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Abstract

The paper is concerned with a zero-sum continuous-time stochastic differ-
ential game with a dynamics controlled by a Markov process and a terminal
payoff. The value function of the original game is estimated using the value
function of a model game. The dynamics of the model game differs from the
original one. The general result applied to differential games yields the ap-
proximation of value function of differential game by the solution of countable
system of ODEs.
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1 Introduction

Continuous-time dynamical games can be classified as differential games, stochas-
tic differential games and Markov games (or continuous-time stochastic games). For
each type the existence theorem for the value function is proved (see [2], [9], [12],
[25], [30] for differential games case, [5], [8], [16], [27] for stochastic games case and
[15], [32] for continuous-time Markov games case). Moreover, it is shown that the
value function solves the Isaacs-Bellman equation (see [10], [28] for differential games
case, [4], [5], [27] for stochastic games case and [32] for continuous-time Markov
games case). The aim of this paper is to provide an approximation of a solution of a
continuous-time dynamical game by a solution of a game with a different dynamics.

First this problem was considered for particular cases in [1], [19]-[23]. In [20]-[23]
the approximation of the value function of differential game by the value function of
stochastic differential game was constructed. In [19] (see also [I]) the continuous-time
Markov game describing the system of interacting particles with the finite number
of states is considered by examining the differential game corresponding to the limit
case when the number of particles tends to infinity. It is proved that if the strategy
is optimal for the limit game then it is near optimal for the Markov game.
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In this paper we consider the following problem: given two stochastic games
controlled by Markov processes associated with generators of Lévy-Khintchine type,
construct the strategy in the first game approximating the value function of the
second game. To this end we use the extremal shift first proposed by Krasovskii and
Subbotin for differential games [25] (see also [29]). In this case the design of strategy
relies on a model of the system. In the early works by Krasovskii and Subbotin the
model was a copy of the original system [25], [24]. Later it was considered the case
when the original system is governed by a delay differential equation and the model
is governed by a differential equation [22], [26] and the case when the original system
is governed by a differential equation whereas the model is described by a stochastic
differential equation [20]-[23]. In [I] the extremal shift is constructed for the case
when the original system is the Markov chain describing many particle interacting
system and the model is governed by a differential equation.

We construct the extremal shift for the first game using the second game as a
model. If the player uses this strategy, then her outcome is estimated by the value
function of the second game, the rate of the proximity of the original and model
systems and the rate of the randomness of the dynamics of both games. Thus, the
result is primary applicable for the case when either the original system or the model is
deterministic. We apply it for the case when the first game is a differential game when
the second game is a continuous-time Markov game. This yields the approximation of
the value function of the differential game by the solution of the system of countably
many ODEs.

The paper is organized as follows. In Section 2l we describe the examining class of
games, define strategies with memory and introduce the assumptions. In Section
we define the extremal shift for a continuous-time stochastic game controlled by a
Markov process associated with a generator of Lévy-Khintchine type and formulate
the main result of the paper concerning upper and lower bounds of the value function.
In Section ] we prove the main result. In Section [3l we recall the main notions of
the theory of differential games. Moreover we derive the near optimal strategies for
the differential game based on solution of the parabolic equation. Note that first
this construction was proposed by Krasovskii and Kotelnikova for pursuit-evasion
games [20]-[23]. In the last section we present the approximation of the value of the
differential game by the solution of the system of countably many ODEs.

2 Definitions and assumptions

For u € U and v € V let Lu,v] : C*(RY) — C(R?) be a generator of Leévy-
Khintchine type i.e.

Ly [u, v]p(x) = %<G1(t, z,u,0)V, V)p() + (f1(t, 2, u,0), V)o(2)

+ [ oo +4) = 9(0) — 4 Tole) Ly () 1.0,

Here B; denotes the unit ball centered at the origin, G'(¢,x,u,v) is a nonnegative
symmetric matrix, v (¢, z,u,v,-) is a measure on R¢ such that v'(t,z,u,v,{0}) = 0
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and

/ min{1, y*}v' (t, 2, u, v, -)dy < oco.
Rd

The parameters u and v are considered as controls of the first and second players
respectively. The classes of admissible strategies of the first and second players are
described below. Note that under some conditions the operator L} [u,v] generates a
stochastic process X (-).

The first (respectively second) player wishes to minimize (respectively, maximize)
Eg(X(T)). In the paper we approximate the value of this game using a solution of
a stochastic game with a dynamics governed by a Markov process associated with a
generator of Levy-Khintchine type

L, i) £ (G202, 0)V, Dp(a) + ((t,2,1,0), V(o)
+ [ o) = 9(0) = 0 Tole) Lt 0,

In the general case, L}[u,v] # L?[u,v].

To simplify the designations we denote by D, the Skorokhod space D([t, T], R%).
This set is endowed by the flow of o-algebras F,, = B(D([t,s],R%)). Here B(S)
denotes the Borel o-algebra on metric space S. Recall [3, Theorem 12.5] that

Ft,s = O'{(ﬂ'tl ..... tk)il(Al, .. 7AI<:) . t17 . ,tk € [t, S],Ah .. .7Ak C Rd},

where 7y, ;1 Dy — R¥ is a projection 7,4, x(-) = (x(ty), ..., z(t)).
To simplify the designations put

"tz u,v) ZG (t,x,u,v) —i—/ y|2v (¢, =, u,v, dy).
R4

Vit z,u,v) = fit,z,u,0) +/ yv'(t, z,u, v, dy).
R\ By

Note that the action of the generator L:[u,v] on the function = + (a,z) for any
constant a € R is equal to (a, b(t, z,u,v)). Analogously, if J,(x) = ||z — a||* then

Liu, v]¥q(z) = S (t, 2, u,v) + 2(x — a, b (t, 2, u,v)). (1)

Further, let A denote the set of functions o : R — [0, 00) such that «a(d) — 0 as
o — 0.

