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SPECTRAL ANALYSIS OF A COMPLEX SCHRODINGER
OPERATOR IN THE SEMICLASSICAL LIMIT

YANIV ALMOG AND RAPHAEL HENRY

ABSTRACT. We consider the Dirichlet realization of the operator —h2A + iV in
the semi-classical limit A — 0, where V is a smooth real potential with no critical
points. For a one dimensional setting, we obtain the complete asymptotic expan-
sion, in powers of h, of each eigenvalue. In two dimensions we obtain the left
margin of the spectrum, under some additional assumptions.

1. INTRODUCTION

We consider the operator

(1.1a) An = —h*A +iV
defined on
(1.1b) D(A,) = Hy(Q,C) N H*(Q,C),

where ) is a bounded domain in R2.

We seek an approximation for inf Reo(Ay) in the limit A — 0. The domain €2 is
smooth, i.e., 9Q C C? and the potential V is at least in C3(Q, R). Let 92, denote
a subset of 92 where VV' L 0f). Note that in view of the continuity of V' on 0f2,
we must have 9Q, # (). Let o € 0, satisfy

Cm = |VV(20)| = Ire%i& IVV (z)].
Denote by S the set
(1.2) S={xc0Q, : |VV(x)| =|VV(xg)|, V(z)=V(zo)}.

(Note that in the case where z is not unique, S depends on the choice of zy.) For
every x € S set

c(x) =VV(x) v(z) = +ep,
and

a(z) =t- D*V(x)t — m(m)g—‘:(x) t-v(x)=0, |t| =1,

where v is the outward normal and k denotes the local curvature. (Note that
a = 9?V/ds* where s is the arclength on 9€).) We now assume that

(1.3) a(x)e(x) >0 VreS.

Without any loss of generality we may then assume a(z) > 0 in S, otherwise we

may consider A, instead of Aj,.
1
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The spectral analysis of (LI)) has several applications in Mathematical Physics,
among them are the Orr-Sommerfeld equations in fluid dynamics [12], the Ginzburg-
Landau equation in the presence of electric current (when magnetic field effects are
neglected), and the null controllability of Kolomogorov type equations [6]. In [3] [10]
it has been established that

(1.4) lim inf %3 inf Re o (A) > Mci{f* :
h—0 2

where g4 is the rightmost zero of Airy’s function [I].

We note that (I4)) has been obtained without the need to assume (L3]). In the
present contribution we seek an upper bound for inf Re o (A). It is to this end that
we make that additional assumption. Our main result is the following

Theorem 1.1. Let Aj, denote the Dirichlet realization of a Schrodinger operator
with a purely imaginary potential V € C3(Q,R), satisfying VV # 0 in Q, given by
(Td). Suppose that V' satisfies (L3). Then, there exists A(h) € o(Ay) satisfying

(1.5) A — iV (x0) — ™3| (cmh)?? — V2ae'ih| ~ o(h) ash — 0,
where o = a(xy) .
An immediate corollary follows

Corollary 1.2. Under the above assumptions we have that

(1.6) lim h~%3 inf Re o (Ap,) = Mcﬁ{?ﬁ :
h—0 2

Remark 1.3. While we do not prove that here, it appears that ([LE) can be extended
to higher dimensions. Let DﬁV denote the Hessian matriz of V' with respect to a
local curvilinear coordinate system defined on 0 (including, of course, curvature
effects). Suppose that DﬁV(w) is either positive or negative. Then, we set o in the
following manner

a(x) = sign (DﬁV(a:)) inf |t- DﬁV(az)t| :

t-v(z)=0
[t|=1

and assume ([L3) once again.

Remark 1.4. Let AY denote the Neumann realization of Aj,. By using the same
techniques as in the sequel, one can obtain an upper bound for inf Rea(AY). In this
case, py will be replaced by the rightmost critical point Airy’s function.

Finally, we note that it has been established in [I0] that for all € > 0 there exist
positive M, and h, such that for all A € (0, h.) we have the following upper bound
for the semigroup assciated with —Ay,

le™ 4| < Me exp{—(ci/*|uil/2 — )n*t} .
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From (L) we can now establish that for some positive M, C' and hq the following
lower bound for the semigroup holds for all A € (0, hg)

le™ 4| > M exp { - ﬂi“@h?/?)(l + Ch1/3)t} .

The rest of this contribution is arranged as follows: in the next section we consider
a one-dimensional version of (LLI]). Assuming that V' € C*°([0, a],R) we obtain the
complete asymptotic expansion, as h — 0, of any eigenvalue A\, € o(A;) (k is fixed
in the limit). In SectionBlwe construct the quasimode associated with the eigenvalue
given in (L)), and in the last section provide a rigorous proof of Theorem [Tl

2. THE ONE-DIMENSIONAL CASE

2.1. Statement of the results. Let @ > 0 and V € C>([0,a]; R) such that V has
no critical point in [0,a|. Consider then the one-dimensional Schrédinger operator
Ay, defined on (0,a) by
o &
A, =—h = —H(V — V(O)) ,
with domain

D(Ay) = H}([0,a],C) N H?(]0,a],C).

The main result we prove in this section is the following:

Theorem 2.1. Assume that, for all x € [0,a], V'(x) # 0. Then, for alln > 1,
there exists a complex sequence (a; ) >1 and an eigenvalue \,(h) € o(Ayp) such that,
as h — 0,

+oo
—2/3 ~ pOiT/3|7/7 2/3 - 1,25/3 00
(1) BN~ VO Y g h 4 O

j=1

where o is the (constant) sign of the function V.

Similarly, one could also prove the existence of another sequence (v,,(h))n>1 of
eigenvalues satisfying an asymptotic expansion of the form

(2.2)
+oo

va(h) ~ i(V(a) = V(0) = a) + eV (@) PP 22+ 8i,nh®THD 4 O(h™)
—0 =

by applying the transformation # — a — x. Similar results have previously been
obtained in the particular cases V(z) = x and V(z) = 22, see [12] and [6].

Remark 2.2. Theorem [Z1] esablishes existence of two sequences of eigenvalues of
Ay, respectively obeying 210) and (Z2). The fact that these sequences constitute
the entire spectrum of Aj, for ReX < Mh?/ for any positive M follows from [10,
Proposition 6.1].
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Let ¢ = h?/3. It is more convenient to obtain the spectrum of A, by first applying
the dilation operator U : L?(0,a) — L?(0, a/c) defined by

(Uu)(-/) = u() .

Let

V(ex)
pant

Then by applying the above dilation we obtain

Ve(z) =

| V(0)
(23) EU AhU_AE__E—i_Z(E_? s

defined on
D<~A€) = (Hé A H2)(<07 a/g), (C) :

2.2. Quasimode construction. In the following we construct quasimodes and ap-
proximate eigenvalues for A, in the neighborhood of the boundary point z = 0. In
particular, we obtain the asymptotic expansion (Z1]) for each approximate eigen-
value.

Proposition 2.3. Assume that, for all x € [0,a], V'(z) # 0. Letn > 1 and o
denote the sign of V' . Then there exists 1. € D(A.) and a complex sequence (v;),>2
such that

(2.4) [(Ac = v(e))e|| = OE®)ee]l,

where
+o0

(2.5) v(e) = e BV 0) P un] + ) v + O(e)
j=1

ase — 0.

Proof. We approximate A. at any order N by the operator

N
AN(e):A0+ZVj5j on (0,+00),

7=1

where
Ay = a2 +ifox, Bo=V'(0),
. ; v @+ (o .
‘/}:’LﬁjfL‘j+1, Bj:TU(!)’ ]EN

Then, for all N > 1, we look for a quasimode u” (z, ¢) and an approximate eigenvalue
AV (e) in the form

N N

(2.6) uN(z,e) = Zuj(a:)ej, M(e) = Z Ajel

Jj=0 J=0
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satisfying
<A0+Zv5ﬂ) (z,8) = AWV ()N (2, ¢) + O(ENH).

