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MARKOV-NASH EQUILIBRIA IN MEAN-FIELD GAMES WITH
DISCOUNTED COST *

NACI SALDI, TAMER BASAR, AND MAXIM RAGINSKY f

Abstract. In this paper, we consider discrete-time dynamic games of the mean-field type with
a finite number N of agents subject to an infinite-horizon discounted-cost optimality criterion. The
state space of each agent is a locally compact Polish space. At each time, the agents are coupled
through the empirical distribution of their states, which affects both the agents’ individual costs
and their state transition probabilities. We introduce a new solution concept of the Markov-Nash
equilibrium, under which a policy is player-by-player optimal in the class of all Markov policies.
Under mild assumptions, we demonstrate the existence of a mean-field equilibrium in the infinite-
population limit N — oo, and then show that the policy obtained from the mean-field equilibrium
is approximately Markov-Nash when the number of agents N is sufficiently large.
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1. Introduction. Mean-field game theory has been developed independently by
Huang, Malhamé, and Caines [25] and Lasry and Lions [29] to study continuous-
time non-cooperative differential games with a large number of identical agents. The
key underlying idea is that, under a particular equilibrium condition, called the Nash
certainty equivalence principle [25], the decentralized game problem can be reduced to
a single-agent decision problem. This principle essentially says that the state evolution
of an individual agent should be consistent with the total population behavior.

The optimal solution of this single-agent decision problem provides an approxi-
mation to Nash equilibria of games with large (but finite) population sizes. However,
in contrast to the standard single-agent optimal control problem, the characteriza-
tion of this optimal solution in the continuous-time setting leads to a Fokker-Planck
equation evolving forward in time, and a Hamilton-Jacobi-Bellman equation evolving
backward in time. We refer the reader to [24, 38, 23, 5, 12, 13, 17, 4, 34, 33] for studies
of continuous-time mean-field games with different models and cost functions, such
as games with major-minor players, risk-sensitive games, robust mean field games,
games with jump parameters, and LQG games.

By contrast, there are relatively few results on discrete-time mean-field games.
Existing works have mostly studied the setup where the state space is discrete (finite
or countable) and the agents are coupled only through their cost functions; that is,
the mean-field term does not affect the evolution of the states of the agents. Gomes
et al. [16] study a discrete-time mean-field game with a finite state space over a
finite horizon. Adlakha et al. [1] consider a discrete-time mean-field game where the
state space is a countable subset of a d-dimensional lattice, under an infinite-horizon
discounted cost criterion. This setup is the closest to the one studied here. However,
in addition to the state space being at most countable, Adlakha et al. [1] also assume
that, for each agent, every stationary policy induces a Markov chain that has at least
one invariant distribution. In this case, the optimal control problem in the mean-field
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limit corresponds to a standard homogeneous Markov decision problem. Biswas [9]
considers the average-cost setting, where the state space is a o-compact Polish space
and the transition probability of an individual agent does not depend on the empirical
distribution of the states. Under the regularity conditions imposed in [9], it can be
shown that, for each stationary policy, the corresponding Markov process for each
agent has a unique invariant measure, which is a standard technique when studying
average-cost problems. However, these regularity conditions are stated in terms of a
specific metric topology on the set of stationary policies, and appear to be too strong
to hold under reasonable assumptions. Discrete-time mean-field games with linear
individual dynamics are studied in [15, 31, 35, 32].

In this paper, we consider discrete-time mean-field games with a Polish state
space, under the infinite-horizon discounted-cost optimality criterion. In such a game,
the agents are coupled through the empirical distribution of their states at each time,
which affects both the individual costs and the state transition probabilities of each
agent. In Section 2 we formulate the finite-agent discrete-time game problem of
the mean-field type and introduce the solution concept of Markov-Nash equilibrium,
under which a policy is player-by-player optimal in the class of all Markov policies.
In Section 3, we introduce the infinite-population mean-field game and prove the
existence of a mean-field equilibrium, which we use in Section 4 to deduce the existence
of approximate Markov-Nash equilibria for N-agent games when N is sufficiently
large. In Section 5 we present an example to illustrate our results. Section 6 lists
some directions for future research. To the best of our knowledge, this is the first
result demonstrating the existence of an (exact or approximate) equilibrium policy
for a general discrete-time mean-field game with finitely many agents.

Notation. For a metric space E, we let C,(E) denote the set of all bounded continuous
real functions on E. Let P(E) denote the set of all Borel probability measures on E.
For any E-valued random element x, L(z)(-) € P(E) denotes the distribution of
2. A sequence {p,} of measures on E is said to converge weakly to a measure p if
Je9(e)pn(de) — [z g(e)u(de) for all g € Cy(E). For any v € P(E) and measurable
real function g on E, we define v(g) := [ gdv. For any subset B of E, we let 9B and
B¢ denote the boundary and complement of B, respectively. The notation v ~ v
means that the random element v has distribution v. For real numbers a and b, the
notation a V b denotes the maximum of a and b. Unless otherwise specified, the term
“measurable” will refer to Borel measurability.

2. Finite Player Game with Discounted Cost. We consider a discrete-time
N-agent stochastic game with a Polish state space X and a Polish action space A.
The dynamics of the game are specified by an initial state distribution pg € P(X) and
a stochastic state transition kernel p : X x A x P(X) — P(X) as follows. For every
te€{0,1,2,...} and every i € {1,2,..., N}, let 2N (t) € X and al¥ (t) € A denote the
state and the action of Agent 7 at time ¢, and let

My b - ,
e () NZM@( ) € P(X)

denote the empirical distribution of the state configuration at time ¢, where ¢, € P(X)
is the Dirac measure at z. The initial states ¥ (0) are independent and identically

distributed according to jig, and, for each ¢t > 0, the next-state configuration (z (t +
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1),...,2N(t + 1)) is generated at random according to the probability law

N
[To(da t + )|l ), a (1), ™), (2.1)

=1

where p(-|z,a, ) denotes the image of the triple (z,a,u) € X x A x P(X) in P(X)
under the state transition kernel p.

To complete the description of the game dynamics, we must specify how the
agents select their actions at each time step. To that end, we introduce the history
spaces Hyp = X x P(X) and H; = (X x A x P(X))! x (X x P(X)) for t = 1,2,..., all
endowed with product Borel o-algebras.! A policy for a generic agent is a sequence
m = {m} of stochastic kernels on A given H;; we say that such a policy is Markov if
each 7 is a Markov kernel on A given X. The set of all policies for Agent 7 is denoted
by II;, and the subset consisting of all Markov policies by M;. Furthermore, we let
M¢ denote the set of all Markov policies for Agent ¢ that are weakly continuous; that
is, m = {m} € M¢ if for all ¢ > 0, m, : X — P(A) is continuous when P(A) is endowed
with the weak topology.