We assume that the sets U, V, the generators L!, L? and the function g satisfy
the following conditions

(L1) U, V are metric compact;
(L2) G%, f% i=1,2, are continuous function;

(L3) v, i = 1,2, are weakly continuous;



(L4) there exist functions af(-) € A, i = 1,2, such that for any ¢t € [0,7], z € R%,
velU,veV ' 4 4
”bl(ta SL’,U,’U) o b2<8, SL’,U,’U)H2 < Oéi(t - 8)7

(L5) there exist constants Mg and M{, i = 1,2, such that for any ¢t € [0,T], x € R,
velU,veV A ' A '
(2w 0)| < My (e, )| < A

(L6) there exist constants K%, i = 1,2, such that for any ¢t € [0,T], z,y € R%, u € U,
veV ' ‘ '
Hbl(t,:c,u,v) - bz@?%“?“)” < KZH'T - y”;

(L7) g is Lipschitz continuous with constant R;
(L8) (Isaacs condition) either
(1) forany t € [0,T], 2,6 €eR, u e U,v eV

: 1 _ : 1
Igglljl I;I}Ea\;(<£’ b (tv ZL’, u7 ’U)) - I;I}Ea‘gi ggg(ga b <t7 I’, u7 U>>

or
(2) forany t € [0,T), 2,6 €R, uecU,veV

. 2 _ . 2
min max(&, 0°(t, 2, u, v)) = maxmin(g, b°(t, , u, v)).

Note (see [I8, Theorems 5.4.2 and 5.5.1]) that under imposed conditions for each
to, initial distribution mg, controls u € U, v € V and ¢ = 1,2 there exist a filtered
probability space and an adapted process X satisfying Law(X (¢y)) = mg and for any
p €D

t
PX(0) ~ [ Lifu,olo(X(r))dr

to

is a martingale. Here the set D' is such that D' C C?*(R?) and CZ(R?)U{, }4era C D°.

Now we turn to the formalization of the game with the dynamics given by the gen-
erator L![u,v]. We assume that the players use randomized strategies with memory.
The following definition is inspired by the definition proposed in [14] p. 79].

Definition 1. Let ¢y be an initial time. A strategy of the first player on [to, T] is a
5-tuple u = (QY, FY, {F }seitor, o, Pg(_)) satisfying the following conditions

L (QY, FY {F}sepom) is a filtered space;

2. for each function z(-) € Dy wuyy is a {F }sepo,r-progressive measur-
able stochastic process with values in U, whereas Px(,) is a probability on
(QUv‘FUv {‘Fg}SE[tO,T])'

(s) for all s € [tg,t] then for any A € FY P;J(_)(A) = Pyl{_)(A) and
y()(9) PU(_)—a.s., s € [to, t];

3. if y(s)

T
ux(.)(s) =u ;.
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4. for any t € [to,T] the function (x(-),s,w) — uy.)(t,w) is measurable with
respect to Fy, @ B([to, t]) @ FL ;.

A strategy u = (QY, FY {F Yscito, 1), Ua(), Py(y) s called stepwise if there exists
a partition A = {{;}]_; of the interval [to, T] such that equality z(tx) = y(tx), k =
0,...,0 —1 implies that P,)(A) = P,)(A) for any A € F{/_; and ug()(s) = uy()(s)
for s € [0, ).

Note that the presented definition of strategy includes feedback strategies, and
randomized feedback strategies.

A strategy of the second player is a 5-tuple v = (Y, FV {FY }scto 1], Va() PX_))
satisfying conditions similar to the conditions of Definition [l with v, taking values
inV.

Definition 2. Let (tp,z9) be an initial position and let u =
(QY, FYUAFV Ysepor, ta, Pg(_)) and v = (QV,FVAFY Fector] Va()s PX_)
be strategies of the first and the second players respectively. A 5-tuple
(%, FX A{F Ve, X(+), P) is a realization of the motion generated by the
strategies u, v and the initial position (to, x¢) if the following conditions hold true.

L (X, FX {FX Ysepor) is a filtered space.

2. P is a probability on (Q,F, {Fs}sejtor]), where Q@ = QX x QU x QV, F £
FX@FleFY, F,2FXoFl o F.

3. X(+) is a {F,}sepo,m-adapted process on (€, F, {Fs}sejror)) with values in R,

4. X(tg) = xo P-as.

5. The process
t
p(X(1)) —/ Ly[u(r), v(m)|p(X (7))dr (2)
to
is a {Fs}sepo,r-martingale. Here uw and v are stochastic processes defined by
the rules

u(r,w®, W w")

lI>

UX(_7WX7WU,NV) (T, wU),

o(r, 0, w?,w")

lI>

UX(_7WX7WU,MV) (T, wv),

where (w®,wY w") € Q;
6. For any z(-) € Dy, and any random variable ¢’ on (QV, FYU, {FY}scpiom)
Eqy¢ = E((IX() = z()),
where ExU(.) denotes the expectation corresponding to the probability Pg(_).
7. For any z(-) € Dy, and any random variable ¢” on (QV, FV, {F) }septo)
E;¢" =E(("1X() = (),

where E;/(.) denotes the expectation corresponding to the probability PX_).
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Remark 1. If the strategies u and v are stepwise then there exists at least one real-
ization of the corresponding motion. To show this consider the set of times of control
correction {7;}?_ ;. The controls of the players are constant on each interval [r;, 7,4 1)
and they are determined only by values X(7p),..., X(7;). There exists a realization
of the motion on each interval [7;, 7;41]. Combining this realization one can construct
the realization of the motion on the whole interval [ty, T'.

