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Abstract

Sequential Monte Carlo methods, also known as particle methods, are a widely used set
of computational tools for inference in non-linear non-Gaussian state-space models. In many
applications it may be necessary to compute the sensitivity, or derivative, of the optimal filter
with respect to the static parameters of the state-space model; for instance, in order to obtain
maximum likelihood model parameters of interest, or to compute the optimal controller in an
optimal control problem. In |[Poyiadjis et a ] IZOJJ]] an original particle algorithm to compute
the filter derivative was proposed and it was shown using numerical examples that the particle
estimate was numerically stable in the sense that it did not deteriorate over time. In this paper
we substantiate this claim with a detailed theoretical study. L, bounds and a central limit
theorem for this particle approximation of the filter derivative are presented. It is further shown
that under mixing conditions these L, bounds and the asymptotic variance characterized by
the central limit theorem are uniformly bounded with respect to the time index. We demon-
strate the performance predicted by theory with several numerical examples. We also use the
particle approximation of the filter derivative to perform online maximum likelihood parameter
estimation for a stochastic volatility model.

Some key words: Hidden Markov Models, State-Space Models, Sequential Monte Carlo,
Smoothing, Filter derivative, Recursive Maximum Likelihood.

1 Introduction

State-space models are a very popular class of non-linear and non-Gaussian time series models in

statistics, econometrics and information engineering; see for example < ,
HZDDJJ] Mu_aud_&mpmaﬂ ﬂ21)1)_1| A state-space model is comprised of a pair of discrete-time
stochastic processes, {X,},~, and {Y,}, o, where the former is an X-valued unobserved process
and the latter is a Y-valued process which is observed. The hidden process {X,}, . is a Markov
process with initial law dxmy (x) and time homogeneous transition law dx’ fy (2| x), i.e.

Xo ~ dzomg (x0) and X,| (Xpn-1 = Tn-1) ~ dznfo (zn]| 2n-1), n > 1. (1.1)
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It is assumed that the observations {Y},}, ., conditioned upon {X,}, -, are statistically independent
and have marginal laws B -

Yol ({Xk}kzo = {xk}kzo) ~ dynge (Yn|n) - (1.2)

Here mg (2), fo (x| 2") and gp (y| x) are densities with respect to (w.r.t.) suitable dominating measures
denoted generically as dr and dy. For example, if X C RP and ) C R? then the dominating measures
could be the Lebesgue measures. The variable 6 in the densities are the particular parameters of
the model. The set of possible values for , denoted ©, is assumed to be an open subset of R%. The
model ([I)-(T2) is also often referred to as a hidden Markov model in the literature

For a sequence {2y}, and integers i, j, let z;; denote the set {z;, ziy1, ..., 2}, which is empty
if j <i. Equations (LT)) and (L2) define the law of (X¢.n, Yo.n—1) which is given by the measure

n—1
dxomg (2o dekfe wilwxo1) [T dyngo (yl2r), (1.3)
k=1 k=0

from which the probability density of the observed process, or likelihood, is obtained

n—1
Po (yo:n_1)=/dxo7re o Hdwkfe wilze-1) [T g0 (urlzn). (1.4)
k=1 k=0

For a realization of observations Yp.,—1 = Yo:n—1, let Qg , denote the law of Xy.,, conditioned on this
sequence of observed variables, i.e.

n—1
Qe,n(d%:n) = m (dfﬂoﬂe (ZEO)QG (y0| 500) kl;[l diEkfe ($k| zkfl)ge (ykl xk)) dSCnfe ($n| xnfl)

Let 19,5, denote the time n marginal of Qg ,,. This marginal, which we call the filter, may be computed
recursively using Bayes’ formula:

dmn-l-l f No,n (d-rn) 9o (yn| xn) fG (-Tn—i-l' -Tn)
S 0.0 (d2},) go (yn| @7,)

00,mn+1(dn11) = Qo i1 (drpgr) = , n>0
and 19,0 = mg by convention. Except for simple models such the linear Gaussian state-space model
or when X is a finite set, it is impossible to compute pg (yo:n), Qo.n Or 9., exactly. Particle methods
have been applied extensively to approximate these quantities for general state-space models of the
form (LI)-(L2); see Cappé et all [2005], Doucet et all [2001].

The particle approximation of Qg ,, is the empirical measure corresponding to a set of N > 1
random samples termed particles, that is

N
1
Qf (dzo:n) = N ZCSX& (dzo:n) (1.5)
1=1

where 0, (dz) denotes the Dirac delta mass located at z. This approximation is referred to as the
path space approximation [Del Moral m and it is denoted by the superscript ‘p’. The particle
approximation of 7g ,, is obtamed from (@p by marginalization

770n (dx,) = Z(SX@ (day,) .



These particles are propagated in time using importance sampling and resampling steps; seeDoucet et all
12001] and [Cappé et al! [2005] for a review of the literature. Specifically, Qg’ivﬂ is the empirical mea-
sure constructed from N independent samples from

g,g (dxo:m) dTpt1 fo (Tn+1|Tn) g0 (Ynl )

(1.6)

It is a well known fact that the particle approximation of Qp, becomes progressively impoverished
as n increases because of the successive resampling steps

M] That is, the number of distinct particles representing the marginal Qg:iv(dxo;k) for any fixed
k < n diminishes as n increases until it collapses to a single particle — this is known as the particle
path degeneracy problem.

The focus of this paper is on the convergence properties of particle methods which have been re-
cently proposed to approximate the derivative of the measures {1g ,,(dz,,) }n>0 w.r.t. 0 = [01,...04)7T €
R%:

8779,71 8779,71 T
90, 7 00, '

(See Section 2 for a definition.) References (Cérou et all [2001] and [Doucet. and Tadid [2003] present

particle methods which have a computational complexity that scales linearly with the number N
of particles. It was shown in [Poyiadjis et all [2011] (see also [Poyiadjis et. all [2009] for a more de-
tailed numerical study) that the performance of these O(N) methods, which inherently rely on the
particle approximations of {Qg ,},>0 constructed as in (L) above, degraded over time and it was
conjectured that this may be attributed to the particle path degeneracy problem. In contrast, the
alternative method of [Poyiadjis et al HZDDE] was shown in numerical examples to be stable. The
method of [Poyiadjis et all ﬂ201)_5] is a non-standard particle implementation that avoids the parti-
cle path degeneracy problem at the expense of a computational complexity per time step which is
quadratic in the number of particles, i.e. O(N?); see Section [ for more details. Supported by
numerical examples, it was conjectured in iadji ﬂ21)_1l|] that even under strong mixing as-
sumptions, the variance of the estimate of the filter derivative computed with the O(N) methods
increases at least linearly in time while that of the O(N?) is uniformly bounded w.r.t. the time index.
This conjecture is confirmed in this paper. Specifically, we analyze the O(N?) implementation of
Poyiadjis et all ﬂ2_0_0£]] in Section [B] and obtain results on the errors of the approximation, in partic-
ular, L, bounds and a Central Limit Theorem (CLT) are presented. We show that these L, bounds
and asymptotic variances appearing in the CLT are uniformly bounded w.r.t. the time index when
the state-space model satisfies certain mixing assumptions. In contrast, the asymptotic variance of
the O(N) implementations, which is also captured through the CLT, is shown to increase linearly.
To the best of our knowledge, these are the first results of this kind.

An important application of our results, which is discussed in detail in Section [ is to the
problem of estimating the parameters of the model (ILI)—-(T2]) from observed data. The estimates
of the model parameters are found by maximizing the likelihood function pg(yo.,) with respect to 6
using a gradient ascent algorithm which relies on the particle approximation of the filter derivative.
The results we present in Section [B] have bearing on the performance of the parameter estimation
algorithm, which we illustrate with numerical examples in Section [dl The Appendix contains the
proofs of the main results as well as that of some supporting auxiliary results. As a final remark,
although the algorithms and theoretical results are presented for a state-space model, they may be
reinterpreted for Feynman-Kac models as well.

