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SEMIDEFINITE PROGRAMMING FOR CHANCE CONSTRAINED OPTIMIZATION
OVER SEMIALGEBRAIC SETS *

A. M. JASOUR', N. S. AYBAT ¥, AND C. M. LAGOA §

Abstract. In this paper, “chance optimization” problems are introduced, where one aims at maximizing the probability
of a set defined by polynomial inequalities. These problems are, in general, nonconvex and computationally hard. With the
objective of developing systematic numerical procedures to solve such problems, a sequence of convex relaxations based on the
theory of measures and moments is provided, whose sequence of optimal values is shown to converge to the optimal value of
the original problem. Indeed, we provide a sequence of semidefinite programs of increasing dimension which can arbitrarily
approximate the solution of the original problem. To be able to efficiently solve the resulting large-scale semidefinite relaxations,
a first-order augmented Lagrangian algorithm is implemented. Numerical examples are presented to illustrate the computational
performance of the proposed approach.
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1. Introduction. In this paper, we aim at solving chance optimization problems; i.e., problems which
involve maximization of the probability of a semialgebraic set defined by polynomial inequalities. More
precisely, given a probability space (Rm, iq, ﬂq) with iq denoting the Borel o-algebra of R™ and i, : iq —
R; denoting a finite (positive) Borel measure on X, we focus on the problem given in (L)) over decision
variable x € R™.

Pr=swp iy | ) () {eeR": PP =0} ) (1.1)

eeRn k=1,..,N j=1,...,0

where P](k) :R*" X R™ - R, 57 = 1,2,...,¢0; and k£ = 1,...,N are given polynomials. Let Iy :=
{(x,q) : P](k) (x,q) >0, 5=1,... ,ék} and K := Uszl Ki. Under the assumption that X is bounded, we

show that by solving a sequence of semidefine programming (SDP) problems of growing dimension, we
can construct a sequence {y2}jez . C RY that has an accumulation point in the weak-x topology of £,
and for every accumulation point y% € RN, there is a representing finite (positive) Borel measure p¥ such
that any z* € supp(uk) is an optimal solution to (I.IJ), i.e., the supremum P* is attained at z*, where
RN denotes the vector space of real sequences. Note that the problem of interest in (ILI]), when refor-
mulated in hypograph form, can be equivalently written as a chance constrained optimization problem:

SUDP, e Rn yeR {'y: fig (Uk:l,...,N Nj=1....0x {q e R™: ’PJ(-k) (x,q) > O}) > 7}. First, the emphasis will be
placed on the following special case of (ILTl), where N =1,

P* = sup ﬂq<{qeR’”: Pi(w,q) > 0, j—l,---vé}), (12)
reR™

and then all the results derived for the special case (L2) will be extended to the case where N > 1.

The potential application area of this problem class is quite large and encompasses many well-known
problems in different areas as special cases. For example, designing probabilistic robust controllers [25],
model predictive controllers in presence of random disturbances [13] [42] [52], and optimal path planning and
obstacle avoidance problems in robotics [14} [T5] [T9] can be cast as special cases of this framework. Moreover,
problems in the area of economics, finance, and trust design [34] [54] 57] can also be formulated as (I1) and
([T2). Although, in some particular cases, the problem in ([I.T]) is convex (e.g., see [28,[49]), in general, chance
constrained problems are not convex; e.g., see [28] for non-convex chance constrained linear programs. In
this paper, we use previous results on moments of measures (e.g., see [31, B2]) to develop a sequence of SDP
problems, known as Lasserre’s hierarchy [32], whose solutions converge to the solution of (I1]).

*The last two authors have the same contribution.
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1.1. Previous Work. Several approaches have been proposed to solve chance constrained problems.
The main idea behind most of the proposed methods is to find a tractable approximation for chance con-
straints. One particular method is the so-called scenario approach; see [16] 177, 36 B8 55] and the references
therein. In this approach, the probabilistic constraint is replaced by a (large) number of deterministic con-
straints obtained by drawing independent identically distributed (iid) samples of random parameters. Being
a randomized approach, there is always a positive probability of failure (perhaps small). In [7, [8, [9] 10} [1T],
robust optimization is used to deal with uncertain linear programs (LP). In this method, the uncertain LP
is replaced by its robust counterpart, where the worst case realization of uncertain data is considered. The
proposed method is not computationally tractable for every type of uncertainty set. A specific case that is
tractable is LP with ellipsoidal uncertainty set [7]. In [12] [35] [39], an alternative approach is proposed where
one analytically determines an upper bound on the probability of constraint violation. Although this method
does provide a convex approximation, it can only be applied to specific uncertainty structures. In [37], [43]
the authors propose the so-called Bernstein approximation where a convex conservative approximation of
chance constraints is constructed using generating functions. Although approximation is efficiently com-
putable, it is only applicable to problems with convex constraints that are affine in random vector ¢ € R™.
Moreover, components of ¢ need to be independent and have computable finite generating functions. In
[18, 21, 22] convex relaxations of chance constrained problems are presented. The concept of polynomial
kinship function is used to estimate an upper bound on the probability of constraint violation. Solutions to
a sequence of relaxed problems are shown to converge to a solution of the original problem as the degree of
the polynomial kinship function increases along the sequence. In [22] 27], an equivalent convex formulation
is provided based on the theory of moments. In this method the probability of a polynomial being negative
is approximated by computing polynomial approximations for univariate indicator functions [27].

Distributionally robust chance constrained programming — see [44] [45] [46), [47] [48], is another popular tool
for dealing with uncertainty in the problem, where only a finite number of moments m,, of the underlying
measure fi; are assumed to be known, i.e., {mq}aca is known for A C N such that |A] < oco. In this
approach robust chance constraints are formulated by considering the worst case measure within a family of
measures with moments equal to {mg }oc4. However, proposed methods in this literature are mainly limited
to linear chance constraints and/or to specific types of uncertainty distributions. For instance, in [44], under
the assumption m = Ej, [¢] and S = Ej,[(q¢ — m)(g — m)T] are known, the linear chance constraint of the
form fiq ({q s gl > O}) > 1 — € is replaced by its robust counterpart: inf,, e fiq ({q s gl > 0}) >1—c¢
where M is the set of finite (positive) Borel measures on X, with their means and covariances equal to m
and S, respectively; and it is shown that these robust constraints can be represented as second-order cone
constraints for a wide class of probability distributions. In [45], the authors has reviewed and developed
different approximation methods for problems with joint chance constraints. In the proposed method, joint
chance constraints are decomposed into individual chance constraints, and classical robust optimization
approximation is used to deal with the new constraints. In [46] a tractable approximation method for
probabilistically dependent linear chance constraints is presented. In [47] linear chance constraints with
Gaussian and log-concave uncertainties are addressed, and it is shown that they can be reformulated as
semi-infinite optimization problems; moreover, tight probabilistic bounds are provided for the resulting
comprehensive robust optimization problems [58 59]. In [48] an SDP formulation is provided to approximate
distributionally robust chance constraints where only the support of fi,, and its first and second order
moments are known.

In this paper, we take a different approach to deal with chance constrained problems. The proposed
method is based on volume approximation results in [24] and the theory of moments [31], [32]. In [24], a
hierarchy of SDP problems are proposed to compute the volume of a given compact semialgebraic set. It is
shown that the volume of a semialgebraic can be computed by solving a maximization problem over finite
(positive) Borel measures supported on the given set, and restricted by the Lebesgue measure on a simple
set containing the semialgebraic set of interest. Building on this result, we propose the chance optimization
problem over semialgebraic sets —see our preliminary results in [26]. In particular, we address the problem
of probability maximization over the union of semialgebraic sets defined by intersections of finite number of
polynomial inequalities as in (IT]). Here, one needs to search for the (positive) Borel measure with maximum
possible mass on the given semialgebraic set, while simultaneously searching for an upper bound probability
measure over a simple set containing the semialgebraic set and restricting the Borel measure.
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1.2. The Sequel. The outline of the paper is as follows: in Section 2, the notation adopted in the
paper, and preliminary results on measure theory are presented; in Sections 3 and 4, we propose equivalent
problems, and sequences of SDP relaxations to (IL.2)) and (1)), respectively; and show that the sequence of
optimal solutions to SDP relaxations converge to the solutions of the original problems. In Section 5, we
implement an efficient first-order algorithm to solve regularized SDP relaxations of the chance constrained
problems, and finally, present numerical results, followed by some concluding remarks given in Section 6.

2. Notation and Preliminary Results.

2.1. Notations and Definitions. Throughout the paper, given a sequence p = {pa}aca C R over
a countable index set A C N™ we assume that the elements of A is sorted according to graded reverse
lezicographic order (grevlex): A= {a®: i=1,...,]A|} such that o) <, ... <, (4D where |A| denotes
the cardinality of A4; and the order on A also induces an order on the elements of p = [p,), - .. ,pa(\A\)]T €
RIMI. Throughout the paper the notation (p), refers to p,. Let R[z] be the ring of real polynomials in the
variables © € R". Given P € R[z], we will represent P as ) y» Pax® using the standard basis {2} oenn of
R[x], where z® := Hg?:lx?j , and p = {pa taene denotes the sequence of polynomial coefficients. Note that p
contains finitely many nonzeros, and we assume that the elements of the coefficient sequence p = {p4 }aenn
are sorted according to grevlex order on the corresponding monomial exponent a. Given'y = {yq taene C R,
let Ly : R[z] — R be a linear map defined as

P = Ly(P)= Z DalYa, Where P(z)= Z Do, (2.1)

aeNn aENn

Given n and d in N, we define S,, 4 := (dzn) and N} := {o € N : ||afjs < d}. Let Rq[z] C R[z] denote
the set of polynomials of degree at most d € N, which is indeed a vector space of dimension S, q. Similar
to P € Rlz], given P € Ry[z], P = {Pa}aenn is sorted such that p = [p,a), ... ,pa(sn,d)]T € R5%4, where
Nt 5 0=al) <, ... <, al¥.4) Moreover, let S*[x] C R[x] be the set of sum of squares (SOS) polynomials.
s : R — R is an SOS polynomial if it can be written as a sum of finitely many squared polynomials, i.e.,
s(x) = Zle h;(z)? for some ¢ < oo and h; € R[z] for 1 < j < L.