To this end, we need to successively solve the following equations:

(Ao—)\o)uo = 0,

(Ao —Ao)ur = —(Vi— A1)uo,
(2.7)
k
(2.8) (Ado—Xoyur = =Y (V= Nup—j, k=1,...,N.
7=1

Consider the first equation. If gy > 0, we can use the scale change x — Bé/ 2 and
the well-known properties of the complex Airy operator [3] to obtain

{51/3u e 23 e N},

where p,, denotes the n-th zero of the Airy function Ai. The associated eigenfunc-
tions are

x> Ai(ﬁol/gei”/ﬁx + fn) -
If 5y < 0, then the operator A is the adjoint of —% +i|Bo|x . Hence,
o(Ag) = {|Bo]"Ppne™ ™ :n € N},

and the eigenfunctions are given by

x s Ai(BY e /on + py) .
Therefore, for any fixed n € N, we choose
(2.9) Ao = Aom = |Bol "/ e ™2,
and ug = up, to be a corresponding eigenfunction.

Next, consider the second equation. To ensure the existence of a u; , we first select
A1 such that

(‘/1 — )\1)’&0 € Im (AO — )\0) = ker(AS — 5\0)l
Since ker(Aj — Xg) = (ty) we may conclude that

(2.10) )\1/ uo(x)zdx:iﬁl/ 2 ug(z)dr .
R, Ry

Furthermore, as uo(z) = Ai(8y ™ Sx-+1,) (vespectively ug(x) = Ai(By/*e™/5x + )
for By > 0 (respectively Sy < 0), Cauchy Theorem and the decay of Ai in the sector
{|arg z| < 7/3} immediately yields

/ ug(z)*dr = ei”/6/ A2(BY 1+ pn)dz # 0.
Ry

Ry
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Thus, we may select

Jo. TPuo(z)dz

e, wolz)?dx

and there exists u; € D(Ap) such that

e, 2 A28 + py)da

2.11 A = if
B e o, AP + )iz

_ ,L'/Ble—iﬂ/?)

(AO — )\0)’&1 = —‘/1’&0 .

Assuming that the first & equations are solved by Ao, ..., Ap_1, Ug, ..., Up_1, We
have to choose such A so that a solution wuy to the (k 4 1)-th equation exists. It
easily follows that the solvability condition is

k
= > (Vi = Auny € ker(A5 — Xo)*,

j=1
yielding
(2.12)
1 k—1
A= +——— / i30T — XN )i (2)u xderiﬁ/ oF g (z)?de | .
k ‘I’R+u0<x>2dx (]Zl R+( J J) k J( ) 0( ) k R, 0( )

For this value of Ay, there exists u, € D(Ap) satisfying (Z8). Invoking inductive
arguments, we assume that each function wy, ..., ur_1 is in S(Ry). Then, it easily
follows that u, € S(R;). We can then set u(x,¢) and A(e) to be some appropriate
Borel sums of the formal series > u;(z)e? and > \;e? | respectively.

We now construct from u(-, ) a quasimode satisfying the desired boundary con-
ditions. Let ¢o > 0 and x € C§°((—co,o); [0,1]) be such that x(y) = 1 for all
y € [—co/2,c0/2], and such that x’, x” are bounded. We set

xe(z) = x(e' 7).

Then, for p = 1,2, we have

(2.13) R, N Supp xP C [coe” /2, coe? Y],
and
(2.14) sug ‘Xgp) (SL’)‘ = O(spu’p)) )

Te

We next define
Ve(2) = 1r, (2)Xe(2)u(, €) .

Then, we write
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where Ry denotes the remainder term in the (N + 1)-th order Taylor expansion
of V near z = 0 (so that e 'Ry 1(ex) is of order O(eVF1)).

Then, we have

(2.15) (A8 — )\(6))@/)5 =X (AE — A(e))u(-,e) + [A-, xe|u(-,e) .

We seek an estimate for both terms on the right-hand side. Consider the first term,
for which we have
(2.16)

e (A = A(e))u(- )| < +||eT Ry (e, Jul- )| -

(AO + Z Vel — A(e)) u(+,€)

By the construction of v and A, the first term on the right-hand side is of order
O(eNT1). Furthermore, there exists ¢y > 0 such that

(2.17) e " Rysa(e)u(- o)|| < ene™ 2V 2u(- e)|| = O™,

where we made use of the fact that u(-,e) € S(R). Therefore, there exists Ky > 0
such that

(2.18) [xe (Ae = A(e))u(-e)|| < Kne™ .

Consider, next, the commutator term in (ZIH). Since u(-,¢) € S(R), ([ZI3) and
(Z14) yield

(2.19) 1A, xelu (-, o) < 2[x20aul-, )l + [IXZul, 2)[| = OE™)|vel| -
Finally, by (215), (2I8) and (2.I9), we have
(A = Ae))el| = O™l

2.3. Proof of Theorem [2.7l Once the quasimodes associated with the approx-
imate eigenvalues (2.I]) have been found, it remains necessary to prove that such
eigenvalues indeed exist in o (Ay,).

Lemma 2.4. Let n € N and )\, be given by the expansion ZI). Let X\ = \, + re®
where 6 € [0,27). Then for a € (1,4/3), there exist § > 0, €9 > 0 and C' > 0 such
that for any e € (0,20) and r satisfying e < r < 0, we have

(220) A=< S

Proof. Let f € L*(0,a/¢) and u € D(A.) satisfy
(2.21) (Ac = Nu=f.

Let y. satisfy
=1



8 YANIV ALMOG AND RAPHAEL HENRY

and

(2.22) sup [Vy(z)| = 0(e").

z€R
Taking the inner product in L?(0,a/¢) of ([Z2I) with Y?u we obtain from the real
part
IV (Xew)ll2 = Re (e, Xef) + [uVXell3 + Re Allxeull3.

Hence,
(2.23) IV(xeu)ls < C (e P IXefll2 + IXculla + ' llulls) -

From the imaginary part of the above inner product we obtain that

(Xe(Ve = e7'V(0))u, Xeu) = Tm (Xeu, Xe f) + Tm (V(xeu), uVXe) + Im Al xeul3

Since
min |x.(V. — e 'V(0))| > Ce ™,
z€(0,a/€)
We obtain that
I=ull3 < Ce' P [lI%eull3 + 1% f113 + 22V (Rew)||3 + [Jull3] -

With the aid of ([2.23)) we then obtain

(2.24) IXeulls < C=2(ulla + |1 £12)-
We next seek an estimate for ||x.ul|2. To this end we write
: V(0)
(2.25) (A0 = N (xew) = xef —i(Ve = —= = foz ) xeu+ [Ac xeJu.

