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ON THE FULL SPACE-TIME DISCRETIZATION OF THE
GENERALIZED STOKES EQUATIONS: THE DIRICHLET CASE

SARAH ECKSTEIN* AND MICHAEL RUZICKA?
Abstract. In this work we treat the space-time discretization of the generalized Stokes equations
in the case of Dirichlet boundary conditions. We prove error estimates in the case p € [%, 00) that
are independent of the degeneracy parameter é € [0,dp]. For p < 2, our convergence rate is optimal.
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1. Introduction. The purpose of this paper is to establish an error analysis for
the space-time discretization of the generalized Stokes system

Opa — divS(Du) + Vg =f inl x Q,
divu=0 inl x Q,
. (L.1)
u(0) = ug inQ
u=20 at [ x 09,

for given external body force f = (fi,..., f4) and initial velocity ug, where Q C R%,
d > 2, is a bounded, polygonal domain and I = (0,7, T' > 0, is a bounded time in-
terval. The unknown functions are the velocity field u = (uy, ..., uq4) and the pressure
q.- The function S is the extra stress tensor, whose structure is given by charac-
teristic properties of the examined fluid. Here, S depends on the symmetric part
of the gradient of u, Du := %(&uj + 0;u;); j=1,...a. The special case S = Id, i.e.
—divS(Du) = —Au, which leads to the Stokes equations. In this work, we will
consider a more general situation. A typical example is given by

Du

S(Du) := ¢/(|Dul) 5.

(1.2)

where ¢’ (t) := (§ +t)P~2t for some p € (1,00), § € [0,30]. Note that our results carry
over to the case S(Du) := 1//(|Du|)|g—3, where ¢ is an N-function that fulfills the
equivalence ¢/ (t) ~ ¢'(t).

The system (1.1) is a simplification of the generalized Navier-Stokes equations
For a broader discussion of these models we refer to [29] and [28].

Our goal is to present a complete analysis for the space-time discretization of the

generalized Stokes system (1.1). Our main result will be the error estimate
Hu — U||Loo(I’L2(Q)) + ||F(Du) — F(DU)||L2(I,L2(Q)) <c (At + hmin{l,;}) , (13)

for p € [dz—fQ, 00) (see Theorem 4.10).

Let us summarize some previous results. For the special case p = 2, i.e. the
Navier-Stokes equations, Heywood and Rannacher established in a series of papers
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[21, 22, 23, 24] complete existence and regularity results as well as an error analysis
for the time-space discretization. Regarding (1.1), one of the main difficulties lies
in the treatment of the stress tensor S. Barrett and Liu [1] introduced a quasi-
norm technique to prove error estimates for the p-Laplacian. Later on, they also
treated the parabolic p-Laplacian [2] and p-fluids [3]. In [10], Diening, Ebmeyer and
Ruzicka adapted this technique for N-functions and proved optimal error estimates
for parabolic systems with p-structure.

Considering the treatment of the generalized Navier-Stokes equations, there are
various results for the case p < 2 given periodic boundary conditions. In [30] Prohl and
Ruzicka proved a first result for the space-time discretization of the generalized Navier-
Stokes equations for some p € (po,2]. In a series of papers together with Diening
[12, 13], the authors improved the sub-optimal results for the time discretization and
increased the range of admissible p’s. In [5], Berselli, Diening and Ruzicka proved
optimal error estimates for the time discretization of the generalized Navier-Stokes
equations in the case p € (%, 2] and, together with Belenki, the authors also proved
error estimates for the finite element approximation of the stationary generalized
Stokes system, cf. [4]. In [7], Berselli, Diening and Ruzicka were finally able to prove
the optimal estimate Fp ar < c(h + At) for p € (%, 2].

Previous results for the generalized Navier-Stokes equations discretize first in
time and then in space. Therefore, spatial regularity of the semi-discrete solution is
needed. This regularity can so far only be obtained in the setting of periodic boundary
conditions. In this work, we discretize first in space and then in time, as in [21, 22].
Therefore, we need time regularity of the semi-discrete solution, which we are able to
prove even in the setting of Dirichlet boundary conditions. Moreover, our treatment
includes for the first time also the case p > 2. For p € [%7 2], our error estimates
are optimal. The results of this paper are based on the PhD thesis of S. Eckstein, cf.
[16].

This paper is organized as follows: In Section 2, we provide the necessary techni-
cal tools. We introduce N-functions and operators with N-potential. This provides
the technical tools needed for handling the stress tensor. Moreover, we look into the
finite element approximation of divergence-free fields. We introduce suitable function
spaces, discuss several interpolation results as well as the discrete inf-sup condition,
which is necessary for the spatial approximation of the generalized Stokes system. In
Section 3, we briefly discuss existence and regularity results for (1.1). Then we intro-
duce the corresponding spatial approximation. In Subsection 3.2, we show existence
and regularity for the spatial approximation u, of u. Choosing a suitable approxima-
tion u for the initial value ug, we are able to prove time regularity of u;,. Afterwards,
we derive error estimates for the spatial error. Section 4 treats the fully discretized
solution. We consider an implicit scheme and show existence and regularity as well
as error estimates. We show that for the above-mentioned choice for the initial value,

we can finally prove the error estimate (1.3) for p € [-2%, 00) (see Theorem 4.10).

d+2°
2. Technical Tools.

2.1. Function Spaces. Let © C R?% d > 2, be an open, bounded domain.
By LP(2) and W*P(Q), 1 < p < o0, k € N, we denote the classical Lebesgue and
Sobolev spaces, respectively. An element of a d-dimensional function space is distin-
guished from a scalar function by bold print, i.e. u = (uq,...,uq) € W*P(Q) means
u; € W’“’(Q), i=1,...,d. We also use bold print to indicate tensor-valued functions.
We define VV(;C P(Q) as the closure of compactly supported functions w € C§°(2) with
respect to || - [[wrr(q). By Ly(€2) we define the subspace of LP(€) consisting of func-
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tions with vanishing mean value (w)q = ﬁ Jowdz = 0 and Wol,’fiv(Q) is defined
as Wol”(fiv(Q) ={w € W&’p(Q)‘ divw = 0 a.e. in Q}. The space L%, (Q) is defined
as the closure of Cg%;, () with respect to the LP-norm. For a Banach space X, we
denote by LP(I, X), p € [1,00], the classical Bochner spaces, cf. [17].

By C, ¢ we denote generic constants, which may change from line to line. We
say that two functions f and g are equivalent and use the notation f ~ g, if there
exist constants ¢, C' > 0 such that ¢f < g < Cf. For normed vector spaces X we
denote the dual space by X* and the duality product between f € X* and u € X by
(f,u)x~ x := f(u) or simply by (f, u), if there is no risk of confusion. We will use the
notation

(fyu) = [ fudz,
/

whenever the right-hand side is well-defined.