Let TI™) = [T, 11, M) = [TV, My, and MVl =TTV MS. We let wV) =
(rt,...,7V), 7 € II; denote the N-tuple of policies for all the agents in the game.
We will refer to #™) e TIN) simply as a ‘policy.” Under such a policy, the action
configuration at each time ¢ > 0 is generated at random according to the probability
law

[ 7i(dal 0] @), (2.2)

i=1

where h¥ (0) = (2N (0),e{™) and h¥ (t) = (WN (t — 1), 2] (£),aN (t— 1), e for t > 1

are the histories observed by Agent i at each time step. When w(¥) € M(V) | Eq. (2.2)
becomes

H m; (dag ()|} (t).

The stochastic update rules in Egs. (2.1) and (2.2), together with the initial state
distribution pg, uniquely determine the probability law of all the states and actions
foralli € {1,...,N} and all ¢ > 0. We will denote expectations with respect to this
probability law by E™"[-].

We now turn to the question of optimality. The one-stage cost function for a
generic agent is a measurable function ¢ : X x A x P(X) — [0,00). For Agent i,
the infinite-horizon discounted cost under the initial distribution po and a policy
V) e TIW) is given by

Ji(N)(Tr(N)) — gV {Z 5tc(va(t),aiv(t),6§m) 7
t=0

where 8 € (0,1) is the discount factor. The standard notion of optimality is a player-
by-player one:
DEFINITION 2.1. A policy #™N*) = (x'*, ..., 7V*) constitutes a Nash equilibrium

1We endow the set P(X) with the topology of weak convergence, which makes it a Polish space.
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T @) = it S @0, a)
mitell;
for eachi=1,...,N, where 71'(7]\1-[*) = (9% 4.

There are two challenges pertaining to Nash equilibria in the class of games consid-
ered here. The first challenge is the (almost) decentralized nature of the information
structure of the problem. Namely, the agents have access only to their local state
information z () and the empirical distribution of the states egN), and there is no
general theory (of existence and characterization of Nash equilibria) for such games
even with special structures for the transition probabilities. The second difficulty
arises because of the so-called curse of dimensionality; that is, the solution of the
problem becomes intractable when the number of states/actions and agents is large.
The existence of Nash equilibria in this case is a challenging problem even when the
agents have access to full state information {z (¢)}Y; (see [26, 3, 30] and references
therein). Therefore, it is of interest to find an approximate decentralized equilibrium
with reduced complexity. To that end, we adopt the following solution concept:

DEFINITION 2.2. A policy #™N*) € MWY) s ¢ Markov-Nash equilibrium if

J-(N)(W(N*)): inf J-(N)(TF(N*) ")
i riEM; i —i

for eachi=1,...,N, and an e-Markov-Nash equilibrium (for a given ¢ > 0) if

Ji(N)(ﬂ_(N*)) < inf Ji(N) (w&f*),wi) +e
TrteM;
foreachi=1,... N.

The main contribution of this paper is the proof of existence of e-Markov-Nash
equilibria for games with sufficiently many agents. To this end, we first consider a
mean-field game that arises in the infinite-population limit N — oo and prove the
existence of an appropriately defined mean-field equilibrium for this limiting mean-
field game. Then we pass back to the finite-N case and show that, if each agent
in the original problem adopts the mean-field eqiulibrium policy, then the resulting
policy will be an approximate Markov-Nash equilibrium for all sufficiently large N.
It is important to note that, although the policy in the mean-field equilibrium is an
approximate Markov-Nash equilibrium for the finite-agent game problem, it is indeed
a true Nash equilibrium in the infinite population regime. This follows from the fact
that the set of Markov policies is sufficiently rich for optimality in the limiting case,
as each agent is faced with a single-agent decision problem.

2.1. Assumptions. In this section, we state all assumptions that will be made
on the game model for easy reference. They will be imposed when needed in the
remainder of the paper.

Let w : X — [1,00) be a continuous moment function; that is, there exists an
increasing sequence of compact subsets {K,,},>1 of X such that

lim inf w(z) = .
n—o0 zeX\ K,

We assume that w(z) > 1+ dx(z,z0)? for some p > 1 and x¢ € X, where dx is the
metric on X. In order to study bounded and unbounded one-stage cost functions ¢
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simultaneously, we define the following function:

{1, if ¢ is bounded
V=

w, if ¢ is unbounded

For any ¢g : X — R, define the v-norm of g as

lg(x)]
lglly = sup ———

zEX U(‘T) '

Let B,(X) denote the Banach space of all real valued measurable functions g on X
with finite v-norm and let C, (X) denote the Banach space of all real valued continuous
functions in B, (X).

Analogously, for any finite signed measure p on X, let us define the v-norm of p
as

[ullo =" sup
gE B, (X):
llgllo<1

/X g(@)u(dz)

Note that if v = 1, then ||u||, corresponds to the total variation distance [21, Section
7.2]. Let

Po(X) == {p € PX) : [|p]lv < o0}
= {M € P(X): /)(U(w)ﬂ(dx) < OO}'

It is known that weak topology on P(X) can be metrized using the following metric:

p(usv) =Y 27D u( f) = v(fin)s
m=1

where {fy,}m>1 is an appropriate sequence of continuous and bounded functions such
that || fr|| < 1 for all m > 1 (see [36, Theorem 6.6, p. 47]). We define

po(ps V) = p(p, v) + |u(v) — v(v)]

which is a metric on P, (X). Note that

Po(n, ) = 0 <= pn(g) — p(g), Vg € Cy(X).

Indeed, (<) is trivial. For (=), let py(tn, ) — 0 which means that p, — u weakly
and p,(v) = p(v). Let g € C,(X). Define non-negative continuous function h as
h = ||g|lvv + g. It is known that [20, Proposition E.2]

liminf | h(z)u,(dz) 2/)(h(:v)u(d:v).

n—00 X

But, since pu, (v) = u(v), we should have

liminf [ g(a)m(dz) > /x o(e)(d).

n—oo X
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Conversely, define non-negative continuous function u as u = ||g|[,v — ¢g. Then, we
have

lim inf /X w(@) i (dz) > / u(z)p(dz).

n—oo X

But, since g, (v) — p(v), we should also have

lim sup /X 92 (det) < / o(e)(d).

n— 00 X

Thus, w,(g9) — p(g), which establishes the result. Let us call the topology induced
by metric p, on P,(X) as v-topology. It can be proved that P,(X) with metric p, is
a Polish space.

Suppose that v = w (i.e., ¢ is unbounded). Define the Wasserstein distance of
order p > 1 on P,(X) as follows [39, Definition 6.1]:

Wy (p, v) = inf{ E[dx (X, Y)p]% : L(X) =pand L(Y) =v}.

