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A STABILIZER FREE WEAK GALERKIN METHOD FOR THE
BIHARMONIC EQUATION ON POLYTOPAL MESHES

XIU YE* AND SHANGYOU ZHANGH

Abstract. A new stabilizer free weak Galerkin (WG) method is introduced and analyzed for the
biharmonic equation. Stabilizing/penalty terms are often necessary in the finite element formulations
with discontinuous approximations to ensure the stability of the methods. Removal of stabilizers will
simplify finite element formulations and reduce programming complexity. This stabilizer free WG
method has an ultra simple formulation and can work on general partitions with polygons/polyhedra.
Optimal order error estimates in a discrete H2 for k > 2 and in L? norm for k > 2 are established for
the corresponding weak Galerkin finite element solutions. Numerical results are provided to confirm
the theories.
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1. Introduction. We consider the biharmonic equation of the form

(1.1) A’u=f inQ,

(1.2) u=g ondQ,
ou

(1.3) = ¢ on 09,

where € is a bounded polytopal domain in R?.

For the biharmonic problem (1.1) with Dirichlet and Neumann boundary condi-
tions (1.2) and (1.3), the corresponding weak form is given by seeking u € H?(Q)
satisfying u|sq = ¢ and %bg = ¢ such that

(1.4) (Au, Av) = (f,v) Yo € HE(Q),

where HZ(Q) is the subspace of H?({)) consisting of functions with vanishing value
and normal derivative on 0f).

It is known that H?2-conforming methods require C'-continuous piecewise poly-
nomials on a simplicial meshes, which imposes difficulty in practical computation.
Due to the complexity in the construction of C'-continuous elements, H2-conforming
finite element methods are rarely used in practice for solving the biharmonic equation.

As an alternative approach, nonconforming and discontinuous finite element
methods have been developed for solving the biharmonic equation over the last sev-
eral decades. The Morley element [2] is a well-known example of nonconforming
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element for the biharmonic equation by using piecewise quadratic polynomials. The
weak Galerkin finite element methods use discontinuous approximations on general
polytopal meshes introduced first in [9]. Many WG finite element methods have been
developed for forth order problems [3, 4, 5, 6, 7, 10, 12]. These weak Galerkin finite
element methods for (1.1)-(1.3) have the following symmetric, positive definite and
parameter independent formulation:

(15) (Awuhava) —|—s(uh,v) = (fv U)'

The stabilizer s(-,-) in (1.5) is necessary to guarantee the well posedness and the
convergence of the methods.

The purpose of the work is to further simplify the WG formulation (1.5) by remov-
ing the stabilizer to obtain an ultra simple formulation for the biharmonic equation:

(1.6) (Awun, Ayv) = (f,0).

We can obtain a stabilizer free WG method (1.6) by appropriately designing the weak
Laplacian A,,. The idea is to raise the degree of polynomials used to compute weak
Laplacian A,,. Using higher degree polynomials in computation of weak Laplacian
will not change the size, neither the global sparsity of the stiffness matrix.

This new stabilizer free WG method for the forth order problem (1.2)-(1.3) has
an ultra simple symmetric positive definite formulation (1.6) and can work on general
polytopal meshes. For second order elliptic problems, stabilizer free WG methods
have been studied in [1, 9, 11]. However for forth order problems, to the best of our
knowledge, this is the first finite element method without any stabilizers for totally
discontinuous approximations. Optimal order error estimates in a discrete H? norm
is established for the corresponding WG finite element solutions. Error estimates in
the L2 norm are also derived with a sub-optimal order of convergence for the lowest
order element and an optimal order of convergence for all high order of elements.
Numerical results are presented to confirm the theory of convergence.

2. Weak Galerkin Finite Element Methods. Let 7; be a partition of the
domain €2 consisting of polygons in two dimension or polyhedra in three dimension
satisfying a set of conditions defined in [8] and additional conditions specified in
Lemma 3.1 and Lemma 3.2. Denote by &, the set of all edges or flat faces in 7Ty, and
let &) = £,\09 be the set of all interior edges or flat faces.