Let RY denote the vector space of real sequences, and let M(K) be the set of finite (positive) Borel
measures u such that supp(pu) C K, where supp(u) denotes the support of the measure pu; i.e., the smallest
closed set that contains all measurable sets with strictly positive u measure. A sequence y = {94 }aenn € RY
is said to have a representing measure, if there exists a finite Borel measure y on R” such that y, = [ 2%du
for every a € N™ — see [31], [32]. In this case, y is called the moment sequence of the measure . Given two
measures p1 and ps on a Borel o-algebra X, the notation p1 < pe means pq(S) < po(S) for any set S € X.
Moreover, if p; and po are both measures on Borel o-algebras ¥; and g, respectively, then p = p; X po
denotes the product measure satisfying 11(S1 x Sa) = p1(S1)u2(S2) for any measurable sets S; € X1, Sz € X
[24]. Let C C R™, X(C) denotes the Borel o-algebra over C. Given two square symmetric matrices A and
B, the notation A %= 0 denotes that A is positive semidefinite, and A = B stands for A — B being positive
semidefinite.

Putinar’s property: A closed semialgebraic set K = {z € R" : P;(z) >0, j=1,2,...,¢ } defined by
polynomials P; € Rlz] satisfies Putinar’s property [50] if there exists ¢ € R[z] such that {z : U(z) > 0} is
compact and U = so + Z§:1 5;P; for some SOS polynomials {s;}i_, C S?[z] - see [29, 32, 50]. Putinar’s
property holds if the level set {z : P,;(x) > 0} is compact for some j, or if all P; are affine and K is compact
- see [29]. Putinar’s property is not a geometric property of the semi-algebraic set K, but rather an algebraic
property related to the representation of the set by its defining polynomials. Hence, if there exits M > 0
such that the polynomial Pyi(z) :== M — ||z]|> > 0 for all z € K, then the new representation of the set
K={zeR":Pj(x) >0, j=1,2,...,0+ 1 } satisfies Putinar’s property.

Moment matrix: Given d > 1 and a sequence {y, }aenn, the moment matrix My(y) € RSmaXSnd is a
symmetric matrix and its (¢, j)-th entry is defined as follows [31], 32]:

. OWING .
Ma(y)(i, j) := Ly (50 e ) =Yarrai, 14,5 <S54, (2.2)

where NI = {oz(i)}is;"ld such that 0 = o) <, ... <, a4 are sorted according to greviex order.
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T
Let BY = 22 22" denote the vector comprised of the monomial basis of Rq[x]. Note that

the moment matrix can be written as My(y) = Ly (BdB:{); here, the linear map L, operates componentwise
on the matrix of polynomials, Bng. For instance, let d = 2 and n = 2; the moment matrix containing
moments up to order 2d is given as

i y00| Y10 y01| Y20 Y11 Yo2

Yio | Y20 Yl Yz Y21 Yi2
Mo (y) = yor | Y11 o2l Y21 Y12 Yos ' (2.3)

Y20 | Y30 y21| Yao Y31 Y22
Y11 | Y21 y12| Ys1 Y22 Y13
Yo2 | Y12 y03| Y22 Y13 Yoa

Localizing matrix: Given a polynomial P € Rz], let p = {p,}yenn be its coefficient sequence in standard
monomial basis, i.e., P(z) = Y., cyn Pat®, the (4, j)-th entry of the localizing matriz My(y;p) € RSma*Sn.a
with respect to y and p is defined as follows [31], 32]:

.. NONING! .
Ma(y;p)(i,7) = Ly (Pw * ) = Z PyYyta® o, 1 <47 < Snd- (2.4)
YyEN™

Equivalently, My(y;p) = Ly (PBng), where Ly operates componentwise on PByBL. For example, given
Y = {¥a}aenz and the coefficient sequence p = {pa }aenz corresponding to polynomial P,

P(x1,22) = a — bxy — cx3, (2.5)
the localizing matrix for d = 1 is formed as follows

ayoo — by10 — cyoz  ay;q — by20 — cyi12  ayo; — byi1 — cyos
Mi(y;p) = | ayio —by2o — cy12  aysg — byso — cyaz  ay;, —bya1 —cyis | . (2.6)
ayo; —byi1 —cyos  ayq; — by21 —cyis Yoy — byi2 — cyoa

2.2. Preliminary Results. In this section, we state some standard results found in the literature that
will be referred to later in Sections 3] and [l

LEMMA 2.1. Let p be a Borel probability measure supported on the hyper-cube [—1,1]". Its moment
sequence 'y € RY satisfies ||y < 1.

Proof. Since supp(p) C [—1,1]™ and p is a probability measure, we have |y,| < [ |a*|dpu < [ |z]dp <1
for each o € N™. Hence, ||y|lococ < 1. 0

The following lemmas give necessary, and sufficient conditions for y to have a representing measure p —
for details see [24] 30, [32].

LEMMA 2.2. Let p be a finite Borel measure on R™, and y = {Ya }acnn such that yo = [x*du for all
a € N*. Then My(y) =0 for all d € N.

LEMMA 2.3. Let y = {Yo taecnn be a real sequence. If My(y) = 0 for some d > 1, then

.....

LEMMA 2.4. If there exist a constant ¢ > 0 such that Mg(y) = 0 and |yq| < ¢ for alld € N and a € N,
then there exists a representing measure p with support on [—1,1]™.

Given polynomials P; € R[z], let p; be its coefficient sequence in standard monomial basis for j =
1,2,...,4; consider the semialgebraic set K defined as

K={zeR":Pj(z) >0, j=1,2,...,¢ }. (2.7)

The following lemma gives a necessary and sufficient condition for y to have a representing measure p
supported on K — see [24, [30] 311 [32].



LEMMA 2.5. If K defined in (2Z7) satisfies Putinar’s property, then the sequence y = {yao tacne has a
representing finite Borel measure pu on the set K, if and only if

My(y) =0, Ma(y;p;) =0, j=1,....¢, foralldeN.

Finally, the following lemma, proven in [24], shows that the Borel measure of a compact set is equal to the
optimal value of an infinite dimensional LP problem.

LEMMA 2.6. Let X be the Borel o-algebra on R™, and u1 be a measure on a compact set B € .. Then
for any given IC € ¥ such that I C B, one has

m(/C):/ dpy = sup {/duzruz <u1},
K pa€EM(K)

where M(K) is the set of finite Borel measures on K.

3. Chance Optimization over a Semialgebraic Set. In this section we focus on the chance op-
timization problem stated in (2. We first provide an equivalent problem over finite (positive) Borel
measures as variables, and then we will consider its relaxations in the moment space. Given polynomials
P; :R™ x R™ — R with degree §; for j =1,...,¢, we define

K={(z,q) e R" xR™: Pj(z,q) >0, j=1,2,...,¢}. (3.1)

Assumption 1. K satisfies Putinar’s property.

Remark 3.1. Assumption [ implies that K is a compact set; hence the projections of K onto x-
coordinates and onto q-coordinates, i.e., II; =: {x € R™ : dg € R™ s.t. (x,q) € K} and IIx =: {q €
R™ : Jz € R" s.t. (x,q9) € K}, are also compact. Therefore, after rescaling of polynomials, we assume
without loss of generality that Iy C x := [—1,1]" and Iy C Q := [—1,1]™. Furthermore, instead of working
on the original probability space (Rm,iq,ﬂq), we can adopt a smaller probability space (Q, 3, uq), where

S, ={S5NQ: S e} and uy(S) := SZ((S)) for all S € ¥,. Therefore, we can take for granted that
tq € M(Q), where M(Q) is the set of finite Borel measures pq such that supp(pg) C Q. We also assume

that moments of any order of uq can be computed.

3.1. An Equivalent Problem. As an intermediate step in the development of convex relaxations of
the original problem, a related infinite dimensional problem in the measure space is provided below:

P = sup/d,u, (3.2)
T

st 1< e X g, (3.2a)

W is a probability measure, (3.2b)

pz € M(x), p € M(K). (32¢)

THEOREM 3.1. The optimization problems in [(L2) and B2) are equivalent in the following sense:
i) The optimal values are the same, i.e., P* = P’:Lq.
it) If an optimal solution to B2) exists, call it i, then any x* € supp(ps) is an optimal solution to (L2).
ii) If an optimal solution to (L2)) exists, call it x*, then puy = dz+, Dirac measure at x*, and p = 0+ X fiq

is an optimal solution to (B.2]).

Proof. Let (Q,%, uy) be the probability space defined in Remark Bl Note that since P;(x,q) is a
polynomial in random vector ¢ € R™ for all x € R™, it is continuous in ¢; hence P;(x,.) is Borel measurable
for all z € R® and j = 1,...,¢. As discussed in Remark [BI] it can be assumed that K C x x Q =
[-1,1]" x [-1,1]™. Define F : R™ — % as follows

Flz) ={qgeR™: Pj(z,q) >0, j=1,2,...,0}, (3.3)

and consider the following problem over the probability measures in M (x):

P s { [ ma(F @) el = 1. (3.4

Ha €EM(X)
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Fig. 3.1: a) Simple chance optimization problem over semialgebraic set K with random parameter ¢, and decision
variable z, b) Equivalent problem in the measure space over probability measure u, as variable for given probability
measure g, ¢) Probability of given semi algebraic set K for a fixed us is equal to the integral of K with respect to
the measure pg X uq, d) The probability is equal to the volume of the measure p which is supported on the set K
and has the same distribution as the measure p; X g over its support

Note that the optimal value of (L2) can be written as P* = sup,¢, pq(F(x)). Let p, be a feasible
solution to ([34). Since py(F(z)) < P* for all z € x, we have [ py(F(z)) du, < P*. Thus, P < P*.
Conversely, let € R™ be a feasible solution to the problem in (2] and d, denote the Dirac measure at
x. The objective value of = in ([I2) is equal to py(F(z)). Moreover, u, = 0, is a feasible solution to the
problem in 2] with objective value equal to uy(F(z)). This implies that P* < P. Hence, P* = P, and
B4) can be rewritten as

P*= sup // dpgdpg © pz(x) =13 = sup {/ dpig g Mm(X)Zl}, (3.5)
pa €M) (/x JF () na€M(x) LK

and using the epigraph formulation shown in Lemma [2.6] we finally obtain

P"= sup sup /du St = e X pg, ta(x) =1
Ko €EM(x) LEM(K)

Therefore, P* = qu. O

As an example, consider the following chance constrained problem corresponding to the semialgebraic
set K, displayed in Fig.1.a, in the space of (z,¢q) € R x R. Our objective is to compute an optimal decision
z* that attains P* = sup ¢ 1) f1q (F(z)), in presence of random variable ¢ with known probability measure
g supported on [—1,1]. In other words, z* should be chosen such that the probability of the random
point (z*,q) belonging to K becomes maximum. Fig.1.b shows the problem in the measure space, where a
probability measure ., is assigned to decision variable . If z € [—1, 1] is chosen randomly according to fixed
1z, then to calculate the probability of the random event (z,q) € K, one should compute an integral with
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respect to measure i, X pg over the set K as in [B.0) — see (Fig.1.c). This integral is equal to the volume of
a measure which is supported on K and has the same distribution as p, x pg on K — see (Fig.1.d). Hence,
for fixed p,, one needs to look for the measure p supported on K with maximum volume, and bounded
above with measure p, X pg. Therefore, searching for u, and p simultaneously leads to the optimization
problem ([B.2]) in the measure space.

