since by B.1),
ar = —b,_o, we obtain by adding the r-th row to the (r — 2)-th row of E, () in (8.9]) and
then expanding the determinant by the r-th row that

H br—3 0 0
-1 0 -1
or(A) = det a1 —1 0
0 a, —1
Cit  C—2 Cr—1 C Cpryl
H b—3 0
= detE.(\) + a, det -1 -1
Qp_1 0
i - C—2 Cp—1 Cp

= det Er()\) + arap—q det ET—l()\)y

where in the last equality we have expanded the determinant by the (r — 1)-th row. Since
a; = A\/2, ay = \/6, we use Lemma [2.3] to conclude ¢, (\) = P.(—\), where P,()\) is the
numerator of [r/r] Padé approximation of e*. O

Theorem 3.1. The matriz ¢, (7,D) is invertible. The solution of B.5) X = (al,---,al)T
satisfies that fori=1,--- ,r+1,

- = k(=)
a1 = (—1)"0; y+1b, + Z(Cjﬂ + 7,0) 71 (Z(—l)”k“% bk_l) ,
k=1 TS

where ¢p;(N) = det[Ery1(N)gl, ki =1,--- ,r+1, are the minors of E,11(\).

Proof. By Lemmal3.2, ¢,.(\) = P.(—)\) = (—1)’"(;—7{)!()\4—(1) -+ (A+¢p), where (q,--- ,¢- € C
are zeros of the diagonal Padé numerator of type [r/r] for e*. By Lemma 24l Re(() < —2,
k =1,---,r. On the other hand, (L2)) implies that the eigenvalues of D lie in the left
half-plane. Thus the eigenvalues of (I + 7,0, 1 < k < r, lie in the half-plane {z € C :
Re(z) < —2}. This shows ¢, (7,D) is invertible.

J=1
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Now by ([B.8) we have

r+1

[det Er—l—l ()\)]52,] = Z(—l)i+k [det Er—l—l ()\)k,i]ekj ()‘)7
k=1

where ey;(A) is the (k,j) element of E, (). By replacing A by 7,[D in above equality, we

have
r+1

or(TaD)di; = > (1) pi(rnD)er; (1, D). (3.16)
k=1

From (3.5) we have
r+1
Zeij(TnD)aj—l :bi_l, 1= 17 ,7‘+1,
Thus multiplying (3.I6]) by a;_; and summing over j from 1 to r + 1, we obtain

r+1 r+1

(pr(TnD)ai—l = Z( H—k(bkz Tn Zek] Tn a] 1
k=1
r+1 '
= ) (-1 Gpi(raD)by1. (3.17)
k=1

Note that for (k,i) # (r+ 1,7+ 1), ¢ri(A) € P™, m <r —1, by ([222]) we have

¢kz Tn Z ¢k7,/ CJH i ]D))

For (k,i) = (r + 1,7+ 1), we have from (B.6]) that det[E,+1(N)r+1,,41] = [[j=; a5 = (2r) AT
Thus ¢ri10+1(A) — (=1)"p,-(X) € PT~L, by using ([2.22) again we obtain

Gri1r41(TaD) Pri1r11(=G5) 1
e )T+ 1+ 7,D)" .
O (TnD) Z P/ Cj (Cj n )
This completes the proof of the theorem. O

We remark that ([B.I7) can also be proved by using an abstract result in Brown [4]
Theorem 2.19 and Corollary 2.21] where linear algebra when matrix elements are defined
over a space of commuting matrices are studied.

From this theorem we know that the discrete problem (2.2)) can be solved by solving
r(r + 1) linear systems of equations of order M x M in parallel once all minors of E,11())
at A\ = —(;,7 = 1,--- ,r, are known. In the following, we will find recursive formulas to
computing these minors.

Let Gr(A\) = Ery1(A)p g1, 7 > 1. The determinants of G, () for r = 1,2 can be
calculated by (8I4]). We have the following lemma for det G, (\) for r > 3.

14



Lemma 3.3. Forr > 3, we have
r—1
det G, () = det G,_1(A) — ar_1br_2 det G,_o(A) + ¢ [ | s
k=1

Proof. By definition and the partition in (3.9]), we know that

H bp—3 0
Gr()) = 1 b
Ay_1 -1

C1 Cr—2 Cp—1 Cr

By expanding the determinant by the (r — 1)-th row and use ([B.I1]), we obtain

H
det G,.(\) = det[Er-i—l()\)(r—l,r),(r,r-i-l)] + a,_1 det br_s
C1 Cr—2 Cr
= det[Er(/\)r—l,r] + ar—l(cr det H — b,_» det[Er—l—l()\)(r—2,r—1.r),(r—1,r,r+1)])
r—1
= detG,_1(\) + ¢ H ag — ar—1by_2 det[Er()‘)(r—2,r—1),(r—1,r)]
k=1
r—1
= det Gr—l()\) + ¢ H ar — Qr_1by_o det[Er—l()\)r—lr—l]
k=1

r—1
= detGr_1(\) — ap_1by—2det Gr_o(N) + ¢, [ [ ax,
k=1

where we have used the fact that detH = Hz;?ak and expanded the determinant by the

last column in the second equality. This completes the proof. O

The minors of G,(\) for r = 1,2 can be computed directly by (8I4). The following
lemma gives the recursive formulas for some of the minors of G, (\) which will be used to
compute the minors of E,1(A).