The scalar product of two vectors u, v € R? is denoted by u - v. For a tensor
A € R4 we denote its symmetric part by A%™ := J(A + AT) € RIXd .= {A €
RdXd| A =AT}. For A, B € R¥? we denote by A : B the component-wise inner
product and |A| denotes the Hilbert-Schmidt norm.

We will also use Orlicz and Sobolev-Orlicz spaces, cf. [25]. To this end, we use
N-functions 1 : RZ% — R20, as defined in [31]. We denote by * its complementary
function. We say that ¢ fulfills the As-condition, if there exists a constant ¢ > 0,
such that for all ¢ > 0, there holds ¥(2t) < cp(t). By As(¢)) we denote the smallest
such constant. In the following we work solely with N-functions 1, such that ¢ and
1* satisfy the As-condition. Under this condition we have

(' (8) ~ (2.

We denote by L¥(Q) and Wh¥(Q) the classical Orlicz and Sobolev-Orlicz spaces,
ie, f € LY(Q) if the modular p(f) = [,¥(|f])dz is finite and f € W% (Q) if
f,Vf € L¥(Q). Note that the dual space (L¥(£))* can be identified with the space
LY (Q).

2.2. Basic properties of the extra stress tensor. In the whole paper we
assume that the extra stress tensor S has N-potential, which will be defined now. A
detailed discussion and full proofs can be found in [31].

DEFINITION 2.1 (Operators with N-Potential). Let v be an N -function. We say
that the operator S : R¥*? — R‘Siyxrf possesses N -potential ¥, if S(0) = 0 and if for all
P € R¥*4\ {0} there holds

w/(|Psym|)Psym.

S(P) = 8u(P) = “ 5o

(2.2)

We want to concentrate on a special N-function with (p,d)-structure, which is for
t > 0 given by

t
o(t) = / ©'(s)ds with ¢/ (s) := (6 + s)P 2. (2.3)
0
The function ¢ satisfies uniformly in ¢ the important equivalence

' (t)t ~ " (1),
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since min{1,p — 1}(§ +¢)P~2 < " (t) < max{1l,p—1}(5 +t)P~2. Moreover, ¢ satisfies
the Ay-condition with Ay () < 2™@{2P} hence independent of §. This implies that,
uniformly in ¢, §, we have
' (t)t ~ o(t).

The conjugate function o* satisfies p*(t) ~ (6771 4 ¢)P Also ¢* satisfies the
As-condition with Ay(p*) < 2m2x{22'} If  is given by (2.3) the spaces L#(Q2) and
L?(Q) coincide with uniform equivalence of the corresponding norms. The constants
only depend on p and ().

Throughout this paper, we are going to assume

ASSUMPTION 2.4. The stress tensor S : R4Xd — ngxnf possesses N -potential @,
where @ is given by (2.3), with p € (1,00) and 6 € [0,1].

REMARK 2.5. Throughout this paper, the assumption ¢ € [0, 1] can be replaced by
the assumption § € [0, o] for given §g > 0. The estimates will then depend on dg.

REMARK 2.6. All results of this paper remain true, if we replace Assumption 2.4
by the assumption that S has N -potential 1 for an N-function ¥ such that ¥ ~ .

For an N-function v, we define the family of shifted N-functions {1 }e>0 for

t >0 by ¢,(t) :== ftzbg(s) ds, where
0

’—2t2

vt = (a4 ). (2.7)

For the N-function defined in (2.3) we have that ¢, (t) ~ (6 + a + t)P~2¢? and also
(9a)*(t) ~ ((6+a)P~ +1)?' =212, The families {©, a>0 and {(¢a)* Yas0 satisfy the Ao-
condition uniformly in a > 0, with Ag(pg) < 2™422} and Ay((pa)*) < c2max{22}
respectively.

We need the following refined version of Young’s inequality, cf. [31]:

LEMMA 2.8 (Young’s inequality). Let 1 be an N-function with Aq(¢) < oo and
As(Y*) < 0o. Then, for every e > 0, there exists cc > 0 only depending on e, As(),
and Az (Y*) such that for all s, t, a >0

st < eha(s) + ey (t) (2.9)
and
51/)(/1(t) + ﬁ/fé(é’) < eha(s) + cea(t). (2.10)

Closely related to the extra stress tensor S is the function F : R™*¢ — REX? defined
through

F(P) := (5 + [PY™]) "2 PY¥™, (2.11)
The connection between S, F, and {¢q }q>0 is best explained by the following lemma
(cf. [31, Lemma 6.16]).

LEMMA 2.12. Let Assumption 2.4 be fulfilled and let F be defined as in (2.11).
Then there holds for all P, Q € R¥*¢

(S(P) - S(Q) : (P - Q) ~ [F(P) - F(Q)*
~ e (P = Q™)
~ i ([P = Q™))
~ (P QP QT

(2.13)

where the constants only depend on p. Furthermore, we have

S(P) : P ~ [F(P)|? ~ (|P™™]). (2.14)
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In this case we have

(S(Du),Du)~/(p(\DuDdxw/(é—i—|Du\)p_2|Du\2da:.
Q Q

Moreover, the following estimate follows directly from Lemma 2.12 and Young’s in-
equality (2.10).

LEMMA 2.15. Let Assumption 2.4 be fulfilled and let F be defined as in (2.11).
For all ¢ > 0 exists c. > 0, depending on € and the As-constants such that for all
sufficiently smooth vector fields u, v, w, we have

(S(Du) — S(Dv), Dw — Dv) < ¢[|[F(Du) — F(DV)||; + c.|F(Dw) — F(Dv)|3,
(S(Du) — S(Dv), Dw — Dv) < ¢||F(Dw) — F(Dv)|3 + c.|[F(Du) — F(Dv)|3.

LEMMA 2.16. Let Q C R? be an open, bounded domain and let S fulfill Assump-
tion 2.4. For p € (1,2) we have

4
IF(Du) — F(Dv)|; < |[Du-Dv]7

2.17
< ¢(K + |Dull, + [Du - Dv],)* | F(Du) - F(Dv)|3 =
and for p € [2,00) we have
[Du —Dvl} < |F(Du) - F(Dv)|3
< (K + [Dul, + [Du-Dv],)" “jpu-pvz,
with constants ¢ independent of § € [0,1]. The constant K is given by
K :=5|Qr <|9|7.
PROOF :  See [1, Lemma 2.2] and [16, Lemma 2.80]. |

COROLLARY 2.19. Assume that the assumptions of Lemma 2.16 are satisfied.
Then u € WHP(Q) implies F(Du) € L?*(Q).

