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Abstract

In this paper we study a bilinear optimal control problem associated to a 3D chemo-repulsion
model with linear production. We prove the existence of weak solutions and we establish a
regularity criterion to get global in time strong solutions. As a consequence, we deduce the
existence of a global optimal solution with bilinear control and, using a Lagrange multipliers
theorem, we derive first-order optimality conditions for local optimal solutions.
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1 Introduction

The chemotaxis phenomenon is understood as the directed movement of live organisms in response to
chemical gradients. Keller and Segel [18] proposed a mathematical model that describes chemotactic
aggregation of cellular slime molds which move preferentially towards relatively high concentrations
of a chemical substance secreted by the amoebae themselves, which is called chemo-attraction with
production. When the regions of high chemical concentration generate a repulsive effect on the

organisms, the phenomenon is called chemo-repulsion.
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In this work we study an optimal control problem subject to a chemo-repulsion with linear
production system in which a bilinear control acts injecting or extracting chemical substance on a
subdomain of control €. C €. Specifically, we consider  C R? be a simply connected bounded
domain with boundary 9 of class C? and (0,T) a time interval, with 0 < T < 4o00. Then we

study a control problem related to the following system in the time-space domain @ := (0,7") x €,

Oou—Au = V- (uVv), )
Ov—Av+v = u+ foxg,

with initial conditions

and non-flux boundary conditions

S—Z:O, 2—320 on (0,7T) x 09, (3)
where n denotes the outward unit normal vector to 9. In (1), the unknowns are the cell density
u(t,z) > 0 and chemical concentration v(¢,z) > 0. The function f = f(t,z) denotes a bilinear
control acting in the chemical equation. We observe that in the subdomains of €2 where f > 0 the
chemical substance is injected, and conversely where f < 0 the chemical substance is extracted.

System (1)-(3) without control (i.e. f = 0) has been studied in [10], [32]. In [10], the authors
proved the global existence and uniqueness of smooth classical solutions in 2D domains, and global
existence of weak solutions in dimension 3 and 4. In [32], on a bounded convex domain 2 C R”
(n > 3), it is proved that a modified system of (1)-(3), changing the chemotactic term V - (uVv) by
V- (g(u)Vv) with an adequate density-dependent chemotactic function g(u), has a unique global in
time classical solution. This result is not applicable in our case, because g(u) = u does not satisfies
the hypothesis imposed in [32].

There is an extensive literature devoted to the study of control problems with PDEs, see for
instance [2, 6, 7, 17,19, 21, 24, 25, 31, 35| and references therein. In all previous works, the control is
of distributed or boundary type. As far as know, the literature related to optimal control problems
with PDEs and bilinear control is scarce, see [4, 13, 16, 20, 34].

In the context of optimal control problems associated to chemotaxis models, the literature is



also scarce. In [13, 29] a 1D problem is studied. In [13] the authors analyzed two problems for a
chemoattractant model. The bilinear control acts on the whole € in the cells equation. The existence
of optimal control is proved and an optimality system is derived. Also, a numerical scheme for the
optimality system is designed and some numerical simulations are presented. In [29] a boundary
control problem for a chemotaxis reaction-diffusion system is studied. The control acts on the
boundary for the chemical substance, and the existence of optimal solution is proved. A distributed
optimal control problem for a two-dimensional model of cancer invasion has been studied in [11],
proving the existence of optimal solution and deriving an optimality system. Rodriguez-Bellido
et al. [27] study a distributive optimal control problem related to a 3D stationary chemotaxis
model coupled with the Navier-Stokes equations (chemotazis-fluid system). The authors prove
the existence of an optimal solution and derive an optimality system using a penalty method,
taking into account that the relation control-state is multivalued. Ryu and Yagi [28] study an
extreme problem for a chemoattractant 2D model, in which the control variable is distributed in
the chemical equation. They prove the existence of optimal solutions, and derive an optimality
system, using the fact that the state is differentiable with respect to the control. Other studies
related to controllability for the nonstationary Keller-Segel model and nonstationary chemotaxis-
fluid system can be consulted in [8] and [9], respectively.

In [16], an optimal bilinear control problem related to strong solutions of system (1)-(3) in
2D domains was studied, proving the existence and uniqueness of global strong solutions, and the
existence of global optimal control. Moreover, using a Lagrange multiplier theorem, first-order
optimality conditions are derived. Now, this paper can be seen as a 3D version of [16]. In fact,
similarly to [16], the main objective now is to prove the existence of global optimal solutions and to
derive optimality conditions, which will be more complicated because the PDE system is considered
in 3D domains. In this case, we distinguish two different types of solutions: weak and strong. The
existence of weak solutions can be obtained under minimal assumptions (see Theorem 1). However,
such result is not sufficient to carry out the study of the control problem, due to the lack of regularity
of weak solutions. In order to overcome this problem, we introduce a regularity criterion that allows
to obtain a (unique) strong solution of (1)-(3) (see Theorem 3). As far as we know, there are no
results of global in time regularity of weak solutions of system (1)-(3) in 3D domains. This is similar

to what happens with the Navier-Stokes equations (see [33]).



In this work, we deal with strong solutions of (1)-(3) which allows us to analyze the control
problem. However, we are going to prove the existence of an optimal control associated to strong
solutions, assuming the existence of controls such that the associated strong solution exists. Fol-
lowing the ideas of [6, 7], we consider a regularity criterion in the objective functional such that any
weak solution of (1)-(3) with this regularity is also a strong solution.

The paper is organized as follow: In Section 2, we fix the notation, introduce the functional
spaces to be used and we state a regularity result for linear parabolic-Neumann problems that will
be used throughout this work. In Section 3 we give the definition of weak solutions of (1)-(3) and,
by introducing a family of regularized problems related to (1)-(3) (its existence is deduced in the
Appendix) and passing to the limit, prove the existence of weak solutions of system (1)-(3). In
Section 4 we give the definition of strong solutions of (1)-(3), and we establish a regularity criterion
under which weak solutions of (1)-(3) are also strong solutions. Section 5 is dedicated to the study of
a bilinear control problem related to strong solutions of system (1)-(3), proving the existence of an
optimal solution and deriving the first-order optimality conditions based on a Lagrange multipliers

argument in Banach spaces. Finally, we obtain a regularity result for these Lagrange multipliers.

2 Preliminaries

We will introduce some notations. We will use the Lebesgue space LP(Q2), 1 < p < +o0, with
norm denoted by || - ||z». In particular, the L?norm and its inner product will denoted by || - ||
and (-, -), respectively. We consider the usual Sobolev spaces W"P(Q) = {u € LP(Q2) : ||0%u|lrr <
+00, VY|a| < m}, with norm denoted by || - [[yyma. When p = 2, we write H™(Q) := W™2(Q) and
we denote the respective norm by || || gm. Also, we use the space Wy 'P(Q) = {u € W™P(Q) : 9% =
0 on 92} (m > 2) and its norm denoted by || - |lyym». If X is a Banach space, we denote by LP(X)
the space of valued functions in X defined on the interval [0, 7] that are integrable in the Bochner
sense, and its norm will be denoted by || - ||1»(x). For simplicity we denote LP(Q) := LP(0,T; LP)
and its norm by || - ||z»(q). We also denote by C([0,7]; X) the space of continuous functions from
[0, 7] into a Banach space X, whose norm is given by || - [[¢(x). The topological dual space of a
Banach space X will be denoted by X', and the duality for a pair X and X’ by (-, -) xs or simply by
(-,+) unless this leads to ambiguity. Moreover, the letters C, K, Cy, Ko, C1, Ki,..., denote positive

constants, independent of state (u,v) and control f, but its value may change from line to line.



In order to study the existence of solution of system (1)-(3), we define the space

W2=2/pp(Q) if p< 3,

TW2—2/p.p ._
w Q) := 2o '
n Q) if p>3,

and we will often use the following regularity result for the heat equation (see [12, p. 344]).

