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OPTIMAL CONTROL OF PARTIALLY OBSERVABLE PIECEWISE
DETERMINISTIC MARKOV PROCESSES

NICOLE BAUERLE* AND DIRK LANGE'

ABSTRACT. In this paper we consider a control problem for a Partially Observable Piecewise
Deterministic Markov Process of the following type: After the jump of the process the controller
receives a noisy signal about the state and the aim is to control the process continuously in
time in such a way that the expected discounted cost of the system is minimized. We solve
this optimization problem by reducing it to a discrete-time Markov Decision Process. This
includes the derivation of a filter for the unobservable state. Imposing sufficient continuity and
compactness assumptions we are able to prove the existence of optimal policies and show that
the value function satisfies a fixed point equation. A generic application is given to illustrate
the results.
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1. INTRODUCTION

Piecewise Deterministic Markov Processes (PDMP) are characterized by three local charac-
teristics: The drift, describing the deterministic movement between two jumps of the process,
the jump intensity, governing the density of the probability distribution of the inter-jump times
as well as the jump transition kernel, the probability distribution on the set of possible post-
jump states given the current state of the process right before the jump. A PDMP thus starts
in an initial state to then follow the deterministic path defined by the drift up to the first jump
time.

Classical optimization problems can be formulated for PDMPs such as reward maximization
or cost minimization. Minimum expected average cost problems (see, e.g., [2], [10] or [11I]) as
well as minimum expected total discounted cost problems (see e.g. [1], [15], [I8]) have intensively
been treated for PDMP control problems. Optimal policies are in general relaxed controls, i.e.
a control action is a probability distribution on the action space. The idea of reducing the
continuous time control problem of a PDMP to a discrete time Markov Decision Process (MDP)
is due to Yushkevich, see [30]. Actually, as the movement of the process between two jumps is
deterministic, a pure post-jump consideration is sufficient for the treatment of optimal control
problems for PDMPs.

The range of possible applications of the general PDMP control theory is broad. There are
applications in insurance [29], communication networks [9], reliability [16], neurosciences [27] and
biochemics [25] to only list a very short overview that illustrates the huge variety of domains of
application.

In terms of pure mathematical treatment of PDMP control problems, the status up to 1993
can be found in [14]. Since then, important steps in the further development of this theory were,
amongst others: In [I2] the authors consider impulse control of PDMPs without continuity or
differentiability assumptions on the state. In [I], the control problem in continuous time is
reduced to a problem in discrete time while working under even lower regularity assumptions.
General conditions such as semi-analytic value functions or universally measurable selectors are
applied. [I8] then considers, in contrast to the earlier works, problems with only locally bounded
running cost functions. They show absolute continuity for the value function and that the value
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function is a (weak) solution of the Hamilton-Jacobi-Bellmann equation. In addition, they derive
sufficient conditions for the existence of optimal deterministic feedback controls.

Later, with [28] and [7] new results on numerical methods for optimal stopping problems for
PDMPs appeared. In both works, the embedded process of the underlying PDMP is discretized
by quantization. Remarkable about the paper [7] is, however, that they treat an optimal stopping
problem for a PDMP under partial observation. Such a setting is also considered in [26] where
a replacement problem under partial information is considered. Whereas in [7] new information
is only received after a jump, the information in [26] is received via monitoring at equidistant
inspection times. Besides these papers there are only very few works treating PDMP control
problems under partial observation. In [23], a special convex hedging problem on a financial
market with price processes following a geometric Poisson-distribution is considered. In the
second part of this work, partial observation is modeled by assuming an unknown jump intensity.
In [5], a problem of optimal inventory management is considered. Here, partial observation is
modeled by assuming censored observations.

General works on PDMP control problems under partial observation do not exist yet. For
their stopping problem, the authors of [7] suggest to model partial observation by assuming only
noisy measurement of the post-jump state of the PDMP which for other times than jump times,
is assumed completely unobservable. Stopping, however is a very special control problem with
only two control actions: stop or continue.

In this paper the first aim is to define a general model of a controlled PDMP under partial
observation with the discounted cost criterion. We assume as in [7] that the controller receives a
noisy measurement of the post-jump state of the PDMP. Then we show how this continuous-time
control problem can be reduced to a classical discrete-time MDP with a state space consisting
of probability measures. This involves the derivation of a filter for the unobservable state. We
next impose some continuity and compactness assumptions along with the introduction of a
regularized filter in order to guarantee the existence of optimal policies. A problem which is
known to be notoriously difficult (see e.g. [I7]). Finally the value function of the optimization
problem is shown to be a fixed point of an operator and the minimizer of the value function
defines a stationary optimal policy.

Our paper is organized as follows: In the next section we briefly introduce the notation of an
uncontrolled PDMP with partial observation. In Section [3] we add controls. The optimization
problem itself is explained in Section[d] In the same section we show how to reduce the problem to
a Partially Observable Markov Decision Process and derive the corresponding filter. Afterwards
in Section [5| we present the optimality equation for the value function and prove existence of
optimal controls under our assumptions. A generic application is given in Section [6]

2. AN UNCONTROLLED PDMP WITH PARTIAL OBSERVATION

In [13] the class of PDMPs has been introduced as a general class of non-diffusion stochastic
models. A definition of a PDMP based on its infinitesimal generator is given there and thus
strongly emphasizing the fact that a PDMP is a priori a continuous-time process. Recent
publications such as [7] or [I8] introduce a PDMP following an axiomatic approach stating a set
of properties of a PDMP. We will follow the latter approach in this paper.

We first define an uncontrolled PDMP with partial observation before we consider in Section
controlled PDMPs under partial observation. An informal description of a PDMP with partial
observation is as follows: The process (Y;):>0 with values in RY first evolves in a deterministic
way according to a certain drift ®. The drift ® : R x R, — R? is continuous and the mapping
t + ®(-,t) is a semi-group with respect to concatenation of mappings, i.e. for all y € R? and
s,t>0:

O(y,t+s) = D(P(y, s),t). (2.1)
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®(y,t) is the state of the process t time units after the last jump when the state directly after
the jump was y. Often in applications the drift ® is given by a differential equation

%‘P(y,t) =0(2(y,1)), @(y,0)=y (22)

where b : R? — R? is a vector field guaranteeing for all y € R? a unique componentwise
continuous solution.