Lemma 3.4. Forr > 3, we have

det[G,(N)is] = (—1)"—1'—1% detGi(N), 1<i<r—1,
T
det[Gr()\)r—l,j] = det[Er()\)r—l,j] — b9 det[Gr—l()\)r—Zj]y 1< < r—1,

15



Proof. Fori=1,--- ,r — 2, by definition, we have

aj -1 bl

ai—1 —1 b
0 a1 —1 bipa

det[G,(N);y] = det
0 a-—3 -1 b3
0 (07} —1
0 Ar—1
Cc1 C’r‘—3 Cr—92 Cr—1
al -1 b1
= (=ar—1) - (—ait1)det ai—s  —1 bio
a;—1 -1
Cl ... .. CZ—l CZ
' r—1
= (D)7 an) det Gi(v).
k=i+1

Finally, for G(\);,, ¢ = 7 — 1, we have by the definition and using the first identity in (3.11)

Gr(Nr-1 = Erp 1 (N r—1,0),(rr41) = Er(N)r—10 = Gr1 ().

This shows the first equality of the lemma. To show the second equality, for any 1 < j <
r — 2, we have by using the partition ([3.9) that

H*,j br—3 0
Gr()\)r—l,j = -1 br—2
ct - Ci—1 Cjy1 G2 Cr—1  Cp

Thus by expanding the determinant by the last column, we have by using (3.11]), (B:I3]) and
the definition of G,_1(\) that

det[G,(N)r—1,]

Cr det[Er—l-l()‘)(r—l,r,r+1),(j,r,r+1)] — b2 det[ErH()‘)(r—27r—1w),(jﬂ‘ﬂ‘+1)]
= det[E,(\)r—1,5] — br—a det[E.(A) —2.r—1),(j,n)]
= det[E,(A)r—1,j] — br—2 det[Gr_1(N)r—25].

This completes the proof. O

The minors of E,11(\) for r = 1,2 can be easily computed from (B.14]). The following
theorem gives the recursive formulas for computing all minors of E,1;(A) for r > 3.
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Theorem 3.2. Let r > 3, we have
1° Fori=1,--- ,r—2,

det[ErH(A)m] = det[Er()\)i,j] + arar— det[ET—l()\)i,j]v 1<j<r-2
det[E,1(\)i ] = (_1)j—i‘l% det G;(\), j=r—1,rr+1.

)

2° Fori=1r—1, we have

det[Er-i-l()\)r—l,j] = —Cr410Qy det[Er()\)m] + det[Gr()\)r—l,j]a 1< <r—1,

det[Eys1(\)ro1y] = (17 U qet Gy(N), G = e+ L.

a -+ a;

3° For i =1, we have

det[E, 11 (\)yj] = det[Er(N)y—14] — ar_1br_g det[E,_1(A)p_a ], 1<j<7r—2,

j—1
det[Erp1(Nry] = g (=17 [Jaw, j=r—1rm
k=1

r—1
det[Epy1(A)rpi1] = det Gr_1(N) — ar_1br_a det Gr_o(A) + ¢ [ ] an-
k=1

4° For i =r+ 1, we have

det[Ey41(A)rg1,5] = — det[Ep(N)y ;] — ar—1br—adet[E,—1(A)r—1;], 1 <7 <r—2,
j—1

det[Er i1 (Npr1y) = (1) [Jaw, d=r—1,rr+1.
k=1

Proof. The proof is divided into 4 steps.

STEP 1. The first equality in 1° can be proved by the same argument as that in Lemma 3.2
Here we omit the details. We only prove the second equality in 1° when j = r+1. The other
cases can be proved similarly. By the partition in (9], we know that for 1 <i <r — 2,

0 0 0
Hi,* Fi,* . .
Erp1(N)ipr1 = o 1| F= 0 0o o0 |
0 a b 0 0
C1 o Cr—2 Cr—1 Cr —1 br_2 0

where F € R"=2)%3 By expanding the determinant first by the r-th and then by the
(r — 1)-th row, we know by (B.I1]) that

det[Er-i-l()‘)i,r-i-l] = QrGpr-1 det[EH—l()‘)(i,r—l,r),(r—l,r,r-ﬁ-l)]
= QrQr—1 det[ET()‘)(i,r—l),(r—l,r)]
= QrGr_1 det[Gr—l()\)i,r—l]-
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This shows the second equality in 1° by the first identity in Lemma [3.41
STEP 2. We only prove the first equality in 2° when 1 < j < r — 2. The other cases
can be proved similarly. By the partition in (3.9]), we have for 1 < j <r — 2,

H, ; b._3 0 0

Ert1(A)po1,j = -1 b— O
0 a, —1
C1 to Cr—2 Cr-1 Cr Cr41

Expanding the determinant by the last column, we obtain

det[Erp1(AN)r-15] = cry1ar det[Erp1(N) o1 rg1),Grrs1)] T detEri1(N) 10, Gr+1)]
= —Cr410y det[Er()\)r,j] + det[Gr()\)r_Lj].

This shows the first equality in 2° for 1 < j <r — 2.

STEP 3. The second equality in 3° can be easily proved. The last equality is shown in
Lemma [B.3] since E,;1(\); 41 = G,(A\) by definition. To show the first equality in 3°, we
again use the partition in (8:9)) to obtain for 1 < j <r — 2,

H, ; br_3 0 0

Er—l—l()\)r,j = -1 br—2 0
QAr_1 -1 0

1+ Ci—1 Cjy1 r Cr—2 Cp—1 Cr  Cry1

By expanding the determinant successively by the last columns, we have

det[Eri1(A)r;]
= —Cr41 det[EH—l()‘)(T’—l,r,r-i-l),(j,r,r—i-l] - Cr+1br—2 det[EH—l()‘)(T’—2,T’,T’+l),(j,r,r+1)]'
This shows the first equality in 3° by Lemma [3.1]

STEP 4. The first equality in 4° can be proved by the same argument as that Step 3.
The second equality can be easily proved. Here we omit the details. O

This theorem indicates that all minors of E,1(\) can be computed once one knows
all minors of E,(\), 1 < m < r, and the minors det[G,(\),-1], 1 < j < r — 1, which
can be computed by Lemma [3.4] recursively based on the information of the minors E,,(\),
1<m<r.