Lemma 1. Let 1 < p < 400, ug € Wz_z/p’p(Q) and g € LP(Q). Then the problem

u—Au = g inQ,
u(0,) = wug inQ,
ou
m 0 on(0,T) x 09,

admits a unique solution u such that
u € C([0, T); W2=2/pPy 0 LP(W2P),  Opu € LP(Q).
Moreover, there exists a positive constant C' := C(p,Q,T) such that
lull owa-2/my + 10cttll Lo @) + lull o2y < ClllgliLe @) + Nuolle-2/ms)-
For simplicity, in what follows we will use the following notation
X, == {u € C([0,T); W2=2/PP) 0 LP(W?P) : du € LP(Q)},

and its norm will be denoted by || - ||x,. In fact, v € X, iff u € W) == {u € LP(W2P) : du €
LP(Q)} and u € C([0, T]; W2-2/pp),
Throughtout this paper, we will use the following equivalent norms in H'(Q) and H?(Q), re-

spectively (see [26] for details):
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and the classical interpolation inequality in 3D domains

3/4
lull s < CllullY4ul3, Vue HY(Q). (6)

Remark 1. The problem (1)-(3) is conservative in u, because the total mass [, u(t) remains con-

stant in time. In fact, integrating (1); in Q we have

i(/u>:0, i.e. /u(t):/uozzmo, vt > 0.
dt \Jo Q Q

Also, integrating (1)s in Q we deduce that va satisfies

i(/v>+/v:mo—|—/fvxﬂ, vt > 0.
dt \Ja Q Q ¢

3 Existence of Weak Solutions of Problem (1)-(3)

Definition 1. (Weak solution) Let f € L*(Q.) := L*(0,T; L*(2)), uo € L*(Q), vo € H'(Q) with
up >0 and vy > 0 in Q, a pair (u,v) is called weak solution of problem (1)-(3) in (0,T), if u > 0,

v >0,

= L5/3(Q) ﬂL5/4(W1’5/4), o € [LIO(WLIO)]’, (7)
ve L®(HY)Y N LA(H?), 8w e L°3(Q), (8)

the following variational formulation holds for the u-equation
T T T
—/ (u, Oy) +/ (Vu, Vﬂ)+/ (uVv, V) = (ug,u(0)), Vu € X, 9)
0 0 0

the v-equation (1)y holds pointwisely a.e. (t,z) € @, and the initial and boundary conditions for v

(2)2-(3)2 are satisfied. The space X, given in (9) is defined as follow

X, = {ue LW . gu e LY%(Q) and u(T) = 0 in Q}.



Remark 2. This definition of weak solution implies, in particular, that

ue L®(LY) and /Qu(t):/ﬂuozmo.

Also, each term of (9) has sense. In particular, from (7)-(8) one has that uVv € L'99(Q).

Theorem 1. (Ezistence of weak solutions of (1)-(3)) There exists a weak solution (u,v) of system

(1)-(3) in the sense of Definition 1.

The proof of this theorem follows from the two next subsections.

3.1 Regularized Problem

In order to prove Theorem 1, we will study the following family of regularized problems related to

system (1)-(3), for any € € (0,1). Given an adequate regularization (ug,vj) of initial data (ug, vo),

we define (u®, 2¢) as the solution of

ot — Au® =
0p2° — AZf + 25 =

u®(0) = ug, 2°(0) =
e 0
on ' On

V- (u*Vu(zf)) inQ,
u® + fo(2)yxg, InQ,
vg—eAvg  in Q

0 on (0,7) x 09,

where v° := v(2) is the unique solution of the problem

v — eAv®
o
on

and vy := max{v,0} > 0.
We choose the initial conditions ug and vg,

WA/55/3(Q) x Wi/ >1%3(Q) and

(ug, v — eAvg) = (uo, vo)

= 2f in (),

= 0 on 09,

with «§ > 0 in €, such that (uf,vj

in L?(Q) x HY(Q), as ¢ — 0.

In the remaining of this section, we will denote v(z¢) only by v°.

(10)

(11)

— eAvg) €

(12)



Definition 2. Let u§ € W455/3(Q), vs — cAvs € Wi/ > %(Q) with u§ > 0 in Q, and f € LA(Q.).
We say that a pair (u®, z°) is a (strong) solution of problem (10) in (0,T), if u® > 0 in Q,

(u®,2%) € X553 x Xig/3,

the equations (10)1-(10)y holds pointwisely a.e. (t,x) € Q, and the initial and boundary conditions
(10)3-(10)4 are satisfied.

Remark 3. Integrating (10)1 in 2 we have

/Qua(t) :/ng —mE V> 0. (13)

In fact, ||u(t)|| 1 = |u§llrr := m§. Moreover, integrating (10)2 in Q@ we deduce

%(/Qf)Jr/st:mSJr/ﬂfviva
LY () <o )

Theorem 2. There exists a strong solution (u®, 2%) € X5/3 X Xyg/3 of system (10) in (0,T) in the

which tmplies

sense of Definition 2.

The proof of Theorem 2 is carried out in the Appendix.

3.2 Proof of Theorem 1. Taking limit as ¢ — 0.

From the energy inequality (116) (see the proof of Lemma 10 in the Appendix) and the conservativity

property (13) we deduce the following estimates (uniformly with respect to ¢)

{VVuf +1}.50 is bounded in L?(Q),

{Vuf + 1}eso  is bounded in L®(L?) N L2(L%) «— LY9/3(Q) N L¥(L'?/%),
{v®}es0  is bounded in L*®(HY) N L?(H?),

| {VeAv}so  is bounded in L>(L?) N L*(HY),

(14)




which implies

{uf}.~o is bounded in L5/3(Q) N L*(L5/%),
{#°}.>0 is bounded in L*>(L?) N L?(HY),
{0iuf}eso  is bounded in [L'O(W 1)),
{0;2°}.~0 is bounded in [L?(H')]".

(15)

On the other hand, taking into account that Vu® = 2y/ué + 1Vv/u + 1, from (14); and (14)2 we
deduce that
{uf}.50 is bounded in L4 (W15/4), (16)

Also, from (14)3 we have that {Vv®}.~¢ is bounded in L>°(L?)N L*(H') < L'/3(Q), which jointly
to (15); implies that
{u'Vv}.so  is bounded in L'%9(Q). (17)

Notice that from (11) and (14)4 we obtain that
¢ —v° = —eAv° -0 ase—0, inthe L>(L?) N L2(H')-norm. (18)

Therefore, from (14), (15), (16) and (18), we deduce that there exists limit functions (u,v) such

that
= L5/3(Q) N L5/4(W1’5/4),

ve L®(HYNL2(H?),
and for some subsequence of {(u®,v%, 2%)}.~0, still denoted by {(u®,v%, 2¢)}.0, the following con-

vergences holds, as € — 0,

u® — u weakly in L5/3(Q) N LY/A(W5/4),

v* — v weakly in L2(H?) and weakly* in L>(H?%),

2 — v weakly in L2(H"') and weakly* in L>°(L?), (19)
Ouf — O weakly* in [LPO(WL10)])]
Oz — O weakly* in [L2(HY)]'.



We will verify that (u,v) is a weak solution of (1)-(3). From (15)s, (16) and the Aubin-Lions lemma
(see [22, Théoréme 5.1, p. 58|) we deduce that

{u}og is relatively compact in L%4(L?) (and also in LP(Q), Vp < 5/3). (20)
Thus, from (19)2, (20) and taking into account (17) we have

u'VvE — uVo  weakly in L'9°(Q). (21)
On the other hand, from (19)s, (19)s, [22, Théoréme 5.1, p. 58] and [30, Corollary 4| we obtain

2¢ — v strongly in L*(Q) N C([0,T]; (HY)). (22)
Thus, from (18), (19)2 and (22) we deduce that v° converges to v strongly in L?(Q), which implies

vy — vy strongly in L*(Q).