At the random time T} the process jumps unpredictably to a new state where the deterministic
evolution continues until the next jump occurs. The jump times 0 := Ty < 77 < ... are R,-
valued random variables such that S, =T, — Tp,—1,n € N, Sp:=0and T, < Tp41 if T}, < ©
else T, = Tp4+1. The jump times are generated by a jump rate or intensity A : R% — (0, 00)
which is a measurable mapping of the state. A transition kernel Q from R? to R¢ describes the
probability Q(B]y) that the process jumps into set B given the state before the jump is y.

We assume now that the state of the PDMP cannot be observed directly. Several models
might arise from this imperfect information about the system state. In view of applications to
problems from telecommunications, engineering, supply chain or finance, the idea is to assume
that one can at least measure (or estimate) the true state of the system with some measurement
noise. We assume that at jump times of the PDMP we receive new information about the state.
More precisely let (€,)nen be a sequence of R?-valued independent and identically distributed
random variables €, : @ — R? that are independent from all other random variables. We call
€n, observation noise and denote its distribution by .. We assume that the agent is able to
observe X, := Y7, + €, directly after the jump at time T,.

Given the data (@, A\, Q, Q.), an initial state y and its observation x there exists a probability
space (€2, F,P, ) carrying the random variables (T},), (Y7, ) and (€,) such that P, (Yo = y, Xo =
x) = 1 and for all n € N, ¢t > 0,C, D € By, where By is the o-algebra of Borel sets in R?, it holds
that

P 7y(S <t, YTn eC,X,eD | SO7YT07X07--~7Sn—1,YTn_1aXn—1>
= P,y(Sy<t, Yy, €C,X,€D| Yy, )

- // (X, €D | Yy, =)

Cf/lry(ds’ dy | YTnfl)

/CQE(D — y’) exp ( — A(YTnfl,s)))\((I)(YTnil,s))Q(dy/|<I>(YTn71,s))ds

I
o\&o\w

exp ( - A(YTn—17S)))\((P(YTn—1’ 5)) / Qe(D — y/)Q(dy/|(I)(YTn71,S))dS (2.3)

where A(y,t) fo ( )ds The (unobservable) process itself is then given by
Y, =0(Yp ,t —1T,), forT, <t<T,i1,n € Np. (2.4)

In what follows we define the embedded process of (Y;) by Y, = Y7, in order to ease notation.
Note that (Tn,Yn,Xn) is a marked point process. We call such a process Partially Observ-
able Piecewise Deterministic Markov Process (POPDMP). In the general definition of a PDMP
boundary points of the state space may exist which force jumps back into the interior of the
state space when reached. In order to ease the following analysis we neglect such a behavior in
our model. It would have a severe impact on the filter which we need later.

3. CONTROLLED POPDMP UNDER PARTIAL OBSERVATION

Now we assume that the POPDMP can be controlled in continuous time. The set of actions
is denoted by A. In order to prove existence of optimal policies later we need the following
assumption.
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Assumption:

(C1): The action space A is a compact metric space.

We denote by P(A) the set of all probability measures on (A, B4) with the weak topology.
From the theory of deterministic control it is well-known that in order to prove the existence of
optimal controls we have to work with relaxed controls. The space R of relaxed controls is given
by

R :={r:[0,00) = P(A) |r is measurable}.
On R we work with the Young topology (for convergence in Young topology see the appendix).
Note that under assumption (C1), the space R is compact under the Young topology (see e.g.
[14] Proposition 43.3 and Definition 43.4 together with the comment thereafter).
Next we define the set of observable histories up to time 7,,. Let Hg := R? and for n € N

Hp = Hp_1 x R x Ry x R?

and endow this space with the corresponding product o-algebra. An element denoted by
hn = (20,70,51, 1,y Tn—1,Sn,Tn) € Hy is called observed history up to time T,. It con-
sists of the received signals, the chosen controls and the inter-arrival times of jumps up to T5,.
A decision rule for the period [T},,T,,+1) is a measurable mapping

My x [0,00) = P(A).

The upper P in the notation stands for piecewise. For n € Ny, the space of all decision rules for
the period [T}, T41) is denoted by ITZ and the space of all history dependent relaxed piecewise
open loop policies is defined as

mf =1l < x ...
Executing a history dependent relaxed piecewise open loop policy 7
means executing, at time ¢ > 0

P = (zl,nP,...) e TP

o
M= Y et} (8) - my (Hayt = T), (3.1)
n=0
where H,, = (Xo, 7} (Xo,+), 51, X1, ..., 75 1(Hp-1,"), Sn, Xy). There is an alternative way of
introducing policies which will be crucial later on and which we explain now. A discrete time
history dependent relaxed control policy is a sequence 70 := (7r0D, 7P ...) of discrete time history
dependent decision rules where ﬂ,? : H, — R is measurable. The upper D in the notation stands
for discrete. Note that 72 (h,,) is a function in time and 72 (h,)(t) is the (randomized) action
applied ¢ time units after the n-th jump at time 7;,. Here instead of a continuous-time control
we have a discrete-time policy which is applied after jump time points and which now consists
of functions. We write IT1Z for the set of all discrete time history dependent decision rules
at stage n and define the set of all discrete time history dependent relaxed control policies as
P .= HOD xIIP x. ... Note that the following statement holds which is essentially a measurability
issue. For a proof see [24] Theorem 2.11.

Lemma 3.1 (Correspondence Lemma). Let n € Ny. For every 7’ € 1L there exists 72 € 11D
such that

7 (hp,t) = 72 (h,)(t)  a.e. on Ry for all h, € H, (3.2)
and vice-versa.

Upon choosing a policy in II” we are able to control the data of our POPDMP in the following
way. Suppose the history h,, is given up to time T, and 777? (hy) = r. Then on the time interval
[Ty, Trt1) the relaxed control r influences the drift which we denote in general by ®" and
" : R? x Ry — R? is continuous and the mapping ¢ — ®"(-,t) is a semi-group with respect to
concatenation of mappings, i.e. for all y € R* and s,t > 0:

' (y,t +5) = (@ (y, 5), ).