3.2. Semidefinite Relaxations. In this section, we provide an infinite dimensional SDP of which
feasible region is defined over real sequences in RY. Unlike the problem ([3.2) in which we are looking for
measures, in the SDP formulation given in (B:6), we aim at finding moment sequences corresponding to a
measure that is optimal to [B2]). After proving the equivalence of [B2]) and ([B.6]), we next provide a sequence
of finite dimensional SDPs and show that the corresponding sequence of optimal solutions can arbitrarily
approximate the optimal solution of (B.6]), which characterizes the optimal solution of ([3.2).

Consider the following infinite dimensional SDP:

Py = sup (¥)o, (3.6)
Y, yz €ERN

st. Meo(y) =0, Mo(y;p;) =0, j=1,...,¢, (3.6a)

Moo(yx) 7 0, [[yxlloo <1, (yx)o =1, (3.6b)

wo(Ayx —y) = 0, (3.6¢)

where A : RN — RN is a linear map depending only on fig. Indeed, let yq := {yq;}penm be the moment
sequence of pg. Then for any given yx = {¥z,}aenn, Ayx = ¥ such that (§)g = (yq)s(yx)a for all
0= (B,a) € N™ x N". Given y € RN, M. (y) = 0 means that My(y) = 0 for all d € Z..

The following lemma establishes the equivalence of ([B.2]) and (B.4)).

LEMMA 3.2. Suppose that K satisfies Assumption . If an optimal solution to [B2) ewists, call it
(u*, p), then their moment sequences (y*,y%) is an optimal solution to [B.8). Conversely, if an optimal
solution to B.0) exists, call it (y*,yZ), then there exists representing measures pu* and p such that (u*, pk)
is optimal to 3.2). Moreover, the optimal values of [B.2) and ([B.6) are the same, i.e., P}, =Py .

Proof. Suppose that (u, ) is feasible to (3.2)). Let y and yx be the moment sequences corresponding
to p and p,, respectively. Lemma 25 implies (3.6al); Lemma 2.1l and Lemma 2.2]imply (3.61). Moreover, let
¥ = {Ua}aenn+m be the moment sequence corresponding to the product measure fi := py X f1q. (322l implies
that @ — p is a measure; hence, Lemma implies Moo (¥ —y) %= 0. Moreover, the definition of A implies
that y = Ayx, which gives (8:6d). Since y is chosen to be the moment sequence of u, we have f dp = yo.
This shows that for each (y, u,) feasible to ([3.2]), one can construct a feasible solution to ([B.6]) with the same
objective value. Therefore, Py > P}, . Note that Assumption [I] is not used for this argument.

Next, suppose that (y yx) is a fea81ble solution to [B6). Since K satisfies Assumption [l ([B.6al) a
Lemma [28] together imply that y has a representing finite Borel measure p supported on K, i.e., p € M(K )
Moreover, (3.6D) and Lemma2Altogether imply that y, has a representing probability measure j,, supported
on hyper-cube ¥, i.e., u, € M(x) such that u,(x) = 1. Hence, the sequence Ay has a representing measure
@ which is the product measure of y, and pg, i.e., fi = py X p1q. Furthermore, since K C x x @ = [-1,1]""™,
(B6d) implies that p < [, which is (32a). Finally, the fact that u is a representing measure of y implies
that [ du = yo. Therefore, P* < P* . Combining this with the above result gives us P* = P*q d

In order to have tractable approx1mat10ns to the infinite dimensional SDP in (BEI) we consider the
following sequence of SDPs; known as Lasserre’s hierarchy [32], defined below:

P, = sup ¥)o, (3.7)
yERS"+m’2d, yxE]RS"’2d

st. Mg(y) =0, Mg, (y;p;) =0, j=1,...,¢, (3.7a)
Md(YX) =0, ||YX||oo <1, (YX)O =1, (3-7b)
Ma(Aayx —y) = 0, (3.7¢)

where 0; is the degree of P;, r; := {%—‘ for all 1 < j < ¢, and Ay : RSn2¢ — RSw+m2d s defined similarly

to A in (3.6). Indeed, let yq := {yq, } geny, be the truncated moment sequence of y,. Then for any given

Yx = {Uro Yaenz,, Adyx =y such that (§)o = (yq)s(yx)a for all = (8,a) € N3 ™.
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In the following theorem, it is shown that the sequence of optimal solutions to the SDPs in (B.7)
converges to the solution of the infinite dimensional SDP in ([B8]). In essence, the following theorem is
similar to Theorem 3.2 in [24]; however, for the sake of completeness we give its proof below.

THEOREM 3.3. For all d > 1, there exists an optimal solution (y?,yd) € RSn+m2d x R9n24 to ([B3.7)
with the optimal value Py. Let 8 := {(y%, y)}acz, C RY x RY be such that each element of S is obtained
by zero-padding, i.e., (yd)a =0 for all « € N"*™ such that |||y > 2d, and (yi)a =0 for all o € N such
that |||l > 2d. Then {Pg}aez, and S have the following properties:

i) limgez, Pqg = P*, the optimal value of (L2,

11) There exists an accumulation point of S in the weak-* topology of Lo and every accumulation point of
S is an optimal solution to [B6l). Hence, there exists corresponding representing measures (1, ps) that
is optimal to B2) and any x* € supp(pk) is optimal to (L2).

Proof. First, we will show that for all d > 1, the corresponding feasible region of (87 is bounded . Fix
d > 1. Let (y,yx) be a feasible solution to (B7). Then from ([B.7h), we have |lyx|/cc < 1. Since p, is a
probability measure supported on Q = [—1,1]™, Lemma [ZT] implies that ||yq|lcc < 1 as well. Moreover, the
definition of A4 further implies that ||Agyx||co < 1. Let § := Agyx. It follows from B.7d) that the diagonal
elements of My(¥ —y) are nonnegative, i.e., (§)g, — (¥)g, > 0 for all € N7™™. This implies that

max{yo, - max Ly (w?d)} < max Yoo < max Yoo < |¥]lee < 1, (3.8)
i=1,...,n+m aEN§+m aeNzlwrm

where the first inequality follows from the fact that
{voyU{Ly (2?9 : i=1,...,n+m} C {yoa: a € NJT™}.

From (B7a), we have My(y) = 0. Hence, using Lemma 23] (38) implies that |ys| < ||F|lec < 1 for all
a € Ng;rm. Therefore, the feasible region is bounded. Since the cone of positive semidefinite matrices is a
closed set and all the mappings in ([B1) is linear, we also conclude that the feasible region is compact. Hence,
there exists an optimal solution (y?,y%) to the problem (B.7) for all d > 1.

Fix d > 1. Clearly, for any given feasible solution (y,yx) to (3.8), by truncating the both sequences to
vectors y € RS»+m2d and y, € R 24, we can construct a feasible solution to (B.7) with the same objective
value. Hence, it can be concluded that Py > P;q for all d > 1. Moreover, the same argument also shows
that Py > Py for all d’ > d. Hence, {Pd}dGZJr is a decreasing sequence bounded below by P;q. Therefore,
it is convergent and has a limit such that limgez, Py > P;q.

In order to collect all the optimal solutions corresponding to different d in one space, we extend (y¢,y) €
RSntm.2d x RSm2d to vectors in £, (the Banach space of bounded sequences equipped with the sup-norm)
by zero-padding, i.e., we set (y?), = 0 for all @ € N**™ such that ||a|; > 2d, and (yi)a =0 for all « € N”
such that ||a||;1 > 2d. Note that ¢ is the dual space of ¢1, which is separable; hence, sequential Banach-
Alaoglu theorem states that the closed unit ball of /., denoted by B, is weak-x sequentially compact.
Since {y?}iez, C B and {y%}4ez, C Boo, there exists a subsequence {dj,} C Z such that {y%},cz, and
{y&}rez . converge weak-x to y* € B and yj € By in the weak-+ topology, respectively. Hence,

: dy _ * n+m : dy _ * n
klérzn+ (y*), =)o, YVaeNT, kléan+ (yer), = (¥%)a,» YaeN™ (3.9)