Note that W, is a metric on P, (X) since v(z) > 1 + dx(x, zo)? for all z € X. Fur-
thermore, Wy, (tn, ) — 0 if and only if u,(g9) — p(g) for all continuous g with
lg(2)] < 1+dx(x,x0)? [39, Definition 6.8, Theorem 6.9]. The last observation implies
that the following metric 8, (u, v) == Wy(u, v) + |u(v) — v(v)| metrizes the v-topology
on P,(X). Using the dual formulation of W), [39, Theorem 5.10], we can write j3, as
follows:

1
Bulv) = supu(h) = v(g)lF + |u(v) ()], (2.3)
(h,g)EL1 ()X L1(v):
h(z)—g(y)<dx(z,y)”

where £ () denotes the set of all A-integrable real functions on X.

REMARK 1. In the remainder of the paper, P(X) is always equipped with the
weak topology while P,(X) is always equipped with the v-topology. In other words,
when we say that a function over P,(X) is continuous, it should be understood that it
is continuous with respect to v-topology. Similarly, a function over P(X) is continuous
if it is continuous with respect to weak topology.

Assumption 1:

(a) The one-stage cost function ¢ is continuous.

(b) A is compact and X is locally compact.

(¢) There exists a non-negative real number « such that

sup /w(y)p(dy|x,a,u) < aw(x).
(a,1)EAXP(X) JX

¢ stochastic kernel p(-|z,a,p) 1s weakly continuous; that 1s, 1
d) Th hastic k 1 i kl i h i if
(Tny Ay o) = (2,0, 1) in X x A x P(X), then p(-|zn, an, tn) — p(-|z,a, 1)

weakly. In addition, the function [ w(y)p(dy|z, a, 1) is continuous in (z, a, ).
(e) The initial probability measure pg satisfies

/U(m)uo(dac) = M < .
X

6



REMARK 2. Note that Assumption 1-(c) implies that the range of p lies in Py, (X);
that is, {p(-|z,a,p) : (z,a,p) € XxAxP(X)} C Py(X). Therefore, Assumption 1-(d)
is equivalent to the following condition: if (xy,an, n) — (T,a, 1) in X x A x P(X),
then p( - |Tn, an, pin) — D(+ |2, a, p) with respect to the v-topology on Py(X).

For each t > 0, let us define

PL(X) = {,u € Pu(X) : / w(x)p(dr) < oth}.
X
(f) There exist v > 1 and a non-negative real number R such that for each t > 0,
if we define M; := ~'R, then

sup c(x,a,p) < Mpo(x).
(a,n) EAXPL(X)

(g) We assume that afy < 1.
Assumption 2:

Define the following moduli of continuity:

wp(r) = sup sup ||p(- |z, a, ) = p(- |2, a,v) |,
(z,a)EXXA _ H:V:
po(p,v)<r
welr) = sup sup  le(wa,) — e(z,0,)],
(z,a)EXXA _ H:V:
po(pv)<r

where p, = 3, (see (2.3)) if ¢ is unbounded, and p, = p if ¢ is bounded.
For any function g : P,(X) — R, we define the v-norm of g as follows:

lol = sup 2L
peP,(x) (V)

(h) We assume that wy,(r) — 0 and w.(r) — 0 as r — 0. Moreover, for any
w € Py(X), the functions

and

have finite v-norm.
(i) There exists a non-negative real number B such that

swp [ Pyl an) < Be*(a),
(a,n) EAXP, (X) X

REMARK 3. Suppose that v = w. Define a metric Ax on X as follows:

0, ife=uy
v(x) +ouly), fz#y

7
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For any real-valued measurable function g on X, define the Lipschitz seminorm of g
as:

g X
[gllx = sup
zFy

Let Lipy (1,R) :== {g : |lgllx < 1}. Then, for any p,v € Py(X), we have [19, Lemma
2.1]

[n—=vllo="sup : (2.4)

g€Lip, (1,R)

/x glauldo) - [ glav(da)

X

This alternative formulation of v-norm will be useful when verifying Assumption 2-(h)
for specific examples.

REMARK 4. In the remainder of this paper, all the proofs are obtained under the
assumption that the cost function c is unbounded. The bounded case can be covered
by slight modification of the proofs for the unbounded case.

Before proceeding to the next section, we prove an important (but straightfor-
ward) result which will be used in the sequel. It basically states that there is no loss of
generality in restricting the infima in Def. 2.2 to weakly continuous Markov policies.

THEOREM 2.3. Suppose Assumption 1 holds. Then, for any policy 7N) € M),
we have

inf J-(N)(ﬂ'(N) 7') = inf J-(N)(ﬂ'(N) ")

: 7 —7 : 7 —7
TteM; TteEMS

foreachi=1,...,N.
Proof. The proof is given in Appendix A. O

3. Mean-field games and mean-field equilibria. We begin by considering a
mean-field game that can be interpreted as the infinite-population limit N — oo of
the game introduced in the preceding section. This mean-field game is specified by
the quintuple (X, A p,c, uo), where, as before, X and A denote the state and action
spaces, respectively, p(-|z,a, ) is the transition probability, and ¢ is the one-stage
cost function. We also define the history spaces as Gp = X and G; = (X x A)f x X
for t = 1,2,..., which are endowed with their product Borel o-algebras. A policy is
a sequence m = {m} of stochastic kernels on A given G;. The set of all policies is
denoted by II. A Markov policy is a sequence m = {m;:} of stochastic kernels on A
given X. The set of Markov policies is denoted by M.

REMARK 5. It is important to note that mean-field games are not games in the
strict sense. As will be shown below, they are single-agent stochastic control problems
with a constraint on the distribution of the state at each time step.

In this section, we impose Assumption 1 on the components (X, A p,c, ,uo) of the
mean-field game model.

Instead of N agents in the original game, here we have a single agent and model
the collective behavior of (a large population of) other agents by an exogenous state-
measure flow p:= (pt)>0 C P(X) with a given initial condition pg. We say that a
policy 7* € II is optimal for p if

Ju(n”) = if Ju(m),
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where
Iu(m) = B7| 3 Belalt) alt). o)
t=0

is the infinite-horizon discounted cost of policy 7 with the measure flow p. Here, the
evolution of the states and actions is given by

z(0) ~ po,
x(t) ~p(-la(t—1),a(t —1),p—1), t=1,2,...
a(t) ~m(-|g(t), t=0,1,...,

where g(t) € G, is the state-action history up to time ¢.