OPTIMAL CONTROL OF PARTIALLY OBSERVABLE PDMP 5

For example let b : R x A — R? be a vector field such that for all y € R? and all relaxed controls
r € R the initial value problem

Ly (y,1) = /A D@7 (y.t),a) ri(da), @ (y,0) =y (3.3)

dt
has a unique componentwise continuous solution ®”(y, -) : [0, 00) — R%. Then ®" could be such a
drift function. The relaxed control also influences the measurable jump rate A : R¥x A — (0, 00)

and the action which is applied at the time point of a jump influences the transition kernel Q4
from R% x A to R%.

Definition 3.2 (Controlled POPDMP). A Controlled Partially Observable Piecewise Determin-
istic Markov Process with local characteristics (®", \*,Q4,Q.) is a stochastic process (Y2)e>0
that satisfies the following properties: Fix 7 € II” (we write 7 here instead of ¥ to ease no-
tation) and an initial state y with observation xz. There exists a probability space (02, F, Pg’y)
which carries random variables (T5,), (Ys), (€n) such that P7 (Yo = y, Xo = x) = 1 and for all
t>0,n € Ngand C,D € B, it holds that:

~

P;;y(sn S t’ Yn S 07 XTL S D“Sb,}/}b:XOaﬂ_O .. .,Sn_l,Yn_l,Xn_l,ﬂn_1>
= PI,(Sn<t,Yn€C, Xy € D|Yn1,mn1(Hp_1)) (3.4)

= /exp(—A’r"l(Yn1,3))/)\A(‘1>7r"1(17n1,3),a)
0 A
/C Qe(D — Q™ (dy'|®™* (Yy_1, 8), a) Tn—1(Hn—1,5)(da)ds  (3.5)

where A"(y,t) := fg oA (@ (y, s), a)rs(da) ds and we use the short-hand notation ™~ in-

stead of ®™n—1(Hn-1)  Note that we apply the Correspondence Lemma here. The process
(Y;) is then defined by

Y; o= ™ (Y, t — T},) for Ty, < t < Tha1,n € No. (3.6)

For our existence result we need the following continuity assumptions:

Assumption:

(C2): M R x A — (0,00) is continuous and bounded from above by A and from below
by A > 0.

(C3): Q4 is weakly continuous, i.e. (z,a) — [v(2)Q?(dz|r,a) is continuous and bounded
for all v: R? — R continuous and bounded.

Note that (C2) implies that T, 1 00 Pyy — a.s. for all z,y € R%.

4. THE OPTIMIZATION PROBLEM

In this section we will introduce our optimization problem and transform it into a Markov
Decision Process (MDP) which can be solved with standard techniques. We will do this in two
steps: First we rewrite our continuous-time control problem for the Partially Observable Piece-
wise Deterministic Markov Process as a discrete-time control problem for a Partially Observable
Markov Decision Process. Then we reduce this Partially Observable Markov Decision Process
to a Markov Decision Process with complete observation. This problem will then be solved in
the next section.

Let 8 € R, be a discount rate and ¢ : R* x A — R, be a measurable cost rate. The initial
distribution of Yj given the observation Xy = z is given by the transition kernel Qo(-|z). We
define the cost of policy m € II” under an initial observation z € R? by (we write 7 instead of
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7" in order to ease notation)

Tz, 7) ::/E;y UOOO e—ﬂt/Acaft,a) mo(da) dt| Qo(dylz). (41)

The wvalue function of the control model gives the minimal cost under an initial observation
z € R? and is defined as

J(z):= inf J(z,7) forall zeR% (4.2)

mell?
The optimization problem is then to find, for z € R%, a policy 7* € II¥ such that we get
J(x) = J(z, 7). (4.3)
This problem can be rewritten as a Partially Observable Markov Decision Process in discrete
time (POMDP) where we focus on the jump time points only.
Definition 4.1. Consider the following discrete-time Partially Observable Markov Decision
Model:

(i) The state space of this process is given by Ry x R?? and a typical state is denoted by
(s,y,x). The interpretation of the state is that y is the (unobservable) state directly after
the jump which occured s time units after the previous jump and z is the observation.

(ii) The action space is given by R and a typical action is denoted by 7.

(iii) The substochastic transition law is for all z,y € R% ¢t > 0,n € Ny and C, D € By given
by

Q([O,t] x C x D|S,y,:v,r) = Q([O t] x C' x Dy, 7‘)
- / exp (- I" (g, u)) / (@ (1), a / QD — )QA(dy' |97 (y, u), a) ru(da) du(4.4)
0

where I'"(y, t) := St + fo A A @ (y, u), a)ry(da)du. Note that in case A = X we have
Q([O,oo) X R2d|y,r) = 5—1)\ < 1.
(iv) The one-stage cost depends only on y € R%, r € R and is given by

gly,r) = Ej [/OTl e‘ﬁt/Ac(cbr(y,t),a) r(da) dt]
= /OOOeXp(—Fr(y,t))/qc(ér(y,t),a) r¢(da) dt. (4.5)

The last equation follows from the fact that the density of 71 under P7  is given by

i) =0 [ 3@ (y.0).0)r(da)
A

and with the help of Fubini’s Theorem. In order to ease notation we still denote the correspond-
ing POMDP by (S, Yn, Xp). According to the Theorem of Ionescu Tulcea Qo(+|z) together with
the transition kernel Q defines a probability measure P,. The difference between P, .y and P, is
that P, keeps track of discounting and is thus in general substochastic. For the POMDP, policies
are defined as history dependent relaxed control policies 72 := (7T0D P ) with 7P H, = R
measurable.

For a policy 7 € IIP (we write 7 instead of 7 to ease notation) and an initial observation
z € R? we define the cost of policy 7 as

J(z,7) :=ET

ZQ(YkﬂTk(Hk))] (4.6)

k=0

where Ex is the expectation with respect to the probability measure P,.
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The value function of the discrete time control model gives the minimal cost under an initial
observation z € R? and is defined as

J(z):= inf J(z,7) VazeRL (4.7)

wellP

The discrete time optimization problem is then to find, for € R?, a policy 7* € II” such that

we get J(z) = J(z,7*). The next lemma shows that this problem is equivalent to controlling
the POPDMP in (4.1]).