Given the strategies u, v, the outcome is not defined in the unique way. The
values

J*(to, To, u,0) = sup{Eg(X(T)) : (05, F, {F }scioy, X (-), P) realizing a
motion generated by the strategies u and v and the initial position (tg, x¢)},

J(to, 2o, u,0) = inf{Eg(X(T)) : (%, F, {F }sep.), X (), P) realizing a

motion generated by the strategies u and v and the initial position (o, zo)}

are the upper and lower outcomes according to the strategies u and v. The upper
value of the game is
Val, (to, z9) = inf sup J* (o, u, v).
L

The lower value is equal to
Val_(to, x9) = supinf J,(zg,u, v).
b u
Obviously,
Val_ (to, l‘o) S Val+(t0, ZL‘Q).

Below we estimate this values using strategies based on the model of the game.

3 Extremal shift for continuous-time Markov
games

If A is a metric space then denote by rpm(A) the set of Radon probabilities on
A. If A is a compact then the rpm(A) is also a compact [31]. Below if x is a function
with values in rpm(A), ¢ € [0,7], B C A we write u(t, B) instead of u(t)(B). If
the function p takes values in rpm(U) (respectively, in rpm(V')) then it is called
generalized control of the first (respectively, second) player.

Definition 3. A function c; : [0, 7] x R? — R is said to be u-stable with respect to
the generator L? if

Loy (T, x) = g(x);

2. for any ¢,0 € [0,T], t < 0 there exists a filtered space (Q4¢, Ft9, {ﬁﬁ’e}sew})
such that for any ¢ € RY v €  one can find a {.7:5’9}86[t,g]—progressively
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measurable generalized control of the first player on [t, 6] Mz’i, a { j—;’e}se[t,e]-
adapted process Yt,’f with values in R?, and a probability ﬁgg on O such that
Ygtf(t) =¢ ﬁg;g—a.s., for any ¢ € D?

p(Y20(s)) ~ / / L2, ol (VEO (1)l (r, duo)edr 3)
t Ju
is a {ﬁﬁ’g}se[t,g]—martingale and

e (t,€) > Belen (0,Y7)(6)); (4)

3. for any random variable ¢ on Q0 dependence of Eéigb on ¢ and v is measurable;

4. for any ¢ € D? the function (&,v,s) — Eéigp(}/;f(s)) is measurable.

Here Ezi denotes the expectation corresponding to the probability ﬁgg

The proposed definition of u-stability generalizes the definition given by Krasovskii
and Subbotion for differential games. This is proved in Proposition [2] below. The-
orem [I] provides the estimate of the function Val, (ty,zo) by the wu-stable function
Cy.

To estimate the function Val_ (%o, xy) we will use v-stable functions.

Definition 4. A function c_ : [0, 7] xR? — R is v-stable with respect to the generator
L* if

L c_(T,) = gla):

2. for any t,0 € [0,T], t < 0 there exists a filtered space (ﬁt’e,?t’e, {?ZG}SGM})
such that for any ¢ € R% u € U one can find a {7—“’;’6}se[t,g]—progressively
measurable generalized control of the second player on [t, 6] uz’i, a {.T:Z’g}se[t,g]—
adapted process Yg’f with values in R?, and a probability Fé’i on 0" such that
Ygg(t) =¢ Fé’i—a.s., for any ¢ € D?

o220 = [ [ Bl ule ot (rduyar
is a {?Z’G}Se[t,g]—martingale and
e (1,6) <Ege(0.YL(0)):

3. for any random variable ¢ on "’ dependence of E?Z(b on ¢ and u is measurable;
4. for any ¢ € D? the function (&, u,s) Ezigp(Ygﬁ(s)) is measurable.
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—t,0 . . O A
Here Ezu denotes the expectation corresponding to the probability P;u.

Given a wu-stable function c; and a partition A = {t}]_, of the interval
[to, T we define the stepwise strategy tia = (QU, FYU, {FY }sctto11s () Pu(y) by the
rules ([@)), (@) (see below). To this end we need some additional notion.

If condition (L8)—(1) is fulfilled then put

w(t, z,& u,v) £ (z — f,bl(t, Z,u,0)),

otherwise, put
w(t, z, & u,v) = (2 — &0t €, u,v)).
For z,& € R? let w[z, £] and vz, €] satisfy the condition
t = mi t
%lea‘giw( lazagaul[zag]av) {Lnel[r]l%lég(w( l,Z,S,U,'U)

= I&%;(glelg}w(tla Z,S,U,'U) = Etneigw(tlazagauavl[zag])'

The functions (z,&) — wz,&] and (z,£) — vz, £] can be chosen to be measurable.
To define the strategy ua we construct a sequence of models of the game.

Definition 5. A 7-tuple (I, G, {gé}se[to’tl}, Pé(_), ﬂfv(_), @fv(_), Ylf(_)) is called a model of
the game for the partition A and the number [ if the following conditions hold true:

1. for each z(-) € Dy, Pé(_) is a probability on I, ﬂi(_) is a {G'}sepon)
progressively measurable generalized control of the first player, @i(_) is a

{gi}se[to’tl}—progressively measurable control of the second player, whereas Ylf(_)
is a cadlag {G!} et n-adapted process with values in RY;

2. Yl(_)(T), /:Liv(.)<7', ), @i(_)<7') depend only on x(t), . . ., #(t;) where t; is the greatest

T

element of A such that ¢; < 7;
3. for any k =0, and 7 € [ty, tps1)

4. Y!

2 (to) = z(to) P:i(_) — a.s., and for any ¢ € D?

(Y2 () — / s / L2, i ()] (Y ()i (7, dw)dr

is a martingale;

5. Efv(_)ch(tO, le(_)(to)) > ... > Efv(_)c+(tl, Ylf(_)(tl)), where Efr(_) denotes the expec-
tation corresponding to the probability Pi )"

Proposition 1. Assume that ¢, is u-stable with respect to generatort;. Additionally,
let A = {t;}]_, be a partition of [to, T]. Then for anyl =1,...,r there exists a model
for the partition A and the number [.