Let M == {p € P(X)> : pg is fixed} be the set of all state-measure flows with
a given initial condition p. Define the set-valued mapping ® : M — 2 as ®&(u) =
{m €I : 7 is optimal for pu}. Conversely, we define a mapping A : IT — M as follows:
given 7 € II, the state-measure flow p := A(7) is constructed recursively as

pea(+) = /X B [a(t). (). o B () (0) (1)),

where P™(da(t)|x(t)) denotes the conditional distribution of a(t) given z(¢) under =
and (f4r)o<r<i. Note that if 7 is a Markov policy (i.e., m(da(t)|g(t)) = m (da(t)|x(t))
for all t), then P™(da(t)|x(t)) = m(da(t)|x(t)).

We are now in a position to introduce the notion of an equilibrium for the mean-
field game:

DEFINITION 3.1. A pair (m, p) € II x M is a mean-field equilibrium if 7 € ®(p)
and pu = A(r).

The following structural result shows that the restriction to Markov policies entails
no loss of optimality:

PROPOSITION 3.2. For any state measure flow p € M, we have

Ty u) = Ty )

Furthermore, we have A(IT) = A(M); that is, for any w € 11, there exists # € M such
that puf = uf for all t > 0.

Proof. The proof is given in Appendix B. [0
In other words, we can restrict ourselves to Markov policies in the definitions of ® and
A without loss of generality — that is, we have ®(M) = 2M and A(M) = M. This
implies that, unlike the finite-population case, the policy in the mean-field equilibrium,
if it exists, constitutes a true Nash equilibrium of Markovian type for the infinite-
population game problem. Put differently, this policy is player-by-player optimal in
the class of all admissible (not only Markov) policies.
The main result of this section is the existence of a mean-field equilibrium under
Assumption 1.

THEOREM 3.3. Under Assumption 1, the mean-field game (X, A,p, ¢, o) admits
a mean-field equilibrium (m,v) € M x M.

Proof of Theorem 3.3. For each t > 0, let us define

Ly = Z(ﬂa)kithv
k=t
9



where o and M), are constants defined in Assumption 1-(c) and (f), respectively. Note
that

Ly = My + (Ba)Lyy.
For each t > 0, we define
Cy(X) = {u € Co(X) : [lullo < L¢}
and
PLX x A) i= {u € P(X x A) : i € PLX)},
where for any v € P(X x A), v; denotes the marginal of v on X; that is,
() =wv( xA).

Moreover, we define

Q

=i
t=0

= ﬁnﬁ(x x A).

t=0

(1]

We equip C with the following metric:

oo
)= o Hlur — i,
t=0

where o > 0 is chosen so that ¢ > v and cfBa < 1. The first condition and Assump-
tion 1-(g) guarantee that p(u,v) < oo for all u,v € C. It can also be proved that C is
complete with respect to p.

For any v € Z and t > 0, we define the operator T} as

T/ u(z) = Imn{ c(z,a, v +ﬂ/ p(dy|z, a,ve1) |,
acA
where v : X = R.
LEMMA 3.4. Let v € = be arbitrary. Then, for all t > 0, TY maps CLH(X) into
C!(X). In addition, for any u, r € C1(X), we have
1T w =T vl < aBllu— 7. (3.1)

Proof. Let u € CIT1(X). By [6, Proposition 7.32], T/ u is continuous. We also
have

c(x,a,ve1) + B [y u(y)p(dyle, a,ve1)

()
[T ullo < sup
K (z,a)EXXA (‘T)

< sup M(zx) + BaLiiiv(x)
(z,a)EXXA U(‘T)
10




= Mt —|— ﬁO&Lt+1 = Lt,

where the last inequality follows from Assumption 1-(c) and (f). This completes the
proof of the first statement. The proof of the second statement is straightforward, so
we omit the details. O

Using operators {T} }:>0, let us define the operator T : C — C as

(T¥u), = T/ w14, fort > 0. (3.2)

By Lemma 3.4, T" is a well defined operator; that is, it maps C into itself.

Since T} satisfies (3.1) for all ¢ > 0, it can be shown that T¥ is a contraction
operator on C with modulus oo < 1. Hence, T has a unique fixed point by the
Banach fixed point theorem, as C is complete with respect to p.

For any v € =, we let JY; : X = R denote the discounted-cost value function
at time ¢ of the nonhomogeneous Markov decision process with the one-stage cost
functions {c(:z:, a, I/tyl)}t>0 and the transition probabilities {p( ‘|z, a, Vtﬁl)}t>0. Under
Assumption 1, it can be proved that, for all ¢ > 0, JY . 1s continuous. Let JY =
(50)

LEMMA 3.5. For any v € =, we have JY € C.

Proof. Let m be arbitrary Markov policy. Note that for all ¢ > 0, we have

J::,t(y) < Z ﬁk_tETr [C(I‘(k), a(k)v Vk,l)‘x(t) = y]
k=t

< Zﬁk_thE” [v(z(k))|(t) = y] (by Assumption 1-(f))
k=t

< Zﬁk*thak*tv(y) (by Assumption 1-(c))
k=t
= Liv(y).

Hence, JY, € C}(X). This completes the proof. O

The following theorem is a known result in the theory of nonhomogeneous Markov
decision processes (see [22, Theorems 14.4 and 17.1]).

THEOREM 3.6. For any v € E, the collection of value functions JY is the unique
fized point of the operator TV . Furthermore, m € M is optimal if and only if

I/ZT({(I,(L) : c(‘rvavVt,l)'i_ﬁ‘/xJ:,t-i—l(y)p(dy'xvav Vt,l)
_ T;’J:Hl(:c)}) —1, (3.3)

where vf = L(x(t),a(t)) under = and v.
To prove the existence of a mean-field equilibrium, we adopt the technique of Jovanovic
and Rosenthal [27]. Define the set-valued mapping I' : £ — 2PX*A)™ a5 follows:

I'v) = C(v) N B(v),
where
Clv) = {1/ € P(X x A)* : 1y, = puo and
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’/£+1,1('):/X Ap(-|x,a,yt)1)l/t(d:v,da)}
X

and
B(v) = {1/ EPXxA)®:Vt>0, Vé({(x,a) (T, a, )
48 [ aptasiean) =T @)} ) =1},

The following proposition implies that the image of Z under I is contained in 2.
PROPOSITION 3.7. For any v € Z, we have T'(v) C Z.
Proof. Fix any v € E. Tt is sufficient to prove that C'(v) C Z. Let v/ € C'(v). We
prove by induction that v/ ; € P!(X) for all t > 0. The claim trivially holds for ¢ = 0
as 151 = po- Assume the claim holds for ¢ and consider ¢ 4 1. We have

[ vttt = [ [ wlp(dsia,a. e, do

< / aw(z)ve 1 (dx) (by Assumption 1-(c))
X
< oMM (as v € PL(X)).