Denote by v,, the eigenfunction of A, associated with the eigenvalue €™/ 3601/ 3 . For
any g € L*(0,a/e) let

.9 = (Un, 9)v, -
Let further

wy, = (I —1I1,)(xeu) -
By ([2:20) we easily obtain that
. V(0)
(Ao = N = (1 = T) (xef = i(Ve = =27 = Aoz ) xeu + [As, xeJu)

By the Riesz-Schauder theory for compact operators (cf. [2] for instance) we have
that

1L,
(AQ — )\)_1 — T )\O —+ Tn()‘) s

where T),(\) is holomorphic, and hence bounded, in some fixed neighborhood of
Ao.n. Consequently, there exists C'(n, 5) such that [|(4g — A\)~}(I —II,,)|| < C, and
therefore,

ke < €| (xef = i(v: = P2 — ) e+ [Ae )|

<o(it+ || (v~ T ) e

|+ cJuls)
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Hence,

lwallz < C(1fll2 + 27 + 0 lulla + || Vull2)
and since
(2.26) IVull3 = Re (u, f) + Re A||ull3,

we obtain that
(2.27) lwalla < C(1fll2 + (27" + 7] Jull2) -
To complete the proof, we seek an estimate for I1,,(x.u). Taking the inner product
of (228) with x.0, yields
(228) (em/sﬁé/zs/in - )\)f}/n = <7_Jn7 f) + <[A07 Xs]q_}na X€u> - <>~C€7_}n7 )zef>+

i<z7n, <V€ . @ - ﬁ0x> X€u> + (XeTn, [Ao, xeJu)+

(€885, = X) (e, o) — i (1= ), (Ve = T2 ) o),

where
Yn = <7_Jn7 X€u> .
By the exponential decay of v,, and (2.20) we have that

(2:29) |([Ao, Xel s Xetw) = (Retim, R + (€778t = N)(Rem, Xe)

(0= x) (Ve = 22— ) )| < 0o 171

We next write

(i (7= Y0 ) ) — a7

+ <17n, (Ve — @ — 60x>wn> + ”yn<17n, (V€ — @ — Box — 5ﬁ1x2>vn) )
We now observe that

(-2 - ) s e

and that V(0
’<7_}n7 (Vs — % — Box — 5511’2>Un> < O,
As |v,] < ||ull2, we obtain with the aid of ([Z27) that

o (V= 29— 0 ) = enaline Braen)| < Co(l 0 + 1)

Substituting the above, together with (229) into (2.28]) yields
(€785 i + 270 (O, Sr®vn) = Nl < C(IISf ll2 + [% + > u])

Consequently, we must have

C
(2.30) il < —(I1flla + [ + )
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We now choose p = 2/3. Since
[ull < C(lynl + lwall2 + [[xull2)
[R20)) easily follows from ([2.24]), (Z27), and (2.30). n

Lemma 2.5. Let 1 < o < 4/3. Let further

N

(2:31) A o(e) = P15 ] + D ajine”
j=1

Then, for sufficiently small € there exists \,(g) such that

(2.32) o(A:) N B(Ap1,2e%) = {A\u(e)}-

Furthermore, the eigenspace associated with \,(¢) is of dimension 1.

Proof. We follow the same procedure used in [5], [4] to prove existence of eigenvalues.
Let u, y be given by (2.6) and set ¢, y = Xctnn. Let €* <1 < 2 be such that
OB(A, n,7) € p(A.). Let further A € 0B(A,, n, 7). Then, by (2.4]) we have

(AE - )\)wn,N = (An,N - )\)wn,N + 5N+1f7

where || f]ls < C, for some C' > 0 which is independent of . Applying (A. — \)~!
to both sides of the above equation yields

1
J— -1 _ @@
(Az—: )\) wn,N AmN Y

Integrating the above identity with respect to A along 0B(A,, n, 1) yields

[wn,N . €N+1(A€ . )\)qﬂ .

€N+1(A5 _ )\)_1f
inn,N = wn,N - % - d)‘u
OB(Ap.n,7) 2mi(Ap,n — M)
where P, is the spectral projection
1
(2.33) P, =— (A — N ta.
278 JoB(A 1)

With the aid of (220]) we then obtain that
(2.34) 1T = Pumnlls < CNH1-,
By Cauchy Theorem we now readily obtain that

o(A) N B(Ap1,2e%) #0.

We now prove that P,L?(0,a/¢) is one dimensional. To this end suppose that for
some vy, vy € B(A, 1,2¢) (which can be equal or not) and wy,wy € D(A.) we have

(2.35) (Ac —vj)w; =0 j=1,2
such that [|wq||2 = ||we|l2 = 1 and

(236) <’lIJ1,U}2> =0.
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Let further
(2.37) fi = (Ao = Ao)(xew;) j=1,2.
A simple calculation yields
(2.38) fj = xe(vj — Ano)w; — i(Ve — e 'V(0) — fox)xew; + [Ao, xJw;  j=1,2.

We now turn to estimate the various terms on the right-hand-side of (2.38]). Let
j € {1,2}. For the first term we easily obtain, since v; € B(A,, 1,2¢) that

(2.39) X (v = Ano)willa < Ce.
For the second term we have that
(2.40) I|(VZ — 5’1V(O) — Box)xew;ll2 < Cel=%

To estimate the last term we take the inner product of (2.35) with w; to obtain from
the real part that
[Vwslls < €

Consequently, we have that
Aoy xeluglle < 1 Axew1 s + 2|V xe - Vaylla < O
Substituting the above, together with (Z39) and (240) into (Z38)) then yields
(2.41) £l < Gl
We now write
Xew; = (xew;)| + (Xew;) L,
where
(Xew;) = (to, Xew;)ug -
Applying Riesz-Schauder theory to Ag yields, by ([Z37) and (2.38),
[(xwy) L] < Ce'

Consequently,
[(xe1, xewa)| > 1 —Ce' ™.

Hence, by (230]) we have that
(2.42) |(Xetly, Xews)| > 1 — Ce'™27.

To complete the proof we take again the inner product of (2.35]) with w; to obtain,
this time from the imaginary part, that

I(Ve = eV (0))wyll2 < C-

Hence,
1w L2(eo-1,0/6) < Ce'™?,

from which we easily conclude that

(X1, Rewa)| < Jlwillp2geot,a/e) w2l 21,0y < CE* P
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contradicting (2.42]) and therefore (2.3G). n

Proof of Theorem[21] . Recall that by (2.4]) we have
(A = ApN)nn = 5N+1f7

where || f||2 is uniformly bounded as ¢ — 0. We now apply the spectral projection
P,, defined in (233]) to both side of the above equations. It can be easily verified
that [P,, A.] = 0. Consequently

(2.43) (A. — Ay N)Potbyny = NP, f
By (232) we have that
(244) (Aa - An,N)inn,N - (>\n - An,N)Pn'QZ)n,N .

By (Z34) we have that
| Potbn vz > 1= Ce™HE

Substituting the above, together with (2.44) into (2.43]) then yields
|)\n — An,N| S CEN+1

Theorem 2] now easily follows from (2.3)) 1

3. TWO DIMENSIONS: QUASIMODE CONSTRUCTION

Let Q CC R? be a C? domain and V € C3(Q). Let 92, denote the portion of the
boundary 02 where VV is orthogonal to J€2. (Note that 02, may be finite, but is
never empty by the continuity of V' on 0€2.) Let xy € 92, such that

|IVV(z0)| = min |[VV(z)],
€O |

and let Vo = V(xy). We look for an approximation of the principal eigenvalue and
the corresponding eigenfunction of the operator

(3.1) Ay = —hRA+i(V - V),
defined over
D(Ay) = H}(Q,C) N H*(9,C).

Define in a vicinity of 02 a curvilinear coordinate system (¢, s) such that ¢t =
d(x,00) and s(x) denotes the distance (or arclength) along 02 connecting z, and
the projection of x on 0€2. We have

62 2= (o) + salom)

where

(33) g= - tli(S) )
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and k(s) is the curvature at s on 9€2. Expanding A near zy (£* + s? < 1) yields for
some u € D(Ay)

(3.4) Au = Uy + ugs + Tu,
where

1 tr' K
(35) Tu = (? — 1>uss + ?US — gut

We next expand V' near xg
1
(3.6) V(s,t) = Vo = ct + 5 (as” + Bt* + 2051) + O((s* + 12)*%),

where
C= Vt(%) ;= Vss(%) ;o B= Vtt(ﬂfo) 7 0= Vst(%)-

We note that Vi(xy) = 0 since x5 € 92, . We confine the discussion, in view of (I.3])
to the case where ac > 0. Without any loss of generality we may assume ¢ > 0
(and hence o > 0 as well), otherwise we can consider the spectrum of the complex
conjugate of Aj.

We search for an approximate eigenpair (u,\) of A,. Previous works [3], [10]
suggest that one should look for such w which is localized near xy. Applying the

transformation
c\1/3 N\ 1/4

(37) r=(m) (@)

to (3.8) and ([B4) leads to the following approximation for every u € D(.A;)
a B , 1/2 T 9 €\3/4.