C@,n = V779,n =




1.1 Notation and definitions

We give some basic definitions from probability and operator semigroup theory. For a measurable
space (E, &) let M(E) denote the set of all finite signed measures and P (F) the set of all probability
measures on E. The n-fold product space E x - - - X E is denoted by E™. Let B(E) denote the Banach
space of all bounded real-valued and measurable functions ¢ : E — R equipped with the uniform
norm ||| = sup,cple(z)|. For v € M(E) and ¢ € B(E), let v(¢) = [ v(dz) ¢(z) be the Lebesgue
integral of ¢ w.r.t. v. If v is a density w.r.t. some dominating measure dz on E then, v(p) = [dz
v(x) p(x). We recall that a bounded integral kernel M (x,dz’) from a measurable space (E, ) into
an auxiliary measurable space (E’,£’) is an operator ¢ — M () from B(E') into B(E) such that the
functions
x = M(p)(x) := M (z,dz" (')
B

are E-measurable and bounded for any ¢ € B(E’). The kernel M also generates a dual operator
v — vM from M(E) into M(E") defined by

(wM)(p) = v(M(p)).

Given a pair of bounded integral operators (Mi, Ms), we let (M;Msy) the composition operator
defined by (M1M2)(p) = M1(M2(p)).

A Markov kernel is a positive and bounded integral operator M such that M (1) (z) = 1 for any
x € E. For p € B(E), let

osc(p) = sup |[p(x) — p(z)|
z.x'eF

and let
Oscy(F) ={¢ € B(E) : osc(p) < 1}.

Let B(M) € [0, 1] denote the Dobrushin coefficient of the Markov kernel M which is defined by the
formula ,m, Prop. 4.2.1]:

B(M) = sup {osc(M(p)); ¢ € Osci(E")}.
If there exists a positive constant p such that the Markov kernel M satisfies
M(z,dz) > pM(2',dz) for all z,2’ € E then 3 (M) <1 — p.

For two Markov kernels My, Mo, B(M;Ms) < S(M;)5(Ms).

Given a positive function G on E, let ¥ : v € P(E) — ¥q(v) € P(E) be the probability
distribution defined by
v(dz)G(x)

v(G)
provided oo > v(G) > 0. The definitions above also apply if v is a density and M is a transition den-
sity. In this case all instances of v(dx) should be replaced with dzv(z) and M (x,dz’) by da’ M (x, ')
where dr and dz’ is generic notation for the dominating measures.

It is convenient to introduce the following transition kernels:

Ua(v)(de) =

QO,n(znflv dzn) = g@(ynfl|xn71>dznf9(xn|xnfl> = d'rnqﬁ(xnkrnfl)v n > Oa
Qo kn(Tk, dry) = (Qok+1Q0.k+2 - - Qo.n) (Tk,dxy), 0<Ek <n,

with the convention that Qg n,», = Id, the identity operator. Note that Qg k(1) (zx) is the density
of the law of Y}.,,—1 given X}, = x. For 0 < p < n, define the potential function Gy, , on X to be

Go.pn(Tp) = Qo,pn(1)(Tp)/M0,pQ0,p,n (1) (1.7)



Let the mapping ®g . : P(X) = P(X), 0 < k <n, be defined as follows

VQO,k,n (dxn)
vQp k(1)
It follows that 79, = ®g k.n(n9.x). For conciseness, we also write ®g 1., as Py p.

A key quantity that facilitates the recursive computation of the derivative of 7y ,, is the following
collection of backward Markov transition kernels:

Dy o n(v)(dzy) =

_ Mo.n—1(dzn—1)qo(Tn|Tn—1)

MO,n Ty dTp_1
( ) 1ot (@0@al))

, n>0. (1.8)

Their particle approximations are

N dx,_ T | T —
Mé]vn(xnadxn—l) = ne,nilg\[ 1>qe( | 1)' (19)
’ Non—1(a6(znl-))

These backward Markov kernels are convenient for computing certain conditional expectations and
probability measures. In particular, for ¢ € B(X?), we have

EO [(P (Xn—la Xn)| Yo:in—1, -Tn] - /Me,n(ﬂﬁn, dxn—l)()o (:Cn—la -Tn) 5

and the law of Xo.,—1 given X,, = 2, and Yo.n—1 = Yo:n—1 18 Mo n(@n,dxn_1) - Mg 1(2z1,dx0).

Finally, the following two definitions are needed for the CLT of the particle approximation of
the derivative of 7g,,. The bounded integral operator Dy, from X into X"T! is defined for any
F,, € B(x"t1) by

1 n—1
Do o (Fn) (k) == / 11 Moz de1) | | T] Qogsr(as,dajin) | Fulwom), 0<k<n,
=k

j=k
(1.10)
with the convention that [[#) = 1. The particle approximation, Dé\,’ ks 18 defined to be
1 n—1
DE o) = [ T] M3y dain) | ] QuisaCogidazin) | Futann). (111

i=k i=k
To be concise we write
N9,k (dz) Do k. (T, dTok—1, dThy1:m)  aS Mo kDo g n(dTom)-

(And similarly for the particle versions.) Although convention dictates that 1g ,Dg i » should be
understood as the measure (19 Dok n)(dZ0:k—1,dTk+1:n), When we mean otherwise it should be
clear from the infinitesimal neighborhood.



2 Computing the filter derivative

For any F,, € B(X"1), we have

v@é,n(Fn)
e [0 (0 o) TT fo Conl ) [0l 1)) Futenn)
16 (Yo:n—1) Pt
1 n—1
—mEe{F (X0 )| Yoin— 1}/dx0n (779 o er Ty T—1) ng yklwk)>
== EO {Fn(XO:n)TG,n(XO:n)| yO:nfl} - EG {Fn(XOn)| yO:nfl} EO {Te,n(XO:n)| yO:nfl} (21)
where
To,n(T0:m) Ztek Th—1,Tk) (2.2)
to.p(Tp—1,2K) = Vlog (96 (Yk—1| xr—1) fo (zx| xR=1)), k>0, (2.3)
too(x—1,20) =tgo(xo) = Vlogmg (z0) - (2.4)

The first equality in (Z1]) follows from the definition of Qg , and interchanging the order of differ-
entiation and integration. The interchange is permissible under certain regularity conditions ,

|; e.g. a sufficient condition would be the main assumption in Section Bl under which the uni-
form stability results are proved. The second equality follows from a change of measure, which
then permits an importance sampling based estimator for the derivative of Qp ,; this is the well
known score method, e.g. see , Section 4.2.1]. For any ¢, € B(X), it follows by setting

Fn(xO:n) == (Pn(xn) in m that

V/ne,n(dxn)@n(xn)
=Eq {‘Pn(Xn)TG,n(XO:nH yO:nfl} ) {San(Xn” yO:nfl} Eg {Te,n(XO:n” yO:nfl}
= /Cen(dzn)wn(xn)

where
CG,n(dzn) - n@,n(dxn) (EO [TO,n (XOn)| Yon—1, zn] - EG [TG,n (XOn)| yO:nfl]) . (25)

We call (p,,, the derivative of 7gy,.
Given the particle approximation (LH) of Qg ., it is straightforward to construct a particle ap-
proximation of (g

N N
[ 1 j
N(dx,) :2: Tp.n(X§) = = 2 Tom(XE0) | Oy (darn). (2.6)

j=1

This approximation is also referred to as the path space method. Such approximations were implicitly
proposed in [Cérou et all [2001] and [Doucet and Tadid [2003] and there are several reasons why this

estimate appears attractive. Firstly, even with the resampling steps in the construction of Qe o

Co ’n can be computed recursively. Secondly, there is no need to store the entire ancestry of each

particle, i.e. {Xélzl} , and thus the memory requirement to construct ¢ 711\/ is constant over
1<i<N .



time. Thirdly, the computational cost per time is O(N). However, as (@p’N suffers from the particle

path degeneracy problem, we expect the approximation Ce’ to worsen over time. This was indeed
observed in numerical examples in [Poyiadjis et all ﬂ2_Q]_1|] and it was conjectured that the asymptotic

variance (i.e. as N — 00) of Ce’ for bounded integrands would increase linearly with n even under
strong mixing assumptions. This is now proven in this article.