For simplicity, we adopt the following notations,

(v,w)p, = Z (v,w)p = Z /vadx,

TETh TETh
(v,w) g, = Z (v,w)yp = Z / vwds.
TET reT;, T

Let Py (K) consist all the polynomials degree less or equal to k defined on K.
First we introduce a set of normal directions on &, as follows

(2.1) Dy, = {n. : n. is unit and normal to e, e € &, }.

Then, we can define a weak Galerkin finite element space V}, for k > 2 as follows

(2.2) Vi, ={v={vo,vp,vnnc}: vo € Pp(T), v € Pi(e), v, € Py_1(e),e C IT},



where v,, can be viewed as an approximation of Vuy - n.

Denote by V¥ a subspace of V}, with vanishing traces,

V¥ = {v = {vo, vy, vanc} € Vi, 0p|e = 0, vpn, -ml. =0, e C IT NIN}.

A weak Laplacian operator, denoted by A,,, is defined as the unique polynomial
A,v € P;(T) for j > k that satisfies the following equation

(2.3) (Awv, @) = (vo, Ap)T — (vb, V1) 57 + (Unne -0, ©)or, Vo € Pi(T).

Let Qo, Qp and @Q,, be the locally defined L? projections onto Py(T), Px(e) and
Py,_1(e) accordingly on each element T € T;, and e C 9T. For the true solution u of
(1.1)-(1.3), we define Qpu as

Qhu = {Qoua Qbu7 Qn(vu : ne)ne} € Vh.

WEAK GALERKIN ALGORITHM 1. A numerical approximation for (1.1)-(1.3)
can be obtained by seeking up, = {ug, up, upn.} € Vi satisfying up = Qpg and
UpNe -0 = Qpd on I and the following equation:

(2.4) (Awun, Ayv)7, = (f, vo) Y v={vo, v, vane} € V.

LEMMA 2.1. Let ¢ € H*(Q), then on any T € Tp,

(2.5) Ao =Qr(Ag),

where Qy, is a locally defined L? projections onto P;(T) on each element T € Tj,.
Proof. 1t is not hard to see that for any 7 € P;(T) we have

(Awa, T)T = ((bv AT)T + <(v¢ . n6)n8 -n, 7'>8T - <¢7 vt n>8T
= ((bv AT)T + <V¢ -1, T>(9T - <¢7 Y n>8T
= (A¢7 T)T = (QhA¢7 T)Tu

which implies
(2.6) Awd = Qn(Ad).
It completes the proof. O
3. Well Posedness. For any v € V}, + H?(Q), let

(3.1) loll* = (Awv, Ayo)7,,.

We introduce a discrete H? norm as follows:

[V

(32) [[vlla,n = < > (lAwollF + h7%(lvo — vbll37 + h ' (Voo — vane) - n”%T))
TeThH



For any function ¢ € HY(T), the following trace inequality holds true [8],

(3:3) lell? < € (hz'lleliF + hrllVel7) -

The main goal of this section is to obtain the equivalence of the two norms || - |2,
and || - [|. To do so, we need the two following lemmas.

LEMMA 3.1. Let T be a convex polygon/polyhedron of size hp with edges/faces
€1, €2, ...en. Let \{ € Pl(T), )\1|€1 =0 and maxp Ay = 1. Let \; € Pl(T), 1> 1,
Ailei =0 and A\;(my) = 1 where my is the barycenter of e;. For any f € Py(e1), there
is a unique polynomial ¢ = M3+ \2qi for some qi € Pi(T) such that

(3.4) (¢,p)r =0 Vp € Pp—1(T),
(3.5) (Vg-n—f,p),, =0  Vp€ Pyler),
(3.6) lgllz < CRY? | £lles,

where C' depends on the minimum angle and the smallest ratio he,/hr, and C is
defined in (3.14) below.