(3.8) —Apu = —ur +iTu+ € ( — Uge + =€ u) + (—) io{Tu + Ru,
ec 2 o

where

(3.9) e =a(h?/cH3,

||u|l2 = 1, and the operator R satisfies, for all u € D(Ay)
1/3

1/2 /1 9/4 701/3 !
o e (2) (e () ()
o g o g al g

3/21 7/4
i%(V(g, )= Vo— Ser S5 e (5) c%—gT) .
eC (6% « «

It can be easily verified that for any 0 < v < 1 we have

K

(311) [|Rull2(8, 0y < CE[HEUZWU&A + e rue] + Jurll| L2, 00+

Ce [Irullzp. e + 1€l 2, 0.y |-

We seek an approximate solution for A,u = Au. To this end, we introduce the
expansion

u 22 ugt-eV uy eV 2 ug e ug+0(e) 2= NoFe/ AN 42434 N54+0(e) .

ec?
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Substituting into (B.8)) leads to the following O(1) balance

(3.12a) Loug ™ —%277_”;0 Fitug = Ao 5 up(0,€) =0,

where the operator £, is defined over

(3.12b) D(L,)={ue H*R,,C)N Hy(R,,C)|7Tu € L*(R,C)}.

The solution to (BI2) associated with the energy A\g having the smallest real part
is given by

(3.13) o (7, &) = vo(T)wo(€)  where wy(1) = A;(e™/°7 + 1),

and

(3.14) Ao = e By,

where A; is Airy’s function and p; < 0 is its rightmost zero. The function wy(€) will
be determined from the O(g!/?) balance.
The next order, or O(¢'/4), balance in (3.8) assumes the form

(315) (ET — )\0)’&1 = )\1U0 3 U1<O, f) = 0,

Taking the inner product of (B.IH]) with vy yields A\; = 0. Hence, u; = vo(7)w; ().
The next order, or O(/2), balance in (3.8) assumes the form

(3.16) (Lr — Xo)ug = —(Lg - A2> uo 5 u(0,§) =0,
where
0? T

is defined over

D(L¢) = {u € H*(R,C)|&u € L*(R,C)}
For fixed & we now take the inner product of the above equation with vy, in L*(R. ).
After noticing that by Cauchy’s Theorem

(3.18) / vg (7) dT:e”/6/ AZ(z+py)dx #0,
0 0
we obtain
(ﬁg - )\2)’11]0 =0.

The solution of the above problem corresponding to the A\ with smallest real part
is given by

1 .= e
3.19 w = Cpex {——elZ 2} C A = V267 .
( ) 0(&) 0 €Xp /2 3 2

The constant Cy should be obtain, up to a product by —1, from the normalization
condition [Ju|s = 1. We allow dependence of Cy on ¢ (see below). Substituting into
BI8) yields

uz(7,§) = vo(T)wa(§) -
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For the O(/*) balance in (B.8) we have
(Lr — Xo)uz = —vp(Le — Ao)wy — <z’a§7‘ — )\3> vowy ;  ue(0,£) =0.
We take once again the inner product of the above balance with vy to obtain
(3.20) (Le — Ao)ws + <m§ - Ag) wo =0,

where
y= afoOOﬂ;O(T) 7_.
fo v3(7)dr
Note that this expression is well-defined due to (8.I8). Taking the inner product,
this time in L?(R, C), of (B:20) with wy, which is even, yields
A3 =0.

Furthermore, w; is the unique solution of

(Le = NoJun = —in€wy AW@W&M&ﬂ,

and
uz = v3(§,7) + vo(T)ws(§)
where v3 is the unique solution of the problem
(L, — Xo)vg = —i&(T —y)vowg 7> 0
(3.21) 0,(0,) = 0
I~ va(T, &)vo(T)dr = 0.

Notice that, if S(R%) denotes the Schwartz space of rapidly decaying functions along
with all their derivatives, then the right-hand side in ([B21]) belongs to S(R%). As
the operator —9? /0712 + it — )¢ is globally elliptic with respect to 7, in the sense of
[8, Definition 1.5.6], we have that

(3.22) vy € S(RZ),

(see [8, Theorem 1.6.4]). For the same reason, the O(g) balance would yield w3 €
S(R).
We have thus obtained the quasimode
1

(3.23) U= (C’O(s) exp{ — \/56

T 4w (©)) Ao + )
+ %03 (6, 7) + ¥ M ws(§) Ai(e™/ 0T + )
We obtain the various constants by requiring that

U]z =1

We now conclude this section by the following proposition
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Proposition 3.1. Let A, be given by BI) and U by B23). Let further
(3.24) A= Xg+e2),.

Let n, = n°(1T)nk(€), where n° € C®(R,[0,1]) and n} € C=(R,[0,1]) are chosen so
that

1 Jz—m| <r C
(3.25) Ny = V| < —.
0 |z —xo >2r, r
Then,
Q@
(326) H (gAh — A) (T}€71/2U)H2 S CEHT]671/2U”2 .

Proof. We first write
%Ah<7]€71/2 U) = (Lq— + 81/2£§ + 83/4i0§7) (7]671/2U) + RT]€71/2U
(327) = A’f]a—l/2U + |:£7— + 61/255, 7]6—1/2} U + Rn€—1/2U,

where the operator R is defined by (B.I0). We next seek an estimate for the com-
mutator term in (3.27)), given by

(328) [ET,n6—1/2]U = —872_(7]6—1/2)(] — 287—7’]5—1/287—U.

In order to estimate the norm of U and d,U on the support of ?1.-1/2 and 9,1.-12 ,
we recall the well-known asymptotic behavior of the Airy function [I]:

2.3/2

(3.29) Ai(2) (14 0(27%?))

1
- 2ﬁ21/46
as |z| — +oo in any sector of the form |argz| <7 —4d,6 > 0. By (8.23)), and since

for all (7,&) € Supp 0,7.-1/2 we have e~ Y/2 < 7 < 2e71/2 (B22) and (B29) yield
1(071e-1/2)Ull2 < Che,

T

for some positive constant C' .
Since the asymptotic behaviour of Ai’, as |z| — oo is not substantially different
from ([B29)) (cf. [1]), we easily obtain that

"87—7]571/287—(]”2 < 0287 CQ > 0.
Thus (B.28)) yields, for some C' > 0,
(330) ||[£7—,T]€—1/2]U||2 S Ce.

Due to the decay of the U and J:U as [{| — +oo (recall that ws € S(R)), we
similarly obtain

(3.31) 1[eY2Le, no=1/2]U |2 < K,

for some K > (.can be estimated as follows. Using
To estimate the remaining term Rn,-1/2U we use (3.11)) to obtain, for a € (1/2,1),

(332) ||R7’]5—1/2U||2 < ||RU||L2(B+(O,5*O‘)) < C'e
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for some C’ > 0. Finally 327), 330), B31) and B32) yield, for some positive C'
and C,

a

L TR
H(z—:czAh (e-12U) . = UF
Cel[ne-1/2Ull2,
where we have used the that for some C” > 0, ||n.-1,2Ul|2 > 1/C". &

A

4. EIGENVALUE EXISTENCE
Let £, and L¢ be respectively defined by (BI2]) and (BI7). Then let
(4.1) B.=L,+eV*L,
be the closed operator associated with the quadratic form
(Vu, Vo) +ilu, (1 4 /22)v)
whose domain is given by V x V where
7 = {ue HYRZ,C)||(r2 + [¢))u € LA(R2,C)}.
It can be easily verified that
D(B.) = {u € H(E2,C) N H(RL) | (r +E)u € L2(R2), }.
We begin by the following straightforward observation
Lemma 4.1. We have
(4.2) o(B.) = {3 e 3 + (2k — 1)61/2\/561%}2?]6:1 .
Proof. After the scale changes 7 — c'/37 and £ (|a\/2)1/4§, we obtain from [3]

and [T, Section 14.5] the following expressions for the eigenvalues of the complex
Airy operator £, and the complex harmonic oscillator Lg:

o(L;) = {cz/gune_ﬁ’r/g tn > 1} :
fr, being the n-th (negative) zero of the Airy function Ai, and
awgz{@k—n¢&ﬁ:kz1}