Then, using that {v°}.~ is bounded in L®(H') N L?(H?) — L°(Q) and f € LY(Q..), we deduce

foiXa, = foix,, weakly in L*7(Q). (23)

Also from (22), 25(0) converges to v(0) in H*(Q)', then from (12) and the uniqueness of the limit
we have v(0) = vp, which is the initial condition given in (2)s.
Therefore, taking to the limit in the regularized problem (10), as € — 0, and taking into account

(12), (19), (21) and (23) we conclude that (u,v) satisfies the weak formulation

T T T
—/0 <u,8tu>+/0 (Vu,Vu)+/0 (uVv,Va) = (ug,u(0)) Vue X, (24)

/OT<8tv,z>+/OT(W,VE)+/OT(U,5):/OT(U72)+/OT(fU+XQC’E) vz e L2(HY). (25)

Integrating by parts in (25), and using that u € L%3(Q) and v € L*(H?), we deduce that v is the

10



unique solution of the problem

Ov—Av+v = u+ forx, in L53(Q),
v(0) = vy in€Q, (26)
g—z = 0 on(0,7) % 00.
Finally, we will check the positivity of (u,v). Indeed, the positivity of u follow from (20) and the
fact that u® > 0 a.e. (t,x) € @ (see Lemma 10 in the Appendix). In order to check that v > 0, we
test (26); by v := min{v,0} < 0, taking into account that v > 0, and using that v_ =0 if v > 0,

Vuv_ =Vvifv <0and Vv_ =0 if v > 0, we obtain

1d

5z o=+ Vol + o |* = (u,0-) + (f vexg, . v-) <0,

which implies that v_ = 0, then v > 0 a.e. (¢t,x) € Q. Thus, since v = v then v > 0 is also a

solution of the v-equation (1)s.

4 Regularity Criterion

In this section we will give a regularity criterion of system (1)-(3).

Definition 3. (Strong solution of problem (1)-(3)) Let f € L*(Q.), ug € HY(Q), vg € W3/2’4(Q)
with ug > 0 and vg > 0 in Q. A pair (u,v) is called strong solution of problem (1)-(3) in (0,T), if

u>0,v>01inQ,
(’LL,’U) € Xo x Xy, (27)

the system (1) holds pointwisely a.e. (t,x) € Q, and the initial and boundary conditions (2) and (3)

are satisfied.

Remark 4. Using the interpolation inequality (6), Gronwall lemma and proceeding as for the

Navier-Stokes equations (see [33]), we can deduce the uniqueness of strong solutions of (1)-(3).

Theorem 3. (Regularity Criterion) Let (u,v) be a weak solution of (1)-(3). If, in addition, uy €

11



HY(Q), vy € W3/2’4 Q) and the following regularity criterion holds
g reg Y
ue L*7(Q), (28)

then (u,v) is a strong solution of (1)-(3) in sense of Definition 3. Moreover, there exists a positive

constant K = K([luo| #, [[vollyy,3/2.4, | fllLaq)) such that
HU7U”X2><X4 < K. (29)
The proof of this theorem follows from the two next subsections.

4.1 Interpolation and embedding results

In order to proof Theorem 3, starting from the regularity of u and v, we will get the regularity for
V - (uVv) which improves the regularity for u. With this new regularity for u, the regularity for
V - (uVv) is improved several times using a bootstraping argument. Along the proof of Theorem
3, different interpolation results will be used together with some embeddings results that will be
stated below.

As a consequence of the interpolation inequality

1 1-46
U < |} Nwl(Gpy, with = = + — and A €][0,1
[ulle < [Jull oy 1]z P [0,1]
we have the following result
Lemma 2. Let p1,p2,q1,q2,p,q > 1 such that
1 1-— 1 1-—
- = 9+£ and — = 0+£, with 6 € [0,1].
q q1 q2 p P1 P2
Then,
LPYL™)N LP?(L%) — LP(LY). (30)

Using the Sobolev embedding

1
WrP(Q) < LI(Q), with - =

.
q N’

==

12



where N is the space-dimension and the Gagliardo-Nirenberg inequality (see [14, Theorem 10.1|)

1 1 s 1—-46
WeEPLHQ) N LP?2(Q) — LP(Q), with — =0 —— =] + and 6 € [0,1
@0 2@) > @), with £ =6 (- 1)+ 0.1

we deduce the following result

Lemma 3. Let p1,q1,p2,p,q > 1 such that

1 1- 1 1
- = 9—1—9<——L> and—zﬂwithee[o,l] and r > 0.
q ¢ p N P P2

Then,
Lo (L) N LP2(WTPL) — LP(LY).

Lemma 4. ([1, Theorem 7.58, p.218]) Let 1 < p <2, and r,s > 0 such that

Then,
W"P(Q) — H*(Q).

Lemma 5. (/23, Théoreme 9.6, p. 49]) Let p1,p2,p > 1 and s1, S2,8 > 0 such that

1 1-60 6
s=(1-6)s1+0s2 and — = + —, with 0 €0, 1].
b b1 D2

Then,
LPY(H®') N LP2(H®) — LP(H?®).

4.2 Proof of Theorem 3
Proof. The proof is carried out into four steps:
Step 1: v € Xog/7

From Theorem 1, we know that there exists a weak solution (u,v) of system (1)-(3) in the sense
of Definition 1. Thus, in particular v € L'°(Q) and then foxg, € L2/ 7(Q), which implies, using
hypothesis (28), that u + fvx, € L*/7(Q). Then, applying Lemma 1 (for p = 20/7) to equation

13



(1)2, we have v € Xy s7- In particular, using Sobolev embeddings we have

v e L™(Q), (31)
Vo e L=(LY) N L2/ T(Wh2/Ty s 1oL 0 L20/7(L59). (32)

Embedding (30) for p; = o0, ¢1 = 4, po = 20/7 and g2 = 60 (see Lemma 2) implies p = ¢ = 20/3
hence
Vo € L=(LY) N L2/7(L5%) — £2973(Q). (33)
Step 2: wu € L®(L?) N L2(HY).

Starting from u € L2%/7(Q) N L¥*(W15/4) and v € Xo0/7, we improve the regularity of u by a
bootstrapping argument in eigth sub-steps:

i) u € Xgo/19:
Using that (u, Av) € L*/7(Q) x L*/7(Q) (hence uAv € L'%7(Q)), and (Vu, Vo) € LY*(Q) x
L2/3(Q) (hence Vu - Vv € L219(Q)) we have

V- (uVv) = uAv + Vu - Vo € L29(Q).

Thus, applying Lemma 1 (for p = 20/19) to equation (1); we obtain that u € Xy/19.

i) u € Xyq/9: Since u € Xpg/19, then by Sobolev embeddings
Vu € L20/19(w1,20/19) N L20/19(L60/37). (34)

Moreover, using (30) in (32) (for p; = oo, ¢1 = 4, pa = 20/7, g2 = 60 and p = 20, hence ¢ = 60/13),
we obtain

Vo € Lo(LY) N L2 (L8913, (35)

Thus, from (34) and (35) we have Vu- Vv € L2/19(L1%/13) L1(L9/5). Then, owing to (30) applied
to (p1,q1) = (20/19,15/13) and (p2,q2) = (1,6/5) implies that p = ¢ = 10/9, hence

Vu- Vo e LY9(Q).

14



Since uAv € L'%7(Q), we have V - (uVv) € L'99(Q). Then, applying Lemma 1 (for p = 10/9) to

(1)1 we deduce that u € Xyq9.

111) u e X20/17.' Since u € X10/97 then
Vu e LI9(WI10/9) <y [10/9([30/17) (36)

Now, using (30) in (32) (for p; = oo, ¢1 =4, po = 20/7, g2 = 60 and p = 10, hence ¢ = 60/11), we
obtain

Vo € L®(L*) N L0 (L),

which jointly to (36) implies Vu - Vo € L'9/9(159/49) 0 LY(L*/3). Then using (30) with (p1,q1) =
(10/9,60/49), (p2,q2) = (1,4/3) implies that p = ¢ = 20/17, hence

Vu - Vv e L2N7(Q).

Since uAv € L*7(Q), we have V - (uVv) € L*/17(Q). Then, applying Lemma 1 (for p = 20/17)

to (1)1 we deduce that u € Xyg/17.

iv) u € X5,4: Since u € X7 then
Vu € L2017 (W120/17) .y [20/17(160/31)

and, from (33), Vv € L®(L*) N L?/3(Q), then Vu - Vo € L2/17(L30/23) 0 [1(L3/?), which thanks
to (30) applied to (p1,q1) = (20/17,30/23), (p2,q2) = (1,3/2) implies p = ¢ = 5/4 hence

Vu- Vo e L4(Q).