Proof. We construct the models inductively.
First, put Tt £ Qo gt £ Flohr Gl & Flohi For 7 € [ty, t,] set

Uy (7) = ol (to), 2(to)].

Put

ﬂalg(-)(Ta') = Mio(fol) (7)), Yac()( T) = Yt?’% 1(7), PI() Paf(()t(t)—)’—il

for v' = wvolz(ty), z(to)]. Obviously, (I'',G,{G }seprs tl],P() ux(), x(),Y;C()) is a
model at ¢!

Now assume that the model is constructed for the number [. Define the model
for [ + 1 in the following way. Put ‘! £ It x Qbtits,

gl+1 Y gi ® gIhtHI, s € [to, tl]
’ Gl FM s € (tti)
G2 G Now let z(-) € Dy,. For v € I, w € Qitier put

tir1

I+1 A ( )5 T € [to, 1),
f<><m’“’>‘{ ule < >Y )], T E [ tal.

Choosing v'*1(v) = v[z(t), Yl( )(tz, ), v (y) = Ygf(.)(tzﬁ) put

,ul+1(7' v, w ) A . tﬂfv(-)(Ta ’Y)a T € [toatl)a

U Wy (Tw), T € [t til,
l

YlJrl(T ~y )é . 3/:1:()<7-7 7)7 T € [t07tl)7

() ' llé'yl)fil“(v) (1,w), 7€ [t;,t111]

Finally, let m. ) be a probability on R? defined by the rule m ()(Z) £ Pml(_){fy el
le()(tl, v) € Z}. If AcT!, B e Qvl then put

=it
Py (Ax B) = /R P (A (0) = 2) P o (B (d2).
By construction the 7-tuple (I'*!, G {GIH Y v, PmlzL)l, l;(rl) [ﬂ;(fl), Af;(r% Yl(+)1) is a
model for [ + 1.

To define the strategy tia consider (I', G, {Gy }octo.t]5 Py Uiy By A;ﬂ,YZ())

that is the model of the game for the partition A and the number r. The strategy
U= (QV, FY {F Ysetto 1] tas Pﬁ_)) is defined by the rules

OVsTT, FURG, FRGL PHy = Py, (5)

for 7 € [t;,t111)
Ua(y (T, w") = wla(t), Y7 (4, w?)). (6)
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Below we use the following designations:

x 2 sup 161 (t, 2y, v) = b(t, @, u,0)]? (7)
te[0,7],z€R% uclUweV

O = s+ My + Mg, (8)
where constants Mg, Mg are introduced in condition (L5). Further, set
BE242K" 9)

In formula @) ¢ = 1 if (L8)—(1) is fulfilled and ¢ = 2 in the opposite case, K,
i = 1,2, are Lipschitz constants for functions = — b*(¢, z,u,v) (see condition (L6)).

Additionally, put
C & VTefT. (10)
Recall that the payoff function g is Lipschitz continuous with constant R.

Theorem 1. If ¢, is u-stable with respect to L? then for any (ty,xo) € [0,T] x R4
lim sup{J(to, 2o, fta, 0) : d(A) < 8} < ey (to, 70) + R cVe.

Corollary 1. If ¢, is u-stable with respect to L? then for any (to, zo) € [0,T] x R?
Val, (Lo, z0) < ¢t (to, z0) + R - CVO.

Corollary 2. If c_ is v-stable with respect to L? then for any (ty,xo) € [0,T] x R4
c_(to, o) — R- CVO < Val_(tg, xo).

The proof of Theorem [I] is given in the next section. Corollary [l directly follows
from Theorem [l To prove the Corollary [2it suffices to consider the game with payoff
function given by —¢ and interchange the players.

4 Properties of the model of the game

Let a 5-tuple (%, F*, {FX }serto,1: X (), P) be a realization of the motion for the
strategy of the first player tta and some strategy of the second player v, partition A =
{t;}}_; and the initial position (to, o). Recall (see Section [B)) that the construction
of the strategy ua relies on model at time ¢, = T (see Definition [Bl). Further, the
elements of Q = QX x QU x QV are the triples (w™,w?,w"). Recall that

u(t,w™, w¥ W) = U)((.MXMUMV)(t,wU), v(t,w™ WY W) = Ux(.7wX7wU’wV)<t,wV).

T

the definition of the strategy tia (see (Bl), (6)). For ¢ € [0,t"], A C U put

Let (I'", G", {G; }sctoti] Py Uy, ﬂ;(_),f}iﬁ, Y;(_)) be the model of the game used in

ﬂ(t, A, CUX, WU, wv) é ,[LTX(_’WX7wU7wV)<t7 A7 wU>7 (11)
@(t,wX,wU,wv) = @;((_,WX,WU7WV)(t7wU)a (12)
Y(t, CUX7 ij CUV> é Y)Z(.MXMU,wV)(t’ (,UU> (13)
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Lemma 1. We have that
1. Y(to) = z¢ P-a.s.;

2. for any ¢ € D?

(@) = [ [ 2w ooy ()it dws
is a martingale;
3. Bey(t, Y (t)) > Ecy (tirr, Y (ti41))-
4. forT € lttiir)
max @ (t, 2(8), Y (1), u(7),v) = max min (i, 2(t), Y (t), u, v)

el veV uelU
= minw(t;, z(t;), Y (t;), u,0(7)).
uelU

The proof of the Lemma directly follows from (@)—(13)), the properties of the model
of the game for the number r and the construction the strategy tia.
Lemma 2. There exist a function as(-) € A such that fort > s

E|[X () — X(s)[2 < My(t — 5) + aalt — 5) - (t - 5).