Denote by £, + e'/2L, the closure of the operator £, @ I + I @ (/2L¢) whose
domain is D(L;) ® D(L¢). We first need to verify that the domains of B. and

L, + V2L coincide. Let e7*#< denote the contraction semigroup generated by B,
and let p € D(L;), ¥ € D(L¢). Clearly,

e B (p @) = e Hrp @ e U Ly

725(81/2,65

where e~**7 and e ) denote respectively the contraction semigroups generated

by L, and 51/2£§.Thus,
G_tBE (D(ET) & D(Eg)) C D(ET) X D(,Cg) .
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Consequently, due to [II, Theorem X.49] we have B. = (Bg)|D(£T)®D(££), and B.
clearly coincides with £, @ I + I ® (¢¥/2L¢) on D(L,) ® D(L¢), and hence B. =
L, +e2L,.

Noticing that £, and L are both sectorial with respect to the same sector S =
{z € C:0<argz < m/2}, we can then apply the so-called Ichinose Lemma (see
[T, Theorem XIII.35, Corollary 2]) which yields

o(L, +e2Le) = o(L,) + o(e'2Le),

and (L2) follows. n

The following auxiliary lemma will be necessary in the sequel

Lemma 4.2. Let v, denote the (unique up to multiplication by a complex number
of modulus 1) unity norm eigenfunction associated with the eigenvalue

(4.3) Un_1 = pne 23 neN
of L,. Let further V denote the form domain of L., i.e,
V={uc H(R,,C)|"%u e [*(R,,C)},

and V, = span{v, }o2, ., NV. Set

(442) Bo= nf -+ 723
lull=1
Then,

Proof. Let us assume by contradiction that there exists a subsequence (k,) and a
positive constant C' such that

sup By, < C'.
neN

Then there exists a sequence (u,) of functions in H}(R,,C), 7'/2u, € L*R,,C)
such that, for all n € N, u,, € span{v;}52, ., [[u,ll2 =1 and

(4.5) sup (10,ual + [7/2ua]3) < 2C.
neN

Since for any r > 0 we have

0 1 [ 20
/ 2 < —/ rlunf? < 29
T T T /r

we can choose such r for which
IS
1
| =3
0 2
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Since by (&H) the H'(R,,C) norms of {u,}>°, are bounded, we can extract a
subsequence (uy(,)) such that wem) — us in L*(Ry, C) weakly, and in L*([0, 7], C)
strongly, for some limit function u., € L*(Ry,C). We note that

" 1
(4.6) / [uoo|® > = .
0 2
Now let k& € N be fixed. Then for all n such that k) > k we have
Ug(ny € sPan{v;}zpi1 = (span{v,}h_)
hence, by the weak convergence in L*(R,,C).
0= <u¥,(n), @k> — <’LLOO, @k> =0.

Consequently o, € (span{;}/27) |, thus us = 0 since the eigenfunctions {v;};>1 of
L* form a complete family of L*(R,, C) (see [3]). A contradiction, in view of (). 1

We next claim the following

Lemma 4.3. There exist ro > 0, €9 > 0 and C' > 0, such that if r € (0,rg), then

c —-1/2

(4.7) AN =X — e =2 = ||(B. — N7 < o VO<e<egg.

Proof. Suppose that r is so chosen such that OB(\g + £'/2\y, 7e'/2) € p(B.). Let
g € span{v, Wy, }75,—o and w denote the solution of
(4.8) (B: = Nw=g.
Let further

A= X — ey = et
where a € [0,27). By the Riesz-Schauder Theory (cf. [2] Eq. (16.4)] for instance)
we have that

K
IT IT

4, —A =Y T

( 9) (‘CT ) >\_V0+k:1)\_l/k;+ k?( )7

where {v,}>, are given by (43), and ||Tk|| < Ck in B(v,7) for some fixed 7 > 0.
In the above Il is the projection operator on span{vy}, which is explicitly given,
for any u € span{v,}>°,, by

My (u) = (O, u)rvp(7)

where (-, -), denotes the standard L*(R,,C) inner product.
Let uy = I (w). It can be easily verified that

up = VAL — Ny —re + eV (1, — 1)) T i(g) -

It easily follows from here that

C C
(4.10) [|uol2 < WHHO(Q)M < WHQH%
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whereas
(4.11) Jurll2 < Cillgll2
where CY, is independent of r and . For every K > 1 we have
c K
(4.12) holl: < (7 + D2 G llglla + 11 Pc ()
k=1
where
K
(4.13) Pi=1-) TI.

To complete the proof we need an estimate for || Pg(w)||2. Let then ugx = Pk (w).
Clearly,
(B. — Nux = Pr(g).
Taking the inner product of the above equation by ug yields

|51+

5 = Re (u, Px(9))

s34 7 6urc 3 — Tm M3 = Im (ure, Pi(g))

Combining the above equations yields

ou
@) Bl i  Re Nl < 2l P
As
(4.15) IPe@l2 < Crclgle,

we obtain by (4] and (£I4) that for sufficiently large K (but independent of ¢)

lulla < Ckllgllz -

The lemma is now proved by the above and [LI2)) for any g € span{v,wm, }7°,.—o;
and hence for any g € L*(R%,C) via a density argument. 1

Note that » may depend on . As a matter of fact ([L1) remains valid indepen-
dently of the pace at which r — 0 as ¢ — 0.

Corollary 4.4. Under the conditions of [{.3 we have that
(4.16) I(B: =)A< C,
where C' is independent of €.

The corollary follows immediately from (EIT]) and (ZI5]).

Recall now the definition of S from the introduction

S={zx e, : |VV(x)| = |VV(xy)|, V(r)=V(xo)}.
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By ([L3), S is a finite set of isolated points {x;},c;s. Recall the definition of the
curvilinear coordinate system (s,¢) from the previous section, and then let z; =
(57,0). Let further f € L>(2, C) be supported on 2N |J B(z;,0) and satisty

Jj€Js
4.1 < O flloe™Beme o= +1 iy B(a;, 8) N Q. Vi € J,
(4.17) [F1 < Cllflle" e in B(z;,6)NQ Vj € Js,

for some fixed and positive 7, and C.
We seek an estimate for the resolvent of A;,. To this end a few auxiliary estimates,
beyond (7)), are necessary. Set then

Q,={zeQ|V(x)>V(xg)} ; Q-={xeQ|V(z)<V(x)},
and
F={zeQ|V(zx)=V(x) }.

Define then the cutoff function x7, € C*(€,[0,1]), where n € N, in the following
manner

1 ze€Q_ o
(118) @) =01 v eQn{Via) = Ve) <27} Vil <
0 zeQyn{V(x)—V(zg) > 2"},
where 0 < p < 1. We further set
(4.19) (W) + () =1.
In a similar manner we then define xr_:
1 z€ Q+
Xen(®) = Q1 2€Q_N{V(xg) — V(z) <2 ler}
0 ze€Q_nN{V(xg) —V(x)>2"e}.