Since uAv € L'97(Q), we obtain that V - (uVv) € L%*(Q) and, applying Lemma 1 (for p = 5/4)

to equation (1); we deduce u € X5 )4.

v) u € X,/3: Using that u € X5/, then
Vu € LYW o LAA(LIPT), (37)

15



Using (30) in (32) (for p1 = 00, ¢1 =4, p2 = 20/7, g2 = 60 and p = 5, hence ¢ = 60/7), we obtain
Vo € L®(L*) N L3 (L7,

then from the latter regularity and (37) we have Vu - Vo € L5/4(L59/43) 0 LY(L*/7), which thanks
to (30) applied to (p1,q1) = (5/4,60/43), (p2,¢2) = (1,2) implies p = g = 4/3, hence

Vu- Vo e LY3(Q).

Since uAv € L'%7(Q), we obtain V - (uVv) € L*3(Q). Then, applying Lemma 1 to equation (1);

we have u € Xy/3.

vi) u € Xyg/7: Since u € Xy/3, then
Vu € L4/3(W1’4/3) SN L4/3(L12/5),

again using (30) in (32) (for p; = o0, ¢ = 4, po = 20/7, g2 = 60 and p = 4, hence ¢ = 12), we
obtain

Vo € L=(LY) n LY(L"?)

and Vu- Vo € LY3(L3?) N LY(L?), which thanks to (30) applied to (p1,q1) = (4/3,3/2), (p2, q2) =
(1,2) implies p = ¢ = 10/7, hence
Vu- Vo e LY7(Q).

Since uAv € L'7(Q), we obtain V - (uVv) € L'%7(Q), and applying Lemma 1 (for p = 10/7) to

equation (1); we have u € Xyq/7.

VH) (IS X20/13.' Since u € X10/7, then

= LOO(W3/5’10/7) N L10/7(W2’10/7) N Loo(L2) N L10/7(L30) N L10/3(Q),

38
Vu € LYO/T(Wh10/T) <y [10/7(L30/11), (38)

This time, we use (30) in (32) (for p; = 00, ¢1 = 4, p2 = 20/7, g2 = 60 and p = 10/3, hence g = 20),

16



we obtain

Vo € L=(LY N LY93 (L),

the latter regularity, (38) and the fact that Av € L2%/7(Q) implies
uAv € L23(Q) and Vu - Vo e L7 (L8937 n LY (L12/5).
From (30) applied to (p1,q1) = (10/7,60/37), (p2,q2) = (1,12/5) one has p = ¢ = 20/13 hence
Vu- Vo e L213(Q).

Then, applying Lemma 1 (for p = 20/13) to equation (1); we have u € Xy /3.

viii) u € L®(L?) N L*(H'): From Lemma 4, we know that W7/10:20/13(Q) — H'/*(Q) and

W220/13(Q) < H31/20(Q). Therefore, from u € Xo0,13 we can deduce
= LOO(H1/4) N L20/13(H31/20).

Moreover, from Lemma 5 for (p1,s1) = (00,1/4), (p2,s2) = (20/13,31/20) we have that u €
L?(H5/*) < L2(H'). Therefore, from the latter regularity and (38); we deduce

we L®(L2) N LA(HY) — LY3(Q). (39)

Step 3:  (u,v) € X535 x X035, u € L(Q) and Vu € L29(Q).

From (31), (39) and the fact that f € L*(Q) we obtain u+ fv € L'%3(Q). Then applying Lemma
1 (for p = 10/3) to equation (1)2 we have that v € X;o/3. In particular, from Lemma 3 (for
p1=p2=10/3,q1 = 6,7 =1 and p = ¢ = 10) we obtain Vv € L®(L)NLO/3(WH10/3) s L10(Q).
Then, using that (u,Av) € LY/3(Q) x LY/3(Q), Vv € L'%(Q) and taking into account that
Vu € L*(Q) we have

V- (uVv) = ulv + Vu - Vo € L¥3(Q).

Thus, applying Lemma 1 (for p = 5/3) to equation (1); we obtain that u € X5/3. Moreover, from

17



Sobolev embeddings and again Lemma 3 (for p; = p2 =5/3, g1 =3, r =2 and p = ¢ = 5) we have
we L®(L N L3 W23y — L2(Q). (40)

From Lemma 4 we have the embeddings W*/55/3(Q) < HY2(Q) and W25/3(Q) — H'7/10(Q).

Thus, since u € Xj5/3, one has
= LOO(Hl/2) N L5/3(H17/10).
Moreover, from Lemma 5 (for (p1,s1) = (00,1/2) and (p2,s2) = (5/3,17/10)), we have u €
L2/9(HT/%), and in particular Vu € L2/9(H?/%) < L29/9(Q).
Step 4:  (u,v) € Xo x Xy.

From (31), (40), and using that f € L*(Q.), we have u+ fvx,, € L*(Q). Then, applying Lemma 1
(for p = 4) to equation (1)2 we deduce that v € X, and satisfies the estimate

IN

o]l x, Cllu+ follpag) + llvollyys/ea) < Cllullpag) + 1F 2@ llvllize @) + llvollyys/2.)

< Collluollwasssss; lvoll yarzas 1fllLa@))- (41)

In particular, by Sobolev embeddings and Lemma 3 (for py = ps = 4, ¢ = 12, r = 1 hence
p = q=20) we have Vv € L®(L'?) N LYW — L2(Q).
Now, using that (u, Av) € L?(Q) x L*(Q) and (Vu, Vv) € L?/9(Q) x L*(Q) we obtain

V- (uVv) = uAv + Vu - Vv € L*(Q).

Therefore, applying Lemma 1 (for p = 2) to equation (1); we deduce that u € X5 and

lullx, < Cllullrs @) AvllLa@) + IVull L2000 ) [Vl L20(q) + [luoll )
< Cillluollgrs llvolly a2, 1 £l a())- (42)
Finally, we observe that estimate (29) follows from (41) and (42). O
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5 The Optimal Control Problem

In this section we establish the statement of the bilinear control problem. Following [6, 7|, we
formulate the control problem in such a way that any admissible state is a strong solution of (1)-
(3). Since there is no existence result of global in time strong solutions of (1)-(3), we have to choose
a suitable objective functional.

We suppose that
Fc LYQ.) = L*0,T;L*(Q.)) is a nonempty and convex set, (43)

where . C € is the control domain. We consider data ug € H(Q), v € W§/2’4(Q) with ug > 0
and vg > 0 in 2, and the function f € F describing the bilinear control acting on the v-equation.

Now, we define the following constrained minimization problem related to system (1)-(3):

Find (u,v, f) € Xo x X4 x F such that the functional
T T
20/7 Qy
T, f) = ) = wa O gyt + 5 [ ote) = walt) ot

/ IF Ol st

is minimized, subject to (u,v, f) satisfies the PDE system (1)-(3).

7au

Here (ug, vq) € L?/7(Q) x L?(Q) represent the desires states (see the beginning of the proof of
Theorem 7 below to justify the regularity required for ug € L26/ 7(Q)) and the real numbers ay,, oy,

and oy measure the cost of the states and control, respectively. These numbers satisfy
ay >0 and ay,ap > 0.
The admissible set for the optimal control problem (44) is defined by
Sui ={s = (u,v, f) € Xo x X4y x F : s is a strong solution of (1)-(3) in (0,7")}.