Hence, v/, ; € P, (X). This completes the proof. O

We say that v € = is a fixed point of T if v € T'(v). The following proposition
makes the connection between mean-field equilibria and the fixed points of T

PROPOSITION 3.8. Suppose that I' has a fized point v = (v¢)e>0. Construct a
Markov policy m = (m;)i>0 by disintegrating each vy as vi(dx,da) = v 1(dx)m(da|x),
and let v1 = (V1.1)1>0. Then the pair (m,v1) is a mean-field equilibrium.

Proof. If v € T'(v), then corresponding Markov policy 7 satisfies (3.3) for v.
Therefore, by Theorem 3.6, 7 € ®(v1). Moreover, since v € C(v), we have A(7) = v7.
This completes the proof. O
By Proposition 3.8, it suffices to prove that I' has a fixed point in order to establish the
existence of a mean-field equilibrium. To that end, we will use Kakutani’s fixed point
theorem [2, Corollary 17.55]. Note that, since w is a continuous moment function, the
set PL(X) is compact with respect to the weak topology [20, Proposition E.8, p. 187],
and so, PL(X x A) is tight as A is compact. Furthermore, P!(X x A) is closed with
respect to the weak topology. Hence, P! (X x A) is compact with respect to the weak
topology. Therefore, = is compact with respect to the product topology. In addition,
= is also convex.

Note that it can be proved in the same way as in [27, Theorem 1] that C'(v) N
B(v) # 0 for any v € E. Furthermore, we can show that both C'(v) and B(v) are
convex, and thus their intersection is also convex. Moreover, = is a convex compact
subset of a locally convex topological space M(X x A)*, where M(X x A) denotes
the set of finite signed measures on X x A. The final piece we need in order to deduce
the existence of a fixed point of I' by an appeal to Kakutani’s fixed point theorem is
the following:

PRroPOSITION 3.9. The graph of T, i.e., the set

Gr(l) :={(v,§) e ExE: £l (v)},
12



is closed.
Proof. Let {(V("),é("))}n>l C 2 x Z be such that €™ e T'(¥™) for all n and

(™, M) 5 (1, €) as n — oo for some (v,€) € E x Z. To prove Gr(T) is closed, it
is sufficient to prove & € T'(v).
We first prove that & € C(v). For all n and ¢, we have

£ () = /x pl o) e, do). (3.4)

Since £¢™ — ¢ in E, 5511_1) — &1 weakly. Let g € Cp(X). Then, by [37, Theorem
3.3], we have

lim / / p(dy|z, a, ut 1) d:z: da) / / p(dy|z, a, v 1)vi(de, da)
N0 X XA XxA

since u,E"’ — vy weakly and [, g(y)p(dylz, a, 1/152)) converges to [y g(y)p(dy|x, a,ve1)

continuously? (see [37, p. 388]). This implies that the sequence of measures on the
right-hand side of (3.4) converges weakly to [y, p(-|x,a,v1)vi(dx,da). Therefore,
we have

Cran(-) = / p(- |2, a, vi1 ) (dx, da),
XxA

from which we deduce that € € C(v).
It remains to prove that & € B(v). For each n and ¢, let us define

n n (n) n
Ft( )(‘Tv a) = C(‘Tv a, I/t(,l)) + B~/X Jf,tﬂ(y)p(dym a, I/t(,l))
and

Fi(w,a) = cla,a,n0) + 8 [ T2, )pldyle.aa),
X
Recall that, by definition,

v (2) = gleiRFt(n) (z,a) and JY,(z) = gleuAl Fy(z,a).

By assumption, we have

1= gg”) ({(gc, a): Ft(n) (x,a) = J:in) (:v)}), for all n.
Let A = {(z,a) : F™(z,a) = Ji’;n) (z)}. Since both F™ and Ji’);n) are continu-
ous, A(" is closed. Define A; == {(z,a) : Fy(z,a) = J¥,(x)} which is also closed as
both F} and JY, are continuous.

Suppose that Ft( ) converges to F; continuously and J (tn) converges to JY, con-
tinuously, as n — oo.

2Suppose g, gn (n > 1) are measurable functions on metric space E. The sequence gy, is said to
converge to g continuously if lim,— oo gn(en) = g(e) for any e, — e where e € E.
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For each M > 1, define BM = {(x,a) : Fy(z,a) > J¥,(z) 4+ (M)} which is
closed, where ¢(M) — 0 as M — oo. Since both F; and JY, is continuous, we can
choose {e(M)}rr>1 so that &(OBM) = 0 for each M. Since AY = |J3,_, BM and
BM < BM*' we have by monotone convergence theorem

n)/ e )\ _ qe n) (M (n)
& (Af N Ay )—lﬁn_}&fft (B nA™).

Hence, we have

n—soco M—o0

1 = limsup lim inf{{“t(n) (AN Aﬁ")) + §t(n) (BM n Ag"))}

< liminf lim sup{{,gn) (At N Aﬁ")) + gt(") (BtM N Ag")) }
M—oo nooo
For fixed M, let us evaluate the limit of the second term in the last expression as

n — oo. First, note that {t(n) converges weakly to & asn — oo when both measures are
restricted to BM, as BM is closed and &,(0BM) = 0 [10, Theorem 8.2.3]. Furthermore,

1A§”)mBg\/1 converges continuously to 0: if (™ a(™) = (x,a) in BM, then

lim Ft(") (2™, a™) = Fy(z,a)

n—r00

> Je () + €(M)
= 1Lm Jij? (™) + e(M).

Hence, for large enough n’s, we have Ft(n) (™ (™) > J,SZ) (z(™) which implies that
(™ a™) ¢ Ag"). Then, by [37, Theorem 3.3], for each M we have

lim sup 5,5”’ (BtM N A,E”)) =0.

n—oo

Therefore, we obtain

1 <limsup §t(n) (AN Aﬁ"))

n—oo

< lim sup §t(n) (Ar)

n—oo

S gt(At)a

where the last inequality follows from Portmanteau theorem [8, Theorem 2.1] and the
fact that Ay is closed. Hence, &(A;) = 1. Since ¢ is arbitrary, this is true for all ¢.
This means that & € B(v). Therefore, & € T'(v) which completes the proof under
the assumption that Ft(n) converges to Fy continuously and J (tn) converges to JY,
continuously, as n — 0o, which we prove next. O

Note that, for continuous functions, continuous convergence coincides with the
uniform convergence over compact sets (see [28, Lemma 2.1]). Therefore, it is equiva-
lent to establish that Ft(n) uniformly converges to F; over compact sets and J}/ 1”) uni-
formly converges to J, over compact sets, as these functions are all continuous. Fur-
thermore, if JY 1”) converges to Ji; continuously for all ¢, then Ft(") also converges to
F} continuously for all t. Indeed, let (z(™),a(™) — (z,a). Since Jf(;)l(y) < Lipqo(y)
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for all n > 1 and [, v(y)p(dy|z™,a™ ut ) = Jxv(y)p(dylz, a,vy,1), by [37, Theo-
rem 3.3] we have

i £, ) = lim |e(a®. a0 + 5 [ Il o, )

n—oo n—r oo

c(x,a,v1) —i—B/ w1 (Wp(dylz,a,ve )

= Fy(z,a).