Lemma 4.2. Let = € R? be an initial observation, ¥ € TI¥ a history dependent relazed
piecewise open loop control policy for the POPDMP and wP € TIP its corresponding discrete-

time policy according to the Correspondence Lemma. Then, it holds
J(z, 7)) = J(z, 7).
Proof. We obtain with the Correspondence Lemma:

J(z,7t) =
ET /0 T /A c(Yy, a) m(da) dt} Qoldy|z),

[e.e]

Trt1
B2 (S0 [ e [ i af (it~ Ti(da) dt] Qoldylo)
Lk=0" "k

T;

T,
00 k+1

_ oD _B(4— N
B | S e g | [ [ Vi) wf () (¢~ T (da) de| B VT || Qo)
k=0 T

/
/ -
L kf: [ e [ et aP ) - Tig(a) dt] Qoldylz)
Lk=0" "k
/
/

EZy Ze_ﬁTkQ(?k,m?(Hk))] Qo(dylx)
Lk=0

= EI [Z g<Yk,w£<Hk>>]
k=0

which is exactly the right hand side. Note that in the last sum there is no additional discount
factor. The term e A7k which appears in the last but one equation is now part of the probability
measure IP’ZLTD (see Definition D which is substochastic. O

In the remaining section we explain how this POMDP can be transformed into a completely
observable MDP which will then be solved in the next section. We make some further simplify-
ing assumptions. The first one implies that we later get a finite dimensional filter for our problem.

Assumption:

(B1): There exists a finite subset E° ¢ R? with E° = {y!,...,y%} such that for all y € R?
and a € A: QA(E |y, a) =1 and Q is also concentrated on E°.
(B2): Q. has a bounded density f. with respect to some o-finite measure v.

Under Assumption (B1)-(B2) our substochastic transition law in Definition [4.1| has a density
with respect to the product of Lebesgue measure, v and the counting measure given by

a(s,y zly,r)
= e (~ (. 8)fz— o) /A M@ (5, 5),)Q (|97 (4, ), a)ra(day).
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In order to reduce problem to an MDP with complete observation we have to replace the
unobservable state by its conditional distribution given the history so far. The computation of
this conditional distribution can be done recursively. This is a Bayesian updating procedure.
The conditional distribution is also called filter. In what follows we will introduce the updating-
operator ¥ : P(E%) x R x Ry x RY — P(E?) which maps the conditional distribution p of the
previous step, the relaxed control r which is chosen and the received new information (this is
the time point of the jump s and the observation z) onto the new conditional distribution. The
updating operator essentially follows from Bayes’ formula. We will later show in Lemma [4.4]
that the recursive computation which is done here really yields the conditional distribution of
the unobservable state. The updating-operator is defined as

ZyEEO Q(Sa y/7 $|ya T)p(y)
deEO ZyeEO (1(8, ga :E’ya T)p(y) ‘

When we denote for the history h,, = (xg, 70, 51, %1, -, Tn—1, Sn, Tn) up to time T;, the following
distributions

U(p,r,s,2)(y) = (4.8)

po(zo) = Qo(|zo),
tn(|hn) = i (Jhn—1,Tn—1, Sn, Tn) = \I/(un_l(-]hn_l),rn_l, sn,xn),
then we obtain the necessary quantity to reduce the problem to an MDP with complete obser-
vation. The previous equation is also called filter equation.

Definition 4.3. Consider the following discrete-time filtered Markov Decision Model with com-
plete observation:

(i) The state space of this process is given by P(EY). A typical state is denoted by p. The
interpretation of p is that it is the current conditional probability of the unobservable
state.

(ii) The action space is given by R. A typical action is denoted by 7.

(iii) The transition kernel Q from P(E®) x R to P(EP) is for all » € R and p € P(E°) given
by

Q(B|p, r) = /R /Rd Z 13(\I/(p, 7“,s,a:))(jSX(s,x|y,r)1/(dm)ds,0(y) (4.9)

yeEo

where qSX<37 x’yv T) = Zy’EEO (j(S, y/7 x|y, T)'
(iv) The one-stage cost is given by

alpr) =Y g(y,m)p(y). (4.10)
yeEO

The corresponding filtered MDP is denoted by (u,,). Policies m = (fo, f1,...) are here defined
as Markovian decision rules f : P(E?) — R. We denote by II the set of all decision rules. Every
7= (fo, f1,...) € II*® can be seen as a special policy 7 € II” by setting

er?(hn) = fr(kn(|hn))- (4.11)
Note that in MDP theory it is well-known that we can restrict the optimization to Markovian
policies (see [2I], Theorem 18.4).
An initial distribution p on P(E) together with the transition kernels Q define a probability
measure I@’p. We denote the cost of policy © € II*® under an initial distribution p € P(E°) by

V(p,m) := B}

Zg(unvfn(ﬂn))] . (4.12)

n=0
The wvalue function of the control model gives the minimal cost under an initial distribution
p € P(E®) and is defined as

V(p):= inf V(p,m) forall pe P(E°). (4.13)

mell>®
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The optimization problem is then to find, for p € P(EP), a policy ©* € II*® such that we get
Vo) = Vip,). (4.14)

Lemma 4.4. Let x € R? be an initial observation, = € II® and 7P given by ([@.11). Then, it
holds

V(Qo(|z),m) = J(x, 7).

Proof. Similar proofs can be found in [3], Theorem 5.3.2. or [4] Theorem 3.2. We first show that
for any measurable v : H, x R? — R (provided the expectations exist)

Er” [U(XO, Ro, S1, X1, ., Ru_1,Sn, Xn,ifn)}
_ A’éo[v’(Xo,Ro,Sl,Xl,...,Rn,l,Sn,Xn,un)} (4.15)

where Ry, == fn(pin(-|Hp)) and v'(hn, p) 1= >, c po v(hn, y)p(y). This can be shown by induction
on n. For n = 0 we have

B [o(X0,%0)] = Y v(@n)Qolle)

yEEO

> (@, y)Qolylx)

yeEEO

£ )|V (X0, 110)|

so obviously both sides are equal. Now suppose the statement is true for n — 1 and fix H,,_1 =
hpn—1. The left-hand side of (4.15) can be written as

]EFD |:'U(hn717 Rnfla Sna Xna Yn)]

Zﬂn 1\Yn— 1|hn 1 / / Z Snayna$n|yn 1, T — 1( n— 1))

Yn—1
U(hnflv 777?_1 (hn=1), Sn, Tn, Yn)dspv(dzy).