Fix d > 1, then for all k£ € Z such that di > d, we have

Ma(y™) =0, Ma—y,(y*:p;) 70, j=1,....¢,

Ma(ye) =0, [ly@llee <1, (&), =1,

My(Ayy —y™) = 0.
Since d € Z, is arbitrary, by taking the limit as k — oo, we see that (y*,y%) satisfies all the constraints
in B.6). Therefore, (y*)o < Pj_. On the other hand, (y*)o = limyez, (ydk)0 = limyez, Pa,. Moreover,
since every subsequence of a convergent sequence converges to the same point, we have limgcz, Pr =
limpez, Py, = Pj,_. This shows that the subsequential limit (y*,y%) is an optimal solution to (3.6). The

rest of the claims follow from our previous results: Theorem [B.1] and Lemma
a



3.3. Discussion on Improving Estimates of Probability. In our numerical experiments, we have
observed that the convergence of the upper bound P, to the optimum probability P* was slow in d when
we solved the sequence of SDP relaxations in (877). Suppose that the semi-algebraic set K := {(z,q) :
Pi(z,q) >0, j=1,..., 0} satisfies Putinar’s property. The procedure detailed below helped us to get better
estimates on the optimum probability P*. To make the upcoming discussion easier we make the following
assumptions: i) there is a unique z* € II such that pe(F(z*)) = P*, and there exists some ¢ such that
(z*,q) € relint K, where F is defined in (33)), and II; := {& e R™: Ig € R™ s.t. (x,q) € K} C x :=[-1,1]™;
and ii) p, € M(Q) has the following “continuity” property: if {Sp} C X, such that limy_,oc Sp = S* in
the Hausdorff-metric, then limy_ o0 f1q(Sk) = pq(S*). Let (y?¢,y2) denote an optimal solution to the SDP
relaxation in (3.7), and form z¢ € R™ using the components of (y2), such that ||a|; = 1. Clearly, z? € x.
Since pq € M(Q) is given, we approximate the volume | F(at) dug as described in [24] by solving an SDP
relaxation for

P, = sup /du' s.bep =< g (3.10)
W EM(F(x))

Note that this intermediate SDP can be built only after the relaxation in (3.7) is solved. Let P/; denote the
optimal value of the volume approximation SDP corresponding to (3I0) with relaxation order d. Clearly,
P, = tq (}'(xd)) > 0, and for all d we have Py > P* > Py, and Py > P, > P,. Note that since z* is
the unique optimal solution (assumption i), Theorem B3 implies that limg oo (y2)a = (y%)a for all a € N?
such that y% is the moment sequence corresponding to Dirac measure at x*. Therefore, from the definition
of x4, it follows that limg . 2% = 2*. Also note that since K is compact (from Putinar’s property) and
P; is a polynomial in (z,q) for all j = 1,...,¢, it follows that the multifunction F : x — X, such that
F(x) ={qg€ Q: (x,q9) € K} with domF = II; is locally bounded, closed-valued, and limg_,o, F(z%) =
F(z*) in Hausdorff metric. Hence, assumption 4 implies that limg oo Py = limg_,s0 Iq (}'(xd)) = P*.
Moreover, since limg—, o Pg = P* (from Theorem B.3)), and Py > Pfi > Py for all d, we can conclude that
limg—, oo P/ = P* as well.

We noticed in our numerical experiments that although {P/}4cz, is closer to P* when compared to
{Pa}aez, , the convergence of P/, to P* was still slow in practice as d increases. This phenomena may partly
be explained as in [24] by considering the dual problem. Let C be the Banach space of continuous functions
on Q such that | f|| := sup,cqo f(q) for f € C,and C; := {f € C: f > 0on Q}. The Lagrangian dual of
BI0) is given below:
pDual.— inf /f dpg, (3.11)

feCy

st. f>1on F(z?).

Moreover, assumption i (“continuity” of y1,) and Urysohn’s Lemma together imply that PPval = P, for all d.
Let Zr(,a) denote the indicator function of the semi-algebraic set F (%), i.e., Zr(,a)(¢q) = 1if ¢ € F(z%), and
0 otherwise. Indeed, solving the SDP relaxation of (B.I0]) corresponds in dual space to approximating Ir(edy,
which is discontinuous on the boundary of the set. Therefore, although there exists a minimizing sequence of
functions belonging to C that approximates Zz(,a) from above, the discontinuity on the boundary of F (z?)
causes the Gibbs phenomenon — see the oscillation observed in Figure 3.3.a. This might be an important
factor lurking behind the numerically observed slow convergence of {P/}4cz, to P*.

Let G¢ : Q@ — R such that G%(q) := H?:l P;(z%,q). To deal with the numerical problems caused by
approximating the discontinuous indicator function, we propose to solve

sup /gd dji s.t. fi < pg. (3.12)
REM(F (z))

Let 11}, denote the optimal solution to (BI2)). “Continuity” of u, in assumption i implies that G? is strictly
positive almost everywhere on F(z?). Hence, 1; is clearly also optimal to (BI0). Therefore, p5 (F(z?)) =
pg(F(z?)) = Py — P* as d — oo. Let U%(q) = max{G%(q), 0}, and note that U is continuous on the
boundary of F(z?); hence, it is important to emphasize that solving ([3.I2)) corresponds to approximating
the continuous function U? from above on F(x%). These properties of ([B.12) motivated us to numerically
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investigate the behaviour of {f’d}dez , sequence, where Py = (¥9)o and §¢ denotes an optimal solution
to the SDP relaxation for (312) with order d. In our numerical experiments we observed that P, — P*;
however, this time with a faster convergence rate. To illustrate this behavior numerically, we considered two
simple example problems in Section [3.4]

3.4. Simple Examples. In this section, we present two simple example problems that illustrate the
effectiveness of the proposed methodology to solve the chance optimization problem in (.2)). The decision
variables and the uncertain problem parameters in these examples are low dimensional for illustrative pur-
poses. In the first example, we considered a problem over a semialgebraic set defined by a single polynomial:

SUD fig ({eeR: P(z,9) 20}, (3.13)
where Pleag) =3q(¢+@-17) - (¢ +@-D+@-1"). (3.14)

The uncertain parameter ¢ € R has a uniform distribution on [-1,1]. To obtain an approximate solution,
we solve the SDP in (7)) with the minimum relaxation order d = 2 since the degree of the polynomial in
(B14) is 4. The moment vectors yq, ¥x, and y for the measures p4 and p, and p up to order four are

YZ = [17 05 %7 07 %]7 y;{: [15 ymp yz27 ymga ym4]7
yT = [yoo | Y10, Yo1 | Y20, Y11, Yo2 | Y30, Y21, Y12, Yo3 | Y40, Y31, Y22, Y13, y04]'

Given moment vectors yq, the moment vector ¥ for the measure fi = p1 X 14 has the form

v =1

L Yers Yar | Yoor YorYars Yao | Yoss YeoYars YorYars Yas | Yoas YesYars YzaYars Yo1Yas> Yaal

= [1 | Yzy s 0 | Yz, 07 % |y1'§7 07 %y117 0 | Yzyq, 07 %y127 07 %] .
SDP in B2 with d = 2 is solved using SeDuMi [53], which is an interior-point solver add-on for Matlab,
and the following solution was obtained:

y* T =1[0.66, 0.3, 0.14, 0.16, 0.07, 0.1, 0.08, 0.03, 0.05, 0.04, 0.04, 0.02, 0.02, 0.02, 0.02],

yi" =[1,0.50,0.25,0.13,0.85].

o
(=)
T

o
a1
T

Probability Estimates
o o
w B

0.2f

0.1 1 1
0 5 10 15 20 25

Relaxation Order d

Fig. 3.2: P4, P’4, and P, for increasing relaxation order d

We approximate the solution to (L2) with y; = 0.5 (in Section 3.3 we make a case for this approximation
under some simplifying assumptions), and estimate the optimal probability P* with Py = y§, = 0.66. To test
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the accuracy of the results obtained, we used Monte Carlo simulation to estimate P* and an optimal solution
to BI3). The details of the Monte Carlo simulation are discussed in Section B3l This computationally
intensive method estimated that z* = 0.5 with optimal probability of 0.25. To obtain better estimates of
the optimum probability, one needs to increase the relaxation order d.

Figure displays the three sequences defined in Section B3t {Pi}tacz,, {P}}acz,, and {f)d}dGZ+7
against the optimal probability P* = 0.25 denoted by the green dashed line. For increasing relaxation orders
d=2,..,25, we adopted SeDuMi [53] to compute P4 and P/, the optimal values of the SDP in (B1), and
of the SDP relaxation for the volume problem in (BI0) with relaxation order d, respectively; and also to
compute Py = (§%)o. Similar to the results in [24], Figure B2 shows a faster convergence to P* for the case
when [ G% dji is maximized as in (312). Let Zr(,4) denote the indicator function of F(2?), i.e., Zr(,a)(q) =1
if ¢ € F(z?), and 0 otherwise. As discussed in Section B3] U? = max{G?,0} is a continuous function while
T F(»4) is discontinuous on the boundary of F (z?); and this might be a factor affecting the convergence speed.
Indeed, Figure[3.3la displays the degree-100 polynomial approximation f* to Zr(,«), the indicator function of
the set F(z*), i.e., f* is a minimizer to inf rep, ) { [ f dpg: f >0 on Q, f>1 on F(x*)} for d = 100. Note
that this problem is a restriction of the Lagrangian dual problem for sup{ [ du': p = pq, @' € M(F(z*))}
—indeed, dual variable f € C is restricted to be in R4q[z]. On the other hand, Figure B3b displays the
degree-100 polynomial approximation h* to the piecewise-polynomial function & = max{G, 0}, where G(q) =
P(x*,q) and h* is a minimizer to infj,cr ;1 {[ h dig: h>0 on Q, h > G on F(z*)} for d = 100. Similarly,
this problem is a restriction of the Lagrangian dual problem for sup{ [ G di : i < pg, i € M(F(z*))}.
Note that Figure shows that it is easier to approximate the continuous function Y = max{G,0} than the
discontinuous indicator function Zz(,«).