The functional J defined in (44) describes the deviation of the cell density w and the chemical
concentration v from a desired cell density ugy and chemical concentration vy respectively, plus the

cost of the control measured in the L*-norm. We also observe that if (u,v) is a weak solution of
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(1)-(3) in (0,T) such that J(u,v, f) < 400, then by Theorem 3, (u,v) is a strong solution of (1)-(3)

in (0,7). In what follows, we will assume the hypothesis

Sad 7& 0. (45)

Remark 5. The reason for choosing the first term of the objective functional in the L*/7-norm
is that any weak solution of (1)-(3) satisfying J(u,v, f) < 4oo satisfies that v € L*/7(Q) and
therefore, in virtue of Theorem 3, let us to state that (u,v) is the unique solution of (1)-(3) in the
sense of Definition 3. Thus, we reduce the admissible states of problem (44) to the strong solutions
of (1)-(3). With this formulation we are going to prove the existence of a global optimal solution

and derive the optimality conditions associated to any local optimal solution.

5.1 Existence of Global Optimal Solution

Definition 4. An element (,0, f) € Suq will be called a global optimal solution of problem (44) if

J(u, v, f)= min J(u, v, f). 46

(@5.0) = min Ju,v.f) (10

Theorem 4. Let ug € H'(2) and v € W3/2’4(Q) with ugp > 0 and vg > 0 in Q. We assume that
either ay > 0 or F is bounded in L*(Q.) and hypothesis (45), then the bilinear optimal control

problem (44) has at least one global optimal solution (@i, v, f) € Saq.

Proof. From hypothesis (45) Sqq # 0. Let {Sm}men := {(Wms Vm, fim) men C Saq be a minimizing
sequence of J, that is, 1_1}15_1 J(sm) = inf J(s). Then, by definition of Sy4, for each m € N, s,
m o0 s€Sad

satisfies system (1) a.e. (t,2) € Q.

From the definition of J and the assumption oy > 0 or F is bounded in L4(Q,), it follows that

{ fm }men is bounded in L*(Q..) (47)

and

{tm }men is bounded in L2/7(Q).
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From (29) there exists a positive constant C, independent of m, such that

HUM7Um”X2><X4 S C (48)

Therefore, from (47), (48), and taking into account that F is a closed convex subset of L(Q.)
(hence is weakly closed in L*(Q.)), we deduce that there exists § = (@, 9, f) € Xy x X4 x F such
that, for some subsequence of {s;, }men, still denoted by {s, }men, the following convergences hold,

as m — +o00:

Uy — @ weakly in L*(H?) and weakly* in L°(H?), (49)
Uy — 0 weakly in L*(W??*) and weakly* in LOO(WI?/2’4), (50)
Oy, — Ot weakly in L2(Q), (51)
Ovm — 00 weakly in L*(Q), (52)
fm — f weakly in L*(Q.), and f € F. (53)

From (49)-(52), the Aubin-Lions lemma (see [22, Théoréme 5.1, p. 58] and [30, Corollary 4]) and

using Sobolev embedding, we have

U, — 4 strongly in C([0,T]; LP) N LA (W'P) Vp < 6, (54)

Uy — O strongly in C([0,T]; L9) N LY (W) Vg < +oo. (55)
In particular, we can control the limit of the nonlinear terms of (1) as follows

V- (umVon) — V- (aVD) weakly in L297(Q), (56)

fmUmXq, — fo Xo, Weakly in LYQ). (57)

Moreover, from (54) and (55) we have that (uy,(0), vy, (0)) converges to (@(0),o(0)) in LP(2) x L1(£2),
and since 4y, (0) = ug, vm(0) = vy, we deduce that u(0) = up and 0(0) = vy. Thus § satisfies the
initial conditions given in (2). Therefore, considering the convergences (49)-(57), we can pass to the

limit in (1) satisfied by (tm, Um, fm), as m goes to 400, and we conclude that § = (@, , f) is also a
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solution of the system (1) pointwisely, that is, § € Sq. Therefore,

lim J(sp)= inf J(s) < J(3). (58)

m——+00 s€Saq

On the other hand, since J is lower semicontinuous on Sgq, we have J(5) < lim Jirnf J(8m), which
m—r—+00

jointly to (58), implies (46). O

5.2 Optimality System Related to Local Optimal Solutions

We will derive the first-order necessary optimality conditions for a local optimal solution (@, , f )
of problem (44), applying a Lagrange multipliers theorem. We will base on a generic result given
by Zowe et al [36] on the existence of Lagrange multipliers in Banach spaces. In order to introduce

the concepts and results given in [36] we consider the following optimization problem

min J(z) subject to G(z) € N, (59)

zeM

where J : X — R is a functional, G : X — Y is an operator, X and Y are Banach spaces, M is a
nonempty closed convex subset of X and A is a nonempty closed convex cone in Y with vertex at

the origin. The admissible set for problem (59) is defined by
S={reM: Gz)eN}.
For a subset A of X (or Y), AT denotes its polar cone, that is
At ={peX : (p,a)x >0, Va € A}.

Definition 5. (Lagrange multiplier) Let & € S be a local optimal solution for problem (59). Suppose
that J and G are Fréchet differentiable in &, with derivatives J'(Z) and G'(&), respectively. Then,

any £ € Y' is called a Lagrange multiplier for (59) at the point & if

EeNTt,
(&, G(2)y =0, (60)
J'(2) =0 G'(2) € C(2)T,
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where C(Z) = {0(x — &) : v € M, 0 > 0} is the conical hull of & in M.

Definition 6. Let & € S be a local optimal solution for problem (59). We say that T is a regular

point if

where N (G(z)) = {(6(n — G(Z)) : n € N, 0 > 0} is the conical hull of G(Z) in N.

Theorem 5. ([56, Theorem 3.1]) Let & € S be a local optimal solution for problem (59). If T is a

regular point, then the set of Lagrange multipliers for (59) at T is nonempty.

Now, we will reformulate the optimal control problem (44) in the abstract setting (59). We

consider the following Banach spaces

X =W, x W, x LX(Q.), Y := L2(Q) x L*(Q) x HY(Q) x W/**(q),

where
ou
Wy, = {UGXQZ a_n:O on (O,T)xaQ}, (61)
ov
W, = {UEX4:8—n:0 on(O,T)xE?Q}, (62)

and the operator G = (G1,G2,G3,Gy) : X — Y, where
3/2,4

G1:X = L*Q), Gy : X = LYQ), G3: X = HY(Q), G4 : X = Wy’ (Q)

are defined at each point s = (u,v, f) € X by

[ Gi(s) = Ou— Au—V - (uV),
Ga(s) = 0w —Av+v—u— fuxg,
G3(s) = u(0) — uo,

Ga(s) =v(0) —vo
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Thus, the optimal control problem (44) is reformulated as follows

mlﬁ J(s) subject to G(s) =0, (63)
se

where

M: =W, x W, x F.

and F is defined in (43).
We observe that M is a closed convex subset of X, N'= {0} and the set of admissible solutions

1s rewritten as

Sud = {s = (u,v, f) e M : G(s) = 0}. (64)

Concerning to the differentiability of the constraint operator G and the functional J we have the

following results.

Lemma 6. The functional J : X — R is Fréchet differentiable and the derivative of J in § =
(@,7, f) € X in the direction r = (U,V,F) € X is

7] :ozu/OT/ngn(&—ud)|&—ud|13/7U—|—OzU/OT/Q(27—vd)V+ozf/0T/c(f)3F. (65)

Lemma 7. The operator G : X — Y is Fréchet differentiable and the derivative of G in § =
(@,7, f) € X in the direction r = (U,V, F) € X is the linear operator
G'(3)[r] = (GL(3)[r], G2(3)[r], G5(3)[r], G4(5)[r]) defined by

Gi(9)[r] = U —-AU -V -(UVD)—V-(aVV),

GL(3)[r] = OV —AV+V U~ fVx, —F7, (66)
G3(3)[r] = U(0),

Gy(3)[r] = V(0).

We wish to prove the existence of Lagrange multipliers, which is guaranteed if a local optimal

solution of problem (63) is a regular point of operator G (in virtue of Theorem 5).

Remark 6. Since for problem (63) N = {0}, then N(G(3)) = {0}. Thus, from Definition 6

we conclude that § = (ﬂ,@,f) € Suq s a regular point if for any (gu, gv,Uo, Vo) € Y there exists
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r=(UV,F) €W, xW, xC(f) such that
G'(8)[r] = (gus 9o, Uo, Vo),
where C(f) :={0(f — f) : 0 >0, f € F} is the conical hull of f in F.