The following lemma indicates that the nodal values of the solution to (2.2]) depends
only on the coefficient ag.

Lemma 3.5. Let Y, (t), r > 1, be the solution of the problem (22)). Then

Yr(tn—i-l) :Yr(tn)—l-Tn]Da()—l-TnRo, n=1---,N —1.

18



Proof. We integrate (2.2]) over I,, and use the orthogonality of Legendre polynomials to

obtain

r—1 r—1
Yr(tnﬂ):Yr(tn)Jr/ D (> a;L;t) dt+/ > R;L;(t)dt,
I - I, =

= Yr(tn) + 1,Dag + 7, Ro.
This completes proof.

By Theorem Bl we have then

k1 (—G5)
Pl(¢)

r r+1
Yr(tn-i-l) = Yr(tn) + Z(C]H + Tn]D)_l <Z(_1)k7(TnD) bk—l) + T Ro.

j=1 k=1

This leads to the following parallel algorithm to compute the nodal values of the solution

Y, to the problem (2.2]).

Algorithm 3.1. Given Y,(ty) = Yy. Forn=1,--- ,N — 1, do the following.

1° Compute v; € RM j=1,---,r, in parallel, where
r+1
Pr1(—G)
v = —1)FE SV (2 D) by
1= L g )

2° Solve (1,D + (;I)w; =v;, j=1,--- ,r, in parallel.
3° Compute

r
Yr(tn—l—l) = Yr(tn) + Z W + 7'nI{O-
Jj=0

The following parallel-in-time algorithm computes the solution of the problem (2.2])

inside each time interval.

Algorithm 3.2. Given Y,(ty) = Y.
1° Call Algorithm[31 to obtain Y, (t,), n=1,...,N.

2° Compute the coefficients ay,--- ,a, of Y, in each time interval I,, n=1,--- /N —
parallel as follows.
(i) Compute v;; € RM =2 ... r+1,j=1,---r, in parallel, where
r+1
k1 Pri(—G))
Vi = (—1)”“17 bi_1.
Y ; 1(S)

(ii) Solve (1,D+ (;I)wyj =vyj, i =2,--- ,r+1,j=1,---,r, in parallel.
(iii) Compute a;—1 = (—1)"0; r+1by + Z§:1 Wij, i =2,---,r+1, in parallel.

19
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Remark 3.1. In [12], it is observed that the zeros of P.(z) come in complex conjugate pairs
if they are complex. If (v = (5, j,j' =1,--- ,r, then vj = Vjr, and

v \Zi v
b wo = __ —9Re |—Y |
WitV S I DA Gl T mD Gl ¢ [TND n cjﬂ]

Thus one need only to solve k complex matriz problems instead of 2k in Algorithm [31] (2°)
and kr complex matrixz problems instead of 2kr in Algorithm[3.2 (2°), where 2k, 0 < k < r/2,
are the number of complex zeros of P,(z).

Remark 3.2. If { = a + ib is a complex zero of P,(z), then a < —2 by Lemma [2.3. By
Remark [31], without loss of generality, we can choose one of the zeros such that b < 0. Let
W = W + iwa, vV = vi +ivy, where vi, w; € RM i = 1,2, satisfy (1,D + (I)w = v. Then

]IN)) W1 L Tn]D)+ al —bl W1 . Vi
wy ) —bl — (7, D + al) wy )\ —vg /)~
Let F = diag(r,D + (a+b) L, 7D + (a +b) I) € R*M>*2M e the diagonal matriz. It is shown
in Chen et al [5, Lemma 4.1] that the condition number k(F~'D) < /2. Therefore, the
complex system (17,0 + (I)w = v can be efficiently solved if one has the efficient solver for

the real matriz 7,0 + (a 4+ b) I, where a +b < —2. Notice that the eigenvalues of D lie in
the left half-plane due to the assumption D+ DT < 0.

Remark 3.3. For non-standard ODE systems of the form,
MY’ ' =DY +R in (0,7), Y(0)= Yy, (3.18)

one can use the transformations Y = M%Y, D= M_%DM_%, R = M 3R to transform
the problem [B.I8) to (L) and use above algorithms to solve the transformed problem. This
leads to the following algorithm which is similar to Algorithm[31l to find the nodal values of
the solution of the continuous time Galerkin method for solving BI8)). A similar algorithm
to Algorithm can also be formulated.

Algorithm 3.3. Given Y,(ty) = Yy. Forn=1,--- ,N — 1, do the following.
1° Compute v; € RM j=1,---,r, in parallel, where

r+1
o kP (=) - “1
v _k;( 1) NOR (ToD)M ™" by,_;.

2° Solve (1,D + (M)w; =v;, j=1,---,r, in parallel.
3° Compute

T
Yr(tn-i-l) = Yr(tn) + Z W + TnM_lRo.
j=1
To conclude this section, we prove the following theorem for finding the nodal values

of the solution (2:2]) which extends (L3]) for solving the ODE system (L) when R = 0.
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Theorem 3.3. Let Y, € VL, r > 1, be the solution of the problem (2.2). Then for
n=1,---,N—1,

P.(1, (oD
Y (tnt1) = % +Z kHLD)) bj—1 4+ Ry,

where 1 (A) = det[Epi1(A)g,1]-
Proof. By Lemma B.2] and (3I7]) we have

r+1
Pr(—maD)ag = > (=1 g (raD)by 1.
k=1
Since b1 = Y, (t,), by Lemma 3.5
7—n]D)gbr+1 I(TnD)
Y., (t, = |I —-1)" : Y, (t,
(tns1) [+< e R

Z 1 g1 (raD)bg 1 + T Ro.
k=

Denote by ¢,(A) = (—=1)"A¢pr41,1(A) = (=1)"Adet[E,1(N)r+1,1]. By Theorem B2, 4°, we
know that 1, (\) satsifies

A? 1

1 @2r—1)(2r—3)

%(A) = wr—l(A) + Qﬁr_g()\), T 2 3.