Proof. We prove ¢ is uniquely defined by (3.4)-(3.5). Let f =0 in (3.5). As T is
convex, \; > 0 in the interior of e; for all ¢ > 1. Because of the positive weight, the
vanishing weighted L?(e;) inner-product forces Vg -n =0 on es:

1
A3+ Noaqk.p)., =0 Vp € Prler).

(37) <VQ : n7p>el = __T

Thus the vanishing weighted L?(T) inner-product forces ¢ = 0 on T
(3.8) (09T = (\f- Xgr-1,p)7 =0 Vp € Prooa(D),
where qx_1A\1 = gk
We find some upper bounds and lower bounds of these weight functions ;.
Let e;, 1 <i < m (m = 3 in 2D), be a neighboring edge/face of e;. Using the

distance as its variable, we have

)‘i|€1 =

=,
Pe,

where x is the distance, along e, of the point to the intersection of e; and e;. Here
in 3D, we assume the size of e; is roughly twice the distance from the barycenter
m; to the intersection edge e; Ne;. To avoid too many constants, we simply assume
reasonably h., > hy/4. We compute the maximum as

hio(T) _ 2 _ 8 _ 8

39 )\1 - N N N . 9
(39) R (hey/2)sina; ~ he,sino; — sina; — sinag

where ™ — a; (a; > a9 > 0, and a; < 7 — ap) is the angle between e; and e;, and
hie,(T) is the maximal distance of a point on T to e;. For a lower bound, we have

13 if p < /2
3.10 Ailp, >4 16 P
(3.10) |T°—{1— Vi _ > 1 if g > 72,

16 sin «;



€4

€3 €2

g N

FiG. 3.1. Size hey = he, /16, and Ty is square/cube of size he, at mj.

where T is a square/cube at middle of e; with size he, /16, cf. Figure 3. We note that
other than triangles, «; < 7/2 for most other polygons. Here in (3.10), we assumed
sin o > \/3/8, where d is the space dimension, 2 or 3.

For non-neighboring edges e;, we have

Al = 1 if e; || e,
jler = 2(z+z;) .
m OtherWlse,

where x is the arc-length parametrization on e; toward the extended intersection of e;
and e;, z; is the distance on e; from the an boundary point of e; to the intersection.
Supposing e; is the only edge/polygonal between e; and e;, x; = he, (cos o; — cos(a; +
a;)). Because x; > 0, it follows that

hJ_ej (T) < 2h’T < 8
(he, /2)sine; — (he, + ;) sin(a; + ;) ~ sinag’

A1 L=

(3.11) max Aj

For a lower bound, because z; > 0 and e; is an edge/polygon in between, we have
1

(3.12) Al 2 Ailry 2 5

Together, in (3.7) and (3.8), we have, noting A\ |7 < 1,
2n—2

(3.13) A3 AR p, >

242 2
> s and AN Xl € —mg

sin Qg

Let g € Pi(e1) be the unique solution in (3.5), i.e., Gk = qi|e,. Letting p = —hrdy
in (3.5), cf. (3.7), we get, by (3.13),

1 1 - 1 - -
@Wﬂ%ﬂgl < WH%HZ, <Az Andill2,

1 _
= —EO\% NG D)o, = (fiD)e, = (s —hrdi),,

S bl flle llglle:

N

where in the first step we use the fact ¢ is a degree k polynomial. For the unique
solution g € Pi(e1), we view it as a polynomial on the whole line or whole plane
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containing e;. We also extend it to Py (R?) by letting it be constant in the direction
orthogonal to e;. Let St be a square/cube of size hy containing T', with one side Se,
which contains e;. It follows that, by (3.13),