Proof. Since (2)) is a martingale, taking into account ([Il) we have that

g)
)

=E(E(fmemwﬂmwiaw@ww
E(lﬂﬂwﬂwvmwinW$Wm)

E|lX(1) - X(s)I = E (E (J1X (1) ~ X(s)]*

S

= IE/ [21(7, X (1), u(1),v(1)) 4+ 2(b(7, X (7),u(7),v(7)), X (1) — X(5)). (14)
Using condition (L5) we obtain that
E[IX(t) = X(s)]|* < (Mg + (My)*)(t — s) +/ E[| X (1) — X(s)|*dr.
Gronwall’s inequality yields the estimate

E[X(t) = X(s)|* < (Mg + (M})*)e"(t - 5).

Put M' & (M3 + (M})?)e”. Since

E|X(7) - X(s)l| < VEIX () - X(s)],
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we get from ([I4]) the following estimate

E||X(t) — X(s)||* < My (t — s) +/ M M'\/7 — sdr.
¢

Finally, put

2
as(6) £ gM}MQsl/?.

Lemma 3. There exist a function az(-) € A such that fort > s
E|[Y (1) — Y(s)|2 < M3(t — 5) + as(t — 5) - (¢ — ).
The proof of this Lemma is analogous to the proof of the previous Lemma and
relies on Lemma [Il and conditions (L1)-(L7).

Lemma 4. There exists a function €(-) € A such that

B[ X (tr1) = Yt P < [1X(0) = Y (@) I* (1 + Bltier — 1)
+ @(tlJrl - tl) + €<tl+1 - tl) . (tl+1 - f}l). (15)
Proof. We have that

IX (1) = Y () I = (X (1) = X (8)) — (Y (tigr) = Y (1)) + (X (82) = Y (8))”
= [ X (1) = X(@)I° + [ X (1) = Y@)IP + Y (i) = Y (0l
— 2 X (tr1) = X(0), Y (tir) = Y (8)) + 2(X (t0) — X (8), X (8) — Y (1))
= 2(Y (trr) = Y(1), X (t) = Y (8))
< X () = Y ()P + 21X (ter) = X @I + 20V (t1) — Y (1)
+ 2(X(tig1) — X (), X (8) = Y()) = 2(Y (lir) = Y (00), X (1) = Y (1))
Thus, by Lemmas 2l and

E[IX (tr1) = Y (tig) |
< 2E[|X (ts1) — X (0)II° + 2E[Y (ts1) — Y ()| + B X (8) — Y (t)|*
+2B(X (t) = X (0), X (1) = V(1)) = 2B(Y (tin) = Y (0), X (1) = Y (1))

< EX(0) = Y (@)lI* + 2(My + Mg + oty — 1) + oty — 1)) (e — 1)

+ 2E(X (t141) — X (1), X () = Y (t))) — 2E(Y (t101) — Y (t1), X () — Y (). (16)
Further, let us estimate E(X (t;41)—X (¢;), X (t,) =Y (t;)) and E{Y (¢t;11) =Y (¢;), X (¢;)—
Y (t;)). Since (2) is a martingale, using formula L} [u,v]{(a,z) = (a,b'(t,z,u,v)) we
obtain that

E(X (tr41) = X (1), X (1) = V(1)) = BE((X (141) = X (8), X (8) = Y (1)) F))

) _
_E (E ( L (), o(n)] (X (0) — Y (8), X (7) — X (8)) dr ftl))
E

:E/tHl(X(tl) —Y (), b (7, X (7), u(r), o(r)). (1)

=t[mmmwwvmxmwwwmxw—xm»m
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It follows from conditions (L4) and (L6) that for 7 € [t;, 41]

(X (1) = Y (1), 0" (7, X(7), u(7),v(7)))
< <X tl Y(tl),bl(tl,X(tl),u(T),U(T))>

+ §HX(tz) =Y (&) + KX (r) = X(@)[I° + aq(r — 1),
Thus, (I7) and Lemma 2] yield the inequality
E(X (t141) = X (t0), X (1) = Y (1))

< E/t - <X<tl> - Y(tl)u b1<tlv X(tl)v u(T)v U(T)»dT

+ %EHX(U) =Y (@)t — 1) + ca(tivr — 1) (tipa — 1) (18)

Here we denote ay(8) & K'[M3d + as(8) - 6] + al(§). Note that ay(-) € A.
Analogously, using Lemma [B] we obtain that

—EY (ti41) - (1) =Y (1))

< E/m/ () — 1Y (1), w, 0(7))) i, duw)dr

+ §EHX(’51) =Y ()P (trr — 1) + as(tirn — t)](ter — 1) (19)
Here aj(+) is a function from the set A given by the rule
as(0) = K2[MJ6 + a3(8) - 8] + o (9).
Combining (I0), (I8), (I9) and Lemmas 2] Bl we obtain that
E|IX (1) = Yty |IP < EIIX(0) = V(@)1 + (ter — 1))
+ (Mg 4+ M§ + €(tisr — 1)) (tsr — 1)
tl+1
vE [ / (1) = ¥ (t), 6" (1, X (1), (7). (7))
X(t) =Y (), 0 (1, Y (t), w, 0(7)))]fo(, dw)dr. (20)

Here
€(8) £ az(8) + as(8) + as(d) + as(6).

Now assume that condition (L8)—(1) is fulfilled. Taking into account condition (L6)
and definition of s (see (7)) we obtain that for all w € U

(X (t) =Y (1), b (tr, X (t0), u(7), 0(7)) = b*(t2, Y (1), w, 0(7)))
< (X () = Y (t2), b (ty, X (1), u(r),v(7)) — b (1, X (1), w, 0(7)))]
+(1/24+ KN X (t) = Y (t)||> + 5/2
= w(t, X(0), Y (t), u(r),v(7)) — w(t, X (&), Y (1), w, 9(7)
+ (124 KYHX (1) = Y (0)[° + /2. (21)
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If condition (L8)—(2) holds true the inequality (2I]) takes the form

(X (t) =Y (1), b (ts, X (1), u(7), 0(T)) = 0*(t, Y (1), w0, 0(7)))
< w(t, X(t),Y(t),u(r),v(r)) — w(ty, X(t;), Y (t;),w,v(r))
+(1/2+ K2)[IX () = Y(8)|* + 5/2. (22)

The statement 4 of Lemma [] yields that for any 7 € [t;,t,41), and any w € U
w(th X<tl)7 Y(tl)a U(T), U<T)> - w<tla X(tl)v Y<tl)7 w, ®<T>) <0.