On the other hand, by B.I4]), we have ¢ (\) = A\, 12(A) = A. This implies by Lemma 2.3]
that ¢,(\) = P.(A\) — P,(=\). Thus

TnD¢r+1,1 (TnD) .

I+ (—-1)" =1 P,(7,D
LS Ay - pay * P (—7D) (7D)
This completes the proof. O
4 The dissipative system
In this section, we propose an alternative way to compute the coefficients ay,--- ,a, of the

solution Y, of the problem (Z.2)) when the ODE system (IL1)) is dissipative D+D? < 0. The
algorithm is based on the block tridiagonal structure of the matrix and is less expensive
than the step 2° in Algorithm [3.21

Let X = (af,---,al)" € R™™ and B = (b{,b},--- ,bf)” with by = b1 — J(r,D)ag.
It follows from (B.5) that X € R™M gatisfies

AX =B, (4.1)
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where

T_]Il _%D% T 1 v
mpl 1 —mDl 0
A= DL 1 —zD Ll 0
2 ‘2‘7’—5 Wy 1 2_]127’—1 0
? .2.71_3 WL _J
2 7 2r—1

It is easy to see that A= Eri1(7nD)ps11, let ¢p(A) = det[E,41(N)ry1,1]. The goal of this
section is to show that ¢, (7,D) € RM*M is invertible so that the standard chasing algorithm
for block tridiagonal matrices (cf., e.g., Golub and Van Load [14] §4.5]) can be used to solve

@),

We start with the following lemma.

Lemma 4.1. Let u, € P", n >0, such that (i) ug = 0,u; =1 or (ii) up = 1,u; = 1+ Ast,
A1 € R, and forn > 2,

U (t) = (1 + Apt)up_1(t) — Crt’upn_o, (4.2)
where A, € R, C,, > 0 for n > 2. Then we have, forn > 2,
U (Up—1 +tul, 1) — tup_1ul, >0 in R\{0}.
Proof. We set, for n > 1,

Gn(t, t/) _ t’un(t)un_1(7f;)/ : zun—l(t)un(t/)‘

It is easy to see by ({£2) that Gy (¢, t') = ug, and for n > 2,
Gn(t,t') = up—1(O)upn—1(t") + Cptt' G (t, 1),

This implies easily

n—2

Grn(t,t) =t 1 (O)un—1(t') + D Cr -+ Crpa(t)" g (t)ur(t),
k=0

where we have used G1(t,t") = uo(t)ug(t') in both cases (i) and (ii). By letting ¢ — ¢, we
obtain for n > 2,

lim G, (¢,t") = up(t)[tun—1(t)] — tup—1(t)ul,(t) > 0 in R\{0},

t'—t

where we have used the condition u; = 1 in the case (i) and up = 1 in the case (ii). This
completes the proof. O

The following theorem is the main result of this section.

Theorem 4.1. Let D € RM*M satisfy D + DT < 0, that is, D+ D7 is negative definite.
Then the matriz ¢, (1,D) € RM*M > 1 1 <n < N —1, is invertible.
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Proof. We are going to show that all zeros of ¢,()\) locate at the imaginary axis {z € C :
Re(z) = 0}. This implies easily ¢, (7,D) is invertible since the eigenvalues of D lie in the
left-half plane due to the dissipative property D + D7 < 0.

To study the property of the zeros of ¢,(\), we denote ¥,.(\) = (=1)"¢,(A). By B14)
and Theorem B2 (4°) we know that 11 (A) = 1,¢2(A) =1, and

1
4(2r —1)(2r — 3)’

Vr(N) = U1 (V) + de X2 2(N),  dp = for r > 3. (4.3)
We note that ([Z3)) is also valid for 7 = 2 if we define ¢o(\) = 0. Set ¢ = A\? and for m > 0,
define fi,(t) = Y2m(N), gm = Y2m+1(A). Then

Im(t) = gm—1(t) + domt fra—1(t), fo(t) =0, fi(t) =1,
gm(t) = fin(t) + doms1tgm—1(t), go(t) =1,91(t) = 1+ dat.

This implies that, for m > 2,

Fn(t) = (1 + Apt) frn1(t) — Cont? frn—a(t), (4.4)
gm(t) = (1 + Amt)gm—l(t) - Cmt2fm—2(t)a
where A, = dom + dom—1,Cm = dom_1dom—2, Am = domi1 + dom, Cr = domdam—1. We
observe that f,,, gm, satisfy the same recurrence relation but with different coefficients and
initial values. In the following we will only prove f,,, m > 2, has m real zeros in (—o0,0)
which then implies that ¢om,(A) = fn(A/?) has all zeros on the imaginary axis. The proof
for ¢om+1(A), m > 1, is similar and we omit the details.

We extend the argument in [24, §3.3 (4)] for orthogonal polynomials to show that
fmsm > 2, has m zeros in (—o0,0) by using Sturm theorem (cf., e.g., Perron [I8, pp.7-
9]) based on the recurrence formula ([@4). We first note that if fi,(t) = Y v, 0kt®, then
0, > 0 since by (43) the leading coefficients of the polynomial v,.()\) are positive, and
0o = fm(0) =1 by (@4]). Now we claim that

fm(t)vfm—l(t)7”' 7f1(t) (46)

form a Sturmian sequence in [—M, —¢] for sufficiently large M > 0 and sufficiently small
9 > 0 in the following sense. (i) f1(¢) = 1 has no zeros in [—M, —0d]. (ii) f(=M) fi(=96) #0
for M > 1 and § < 1 since 6, > 0 and 6y = 1. (iii) If ¢ € [-M,—4] is a zero of fi(t),
1 <k<m-—1, then fryi(c)fr—1(c) < 0. In fact, By Lemma 1] fx_1(c) # 0. By (@.4),
fra1(c) = —Cpc®fr_1(c). (iv) If ¢ € [-M, —6] such that fn,(c) = 0, then f! (c)fm—1(c) > 0,
which is a direct consequence of Lemma [4.l Now the number of variations of sign in (4.6])
at t = —M is m for sufficiently large M since 6,, > 0; it is zero at ¢ = —J for sufficiently
small § > 0 since §p = 1. Thus by Sturm theorem we conclude that f,,(t) has exactly m
zeros in [—M, —d]. This completes the proof. O

Based on this theorem, we can use the following parallel-in-time algorithm to compute
the solution Y, to the problem (2.2)).
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Algorithm 4.1. Given Y,(ty) = Y.