Therefore, it is sufficient to prove that J (tn) uniformly converges to J, over compact
sets, for all t.
ProrosITION 3.10. For any compact K C X, we have

lim sup|J( ) —Jou(z)| =0

n—oo reK

for allt > 0. Therefore, J. t) converges to J, + continuously as n — oo, for all t.

Proof. The proof of the proposition is given in Appendix C. O
Theorem 3.3 is now a consequence of the following:

THEOREM 3.11. Under Assumption 1, there exists a fized point v of the set
valued mapping T : = — 2%. Therefore, the pair (m,v1) is a mean field equilibrium,
where ™ and v1 are constructed as in the statement of Proposition 3.8.

Proof. Recall that = is a compact convex subset of the locally convex topological
space M(X x A)*°. Furthermore, T" has closed graph by Proposition 3.9, and it takes
nonempty convex values. Therefore, by Kakutani’s fixed point theorem [2, Corollary
17.55], T has a fixed point. The second statement follows from Proposition 3.8. O

4. Existence of Approximate Markov-Nash Equilibria. Now we are in a
position to prove the main result of the paper — namely, the existence of approximate
Markov-Nash equilibria in games with sufficiently many agents. Let (m, i) denote the
mean-field equilibrium, which exists by Theorem 3.3. In a nutshell, the proof boils
down to showing that, if each of the NV agents adopts the mean-field equilibrium policy
7, then the resulting policy #(™) = {x, 7, ..., 7} is an e-Markov-Nash equilibrium for
all sufficiently large N.

In addition to Assumption 1, we impose Assumption 2 in this section. Further-
more, we assume that

(j) Foreach t >0, m; : X — P(A) is weakly continuous.
The following theorem is the main result of the paper:

THEOREM 4.1. Suppose that Assumptions 1 and 2, and (j) hold. Then, for any
e > 0, there exists a positive integer N (), such that, for each N > N(e), the policy
V) = {m,m,...,w} is an e-Markov-Nash equilibrium for the game with N agents.

The remainder of the section is devoted to the proof of Theorem 4.1. In a nutshell,
the logic of the proof can be described as follows: We first show that, as N — oo, the
empirical distribution of the agents’ states at each time ¢ converges to a deterministic
limit given by the mean-field equilibrium distribution of the state at time ¢. This
allows us to deduce that the evolution of the state of a generic agent closely tracks
the equilibrium state-measure flow in the infinite-population limit. We then show
that the infinite-population limit is insensitive to individual-agent deviations from
the mean-field equilibrium policy.
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We start by defining a sequence of stochastic kernels { PF(- |z, 1) } >0 On X given
X x P(X) as -

P (-fou) = [ ol fova,p)m(dala).

Since 7, is assumed to be weakly continuous, P/ (- |z, i) is also weakly continuous in
(z,p). In the sequel, to ease the notation, we will also write P[(- |z, ) as P[,(-|z).
Recall that measure flow p in the mean-field equilibrium satisfies

pea(c) = /xptﬁ('|wa/it)ﬂt(df€) =P, ().

For each N > 1, let {:va (t)}1<l.<N denote the state configuration at time ¢ in the N-

person game under the policy V), and let eEN) denote the corresponding empirical

distribution.
LEMMA 4.2. Fiz an arbitrary N > 1. Let #™N") be arbitrary policy for the
N-agent game problem. Then, under 7™, for allt >0 andi=1,..., N, we have

L(xz (1) € Py(X).

Proof. The proof of the lemma is similar to the proof of Proposition 3.7. O
Recall the Polish space (P, (X), py). Define the Wasserstein distance of order 1 on
the set of probability measures P (P, (X)) over P,(X) as follows [39, Definition 6.1]:

Wi (@, V) == inf{E[p,(X,Y)] : L(X) =P and L(Y) = U }.

Moreover, define the following spaces:
PuP) = {2 € PP < [ o)) < oo

and
Cy(Py(X)) = {7 : Py(X) = R; T is continuous and || T[]} < co}.

Lemma 4.2 implies that £(e™)(P,(X)) = 1 and L£(e{™)(+) € P1(P,(X)), for all
N >1andt>0.

LEMMA 4.3. Let {®p}n>1 C P1(Py(X)) and 6, € P1(Py(X)). Then the following

are equivalent.

(1) Wi (®p,d,) — 0 as n — co.

(i) E[|F(X,) — F(X)|] = 0 as n — oo, for any F € C,(Py(X)) and for any
sequence of Py,(X)-valued random elements { X, }n>1 and a Py,(X)-valued ran-
dom element X such that L(X,) = ®, and L(X) =J,.

(iii) E[|Xn(f) — X(f)|]] = 0 as n — oo, for any f € Cyo(X) U {v} and for any
sequence of Py (X)-valued random elements { X, }n>1 and a Py(X)-valued ran-
dom element X such that L(X,) = ®, and L(X) =J,.

Proof. (i) = (#it)

Fix any {X,, }»>1 and X that satisfy the hypothesis of (iii). We first prove the result
16



for f € Cy(X). Define A,(-) = L(X,,X)(-). Since L(X) = ¢, the only coupling
between ®,, and J,, is given by ®,, ® d,,. Therefore, A,, = ®,, ® 6,,. Then, we have

Jim E[[X,(f) - X ()] = Jim W(F) = SN (v, dC)

N — o0 er (X)Q

= lim v (f) = ()P (dv)

N—o0 Po(X)

— [ - o) (4.1)
Pu(X)

=0,

where (4.1) follows from the fact that h(v) == |v(f) — pu(f)| € Co(Py(X)) and P,
converges to 0, weakly. This establishes the result for f € Cy(X). For f = v, the
result follows from the definition of p, and the fact that Wy (®,,,®) = E[pv (X, X)}
since there is only one coupling between ®,, and ®.

Note that (#i7), (it) = (i) is clear by definition of p,.