We also use

THEOREM 2.20. Let I C R be an interval, f € LP(I,LI(Q)), 1 < p,q < oo.
Suppose there exists a constant K > 0 such that there holds d.f € LP(I',L1(2)) and
ldrfllLerr,pa)y < K for all 0 < 7 < dist(I',0I). Then the weak derivative Oy f
exists and we have the estimate |0 f1| Lo (1,La(0)) < K.
PROOF : The proof adapts the classical results for Sobolev spaces and can be found
in [16, Theorem 2.1]. |

2.3. Finite Element Approximation. For the spatial approximation of the
generalized Stokes equations, we will need two different finite element spaces: one for
the approximation of the divergence-free velocity field and one for the approximation
of the pressure. The choice of these two spaces is not arbitrary. In fact, they need to
fulfill the discrete inf-sup condition.

We start by explaining the triangulation of the domain. From now on we assume
that Q ¢ R%, d > 2, is a bounded domain with polyhedral Lipschitz boundary. Fur-
thermore, we assume that for fixed h > 0, T}, = {T;}i=1,....n is a finite decomposition
of  into simplices T;. Let hr := diam(T"), h := maxgper, hr and let pr denote the
diameter of the largest closed ball contained in 7. We assume that the mesh is such
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that any two elements of 7, meet only in entire common faces or sides or vortices
(i.e. there are no hanging nodes), that the mesh is non-degenerate, i.e. there exists
a constant op > 0 independent of h, such that maxpe7; ’;—; < 0¢. Let N7 be the
neighborhood of T', Np := U{T" TNT #0}, and St := int( UrreNg ﬁ) Under the
above assumptions, it is clear that the number of simplices in every Sp is bounded by
a constant independent of hr and therefore

| ~ i ~ |y, (2.21)

For | € Ny, let P;(T') be the space of polynomials of degree less or equal to ! on T and
let
Pi(Th) ={v e Co(ﬁ)‘v‘T € P(T) for all T € Tp}

be the space of piecewise polynomials.
Now we are ready to introduce suitable finite element spaces for the spatial ap-
proximation of the generalized Stokes equations. The natural setting for the contin-

uous equation is to seek the velocity in VVO1 2 (Q) and the pressure in Lg/ (€2), hence
our finite element spaces should be approximations of these spaces. We approximate
Wy (Q) by

Xy, := {vi, € WyP(Q) |Vh\T €Pr(T) ¥V T € Thy V|yg =0}

and L¥' () by
Yi:={an € L” () | qn|, € P(T) YV T € Ty}

for some k, r € Ng. For the approximation of the pressure, we then define the space
Qn ==Y, NLE(Q).
The discrete divergence-free space V}, is then defined by
Vi :={vy € Xh‘ (gn,divvy) =0V gy € Y}

The choice of the polynomial degrees k and r is not arbitrary and plays an important
role for the solvability of the discretized problem. The existence of stable pairings
Xh, Yy, has been widely discussed, see [19].

The existence of interpolation operators for X; and Y}, is quite standard. Typical
examples would be the Scott-Zhang operator [32] for X}, and the Clément operator [9]
or also a version of the Scott-Zhang operator for Y;,. However, we need to introduce
additional assumptions in order to guarantee well-posedness of the discretized problem
as well as interpolation results in V}, and Qj,.

ASSUMPTION 2.22. Let Xp, Vi, Y and Qp be defined as above with Py (Tp) C Xp,
and Po(Tn) C Y. We assume that there exist linear projection operators

Y WoP(Q) = Xp,
Iy : L7 (Q) = Y,

which fulfill the following assumptions
(i) Hﬁi" 1s divergence-preserving in the sense that for all w € Wol’p(Q), N € Yy,

(divw,np,) = (divIITVw, 7). (2.23)
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(ii) TINY s locally W' -stable in the sense that for all w € I/Vol’p(Q)7 T € T,

][\Hzi"w| dx < c4 |w|dx + cf hp|VW|dz. (2.24)
T St St
(iii) There holds
MiVw=w  VweP(Th). (2.25)

(iv) TIY is locally L'-stable in the sense that for all q € v (), T €T,

][|H2;q| dz < cf |q| dx. (2.26)
T St

REMARK 2.27. In order for Assumption 2.22 to be fulfilled, there are only cer-
tain admissible pairings of polynomial degrees k and r for the spaces Xy and Yy,
respectively, cf. [19].

REMARK 2.28. Note that since our choice of X, already includes zero boundary
values, H%i" also needs to preserve boundary values. The Scott-Zhang operator [32]
is one example for such an interpolation operator, but it needs to be modified in order
to be divergence-preserving. Following [18], we show how this is done for the MINI
element in three space dimensions.

Let Q C R3. Assume that for every element ny, € Yy, holds Mhl, € P(T), T €Ty and
that for every wyp € Xy, the restriction Wh, is the sum of a polynomial of P1(T)

and a bubble function by € Py(T) N WyP(T). For each simplex T € Tp, we define the
constant
LW —wdz

T brde

where Hfz is the Scott—Zhang operator. Now, we can show that the operator

H(;LNW = Hizw — Z crbr
TeTh

satisfies Assumption 2.22. Since TI7% preserves zero boundary values and br van-
ishes at every edge of our triangulation and therefore particularly on 92, I8V maps
Wol’p(Q) to Xp,. The definition of cr gives the divergence-preserving property (2.23):
Since H‘,}Li"w — w has zero boundary values on ) and Vnh|T is constant for every
T €Ty, we have

/div(H}iLivw —w)npde = — /(Hﬁivw —w) - Vi, dx

Q Q
=— Z /(H%ivw—w) dx~V77h|T
TE’Th,T
54w —wd
—— 3 Vi, /(ngw—w)dx—/dexfT n W WaT
T fTde.’E
TeTh T T

=0.
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The local Wtt-stability follows since the Scott-Zhang operator fulfills (2.24). We
have, using also (2.21),

][|H%i"w| dx §][|Hfzw| dx + |cT||][ br dz|
T

<c][|w|dx—|—c hT|VW|d$+’][HSZW Wdaj}
St St

< c][ |w|dx + ¢ hr|Vw|dz,
St St

which is (2.24). Other examples for TNV are given in [18], [9], [4] and [20].

The results of [15] stated in the theorem below clarify that (2.24) and (2.26)
already provide sufficient approximability results.