1° Call Algorithm [ to obtain Y, (t,) forn=1,...,N.

2° Compute Y, in each time interval I,, n =1,--- N — 1, in parallel by solving (@1 to
obtain ay,--- ,a, using the LU decomposition for block tridiagonal matrices.

We remark that the algorithm of LU decomposition for block tridiagonal matrices for
solving (1)) requires to solve r systems of linear equations of size M in sequential instead
of to solve 2 systems of linear equations of size M in parallel in Step 2° of Algorithm

5 Optimal stability and error esstimates

In this section, we show optimal stability and error estimates of the continuous time Galerkin
method (2.2)) in terms of r when D is a symmetric or skew-symmetric matrix. This will
be achieved by using the explicit formulas in Theorem Bl We start by studying further
properties of the minors of the stiffness matrix of the continuous time Galerkin method
A=E, 1(r,D).

Let xr41,(A) = (=1)" "L det[E,1(N)y+1,5], then by (BI4) we have

X2,1 = —1,x22 =a1,x31 = —1,x32 = a1,x33 = —aias. (5.1)

For r > 3, by 4° in Theorem [B.2] we have the following recursive formulas

XT’-‘rl,j()\) = Xr,j()\) + arar—l)(r—l,j()\)a 1 S ] S r—= 27 (52)
j—1

Xra1iN) = (=17 [ an, j=r—1,rr+1 (5.3)
k=1

Let o9 =1 and ¢, (A\) = det E,11(\), » > 1. Then by Lemma B2l p; =1 — a4,

Ori1 = Pr + Qr@rp10r—1, 1> 1. (5.4)

Lemma 5.1. For any r > 1 and A € R, we have

r—1

S e + X (A

(=D"2r 2
= or—1(=N)er(A) + @r—1(N)pr(=A) + o —1 (a1~ ar-1)%, (5.5)
> A N = oA+ 2 2 (56
ZXHIJ(— )Xr+1,5( )ﬁ = or(=A)er( )+T_|_1(a1"‘ar) . (5.6)

Proof. We denote

r—1 1

[Xr i (=) X415 (A) + X (V) X153 (= A)] 5T
1

.

[907“ 1( ) ( )+907’ 1()‘)907’(_)‘)]7
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r+1

1
r+1 ZXT—H,] Xr-i-l,j()‘)ﬁ - 907“(_)‘)907’()\)-

We will argue by induction. First (5.5)-(5.6) are obvious for » = 1,2 by (&1)). Now we
assume (0.5)-(5.6) are valid for all » <n, n > 2. Since by (5.3), Xn+2,n(A) = Xnt1.n(A), We
have by (5.2)) and (5.4) that

An+1 = 2-Bn-l—l - 2Xn+1,n+1(_)\)Xn+l,n+1()\) + anan—l—lAn-

2n+1
Now by (£.3) and the induction assumption that (5.5])-(5.6]) are valid for » = n, we obtain
(=D"*"2(n +1)
2n+1
This shows (B.5]) for 7 = n + 1. Similarly, we can prove by (5.2)-(5.4]) that

(ay--- an)?

An+1 =

Bn+2 = Bn+1 + (anan+1)2Bn + anan—l—lAn

1 ) 1
i3 (@nn+1)"Xnn(=A)Xnn(A) 5 —7-

Now by the induction assumption ([5.6]) for » = n,n + 1 and (5.5) for » = n, we obtain by
using (53] that

FXnt2n+2(=A)Xn+2n+2(N)

n+2 2(” + 1)

2n _|_ 3 (al T an+1)2'

Bpio = (_1)
This completes the proof. O

Lemma 5.2. Let r > 1. For any X\ <0, we have

1 r+1 1
ZXTJ XT—I—LJ )‘)2 1= < pr— 1 ZXT’-H,] ﬁ < (,07»()\)2. (57)

Proof. For any r > 1, we denote

r—1 1 r+1 1
Cr = Z XrjXr+1lja: 7 97 1 —©r_19r, Dpy1:= Z Xr—f—l,gﬁ - 90%’

We again argue by induction. First (5.7]) is obvious for r = 1,2 by (5]) since A < 0. Now
we assume (0.7)) is valid for all » < n, n > 2. By ((.2)-(5.4), it is easy to see that

Cn+1 = _X%-H’n—’—lm + Dn+1 + anan—i-lCm

where we have used Xn+2n(A) = Xn+1,n(A). Thus if C,, <0, Dp41 <0, then Cppq <0.
On the other hand, by (5.2)-(5.4]), we have

1 1
Dry2 = Dni1 + an@ns1 Dy + 2050741Cp + (a1 -+ an+l)2(2n T3 o 1)
Thus Dp1o <0if D, <0,Dp41 <0, and Cp, < 0. This completes the proof. O
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The following theorem is the main result of this section.