0.01 ‘ ‘ -
— (9 —n*(q)
1ol - -Tr@(q) - - -U(g) = max{G(q), 0}
0.008} g
1 - g
08k : | 0.008f g
o8r : 1 o.004f g
0.4 : i
. 0.002f B
0.2f !
| R/ 0 | |
-1 -08 -06 -04 -02 0 02 04 06 08 1 -1 ~05 1
q

(a) f*: the degree-100 polynomial approximation to Zx (4=, (b) h*: the degree-100 polynomial approximation of the
indicator function of F(z*) piecewise-polynomial function U (g) = max{G(q), 0}

Fig. 3.3: Comparison of sup,,c arey) [ di' st g’ =X pg and supyepqreey [ G divst. i X pg from the dual
perspective for G(q) = P(z”, q)

Next, we considered a problem over a semialgebraic set defined by an intersection of two polynomials:
sup g ({g € R: Pi(z,q) >0, Pa(z,q) >0 }), (3.15)
zeR

where Pi(2,q) = 01275+ 0.7z — 22 — ¢, Pa(z,q) = —0.1225 + 0.7z + ¢ — 2% — ¢°. (3.16)
The uncertain parameter ¢ € R has a uniform distribution on [-1,1]. Against the optimal probability
P* = 0.25 denoted by the green dashed line, Figure [3.4] displays two other sequences, {f’gll)}dem and
{f’l(i2)}dez+, in addition to the three sequences defined in Section B.3t {Pg}acz,, {P}}aez, , and {f)d}dGZ+-
Here, f’l(il) and 15(22) are defined similarly to Py = (§9)o by replacing G%(q) = P1(z%, q)Pa(2%,¢) in (312)
with P1(z%, q), and Py (2%, q), respectively.
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09F
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Fig. 3.4: Py, Py, 1’5’/(11)7 1’5’/(12)7 and Py for increasing relaxation order d

3.5. Orthogonal Basis. In this paper, all polynomials are expanded in the usual monomial basis, and
the SDPs are therefore formulated as optimization problems over ordinary monomial moments. However,
one can improve the numerical performance as in [24] by employing an orthogonal basis of polynomials.
First, we redefine the moment and localization matrices represented in the given orthogonal basis. Recall
that the S, 4 X Sp ¢-moment matrix represented in monomial basis can be written as My(y) = Ly (Bd[j’g),

T
where Bg = {3:0‘(1) yens ,J:O‘(S"’d)} denotes the vector comprised of the elements of the monomial basis of
Ralz], where S, 4 := (“7") and {a®}mt — N8 = {a € N™: [laf; < d} such that 0 = o) <, ... <, a(Sn0)

are sorted in grevlez order. Similarly, given a polynomial P € R[z] with coefficient vector p = {p,}yenn
with respect to the monomial basis, its S, 4 X ), ¢-localizing matrix represented in the monomial basis can
be written as My(y; p) = Ly (PBaB3).

Let {b;}ien be an orthogonal basis of univariate polynomials on [—1,1], i.e., f[71,1] bi(t)b;(t) dt =0
for all ¢ # j. Without loss of generality, suppose that the degree of b; is equal to ¢ for all i € N. Given
n > 1, for all « € N, define b, : R® — R such that b,(z) := H?:l ba, (z;), where «; and x; are the i-th
components of & € N and « € R", respectively. Clearly {b, : o € N3} is an orthogonal basis of multivariate
polynomials on [—1, 1]™ with degree at most d, i.e., f[_l 1 boir () booy () de=0forall 1 <i#j <S5, 4.
Let B4 denote the vector of polynomials in Rq[z] defined as B = [bya) (2), bae (2), .., b, s, o (2)]; and

T, € R9n.4*9n.a denote the one-to-one correspondence such that B = T;B,. Moreover, for a given sequence
Y = {Uataenn, let Ly : R[z] — R be a linear map defined as

P = Ly(P)= Z PoYa, where P(z)= Z Poba (). (3.17)
aeNn aENn
Given y € R¥»2¢ such that y* = [y,),. .. ,ya(sn’zd)}T, define its extension y = {yq taenn such that y, =0

for all @ € N with |laf; > 2d. For g := T, 'y, define its extension ¥ similarly. Then for all P € Ry[z],
we have L3 (P) = Lg(P). In the rest of the paper, we abuse the notation and write § = Ty;'y. Then the
moment matrix operator, MJ(y), for the given orthogonal basis is defined as

Mg(y) =L (B3 B§") = Ly, (TuBa BaTF) = Tula (Ty'y) T4 (3.18)

-1
Ty
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For example for d = 2 and n = 2, the moment matrix under the orthogonal basis formed by Chebyshev
polynomials of the first kind can be written as follows

Yoo Y10 Yo1 Y20 Y11 Yo2
Y10 yoogym Y11 y1042ry30 y0142ry21 Y12
Yoo+ Yio+ Yo1+
Ao (y) - Yo1 Y11 Yoo 2y02 Yo1 Y10 2ylz Yo1 2yo:’, (3 19)
2\ = +1 Yoo+ yu+ : :
20 Y10 ! Y30 Yo1 Yoo 2y40 Y11 21/31 Y22
Yo1+y21 Yi0+yi2 Y11+Yys1 Yoo+Y20+Yo2+y22 Y11+vyis
Y11 2 2 2 1 2
| Yoo Y12 .7J01J2ry03 Y22 y1142ry13 y0042ry04 |

Let P € R[z] be a given polynomial with degree §, and p = {pas }aen» denote its coefficient sequence
with respect to the standard monomial basis, i.e., P(z) = > cnn» Paz®. For a given orthogonal basis, the
localization matrix operator is defined as

Mg(ysp) i= Ly (PBG B5") = Ly, (TuPBa BIT]) = TuMa (T33! 53:p) T4 (3.20)

Let r := (%] It is important to note that since Thq is invertible, {y : M3(y) = 0, MJ_ (y;p) = 0} and
{y: Mu(y) =0, My_.(y;p) = 0} are isomorphic. Hence, one can reformulate the SDP relaxation in (3.1
using the new moment and localization matrix operators defined in [B.I8) and B.20), respectively; and the
resulting problem stated in the given orthogonal basis is equivalent to [B.2). In order to illustrate the effect
of orthogonal polynomial basis on the numerical behavior of the proposed method, we compared the two
formulations of the simple example in BI3)): the first formulation is given in (B7)) using monomial basis, and
the second formulation is obtained by replacing My(.) and Ma—r,(;;p;) in B.17) with Mg(.) and Mg_, (:;p;),
i.e., moment and localizing matrices in Chebyshev polynomial basis representations. In order to avoid matrix
inversions as in (BI]) and in (20]), we used Chebfun package [60], which can efficiently manipulate univariate
Chebyshev polynomials, to form MJ(.) and M, C‘l’frj (.; p;j) that use multivariate Chebyshev polynomials in a
numerically stable way; and solved the resulting SDP problems represented in the Chebyshev polynomial
basis using SeDuMi. Figure[3.5shows that the approximations to the optimal probability P* converge faster
when Chebyshev polynomial basis is used as opposed to the standard monomial basis as relaxation order
d increases. For the problems in Chebyshev basis, the approximation (2°)? to the optimal decision z* is
formed similarly as 2% — see Section For this example 2 and (2°)? sequences were close.

0.7 ; ; ; ;
— P, for Monomial Basis
0.65- == P, for Chebyshev Basis |
0.61

o
©  wu
R

: :

Probability Estimates
o
N
[6)]

0.41
0.35r
0.3f 1
P*=0.25
0.25
02 Il Il Il Il Il Il Il Il
0 2 4 6 8 10 12 14 16 18

Relaxation Order d

Fig. 3.5: P4 for monomial and Chebyshev polynomial bases
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4. Chance Optimization over a Union of Sets. We now focus on the more general setting of the
chance optimization problem in (II). Given polynomials PJ’-c : R"xR™ — R with degree 5§k) forj=1,...,4
and k =1,..., N, the semi-algebraic set of interest is K = UY_, Ky, where

K = {(x,q) eR" xR™: PN (z,q) >0, jzl,...,fk}, k=1,...,N. (4.1)

Similar to the previous section, we need Putinar’s property to hold for Iy for all k = 1,..., N. With
the following assumption, we can ensure this.

Assumption 2. K = U}_ K}, is bounded, where Ky, is defined in (&I)).

Hence, as discussed in Remark [l we can assume without loss of generality that K C x x Q and the
probability measure p, € M(Q), where x = [—1,1]" and Q = [-1,1]™. Therefore, for all (x,q) € K, we
have ||z|3 + ||¢/|3 < m + n. Define ’Pék)(:v,q) =m4n—>, 22 =Y" ¢ forall k=1,....N. K

can be represented as K = {(x, q) : P;k)(x, q)>0,j=0,... ,Kk} -note that index j starts from 0. Since

polynomials are continuous in (z, q), the new representation of Ky, satisfies Putinar’s property for each k and
we still have K = UN_, Kj.

The objective of this section is to provide a sequence of SDP relaxations to the chance optimization
problem in (LI) with N > 1, and show that the results presented in the previous sections can be easily
extended for this case. More precisely, we start by providing an equivalent problem in the measure space
and then develop relaxations based on moments of measures.

4.1. An Equivalent Problem. As an intermediate step in the development of convex relaxations of

([I), an equivalent problem in the measure space is provided below.
N

P, = sup Z/duk, (4.2)
T St
N
s.t. Z,uk < fa X fhg, (4.2a)
k=1
Lz is a probability measure, (4.2b)
po € M(X), € M(Kg) k=1,...,N. (4.2¢)

This problem is equivalent to the problem addressed in this paper in the following sense.
THEOREM 4.1. The optimization problems in ([LI)) and [A2) are equivalent in the following sense:
1) The optimal values are the same, i.e. P* = P
it) If an optimal solution to [@2)) exists, call it u’, then any x* € supp(uk) is an optimal solution to (LI)).
i4i) If an optimal solution to (1)) exists, call it x*, then Dirac measure at x*, g = 0y« and pr = dz+ X [iq
is an optimal solution to ([@2]).
Proof. Let P* denote the optimal value of (), and K = UN_, K, where K}, is defined in (@I)). It can
be proven as in Theorem [B1] that

P*= sup sup /du st = e X g, Ha(x) =1 (4.3)
Ha EM(x) HEM(K)

Let {ux}_, and u, be a feasible solution to ([2) with objective value P. Since u, € M(Ky) € M(K)
forall k =1,..., N, we have Zivzl pr € M(K). Hence, (Z]kvzl P ugg) is a feasible solution to (A3 with
objective value P, as well. Clearly, this shows that P;q < P*, where P;q denotes the optimal value of (2]
Suppose that (i, p) is a feasible solution to ([@3)) with objective value P. Define {ux}Y_; as follows

k—1
pe(S) = p | SN[\ JK; | ], VS enK), (4.4)

3=0
forall k =1,..., N, where Ko := () and X(K) denotes the Borel o-algebra over K. Definition in (&4]) implies
that p, € M(Ky) for all k = 1,..., N, and S p_, ux(S) = p(S) for all S € £(K). Hence, {ux}Y_, and pu,

form a feasible solution to (3.2) with objective value equal to P. Therefore, P}, =P*. O
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4.2. Semidefinite Relaxations. In this section, a sequence of semidefinite programs is provided which
can arbitrarily approximate the optimal solution of (£Z). As before, this is done by considering moments
of measures instead of the measures themselves. Define the following optimization problem indexed by the
relaxation order d.