Lemma 8. Let 5= (1,0, f) € Saq (Saq defined in (64)), then 5 is a regular point.

Proof. Let (gu, 9o, Uo, Vo) € Y. Since 0 € C(f) = {6(f — f) : 6 >0, f € F}, it is sufficient to show
the existence of (U, V) € W, x W, solving the linear problem

QU —-—AU—-V-(UVD)—V-(aVV) = g, inQ,
OV —AV+V -U-fVx, = g inQ,

(67)
U©) =Up, V(0) = Vy inQ
ou ov
8_1’1 =0, 8—1’1 =0 on (O,T) x 0f).

Since (67) is a linear system we argue in a formal manner, proving that any regular enough solution
is bounded in W, x W,. A detailed proof can be made by using, for instance, a Galerkin method.

Testing (67); by U and (67)2 by —AV, we have

S (U2 +IVVIP) + VU + [VV 2 + |AV]?
< UV, VU)| + [(@VV, VU)| + [(gus U) + (U, AV) [+ |(FV X, AV)] 4 |(g0, AV (68)

Using the Holder and Young inequalities on the terms on the right side of (68) and taking into
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account (6) we obtain

OV, VO < Ul Vol [VUI| < CIU Yol U
< UG + CslI Vol U, (69)
@YV, VU <l [VV s [VU ] < 8IVU IR + Callall3 [V M2V V5
< S(IVUIP +IVV i) + Csllal 7V V]2, (70)
(90, U)] < SIUI + Csllgall?, (71)
(U, AV)] < SIAV? + G5l|U |, (72)
((FV X, AV < F eVl AV < SIAV I + G5l FI 24V 1171 (73)
(90, AV)| < 6| Av]1? + Csllgul* (74)
On the other hand, testing by V in (67)2 we obtain
ld 2 2 2 ;
S VIEHIVVIE+IVIE < (U V)1V Xq., VI 1(90, V)
< OV + CslUIP + Csll FIIZ VP + Csllgo|®. (75)

Summing the inequalities (68) and (75), and then adding ||U||?> to both sides of the inequality

obtained, and taking into account (69)-(74), for § small enough, we have

d .
Z TP+ VI + ClUlGn + ClIVIE < CA+IValz) Ul + Cllgall” + llgull”)

+ Cllalza [ VVIE + ClFIZa VI (76)

From (76) and Gronwall lemma we deduce that there exists a positive constant C' that depends on

T, ol Vol s, il s zays 1V pezays 1F1z2zays Igullz2@) and |lgsllr2(q) such that
1U, Voo (r2x mOynz2 (a1 < 12y < C. (77)

In particular, from (77) we obtain that (U, V) € L'*/3(Q) x L'(Q), and since f € L*(Q.) we have
fVXQC e L*/7(Q). Then, applying Lemma 1 (for p = 20/7) to (67)1, we deduce that
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By Sobolev embeddings V' € L*°(Q), so that fVXQc € L*(Q). Thus, using that U € L'/3(Q),

again by Lemma 1 (for p = 10/3) we obtain that

Now, testing (67); by —AU we have

1d

5 IVUIP+AUIP < [(UAS, AU)|+ (VU - Vo, AU)| + @AV, AD)|

+ (V- VV,AU)| + |(gu, AU)|. (79)

Applying the Holder and Young inequalities to the terms on the right side of (79), and using (6),

we have

(UAD, AU)[ < [[U]|s[|AD]| s [AUN| < CIU || |AD|| s || AU ||
< S|UIe + CsllUN1 3 |1 A][7s, (80)
(VU - V5,AU)| < |IVU || V3|4 |AU| < CIVUIMAV5 | 1| U 2
< OU3e + CsIVUIPIVa]3s, (81)
(@AV,AU)| < il gsl|AV || 2| AU < Clliil g |AV |2 | AU
< OUNGe + Csllallzn |AV]3s, (82)
(Vi - VV,AU)| < Vil s ||[VV][ s [AU]] < CIVa| s [[VV | |AU]
< S|Up + CsllVall2sllV I3 /5.10/3, (83)
(9, AU)| < S[|AU]* + Csllgul*. (84)

dt

s (f0) = (fo) (f) <en(fom) o (f0) ®
/QU(t) /QU0+/Ot/qu2

<C. (86)
Summing inequalities (79), (85) and (86), and taking into account (80)-(84), for ¢ small enough, we

Now, we observe that i < / U ) = / Ju, which implies
Q Q

and

2
<
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obtain

d - - .
ZUIG +ClUIE < ClIUIG 1A0)5s + CIVUIPIVElG. + Cllalz AV

+ C”V@H%BHVH%W/MO/S +Clgul® + C. (87)

We observe that from (78) we have V € Lo(W7/510/3) 0 L10/3(1210/3) " and we know that

@ € X9, 0 € Xy. Then, from (87) and Gronwall lemma we deduce
Uec L>®(HY) N LA(H?) — L'Q).

Now, since U € L'%(Q) and fVXQC € LYQ), we have U + fVXQC € L*(Q). Then, from (67)2 and
Lemma 1 (for p = 4) we conclude that V' € Xj.
Finally, using that (@, U) € L'%(Q)?, (A%, AV) € L*(Q)?, (Va, VU) € L'/3(Q)?, and (V#,VV) €
L?(Q)? we deduce

V- (UVD)+ V- (aVV) e L7 — LX(Q). (88)

Therefore, thanks to (88), applying Lemma 1 (for p = 2) to (67)1, we conclude that U € X,. Thus,
the proof is finished. O

Remark 7. Using a classical comparison argument, inequality (6) and Gronwall lemma, the unique-

ness of solutions of system (67) is deduced.

Now we show the existence of Lagrange multiplier for problem (44) associated to any local

optimal solution § = (@, 0, f) € Sud.

Theorem 6. Let 5 = (4,7, f) € Suq be a local optimal solution for the control problem (44). Then,
there exist a Lagrange multiplier € = (\,n,01,¢2) € L*(Q) x LY3(Q) x (HY(Q))" x (W3/2’4(Q))’

such that for all (U, V, F) € Wy x W, x C(f)

au/OT/ngn(ﬂ—ud)]ﬁ—ud\lgﬁU—i-av/oT/Q(f)—Ud)V—Fozf/OT/c(f)?’F
—/OT/Q<8tU—AU—V-(UVT))—V-(&VV)))\—/OT/Q<8tV—AV+V—U—fVXQC>77

_/QU(O)QD1 —/QV(O)gDer/OT/QC Fin > 0. (89)
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Proof. From Lemma 8, § € S,q is a regular point, then from Theorem 5 there exists a Lagrange
multiplier € = (7, o1, ¢9) € L2(Q) x LY3(Q) x (H'(Q)) x (Wi/**(Q))’ such that by (60)3 one

must satisfy

J'(3)r] = (R(S)[r], A) — (Ry(3)[r],m) — (Ry(3)[r], 1) — (R4(3)[r], 02) = 0, (90)
for all r = (U, V, F) € W, x W, x C(f). Thus, the proof follows from (65), (66) and (90). O

From Theorem 6, we derive an optimality system for problem (44), by considering the spaces

Wy = {u eW, : u(0) =0}, W,, ={veW, :v0)=0}

Corollary 1. Let § = (4,0, ) € Suq be a local optimal solution for the control problem (44). Then
the Lagrange multiplier (\,1) € L*>(Q) x L*3(Q), provided by Theorem 6, satisfies the system

/T/<6tU AU~V - UVv> //Un

/ /sgn i — ug)|i —ug|**U, VU € Wy, (91)
B T
/ /<8tV—AV+V>n—/ an—/ /v-(WV)A
0o Jo 0o Ja. o Jo
T
:av/ /(f}—vd)V, YV € W, (92)
o Jo

and the optimality condition

T
/0 | @ip+im-izo ver (93)

Proof. From (89), taking (V,F) = (0,0), and using that W,, is a vectorial space, we have (91).
Similarly, taking (U, F') = (0,0) in (89), and taking into account that W, is a vectorial space, we
deduce (92). Finally, taking (U, V) = (0,0) in (89) we have

af/OT/c(f)?»FJr/OT/C@nFZO VF eC(f).