An alternative particle method to approximate {(p n}n>0 has been proposed in m
[2007,[2011]. We now reinterpret this method using the representation in (3 and a different particle
approximation of Qg ,, that avoids the path degeneracy problem.

The measure Qg ,, admits the following backward representation

1

Qe,n(dZCo:n) = n@,n(d-rn) H M@,k(-rka dmk—l)
k=n

and the corresponding particle approximation of Qg ,, is given by

1
Qg{n(dxo") = né\jn(d‘rn) H Mé\,[k(‘rk’ dwk—l)
k=n

where MY, was defined in ([LA). This now gives rise to the following particle approximation of (g .,

[Poyiadjis et all, 2005, 2011]:

Cé\,[n(@n) = /Qg{n(de:n)T@,n(wO:n) (‘Pn(xn) - né\{n(@n))

and indeed 7} " (on) =/ QY " (dxo:n)n (s ). Tt is apparent that Qé\f ,, constructed using this backward
method avoids the degeneracy in paths. It is even possible to compute {é\fn recursively as detailed
in Algorithm 1; since a recursion for 7y, is already available, it is apparent from (23] that what
remains is to specify a recursion for Eg [T, (Xo.n)| Y0:n—1,Zn]. Let Tq ,(z,) denote this term, then
forn>1,

Te,n(l'n> =1y [Te,n (XO:n)| Yo:n—1, xn]
= EO [Te,n—l (XO:n—1)| Yo:n—1, xn] + EO [tG,n (Xn—la Xn)| Yo:n—1, -Tn]

= /MG,n(xn; d-rn—l) (EG [Te,n—l (XO:n—1)| Yo:n—2, xn—l] + t@,n (-Tn—la xn))

= /MG,n(xn; d-rn—l) (TG,n—l(:En—l) + t@,n (:En—la :En))

where T o(x0) = tg.0(20). Algorithm 1 computes (é\fn recursively in time by computing (Tgﬁn, 7797”)

and is initialized with T((,z) =tp O(Xéi)) (see ([22)) where {Xéi)} are samples from 7y (zo).

1<i<N

Algorithm 1: A Particle Method to Compute the Filter Derivative
e Assume at time n — 1 that approximate samples {Xr(fll} from 79.,—1 and approximations

1<i<N
{Te)n 1} ) of {Tg,n_1 ( ff) 1)} _ are available.
1<i<N 1<i<N

e At time n, sample {X,(f)} independently from the mixture
1<i<N

> fo (mn|x7§a31) ge( | X9 )
Zj'vzl 96 (yn—1| X,(Ql)

(2.7)



and then compute {Té)n} and ¢}, as follows:
<i<N '

Lo X (T e (X2 X580)) fo (XP1X2) g0 (| X2

Ty, = , (2.8)
S fo (XT(l)lX(J)l) ge (yn | x99 )
1 =) Y 7 >
Cévn(dzn) = N - TG n Z 1 X(‘L dzn) (29)

Algorithm 1 uses the bootstrap particle filter of IGordon et. all ﬂl&fﬁ] Note that any SMC imple-
mentation of {7, }»>0 may be used, e.g. the auxiliary SMC method of [Pitt. and Shephard [1999] or
sequential importance resampling with a tailored proposal distribution [Doucet et a ] [ZDQ1| It was

conjectured in mmwjﬂ ﬂZQllJ that the asymptotic variance of ¢ n( ) for bounded integrands
 is uniformly bounded w.r.t. n under mixing assumptions. This is established in this article.

3 Stability of the particle estimates

The convergence analysis of Ce ,, (and C PN for performance comparison) will largely focus on the

convergence analysis of the N-particle measures Qe,n (and correspondingly QJ’ n) towards their
limiting values Qg.,, as N — oo, which is in turn intimately related to the convergence of the flow of

particle measures {név n} towards their limiting measures {g,,.},,~,- The L, error bounds and the
I n>0 2

central limit theorem presented here have been derived using the techniques developed in
for the convergence analysis of the particle occupation measures né\fn . One of the central
objects in this analysis is the local sampling errors defined as

The fluctuation and the deviations of these centered random measures can be estimated using non-
asymptotic Kintchine’s type L,-inequalities, as well as Hoeffding’s or Bernstein’s type exponential de-
viations [Del Moral, 2004, [Del Moral and Rid, 2009]. In[Del Moral and Micla [2000] it is proved that
these random perturbations behave asymptotically as Gaussian random perturbations; see Lemma
in the Appendix for more details. In the proof of Theorem [[I1] (a supporting theorem) in
the Appendix we provide some key decompositions expressing the deviation of the particle measures
Qé\{n around its limiting value Qg ,, in terms of the local sampling errors (Ve%, e Vel\;) These de-
compositions are key to deriving the L,-mean error bounds and central limit theorems for the filter
derivative.

The following regularity conditions are assumed.

(A) The dominating measures dz on X and dy on ) are finite, and there exist constants 0 <
p, 0, ¢ < oo such that for all (x,2',y,0) € X% x J x O, the derivatives of 7y (), fo (2'|2) and gg (y|x)
with respect to 0 exists and

Y<fo (@) <p, 671 <ga(ylx) <6, (3.2)
|Vlogmg (z)| V |Viog fo (z'|x)] V [V1og go (y|z)| < c. (3.3)

Admittedly, these conditions are restrictive and fail to hold for many models in practice. (Exceptions
would include applications with a compact state-space.) However, they are typically made to estab-
lish the time uniform stability of particle approximations of the filter ﬂMl_MQLa], 2004, [Cappé et all,
M] as they lead to simpler and more transparent proofs. Also, we observe that the behaviors pre-
dicted by the Theorems below seem to hold in practice even in cases where the state-space models




do not satisfy these assumptions; see Section @l Thus the results in this paper can be seen to provide
a qualitative guide to the behavior of the particle approximation even in the more general setting.

For each parameter vector § € O, realization of observations y = {yn}n>0 and particle number
N, let (Q,F,P}) be the underlying probability space of the random process {(X,(ll), . ,Xr(lN))}nzo
comprised of the particle system only. Let EY the corresponding expectation operator computed
with respect to Pj. The first of the two main results in this section is a time uniform non-asymptotic
error bound.

Theorem 3.1 Assume (A). For any r > 1, there exists a constant C, such that for all 0 € ©,
Y=A{Yntn>0, n >0, N >1, and ¢, € Osc1(X),

1

\/NEZ {’Cé\,[n((pn) - C@,n((pn)}r}; < Cr

Let {Va,n}n>0 be a sequence of independent centered Gaussian random fields defined as follows.
For any sequence {¢y,},>0 in B(X) and any p > 0, {Vp(¢n)}_, is a collection of independent
zero-mean Gaussian random variables with variances given by

1,1 (#7) — 1l6,n(0n)*. (3.4)
Theorem 3.2 Assume (A). There exists a constant C < oo such that for any 6 € ©, y = {yn }n>0,
n > 0 and p, € Osc(X), \/N(CéYn *C&,n) (pn) converges in law, as N — oo, to the centered

Gaussian random variable

- DG,p,n(FO,n - QO,n(FG,n))
> i (Con Dapa1) (35)

whose variance is uniformly bounded above by C' where

FO,n = (Sﬁn - Qe,n(sﬁn)) (TG,n - Qe,n(Teyn)) .