- . _ hp
17 < 1@l%, = hrldxll,, < hT(h )21 12,
< hpd®F|ell?, < hod®t(280H20 2hTIIfIIel)
220k+4n 4h ”f”
We rewrite ¢ in terms of this extended polynomial,
q= )\1)\2 A2 ndk = )\1)\2 A2 ()\1(]]@71 + (jk) for some qrp_1 € Pkfl(T).
Letting p = gx—1 in (3.4), it follows that, by (3.13),
lgr-1l17 < (o /he)* 2llgp-1l17, < 647572227 2(A3 - X2 qr—1, 1) 73
< 22RO fhe ) (AT - AR -1, @h—1)T0 0
< 22n+12k(2hT/heU)2n+2k—2()\% . )\,21(119—17 Qk—l)T
— 216714’26]6714(}\1)\% . )\ZQIW —Qk—l)T

s e PR A
- sin?" 2 a ’

where T} o is the top half of T, and we used the fact maxr Ay = 1 and the fact that
the integrant on Tp o is a degree 2n + 2k — 2 polynomial. We estimate

lgllF = (A3AS - Nt (M@k—1 + Gk )s M@r—1 + G) T

84n 4
< —m— (M@ + Qe Mgr—1 + @)1
sin Qg
84n 4
< —gmr—2([[Magx— UF + lldkll7)
sin Qg
21271 11
< W(H% 117 + Gel7)-

Combining above three bounds, we get

12n—11 % 222n+26k—20

2 L
ldle < () (G +1) Nl

sin Qg

(3.14) 916n+20k—15 922n+26k—20

1 1

2 2,3/2 3/2
< 2 = eq-
< (G ) Gz 1) W0l = OB e,

sin Qg

The proof is completed. O

LEMMA 3.2. Let the following notations be defined in Lemma 3.1. For any
g € Pi_1(e1), there is a unique polynomial ¢ = A3 - - A2 qr+1 for some g1 € Ppr1(T)
such that

(3.15) (¢,p)T =0 Vp € Po—1(T),
(316) <V(] ! n7p>el =0 vp € Pk(el)7
(3.17) (@—9,p), =0 Vp € Pyii1(er),
(3.18) lalr < Chi®llg]le..
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where C depends on the minimum angle and the smallest ratio he,/hr, and C is

defined in (3.19) below.

Proof. For unisovence, letting ¢ = 0 in (3.17), we get ¢ = MA3---\2¢q; for
some g € Py(e1), because the weights A; > 0. By (3.16), Vg - n|., = 0 and thus
q=MM\--A2q,_ for some qx_1 € Pr_1(T). By (3.15), gr—1|r = 0 and thus ¢ = 0.

The upper and lower bounds for \; are same as that in Lemma 3.1.
Let Grt1 € Pri1(e1) be the unique solution in (3.17), i.e., qle;, = A3+ A2 G-
Letting p = Gx+1 in (3.17), we get, by (3.13),

1 1 ~ 1 - -
Wwﬂ%ﬂugl < WH%HHgO <Az AnGrsallZ,

IN

Az AnGrrallZ, = (A3 AL Ght1s Grr) e,

= (9, @rr1)e, < N9llenllGrraller,

where in the first step we use the fact Gr11 is a degree k 4+ 1 polynomial. For the
unique solution §xt+1 € Prt1(e1), we view it as a polynomial on the whole line or
whole plane containing e;. We also extend it to Py 1(R?) by letting it be constant
in the direction orthogonal to e;. Let St be a square/cube of size hr containing T,
with one side S., which contains e;. It follows that, by (3.13),

hr

l@k+1ll7 < 1113, = hrlldrals,, < hT(h—)QkHHfikHIIgl
e1

S 1 i i (1] O

_ 220k+4n+16hT ”gHgl )

We rewrite g in terms of this extended polynomial,
q=A AN qrt1 = A3 - A2 (A\iqk + Gry1)  for some g € Pp(T).
By (3.16), we have further, because Vg1 - nle, =0,
=X Ao(Alqr—1 + Ges1) for some qp_1 € Po_1(T).
Letting p = gx—1 in (3.15), it follows that, by (3.13),

lar—1l% < (hr/he)** 72|l qr—1]%, < 642722272\ A2 g1, qr—1) 72
< 22n+12k714(2hT/h60)2()\§ .. )\iQk—la(Jk—l)To,o
< 222 QR fhe, MR N2 g1, qe 1)
= 216n 20— (AZ A2 o1, — Q1)
82n—2