This, (8), (20), the definition of 3 (see ([@)) and inequalities (21)), (22) imply inequal-
ity (I3). O

Proof of Theorem[. By Lemma @ we have
E|X (tir1) = Y (tie1) ] < " WE|X () = Y ()P + [0 + e(d(A)](trr — 1)
Therefore,
E|X(t,) =Y (t)|I* < " ElX (t) — Y (t0)[|* + ™[O + e(d(A))]T.
Taking into account statement 1 of Lemma [I] we obtain that
E|X(t,) - Y(t)]* < C*[O© + e(d(A))]

where the constant C' is defined by (I0).

Jensen’s inequality yields the estimate
E[X(t,) = Y(t,)]| < CVI[O + e(d(A))]- (23)
We have that
9(X(t) = g(Y (L)) + (9(X (&) = g(Y(Lr))) < g(Y (&) + RIX(Er) = Y ()]
Further, taking into account (23)) we get the inequality

I (to, o, Ua, 0) = Eg(X(t,) < Eg(Y(t,)) + RE[ X (t,) — Y (t)||
< Eg(Y (t,)) + RC\/[O + e(d(A))].
Statement 3 of Lemma [l yields the inequality
Eg(Y(tr)) = Eci(t, Y (t,)) < Ecy (to, Y(to))-
Since Y (t) = X (to) P-a.s., we obtain that
J(to, o, ia, 1) < ¢y (to, Y(to)) + RCA/[O + e(d(A))].

Since €(0) — 0 as § — 0, we get the conclusion of the Theorem. O
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5 Value function of differential game

In this section we consider differential game with the dynamics given by
d
@x(t) = Ut 2(t),u(t),v(t), t€0,T], xR wu(t)eU, v(t)eV. (24)

This equation corresponds to the generator

Lilu, vlp(z) = (f1(t, z,u,v), V(). (25)

As above the variable u (respectively, v) stands for the control of the first (respec-
tively, second) player. The aim of first (respectively, second) player is to minimize
(respectively, maximize) the payoff function g(x(7T)).

Let

Ulto] & {u: [to,T] — U measurable}, V[t] £ {v: [to,T] — V measurable}.

The set U|to] (respectively, V[to]) is a set of open-loop strategies of the first (respec-
tively, second) player.

We assume that the function f! is continuous, bounded by M}, Lipschitz con-
tinuous with respect to = with the constant K'. Additionally, we suppose that the
Isaacs condition is fulfilled, i.e. for any ¢ € [0,T], z,& € R?

. 1 o : 1
min max(¢, f°(t, z,u, v)) = maxmin(¢, f(t, z,u, v)). (26)

We use the feedback formalization of differential games proposed by Krasovskii
and Subbotin. Let p : [0,T] x R? — U be a function, (ty, o) be an initial position,
and let A = {t;}]_; be a partition of the interval [to,T]. We say that the strategy
u= (Y, FYAF Ysettorr)> (), Pry.y) belongs to the set Uy, oo ap] if for any z(-) € Dy,
satisfying z(tg) = zo and WY € QY 7 € [t;, t141)

() (T, 0") = p(t, (1)),

Note that the elements of the set Uy, ,, o are stepwise deterministic strategies. Ad-
ditionally, if (¢, z0) € [0,T] x R, u € Uy, 4.a[p], v € V then the outcome

J(to,l‘o,l,l, U) = J*<t07x07u7 U) = J*(to,l'o,u,v)

is well-defined.

Analogously, we say that the strategy v = (QV, FV, {F} }eepro,1], V(s V() I8 an
element of the set Vi, ., alq] if for any z(-) € Dy, such that z(ty) = zo and ¥ € QV,
T € [tl,tprl)

vy (1, w"Y) = q(t, ().

As above, for any (tg, 7o) € [0,7] x RY, v € V, alg], u € U the outcome
J(t07 To, U, U) = J*(t07 To, U, U) = J*(t07 Lo, U, U)
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is well-defined.
Krasovskii and Subbotin proved that there exist functions p* : [0,7] x R — U,
q*:10,T] x R® — V such that

lgimsup{J(to,xo,u v) 1 u € Uy zoalp’], d(A) < 5,0 €V}
= lgirolsup{J(to,xo,u,v) 1w € Uy zpalpl, d(A) <5, v e V,pe U[07T]><Rd}

- lgﬂ)l sup{J(to, xo,u,0) : 0 € Vi . Alg"], d(A) < 6,u € U}
— lggl sup{J(to, xo,u,0) : 0 € Vy o alg], d(A) < d,u €U, q€ V[O,T]de}
= Val(th:L‘O)-

Here B4 stands for the set of functions from A to B.

Note that the value function Val can be defined using nonanticipating strate-
gies [2]. This formalization is equivalent to Krasovskii-Subbotin approach [28].

The function ¢ : [0,T] x R? — R? is Krasovskii-Subbotin u-stable (see [25]) if
cy(T,z) = g(x) and for any t,0 € [0,T],t < 0, £ € R, v € V there exists a weakly
measurable function 7 +— [Lz’i(T) € rpm(U) such that for yéi() satisfying

d t
TR VO RO ACT N HORY: 27)

the following inequality holds true

e (t,€) > ci(0,545(0)). (28)

Recall [25] that if ¢, is Krasovskii-Subbotin u-stable then there exists a function
p:[0,T] x RY — U such that

1;1{)1 sup{J(to, o, u,v) : u € Uy zo.a[p], d(A) < §,v € V} < cy(to, o).