Let F' € C,(Py(X)). Since the coupling between ®,, and 0, is unique, we can write
BIPCG) PO = [ 1)~ F@a(@)
Define I(v) = |F(v) — F(u)|. Since ®, — 6, weakly, we have [20, Proposition E.2]

lim inf W) + Ul (0) P (dv) > 1) + [[1]50(v)

and

lim inf =) + U5 (0) P (dv) = =1(u) + [[1]50(v)

n—oo PU(

as both I(v) + ||l||#v(v) and —I(v) + ||I||*v(v) are nonnegative continuous functions on
P, (X). Note that

lim
n—00

=0

[ v@a@) - u)
Pu(X)

by definition of p, and (i). Thus, we have

lim inf (V)P (dv) > 1(p)
n—oo Py (X)

> lim sup/ (v)®,(dv).
Py (X)

n—r00

Therefore,

Jim [(V)®n(dv) =1(p) = |[F(p) — F(u)| = 0.
Po(X)

This completes the proof. O
17



The following proposition states that, at each time ¢, the sequence of random
measures egN) converges to the mean-field equilibrium distribution u; of the state at
time ¢t as N — oo:

PROPOSITION 4.4. For all t > 0, limy o Wi (£(e{™),6,,) = 0 in P1(Py(X)).

Proof. We prove that
lim Ele;™ (f) = ue()]] = 0

N—

for any f € C,(X) by induction on ¢. Since C,(X) D Cp(X) U {v}, this will complete
the proof by Lemma 4.3.

Note that since {z)(0)}1<i<n ~ Hfil o, the claim is true for ¢ = 0 as any
f € Cy(X) is po-integrable by Assumption 1-(e). Suppose the claim holds for ¢ and
consider ¢t + 1. Fix any g € C,,(X). Then, we have

N N N T N T T
637 (9) — mea (9] < e (9) — et BT o (9)] + let™ P v (9) = e P, (9)], (4:2)

where ppy1 = pe P e since (p)¢>o is the measure flow in the mean field equilibrium.
First, let us consider the second term in (4.2). Define F : P,(X) — R as

PG = wPEua) = | [ o) PF @, nuda).

Note that
Pl = |F(w)]
I1FI5 =
pePu(x) H(V)
7 (d d
— sup | Jx Jx () ylo, p)p(d)|
HEPL(X) ,u(’U)
7 (d d
— sup Iy S lg@)IPT (dyla, ) p(de)
LEP,(X) ( )
v d d
sy Jeblolv )Pyl gyt
HEP,(X) 1(v)
ap(v
gl sup 22 _ g,
HEPy (X f(v)

Hence, ||F||5 < oco. If we can prove that F' is also continuous, then by Lemma 4.3
the expectation of the second term in (4.2) goes to zero. To this end, let u, — p in
Py (X) with respect to v-topology. Define

In(z) = / 9(y) PF (dyl, 1m)
and

() = /X o(y) P (dylz. ).

Note that F(un) = [y ln(x)pn(dz) and F(u) = [, I(z We first prove that [,
converges continuously to [. Let z, — . Slnce e is assumed to be continuous, we
have (- |x,) — (- |2) weakly. Note that

/ 9(y)p(dylz,, a, pin)
X
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since v is continuous and {z,} is convergent. Therefore, by [37, Theorem 3.3] we have

lim I,(x,) = lim // p(dy|xn, a, )T (dalzy,)

n—oo n—roo

/ / p(dyle, a, 1) (dalz)

Thus, I,, converges to [ continuously. In addition, we have |l,,(z)| < al|g|l,v(x) for all
x € X and p,,(v) — p(v). Then, again by [37, Theorem 3.3], we have

(4.3)

lim F(p,) = lim [ 1,(2)u,(dz)

n— oo n— oo x
~ [ twutz)
X
= F(n).

Hence, F € C,(Py(X)) and so the expectation of the second term in (4.2) goes to
Z€ro.
Now, consider the first term in (4.2). Let us write the expectation of this term as

N N o
E[E[egg@ P (o)

N (1), ... ,x%(t)”.

Then, by Lemma 6.2 in Appendix D, we have

E{E[ ei1(9) = e PT o (9| (1), .. ’xﬁ(t)HQ

< E[E[eifi@ BT o @)l|a (), W“ﬂ

+ (Lo ale? (t))>2}]

2 N
< E|:||J£\]/v|2v Z{/XUQ(y)PtFegN)(dmxiv(t))

+ </X”(y>PZTe;N>(dy'“’fv “”)2H
‘2 N

< ”]gv|2” E[Bv* (@] (1) + a*v* (@] (1))].

=1

The last expression follows from Assumption 1-(c) and Assumption 2-(i). For any
t > 0, one can prove that supyssup,—; y E[v*(z)(t))] < H for some H € R by
Assumption 2-(i). Therefore, the expectation of the first term in (4.2) also converges
to zero as N — oo. Since g is arbitrary, this completes the proof. O

From the above proposition and from the assumed continuity of the transition
probability p( - |z, a, 1) in p, we now deduce that the evolution of the state of a generic
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agent in the original game with sufficiently many agents should closely track the
evolution of the state in the mean-field game:
PROPOSITION 4.5. If (m, p) is a mean-field equilibrium, then

lim JY (7)) = J, () = inf J,(x).

N-oo el
Proof. For each t > 0, let us define
Cr, (2, 1) = /Ac(x,a,u)m(da|x).
Note that, for any permutation o which is independent of z¥ (¢),..., 2% (¢), we have

LN (@), ... 2Nt e™) = LN @), .. a0, ™).

Therefore, we can write

N
Elea 0,0 (0,6")] = + 32 B[et (0, 1), ™)

Define F : P,(X) — R as

Hence, E[c(z] (t),a] (t), eEN))] = E[F(egN))] First, note that

I FII%
‘fXxA C(xaaaﬂ)ﬂ't(dam)ﬂ(dx)‘
= sup
LEP(X) f(v)
‘fx Crry (I,‘LL),LL(d.I) - fx Crry (a:,,ut)u(dx)‘ + sup ‘fx Crry (Ia,ut):u(d'r)‘
LEPY(X) w(v) LEP, (X) f(v)
(o (1, M

< sp ¢ (Do pe)) sup t14(v)

HEP,(X) N(U) HEP, (X) N(U)
(ol ) + My < so. (by Assumption 2-(h)

< sup

Hence, F' has finite v-norm. For continuity, let u,, — w in v-topology. Then, we have

() — |<U%mem>/%ummm

V%xﬂMm)A%@WM@

< We pv /Lna }/ Cﬂ't € ,u Hn dI) /Cm(xaﬂ)#(d@ .




Note that ¢, (7, 1) € C,(X) since 7 is weakly continuous and u € P! (X) for some
I > 1. Therefore, the last expression goes to zero as u, — p in v-topology. Hence,
F € Cy(Py(X)). Therefore, by Proposition 4.4 we have

lim Ble(a) (t),al (1), ™)) = lim E[ef™ (cr, (z,¢{™)]

N —o0

= F(u)
= pe(er, (2, p1t))- (4.4)

Since t is arbitrary, this is true for all ¢ > 0. Recall that the pair (7, p) is a mean
field equilibrium, and so we can write

=" B pilex, (, ).

t=0
Note that for all N >1
IV (@) = N7 B [e(al (1), al (t), e™)]
t=0
< Bt{E[IC(x{V (1), (1), ) = e(a¥ (), @ (8), o)
t=0

4 E[c(x{v(t), all (t), MO)] }

<> 8 Bluctplel™ )] + E[Marla? ()] |

t=0

< Zﬁt{llwc(ﬁv( ) BV 0)] + MoB ol ()]}
t=0

S(”“C(ﬁv( ,UO Hv"‘MO MZ
t=0

< 0.