The complementary cutoff function x_,, is then given by

We begin with the following estimate

Lemma 4.5. Let f satisfy ([AI1) and
(4.20) (Ap = A)w = f,

where
IN| < Ce

Then, for any n € N there exists C,, > 0 and 5 > 0 such that for sufficiently small
e we have

o - np— e 3(1=p)
(4.21a) IXNZnwllz + XS wlle < Cale™Hwllz + 72 5 7| f]l2) -
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Furthermore, we have that
(4.21Db)

IV w24V (R pw) a2 (1D (K ) 2+ 1 D* (X2 pw)ll2) < Coe™ (w21 £]12)

Proof. In the following the constants C' and v, depend on n. Taking the inner
product of {E20) with (x7,,)*w yields

(

. . a il ~ . .
(4.22a) [ [V(XE, w5 = lwVXE, I3 IE—(ReA X2, w3+ Re (X2, w, x2,.f))

63 4||>2€ n|V V(x0)|1/2w||2 +Im <va€ n’v(i‘:nw))

(4.22b) =, S (Im N w3+ T (5w, W) -

\

From the definition of 7, and @#22b) we get

(4:23) 1XEl3 < O (IIV(RE0) 3+ w0V K+ I I3+ 2IRE, w1l )
By ([@22h) we have
(20 VIR < C(lwVEL + e I I+ = 2 wl)
Substituting the above into ([@23]) then yields

Il < Ce (v it + e IR5u 3 + e 2IREuwl)
from which we easily obtain, for sufficiently small e,

(4.25) Il < Ce0 (vt I + e IRE 1)

By (I7) we have that for sufficiently small v2 and e,

5 2(
(4.26) I fllz < Ce2 7 £

Furthermore, by ([£I8) and (£I9) we have that
- C
lwViZ Ml < I awllz -
€
Combining the above, (4.26]), and ([£.25) then yields
3(1-p)
IXTwlle < C(lIXE,ywlla+ e T fl2)

Similarly we obtain that

o e— S (1—p)
IXCawlle < C(e”IXTqwllza + €725 % T fll2) -

The above pair of inequalities, when recursively applied, readily yield ([@2Th).
We begin the proof of (L.2Ib) by combining (£.24) and ([@.2Ih) to obtain

(4.27) IV (&) ll2 < Cule™ M wlle + e[ £]1).
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Furthermore, we have that
—y C —t
IXenBwllz < IV = Viwo))XTawllz

—||Xsnw||2+5_||xenf|l2 < Cule P ulls + e 7 1))
As,
o+ ¢ o+
1AWz < IVXen-1wll2 + = ||Xan wllz + I, Aws,
we readily conclude that
- no— e B(1=p)
A w0)ll2 < Ca(e™ P wllz + e 7 7 f]l2).

Standard elliptic estimates, together with (£27)) then yield (£2Ib), after repeating
the same argument for x_,w. §

Before we attempt to estimate (A, — A*)™'f we need yet the following auxiliary
estimate.

Lemma 4.6. Under the same conditions of Lemma[{.]] we have that

C C
(4.284) IVlle < Zllwllz + g—Hsza

C
(4.28b) [1D*wllz < = llwll+ Hfl!m

where w = (A, — \*)7 f and 0 < p < 1.

Proof. As
IVwliz = (A*||w||2+Re<w )
we readily obtain (Z28h). To prove (@Hb) we first note that
¢ .
(4.29) 1Aw]y < Z(I(V =V (@o))wllz + A*[lwllz + (1 l2)
Let

By ([A21]) we have, for sufficiently large n,
1V = V(zo))wlls < CUIRawllz + [Xawll2) + 1€V = V(zo))w]s
_3 1— _3 1—
< O™ wlls+ e 2 Flla+ lwlla) < CElwlls+ e 2 fl)

which, when substituted into (£29), yields (£28)) with the aid of standard elliptic
estimates. 1



24 YANIV ALMOG AND RAPHAEL HENRY

Lemmas and can now be used to estimate (A, — A\*)"'f in the close
vicinity of o where \* € 9B(Ag, (*re®?/a)), r € (0,1) being chosen so that
OB(Ag, (232 )a)) C p(Ay), where

2
(4.30) Ao = (0o +€20).
a

Lemma 4.7. Let f € L>(Q,C) satisfy [EIT), and 7/8 < p < 1. Let w = (A) —
A)7Lf* and ¢y be given by

(431) Cg(€7p) = [1 - ()Z;n)2 - (X:n>2]13($0,5)097
where § > 0 is so chosen so that B(xg,d) NI = {xo}. Then,

* * C — *
(4.32) IGwll> < — (21 1l + ¥[lwl2)

Proof. Clearly,
(An = M) (Gw") = Go.f" + [An, Gglw

We next write

A=Ay + D",
where A is given by
e3ct
Ao = —?(8&5 + Oss) +i(ct + as?),
and -
D* = —ga—iT +i(V = V(xg) — ct — %Ozs?) :

where T is given by (BH). Then,
(Ao = A)(Gw™) = Gof* = D*(Gw™) + [Ap, GGlw™ .
Applying the transformation (3.7) yields

(4.33) (B. — \)(Cow) = %4’0 f+ B, Golw — R(Cow) .

where f, (o, and w are respectively obtained from f*, (j, and w* via the dilation

(&, 7) = *(s,t), in which (&, 7) are given by ([B.1)), R is given by (B.10) and A = 5 \*.
We next apply to (£33)) the operator P; defined in (£I3)). Since B. and P
commute, we easily obtain from (4.I€]) that

(4.34) 1P (Gow)ll2 < (eI fll2 + [I[Be, Colwllz + [1R(Cow)l2) -

We now attempt to estimate ||R((ow)|[2. We first note that R is given by (B.I0).
We then observe that

1
(4.35) %[v — V(o)) = 7 =58 < C('6* + 476 4 e7°) W € Blao,9),
Since
L, ey« ~(1-p)
5(7 + 5 19 ) < 8?\V(:L’) — V(zg)| < 2¢ Vo € supp((o),
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we obtain that for some C > 0
(4.36) supp (o C {(&,7) | |€] < Ce™®/4°2 0 <7 < Ce™ 1P},

Consequently, by ([A35]) we have that

« 1 3p _
o g[V—V(xo)] —7—51/2552 <CeT L,
Hence,
R o 1/21 2 31
43 ||(SV = Vi) - 7 =256 G| < ¥ G-

To complete the estimation of R({yw), it is necessary to bound

(438)  RGow) = 2| r(Gowee]|| + 7 (Gowlelle + ell Gowell

Since by (4.3€) we have that

1oll 20 < C,

we have by (3.1), (£.28), and (£.34]) that

1 1
(4:39) |rGowee]|, < (Sl + = 11f12) -
Furthermore,

1 1
(4.40) Ir(Gowlellz < € (Il + 7 11£12)
and

1(Gow)-ll2 < Cllwllz + 7M1 f]l2) -
Substituting the above together with (£40) and (£39) into (438)) then yields

(4.41) R(Gow) < C(ewllz+ 1 f]l2).-
Combining the above with (A37) yields
(4.42) IR(Gow)llz < Ce 2 Hlwllz + 1 f2) -

We now turn to estimate [B., (olw. From (LZI)) we learn that, for any n € N,
there exists some go(n), such that for all € < gy(n) we have

_ o || @ ¥,k
(443) [Ba: Gololla = S| S5 lAw Gilw' | <

OB e (X oy [l2 + IXE o™ (l2) + e P(IV Xz w ") o
IV 1w 12)] < Cale™ 5w |s + e 1 )
< Cale Mol + e £l
Substituting the above together with (£42)) into (434]) yields

(4.44) 1P (Cow)lla < Ce® lwlla + 1 fll2) -
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We now turn to estimate ITy(w). Taking the inner product of (&33) in L*(R,,C)
with 9y yields

(445)  (Le=Nwo = =72 (T0, 5 Gf — R(Gw) + B Glw)

+
where wy = (T, Gow), and A = e /2(X — \q). (Note that ITy({ow) = wo(&)ve(7).)
Multiplying (£45]) by wy and integrating by parts yields, from the imaginary part
HfU}OH%%R) < C(HwOH%Q(R) + e V2 |(owo, e o f — R(Gow) + [Be, Golw)]) -
We now use ([A41)), ([A43), and (£35) to obtain that
l€woll 2y < C(llwoll 2@y + 72| fll2 + &2 |wl|2+
1€ owllz + eV ITECow 2 + 2 o))