In addition, [28, Theorem 6.4] states that ¢, is Krasovskii-Subbotin u-stable function
if and only if ¢, is a minimax (viscosity) supersolution of the Hamilton-Jacobi PDE

dc
5 +2n€1[51151€z%3<(Vc f1 (t,z,u,v)) =0, c(T,x)=g(x).

The link between Krasovskii-Subbotin u-stability and the notion of wu-stability
with respect to the generator introduced in Definition [Blis given in the following.

Proposition 2. If ¢, is Krasovskii-Subbotin u-stable then cy is u-stable with respect
to the generator L* = (f*(t,z,u,v), Vi(z)).

Proof. Let t,6 € [0,T]. Put Q4 £ D([t, ), U). Let F40 2 B(D(]t,s],U)) be a
filtration on Q¢ and let 74/ £ F;. Put Yt o y5 Note that Yte is a deterministic

process. Finally, let P be an arbitrary probablhty on Q. Formula ([27) yields that
the process (3) for Lj[u vjp(z) = (f*(t,z,u,v),Vp(x)) is a martingale, and the
equlity Y'if (t) = . Finally, inequality (28] implies (4)). O
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The notion of Krasovskii-Subbotin v-stability is defined in the same way as u-
stability. For v-stable functions an analog of Proposition 2l is also fulfilled.
Now we consider the case when the model system is given by a stochastic differ-
ential equation.
Proposition 3. If 1, is a solution of
00 4 minmax(V, £1(t,2,u,0)) + G A =0, U(T.2) = g(z)
—— + min max T, U,V — = x) = g(x).
8t UEU 'UEV ) ) Y Y 2 ) Y g

then 1, is u- and v-stable with respect to
2

L2u,vlp(x) = (Voo (), (.2, u,0) + 5 - Do),

Proof. Put Q40 & C([t,0),RY), Ft* = B(C([t,0],R%)), F** 2 Fp’. Let PYY be a
Wiener measure on Qt’e.

Further, for the constant second player’s control v € V' consider the control prob-
lem for the stochastic differential equation

dY (1) = f{(7, Y (7),u(r),v)dr + odW (1), Y(t)=¢ (29)
on time interval [¢, 0] with the payoff functional given by Eé’iwa (0,Y(9)).
By [17] there exist a control uzi and a function p: [0, 7] x RY — R such that
2

0
o Hmin(Vo St )+ T 0p =0, p(0.2) = (0, )
and for Y 9(.) satisfying [29) with u = ug the inequality

p(t,€) > B p(0,YE0(9)).

Using the comparison principle for parabolic equations (see, for example [13, The-
orem 1.16]) we obtain that

Uolt,€) > plt,€) > B p(6, Y (8)) = ELw (6, Y1 (6)).
To prove the u-stability of the function 1, with respect to L? it suffices to put

~t,0 A 5
£U gv

where ¢, denotes the Dirac measure concentrated at z.
The v-stability of v, is proved in the same way.

O

Theorem [, Corollaries [, Bl and Propositions 2, B imply the following for C; £

CVd.

Corollary 3. Let ua be a stepwise strategy constructed by (3) and (@) for ¢y = 1,.
Then
1}?61 sup{J(tg, xo, tia,v) : d(A) < 6,v € V} < 4, (ty,x0) + RCyo.

Corollary 4. |Val(tg, xo) — 1y (to, x0)| < RCio.

Remark 2. Corollary M provides the rate of convergence for the vanishing viscosity
approximations of Hamilton-Jacobi PDE. This result corresponds to [6, Proposi-
tion 3.2].
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6 Approximation of differential game by Markov
games

Given a differential game with dynamics (24) define the Markov game in the
following way.

Let h be a positive number, f(¢,z,u,v) = (fl(t,z,u,v),..., fA(t,z,u,v)) and let
e’ denote the i-th coordinate vector. Put

e, fHt, x u,v) >0,

(]

Xi(taxauvv) = _eiu fl(t Z,U U) < O

)

0, fi(t,z,u,v)=0.
For A C R¢
1 n
VQ(t7 r,u,v, A) é E Z |fl(t7 T, U, U) |5hXi(t7x7u7v) (A)
i=1

Recall that 6, denotes the Dirac measure concentrated at z.
Further, define

Lifunlpta) 2 [ [p(o-+9) = pla)l(ta.u, 0.y

Z ot 2, ) (a:—l— hyi(t, z,u,v)) — <p(:v) (30)

h

This generator corresponds to the continuous-time Markov chain on hZ? with the
Kolmogorov matrix

L %|fi(t7dx7u7v)|a y:x+hXi(t7$7u7v)a
my(t7u7v) = _% i:1|fi(t7x7u7v)|7 r =y, (31)
07 y#xu y¢x+hxi<t7x7u7v)u

The value function for the game with the generator L? defined by (B0) provides the
upper and lower bounds for the value function of the differential game.

The following system of ODEs is the Isaacs—Bellman equation for the Markov
game.

Z|f (1,2, ) B it 2w 0) = ()
Z h

&t )y

= O’

m (T.x) = g(z) (32)
where z € hZ? is a parameter.
Proposition 4. There exists an unique solution of (33).