THEOREM 2.29. Let Zp, == {w € L}, .(Q) ’W|T € P(T) for oll T € T} be a finite
element space, where P (T") C P(T) C Pr (T) for ro < r1 € Ng and assume that for
lo € Ny there exists an interpolation operator I1j, : W'-Y(Q) — Z, such that

a) Iy, is W1 stable in the sense that for some lg <1 <rg+1 and m € Ny holds
uniformly in T € Tp, and w € WH1(Q)

][W Vi, wlde < ¢(m, 1 ZhT][ \VFw| dz. (2.30)

JOT

b) For all w € P, (Ty,) holds Il,w = w.
Let further U : [0,00) — [0,00) be an N-function which satisfies the Ag-condition.
Then there holds uniformly in T € T;, and w € WH1((Q)

(i) I}, is Orlicz-stable in the sense that

l
Z][ (W | VT, w|) dar < e(m, 1, Ag (W 2][ U(hE|VFEw|) dz, (2.31)
k=0" 5T

(ii) I, possesses an Orlicz-approximability property:

St

!
3 L WO T e < e, 80(0),00) . w0V i, (22)
i=0"T

(#3) IIp, is Orlicz-continuous:

][ WAL VT w]) de < C(Z,Ag(\ll),ao)][ ULIViw) e (2.33)
T

St

PROOF : The proof can be found in [15]. ]

REMARK 2.34. Assumption 2.22 guarantees that TI3V fulfills the requirements of
Theorem 2.29 with Z, = Xp,ro = 1, m = 0,1 =1 and that 11} fulfills the require-
ments of Theorem 2.29 with ro =log =1=m = 0. Moreover, due to the choice of Yy,
Y fulfills the requirements with ro = lo =m = 0 and | = 1. Using inverse estimates,
we can show that 1Y also fulfills the requirements in the caserg =1lp =1, m =1 = 2.
From Theorem 2.29 we deduce
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LEMMA 2.35. Let Assumption 2.22 be fulfilled, let S satisfy Assumption 2.4 and
let the associated operator F be defined as in (2.11). Then we have for 1 < q < oo
and for all sufficiently smooth enough vector fields v

Iv = Tl + AIVITY v < chl[ Vv, (2.36)

IV = 5 ]lg + AV (v = T V) g < ch?[ V2], (2.37)
[F(DIYV)[l2 < ¢ F(DV)|l2, (2.38)

[F(Dv) — F(DIIV)|2 < ch|[ VE(DV)] 2. (2.39)

For the interpolation operator H{ and for every N-function ¥ with Aq(t)) < oo we
have

/ $(0Y q) da < e / (lal) de (2.40)
T St
/ (lg— T gl) do < ¢ / (hr|Va]) d. (2.41)
T St
PROOF : See [15] and [4]. |

From Assumption 2.22 it can be shown that the existence of a divergence-preser-
ving interpolation operator as in (2.23) ensures that a discrete inf-sup condition is
fulfilled by X}, and Q. This is needed for the existence of a discrete pressure, cf.
Remark 3.11 below.

LEMMA 2.42. Let Assumption 2.22 be fulfilled and let ¢ be defined by (2.3) with
d €10,1], p € (1,00). Then there exists a constant ¢ > 0, depending only on p and 2,

such that d
lanll ooy < ¢ sup (gn, divE,)

(2.43)
€neXn\{0} 1€, HWUI’P(Q)

holds for any qn € Qp, and

1
*(lgn]) dx < su divg, do — - (IVE,]) dx (2.44)
/50 dn p (/qh h CSZSD h )

3 £,€EXn

holds for any qn € Q4.
PROOF : See [4, Lemma 4.1]. ]

3. Spatial Approximation.

3.1. The continuous solution. Before we discuss the spatial approximation of
system (1.1), we will discuss some existence and regularity results for the continuous
problem. We assume that S fulfills Assumption 2.4.

The first approach to show existence of a unique solution of (1.1) is by using
a Galerkin ansatz, solving the emerging ordinary differential equations, establishing
a priori estimates and then passing to the limit in the approximate system using
monotone operator techniques and Minty’s trick !. For p € (1,00), § € [0,1], this
leads to the existence of a unique weak solution u satisfying the energy estimate

[ullpee (7,22(0)) + [F(Du)|lr2(1,r2(0)) < €

n view of Korn’s inequality, this follows from standard monotone operator theory for evolution

equations (cf. [33]) for p > %. The case p > 1 can be handled as in [11]. The case of generalized

Navier-Stokes equations is treated in [26] and [27].
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uniformly in ¢ € [0, 1], where the constant ¢ only depends on the data.

Using a completely different technique, namely linearization, maximal regularity,
and a fixed point argument, Bothe und Priif} [8, Theorem 4.1] were able to show that
for § > 0 and p € (1,00), there exists a unique, strong solution on a maximal time
interval, provided that the data is smooth enough. More precisely, it is proved:

THEOREM 3.1. Letf € L"(JxQ), ug € WQ‘%(Q)QW(}’;V(Q) with d+2 <1 < 0.
Moreover, assume that S fulfills Assumption 2.4 with p € (i, o0) and 6 € (0,1]. Then,
there exists a mazimal time interval I C J and a unique velocity field

uc L"(I,W»"(Q) N Wb (I, L™(Q))
and a unique scalar function
g€ L"(I, W (Q)) N L' (I, L(%)),

that solve (1.1).

REMARK 3.2. Under the same assumptions, Bothe and Prifi [8, Theorem 2.1]
proved this result for the generalized Navier-Stokes equations. Their work also covers
more general boundary conditions as well as other structures for ¢'. However, the
case § = 0 is not included.

3.2. Existence and Regularity of the Finite Element Solution. We now
focus on the spatial approximation of the generalized Stokes system. In Theorem 3.4,
we show existence of weak solutions uj of the spatial discretization. In order to
estimate the error between space- and space-time approximation in Section 4, we
need a certain time regularity of uy. This is accomplished for a special approximation
u} for the initial value ug in Theorem 3.17.

The weak formulation of (1.1) suggests the discrete analogue: For a sufficiently
smooth field f : I x @ — R? and ug €V, find vy, € CY(I, X3) such that for every
t € T there holds

(Orup(t), &) + (S(Duy(t)), DE;,) = (£(1),&;) V&, €V,

u,(0) = u} in . 33)

We will formulate the existence result and some a priori estimates in the next theorem.