The proofs of both these results are in the Appendix.

As a comparison, we quantify the variance of the particle estimate of the filter derivative computed
using the path-based method (see (26]).) Consider the following simplified example that serves to
illustrate the point. Let gg (y|x) = g (y|x) (that is 6-independent), fo (2| 2n—1) = 7o(zy), where
7 is the initial distribution. (Note that fy in this case satisfies a rephrased version of (3.2]) under
which the conclusion of Theorem B2 also holds.) Also, consider the sequence of repeated observations
Yo = y1 = - -+ where yp is arbitrary. Applying Lemma [[T2] (in the Appendix) that characterizes the
limiting distribution of v/N( g::lv — Qp.n) to this special case results in v/N( g;ff — Co.n)(p) (see
(1)) having an asymptotic distribution which is Gaussian with mean zero and variance

n x mo(@°)my [(Viogmg)?] + mo [7°(Vlogme)?] — Vmg()?

where ¥ = p—mg(p), my(x) = mo(z)g (yo| ) /7o (9 (Yol -)). This variance increases linearly with time
in contrast to the time bounded variance of Theorem B2

4 Application to recursive parameter estimation

Being able to compute {{p n}n>0 is particularly useful when performing online static parameter esti-
mation for state-space models using Recursive Maximum Likelihood (RML) techniques [Le_Gland and Mevel,

, [Poyiadjis et alJ, [ZDDE, |2Ql_1|]; see also [Kantas et all HZDQQ] for a general review of available
particle methods based solutions, including Bayesian ones, for this problem. The computed filter
derivative may also be useful in other areas; e.g. see |ngu§lmj_t_a]_.| ﬂ2_0_08] for an application in
control.




4.1 Recursive Maximum Likelihood

Let 0* be the true static parameter generating the observed data {y,}n>0. Given a finite record of
observations yo.7, the log-likelihood may be maximized with the following steepest ascent algorithm:

Ok = Ok—1 + vk Vogpo(yor)lg—p, ,» k=1, (4.1)

where 0y is some arbitrary initial guess of 6%, Vlogpy(yo.r)|g_g, , denotes the gradient of the

log-likelihood evaluated at the current parameter estimate and {vx}r>1 is a decreasing positive
real-valued step-size sequence, which should satisfy the following constraints:

o0 (o]
Z% = o0, Zvi < 0.
k=1 k=1

Although Vlog pg(yo.7) can be computed using (£3)), the computation cost can be prohibitive for
a long data record since each iteration of ([@I]) would require a complete browse through the 7'+ 1
data points. A more attractive alternative would be a recursive procedure in which the data is run
through once only sequentially. For example, consider the following update scheme:

On, = On—1 + Yn V102 po(Ynlyon—1)lg—g, | (4.2)

where V1ogpg(yn|yOm,1)|9:9n71 denotes the gradient of log ps(yn|yo.n—1) evaluated at the current
parameter estimate; that is upon receiving y,, 6,—1 is updated in the direction of ascent of the
conditional density of this new observation. Since we have

V log po (Y| )| J dznno, (@) Vgo (ynl 2n)lp, | + [ dwn (ynl ) Con_sin(wn) g0,
0g Po(Yn|Yo:n—1)|p— L ,
0=0n- fdxnnenfl,n(xn)99n71 (yn| xn)
(4.3)

this clearly requires the filter derivative (g,. The algorithm in the present form is not suitable
for online implementation as it requires re-computing the filter and its derivative at the value 6 =
0r—1 from time zero. The RML procedure uses an approximation of (3] which is obtained by
updating the filter and its derivative using the parameter value 0,1 at time n; we refer the reader
to ILe_ Gland and Mevel ﬂ_l_9_9_2|] for details. The asymptotic properties of the RML algorithm, i.e.
the behavior of ,, in the limit as n goes to infinity, has been studied in the case of an i.i.d. hidden
process byﬁﬁmﬁn.gtgﬂ ﬂJ&%ﬂ and [Le Gland and Mevel ﬂJ_QQ_’ﬂ] for a finite state-space hidden Markov
model. It is shown in [Le Gland and Mevel [1997] that under regularity conditions this algorithm
converges towards a local maximum of the average log-likelihood and that this average log-likelihood
is maximized at 6*. A particle version of the RML algorithm of Le Gland and Mevel [1997] that uses
Algorithm 1’s estimate of 7y ,, is presented as Algorithm 2.

Algorithm 2: Particle Recursive Maximum Likelihood

(@)
) N

e At time n — 1 we are given yo.,—1, the previous estimate 6,,_; of 6* and {(X,(fll T EA

» T n—1

e At time n, upon receiving y,, sample {Xff)} independently from (21 using parameter
1<i<N
0 = 0,,_1 to obtain

N
1
N (da,) = ~ > 6w (den)
1=1



and then compute

S0 (T2 tonsn (X2 X)) oy (X1X) g0, (o X2,

(1)
T = : ‘ 4 : (4.4)
S fa (501X2,) g0, (gl X2
1 & @ 1 )
N _ e\ ¥ _
and N N
@logp(y Iy ) fnn (dxn) Ve (ynl xn)|en,1 + an (dzn)g0, 1 (Yn|Tn)
n|Yon—-1) = .
fﬁfz\[(dfﬁn)genfl (ynl ‘TN)
Finally update the parameter:
en = Gn—l + 'ynﬁlogp (yn| yO:n—l) . (46)

Under Assumption A, the particle approximation of the filter is stable ﬂm, m; see also
Lemma [T 4] in the Appendix. This combined with the proven stability of the particle approximation
of the filter derivative implies that the particle estimate of the derivative of logp (| yo.n—1) is also
stable.

4.2 Simulations
The RML algorithm is applied to the following stochastic volatility model M&mb&d, HM]

2

o
Xo~N (07 1_—(152) y Xnt1 = 0Xpn +0Viy,
Y, = Bexp (X, /2) W,,
where N (m, s) denotes a Gaussian random variable with mean m and variance s, V;, 1. N (0,1)

and W, bid. N (0,1) are two mutually independent sequences, both independent of the initial state
Xo. The model parameters, 8 = (¢, 0, 3), are to be estimated.

Our first example demonstrates the theoretical results in Section The estimate of 9/dc
102D (Ynmsr—-1]Yom—1) at 0* = (0.8,4/0.1,1) was computed using Algorithm 1 with 500 parti-
cles and using the path-space method (see (Z6)) with 2.5 x 10° particles for the stochastic volatility
model. The block size L was 500. Shown in Figure [1 is the variance of these particle estimates
for various values of n derived from many independent random replications of the simulation. The
linear increase of the variance of the path-space method as predicted by theory is evident although
Assumption A is not satisfied.