Proof. We consider system (32)) as a differential equation in the Banach space

M ={o:hZ"* — R with ||o||m < 0o}
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where

el = sup A2
vehze I+ ||z

First let us show that if ;" solves (B2) then ;" (¢, -) belongs to M for any ¢ € [0, T).
We have that

+ T [+ + ‘
L L. R LS L ST
htllell = Bt A F it el

Since 2(h + [|z||) > 2h + [|z|| > h + ||z + hx;(t, z,u,v))]||, we get the inequality

T
7w (£ )l < Mg (¢ )HM+3dM11/ [l (7, ) |
t

From Lipschitz continuity of the function g and Gronwall’s inequality it follows that
for t € [0, T
I ()l aa < o0
Thus, if 7, solves [B2)) then n; (¢,-) € M
Define the mapping H : [0,7] x M — M by the rule

(:L’ + hxi(t,x,u,v)) — g(:z:)

HIt, o](z) _mmmaXZ|fZ (t,z,u,v)

uelU veV h
Consider the boundary value problem
d
St =t oltl], elTl(x) = g(2). (33)

We have that the function H is continuous and Lipschitz continuous w.r.t. o. Indeed,
fort,s € [0, 7], 0,0, 0" € M

1#[t, o] — Hls, olllae < 3aq(t = s)llellam, [H[E o] = H[t, "]l < 3M{[ld" = 0" ||
Hence, by [7, §1] problem (B3] has an unique solution o*[].

Put 7, (t,x) £ o*[t](x). The function 7; is an unique solution of (32). O
Theorem 2. There exists a constant Cy determined by the function f! such that if
ny is a solution of (32) then for ty € [0,T], xo € hZ4

|Val(to, 29) — 1 (to, 20)| < RCoVh. (34)

Proof. First, let us show that 7,7 is an upper value of the Markov game with the
Kolmogorov matrix defined by (31). If u and v are strategies of the first and second
players respectively then denote the upper outcome in the game with the generator
L? given by [B0) by Z*(to, zo,u, ).

Let u = (QU, FY {F}sctor) ta(, Pg(_)) be a strategy of the first
player.  Consider the following counter-strategy of the second player ofu] =
(QV, FY AFY Ysettor), Vo), PX_)), where

aOv=2QY FYEFY FIEF] Py = Py,
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Ug(-) (t, wU) £ @x(t, Uy () (t, wU)),

d

v, (t,u) € Argmax {Z FHE (), w, ) (tx(t) s v € v} .

i=1

Note that the Markov chain generated by the pair of strategies u, v[u] corresponds
to the controlled Markov chain with the Kolmogorov matrix Q% (¢, u, Uy (t, u)).
Using dynamical programming arguments [11, Theorem 8.1] we obtain that

min max Z*(tg, zo, U, 0) = min Z*(¢g, zo, u, 0[u})
u 1Y u

S I*<t0, Zo, u*, 6[11*]) = 77;(150, SL’Q), (35)

. . . . % *,U
where u* = (Q*V, F=U {fs’U}se[tovT}’um(-)’Pﬂf

(y) is such that

d
* % : 7 + .
Uy () = u™(t,z(t)) € Argmin {I}}lea‘;( ;1 [t zu, o) (t ) - u e U} :

Further, consider the controlled Markov chain with the Kolmogorov matrix

h,(t,u*(t,x),v). This system corresponds to the case when the first player uses
the strategy u*. Using dynamical programming arguments once more time we obtain
that

min max Z*(tg, o, U, v) = max Z*(tg, g, u", v)
u v v

> T*(to, o, u*, 0[u*]) = n) (to, 7). (36)

Combining (B5) and (B8] we obtain that 7;" is an upper value function for the game

with the generator defined by (30).

Now let us show that n, is u-stable with respect to L? given by (B0). Let ¢,6 €
[0,7],t < 6. We have that if the initial position of the Markov chain with Kolmogorov
matrix (BI]) belongs to hZ? then the state of this Markov chain belongs to hZ?. Put

G40 2 D1, 0], K2, F0 2 BD([,5) h2t), F0 2 Fo,
For a given v € V, £ € hZ?, w € Q4 put
“2(3) (1,w) = u* (1, w(7)).

Further, let ﬁgi be a probability of the Markov chain with the Kolmogorov matrix

b (Tou*(T,x),v). Let YZ’f(T) be a state at time 7 of the Markov chain starting at

(t,€). This means that for any ¢ € D?
VL) ~ [ k). el ar
t
is a martingale. The dynamic programming principle yields that
i (4,€) > B (0, Y2 (0)).
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Setting
~t,0 A 5

== t,0
£7U ug’v

we obtain that the function n is u-stable with respect to the generator L? given

by (B0).
Using (7)) and (L5) we conclude that for the generators L' and L? given by (2H)
and (B0) respectively

»x =0, M& =0,
Mg = sup / Y2 (t, @, u, v, dy)
te[0,7],zeR4 uclU,weV JRE
d
— s St ) < @M.

te[0,T],xeRe,uclweV ;.
Hence, Corollary [ yields the inequality
Val(to, l‘o) S 7’]2—(750, IL‘Q) + RCQ\/ﬁ (37)

for any (ty, 29) € [0,T] x hZ, and the constant Cy = d**(M})'/2C, where C'is defined
by (@0).
Now we shall prove the following inequality

’f]]—l_ (to, IL‘Q) S Val(to, l‘o) + RCQ\/E (38)

Consider the generators L[u,v] = L2[u,v] and L2[u,v] = L[u,v] where L' and L2
are determined by (25) and (B0) respectively. We have that the pair of generators
L' and L? satisfies conditions (L1)—(L8). Note that in this case condition (L8)—(2)

is fulfilled (see (26])). The function Val is u-stable with respect to the generator L?
(see Proposition 2)). Since 1, is an upper value function for the Markov game, using
Corollary [[l we get inequality (B38]).

Combining ([B17) and [B8) we get inequality (34). O
Corollary 5. Forty € [0,T], xg € hZ?

|Val(to, z0) — 5, (to, z0)| < RCyVh.
Proof. To prove this Corollary it suffices to interchange the players and replace the
payoff function with —¢ in Theorem O
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