The right-hand side can be written as (where we use p, = V(pn—1, fn—1(tn—1), Sn, Tn) in the
second equation)

IAEW |:U/(hn—1a Rn—17 Sna Xn7 ,U/n)i|

= Z,Un 1\Yn— llhn 1 / /dq~SX(3n;xn‘yn—hfn—l(ﬂn—l))
R

Yn—1

I(hn 17fn 1 Mn 1 Snvxny,uln( |hn 1ufn 173n7xn))y(dxn)d3n

= ZHn 1\Yn— 1|hn 1 / / Snaxn|yn717fnfl(ﬂnfl))

Yn—1

Z ’U(hn_l, fn—l (,u/n—l)y Sny T,y yn)

Yn
Zy qN(Sna Yn, $n|y, fn—l(ﬂn—l))ﬂn—l(y|hn—1)
Zy’ Zy (j(sna v, a:nly, fnfl(ﬂnfl))ﬂnfl(y‘hnfl)

v(dxy,)dsy,.

Note that we have
S i(sn s wnlys Fao1(pn1))n—1(ylhn_1)
y oy

Z qNSX(Sm TnlYs fno1(pn—1))n—1(Ylhn-1)-
Y
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Applying Fubini’s Theorem to interchange the integrals we see that
; 50 |:U/(hn—17 Rn—b S’IH Xm ,Ltn)

- /R/ S 0(hnt, a1 (1) 5ns 2, )

Ry 4

Z G(Sn, Yn> TnlY, fra1(tn—1)) tin—1(Y|hn—1)dspv(dzy).
y

and thus both sides are equal. When we choose
'U(Hm an) = g(ffn; Wr?(Hn))
we obtain that
oD 9 o | A
B (g (Vo 2 (Hu)) | = B, [ (1t Fo(pn (1)) |
where we use definition (4.10)) of ¢ on the right-hand side which implies the statement. O

Remark 4.5. When we choose v = 1« in the previous proof, we obtain
]pgD ((X07 R07 Sl)Xla e 7Rn—]_, Sn7Xn) c B7 Yn = C)
- Ego |:1B(XO7 RO’ Sl’ Xl’ tee 7Rn_17 STL? Xn) : MTL(C’X07 R07 Sl> Xla ey Rn—h Sn7 XTL)

which implies that u, is a conditional If”gD—distribution of Y, given the previous history
(X0, Ro, 51, X1,y Ry—1, 50, Xn).

Remark 4.6. If A and Q4 are not controlled i.e. do not depend on A we obtain the following
special substochastic transition kernel:

q(s.y, 2y, r)
t

= exp (=Bt [ M@ (9)ds) @ =A@ (00) QU9 (0.0)

i.e. the updating-operator ¥ depends on r only through ®"(y, ). This observation will be crucial
later on (see Remark [5.7)).

5. OPTIMALITY EQUATION AND EXISTENCE OF OPTIMAL POLICIES

In this section we will formulate our main theorem which states existence of an optimal policy
for the original problem and provides an optimality equation for the value function. The
critical point here is to find the right continuity and compactness conditions in order to show
the existence of optimal policies. In particular we have to replace the filter by a regularized
version in the general case. Thus, we first make the following assumption.

Assumption:

(C4): The mapping r + ®"(y,t) is continuous for all y € EY and ¢ > 0.
(C5): The cost function ¢ : R? x A — R, is lower semi-continuous with respect to the
product topology.

The proof of the following five lemmas can be found in the appendix.

Lemma 5.1. Under Assumptions (C1),(C2),(C4), the mapping r — I (y,t) is continuous for
ally € EY and t > 0.

Lemma 5.2. Under Assumptions (C1),(C2),(C4),(C5) the one-step cost function (p,r)
g(p,r) of the derived filtered model is lower semi-continuous.

Lemma 5.3. Under Assumptions (C1)-(C4),(B1),(B2) we have that r fR+ q(s,y, x|y, r)ds
is continuous for all y,y' € E° and x € R?.
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In order to prove the continuity of the transition kernel of the filtered MDP we use the
following regularization of the filter. Let h, : R — R, 0 > 0 be a regularization kernel , i.e

(i) he ()>Of0rallt€R,
(ii) fR t)dt =1,
(iii) hmaw f he(t)dt =1 for all a > 0.
The function h, approx1mates the Dlraf: measure in point zero. For the general existence result
we use a regularized filter of the form ¥ : P(E?) x R x Ry x R% — P(E?)
Jo X yemo @(ws ¢, 2ly, ) p(y)ho (s — u)du
ZQGEO f]R yEEO Q(ua Y, x|y7 )p(y)hU(S - u)du
Note that we have lim, o U =T (see e.g. [8], Theorem 1.1.7).

Lemma 5.4. Under Assumptions (C1)-(C4),(B1),(B2) we have that (p,r) — W(p,r,z,u) is
continuous for all x € RY.

\i/(p,r,s,:r)(y') = (5.1)

Finally we obtain:

Lemma 5.5. Under all Assumptions (C1)-(C4), (B1),(B2) the stochastic transition kernel Q
in Definition @ where we replace ¥ by the reqularized filter U s weakly continuous.

In what follows we will always assume that the regularized filter version is used in the definition
of Q). The next step is to define the following function space

Clt i={v:P(E") = [0,00] : v is lower semi-continuous }

and the following operators for v € C;t , p € P(E?),r € R and f € II:

L)) = dlpr)+ / (o) Q( o),
P(0)
(Tro)p) = (o, f(p)) + / o(o)Qddp, £(0)),
P(EO)
(T0)(p) = ink (L) (p.7).

Our previous results lead now to the following observation:

Theorem 5.6. Under all Assumptions (C1)-(C5), (B1),(B2) we have that
a) T:C —CF

lsc lsc”

b) For all v € C}\,, there exists an f* € II such that
(T0)(p) = ink (Lo)(p,) = (Lo)(, £*(0)).
c) For allv,w € Cl—is_c with v < w we obtain Tv < Tw.