Theorem 5.1. Let D be a symmetric or skew-symmetric matriz and Y, € VI is the solution
of the problem ([2.2)). Then we have

1Yl 22007y < TY2|[Y o[gar + CT|R|z200,1), (5.8)
nax, 1Yo l[gre < Cr([[Yollgm + T1/2||R||L2(O,T))a (5.9)

where the constant C is independent of ,7,1D, and R.
Proof. Let Y, € [P"]™ be defined in (Z6) of Lemma 2T}, we claim that
Y llz2y < 7/ I1Y 7 llmors (5.10)

which improves the bound (2I0) in the proof of Lemma 2.1l To show (Z2.6]), by Theorem
B we have

r+1 r+1

. - . (7. D _
Y, ()= a; 1L () = Z(—nﬂ%ym_l(w Vt € I,
j=1 j=1
Thus by 2.3,
r+1 T
||Yr||%2(ln) = Z ||X7«+1’j(TD)@T(TnD)_lY?H%&M Zj—il (511)
j=1

Denote Z" = ¢, (1,D)7'Y". If D is skew-symmetric D7 = —D7, by 23], (5.6), we have

r+1
N T,
¥l = 3 e (D)2 [ 55
j=1

2
= TnH‘PT’(TnD)Z?”%@M — Tn

2r 7!
= (r,D rgmn
V2r 12 D) Z

This shows the claim (5.10) when D is skew-symmetric.
If D is symmetric, the eigenvalues of ID are non-positive since D + D7 < 0. By Lemma
(.2 it is easy to show that

RM
< Tl Y7 R

r+1

.
> er+1,j(TnD)Z?wa2j—i1 — Tallr (TaD) 27! [0 <0,
which yields
r+1 r
> er+1,j(TnD)wr(TnD)_lY?H%M2j—i1 < Tl Y7 R
j=1
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Now it follows from (5II) that |Y,|| L2(1,) < 722 Y™ ||gar. This shows the claim (5I0)

when D is a symmetric matrix.

It follows from (5.10), [2.12)) and (2.3) that
1Yo llz2r,) < 70217 lgar + 270 IR 221,
< 72| Yollgar + CT71L/2T1/2HR”L2(O,T)

This implies (B.8)) easily. Now by the hp inverse estimate,

, nax 1Y g < Cr 27X 2y < Cr(| Yollgs + TY2 R 2 0m))-

This shows (5.9). This completes the proof. O

The following theorem which improves the error estimates in Theorem 2.1l can be proved
by the argument in Theorem 211 by using Theorem 5.1l instead of Lemma 2.1l Here we omit
the details.

Theorem 5.2. Let D be a symmetric or skew-symmetric matriz. Assume that R €
[H(0, )M, Y € [WiHs>2(0,T)]M, s > 1, and Y, € V' is the solution of the problem
22), we have

Tmin(r-ﬁ-l,s)
1Y = Yol[200) < C(1+ T)T(HYHHS(O,T) + DY | s 0,7))
Fmin(r+1,s)
Jnax 1Y =Y, [[gn <C(1+ Tl/z)?(TmHY||WS+1’°°(0,T) + IR s 0,1))5

where the constant C is independent of 7,7, D, and R but may depend on s.

We remark that the first estimate in Theorem is optimal both in 7 and 7.

6 Numerical examples

In this section, we provide some numerical examples to confirm the theoretical results in
this paper.

Example 1. (Dissipative problem) Let = (0,1) x (0,1) and T' = 1. We consider the
following constant coefficient convection-diffusion problem

(6.1)

ug+ V- (Bu—eVu) = f inQx(0,7),
u(x,0) = up(x) in Q.

The boundary condition is set to be periodic. The source term f is chosen such that the
exact solution is u(x,t) = exp(—t)sin(4n(x; —t)) cos(dm(zg — t)).

We choose B = (1,1)7 and ¢ = 1 in (). For spatial discretizations, we apply
the local discontinuous Galerkin (LDG) method in Cockburn and Shu [9] by using purely
upwind fluxes for convection terms and alternating fluxes for diffusion terms. For the sake
of completeness, we recall the method for solving (G.I]) here.
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Let M denote a uniform Cartesian mesh of 2 with h the length of the sides of the
elements. & = £%59¢ U £PY  where £59¢ .= {e = OK NOK' : K, K' € M}, P = {e =
OK NN : K € M}. For any subset M C M and £ C &, we use the notation

(u,v) g7 = Z (u,v) K, <u,v>§:z<u,v>e,

KeM ec€

where (-,-)x and (-,-). denote the inner product of L?(K) and L?(e), respectively.

For any e € £, we fix a unit normal vector n. of e with the convention that n. is the
unit outer normal to 99 if e € EPY. For any v € HY (M) := {v:v € HY(K), K € M}, we
define the jump operator of v across e:

[v]e ;= v~ —ovt Vee & [v].:=v" Vec PV,

where v*(x) = lim._,o+ v(x & en.) ¥x € e. For any integer p > 0, we define the finite
element space

VP i={ve L*Q): vk € Q°(K),K € M},

where QP(K') denotes the space of polynomials of degree at most p in each variable in K.
The semi-discrete problem is to find (up,qs) € [VF]? such that, for all test functions
(vn,tn) € V)%,

(Oyun, vr)m + G(Bun, v) = Ve [—(an, Vor)am + (a;, -1, [op])e] + (f,vn)m,
(an, th) M = Ve [—(up, divep) p + (uyf, [rn] - m)e],
up(x,0) = (Prup)(x) in Q.

Here Py, : L?(Q) — VP is the standard L? projection operator, and

G(Bup,vp) = —(Bun, Vop) m + (@nB - 0, [vp])e,

where 1y, is chosen as the upwind flux: 4, = u, if 8-n >0, 4 = u;[ if 3-n < 0. For
e € EPY | we use the periodic boundary condition to define UZ

The optimal L?-norm error estimate of order p+1 of the semi-discrete scheme for quasi-
uniform Cartesian meshes can be found in Cheng et al [8, Theorem 2.4], where it is shown
that maxo<i<r ||u — upllp2) < CA+T YhP*+1. Therefore, combined with the continuous
time Galerkin scheme, we know that the fully discrete scheme has O(hP*! +77+1) accuracy
in the norm ||| oo (0,722 (0)) and O(hP*14-7%7) in the L? norm at nodes t = t,, n =1,--- , N.