In view of (4.30) we then have

(4.46)  ll€wollz2@) < Clllwollza@y +e [ fllz + =2 lwllz + £/ [I€Cow]l2)
We now use ([d.44]) to obtain

lgGowllz < 1EP(Gow)llz + lI€woll 2y < C(e ™ wllz + 2| fll2) + I€woll z2) -
Substituting the above into (£.40) then yields

|€woll 2y < Clllwollay + 2 l[wlla + 72| fl]2),

and hence,
l€Gowlls < Clllwoll@ + £ wlls + 2] 1) -
From the above and (4.44]) once again we can conclude that
(4.47)
16%Gowlls < Ce™22)€ow]ls < O™ (flwoll 2wy + €5 [[w]la + &2 1) -

Similarly, we obtain
(11— _T
[€m¢ow]lz < Ce™ M) (f|lwoll 2y + ¥~ ||wll2 + %2 f]]2) -

The above, together with (L47), (£35), and (£36)) yield the following improvement
of (A31) (recall that ||IIy(w)|]2 < C||w|| )

|V Vi) 7 =<5, < o ol + ).

We now combine the above inequahty with (A1) to obtain an improved version of

E2)
(4.48) 1R(Gow)ll2 < Ce” 4P ||wllz + ¥ f]]2)
Returning to (4.33]) we obtain from (£1) that

C
[Gowlls < —5 (1 lla + 1Bz, Golwlla + [R(Gow)l>)
With the aid of (£43]) and (£48)) we then obtain

c , _
lGowllo < =75 (7 1112+ & lwla)
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from which (£32) easily follows. &

Remark 4.8. Clearly, ([£32) can be extended to the neighborhood of each point in
S. Thus, if we set for any x; € S

(4.49) Glep) =1 = (Xop)® = () La@,on0
where 6 > 0 is so chosen so that B(x;,0) NT' = {x;} for all j € Js. Then,

* * C *
(4.50) IGw ll2 < (21 fll2 + "5 [lwl2) -

We can now estimate ||(A,—A*)"1f]| in the simplest possible case where I' = {x}.

Corollary 4.9. Let f € L>(Q,C) satisfy [@IT). Let \* € OB(\g,re /) C p(Ay),
where A is given by [@30), for some '/® < r < 1. Then, there exists C > 0 such
that for sufficiently small € we have

C
(4.51) 1A= A" lle < =7 1l

Proof. Since I' = {z7} we may set with any loss of generality 2 = Q.. Hence, we
have that x7,, = (5, where {; is defined by @3I). Let w = (A, — A)~'f. Then,

lwllz = IxZpwll3 + IX2wllz = IGGwllz + X ,wli3

The corollary now easily follows from (£.2Th) and (4.32)). n

Consider next the general case where T'\ {zo} # (). We begin by defining some
local approximations of the operator Aj,. Let p € (7/8,1), and then define two sets
of indices Jypq = Joa(e) and Jq = Jg(e). Set then J = Jyq U Jg and let § > 0
be the same as in ([31]). Next, choose a sequence of points (x;);e; = (x;(¢));es C

O\ U B(w;,0), where x; € 99 (respectively x; € Q) if j € Joq (respectively j € ),
sucile:g‘flat
O\ U B(zj,6) C UB(:cj,e”).
jeds jed
Let (n;)jes be a family of cutoff functions associated with the partition above,
namely 7;(z) = 1 if x € B(z;,¢/2), Suppn; C B(xj,e”), and
Vo e O\ | B(;,0), > mi(z)*=1.
jeds jed
We further assume that for all j € J, ||[Vn;]lec = O(e™") and [|An;]e = O(e™%).
Finally we set, for all j € J,
X = Nila-
In the neighborhood of each point z;, j € Jo, we shall approximate A; by the
following operator:
e3ct

(4.52a)  Ajp = _FA +i(cjx + V(zy) — V(xg)), ¢; = (¢}, %) = VV(zy),

7777
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whose domain is given by
(4.52b) D(A;p) = H*(R* C) N L*(R?, |z|*dz; C) .

In the neighborhood of the boundary points x;, j € Jpq, we use different approx-
imate operators, depending on the local behaviour of V. To this end, denote by
J(%Q C Jaq the set of indices j such that z; € 9€2; and

YV (23)] = [VV(20)| = min [VV(2)].

Notice that J3, may be an empty set, since xg ¢ Q \ B(xo,5). We then let J3, =
Joa \ Jhq and J3, = Jio \ Js. In the neighborhood of the boundary points z; for
j € J2q, we use the following approximation of Aj,. Let (¢, s) be the same curvilinear
coordinate system as defined in Section [3 centered at z;. In these coordinates the
leading order approximation of A;, reads

e3¢t ,
(4.53a) Ajj = —?A +i(c;.(t,s) + V(z;) — V(xg)), ¢; = (c}, c?) = VV(x;),
with the following domain
(4.53b) D(A;;) = Hy(R%;C) N H*(R3; C) N L*(R%, (#* + s%)dtds; C).

In the following we provide resolvent estimates on the approximate operators A, j,
introduced above. These estimates are stated in the following lemma

Lemma 4.10. There exists o > 0 such that, for all v € (0,79) and j € J,
OB(MNg,me7V%) C p(Aj), where Ag is given by ([E3Q). Moreover, there exists C' > (
such that for all \* € OB(Ag,re™Y%) and for all j € Jo U J2,,

o C
(4.54) |N%ﬁ—A)Wb§gﬂ
Proof. Let j € Jg. Recall that the operator Aj;, is given in this case by 53). It
has been established in [3, 9] that A, , has empty spectrum, and for all w € R there
exists C,, > 0 such that
(4.55) sup [|(—A +icjx—2)7H| < ..

Re z<w

Since the scale change z +— a/(ec*/?)x gives

(4.56)
[(Ajn = X)) =

o’ I « a .\l
5 (-a+ 2[504/3 (Vi) = V(w0) + ;] - 5 ) H .
and since a/(ec¢*3)\* remains bounded as ¢ — 0, (Z55) and ([E50) easily yield (54
for any j € Jg.

The same argument can be used in the case where j € J3, with z;; ¢ 9, since
the operator —A + z'cjl.t + ic?s on R? has empty spectrum and satisfies (L5H) as well

as soon as ¢; # 0, see Theorem [A.3]
We next consider the case where j € J3, and x; € Q. Then,

g3t

Aj,h = —FA —+ i(Cjt + V(.TJ> — V(.To))



SPECTRAL ANALYSIS OF A COMPLEX SCHRODINGER OPERATOR 29

where ¢; := ¢;. The domain D(A;) is given by ([E3)b). Suppose that ¢; > 0
(otherwise apply the same argument to the operator Aj,). Denote by Ag the
Dirichlet realization on R? of the operator —A + it. Then, the scale change

OéC}/3
(t,s) —> e (t,s)
gives
act/? act/? acl/? -1
*\—1| __ J 1 ] J *
(457) (i =37 = — i || (A + it (Vi) = Vo) = —55X) |

By the definition of J3,, we have ¢; < ¢. Hence for any fixed &y € (0,1) we have

act/? c\*? 1/9
502/3 A= (g) )\0 + O(E / ) < (1 — 50))\0

for all sufficiently small €. It has been established in [9] that

sup H(.Aé —2)7| < 40
Rez<(1—6d0) Mo

Consequently, (L54) follows from (L57) and the above estimate. 1

We now extend ([A5]) to the general case

Proposition 4.11. Let €'/8 < r < 1. Under the assumptions of Theorem [I1,
@ED) holds for any f € L=(Q, C) satisfying @ID), and \* € OB(Ag, re~1/?).