For the path-space method, because the variance of the estimate of the filter derivative grows
linearly in time, the eventual high variance in the gradient estimate can result in the divergence of the
parameter estimates. To illustrate this point, (€8] was implemented with the path-space estimate of
the filter derivative [Z6) computed with 10000 particles and constant step-size sequence, 7, = 1074
for all n. 0y was initialized at the true parameter value. A sequence of two million observations was
simulated with 0* = (0.8,1/0.1,1). The results are shown in Figure Bl

For the same value of §* and sequence of observations used in the previous example, Algorithm
2 was executed with 500 particles and v, = 0.01, n < 105, v, = (n — 5 x 10%)796, n > 10°. As it

11
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Figure 1: Variance of the particle estimates of 9/90 1og p (Yn:n+500—1| Yo:n—1) for various values of n
for the stochastic volatility model. Circles are variance of Algorithm 1’s estimate with 500 particles.
Stars indicate the variance of the estimate of the path-space method with 2.5 x 10° particles. Dotted
line is best fitting straight line to path-space method’s variance to indicate trend.
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Figure 2: Sequence of recursive parameter estimates, 6, = (o, ¢n, Br), computed using (L8) with
N = 500. From top to bottom: 3,, ¢, and o, and marked on the right are the “converged values”
which were taken to be the empirical average of the last 1000 values.

12



11
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x10°

Figure 3: RML for stochastic volatility with path-space gradient estimate with 10,000 particles,
constant step-size and initialized at the true parameter values which are indicated by the dashed
lines. From top to bottom, ¢, # and o.

can be seen from the results in Figure 2] the estimate converges to a value in the neighborhood of
the true parameter.

5 Conclusion

We have presented theoretical results establishing the uniform stability of the particle approximation
of the optimal filter derivative proposed in [Poyiadjis et _all ﬂ201)_5, 1201)_9] While these results have
been presented in the context of state-space models, they can also be applied to Feynman-Kac
models ﬂm, m] which could potentially enlarge the range of applications. For example, if
dx' fg (2’| z) is reversible w.r.t. to some probability measure up and if we replace gg (yn|x,) with
a time-homogeneous potential function gg (x,,) then 7y, converges, as n — oo, to the probability
measure pg, defined as

1
o(he [ da'fo (x'|-) ho(z'))

where hy is a positive eigenmeasure associated with the top eigenvalue of the integral operator
Qo(x,dx') = go(x)dz' fo (2| z) (see section 12.4 of [Del Moral [2004]). The measure pg is the
invariant measure of the h-process defined as the Markov chain with transition kernel My (z, dz’)
da’ fo (2’| ) hg(x’). The particle algorithm described here can be directly used to approximate the
derivative of this invariant measure w.r.t to . It would also be of interest to weaken Assumption A
and there are several ways this might be approached. For example for non-ergodic signals using ideas
in lQudjane and Rubenthalerl [2005], [Heine and Crisan [2008] or via Foster-Lyapunov conditions as

1n|]ieﬁlmw_aﬂﬂ2ﬂll] MhmﬁlﬁylﬂZQllJ

po.n(dz) = po(de) ho(o) [ da'fo (') ha(a)
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7 Appendix

The statement of the results in this section hold for any 6 and any sequence of observations y =
{¥n}n>0. All mathematical expectations are taken with respect to the law of the particle system only
for the specific § and y under consideration. While @ is retained in the statement of the results, it is
omitted in the proofs. The superscript y of the expectation operator is also omitted in the proofs.
This section commences with some essential definitions in addition to those in Section [[LIl Let

Qe,k,n(zk; dxn)

PG,k,n(xkvdzn) - QO,k,n(l)(-’Ek) 5

and

1
Mo (@, dzop—1) = [ [ Mo s(ax, dze—1), p>0,
k=p

and its corresponding particle approximation is

1
Mé\,]p(xpa d:CO:pfl) = H Mé\,[k(l'h dzkfl)
k=p

To make the subsequent expressions more terse, let
ﬁé\fvn = (1)97"(779?7171)’ n Z 0’ (71)

where ﬁé\,fo = @y o(n™;) =np.0 = ™ by convention. (Recall ®y,, = ®p,,_1,.) Let
f;f:a({X,g“;ogkgnJgigN}), n>0,

be the natural filtration associated with the N-particle approximation model and let FY, be the
trivial sigma field.

The following estimates are a straightforward consequence of Assumption (A). For all § and time
indices 0 < k < g <n,

Qokn((@r) 282 3 (Qe,k,q(ﬂﬁkadwq)Qe,q,n(l)(iﬂq)) < (1= o) ot

bo ke = sup

e, Qokn(1)(2],) Q0,k,q(Q0,q,n (1)) (k) - ’
(7.2)
and for 6, 0 < k < gq,
MY (x,dz) < p* MY (! dz) = B (MY, MY,) < (1—p~ )T (7.3)

Note that setting ¢ = n in (T2) yields an estimate for 5(Pp k)
Several auxiliary results are now presented, all of which hinge on the following Kintchine type
moment bound proved in [Del Moral [2004, Lem. 7.3.3].

Lemma 7.1 m, Lemma 7.8.3]Let u be a probability measure on the measurable space
(E,&). Let G and h be E-measurable functions satisfying G(x) > c¢G(x') > 0 for all z, 2’ € E where c
is some finite positive constant. Let {X(i)}lgiSN be a collection of independent random samples from

w. If h has finite oscillation then for any integer r > 1 there exists a finite constant a,., independent
of N, G and h, such that

\FE{ S G ORED)  uen)|

Z G M) } < c¢ “osc(h)a,

14



Proof:
The result for G = 1 and ¢ = 1 is proved in[Del Moral ﬂmﬂ The case stated here can be established
using the representation

pN(Gh)  u(Gh)  wG) n [ G, u(Gh)
(& T e A L(G) (h W) )]

where N (dz) = NP SN 6y (da).

Remark 7.2 For k > 0, let hkN_1 be a f,iv_l measurable function satisfying hkN_1 € Osc1(X) almost
surely. Then Lemma[71] can be invoked to establish
} <cla,

Lemma [73] to Lemma are a consequence of Lemma [[[]] and the estimates in (T.2).

né\{k(thN—O B (I)O,k(né\,[k—l)(GhI]cv—l)
né\fk(G) @G,k(né\{k—ﬂ(G)

where G is defined as in Lemma[71]

VNE} {

Lemma 7.3 For any r > 1 there exist a finite constant a, such that the following inequality holds
forall 0, y, 0 < k <n and F | measurable function o satisfying ¢ € Osc;(X)
almost surely,

1
r

VNE} (|00 () (02) = Pos1m(bi )@ )" < ar bon B(Pogn)

where, by convention @9,_17,1(77(],\1[71) = Ng.n, and the constants by, and B (Pykn) were defined in

2.

Proof:

Dpen (M) (20) = Prc1.n(mi1) ()

— M (dz) Qr,n (1) (1) - () ) (dok)Qrn (1) (k) Ny
/ ( Q1) () Q1) )ka"@nﬂ )

where ®4(n",) = 1o by convention. Applying Lemma [1] with the estimates in (Z2)) we have
1

VNE (|26 0)@N) = @t ) @) | FLL) < ar bn B (Pen)

almost surely.
Lemma [[3] may be used to derive the following error estimate ﬂm, m, Theorem 7.4.4].