< 216n+26k—14 ~ _
< T - aQ”Qk-i-lHTqu 1l

where Ty o is the top half of Tp, and we used the fact maxy A; = 1 and the fact that



the integrant on Tp o is a degree 2n + 2k — 2 polynomial. We estimate

lgllF = (A3 Ab (AT qh—1+ Grt1)s N1 + Grt1)T
84n—4

< ————(Af@h—1 + @1, ATGi—1 + Q1) T
sin (&%)
gin—4 2 2 2
< —mmr 20N @117 + | gx+1ll7)
sin ag
21271711

—mr— (lak—1 17 + |G+ [17)-
Qo

IN

sin

Combining above three bounds, we get

9l2n—11 | 1 9l6n+26k—14 ) 1
+ 1) i
In—4 ao) (( Gin2" 2 o ) |G|l

lallz < (=
S
216n+20k+5 216n+26k714

1 1
<( )( 2+1)2h = Ch .
= \gpin—1 o0 ( Gin2n—2 o0 ) THg”el T||g||81

(3.19)

The proof is completed. O

LEMMA 3.3. There exist two positive constants Cy and Cy such that for any
v = {'UO,'Ub,'Unne} S Vh, we have

(3.20) Cillvllz,n < Jlvll < Calfv]l2,n.

Proof. For any v = {vg,vp,v,n.} € V},, it follows from the definition of weak
Laplacian (2.3) and integration by parts that

(Awv, @)1 = (v, Ap)r — (vp, Ve n)yp + (Vpne -1, ) op
= —(v’Uo, V@)T =+ <1}0 — Vb, V<P : n>8T + <vnne - n, <P>8T
(3.21) = (Avo, @)1 + (vo — vy, Ve -n)5p + ((vpne — Vo) -0, ©) o
By letting ¢ = A, v in (3.21) we arrive at

|Awo|F = (Avg, Apv)r + (Vo — Vb, V(Ap) 1) gy + ((vpne — V) - 1, Ayv) o

From the trace inequality (3.3) and the inverse inequality we have
1Aul3 < 18wl [ Awollr + lloo — wllor |V (Au)lor
+l(vnne — Vo) - nflor|Avvlor
< C(|Avo |l + b2 [vo — vslloz
+hz' | (vame = Vo) - nllor)| Awv]lr,
which implies
-3/2 ~1/2
18wl < € (I avolr + oo —wlor + /2| (wame — Tvo) -mllor )
and consequently

lloll < Cellvlizp-



Next we will prove

_ 2
> hrPllvo = w3y < Cloll”.
TETh

It follows from (3.21) that for any ¢ € P;(T),

(vav @)T = (AUOa @)T + <1}0 — U, VSD ! n>8T
(3.22) + ((vane = Vo) - m, @) yp.

By Lemma 3.1, there exist a ¢g such that for e C 9T,
(Avo, po)r =0, ((vpne — Vo) -, ¢o)sr =0,

(3.23) {vo = w1, Voo - 1) g, = 0, (v — w6, Vepo - 1) o = [|vo — wp[2-
and
(3.24) leollr < ChY?|[vo — bl

Letting ¢ = o in (3.22) yields
(3.25) [luo — w2 = (Awv, @o)r < [Awvlzllollr < ChYZ | Awv]rllve — o],
which implies
_ 2
(3.26) > hzlllvo = wll3r < Clloll*.
TeThH
Similarly, by Lemma 3.2, we can have
(3:27) >~ 07 I(Fvo = vane) - il < Clloll*.
TEThH
Finally, by letting ¢ = A, v in (3.22) we arrive at
[Avo |7 = (Ave, Ayv)r — (vo — vy, V(Ayv)-n)yp
—((vpne — V) -1, Ayv) gy
Using the trace inequality (3.3), the inverse inequality and (3.26)-(3.27), one has
A7 < CllAwv] 7| Avo],
which gives
2
> llawlz < clofl®.
TEThH

We complete the proof. O

LEMMA 3.4. The weak Galerkin finite element scheme (2.4) has a unique solu-
tion.