THEOREM 3.4. Let S fulfill Assumption 2.4 with 6 € [0,1], p € [%, o0) and let
Assumption 2.22 be fulfilled. Suppose £ € WH2(I,L?(Q2)) and ug € Wolﬁiv(Q) and let
My > 0 be such that

[Ellwr2(r,22(0)) + [wollwip@) < M. (3.5)
Let ul € V}, be an approzimation of ug such that there exists My > 0 with
lugllwrr) < Ms. (3.6)

Then there exists a unique solution u, € C*(I,V3) of (3.3).Furthermore, we have the
estimates

[unllzee1,22(0)) + IFDun)lr2(1,22(0)) < (M1, Mz), (3.7)
l0van 21,02 (0)) + [FDup)| e (1,02(0)) < c(Mi, Ma), (3.8)

where the constants are independent of h.
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PROOF : The identity (3.3) is a system of ordinary differential equation for uy
which can be solved by standard methods. Let &;,...,&5 be a basis of V;, and let
al, ... ,a?\, € R be such that

u(z) = 3"l ()

Since the Gram matrix G = ((£i,§‘j))i,j:1,m’]\; is invertible, Péano’s theorem yields

the existence of a solution @ () := (ad¥(t),...,al(t)) on an interval [0, T*], T* < T,
of
N N
20l (0(8:€)) = (£().€,) ~ (SQ_ol(ODE).DE,) Ve DT, oo
i=1 i=1 .
a;(0) = af,

for all j =1,..., N. This gives the solution of (3.3) by defining

N
w(ta) = Y o (D& (@)

By choosing &, = uy(t), using Lemma 2.12 and the continuous Gronwall inequality,
we get the a priori estimate

lunlloc 2@y + IFDus)| 2,220y < c(lluglizy, 1Ellz2rr2 )

< o(My, M), (3.10)

where we used the embedding W, ** () — L2(Q) for p > %. Since the right-hand

side of (3.10) is independent of T*, we can extend the solution to the whole interval I,
which also yields (3.7). The uniqueness of uy, is easily shown using strict monotonicity.

It remains to show the a priori estimate (3.8). Since f € W2(I, L?(€2)) we deduce
that uy, € W22(I1,V},) < C*(I,V3,). Thus,

N
dpuy, = Z Vg, € CO(T, V).
i=1
We choose &;, = 0yuy(s) in (3.3) and integrate over (0,t) to get

t

t T
/ |Brun(s)]3 ds + / (S(Duy (), Doy (s)) ds < ¢ / 1£(s)2 ds.
0 0

0

where we also used Young’s inequality. Due to our definition of F' and S we have
d
(S(Duy,), Dosuy) = (S(Duy), 9;Duy) ~ aHF(DUh)H%Z(Q)
and thus we deduce
t
/||atuh(3)H%2(sz) ds + ||F(Duh(t))||%2(sz) < CHf||2L2(I,L2(Q)) + C||F(Dug)||%2(sz)
0

S C(M17 MQ)
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for every t € (0,T). In the last step, we also used Corollary 2.19 to bound F(Duf).
This proves (3.8). |
REMARK 3.11. Once the existence of a solution u, € C'(I,Vy) of (3

I,

sured, Lemma 2.42 yields the existence of a discrete pressure q, € C°(
that

(gn(t), divgy,) = (£(t), &) + (Orun(t), §5) + (S(Dun(t), DEy)  VE, € X

In order to prove error estimates for the time discretization, we need higher time

regularity for the solution uy, of (3.3). To this end, we specify the initial value uj.

For given ug € Wg_’(fiv (Q), let u} € Vj, be the unique solution of

.3) is en-
Qr) such

(S(Dul),D¢,) = (S(Dug),DE;,)  for all €, € Vj,. (3.12)

We have
LEMMA 3.13. For given ug € Wol’(fiv(Q) with [[wo|lwir@) < My, there exists a

unique solution ul € Vi, of (3.12) such that
[PDUS) 120y < | F(Du0)|12(q) < e(My). (3.14)

2d

J43,00) we have

Furthermore, for p € |
[ugllwrr) < e(M). (3.15)

PROOF : The existence of a function u? € Vj that satisfies (3.12) follows from
Brouwer’s fixed point theorem. By setting &, = u? in (3.12) and using (2.13) and
Lemma 2.15 we get

IF(Dug)|Z: () < c(S(Dug), Dug) = ¢(S(Duy), Dug)
< el|F(Dug)||7 () + ¢l F(Duo)l|72(q).

which yields the first inequality of (3.14) by choosing ¢ sufficiently small. The second
part of (3.14) follows from Corollary 2.19.

For p € [dZ—fQ, 2) we use estimate (2.17) with v = 0 and Young’s inequality to get

2—
IDug %5 o) < e(IDuf o) +K)™ " [FDuf)|72q)
< K2 P|[F(Du) |72 (q) + ¢l Dug |7, fo) IF(Dug) 172 o)

4
< K2 F(Dug)|[7: ) + el Dugl|7e o) + o [F(Dug)ll72q)

where K = (5|Q|% Choosing ¢ sufficiently small we get together with (3.14)
4
IDug 70y < eK*P|[F(Dug)|72(q) + cllF(Duo)[| 720 - (3.16)

Now, Korn’s inequality and (3.14) yield (3.15).
For the case p € [2,00), we use Korn’s inequality and inequality (2.18) to get

D[, o) < cllF(Dug)|7:(q) < c|F(Duo)|7: o),

where we also used (3.14). |

Using (3.12) as the definition for the initial value uf, we can improve the regularity
results for uy,.
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THEOREM 3.17. Let S fulfill Assumption 2.4 with § € [0,1], p € [%, o0) and let
Assumption 2.22 be fulfilled. Assume £ € WH2(I, L2(2)) and ug € Wol,’fiv(ﬂ) and let

My, M3 > 0 be such that

£llwr2r.L20) + l[ollwrie) < M (3.18)
[VS(Duy)||L2() < Ms. (3.19)

Also, let ul € Vi be given as the solution of (3.12). Then there exists a unique
solution uy, € CY(I,V4) of (3.3). Furthermore, wy, satisfies the estimates

lunll o (1,L2(0)) + [IF(Dun)|lp21,22(0)) < (M), (3.20)
|0cun 21,02y + IF(Dup)llpee1,02(0)) < (M), (3.21)
[0ran || Lo (1,2()) + [|OF (Dup)||r2(r,22(0)) < (M1, Ms), (3.22)

where the constants are independent of the parameter h.