N
P4 = sup Z (¥k)o > (4.5)
ykeRSn+7n,2d7 yxeRSn,Zd k=1
st Ma(ys) =0, M, (yk;p;’”) =0, j=1,...0p k=1,....,N (4.5a)
Md(yX) = 0, HyXHOO <1, (yX)o =1, (4'5b)
N
My (Adyx - ZYk> =0, (4.5¢)
k=1
(k)
where 5§k) is the degree of ’PJ(-k), r§-k) = % foralll1 <j</{pandl <k<N;and Ay : RSn.2d —y RSn+m 24

is defined similarly to A in (B.6). Indeed, let yq := {yq,}seng, be the truncated moment sequence of jg.
Then for any given yx = {yz, }aeng,, ¥ = Aayx such that yg =y, 9., for all 0 = (8,a) € NoF™.

Next, we show that the sequence of optimal solutions to the SDPs in (X)) converges to the solution of
the infinite dimensional SDP in ([@.2]). More precisely, we have the following result.

THEOREM 4.2. For all d > 1, there exists an optimal solution ({y¢}_ |, y2) to (&H) with the optimal
value Py. Moreover,

i) limgez, Pq = P*, the optimal value of (LI)).

ii) Let S := {({yg}ivzl, yi) }dez+ such that each element is obtained by zero-padding y* and y$ for1 < k <
N. There exists an accumulation point of S in the weak-x topology of £, and for every accumulation
point of S, there exists corresponding representing measures ({MZ}QZI,;L;) that is optimal to [E2) and
any x* € supp(uk) is optimal to (LI)).

Proof. Let {y;}_, C RS»+m2d and yx € RS2¢ be a feasible solution to F). As in Theorem [3.3] it
can be shown that

max{(y)o,_ max Ly (xfd)} <1, (4.6)

where y := Y5 yi. Note that Ly (229) = S0l Ly, (229), and {Ly, (224)}75™ is a subset of diagonal
elements of My(yx) = 0 for each k € {1,...,N}. Hence, Ly, (22?) > 0foralli € {1,...,n+m} and k €
{1,..., N}. Therefore, ([Z0) implies that max {(yx)g , maxi—1,...ntm Ly, (22%)} <1forall k € {1,...,N}.
Lemma 2.3 implies that |(yx)a| < 1 for all « € Nj; ™. Therefore, the feasible region is bounded. The rest of

the proof is exactly the same as in Theorem B3] O

5. Implementation and Numerical Results. In previous sections, we showed that chance optimiza-
tion problem in ([I]) can be relaxed to a sequence of SDPs. In this section, we go one step further to improve
approximation quality of the relaxed problems in practice and implement an efficient first-order algorithm
to solve the resulting SDP relaxations.

5.1. Regularized Chance Optimization Using Trace Norm. As shown in Theorem [3.] and The-
orem [L] if the chance optimization problems in (L2) and (L) have unique optimal solution z*, then
the optimal distribution p is a Dirac measure whose mass is concentrated on the single point x*, i.e., its
support is the singleton {«*}. Such distributions, have moment matrices with rank one. To improve the
solution quality of the algorithm, one can incorporate this observation in the formulation of the relaxed
problem. For the sake of notational simplicity, in this section we will consider the regularized version of
chance optimization problem (3.1 for presenting the algorithm:

min wr Tr(My(yx)) — (y)o subject to (BTal), (B7H), (B.7d) (5.1)

yeRSn+m,2d1 yXGRSn,2d
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for some w,. > 0, where Tr(.) denotes the trace function. Our objective is to achieve the maximum probability
with a low-rank moment matrix M,(yZ%), hopefully with rank 1. To this end, we regularize the objective
with trace norm. Since My(y%) = 0, Tr(My(y%)) is equal to sum of singular values of My(yZ%), which is
called the nuclear norm of My(y%). This is a well known approach for obtaining low-rank solutions. Indeed,
the nuclear norm is the convex envelope of the rank function and, in practice, produces good results; see [20]
and [51] for details.

To be able to solve the SDP in (E1]) involving large scale matrices in practice, one need to implement
an efficient convex optimization algorithm. Recently, a first-order augmented Lagrangian algorithm ALCC
has been proposed in [2] to deal with regularized conic convex problems. We will adapt this algorithm to
solve SDPs of the form in (B.)). In the following section, we briefly discuss the algorithm ALCC.

5.2. First-Order Augmented Lagrangian Algorithm. Consider the optimization problem:
(P): p* =min{p(z) +vy(z): A(zx)—beC}, (5.2)

where v : R" — R is a convex function such that Vv is Lipschitz continuous with constant L., p : R" —
R U {400} is a closed convex function such that A := dom(p) is convex compact set, A : R” — R™ is a
linear map, and C C R™ is a closed convex cone. Let C* := {§ € R" : (z,0) > 0, Vz € C} denote the dual
cone of C, and B > 0 denote the diameter of A, i.e., B = max{||z—y|l2: z,y € A}; and we assume that B is
given. Given a penalty parameter v > 0 and Lagrangian dual multiplier 8 € C*, the augmented Lagrangian

for (P) in (B.2)) is given by
L(z;v,0) = (p(x) + (@) + 5de(A(z) —b—0)%, (5.3)

where d¢ : R™ — R denotes the distance function to cone C, i.e., d¢(2) := ||Z — He(2)||2, and I¢(Z) :=
argmin{||z — Z||2 : z € C} denotes the Euclidean projection of Z onto C. Given vy > 0 and 0y, € C*, we define
Li(z) := L(x; vy, 0) and L} := min, Lp(x). Let fr : R” — Rsuch that fx(x) := V—lkﬂy(x)—l—%dc(A(a:)—b—H)z;
hence, £} = min, V—lkp(:zr) + fr(x). It is important to note that fi is a convex function with Lipschitz
continuous gradient V f(z) = V—lkw(:v) — A* (Ilg+ (0 + b — A(z))); and the Lipschitz constant of V f, is equal
to Ly := y_lkLv +02, (A), where A* : R™ — R" denotes the adjoint operator of A : R" — R™, and oyax(A)
denotes the maximum singular value of the linear map A. Therefore, given ¢ > 0, an eg-optimal solution,
T, to LF = min, Li(x) can be efficiently computed such that L (%) — £; < €, using an Accelerated
Proximal Gradient (APG) algorithm [6] 40, 41| 56] within ¢;"**(ex) := B ,/2€L—kk APG iterations. In each
APG iteration, V fi, Il¢~ and proximal map of p are all evaluated once.

ALCC algorithm proposed in [2] can generate a minimizing sequence {x} to (P) in (B2) by inezactly
solving a sequence of subproblems min, £ (z). In particular, given inexact computation parameters ag > 0
and ni > 0, x is computed such that either one of the following conditions holds:

[~

Ek(xk) — EZ <&
s, € OLk(zx) such that  [[sg]2 <

: (5.4)

F 5|
>

vy’

where 0Ly (xr) denotes the subdifferential of £y at xj — the inexact optimality criteria in (24]) and (G5
have been successfully implemented in other first-order augmented Lagrangian algorithms in [3] 4] 5] as well.
Then dual Lagrangian multiplier is updated: 01 = V"lﬂc* (0 + b — A(zg)). For given ¢, 8 > 1, fix the

Vit
parameter sequence as follows: v, = Bbvg, o = WQQ, and n, = ch)ﬁkno for all £ > 1; and let
{zk,0;} C A x C* be the primal-dual ALCC iterate sequence. Theorem 3.10 in [2] shows that limy 05y,
exists and it is an optimal solution to the dual problem. Moreover, Theorem 3.8 shows that for all € > 0,
xy is e-feasible, i.e., de(Azxy — b) < €, and e-optimal, i.e., |p(zx) + v(zr) — p*| < e within log(1/e) ALCC
iterations, i.e., k = O(log(1/e€)), which requires O(e~!log(¢~!)) APG iterations in total. Moreover, every
limit point of {xj} is optimal (when A € R™*" is surjective, the techniques used for proving Theorem 4
in [3] can be used to improve the rate result to O(1/¢)).

Now consider the following problem p* = mingea{v(z) : A(z) — b € C}, where A C R" is a compact
convex set. Note that this problem can be written as a special case of (5.2) by setting p(z) = 1a(x), the
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indicator function of the set A, ie., 1a(z) = 0, if x € A, and equal to +oo, if z € A. In Figure 5] we
present the ALCC algorithm customized to solve p* = mingea{vy(z) : A(x)—b € C}. Note that Step [T and
Step M2 in Figure 5] are the bottleneck steps (one V+ evaluation and two projections: one onto C*, and one

onto A) — in Step [Tl V f, is evaluated at a:f), and then in Step xy) is computed via a projected gradient

step of length 1/Ly. In this customized version, ALCC iterate xy is set to argl) whenever either £ > £} or

ny) —:Z:f) |2 < &. Note that £}'* := ktepkB, %, which is equal to £**(ex) when e = ¢&. Therefore,

[e3

if £ > 67, then Ly(zy) — Lf, < $& — this follows from the complexity of Accelerated Proximal Gradient

174

algorithm (lines 9-19 in Figure 5.1) running on min £ (z); next we’ll show that if ny) —:Cf) Il < ﬁ Ik, then

(E3) holds. For p(x) = 1a(z), we have Li(x) = p(x)+ fr(z). Suppose that for some ¢, ny)—:z:f) Il < ﬁl’f—:

holds. Note that g, computed in Line 11 is equal to ka(:zrf)); thus xy) computed in Line 12 is equal
to HA(xf) - ka(xf))/Lk), where Ly := V—lkL,y + 02, (A) is the Lipschitz constant of V fr. One can
easily show that xf) -V (xf))/Lk - %(21) € Bp(xle)); and since p is the indicator function, we also have
Lo (2® W) _v N ¢ ap(zVY. H = Lo (2® — D) Ly My _y 2N ¢ ap, (2D

klz,” — fr(x,”) € Op(x, ). Hence, sy := Ly (2, — 2, ) +V fi(z,”) fr(x,”) € OPy(x,”).
Since V f, is Lipschitz continuous, we have ||V fi (xy)) - ka(:zrf))ﬂg < Lk||:1:§2) - argl) |l2. Therefore, we have
Isilla < 224l — 272 < 2.