Proof. Tt suffices to show that the solution of (2.4) is trivial if f = g = ¢ = 0.
Take v = uy, in (2.4). It follows that

(Awuh, Awuh)Th =0.

Then the norm equivalence (3.20) implies ||up||2,n = 0. Consequently, we have Aug =
0, ugp = up, Vug-n. = u, on 9. Thus ug is a smooth harmonic function on .
The boundary condition of up = 0 implies that ug = 0 on 2. We have ug = 0, then
up = Uy, = 0, which completes the proof. O
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4. An Error Equation. Let e;, = u — up. The goal of this section is to obtain
an error equation that ej, satisfies.

LEMMA 4.1. For any v € V,?, we have
(4.1) (Apen, Ayv)7, = l1(u,v) + la(u, v),
where

U1 (u,v) = (V(QrAu — Au) - n,v9 — vp)or, ,
ly(u,v) = (Au — QrAu, (Vvg — vpne) - n)gr.

Proof. For v = {vg,vp,v,n.} € V2, testing (1.1) by vy and using the fact that
Yorer, (V(Au) - n,vp)ar = 0 and ) rcr (Au,vpne - n)pr = 0 and integration by
parts, we arrive at

(f,v0) = (A%u,v0)T;
(4.2) = (Au, Avo) 7, — (Au, Vg - n)ar, + (V(Au) - n,vo)ar,
= (Au, Avg)7;, — (Au, (Vvg — vpne) - n)ar,
+ (V(Au) - n,v9 — vp)ar, -

Next we investigate the term (Auw, Avg)7, in the above equation. Using (2.5), inte-
gration by parts and the definition of weak Laplacian, we have

(Au, Avy) 7, = (QpAu, Avg) T,
= (vo, A(QrAW)) 7, + (Vo - n, QuAu)ar, — (vo, V(QrAu) - n)sr,
= (Ayv, QpAu)7, — (vo — vy, V(QrAu) - n)or,
+{(Vvg — vpne) - n, QpAu)sr,
= (Aypu, Ayv)T, — (Vo — vp, V(QpAu) - n)ar,
+{(Vvg — vpne) - n, QpAu)sr, .

Combining the above equation with (4.2) gives

(f,v0) = (A2U7UO)Th
= (Ayu, Ayv)7, — (Vo — vy, V(QpAu — Au) - n)ar,
(4.3) — {(Vvg — vpne) - n, Au — QpAu)ar.

which implies that
(Apu, Ayv)7, = (f,v0) + 1 (u,v) + la(u,v).
The error equation follows from subtracting (2.4) from the above equation,
(Apen, Ayv), = £1(u,v) + La(u,v).

We have proved the lemma. O
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5. An Error Estimate in H2. We will obtain the optimal convergence rate for
the solution uy, of the stabilizer free WG method in (2.4) in a discrete H? norm.

LEMMA 5.1. Let k> 2 and w € H™>{*+141(Q). There exists a constant C' such
that the following estimates hold true:

(5.1) < > hrlldw - QhAwII%T> < O Hwll,

TEThH

(5.2) ( Y hElV(Aw ~ Qhﬁw)II§T> < CR* 7 ([[wllisr + ok 2[[wlla)-

T€ETh

Here 6; ; is the usual Kronecker’s delta with value 1 when i = j and value O otherwise.

The above lemma can be proved by using the trace inequality (3.3) and the
definition of Q. The proof can also be found in [3].

LEMMA 5.2, Let w € H™>F+1L4(Q) for k > 2 and v € Vi,. There exists a
constant C' such that

(5.3) |1 (w, v)] < CR*! (|[w]lisr + horo|
(5-4) [62(w, v)| < Ch*Hwllerallo]).

wlla) [lofl-

Proof. Using the Cauchy-Schwartz inequality, (5.1)-(5.2) and (3.20), we have

61(w, 1)) = Z (V(Aw - QhAw) -1, V9 — 'Ub>8T
TETh
< (X v -eanii) (5 - i)
TETh T€ETh
(5.5) < O ([wller1 + héw2llwl)]]l,
and
ly(w,v) = Z (Aw — QpAw, (Vvg — vpne) - m)ar
T€7-h
< < > hrfAw - QhAw“%T) < > bt l(Veo — vane) - nl%:r)
TeTh TETh

(5.6) < Ch*Hwleslloll.