Proof. The proof of this theorem is rather standard. If we first choose v to be continuous and
bounded we obtain by Lemma [5.5] that

(p,r H/ Q(dp'|p,r)
(E0)

is continuous and bounded. Thus using the same line of arguments as in the proof of Lemma
we obtain that the same mapping is lower semi-continuous when we plug in a lower semi-
continuous function v. Since the sum of lower semi-continuous functions is again lower semi-
continuous we get with Lemma that

()= 5lor) + [ Qe p.7) = (Lo)(p.r)
P(EO)

is lower semi-continuous. We can now use a classical measurable selection theorem for part b)

(see e.g. Proposition 7.33 in [6]) and part a) follows as in Proposition 2.4.3 in [3], see also section

3.3 of [20] or Propositions 7.31 and 7.33 in [6]. Part c) is obvious. O



12 N. BAUERLE AND D. LANGE

Remark 5.7. Note that the existence of a minimizer f* € II in Theorem b) cannot be
shown in general if we take the original filter ¥. In this case examples can be constructed where
the filter is not continuous (for a discussion and the example see [24] Section 3.2.2). The crucial
point here is that the single action which is applied at the jump time point enters the filter.
This effect is incompatible with the Young toplogy. It does not occur when A% and Q4 are
uncontrolled. Indeed Lemma holds true for the original filter ¥ in case A4, Q4 are not
controlled. In this case we have

ZyeEO ﬁ(sa y/7 x‘ya T)p(y)
ZyjeEO ZyGEO p(s, 9, zly,7)p(y)

U(p,r,s,2)(y)) =
with
it/ alyr) = exo (~ A (. 9))ds) @ — 1A (01) QU9 (0.
So ¥ depends on r only through ®"(y,-) which is continuous by Assumption (C4).

In order to derive the optimality equation we need to consider the n-stage version of the
optimization problems. Thus we define for a policy w € II*° and the function 0 € ClJ;C which is
identical to zero, the following value functions:

Vn(p, 7T) = Tfo ce Tfn_IQ
Va(p) = ierll'lfoo Va(p,m) =T"0.

Note that V,,(p, 7) is exactly the expected cost of policy 7 until jump time 7,,. By general MDP
techniques (see e.g. [3], chap. 2) we obtain the last equation V,,(p) = T™0 which also implies
that V,, = T'V,,—1. Since the cost function is non-negative we obtain by monotone convergence
that the following limits exist:

Vip,m) = ILm Va(p,m)
Voolp) = lim Vi(p).

By definition we get that V(p) = inf e V(p, 7). From Theorem it follows that V;, € C;\
because 0 € C;gc and hence also V, € C;g .- Moreover we immediately obtain by monotonicity
that V(p,7) > V,(p,m) for all = € T1°° which then implies V' (p) > V,,(p) and with n — oo that

V(p) > Voo(p). The main result of this section is the following:

Theorem 5.8. Under all Assumptions (C1)-(C4), (B1),(B2) we have that

a) TVe = V.

b) Ve = V.

c) There ezists an f* € Il with TV = TyV and the stationary policy (f*, f*,...) is optimal
for problem ([£.13)). The optimal policy for the original problem (&.2) is thus (7§, 7¥,...)
with

m (z,1) = fH(Qo(]x))(t), =eR?
T (hnst) = (b)) (t),  hy € H.

Proof. a) Due to monotonicity of V;, and the T-operator we obtain V,, < TV, for all n € N.
For n — 0o we obtain Vi < TVae. It remains to prove Voo > TVa. Since T™0 € ;" we

lsc

know by Theorem that there exist decision rules f; such that 770 = T'ys ... Tfx_ 0.

Now fix p € P(E?) and define " := f’(p). Then (r") C R and since R is compact there
exists a converging subsequence limy_,,, ™ = r € R. This implies by monotonicity for
an arbitrary index n; and all n < ny:

Vs (p) = (T™710)(p) = (LT™0)(p, ") = (LT"0)(p, ")
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Since T™0 € C;, the mapping r — (LT™0)(p, r) is lower semi-continuous. Thus we obtain
by definition of this property that

Vie(p) = lim (LT"0)(p, r"*) = (LT"0)(p, 7).
k—o0
And with n — oo we obtain by monotone convergence

Voo(p) 2 (LVao)(p,7) = (TVeo ) (p)

which finally implies the statment.

b) Since V' > V it is sufficient to prove V < V. By part a) we know that Vo > TV,.
Since V, € C;g . we know by Theorem that there exists a decision rule f* such that
TVy = T+ Vy. Iterating this equation yields:

with n — oo we obtain

Voo(p) 2 V(p, [7) 2 V(p)

which implies the statement.
c¢) This follows from the proof of part b) and the use of the Correspondence Lemma
O

Besides the existence of optimal policies Theorem presents a numerical way of comput-
ing the value function V. Since V = V, according to part b) we can use value iteration to
approximate V, i.e. we can start with Vy = 0 and compute V,, = T'V,,_ for large n.

Since we use the regularized filter with a regularization kernel h,, the optimal policy depends
on o. For nice problems we expect convergence of the optimal policies for ¢ | 0 to an optimal
policy for the original problem. A general theorem which guarantees this is as follows. Fix state
p € P(E®) and suppose that o, | 0 for n — co. We denote the value function which corresponds
to o, by V™. Let

Ro = {r € R | (LV")(p.r) = (TV")(p)}
for n € NU {oo} be the set of maximum points of the value function V" in state p. The value
function V*° corresponds to the problem with original filter W. Further let

LsR,, :={r € R |r is an accumulation point of (r") with " € R,,}.
The next theorem follows from Theorem A.1.5 in [3].

Theorem 5.9. Suppose there exists a sequence 0., | 0 for m — oo such that (LV™)(p,r) >
(LV™)(p,7r) 4 0m for all n > m, i.e. the sequence (LV™)(p,r) is weakly increasing. Then
0 # LsRy C Reo-

The interpretation of Theorem is as follows: Fix p € P(E") and take o, | 0. Suppose
the sequence (LV™)(p,r) is weakly increasing. The sequence of optimal relaxed controls (") in
state p has at least one accumulation point and every accumulation point is an optimal relaxed
control in the original model with non-regularized filter.

6. APPLICATION

In this section we illustrate our approach by a simple example. The task is to steer a particle
which moves on the real line into a target zone. At random time points the particle jumps into
one of a finite number of states. However, the position of the particle cannot be observed. The
only information we have is that after the random jump time points a noisy signal is received.