+1
To test the accuracy at the nodes, we set 7 = h"2r and thus N = T/T=Tp %, where

B = h="3 . The numerator of the [r/r] Padé approximation P,(z) has 2k complex zeros and
1 real root if r =2k + 1,k > 1, and 2k complex zeros if r = 2k, k > 1. Denote by C'(2M)
the costs of solving the matrix problem 7,0 4+ ;I with (; being complex and C(M) the
costs of solving the matrix problem 7,[D + (;I with (; real, where (;, j = 1,--- ,r, are zeros
of P.(z). Then the computational time in each time step of Algorithm [3.I] is proportion
to C'(2M) for the parallel computation and proportion to kC'(2M) + (r — 2k)C(M) for the
sequential computation. Tllle wall time of using Algorithm [B1] using parallel machines is
then proportion to N = T'8+ which is decreasing in . Thus high order time discretization is
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preferred for parallel computations. On the other hand, for t}{e sequential computation, the
wall time of using Algorithm B.1lis proportion to rN = TrB+» which minimizes at r = In 3
for r > 0. This implies that the optimal choice of the order for the sequential computation is
r = [In 3] +1, where |a]| is the maximum integer strictly less than a > 0. Table [[lshows the
error |[(u—wup) (-, T)||f2(q) at the terminal time when r = [In 8| 4+ 1. The optimal (p + 1)-th
order is observed which confirms our theoretical results. We observe that the errors of high
order schemes are significant smaller than the low order schemes.

To test the accuracy in the || - ||pe(0,r;22(0)) norm, we set 7 = h¥H1 and thus N =
T/t = Tyﬁll, where v = h~®+1)_ The wall time of using Algorithm Bl and Algorithm
for the parallel computation is proportion to N = T’y% which decreases in r. On
the other hand, for the sequential computation, the wall time of using Algorithm [3.1] and
Algorithm 41l is N = Trvﬁ which is increasing in r if Iny < 4 and minimizes at
r*=[-(2-Invy)++/(2 —1In~v)2 —4]/2if Iny > 4. Since r* > 1 is equivalent to In~y > 4, the
optimal choice of the order for minimizing the computation wall time is r = max(1, [r*]+1).
We note that for the sequential computation, Algorithm [£.1]is cheaper than Algorithm
Table 2] shows the error

max

OSHSN;lﬂngHJKU‘—Uhﬂytn4—01kﬂﬂHL%Q)

as the approximation of [|u —up|| e (0,1;2(2)) When r = max(1, [r*| +1). We again observe
the optimal (p+ 1)-th order convergence and that high order methods perform much better
than low order methods.

Table 1: Example [t numerical errors of ||(u — up)(, T)||p2(q) and orders.

p=3 p=4 p=>
h error order error order error order
1/4 | 8.06E-03 — 1.29E-03 - 1.71E-04 —
1/8 | 5.64E-04 3.84 | 4.40E-05 4.88 | 2.84E-06 5.91
1/16 | 3.55E-05 3.99 | 1.37E-06 5.01 | 4.33E-08 6.04
1/32 | 2.03E-06 4.13 | 4.26E-08 5.00 | 6.94E-10 5.96

Table 2: Example [It numerical errors in ||

|| oo (0,712 (2)) norm and orders.

p=3 p=4 pP=5
h error order error order error order
1/4 | 2.77E-02 — 3.99E-03 — 5.81E-04 —
1/8 | 2.00E-03 3.79 | 1.36E-04 4.87 | 1.02E-05 5.83
1/16 | 1.14E-04 4.14 | 4.40E-06 4.95 | 1.69E-07 5.91
1/32 | 718E-06 3.98 | 1.33E-07 5.05 | 2.73E-09 5.95

Example 2. (Wave propagation problem) Let Q = (—2,2) x (—=2,2) and T = 1.
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consider the following wave equation with discontinuous coefficients

1
Eatu =divq+ f, poiq=Vu inQx(0,7),

[ul =0, [a-n]=0 onI x(0,7), (6.2)
u=0 ondQx(0,T),
u(x,0) = up(x), q(x,0) =qo(x) in Q.

We assume the interface T is the union of two closely located ellipses. We take 4 = {x €
Q: (x—lgu“l‘ 23 <1 or W%de—y—k%é < 1}, which is the union of two disks, and Qo = Q\Qy.
Here d1 = —0. 82 dy = 0.82, a = 0.81, and b = 0.51. The distance between two ellipses is
0.02. We consider the wave equation ([6.2)) with p1 = 1/2, po = 1, ¢; = ¢o = 1, and the
source f is chosen such that the exact solution is

cos(3t) sin(ry — 1) sin(re — 1) sin(37wzq) sin(3wze)  in Qq,
u(x,t) =
2 cos(3t) sin(ry — 1) sin(rg — 1) sin(37x1) sin(3wxy)  in Qo

(z1=d1)?
1a1 _|_

2
where 11 = ro = M + 2. The ezact solution q(x,t) is computed by

(62]) with the initial condztz'on qo = 0.

We use the unfitted finite element method in Chen et al [7] to discretize the problem
in space. Let M be an induced mesh which is constructed from a Cartesian partition T
of the domain 2 with possible local refinements and hanging nodes so that the elements
are large with respect to both domains Qy,€s. Let MI' := {K € M : KNT # (}} and
E =85 yglyePY where T .= {Ix =T NK : K € M}.