We have completed the proof. O
LEMMA 5.3. Let w € H™>F1L41(Q) | then

(5.7) lw = @ruwll < CR* [l
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Proof. For any T € T, it follows from (2.3), integration by parts, (3.3) and
inverse inequality,

[Aw(w — Quuw)l|7

= (Aw(w — Qrw), Aw(w — Qrw))r

= (w = Qow, A(Ay (v — Qrw)))r — (w — Qow, V(Ay(w — Qrw)) - m) oy
H(Vw -ne — Qn(Vw - n.) -n, Ay (w — Qrw)) 5r

< O(hz*|lw = Qowllr + hz*||lw — Quwllor
+hz' 2V e = Qu(Vew - ne)lor) [Au(w — Quw)|r

< OPF Mwlera,r | Aw(w — Quw)|r.

Using the above inequality and taking the summation of it over T, we derive (5.7)
and prove the lemma. O

THEOREM 5.4. Let up, € V, be the weak Galerkin finite element solution arising
from (2.4). Assume that the evact solution u € H™>k+1L4Y(Q). Then, there evists a
constant C' such that

(5-8) llw = unll < CR*= ([lulliss + hok2]|ula) -

Proof. Let €, = Qpu — uyp, € V,?. It is straightforward to obtain

(5.9) llell” =

Aweh,Aweh)Th

Ayen, Ay (u—up))T,
= (Awen, Ay (Qru — up))7, + (Awen, Aw(u — Qru))7,
Apen, Awep) T, + (Awen, Ay (u — Qpru)) T, -

~ o~~~

Next, we bound the two terms on the right hand side in (5.9). Letting v = €5, € V)
in (4.1) and using (5.3)-(5.4) and (5.7), we have

|(Aw€h, Aweh)Th| < |£1 (u7 6h)| + |€2(’U,, 6h)|
< OR* 7Y (||ull k1 + Aok 2||ulla) |l enl
< ChF M (||ullpgr + Bk 2llulla) (lu — Quull + llu — ual)

_ 1 2
(5.10) < CRP* D (||ullf gy + W6k 2llulf) + 7 lexll™

The estimate (5.7) implies

[(Awen, Aw(u = Qnu))7,| < Cllu = Qnullllexn|
B 1
(5.11) < CRPEDulfyy + gllenll”.

Combining the estimates (5.10) and (5.11) with (5.9), we arrive
lenll < CR*H (lullisr + hék2llulla)

which completes the proof. O
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6. Error Estimates in L? Norm. In this section, we will provide an estimate
for the L? norm of the WG solution up,.

Recall that e, = u — uy, and €, = Qpu — up, = {€o, €, €nne} € V0.

Let us consider the following dual problem

(6.1) A’w=r¢ inf,
(6.2) w=0 ondQ,
Vw-n=0 onodQ.

The H* regularity assumption of the dual problem implies the existence of a constant
C such that

(6.4) [[w]la < Clleoll.

THEOREM 6.1. Let up, € Vj, be the weak Galerkin finite element solution arising
from (2.4). Assume that the evact solution u € H**1(Q) and (6.4) holds true. Then,
there exists a constant C such that

(6.5) 1Qou — woll < CH*7%2 (|ful|kr1 + hdk2]ulla).