= g

Algorithm ALCC (zo, v, o, L+, B)
1: k< 1,0, +0
2: mo < 0.5 ||V (20) — voA” (L= (b — A(z0))) [|2
3: while kK > 1 do
4: £+ 0,t1 + 1,
: :Eol — Tk—1, :E12 — Tk—1

5
6 Li 4= 5oLy + 0ax(A), 68 KTopEB, [ 20t

@0

v + Buo, ag

8: STOP <« false
9: while STOP = false do

Qo, Mk <

f2(F<) gk f2(1F<) gk To

10: L+—1+1
11: ge + 5=V (;cf)) — A* (Hc* (ak +b—A (xf))))
12: eV Tla (a:f) - ge/Lk)
13: if H:cél) — 1:‘(32)”2 <— "™ org> £ then
2Lk 147
14: STOP < true
15: Tl x‘gl)
16: end if
17: te+1<—<1+,/1+4t§) /2
2 1) -1 1 1
18: Tyl <—ii+1) (;Cé ) _ xéjl)

19: end while
20: 9k+1 — V:j»l o= (Qk +b— A(mk))
21: end while

Fig. 5.1: first-order Augmented Lagrangian algorithm for Conic Convex (ALCC) problems

Semidefinite program of (B.I)) is a special case of the conic convex problem in (5.2), where v(yx,y) =
clyx + C;;Fy for some ¢, € RS"2¢ and ¢, € RS»+m2¢ since the objective of (B.1)) is linear in (y,yx); hence,
L, =0, the conic constraint A(.) —b € C in (52) is a linear matrix inequality (LMI), with C = C* being
the cone of positive semidefinite matrices S, and the compact set A = {(y,yx) : [[¥llcc < 1, [[¥yxlloo <
1, (yx)o = 1}. Hence, II¢(.) = ¢« (.) can be computed using one eigenvalue decomposition, and IIa(.) is
very efficient and can be computed in linear time. In our numerical experiments in Section B3] we used

lzr — zr—1]l2/(1 + ||xx—1]]2) < tol as the stopping condition for ALCC.
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5.3. Numerical Examples. In this section, four numerical examples are presented that illustrate the
performance of the proposed methodology, discussed in Sections Bl and @l We compared the augmented
Lagrangian algorithm, ALCC, presented in Section with GloptiPoly, which is a Matlab-based toolbox
aimed at optimizing moments of measures [23], to compute approximate solutions to the chance constrained
problems in (1) and (L2). In all the tables, for problems of the form (I2), i.e., N = 1, Py, Py, Py, and
P, denote the optimal probability estimates defined similarly as in Section B3] for 2% obtained by solving
the regularized problem in (5I); for problems of the form (L), i.e., N > 1, these estimates can be defined
naturally using (y¢,y?) with y¢ := Zivzl yg; and d € Z, denotes the relaxation order. In order to compute
P* and P, we used Monte Carlo simulation discussed in Section [5.3.11 In all the tables, iter denotes the
total number of algorithm iterations, and cpu denotes the computing time in seconds required for computing
Pg; ny. denotes the number of variables, i.e., total number of moments used. For ALCC iter is the total
number of APG iterations, and for GloptiPoly it denotes the total number of SeDuMi [53] iterations.

5.3.1. Monte Carlo Simulation. To test the accuracy of the results obtained using ALCC and
GloptiPoly, we used Monte Carlo integration to estimate an optimal solution and the corresponding optimal
probability. Let L C R™ x R™ be the given semialgebraic set such that IT; := {z € R™: 3¢ € R™ s.t. (x,q) €
K} Cx:=[-11]" and Iy := {g € R" : g € R™" s.t. (z,q) € K} C Q :=[-1,1]™. Define F : x — X,

F(z):={qe Q: (x,q) € K}. (5.6)

First, we uniformly grid x into N grid-points (N depending on the desired precision). Let {z("}Y < x
denote the points in the uniform grid. Next, for each grid point z(?, we sample from the distribution
induced by the given finite Borel measure j, supported on Q. Let {q(i’k)}ivil be N; i.i.d. sample of random
parameter ¢. Then we approximate p,(F(z())) by

N .
@ . 1 ( (i) (i,k)) _J 1, if(x,q) €K
Pyl = N ; 1k (2, q ,  where 1k (z,q) = 0. otherwise.

Because of law of large numbers, limy, roo P](VZ) = pg(F(2™)). For each z(?), we chose sample size N;

such that P](VZ) becomes stagnant to further increase in N;. Finally, we approximate z* by 2", where

e argmax{P](V? 1< < N}. It is clear that what we used is a naive method, and it can be made much
more efficient by using an adaptive gridding scheme on x. On the other hand, as the dimensions n and m
are very small for the problems discussed in the numerical section, this naive method served its purpose.

5.3.2. Example 1: A Simple Semialgebraic Set. Consider the chance optimization problem

sgﬂg) g ({q eER’: P(z,q) >0 }) , (5.7)

where
P(x,q) = 0.185+ 0.5z1 — 0.529 + 23 — x4 + 0.5g1 — 0.5¢2 + g3 — q4 — x% —2x1q1 — a:%
—2x9qs — 3 — 223q3 — T3 — 2T4qs — TE + 275q5 — @7 — 43 — 43 — @3 — G2,

and the uncertain parameters qi,¢a, g3, g4, g5 have a uniform distribution: ¢ ~ U[-1,0], ¢2 ~ UJ|0,1],
gs ~ U[=0.5,1], g4 ~ U[-1,0.5], g5 ~ U[0, 1] — Ula, b] denotes the uniform distribution between a and b. The

k-th moment of uniform distribution Ula,b] is (yq)x = %. The optimum solution and corresponding

optimal probability are obtained by Monte Carlo method: zi = 0.75, 5 = —0.75, =5 = 0.25, z} = —0.25,
xf = 0.5, and P* = 0.75. To obtain an approximate solution, we solve the SDP in (371) using GloptiPoly
and ALCC. For ALCC, we set vy to 1, 5 x 1072 and 5 x 1073 when d is equal to 1, 2, and 3, respectively,
and tol = 1 x 1072, The results for relaxation order d = 1,2,3 are shown in Table 5.1l As in Figure B.2
when compared to P4, Py approximates P* better, i.e., when max{ [ P(z%,q) dfi : ji < pg, fi € M(F(x%))}
is solved instead of max{ [ du’': p' = pg, @' € M(F(z?))}. We reported results up to order d = 3, because
for larger d, GloptiPoly did not terminate in 24 hours.
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ALCC GloptiPoly
d 1 2 3 d 1 2 3
Nyar | 87 1127 8463 Nyar | 87 1127 8463
iter | 169 624 1207 iter | 18 25 41
cpu | 0.9 28.1 785.9 cpu | 0.5 12.3 15324.3
X1 0.742 0.745 0.757 X1 0.467 0.710 0.742
X2 -0.777 | -0.701 | -0.721 X2 -0.467 | -0.710 | -0.742
X3 0.213 0.226 0.216 X3 0.163 0.245 0.249
X4 -0.239 | -0.250 | 0.236 X4 -0.163 | -0.245 | -0.249
X5 0.500 0.551 0.557 X5 0.319 0.475 0.495
Py 0.991 0.971 0.961 Py 1 1 1
P/ 1 1 1 P/ 1 1 1
Py 0.996 0.7739 | 0.6919 Py 0.9652 | 0.7768 | 0.7031
Py 0.7504 | 0.7459 | 0.7459 Py 0.5067 | 0.7484 | 0.7535

Table 5.1: ALCC and GloptiPoly results for Example 1

5.3.3. Example 2: Union of Simple Sets. Given the following polynomials

P (z,q) = — 0.263 + 0.421 — 0.425 + 0.825 — 0.824 + 1.225 4 0.1¢1 4 0.08¢2 + 0.04¢3

+ 0.4q4 + 0.6¢5 — x% — x% — x§ — xi — xg — O.5q% - O.4q§ — O.lqg - qi — qg,

PO (z,q) = — 2.06 + 0.4z, — 0.825 + 3.2x3 — 1.624 + 3.625 — 0.4q1 — 0.4¢2 — 0.2¢3

—0.2q4 — 0.8¢5 — o] — 225 —4a3 — 223 — 322 — i — 5 — GG — @4 — G5,

consider the chance optimization problem

sup g | {q ER: P (z,q) > 0} : (5.8)
xERS j=1,2
where ¢; ~ U[—0.5,0.5] for all @ = 1,...,5, i.e., the uncertain parameters ¢; are uniformly distributed

on [—0.5,0.5]. The optimum solution and corresponding optimal probability are obtained by Monte Carlo
method: 27 = 0.2, 25 = 0.2, 25 =04, z} = —0.4, zf = 0.6, and P* = 0.80. To obtain an approximate
solution, we solve the SDP in (5] using ALCC, where we set vg to 1, 1 x 107! and 1 x 1072 when d is
equal to 1, 2, and 3, respectively, and tol = 1 x 1072, The results for relaxation order d = 1,2, 3 are shown
in Table 520 Let F®)(z) =: {g € Q: P®(x,q) > 0} for k = 1,2. The probability estimates P, reported
in Table are computed by solving the SDP relaxation for

max { / PW (2, q) diy + / PO (2, q) dia : fun + fio < pig, fu € M(FD(2h), fis € M(f”’(w%)} :

For this example, GloptiPoly fails to extract the optimum solution.