Lemma 7.4 For any r > 1, there exists a constant ¢, such that the following inequality holds for
all 0, y, n >0 and p € Osc1(X),

<l

\/NEg (Hné\fvn - 779771](()0)’T) < Cr Z b@,k,n 6 (PH,k:,n) . (74)
k=0
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Assume (A). For any r > 1, there exists a constant ¢, such that for all 0, y, n > 0, ¢ € Osci(X),
G € B(X) such that G is positive and satisfies G(x) > caG(x') for all x,2' € X for some positive
constant cq,

né\,[n(dxn)G(xn) B N n(dxy)G ()

VNE} ( (%)

) T < c(1+cgh). (7.5)

Proof:
The first part follows from applying Lemma to the telescopic sum ﬂm, m, Theorem
7.4.4):

(Y =) (©) =D Prn( ) () = Pho1 (1) ()
k=0

with the convention that ®_; ,(n”,) = n,. For the second part, use the same telescopic sum but
with the k-th term being

Dp () (eG)  Pr-1n (1) (G)
(I)km(nl]cv)(G) (I)k—l,n(n}]cvfl)(G)

:/ Y (dk) Qun (G) () Pr(i ) (dew) Qi (G) (@) | Qrn(Ge) (k)
e Qrn(G) Pr(np_1)Qrn(G) Qi (G)(zr)

Apply Lemma [ZT] using the same estimates in (.2), i.e. the same estimates hold with G replacing
1 in the definition of by ,, and with G replacing @y (1) in the argument of 5.
The following result is a consequence of Lemma [T4

Lemma 7.5 Assume (A). For anyr > 1, there exists a constant ¢, such that the following inequality
holds for all 0, y, 0 <k <n, N >0 and ¢, € Osc1(X),

1
=

VNE] (! [@o,k,n (M) — o,k (0,5)] (%)!T) <epth

Proof:
The result is established by expressing @y , (i) as

i (dzy) Qun (1) (k)
n]]ngk,n(1>

expressing Py, (1) similarly, setting G in (T.3) to Qxn(1), ¥ = Prn(pn) and using the estimates in

2.

Lemma 7.6 For each r > 1, there exists a finite constant ¢, such that for all 6, y, 0 <k < g <mn,
and ]-',?771 measurable functions @év satisfying pq € Osci(X) almost surely,
r ) 1

By () )(din) = / Prn(n, dan),

y (I)BJWZ(né\,{k)(dxq)QH,qm(l)(xq) B (I)G,k—l,q(né\,[k—l)(dwq)QB,q,n(l)(xq) Ny
VNE} <|/ ( 010 (1) Q0o (1) D0 b 1.0 1) QoD ) #a (T0)
Qe,k,q(ﬂﬂkadwq)Qe,q,n(l)(%))
Qo,k,q(Qo,g,n(1))(z1)

< Cr b@,k,n ﬁ (
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Proof:
This results is established by noting that

q)kﬁq(m]cv)(dzq)qun(l)(zq) P 141(771]@\[ D(dzq)Qqn(1)(z4)

(bk,q(nlzcv)qu(l) P 1,q(77k 1)Qq,n(1)
:/ U/iv(dwk)Qk,n(l)(mk) _ (I)k(nk 1)(d$k Qk "( )(:Ek Qk,q(xkadxq)Qq,n(l)(xq)
1y Qe (1) Dp (1) Qr,n(1) Qrn(1)(zr) '

Now Lemma [T is applied using the estimates in (T2)).

Lemma 7.7 Assume (A). There exists a collection of a pair of finite positive constants, a;,c;, i > 1,
such that the following bounds hold for allr >1,0,y, 0<p<n, N>1,2,€ X, F, € B(Xp+1),
F’ﬂ € B(Xn+1))

1
=

VNEY (| M3, (Fy(s2p) (29) = Moy (Fyp(s2) (@) )7 < 1Bl avp,

=

VNE} (D3 0(Fu) (@) = Dopn(Fa)@p)| )" < aven | Full.

Proof:
For each x, let xo.p—1 = Gp—1.2, (To:p—1) = Fp(z0:p)q(@p|rp—1). Adopting the convention = no,

MN (Fp (s xp)) (2p) — Myp (Fp (-, 2p)) (2p)

o L MNp— kDp kp 1(d$0p 1) (zp|xp*1) o ﬁp kDp k,p— 1(d1‘0;p,1)q($p|1'p71) T
‘;/ ( 0 DY, (a(]) DY 1 (a(3p]) )F( ve)
_ - Mp—k (dzp—1)Qp—k.p—1(a(@p|.)) (@p—1) B ﬁévfk(dxpfk)prkﬁpfl(Q(zp|-))(xp7k)
_;/< npkap—k,p—l(q(po) ﬁ;ﬁkQP—km—l(Q(xpL)) )

Gp k,p— 1xp(‘rp k)

Qp—kp-1(q(zp|)) (2p-1)
where Gp kop—1,0, (Tp—k) = D}],V,kﬁpfl(prl,mp)(zpfk); which is a fé\ikfl—measurable function with
norm N

Gp k,p— l,zp(‘rp—k)
Qp—k.p-1(q(@p].)) (Tp-1)

The result is established upon applying Lemma [Z1] (see Remark [[2) to each term in the sum
separately and using the estimates in (Z.2). To establish the second result, let

X

sup
Tp_k

<151

prn(xO:p> = /Qerl(zpa dprrl) e Qn(znfly dzn>Fn (Z'O:n>-

Then,

Dé\{n(anxp) = Dpn(Fr)(7p) = Mfav (Fpn (s 2p)) (2p) = Mp (Fpn (s 2p)) (p)-
The result follows by setting ¢, = psupy ||Qs.p,»(1)| and it follows from Assumption (A) that ¢, is
finite.

Lemma and Lemma both build on the previous results and are needed for the proof of
Theorem 311
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Lemma 7.8 Assume (A). For any r > 1 there exists a constant C,. such that for all 6, y, 0 <k <n
N >1, ¢, € Osc1(X)

VN ﬂ [ @ zsndtos (e, ) (o) — o)

/né\jkDé\{k,n(de:n)t (@ o0 [ onlan) né\,[kDé\,[k,n(Sﬁn)
- 6.k k—1,+4k n\In) — TN AN 71\
né\,[kDé\,[k,n(l) »

S1=

)

n@,kDé\,[k,n(l)
<2(n-—k)C,p" " (7.6)
Proof:
The term (7.0]) can be further expanded as
PR Y PR . T3
NN 1 ke (Tr-1, Tk n(Tn) = — NN 9
0 D (1) e Dy (1)

_ /Qﬁ[(dzo:n)tk (Th—1, 1) (Pnlzn) — Y (0n))
n—1 dz . N Nn n
= Z/ ' NDN 0: )tk (Th—1,2k) (sﬁn(zn) _ M@(ﬁ)))

7’]NDN
DX (dzo.n N DN n
_ Z / 77p+1 p+1 n 0: )tk (ZCk_l,ZCk) gDn(ZCn) o np;I p-‘,—l,n(w )
77p+1 p+1 (1)

77p+1D;Z;V+1,n(1)
_ Z/ 771) dmo n) _ Uﬁi—lD;{n\{H,n(de:n) tr (@rer, 20) | on(@n) — Np D;D n(‘Pn)
(1) 77;]7\;1D;Z;V+1,n(1) ’ e ;éVD;])\,]n(l)
B nz: 77 (¢n) U;J)\ZAD;JXH n(#n) 77;]7Y+1D;])V+1,n(tk) _ U;ZaVD;])\,[n(tk)
(1) M1 Dplir (1) My Dpya (1) nfY DYL(1)
B Z 77p n) U,J)\ﬁﬂDﬁan(sDn) UéVD;])\,[n(tk)
(1) Uﬁ@é\il,n(l) n{,VDé\,’n(l)
_ i/ p,n(d‘rom) o n;éVJrlD;é\crl,n(d‘Tom)
= ny DY, (1) npa D, (1) -
X | e (=1, 2k) — 7NDN (&) on(xn) — 7NDpn(cpn)
- ny DY, (1) R DY, (1)
B "Z 77 pn (on) M DYin(en) \ (1 Dpiim(te)  mp Dyl(te) (7.8)
a1 Dy (1) My Dy (1) ) DYL(1)

For the first equality, note that 7)Y DY, (dzo.,) = Q) (dzo.,). It is straightforward to establish that

o Do (dzo:n) /1y (9(yp] ) = M1 Dp'yr o (doun), (7.9)
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which is due to