Proof. Let w = (A, — X*)71f. Let j € J3q U Jg. Clearly
(4.58) (Ajn = A)Ow) = [An, x5lw = (An = Ajin) (x;w) -
We now attempt to estimate the right-hand-side of (£58). Clearly,
(4.59) 1[AR, Xjlwlla < Ce™ ||wll 25w, o)) + Ce IV Ow) 2
As
Re (xjw, (An = Aw) = [V Ogw) 1z = Xxgwl; = lwVxllz =0,
we obtain that
(4.60) IVOw)lle < Ce™Hwllr2sa; er) »
which, when substituted into ({.59) yields
(4.61) 114w, XsJwll2 < Ce™ P wl| a(ps, ooy -

We now attempt to estimate (A, —A;;)(x;w). By [@53) and ([@52) we have that

Oé3

Ah - Aj7h = 1637(‘/(1') — V(l‘]) — Cj.(ZL‘ — l‘])) .
Consequently,

1(AR = Ajn) (gw)ll2 < Ce™[[w]| 2B, ey -
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Combining the above with ([AL.61]), ([A58), and ([A54) yields
(4.62) Ixjwllz < Ce*Hlwl| 2B, cr) -
Consider next the case where j € J3,. Here we have

O[Cj

Im (G, (An=A")w) =

By ([L3]), there exists 51 > 0 such that |V (z;) — V(x)| > 6;. Consequently,

TV =V (@o) 2 xgwl3~Tm A xjwl3+2Im (wV x;, x;Vw) = 0.

Ixjwliz < Clelxswllz + € llwVx;llzlx; Vawll2]
With the aid of (£60]), which is valid for every j € J, we then obtain

(4.63) Ixjwllz < Ce' 2|0l 2By er)) -
Combining (£.63) and (A.62) then yields
(4.64) ||w||L2(Q\ U B < Celr/? Z 1wl 2B e0)) < Ce P2

i€s j€JQUIZ,

We conclude the proof by recalling that for all j € Js we have, by (£50)

(4.65) IGwll2 < ( 2 fll2 + &8 wlls) -
Furthermore, let
Q* ()? =15, -
Then, by (4£.21k)
Sk > ~— np— fcsf%(lfp)
IGwliz < IXEawlls + IX2wl3 < Ca(e™ w2 + e [f1]2) -

which, together with (A63) and ([A64) yields (Z17). n

Proof of Theorem[I1. Let U be given by ([B.23) and Ay be given by (£30). Let
f = (A, — Ao)(n.12U). Then, for \* € dB(Ag, e /?) C p(Ap) where /8 < r < 1,

(Ah - )\*)<T]€1/2U) = f + (Ao — )\)7]61/2U.

Hence

(2120, (A = A7) (220) = =5 (L= (U, (s = 271 )

By (451 and (B3.26) we then obtain that
c—3/2 £1/2

1fll2 < C— < Ce't,

I(Ar =Nl < 5

Consequently
1

b <7]€1/2U, (Ah_)\)_l(nel/QU)> S —1 +051/4.
211 OB(Ag,re—3/2)

Hence (A, — A\)~! is not holomorphic in B(Ag, re=3/2) and the Theorem is proved

via (39). n



SPECTRAL ANALYSIS OF A COMPLEX SCHRODINGER OPERATOR 31
APPENDIX A. SPECTRAL ANALYSIS OF (£53)))

In the following we provide the spectrum, semigroup estimates, and resolvent
estimates for the operator A, given by (453). This operator has already been
investigated in [3, @], but since resolvent estimates have not been obtained there we
derive them here.

Let ¢ = (c!,¢?) € R? such that ¢ # 0. We study here the spectrum and the
resolvent of the Dirichlet realization in R% = {(¢,s) € R? : ¢ > 0} of —A+i(c*t-+c?s),
whose domain is given by (£53b). The imaginary part of the potential

t,s)=c-(t,s)

does not have a constant sign, hence we are unable to use the variational approach to
define the operator. We shall instead define the operator by separation of variables.
Let

(A1) A, = 0% +ic’s,

and let A;" be the Dirichlet realization in R, of the complex Airy operator
d2
A2 — — +ic't.
(A.2) e
Both A, and A; are maximally accretive and hence they serve as generators of
contraction semigroups (e~4),~o and (e*t““j)bo respectively. One can easily verify
that the family (e ® ¢4 ), is a contraction semigroup on L*(R%). Thus, we

can define the desired operator as follows:
Definition A.1. A, is the generator of the semigroup (e @ ¢4 )5, .

Let D = D(A,) @ D(A;") be the set of all finite linear combinations of functions
of the form f®g = f(s)g(t), where f € D(A,) and g € D(A;"). Then it is clear that
D satisfies the conditions of [I1, Theorem X.49], hence A, = m. Consequently,
we may chacterize D(A) as follows:

L2
D<A+) = {u € L2(Ri) : El(uj)jzl C D, Uj j~>—+>oo u,

(A.3) (Aju;);>1 is a Cauchy sequence }.

In the following lemma we give a more constructive description of D(A,).
Lemma A.2. We have
(A.4) D(A}) = H)(R2) N H2(R2) N L2(R%; ((t, ) Pdtds)
and there ezists C' > 0 such that, for all w € D(Ay),
(A.5) ”AUH%%RQ + Heu”i?(uﬁ) < ”AJrUH%%Ri) + C”VUHL2(R1)”UHL2(R1)-

Proof: Let u € D(A,) and (u;);>1 C D such that u; L and (Aiuj)j>1 is

j—+o0
a Cauchy sequence. Then, using the identity

Re (A uj, uj) = ||Vuj||iZ(R1)>
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which holds for every j € N, we obtain that (Vu;),;>; is a Cauchy sequence in
L*(R?%) and hence

(A.6) U il> u,

and u € Hg(R%).

To prove ([AL), we write (hereafter || - || denotes the L?(R2,C) norm)
[Avul* = ((=A+il)uy, (—A + il)uy)

(A7) = || Auy|* + ||0w;]|* + 2Im {(—Auy, lu;) .

As

Im (—Au;, lu;) = Im Vu;(t,s) - V(u,;)(t, s)dtds

2
R+

= Im </ Ut, 8)|Vu,(t, s)|dtds + Vu;(t,s) - VU(t, s)u;(t, s)dtds)
R

i R
= Im c- Vu,(t, s)u;(t, s)dtds ,
#
it follows that for some C' > 0,
Im (—Auy, luy)| < Cf[Vuy || [Ju]] -

Thus, by (A1), (A.5) holds for u; for all j € N. Consequently, (u;);>1 is a Cauchy
sequence in H?(R3) and in L*(R%; |(t, s)|*dtds). Hence, (Ad) follows, and so does
(A.5) for every u € D(A,). H

We now obtain the spectrum of A, . Since A, has an empty spectrum (see [3,9]),
we expect o(Ay) to be empty as well [3]. To establish this fact we employ semigroup
estimates.

Theorem A.3. We have o(A,) = 0. Moreover, for every w € R, there exists
C, > 0 such that

(A.8) sup [|(Ay —2) 7| < Co.

Re z<w

Finally, the semigroup generated by A, satisfies
(A.9) Vi >0, |le | < e /12,

Proof: Recall that e ™+ = ¢4 @ ¢/ | where A, and A; are respectively
defined by (AJ]) and ([A2). Recall further the following estimates (see [9]):

(A.10) V>0, [le ) = e 12,

and for all w < |u1|/2 (u1 being the rightmost zero of Airy’s function), there exists
M, > 0 such that

(A.11) VE>0, |le ™| < M, et
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Thus, (A9) follows, and the formula

+oo
(A.12) (A —2) ' = / e A2 qt
0
which holds a priori for Rez < 0, can be extended to the entire complex plane.
Hence the resolvent of A, is an entire function, and we must have o(Ay) = 0
together with (A.S]) . O
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