We consider this problem as a POPDMP where we specify the following data:

(i) The state space is assume to be R and the action space is assumed to be A := [—1;1].
Here a € A refers to the speed with which the particle is moved into one of the two
directions. Obviously A is compact, hence (C1) is satisfied.

(i) The set of possible post jump states is assumed to be E° := {-2,0,2} and we set
y':= —2,y? := 0 and 3 := 2. Thus (B1) is valid.
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c(y)
110
% ‘ | % y
—2 15 0 1.5 2
y! y? y?
Qy;+) = 6,0 (+) Qy;+) = 6,2(+) Qy;+) = 6,3(+)

FiGURE 1. Cost function and transition kernel in concrete application example.

(iii) The controlled drift is given by

Z@T(y,t):Aart(da), ®(y,0) =y. (6.1)

this implies (C4).

(iv) We set A =1 and B := 1, i.e. the transition rate is uncontrolled and the discount rate
is equal to one. Hence (C2) is satisfied.

(v) The jump transition kernel Q4 is also uncontrolled and specified as follows (see also

Figure [I)
O (), y<—2
(=3=2y) -0, () + (4+2y) - 6,2(), —2<y<-—3
Q=1 520) ey<y
(4=2y) - 6,2() + (2y = 3) - 0,5(), 3 oy<2
ays (), 2<y,

where J, is the Dirac measure on point z € E°. Note that Q4 is weakly continuous,
hence (C3) holds.

(vi) The cost function is independent of a and given by (see also Figure [1)):

10, y < —2
3020y, —-2<y-—3
c(y) =1 0, —3<y<3
20y — 30, S<y<2
10, y =2

\

Note that ¢ is continuous which implies (C5).
(vii) For the density of the signal we take the discrete density f(—1) = fc(0) = f(1) = %
Hence (B2) is satisfied.

First note that since only [, ari(da) enters the equations we can restrict to deterministic
controls. We still denote them by r and consider r, € A instead of r, € P(A) which is a slight
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abuse of notation. The updating operator ¥ in this case reads
 fle=y) X, QW Ny + [y rudu)p(y)
> Fl@—9)>, QUly + [ rudu)p(y)”

Since A4 = X and Q4 = Q are uncontrolled we do not have to consider the regularized filter.
The one-stage reward is given by

J = 0Oe*%c tr s
i0.1) = 3o | eelo+ [ nasar

and finally the transition kernel is for a measurable function v : P(E°) — R given by

00 1 t
A 1 _
/v(p')Q(dp'lp,T) = 3/0 ey Zv(‘lf(p,r,t,y’+d))ZQ(y’|y+/0 rsds)p(y)dt.
d=-1 vy’ Y
The optimization problem is

J(z) = inf / £, | /O h e~te(¥))dt] Qu(dyl) (6.2)

well?P

U(p,r,5,7) ()

and the corresponding filtered MDP is defined by the T-operator which in this example reads
o] o t
o = o [T [ Sotnelo [ v
(Tv)(p) = inf /0 e Zy:p(y)c y+ | rads

% > Zv(‘l’(ﬂmt,y”rd))ZQ(y’\y+/O rsds)p(y)}dt}. (6.3)

d=—1 vy’
Since all assumptions of Theorem [5.8] are satisfied we obtain in this example.

Lemma 6.1. In this POPDMP there exists an f* € Il with TV = Ty+V and the stationary
policy (f*, f*,...) is optimal for the filtered MDP. The optimal policy for the original problem

(6:2) is thus (nf, 7T, ...) with
m (2,t) = fY(Qo(|x))(t), =eR?
7 (hyt) = (nClhn)) (), hn € Hy.
In this example we have also computed the value function and the optimal policy numerically
by value iteration. The value function V' as a function of p; € (0,1) and p3 € (0,1 — p;) can

be seen in Figure [2l The optimal policy turned out to always use one of the values {—1,0,1}.
More precisely we obtain

1 1 if pl > 3
{t<5} Hp = Hps
Tn(hp, t) = 2 . 6.4

(in. ) { —Lpcyy  if g < 64

Recall that i, (hy,) is the recursively calculated conditional distribution on P(EY).

7. APPENDIX

7.1. Young Topology. The Young topology is metrizable and convergence can be characterized
as follows (for a proof see e.g. [24] Lemma A.21):

Definition 7.1. Let (7"),en be a sequence in R and r € R. Then

lim »" =r — lim /OO/ Y(t,a) r(da) dt = /00/ P(t,a) r¢(da) dt (7.1)
n—00 n—o0 Jq A 0 A

for all 1 : Ry x A — R which are measurable in the first component, continuous and bounded
in the second component and satisfy

/ sup |9 (t, a)|dt < oo.
0

acA
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FIGURE 2. Value function V' (p1, -, p3)

7.2. An Auxiliary Result and some Proofs. The following auxiliary result is very helpful
for our convergence statements. For a proof see e.g. [24], Lemma B.12:

Lemma 7.2. Let X be a separable and metrizable space, Y a compact metric space and f :
X XY — R continuous. Then lim,_, x,, = x tmplies

lim sup |f(‘7:n7y) - f(xvy)| =0.

n—oo yEY

Proof of Lemma [5.1¢
Note that by definition I'"(y,t) = 8t + A" (y, t). Thus, it is enough to show that the mapping

r +— A"(y,t) is continuous. Let y € E® and ¢ > 0. Further, let (") be a sequence in R with
lim, oo 7™ = r € R. By definition of A", we then get:

‘Arn (y7t) - Ar(l/?t)‘

! A r’ n _ ‘ A(Hr s).a) r.(da) ds
| [ @ w.0) e s [ [ 3@ 9.0) ri(da) d
/0 /A {M (@™ (y,5),a) — A (®"(y, 5),a)} r7(da) ds

! ArHT n ! A(Hr
/O/A)\ (®"(y,s),a) ri(da) ds—/o /A)\ (®"(y,s),a) rs(da) ds|.

Looking now at the first summand of ([7.2)) we find that for n — oo

/0 /A{)\A (@™ (y,5),a) — M (D7 (y, s),a)} ri(da) ds

IN

(7.2)

+

t
< [ s W@ (59), @) - M@ (0:5),0)| ds 0.
0 acA

This convergence is true since by the continuity of ®"and A* and by the compactness of A we
have with the help of Lemma
lim sup [A\(®"" (y, 5),a) — A (@ (y, 5),a)| = 0.

n—oo acA
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By the boundedness of A4, dominated convergence leads to the convergence of the integral
towards zero.