77;])\[ (dxp)

n—1
— Qjt+1(xj,drjs1)
N (g(ypl ) H S T

_ n;zav(dwp)g(yp| Tp) ($p+1| xp) d$p+177;])v (g(yp| ')f($p+1| )
) (9(yp| ) f(zps1]-)) Y (9(ypl+))

n—1

n—1
1T Qe deia)

Jj=p+1

= Mﬁ1(xp+1ad$p)ﬁgf1(d$p+l) H Qj-i-l(xj’dxj-i-l)'
Jj=p+1
Thus
ND (dSCO :p+15 dxn) B ngle;])V-i-l,n(dinerl ) dxn)
;javD;]o\,[n( ) U$1Dg+1,n(1)
ﬁp+1Dﬁr17n(d$0:p+1, dz,) - U;]a\ﬁr1D;]aV+1,n(dz0:p+1v dar)
B DY (1) o1 D1 n (1)
. (77;])\{1-1(dprrl)QerLn(l)(prrl)
B ﬁ;]xrlQerl,n(l)

(7.10)

N
77p+1(dprrl)Qerl,n(l)(szrl) Qp—i—l n(xp—i-ladxn)
- M Tp+1s dl‘o- ) : .
1Y Qpita(1) e (@1 ooy Qp+1,n(1)(2p11)

In the first line, variables z;,42:,—1 of the measures 1, D, N (dxo.n) and np+1D " 1. (dzo.,) are inte-
grated out while the second line follows from (Z9). Using (ZI0), the term (IEZI) can be expressed
as

Z/ 77p+1 (drp+1)Qpt1,n(1)(Tpt1) B 77;]7\51-1(d$p+1)Qp+1,n(1)($p+1)
77p+1Qp+1,n(1> 77]9;1Qp+1,n(1)

N N ~N N
n D n(SDn) 1 +1Dp+1 n(tk)
X Ppiip [ pn — 22 P ) MY 1y — D e ) )
’ < m D) ) 7 Tt DY (1) ) 7

Note that by B3), (2) and (3)),

o WfaVDé\fn(%) (Qerl,n(prrladfcn))
Fortn <@” DN, ) ) ) <P )

~N N
1 +1Dp+1 n(tk)
MYt = BRI ) (200)
e ( UﬁHDéVH,n(l) g

Thus by (C2) and Lemma [C.6] we conclude that there exists a finite constant C,. (depending only
on r)

n—1 NDN ND (on
S st -5 (- 58555

« n;f)VDZZ)\,]n(dzon) . U;]X|-1D1]X|r1,n(d$0:n)
My Dpin(1) M1 Dpian (1)

<CB(Mphy .- M%)

}T < (n—k)Cp" " (7.11)
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For the term (78], it follows from (ZI0)

U;];Yle;ZgVH,n(tk) - néVD;])\,[n(tk)

Mo Doy (D) 15 Dyl (1)

_ / 7711)\{1-1 (dxp-‘rl)Qp-‘rl,n(l)('Tp-‘rl)
n;];\crlQerl,n(l)

(Mp-i-l (tk) (zpt1) — Tpt1 (Qpe1.n(Mpi (tk))> .

ﬁ;]xrlQerl,n(l)

Thus, using B.3]) and (7.3), there exists some non-random constant C' such that the following bound
holds almost surely for all integers & < p < n, N:

U$1Dg+1,n(tk) U;ZaVD;]a\,[n(tk)

M1 Dy (1) ) DYL(1)

Combine this bound with Lemma to conclude that there exists a finite (non-random) constant
C; (depending only on r) such that for all integers k < p < n, N:

T

} <Cp't

YD (on) ) DY (en) \ (0N DYy (k) n) DY ()
o | - S (BB - S )
(7.12)

CpP~HH,

( ) 77p+1Dp+1,n(1) n;]a\{le;]aVJrl,n(l) néVD;])\,[n(l)

The result now follows from (I and (Z.12).

Lemma 7.9 Assume (A). For any r > 1 there exists a constant C,. such that for all 0, y, 0 < k < n,
N >1, ¢ € Osc1(X),

DY, . (dzo.n N DN n
\/_Ey{|/776k 6.k (d0: )te,k T (cpn(:rn) Mg Dgren ))

Mo kDévk n( ) né\,{kDé\,[k,n(l)

3l

- / Qo (doim) ok (@51, 1) (9 (@n) = No.m(0n))

} <C.p"* (7.13)

Proof:

/nl]chlzv\,]n(de:n)tk (.Tk .Tk) 0 (.T ) NDN (‘Pn)
— N N /1N -1, n n) T NN /1)
e D (1) ;?D;iv,n(l)

/@n(dxo:n)tk (xk—la xk) ((Pn(xn) - nn((pn))

+/ (%%bn—é\él(f)) - Qn(dx&n)) th (Th—1, 1) (Pn(2n) — M0 (Pn)) (7.14)
- (nn(%) " DY) ) 2D} (1) (7.15)

To study the errors, term (.I4) may be decomposed as

NDN (dzg.n
/ (nkaDn—]\E(lo)) - Qn(dSCO:n)) th (Th—1,71) (Pn(Tn) = Mu(pn))

dZE n ~NDNn dx n
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with the convention that 7}’ = @ (77]_\’1) = 1. The term corresponding to p = k can be expressed as

i (dog) Qo (D () M (dae)Qrn (1) (@) ) v oo d e B .
/( n]ink,n(l) ﬁ;iVQk,n(l) )Mk ( kyd k—l)tk( k—1, k)Pk,n((Pn nn(@n))( k)

Using Lemma [Tl and Remark [7.2]

1
=

\/NE{

< Cr—n k

i (dog) Qun (D () T (dak) Qo (1) (1) ) v . B .
[ (e 22 L) MY (1) () Prain = o))

}

Similarly, the pth term when p < k can be expressed as

(s - B s ot -t
:/<(I)Pak—l(nzj)v)(dwk—l)Qk—l,n(l)(xk_l) Bty Mok )10l Kwk_l))

Py -1 (M) Qr—1,n(1) @y -1 ) Qr-1,n(1)
Qr(xp— 1,d$k)an( ) (k)
Qr—1,n(1)(wp-1)

ty (zkfla zk) Pyn (‘Pn - Un(@n)) (xk)

Using Lemma [Z8] for the outer integral (recall ), x—1 (7)) = ®p_1.6-1(n) 1)),

\/NE{

< C —nfk—kflfp

< NDNn(l) - (nzj)v 1) DN Rt ) ) th (Tr—1, k) (Pn(Tn) — Nn(Pn))

Combining both cases for p yields

d‘rOn ry =
\/NE{‘/ (nk NI;)"N 0 ) . Qn(dwo;n)> ti (-1, 2k) (On(Tn) — Mn(on)) }

. e (7.16)
C.7 kzpk1p+crp k

p=0

< Cp"~ ’C<1+L)
1-p

or (TIH]), Lemma [0 yields the following estimate

\/NE{| (nn(@n) _ nljchI]c\{n((pn)> nIZcVDIZc\,[n(tk)

me D (1)) nd D, (1)

} < Cp k. (7.17)

The proof is completed by summing the bounds in (ZI6), (ZI7) and inflating constant C,. appro-
priately.
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7.1 Proof of Theorem [3.1]

G (on) = Calon) = Z/Qﬁ(dwo:n)tk (@k-1,2) (Pn(@n) =15 (n))
k=0

- / Qu(dom)ts (T5-1, 28) (9n(Tn) — fin(pn))

To prove the theorem, it will be shown that the error due to the k-th term in this expression is
VIR { | [ Qoo (oicr.) (onlan) = 1 )

— [ Quldzon)te (ors,28) (o) = ) };S(”—kﬂLl)Crﬁ”_k

where constant C, depends only on 7 and the bounds in Assumption (A) (through the estimates p
and p262 in (Z2)) as well as the bounds on the score).