Proof. Testing (6.1) by ep and then using the equation (4.3) with v = w and
v = €, we obtain

leoll* = (A%w, o)
= (Apw, Ayep)T, — (€0 — €, V(QrAw — Aw) - n)s7,
—{((Veg — epne) - n, Aw — QpAw)or
= (Aww, Aweh)Th — fl (w, Eh) — fg(’w, €h)

The error equation (4.1) gives

(Apw, Awen)T, = (Aww, Ayen)T, + (Aww, Ay(Qru —u))7,
= (Awen, ApQrw)T, + (Awen, Ay(w — Qrw))T,
+HApw, Ay(Qru—u))7,
= l1(u, Qrw) + La(u, Qrw) + (Awen, Ay(w — Qrw))T,
+(Apw, Ap(Qru —u))T, -

Combining the two equations above, we obtain

lleoll® = €1 (u, Quw) + La(u, Qrw) + (Awen, Aw(w — Qrw))T;
+H(Apw, Ay(Qru—u))7, — li(w,en) — La(w, €p)
L4 LA I+ I+ I + I,

Next, we will estimate the all the terms on the right hand side of the above equation.
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Using the Cauchy-Schwartz inequality, (3.3) and (5.2), we have

I =16 (u, Quw)| = | Y (V(Au—QuAu) -1, Qow — Quw)or

T€7-h
< > hIV(Au - QhAU)IIaT> ( > | Qow — wall?)T>
TEThH TEThH
(Z hi 7V (Au — QrAu) ||aT> (Z hy 3HQOw w|8T>
TeT TETh
< CRFHI0R2 (| 1) [lwlla,

Similarly, by the Cauchy-Schwartz inequality, (5.1) and (3.3), we have

I = [la(u, Quw)| = Z (Au — QrAu, (VQow - n — Qn(Vw - n))ar

TeThH

1

< (Z hﬂAu—@hAm%T) x

T€ETh

[SE

<Z he' (IVQow - n = Vw |3y + |[Vw - n = Qu(Vuw - n)lla:r))

TeThH
< CRFF0%2 [l g [

It follows from (5.8) and (5.7),

Is = (Awen, Aw(w —Quw))7, < CHF %2 0| [|lwlls.

To bound I, we define a L? projection element-wise onto P;(T) denoted by R,.
Then it follows from the definition of weak Laplacian (2.3)

(Aw(Qru —u), RpAyw)r
= (Qou —u, A(RyAyw))r — (Qvu —u, V(RyLApw) -n)yp
+{(Qn(Vu-n.) — Vu-n.)-n, RA,w)y, =0.

Using the equation above and (5.7) and the definition of Ry, we have

Iy = |Au(Qru —u), Ayw)T,|
= |(Aw (Qhu - ’LL), Aw’w - RhAw’w)Th|
< Rl w]la.

Using (4.2), (5.3), (5.8) and (5.7), we have

Is = |ty (w, e)] < CR*7%2|lwllallen]l < Ch*~*%2 wlla(|Qnu — ull + llexll)
< ORI ]| g [l

Similarly, we obtain

Is = [6(w, €p)] < CRFT %02 | [[w]|4.
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Combining all the estimates above yields
lleol* < CRM=0%2 ([lul 1 + w2 ulla) | w]]a-
It follows from the above inequality and the regularity assumption (6.4).
lleoll < CREF=0%2([fulls1 + hdyz|ulla).
We have completed the proof. O

7. Numerical Test. We solve the following 2D biharmonic equation on the unit
square:

(7.1) A?u=f (x,y) € Q=(0,1)3

with the boundary conditions v = g1 and Vu - n = g9 on 0. Here f, g1 and g, are
chosen so that the exact solution is

u=e"mY,

FiG. 7.1. The first three levels of grids used in the computation of Table 7.1.

In the first computation, the level one grid consists of two unit right triangles
cutting from the unit square by a forward slash. The high level grids are the half-size
refinements of the previous grid. The first three levels of grids are plotted in Figure
7.1. The error and the order of convergence for the method are shown in Tables 7.1.
Here on triangular grids, we let j = k + 2 defined in (2.3) for computing the weak
Laplacian A,v. The numerical results confirm the convergence theory.

In the next computation, we use a family of polygonal grids (with pentagons)
shown in Figure 7.2. We let the polynomial degree j = k+3 for the weak Laplacian on
such polygonal meshes. The rate of convergence is listed in Table 7.2. The convergence
history confirms the theory.
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