PROOF : The existence of a solution as well as the a priori estimates (3.20) and (3.21)
are shown in Theorem 3.4 and Lemma 3.13. It remains to show (3.22). To this end,
we are using the othogonal projection Py, : L2(2) — V}, defined by (Pyv,&;,) = (v, €),)
for all &, € V3, v € L?(Q). It is clear that P, is a self-adjoint, continuous projection
and fulfills || P,v]]2 < [[v]|2 for all v € L?(2). At first, we prove that ||9;up(0)]|r2(q) is
uniformly bounded. Since dyup(0) € V4 it follows that Py (9:up(0)) = dyup(0). Thus
we get

||atuh(0)||L2(Q) sup  (0up(0),6) =  sup  (Gun(0), Pr§)

£eL?(Q) £eL?(Q)
€l 2 () <1 l€lp2 )=t
(3.23)
< sup (0un(0),&,).
£REVR

1€n L2 ) <1
Next, we use (3.3) at time ¢ = 0 and the definition of ul, (3.12), to get from (3.23)

18:n(0)[|2() < sup  (£(0),€,) — (S(Dug), DE,,)
£,EVH
HEhHLz(Q)Sl

Sul‘:)/ (f(0)7 Eh) - (S(Du())v Dgh)
Hgﬁﬁi(ﬂh')Q (3.24)

IA

IN

sup  If[|eer, 20 1€l L2 () + [IVS(Do)| 20 1€ | 2 (02)
£,EV,
HE}L||L2(9>S1

< (M, Ms).

Now we use difference quotients in order to prove (3.22). For ¢t € (0,7"), where T" < T
and 0 < 7 < T —T’, we take (3.3) at time ¢ 4+ 7, subtract (3.3) at time ¢, divide by
7 and choose the difference quotient &, = d.up(t) € Vj as a test function in the
emerging equation to get

(Ordrun(t), drun(t)) + % (S(Duy(t + 7)) — S(Duy(t)), Dus(t +7) — Duy(t))

= (d-£(t), druy(t)).
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Lemma 2.12, Young’s and Hoélder’s inequality yield

d

Zldrun @17z o) + ld-FDun(®))l1Z20) < elldrf (@) 720 + ldrun(®)72(0)-

Hence, the continuous Gronwall inequality, the boundedness of dyup,(0) and Theo-
rem 2.20 imply the estimate

||atuh”%oo(1,L2(Q)) + HatF(Duh)H%z(I,LZ(Q)) < CHatf”%?(I,LZ(Q)) + C||5’tuh(0)||:£2(9)-
This finally proves the a priori estimate (3.22). ]
3.3. Error Estimates for the Spatial Error. The goal of this section is to
finally prove error estimates between the continuous solution u of (1.1) and its finite
element approximation uy,. Motivated by the regularity results of [8] and [14], [6] (in

the space-periodic setting) we make the following assumption.
ASSUMPTION 3.25. Let S fulfill Assumption 2.4 with 6 € [0,1], p € [-2%,00).

ire
Assume £ € WH2(I,L3(Q)), ug € Wol)’giv(ﬂ), and suppose

[Ellwr2r,L2()) + [Wollyre ) + [VE(Duao)|[L2() + [VS(Dug) [ 2(0) < K1
Let the weak solution (u,q) € LP(I, Wol,fiv(Q)) x LP' (I, Lg/(Q)) of (1.1) be such that

lallwzr,zz) + 1allzzwez@) + [ullLewie @) + [[F(DU)lwizaxa) < Ko,
lall o (1w ()) < Ks.
REMARK 3.26. If we additionally assume £ € L™(I x Q), ug € W"2=7(Q) for
some r > max{p,p’,d + 2}, and § € (0,1], then in [8] it is shown there exists a
solution (u, q) of (1.1) with the property that

[l

r,wr)) + allwr g or)) +lldlorawr ) <6

see Theorem 3.1. Similarly to Corollary 2.19 we can show that u € LP(I, WHP(Q))
implies F(Du) € L%(I, L3(2)). For p > 2, we can show that VF(Du) is bounded in
L?(I x Q), which means that in this case, the existence of a solution (u, q) fulfilling
Assumption 3.25 is ensured. For p < 2, we have the estimate |VF(Du)||r2(1,12(q)) <

5PT7ZHu||L2(LWz,2(Q)). Together with the mazimal regularity result from [8], this also
provides a solution (u,q) fulfilling Assumption 3.25 with a constant K5(9) that tends
to infinity for 6 — 0.

REMARK 3.27. Let Assumption 3.25 be fulfilled and let u}} € V;, be given by (3.12).
Recall that in Theorem 3.17 we have shown that for the finite element solution uy the
following estimates hold true

lanllzee(1,22(0)) + IFDun) | r2(1,22(0)) < (K1),
||8tuh||L2(I,Lz(Q)) + ||F(DUh)||Loo(I7L2(Q)) < ¢(Ky), (3.28)
0cun Lo (1,2()) + 10F (Dup)|L2(1,2(0)) < c(K1).

Let us now start estimating the error between u and uy,. As a first step, we prove
a best approximation result.
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PROPOSITION 3.29. Let Assumption 3.25 and Assumption 2.22 be fulfilled. More-

over, assume that ul € V}, is given by (3.12) and let uy, be the corresponding finite
element solution ensured by Theorem 3.17. Then we have®

d
St —wiliz o) + [F(Du) - F(Duy)|72q

. 2

< e inf (0,(a~ w)ll e~ Cullzzeoy + IFDW = FDC)IFa0)) (550,
inf “(lg — pl) d

et [ (apu) (g mhdo

Q

for almost every t € I.

PROOF : By subtracting (3.3) from the weak formulation of (1.1) and choosing
&, = ¢, —up(t) € V, for arbitrary ¢; € Vj as a test function, we get the error
equation

(0r(a —up)(t), € — un) + (S(Du(t)) — S(Dup(t), D(C; — un))
= (q(t), div(¢), — un)) = (q(t) — pn, div(Cy, — un))

for all ¢;, € Vi, pn € Yy, and almost every ¢ € I. In the last step we used that due
to the definition of Vj, we have (up,divE,) = 0 for all &, € Vi, un € Yy, After
rearranging the terms and using Lemma 2.12, we obtain

d
—lu =7 ) + [[F(Du) — F(Duy)||7:q)

dt
< c|(8t(u —up),u— C’h)| + c|(S(Du) — S(Duy),Du — DCh)| (3.31)

+ C|(q - .uhvdiv(Ch - u))| + C|(q - H’h7div(u - uh))|
=L+ I+ I3+ 14

I, is estimated by Holder’s inequality yielding the first term on the right-hand side
of (3.30). For I we use Lemma 2.15 to get

I < ¢|[F(Du) — F(Duy)|[72(q) + c=[[F(Du) — F(DE,,) 72 (0)-
For I3 and I we note that for a vector field v there holds |divv| = [tr(VV)| =
|tr(Dv)| < [Dv|. We use Young’s inequality (2.9) for ¢|py| to get

Iy+ 14 Sce/(w|Du|)*(|q—Mh|)d$+0/<ﬂ\nu\(\Du—DCh|)d$
Q Q

—|—€/<p|Du‘(\Du — Duy|) dx
Q

<c. / (¢out) " (g — ) d + c[F(Du) = FDC)207 12000
Q
+ &|[F(Du) — F(Dup)||72(1 120y