/ QF (o)t (h1, 7) (9n(n) — 7 (n)) — / Qu (o)t (T, 25) (90 (@n) — 7 (20))
- / QY (Aot (k-1 28) (0 (n) — 1Y ()

7.18
/ n}]ch]]c\{n(dJSO:n)tk (@1, 2x) | on(n) Uﬁngn(%) ( )
- T~ N N 1N —1 n\tn) = T N N 1N
e Dy (1) e Dy, (1)
/U,ingn(dzom)t (@ o) [ onlan) n;iVDﬁn(sﬂn)
T NN 1N Yk k—1,LEk n\<n) = T N AN /1N

- / Qu(dom)tn (@hots 21) (2n(@n) — 1 (2n)

The proof is completed by summing the bounds in Lemma [[.§ for (I8) and Lemma [ for ([Z19)
and inflating constant C. appropriately.

7.2 Proof of Theorem

The following result which characterizes the asymptotic behavior of the local sampling errors defined

in (B is proved in [Del Moral m, Theorem 9.3.1]

Lemma 7.10 Let {¢n}n>0 C B(X). Forany 0, y, n > 0, the random vector (%%(cpo), e V‘g]’\;(cpn))
converges in law, as N — 00, to (Vg,0(¢0), -, Van(en)) where Vy ; is defined in (34).

The following multivariate fluctuation theorem first proved under slightly different assumptions

in [Del Moral et all [2010] is needed. See also Douc et al! [2009] for a related study.

Theorem 7.11 Assume (A). For any 6, y, n >0, F, € B(X"1)V/N ((@évn — Qgﬁn) (F,) converges

in law, as N — oo, to the centered Gaussian random variable

3V (G DeeetFr=QealB)).
p=0

DG,p,n(l)

where Vy ,, is defined in (37).
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Proof:
Let

Tn = ]:[ e (9(Yxl -))
k=0

and define the unnormalized measure

Iy =7Qn,.
The corresponding particle approximation is 'Y = yN QN where v = Hz;én,iv (9(ykl|.)). The result
is proven by studying the limit of N (I'¥ —T',) since

QY — Qul(F,) = %N [N T, (Fn — Qu(F)) -

Note that Lemma [T4] implies v converges almost surely to 7,. The key to studying the limit of
VN (ny — Fn) is the decomposition

VN [TY =To] (F) = > 30 V¥ (Dpn(Fn)) + RY (F)
p=0

where the remainder term is

RY(Fn) =>4 VN (EN,) and the function FJ, := [D), = Dpn](Fn)
p=0

By Slutsky’s lemma and by the continuous mapping theorem (see lvan_der Vaart ﬂjﬁ%ﬂ) it suffices to
show that RY(F},) converges to 0, in probability, as N — co. To prove this, it will be established
that E (RY (F,,)?) is O(N~!). Since

E{RY (F)2) = iE{(Vif VN (EN)))

and |,y]ng | < ¢, almost surely, where ¢, is some non-random constant which can be derived using (A),

it suffices to prove that E (VPN (an)Q) is O(N~1). By expanding the square one arrives at

E(VY (5 [ FN) <o () ((F)°)-

By Assumption (A), for any z,_1 € X,
2
@ (771]7\[—1) ((szyn) ) < pQ/d:cp f(aplzp-1) an(xp)Q-

By Lemma L2} E (VY (F,)") is O(N ).

The next lemma is needed to quantify the variance of the particle estimate of the filter gradient
computed using the path-based method. Note that this lemma does not require the hidden chain to
be mixing. We refer the reader to IDel Moral and Micld HZDDJJ] for a propagation of chaos analysis.

For any 0, y = {yn}n>0, let {Vo.n}n>0 be a sequence of independent centered Gaussian ran-
dom fields defined as follows. For any sequence of functions {F,, € B(X"*1)},>0 and any p > 0,
{Vo.n(F,)}"_, is a collection of independent zero-mean Gaussian random variables with variances
given by

EO (Fn (XO:n)2|yO:n—1) - EG (Fn (XO:n)lyO:n—l)Q- (720)
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Lemma 7.12 Let {§g}geco C [1,00) and assume 6, < go(y|z) < d¢ for all (z,y,0) € X xYxO. For
any 0, y, n >0, F, € B(X"!) /N (pév(d$0:n|y0:n_1) — ng) (F,) converges in law, as N — oo, to
the centered Gaussian random variable

Z Ve,p (Gﬁ,p,n Fe,p,n) .
p=0
where Gy pn was defined in {I.7) and
F@,p,n - EG (F(XO:n)|$O:pa yp-l‘l:n—l) - QG,n(Fn)

7.2.1 Proof of Theorem
It follows from Algorithm 1 that
(Crlzv - Cn) (¢n)
The second term on the right hand side of the equality can be expressed as
Qun(pn)Qn(Th) — @N(WH)QN(Tn)
= @n(%Qn( W)+ Qn(son) ) @N(%@n(Tn) + Qn(pn)Tn)
Combining the two expressions in ((21]) and (T22) gives
(Cjzv - Cn) (‘Pn)
= Qg ((n = Qulpn)) (Tn — Qu(Th)))
= Qun ((on — Qulpn)) (Tn — Qu(Tn)))

Using Lemma [ZA with r = 2 and Chebyshev’s inequality, we see that (QY (¢,) — Qy (o)) converges
in probability to 0. Theorem [Z.TT] can now be invoked with Slutsky’s theorem to arrive at the stated

result in (B3).

Moving on to the uniform bound on the variance, let

T, Qn n Z tk,

te =t — Qu(tr),
@n = $¥n — @n(‘Pn)

Also, the argument of V}, can be expressed as

Qp, ( )( ) i Dy, (Szngk - Qn (@n?k)) (xp).

Pp(Tp) =
ner NpQp,n(1) =0 Dy n(1)(zp)
It is straightforward to see that 7,(¢,) = 0. Therefore the variance (see ([3.4))) now simplifies to
var pZ:O Vy (Gpm Dp,n( Z (@ (7.23)
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Consider the function ¢,. For p <k —1,

Dy (@t = Qn (Bnlr)) (2p) _ / p(d7) Qp.n (1) ()
Dpn(1)(2p) NpQpn(1)
X/(Qp,k1($p,d$k1)Qk1,n(1)(ZEk1)
Qpn(1)(zp)
B Qp,kl(x;,d:rk1)Qk1,n(1)(:rk1))
Qpn(1)(z7)

tk(xk 1,$k)Pk n(‘Pn)(xk)

Qr(xp— 1,d$k)an( )(@g)~
Qr—1,n(1)(wp-1)

Using the estimates in (83]) and (Z2]), this function is bounded by

Dp,n (an,{k - Qn (Szngk)) (l'p)
Dpn(1)(2p)

<Ccpite (7.24)

sup
Tp

for some constant C. When p > k,

Dy (&ntk — Qu (Butr)) (zp)
Dy (1)(p)

:/np(d%)Qp,n(l)(%)
MpQ@pn(1)

Again using the estimates in (3.3)), (Z2)) and (T3],

Dp,n (@nfk - Qn (@ngk)) ( )
Dypn(1)(p)

(Mp(?k)(xp)Pp,n(‘zn)(xp) - Mp(;k)(xé)Pp,n(@n)(x;ln)) :

sup <Ccpk. (7.25)

Zp

Combining (T24) and ([Z25),

—n—p

C
pﬁ ﬁ + Cﬁn_p_l(n - p)a

sup |¢p($p)| <

Zp

0 < p < n. Combining this bound with ([T.23]) will establish the result.
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