For any K € M, i=1,2, let K; = KNQ; and th the polygonal approximation of K;
bounded by the sides of K and T' }[‘( which is the line segment connecting two intersection
points of I'xr NIK. th is the union of shape regular triangles K Z};, 1<, K < 3, whose sides
are the sides of K and I'%.. We always set K[ the element having I'% as one of its sides.
From K[; we define the curved element I?[; by

K]

2

b= (K;nK}b)U(K\KD), Ki=K,nK! j=2-.- JK

R 7

Then we know that K is the union of curved triangles Z], i=1,2,j=1,---,JK.

For any integers p,q > 1, the space PP(K) denotes the space of polynomlals of degree
at most p in K and QP9(K) denotes the space of polynomials of degree at most p for the
first variable and ¢ for the second variable in K. For any K € M, we define the interface
finite element spaces

Wy(K) ={p: ¢lgy € PP(KG), i =12 j=1,JK}

and X,(K) = W,(K) N HY(K; U K3). Notice that the functions in X,(K) are conforming
in each K;,© =1,2. Now we define the following unfitted finite element spaces

Xp(M) = {ve H' (Q UQy) :v|k € X,p(K) VK € MF,
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vk € QU(K) VK € M\M"},
W (M) = {3 : 9| € [Wp(K)]* VK € M,
W|x € QPTIP(K) x QPPTHK) YK € M\M™ L.
Let X)(M) = X,(M)NH(Q1UQs), where Hj (2,UQ) = {v € H'(Q1UQ) : v = 0 on §Q}.

The semi-discrete unfitted finite element method for solving (€.2]) is then to find
(un, qn) € Xy (M) x W, (M) such that for all (¢n, ) € X)(M) x Wy(M),

(p—;aﬂm, %)M = —(an, Ver)m + (a, -1, [en])er + (f, on)m, (6.3)
(POran, ¥r) m = —(un, divapp) pm + (uf, [¥o1] - n)e, (6.4)
up(x,0) = (Puhuo)(x), dn(x,0) = (Pyqo)(x) in €, (6.5)

where Py, : L*(Q) — X)(M) and P, : [L*(Q)]* — W,(M) are the standard L? projection
operators.

It is shown in [7, Theorem 2.2] that the following energy error of the semi-discrete
scheme

Ben(t) 1= (1w — ) (, 0320y + 1@ — an) (. 8)[2200) 2.

has p-th order convergence. The semi-discrete problem (6.3)-(6.5]) is an ODE system which
is solved by the continuous time Galerkin method in this paper. By Theorem 2] and
Theorem Z.2) we know that the energy error has O(hP +7"+1) convergence rate in the norm
maxg<i<7 Fen(t) and O(h? 4+ 7%7) in the E,,(t) at nodes t =t,, n =1,...,N.

Note that these two ellipses are close but not tangent. To resolve the interface I'" well,
we locally refine the mesh near the interface such that the interface deviation ng < ng = 0.05
for all K € M'. For the concept of the interface deviation we refer to [7, Definition 2.2],
see also Chen et al [0 Definition 2.2]. As an illustration, we show the computational mesh
for h = 1/4 in Figure [l

In this example, we test the accuracy of the error in the || - || Lo(0,7;L2(2)) horm and
Een(T). As in Example 1, to test the accuracy at nodes, we set 7 = -, thus the wall time of
using Algorithm [B.] for the sequential computation is proportion to Truv+ which minimizes
at 7 = Inv for r > 0, where v = h™%. Table B shows the error Ee,(T) at the terminal time
when r = |[Inv] + 1.

To test the accuracy in the || - ||ge(0,7;12(0)) norm, we set 7 = AT and thus N =
T/T = Tuﬁ, where u = h™P. As in Example 1, the wall time of using Algorithm B and
Algorithm for the parallel computation is proportion to N =T ,w%l which decreases in
r. However, since the wave equation is not dissipative, we cannot use Algorithm 1] for the
sequential computation. In this case, the wall time of using Algorithm Bl and Algorithm
for the sequential computation is proportion to rN + r2N = Tr(r + 1),u$ which is
increasing if In y < 6 and minimizes at r** = [-(3 —Inu) + /(3 —Inw)? —8]/4 if Inu > 6.
Since r** > 1 is equivalent to In u > 6, the optimal choice of the order for minimizing the
computation wall time is » = max(1, [**| + 1). Table Bl shows the error

max Een(tn + Olan)
0<n<N-1,1<k<10
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as the approximation of maxo<¢<r Fen(t) when r = max(1, [r**] 4+ 1). We clearly observe
the optimal p-th order convergence and the superior performance of high order methods

from Tables BH4l

L HHAH | |
I T

T H T

T TTTINNT VATTT T

Figure 1: Illustration of the computational domain and the mesh (left) and the correspond-
ing zoomed local mesh (right) with ~ = 1/4 in Example 2

Table 3: Example 2} numerical errors of E.,(7") and orders.

p=3 p=4 p=>5
h error order error order error order
1/4 | 4.22E-01 — 2.21E-01 — 1.25E-01 —
1/8 8I97TE-02 2.24 | 2.64E-02 3.06 | 6.20E-03 4.33
1/16 1.32E-02 2.76 | 1.81E-03 3.87 | 3.82E-05 4.96
1/32 | 1.66E-03 299 | 1.13E-04 4.00 | 1.19E-06 5.00

Table 4: Example 2} numerical errors of maxo<¢<7 Een(t) and orders.

p=3 p=4 pP=5
h error order error order error order
1/4 | 5.23E-01 - 2.95E-01 - 1.69E-01 —
1/8 | 1.26E-01  2.05 | 3.70E-02 3.00 | 8.87E-03 4.25
1/16 | 1.90E-02 2.72 | 2.58E-03 3.84 | 2.93E-04 4.92
1/32 | 2.45E-03 2.96 | 1.66E-04 3.95 | 9.21E-06 4.99
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