Here, we used Lemma 2.12 in the last step. Choosing ¢ sufficiently small, the assertion
follows. A more elaborated version of this proof for the stationary case can be found
in [4, Lemma 3.1]. |

2For the sake of readability, we omit the dependence on ¢ in (3.30).
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The terms on the right-hand side of (3.30) can be estimated using the following
result:

LEMMA 3.32. Let Assumption 3.25 and Assumption 2.22 be fulfilled. Moreover,
assume that ul € Vi, is given by (3.12) and let uy, be the corresponding finite element
solution. Then we have

Ju = Tl 2r 20y + [F(Du) — E(DINW) 2 1 12 gqy) < c(K2)h>

For the pressure term, there holds
/ / (ppul) (lg — 11} ql) da dt < eIz, Ka) R0,
I Q

PROOF : See [4] and Lemma 2.35. |
Integrating (3.30) in time produces the term [[ug — ufl||z2(q), which has to be
estimated. Recall that ul is given as the solution of (3.12).
LEMMA 3.33. Let Assumption 3.25 and Assumption 2.22 be fulfilled. Moreover,
assume that ul € Vj, is given by (3.12) and let uy, be the corresponding finite element

solution ensured by Theorem 3.17. Forp € [%, 00) we have
. 2
[ug — ufl|z2() < c(Fy)R™ 01 (3.34)

PrOOF : Equation (3.12) implies the orthogonality
(S(Dul) — S(Duyg),DE,) =0  for all &, € V.
Since T : I/Volﬁ’giv (Q) = V3, we get from Lemma 2.12
[F(Dug) ~ F(Du) 325 < e|(S(Dug) — S(Duf), Dug — Du|
= ¢|/(S(Duy) — S(Du}!), Dug — DH%iVuo)’.
By Lemma 2.15, this implies
|F(Dug) — F(Dul)[2: ) < elF(Dug) — F(DII ug) 2 g,

Using the properties of II$Y, see (2.39), we get

IF(Dug) — F(Dug)|[72(0) < ch?|VF(Duo)|72(0) < c(K1)h*. (3.35)
For the case p € [dQ—fQ, 2), we may use the embedding Wy*(Q) — L?(Q), Poincaré’s

and Korn’s inequality, as well as (2.17), (3.16) and (3.35) to get
lug — ug[|72(q) < ¢[Dup — Dug||:£p(9)
< o(K + | Dug| 1o (0) + DU || Lr(0))* P IF(Dug) — F(Dug)||72 (0
< ¢(K1)|[F(Duo) — F(Dug)|7:(q)
S C(Kl)hZ.
For p € [2,00), we get in a similar manner, this time using (2.18),
J1to — wl |2 g < el D — DU, ) < cl[F(Dug) — F(Dul) |2 < (K12,

which yields the assertion. [

Now we are able to prove the main result of this section.
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THEOREM 3.36. Let Assumption 3.25 and Assumption 2.22 be fulfilled. More-
over, assume that ul € Vj, is given by (3.12) and let uy, be the corresponding finite

element solution ensured by Theorem 3.17. Then, for p € [dg—fQ, 2) we have
||ll — Uh||Loo(I,L2(Q)) + ||F(Dll) — F(Duh)||L2(I7L2(Q)) <ch (337)
and for p € [2,00) we obtain
2
||u — Uh”Loo(]’LZ(Q)) + ||F(Dll) — F(Duh)||L2(],L2(Q)) < chpr (338)

with constants depending on Ky, Ko, and Kj.
PROOF :  We choose ¢, = H{Vu(¢) and p, = II} ¢(t) in Proposition 3.29 and
integrate over t € I to get

[u— uhH%OO(I,[P(Q)) + [|[F(Du) — F(Duh)H%?(z,Lz’(Q))
< oK, Ko)|u = TVl 21,12 (0)) + ¢ F(Dw) — F(DIYW) 727, 12(q))

ny / / (Pipu)) (12 = T ql) da dt + el — w2,
I Q

where we used Assumption 3.25 and (3.28) to bound [|0;(u — up)||r2(7,22(0)). Now
Lemma 3.32, Lemma 3.33 and Assumption 3.25 yield

lu =il Z (1 120y + IF(Du) = F(Dug) |21 12 ()
< o(Ky, K2)h? + ¢( Ko, K3)h™™ 2P} 4 (K pmin{25},

Since
hmin{2,p/} < hmin{Q,%} 7

the theorem is proven. [

4. The Fully Discrete Solution. In order to numerically compute an approxi-
mate solution for the generalized Stokes equations, we still need to get rid of the conti-
nuity in the time variable. Therefore, we start by dividing the time interval I = (0,7T)
in M equidistant intervals I, := (tn,—1,tn), n = 1,..., M, where ty = 0, t, = nAt,
and At = % For technical reasons, we assume At < 1. The discrete time derivative
is given by
gn _ gnfl
At
for a sequence (g")n—o,.. n of functions g" € L}(Q). Let f* € L?(Q2) be a suitable
approximation of f(¢,) to be specified later. The implicit scheme for the fully discrete
problem reads as follows: Given UY € V}, and f* € L?(Q) find U" € V},, n =1, ..., M,
as the solution of

dtgn =

(Un _ Un—l

A7 ,§h> + (S(DU"),D¢,,) = (£, €,,) for all &, € V3. (4.1)

4.1. Existence and Regularity for the Fully Discretized Solution. At
first we show existence of the fully discrete solution U™.
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THEOREM 4.2. Suppose f* € L?(Q), n=1,..., M, and U° € V}, satisfy

M
ALY (1172 (0) + I1U° 220y + IFDU)|Z20) < K. (4.3)

n=1

Then for every n € {1,..., M}, there exists a unique solution U™ € V}, of (4.1). If
At < a <1 we obtain

M
Sw U™ 220y + At Y [FDU")|72 ) < e(K, ) (4.4)
ne{l,....M n=1

uniformly in M and At.
PROOF :  The existence of U™ follows from Brouwer’s fixed point theorem. Setting
&, =U"in (4.1), we get, using also the definitions of S and F,

||U"||Lz @ ~ HU" HiZa (o) + IFDU)|[720) < |(£7,U),
since —(U", U~ 1) = L||[U"—U""~ 1||L2 @~ HU”HLz(Q 1[un- 1||L2 (). Summation
fromn=1,..,1, 1 €{1,..., M}, gives

!
U |[72q) + 24t Z [F(DU")[172 (0

n=1
l !
<[U°22q) + Atz 17172 () + Atz U120 -
n=1 n=1
Now, the discrete Gronwall lemma, see [24], shows