5.3.4. Example 3: Portfolio Selection Problem. We aim at selecting a portfolio of financial assets
to maximize the probability of achieving a return higher than a specified amount r*. Suppose that for each
asset ¢ = 1,..., N, its uncertain rate of return is a random variable &;(q); and let (Q, X, 1) denote the
underlying probability space. In this context z; denotes the percentage of money invested in asset i. More
precisely, we solve the following problem:

N N
Sup fiq ({qERN: Z&(q)xin*}) s.t. ingl, ;>0 Vie{l,...,N}. (5.9)
i=1

zERN i—1
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ALCC
d 1 2 3

Nvar | 153 2128 | 16478
iter | 979 1467 | 1875
cpu | 6.5 102.2 | 434.7
x1 | 0209 | 0328 | 0.201
x2 | -0.202 | -0.174 | -0.201
xs | 0.397 | 0.466 | 0.430
x4 | -0.400 | -0.405 | -0.401
x5 | 0.667 | 0.638 | 0.591
P, |1 0.997 | 0.981
P, |1 1 1

P, | 09973 | 0.8610 | 0.8926
P, | 08937 | 0.8745 | 0.8984

Table 5.2: ALCC results for Example 2

In our example problem, r* = 1.5, N =4, £&(q) =1+ q1, &(q) = 1+ q2, &3(q) = 0.9 4 g3, £4(q) = 0.9 + qu,
where {¢;}%_, are independent, and q; ~ Beta(3 — /2,3 + v/2), g2 ~ Beta(4,4), g3 ~ Beta(3 + v/2,3 — v/2),
qs ~ U[0.5,1]. The k-th moment of Beta distribution Beta(a, 8) over [0,1] is y; = #ﬁ;il)yk_l and yo = 1.
We will solve an equivalent problem in the form of (L2) with ¢ = 7, where P;(x,q) = z; for j = 1,...,4,
Ps(x,q) = 1 — Z?:l x;, Pe(x,q) = 8 — Z?:l x? — Z?:l ¢?, and P7(z,q) = Z?:l &i(q)x; — r*. Since any
(z,q) € K satisfies ¢ € x and ¢ € Q, we added polynomial Pg(x, ¢) to assure that the resulting representation
of the semialgebraic set K satisfies Putinar’s property. The optimum solution and the corresponding optimal
probability are computed approximately by Monte Carlo method: z7 =0, 25 =0, 5 = 0.3, 2} = 0.7, and
P* = 0.89. To obtain an approximate solution, we solve the SDP relaxation in ([B7) using GloptiPoly and
ALCC. For ALCC, we set vg to 1 x 1072, 1 x 1072 and 1 x 102 when d is equal to 1, 2, and 3, respectively,
and tol = 1 x 1073, The results for relaxation order d = 1,2, 3 are shown in Table (.3l We reported results
up to order d = 3, because for larger d, GloptiPoly did not terminate in 24 hours.

ALCC GloptiPoly
d 1 2 3 d 1 2 3
Nyar | 60 565 3213 Nyar | 60 565 3213
iter | 573 388 2227 iter | 15 20 48
cpu | 3.625 16.426 | 756.798 cpu | 0.509 2.617 1025.045
X1 0.004 0.009 0.002 X1 0.133 0.0462 | 0.003
X2 0.012 0.009 0.006 X2 0.192 0.154 0.075
X3 0.438 0.449 0.299 X3 0.295 0.297 0.210
X4 0.5007 | 0.522 0.677 X4 0.325 0.493 0.710
Py 0.996 0.994 0.980 Py 1 1 0.999
P/ 1 1 0.9716 P/ 0.9071 | 0.9997 | 0.9896
Py 0.7928 | 0.8177 | 0.8220 Py 0.3808 | 0.7753 | 0.8395
Py 0.7405 | 0.8655 | 0.8422 Py 0.3865 | 0.8267 | 0.8675

Table 5.3: ALCC and GloptiPoly results for Example 3

5.3.5. Example 4: Nonlinear Control Problem. In this example, we consider the controller design
problem for the following uncertain nonlinear dynamical system. For a given control parameter vector
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ALCC GloptiPoly
d 2 3 4 d 2 3 4
Nyar | 365 1800 6600 Dyar | 365 1800 6600
iter | 416 4300 5325 iter | 19 26 36
cpu | 14.934 | 897.708 | 5318.387 || cpu | 1.3 99.2 10389.8
Ky |0 -0.244 -0.683 Ki |0 -0.492 | -0.796
Kz |0 0.468 0.476 K2 |0 0.439 | 0.487
Kz |0 -0.868 -0.868 Ks |0 -0.823 | -0.891
P, 0.238 | 0.996 0.983 Py 1 1 1
P/ 0.65 0.9 0.982 P/, 0.65 | 0.959 | 0.999
Py 0.061 0.445 0.685 Py 0.061 | 0.508 | 0.766

Table 5.4: ALCC and GloptiPoly results for Example 4

K € R3, let the system z(k)T = [x1(k), z2(k), z3(k)] € R? satisfy

u(kg = lel((k)) + KQ,TQ(]C) + K3.I'3(]€),

k + 1 = A X9 k )

)= wi(k) za(k), (5.10)
)= 1.2 x1(k) — 0.5 z2(k) + x3(k) + u(k),

for k = 0,1, where 21(0) ~ U[-1,1], x2(0) ~ U[-1,1], x3(0) ~ U[-1,1], A ~ U[-0.4,04], i.e., initial
state vector x(0), and model parameter A are uncertain and uniformly distributed. The objective is to lead
the system using state feedback control u(k) to the cube centered at the origin with the edge length of 0.2
in at most 2 steps by properly choosing the control decision variables {K;}3_; such that —1 < K; < 1. The
equivalent chance problem is stated in (5.I1]), where e” = [1,1,1].

s ({ (:C(O), A) . —0le<z(2) < 0.1e}) , (5.11)
s.t. {z(k),u(k)}i_, satisfy (G10),
—e< K<e.

The following optimal solution and the corresponding optimal probability are computed by Monte Carlo
method: K7 = -1, K5 = 0.5, K = —0.9, and P* = 0.84. To obtain an equivalent SDP formulation for
the chance constrained problem in (5.11)), z(2) is explicitly written in terms of control vector K € R? and
uncertain parameters, z(0) and A, using the dynamic system given in (510):

x21(2) = A 21(0)x3(0),
12(2) = (1.2 + K1)A 21(0)22(0) + (Ko — 0.5)A 22(0)? 4 (1 + K3)A 22(0)z3(0),
23(2) = (14+2K3+ K3) 23(0) + (Ko — 0.5K3 — 0.5 + 1.2A + K1 A + K2 K3) 25(0)
+ (124 K1+ 1.2K35+ K1 K3) 21(0) + (K2 — 0.5) 21(0)z5(0).
Based on the obtained polynomials, the minimum relaxation order for this problem is 2. To obtain an
approximate solution, we solve the SDP in [B7) using GloptiPoly and ALCC. For ALCC, we set vy to

5x 1073, 5x 1072 and 1 x 1073 when d is equal to 2, 3 and 4, respectively, and tol = 1 x 1073, The results
for relaxation order d = 2,3,4 are shown in Table 5.4

5.3.6. Example 5: Run time. In this example, for fixed degree of the relaxation order d, we examined
how the run times of ALCC algorithm scale as the problem size increases. For this purpose, we consider the
following problem: Given n > 1, we set P : R" x R" —» R, P (z,q) = 0.81 — > | (z; — ¢;)%; and solve

seulg)n e {ge R": P(z,q) >01}). (5.12)

The numerical results for increasing n and fixed relaxation order d = 1 are displayed in Table For each
n, ALCC recovered the optimal decision value: x* = 0.
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ALCC
n 5 10 20 30 40 50 60 70 80
d 1 1 1 1 1 1 1 1 1
Nyar | 10 20 40 60 80 100 120 140 160
iter | 82 140 97 182 201 175 191 186 208
cpu | 0.3969 | 1.5349 | 3.5542 | 14.2899 | 27.7978 | 37.2624 | 60.4454 | 83.3669 | 122.7844

Table 5.5: ALCC for increasing problem in Example 5

6. Conclusion. In this paper, “chance optimization” problems are introduced, where one aims at

maximizing the probability of a set defined by polynomial inequalities. These problems are, in general,
nonconvex and computationally hard. A sequence of semidefinite relaxations is provided whose sequence of
optimal values is shown to converge to the optimal value of the original problem. To solve the semidefinite
programs of increasing size obtained by relaxing the original chance optimization problem, a first-order
augmented Lagrangian algorithm is implemented which enables us to solve much larger size semidefinite
programs that interior point methods can deal with. Numerical examples are provided that show that one
can obtains reasonable approximations to the optimal solution and the corresponding optimal probability
even for lower order relaxations.
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Appendix A. Sample GloptiPoly Code for Chance Optimization. In this section, we provide the
Gloptipoly code for solving the simple problem given in B.I3) and BI4) of Section 3.4

>> d=2; Y%relaxation order

>> % mu_s: slack measure, mu_s = mux muq - mu, y-s: moments of mu.s
>> mpol x_s q_s; mu_s = meas([x_s;q_s]); y_s=mom(mmon([x_s;q-s],2*d));
>> % mu: measure supported on p>=0, y: moments of mu

>> mpol x q; mu = meas([x;ql); y=mom(mmon([x;ql,2%d));

>> p=0.5*%g*(q"2+(x-0.5)"2)-(q~4+q~2*(x-0.5) "2+(x-0.5)"4);

>> 7, mux: measure, yx: moments of mux

>> mpol xm; mux= meas([xm]); yx=mom(mmon([xm],2x*d));

>> % yq: moments of uniform distribution muq on [-1,1]

>> yq=[1;0;1/3;0;0.2];

>> 7 yxq : moments of upper bound measure mux muq

>> yxq = [yx(1)*yq(1);yx(2)*yq (1) ;yx(1)*yq(2) ;yx(3) *yq(1) ;yx(2)*yq(2) ;
>> yx(1)*yq(3) ;yx(4)*yq(1) ;yx(3)*yq(2) ;yx(2) *yq(3) ; yx (1) *yq(4) ;

>> yx(5)*yq(1) ;yx(4) *yq(2) ; yx(3)*yq(3) ;yx(2) *yq(4) ; yx (1) *yq(5)1;

>> Pd=msdp (max (mass (mu)) ,mass(mux)==1,p>=0,y_s==yxq - y,-1<=yx,yx<=1,d) ;msol(Pd);
>> y=double(mvec(mu)); yx=double(mvec(mux)); % results

>> Decision= yx(2)

>> Probability = y(1)

Fig. A.1: GloptiPoly Code in Matlab for Example 1
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