Thus, choosing F' = 6(f — f) € C(f) for all f € F and 6 > 0 in the last inequality, we have (93). O
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Remark 8. A pair (\,n) € L*(Q) x L*3(Q) satisfying (91)-(92) corresponds to the concept of very

weak solution of the linear system

IN+FAXN=VAN-Vi+n = —ausgn(i —ug)la —ug™®™ inQ,
O+ An+ V- (@VA) =0+ fixe, = —0u(@—vi) inQ, (o)
NT)=0,n(T) = 0 1inQ,
o\ on
L 8_11_ s a—n = 0 on(O,T)Xf)Q

Theorem 7. Let § = (1,0, f) € Saa be a local optimal solution for the problem (44) and ug €
L*/7(Q). Then the system (94) has a unique solution (X\,1) such that

A€ XQ, (95)

Proof. Since the desired state ug € L?/7(Q), we have that (@) := sgn(@ — ug)|i—ug|"/" € L*(Q).
In fact, @ is more regular because assuming @ € L?%/7(Q), it can be proved that @ € L>(H"') N
L?(H?) < L'%(Q) (see the proof of the Theorem 3 for more details).

Let s =T —t, with ¢t € (0,T) and \(s) = A(t), 7i(s) = n(t). Then, system (94) is equivalent to

' DA~ AN+ VA-Vi—ii = auh(@) inQ,
Osif = A=V - (GVA) + 7 — fiixg, = a(@—vg) inQ, o
A0)=0, 7(0) = 0 inQ,
o)) o
a—n—O, —n = 0 on(O,T)xE?Q.

Testing (97); by —AX and (97)3 by 7, and using Hélder and Young inequalities, we can obtain

| =

Y ~ Y ~ Y Y ~ F118/5\ ) ~
(VAR + 1712 + AN + il < SV A3 + IAN + [Vil?) + Cs(1+ £

N |
QL

S
+Cs([[allza + VBTV + Cs([h@)1 + (|5 — vall?)- (98)

Now, since g—;\l = 0 on 09, then by [3, Corollary 3.5] we have

VA = [IVAIZ + AN, (99)
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Thus, taking ¢ small enough, from (98) and (99) we deduce the following energy inequality

d ~ - ~ N 5 - v 7118/55 || ~
E(HWH2 + 1712 + CUVARZ +117l2) < Clals + 193]3s + DIVAI2 + @+ | FIF20) Iall?

+ C(Ih@)]* + [[o = vall*),
which, jointly with Gronwall lemma, implies
(VA7) € L¥(L?) N L2(HY) < LY3(Q).

In particular, using that (VX, Vo) € L'%3(Q) x L*(Q), we have VA - Vi € L2/7(Q) — L*(Q).
Thus, applying Lemma 1 (for p = 2) to (97)1, we deduce (95).
On the other hand, since f € LYQ.), 7 € L10/3(Q), we have

Fixg, € L*M(Q). (100)

Now, taking into account that @ € L®(H') N L*(H?) — L'°(Q), AN € L?*(Q), and V4, VA €
LY/3(Q), we deduce
V- (aVA) = aAXN+ Vi - VX € L3(Q). (101)

Therefore, from (97)2, (100), (101) and Lemma 1 (for p = 5/3) we obtain (96). O

In the following result, we obtain more regularity for the Lagrange multiplier (A, 7) than provided

by Theorem 6.

Theorem 8. Let § = (u, 7, f) € Sua be a local optimal solution for the control problem (44). Then

the Lagrange multiplier, provided by Theorem 6, satisfies (A, n) € Xa X X5/3-

Proof. Let (A\,n) be the Lagrange multiplier given in Theorem 6, which is a very weak solution of
problem (94). In particular, (A, n) satisfies (91)-(92).

On the other hand, from Theorem 7, system (94) has a unique solution (\,7) € Xz x X5 /3
Then, it suffices to identify (\,7) with (X,7). With this objective, we consider the unique solution
(U, V) € WyxW, of linear system (67) for g, :== A=\ € L*(Q) and g, := sgn(n—7)|n—7|"/? € L*(Q)
(see Lemma 8 and Remark 7). Then, written (94) for ()\,7) (instead of (X, 7)), testing the first
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equation by U, and the second one by V', and integrating by parts in {2, we obtain

//<8¢U AU -V - UVU) //Un—ozu/ /sgnu—ud Wi — ug| U, (102)
/(]T/Q<atv—Av+v—foQ> // (@vv)x //v—vd (103)

Making the difference between (91) for (\,7) and (102) for (\,7), and between (92) and (103), and

then adding the respective equations, since the right-hand side terms vanish, we have

/OT/Q<8tU—AU—V-(UV%)—V.(@VV)>()\_X)
+/0T/Q(atV—AVJrV—U—foQc)(n—ﬁ)=0. (104)

Therefore, taking into account that (U, V) is the unique solution of (67) for g, = A — X and
go = sgn(n —7)|n —7|*/3, from (104) we deduce
¥ 4/3
1A =M + I =Tl ) = O

which implies that (\,17) = (X,7) in L*(Q) x L*3(Q). As a consequence of the regularity of (X,7)
we deduce that (A, n) € Xo X X5/3. O

Corollary 2. (Optimality System) Let § = (@, 0, f) € Sqq be a local optimal solution for the control
problem (44). Then, the Lagrange multiplier (\,n) € Xo X X5/3 satisfies the optimality system

7

IN+AXN—VAN-Vi4+1n = —ausgn(i —ug)|t—ug|™®7 ae (t,z)€Q,
O+ An+ V- (@VA) —n+ fnxg = —au(d—vg) ae (t,7)€Q,
MT)=0,n(T) = 0 inQ,
oA 877 B
8n_0’ n 0 on(0,T) x 09,
//af S+an)(f-f) = 0 VfeF.

(105)

Remark 9. If there is no convezity constraint on the control, that is, F = L*(Q.), then (105)s
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becomes

ar(f)xo, +9mxq, = 0.

B 1 1/3
7= () e

Appendix: Existence of Strong Solutions of Problem (10)

Thus, the control f is given by

In this appendix we will prove Theorem 2.

Let us introduce the weak space
X = L>®(L*)n L*(HY).

We define the operator R : X x X' — X5/3 x Xj9/3 — X x X by R(u",Z%) = (u%, 2°) the solution

of the decoupled linear problem

o — Au® = V- (@ Vo(z®)) inQ,

02" — A2 = W+ fu(Z)ixe, —Z InQ,
(106)
u®(0) =uf, 2°(0) = vj—eAvj inQ,
ou® 0z°

oo =0 o = 0 on(0,T)x0%,

where v° := v(z) is the unique solution of problem (11). In this Appendix, we will denote v(z*)
only by 7°. Then, a solution of system (10) is a fixed point of R. Therefore, in order to prove the
existence of solution to system (10) we will use the Leray-Schauder fixed point theorem. In the

following lemmas, we will prove the hypotheses of such fixed point theorem.
Lemma 9. The operator R: X x X — X x X is well defined and compact.