!
0|72 ) + 248 Z [F(DU)[172(q

n=1
A M
<o (7230 (A2 1 oy + 100

Since M = £ and g < (4.4) is proven with (K, o) = 2 exp(7-) K. Unique-

= 1-a a’
ness of U™ can be proven by a similar calculation. ]

4.2. Error Estimates. Now we show error estimates between the semi-discrete
solution wy,(t,) and the fully discrete solution U”. To this end, we first need to
establish an error equation. For g € L!(I), we define its mean-value on I,, by

In (4.1) we choose

as an approximate for f(¢,). This leads to
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PROPOSITION 4.5. Let Assumption 3.25 and Assumption 2.22 be fulfilled. More-
over, assume that ul € Vj, is given by (3.12). Set f" = £ and U° = ul. Then for
every n € {1,..., M}, there exists a unique solution U™ € V}, of (4.1) that satisfies

sup ||Un||L2(Q)+AtZHF DU")|[72(0) < c(K1,0)
ne{l,...,M n=1

provided At < a < 1. B
PROOF : By definition of fn, it is clear that

M M 1 M
AtZ”an%%Q) Z/ At/f(s)ds z < Z// s)[?dsdx < c(Ky).
n=t n=t In n=1g

Lemma 3.13 yields
h
[ugllz2 () + [FDug)| r2(0) < e(K1),

where we used the embedding W1P(Q) — L2?(Q2), which holds for p € [deQ,oo)
Therefore, the requirements of Theorem 4.2 are fulfilled and the proposition is proven.
]

For the error equation, we take the mean-value of (3.3) on I,, and subtract (4.1)
to get

(di(u} — U"),&,) + (S(Duy)" — S(DU"), D) = 0 (4.6)
for all §;, € Vi, n=1,..., M. Here we use the notation

up = uy(ty,), n=1,..,M.

)

As a first step, we state a preliminary result
LEMMA 4.7. Forn =1,..., M there holds

IF(Duy) — F(Dun) [|72(q) < At|OFDun)llias, 12(q)-

PrROOF : The fundamental theorem of calculus yields

IF(Du}) — FDuy) " |22 /‘][/a F(Duy, (7 des’ dz

" 2
g/‘ / 8TF(Duh(T))dT’ dz
Q tpoa

< (tn = tn1)[|O:F D) 721, r2(0))s

where we used Holder’s inequality in the last step. This proves the lemma. [

Now we are ready to prove the error estimate between the semi discretized solution
u} = uy(t,) and the fully discrete solution U™.

PROPOSITION 4. 8 Let Assumption 3.25 and Assumption 2.22 be fulfilled. More-
over, assume that ul € Vj, is given by (3.12) and let up, be the corresponding finite
element solution ensured by Theorem 3.17. Set f* =F ' and U° = ul. Then we have

M
e{slupM}HUZ —U"|[22(q) + At Y ||F(Duj) — F(DU")||7(q) < c(K1)(AL)?

provided At < a < 1.
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PROOF :  We choose £, = u}l — U™ as a test function in the error equation (4.6).

After rearranging the terms and using Lemma 2.12 and Lemma 2.15, we get
(d(ujy = U"),up — U") + |[F(Duy) — F(DU")|[72 (g
< ¢/(S(Du}) — S(Duy,)", Du} — DU")|

= c’][(S(Duh(tn)) — S(Dux(s)), Dui(t,) — DU") ds| (4.9)
In

< Ca][ IF(Duy(t,) — F(Dup(s))||72 () ds + &l F(Duy) — F(DU)|12q)
In

< c|F(Duy) — F(Duy) [[72(q) +¢lF(Duj) = F(DU")|[72(q).
In the first term on the left-hand side of (4.9), a simple calculation yields

1

n __ g U >
(di(u, —U"),uj U)_2At(|

[ufy = U[[72q) — Iy = U 72q)-

Taking this into account and choosing ¢ sufficiently small, we get from (4.9)

[uh = U Z20) = ;™" = U2 ) + At|F(Dujy) — F(DU")|[72 (g,

< cAt|F(Duy) — F(Dup) [[72(0) < c(A?||0F (Dun)lZ2 (s, 120

where we also used Lemma 4.7 in the last step. Now summation from n = 1,...,1,
taking the supremum over [ € {1,..., M} and taking (3.28) into account yields the
assertion. n

In order to link the continuous function u to the fully discrete function U™,

n=1,..., M, we define the piecewise-constant-in-time function

. U t=0
U(t) := ’
U", tel,n=1,..M.

Together with the results from the previous section, we get our main error estimate
THEOREM 4.10. Let Assumption 3.25 and Assumption 2.22 be fulfilled. More-

over, assume that ul € Vj, is given by (3.12) and let U™ be the corresponding fully

discrete solution ensured by Proposition 4.5. For p € [%, 2], we have

[u = Ul (1,22(0) + [F(Du) = F(DU)|| 21,120 < e(K1, K2, K3)h + c(K1)At,
and for p € (2,00), we have
A 2 2
[u—Ullpe(1,22(0)) + [[F(Du) — F(DU)||L2(1,2(0)) < c(K1, K2, K3)hv + c¢(K1)At,

provided At < a < 1.
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PROOF : Define f:=1,ifp e [%,2} and = % if p € (2,00). Let uy, be the finite

element solution ensured by Theorem 3.17. Note that the fundamental theorem of

calculus yields for t € I,

tn
2
un) = wn(ta) ey < [ | [ drun(roodr| do < 201, 1200
Q tnfl

This, Theorem 3.36, and Proposition 4.8 yield that

sup [lu — Ij”QL?(Q) < supllu— uh||%2(§z) + sup|juy, — UZH%%Q) + sup|juy — UHH%?(Q)
tel, tel, tel, tel,

< (K1, Ka, K3)h™? + (A2 0unlF o 1, 12y + (K1) (AL
Moreover, we have

|F(Du) — F(Dﬂ)Him,L?(Q))

M
< [F(Du) — FDup)l|Za 7 20y + D IFDun) = FOu)| 72, 12(0))

n=1

M
+ Z |F(Duy) — F(DUn)H%Z(zn,m(Q))
n=1
=L+ I+ Is.
From Theorem 3.36, we have
I < o(Ky, Ko, K3)h*°

and Proposition 4.8 gives

M
Iy = (ta — ta-1)|[F(Duj) = F(DU")|Z2(q)) < e(K1) (A1)

n=1

A similar argument as in Lemma 4.7 shows

M
=Y [ [IFDu(s) - FDu(t)) dods < (A0 Dw) (1 o0
Q

"=,

Altogether we obtain, also using Remark 3.27, the assertion of the theorem. ]
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