Now, looking at the second summand in we obtain by the characterization of the Young
topology (see Definition and by assumptlon (C2) that

JE&/O /AAA (®"(y,s),a) r™(da) ds_/ /)\A (®"(y,5),a) rs(da) ds. (7.3)

This implies the statement.

Proof of Lemma [5.2k

We first show that when ¢ is continuous and bounded, then (p,r) — g(p, ) is continuous and
bounded. Let ¢ be continuous and bounded and suppose lim,,_,(p", ™) = (p,r) with respect
to the product topology. Let us denote 1" (y,t) := e (1) Based on the representation of g we
then get

’g(pna’rn)*g(par” < Z

yeED
— o) [0 [ @ (o)0) rta) dt'.

From our assumption it follows that we obtain pointwise convergence lim,, . p"(y) = p(y) and
it thus remains to show that for all y € E°

) /0 S ) [ @™ 1), 7 (da)

im [ " (1) /A (@™ (y,1), a) 7(da) dt — /0 T /A (@7 (. 1), a) ro(da) dt.

n—oo 0

Hence consider

/000 Urn(yat)AC((prn(y,t),a) ri(da) dt — /Ooo Ur(y,t)/AC(CDT(y,t),a) ro(da) dt’

VOOO ("™ (y,t) — nr(y,t))AC(@Tn(y,t),a) r(da) dt‘

/OmnT(y,t){Ac(@T”(y,t),a) rf(da)—/Ac(@T(y,t),a) rt(da)} dt‘, (7.4)

Now, as c¢ is bounded by our initial assumption, the first summand satisfies

(0" (y,t) =" (, ))/Ac(@”(y,t),a) r(da) dt‘

+

[e.e]

< sup| xa|/ —n"(y,t)| dt — 0.

The convergence follows from dominated convergence where |n"" (y,t) — 7" (y,t)| is dominated
by 2e~Pt and lim, oo I"" (y,t) = I'"(y, ) because of Lemma
The second summand of ([7.4)) can be dominated by Term; + Termg with

Term; = /Ooo n" (y,t) /A ‘c(@Tn(y,t),a) — (@ (y,t),a)| r}(da) dt
and

Termo :=

/0 (. t) /A (@7 (y, 1), a) 7 (da) dt — / 7 (. t) /A (@7 (y, 1), a) ro(da) dt|.

We will show that both, Term, and Termsy converge to zero. First, as ¢ is continuous and
bounded and A is compact we obtain with the help of Lemma [7.2]

lim sup ‘c(tl)rn(y,t), a) —c(®"(y,1),a ’ =0.
n—)ooaeA
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Thus Term; converges to zero by dominated convergence applied for dominating function t —
2sup, , [c(z,a)[n"(y,t). For Termy we get convergence to zero from the characterization of the
Young topology convergence in Definition [7.1] as

(t,a) = n"(y, t)c(®"(y, 1), a)

is measurable in ¢ and continuous and bounded in a and because of

o0 o0
/ n"(y,t) sup |c(P"(y,t),a)| dt <  sup |c(3:,a)|/ e Pt dt < .
0 acA (z,a)ERIx A 0

We also get that g is bounded when ¢ is bounded.

Now, let ¢ be lower semi-continuous (and non-negative, what we always assume). Then, there
is a sequence (¢p,) of continuous and bounded functions with ¢, 1 ¢ for m — oo (see [0], Lemma
7.14). Thus we can apply our previous findings to ¢, and by monotonicity of the convergence
obtain that § is lower semi-continuous.

Proof of Lemma Suppose (r") € R and ™ — r € R for n — oo. Let us denote
0" (y,s) == e ") and consider [ q(s,y',z|ly,r)ds. Obviously the factor f(x — y') does not
depend on r and can be ignored. We obtain

/ T (ws) / (87 (5, 5), 0) Q* (|87 (4, 5), a) 17 (da) ds—
0 A
- / 7 (y,5) / M (@7 (y, 5),0) Q1 (/|7 (4, 5), ) ro(da) ds
0 A
| waxt (07 9.0 @ (197 0.5).) -
— 1 (3. A (' (5, 5),0) Q* (¥/19" (3. ), ) o (da) ds]

/O h /A 7 (s N (@7(y, 5), 0) Q1 (4|97 (y, 5), @) 77 (da)ds—

IN

—+

_/OOOAUT(Q,S))\A (q)r(y’s)7a)QA (y/‘Qr(y,S),a) Ts(da)ds

The first of these two terms converges to zero with Lemma [7.2] The second term converges to
zero by the definition of the Young topology and the fact that

/0 7 (0,5)sup |\ (@ (3,9, ) @ (4|7 (5,5). ) lds < oc.
ac

Proof of Lemma In the same way as in the proof of Lemma it can be shown that

T ho‘(s _U’)qN(ua ylvx‘:%r)du
R4

is continuous. The statement follows since (p,r) — V(p,r,z,u) is a continuous composition of
these functions.

Proof of Lemma [5.5k
Proof. We have to show that

)= [ ST oo, sl ) dsply)
Ry JRE T
is continuous for v bounded continuous. Obviously it is enough to show for fixed y € E? that

oryes [ oo s,0)a (s ol rpviaa)as
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is continuous. Let limy, o (p", r™) = (p,r) w.r.t. the product topology. We obtain:

<

‘//v(\i’(p”,r",s,x))(jSX(s,x|y,r")1/(das)d5//v(\i/(p,r,s,:v))(]SX(s,x|y,T)V(dx)ds‘

Ry Rd Ry Rd

‘/R /Rd v(T(p", 1", 5, 1)) (gSX(S7a:|y,r") _ qSX(ij\y,T))/(dx)ds‘
4—‘/}R /Rd (U(@(Pn,rn,s,x)) — U(\i/(p,’l",S,_jL'))QSX(S,$|y,T)V(d1‘)ds"

Since v is bounded by a constant, the first term can be bounded by

suplo(o) x| [ [ @ (s.alyr”) = ¢ (saly. (o)
14 R+ R4

which converges to zero for n — oo because of Lemma [5.3] and dominated convergence. The

second term converges to zero by dominated convergence and continuity of v and W. O
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