Proof. Let (u®,z°) € X x X. Then, from the H? and H3-regularity of problem (11) (see [15,
Theorem 2.4.2.7 and Theorem 2.5.11] respectively) we have o° € L*(H?) N L*(H?). Thus, we
conclude that Vo© € L>®°(H') N L*(H?) — L'%(Q), and taking into account that (u°,z°) € X x X,
we have V - (@5 V7°) = @5 AT + Vas, - Vo© € L%/3(Q). Then, by Lemma 1 (for p = 5/3), there
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exists a unique solution u® € Xj/3 of (106); such that

[0 |55 < CUlugllwarssss, [0, [12°]]2)- (107)

Now, since X < L'/3(Q) and 7° € L>°(Q), we have 7 + fo5Xg, — % € LY/3(Q). Then, by

Lemma 1 (for p = 10/3), there exists a unique solution 2 of (106)2 belonging to Xjo/3 such that

1251 %105 < CUI20 ]l yzrsa0rs, 1L, (125 e, 1F 1l o )- (108)

Therefore, R is well defined. The compactness of R is consequence of estimates (107) and
(108), and the compact embedding X5/3 x X1g/3 < & x &X. Indeed, it suffices to prove only the
compact embedding X5/3 < X, because Xyg/3 < X5/3. Let u € X5/3, then from Lemma 4 we have
WABS3(Q) < HY2(Q) and W25/3(Q) — HY/10(Q); thus

u € X535 < L°(HY?) 0 L3 (HY/O). (109)
Then, from (109) and Lemma 5 (for (p1,s1) = (00,1/2) and (pa, s2) = (5/3,17/10)) we deduce that
we LO(HY?) N L3 (HY/10) — L2(H?/?). (110)

Therefore, since the embedding H*2(Q) < H'(Q) is compact and du € L°3(Q), from [22,
Théoréme 5.1, p. 58] and (110) we obtain that X5 /3 is compactly embedded in X' O

Lemma 10. Let (u, v§ — eAvg) € W4/55/3(Q) x Wi/ 13(Q) with ug > 0 in Q and f € LH(Q.).

Then, the fized points of aR are bounded in X x X, independently of o € [0, 1], with u® > 0.

Proof. We assume a € (0,1]. Notice that if (uf,2%) is a fixed point of aR(u®,2%), then (uf,z%)

satisfies
o —Au® = aV-(uiVv®) inQ,

02" — A" = au+afrix, —az inQ, 111)
111
uf(0) = uf, 2°(0) = v§—eAvf in
ou® 0z°

L on = 0, 8—1’1 =0 on (O,T) x O0f).

The proof is carried out in three steps:
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Step 1: u® > 0 and / u(t) = mg.
- Q

Let (u,v%) be a solution of (111), then dyu®, Av® and V - (u5. Vo) belong to L*3(Q). Testing
(111)1 by u5 € X — L'93(Q) — L%?(Q), where v := min{u®,0} < 0, and taking into account

that v =0if u® > 0; Vue = Vue if uf <0, and Vue =0 if u® > 0, we have
1d € |12 €112 € € €
LS P+ [V | = —a(uf Vo7, V) =0,

which implies that 4 = 0 and, consequently, ©° > 0 and, therefore, uS = u®. Finally, integrating
(111)1 in © and using (13); we obtain / u(t) = mg.
Q
Step 2: 2° is bounded in X.

We observe that u® +1 > 1 and u® 4+ 1 € L®(L'). Then, in particular, v + 1 € L(Q) and
2
= In(u” +1) = In(u” + 1)%5 < (uf +1)¥° e L?(Q),

hence In(u® + 1) € L¥%(Q).
Now, testing (111); by In(u® + 1) € L%2(Q) and (111)y by —Av® € LO/3(W210/3) (rewritten

in terms of v°) we have

1
% </ (u + ) In(u + 1)+ 3 Ve |* + %HAve\P) + 4| VvaE T2
0
+HA1}5”2 + a|]VU€”2 4 CYE”AU€”2 + E”V(A’Ue)”2

u&
=— Vo - Vu® /Vs-VE— / < ©
a/ﬂu€+1 v u® + « ; U v° — va+XQCAv

1
:a/QuE+1Vu€-VU€—a/vaiXQCAv€. (112)

Applying Holder and Young inequalities, we have

1 a [ |VuE]?  a [ |VoE|? 9 9
Vut -V < — | ——+ = | ——— <2a||VVur+1 —||Vv*® 113
o [ v v < § [ TG [ <o VAT + G0, (113

IN

—a/vaixgcA’vs allfllzallo®llpallAv®ll < dllv 32 + @*Coll 74 lv% 12 - (114)

Moreover, integrating (111)s in €2, using (13), and taking into account that v® is the unique
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solution of the problem (11), we have

d
—</va>+/v€:am6+a/fvixﬂc.
dt \Jo 0 0

Multiplying this equation by / v°® and using the Holder and Young inequalities we obtain
Q

U () = o) o) (1)

1 2
3 ([ ) +eromireracisppr. )

IN

Adding (115) to (112), then replacing (113) and (114) in the resulting inequality, and taking into

account that a < 1, we obtain

1 €
& (L + DI + 1)+ J10 1 + SIAIR ) + ATV F TP + e + V(2092

< C((mg)* + 1 7allv® 1) (116)

From (116) and Gronwall lemma we deduce that

1
ooy < 2 eP(AT) (lu5]” + [[v5]152 + C(m§)*T)

= K5 (mg, T lugll, 105 2, A(T)) (117)

where

T
A(T):=C / 1F(5)24ds = CIIF 22z

Now, integrating (116) in (0,T) and using (117) we obtain

T 2
/0 0 (5) |2l

IN

éC <HUS|!2 + 067 + (m§)*T + ( s [ve(s )I!?zz)A(T)>

= Ki(mg, T, [lugl], [v6] 2, A(T))- (118)

Therefore, from (117) and (118) we conclude that v° is bounded in L>°(0,T; H?(2))NL2(0, T; H3(Q2))
(independently of o € (0, 1]), which implies that 2¢ is bounded in X.

Step 3: u® is bounded in X.
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Testing (111); by u® we have

Ld

5 dtHu‘EH2 + |]Vu€|]2 = —a(u"Vv©, Vud).

Applying Hélder and Young inequalities, and using (6), we obtain

—a(u*Vo©, Vus)

IN

7/4
ol [l |VoF [ | V]| < Clluf 4V 0| a1

IN

1
Sl + ClIVoe L fluf*.
2
Replacing (120) in (119), and taking into account that (m§)? = (/ ue(t)> , we have
Q

d €112 €112 €18 €112 €\2

I+ [wllzn < CIVe|[zallu®]|® + 2(mg)”.
In particular, using (6), (117), we obtain

IVo®]7a < CUG)™

Then, we can apply the Gronwall lemma in (121), obtaining

11 0752009y < exP(CEG) ) ([[u§|* + 2(m§)*T) = K5 (m, T, [, 105 =, AT)).

Integrating (121) in (0,7") we have

IN

T T
/O I ($)Ppds < [lu§]? + 2(m)*T + C(K5)! /0 ()]s

<l +2(m§)*T + C(KG) K5T

K5(mo, T, luglls [[v5 12, A(T))-

(119)

(120)

(121)

(122)

(123)

Thus, from (122) and (123) we deduce that u® is bounded in X'. Consequently, the fixed points of

aR are bounded in X x X, independently of o > 0. For a = 0 the result is trivial.

Lemma 11. The operator R: X x X — X x X, defined in (106), is continuous.
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Proof. Let {(u: tmen C X x X be a sequence such that

m’ m)

(w5, z5,) — (W",z°) in X x X. (124)
In particular, {(@$,,z5,)}men is bounded in X x X, thus, from (107) and (108) we deduce that
sequence {(ug,, z,) := R(Uy,, Zp,) bmen is bounded in X5/3x X;¢/3. Then, there exists a subsequence

of {R(Ts,, Z;,) Jmen, still denoted by {R(y,,Z5,) men, and an element (u°,2%) € X5/3 X X;g/3 such
that

R, Z;,) — (0%, 2%) weakly in X553 x X;9/3 and strongly in X' x X. (125)

Now, we consider system (106) written for (uf,z%) = R(45,,z5,) and (u®,z°) = (45,,%5,). From

(124) and (125), taking the limit in the system depending on m, as m goes to +oo, we deduce that
(u,2%) = R(limy—y 400 (W5, 25,)). Then, by uniqueness of limit the whole sequence { R(45,, Z5,) }men

converges to (uf, z%) strongly in X x X. Thus, operator R : X x X — X x X is continuous. U

Consequently, from Lemmas 9, 10 and 11, it follows that the operator R satisfy the hypotheses
of the Leray-Schauder fixed point theorem. Thus, we conclude that the map R has a fixed point

(uf, 2°), that is R(u®, 2°) = (u®, 2°), which is a solution of system (10).
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