Therefore, by (4.4) and the dominated convergence theorem, we obtain
: (N)((N)y _
Jim I (@) = ()

which completes the proof. O

Now let {#(")} x> C M§ be an arbitrary sequence of weakly continuous Markov
policies for Agent 1. For each N > 1, let {ifv(t)}KKN be the state configuration
at time ¢ in the N-person game under the policy #V) = {7z 7,... 7} (ie., when
Agents 2 through N stick to the mean-field equilibrium policy 7, while Agent 1
deviates with 7V )) and let e ( ) denote the corresponding empirical distribution. The
following result, whose proof is a slight modification of the proof of Proposition 4.4,
states that, in the infinite-population limit, the law of the empirical distribution of the
states at each time ¢ is insensitive to local deviations from the mean-field equilibrium
policy:

PROPOSITION 4.6. For each t > 0, limy_,o, W1 (E(égN)), Ou.) = 0 in P1(Py(X)).
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Proof. We follow the same technique that was employed in the proof of Proposi-
tion 4.4. Namely, we prove that

lim B[ (f) = pm(f)] =0

N—o00

for any f € C,(X) by induction on t.
Since {:TUZJ-V(O)}KKN ~ Hivzl o, the claim holds for ¢ = 0. Suppose the claim
holds for ¢ and consider ¢ + 1. Choose any g € C,(X) and write

2 (9) — e (9)] < 183 (9) — eV (9)]

HOR AR AR O)]

+ |€t+1
~(N—=1) 51 N) pr

+ e} >f;éng>—e§>f;éngn
~(N T T

+ 16 P o (9) = 1P, (9)], (4.5)

where égf{ Y and é,(eN*l) are given by

gN-1) . _
t+1 T N_-1 Z(S ) (141)

and

(N-1) ! ZN
S(N-1) _
‘@ E NI

In the remainder of the proof, we show that expectation of each term in (4.5) converges
to zero as N — oo, which will complete the proof as g is arbitrary.
First, let us consider the first term in (4.5). We have

5N s(N-1) 1 N 1 SN
€ir1(9) — €41 (9)| < Nzg(:ri (t+1)) Nzg(xi (t+1))
=1 1 N =2
v’NZg( (t+1)) Zg (t+1)) ‘
=1

When we take the expectation of above term, we obtain
N (N-1
Efleii (@) - e V@]
1 1

%Eﬂg(ﬁv(ﬂr )] + N N_1

N

> E[lg@EN (t+1))]

i=1

lgllo 441 N t+1
—a""" M+ |1 v M.

IN

IN

Note that the last expression goes to zero as N — oo.
We can write the expectation of the second term in (4.5) as

N—-1 ~(N—-1 T
B|B[ V) - "V rr (o)
22

2, ... ,i%(t)”.



Using Lemma 6.2 in Appendix D, we can prove that this term converges to zero as in
the proof of Proposition 4.4.
For the expectation of the third term in (4.5), we have

[| ~(N— 1)1:)7'r~ N)( ) _ égN)PﬂéEN)(g)|]

/ / oo (dy|r)e™ (o)
i g(y)P;jégmwymV “”H

1
N N—l

|
S oo

<o )+ 1 - %Mguvag;ff[vw

gl t+1 N t+1
< 2 M4+|1— —— eiany” s

Again, the last expression goes to zero as N — oo.

For the last term in (4.5), let us define I : Py(X) — R as F(u) = pP[,(g).
Since 7y is weakly continuous, it can be proven as in the proof of Proposition 4.4 that
F € Cy(Py(X)). Then, by Lemma 4.3, the expectation of the last term converges

to zero since L(égN)) — 8y, with respect to Wi distance in Py (P, (X)) by induction
hypothesis. This completes the proof. O
For each N > 1, let {#"(t)}+>0 denote the states of the non-homogenous Markov

chain that evolves as follows:
(N)

N (0) ~ po and 2V (t+1) ~ P, (-&7N (1))

Note that

Zﬂt MONDI

LEMMA 4.7. Let F be a family of equicontinuous functions on P,(X) with respect
to v-topology. For any t > 0, define Fy : P,(X) — [0, +00] as

Fil) = sup [W(u) — ()]
veF
Suppose that Fy is real valued and || Fy||k < oo. Then Fy € Cy(Py(X)). Therefore,

lim E sup’\I/ —\I!(ut)’ =0.
N—oo  |weF

Proof. 1t is sufficient to prove that F; is continuous with respect to v-topology.
Let pt, — p in v-topology. Then we have

|y (n) — Fy(p)| = }gtelg W (1) — W ()| — ilelr;l‘l’(u) — W ()|
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< sup [(in) — W(p)] = 0
VeF
as N — oo since F is equicontinuous. This completes the proof. O
Using Lemma 4.7 we now prove the following result.
LEMMA 4.8. Fix any t > 0. Suppose that
lim [£(2) (t))(9n) — L7 (1)) (gn)| = 0

N—o00

for any sequence {gn}n>1 C Cyp(X) with supy s ||gn|le < oo. Then, we have

Jim |2 (0),6™)(Tw) = £ (1), 8,,) (Tw)| = 0
for any sequence {Tn} of functions on X x P,(X) satisfying:
(i) The family {Tn(z,-) : @ € X,N > 1)} is equicontinuous with respect to
v-topology.
(it) Tn(-,p) € Cy(X) for all i1 € Py(X) and N > 1.
(ii1) Supn>q TN (- p)]lo < 00 for all i € Py(X).
(iv) The function Fy(u) == sup zex |Tn(z, 1) — Tn(x, pe)| on Py(X) is real valued
N>1
and || Fy||} < o0.
Proof. Fix any sequence {Tn}n>1 satisfying the hypothesis of the lemma. Then,
we have

C@Y (1), &™) (Tn) — L@ (2),6,,)(Tw)]

< / Ty (o, ) L&Y (1), 6™) (da, dp)
Xx Py (X)

[ T 0.0, o)
Xx Py (X)

_|_

| L@ 0.8, da)
XX Py (X)
S Y GG R ICE RC
XX Py (X)
First, let us consider the second term in (4.6). We have

lim
N —o00

[ Tt )@ ©)de) ~ [ T )@l 1))
X X

as {Tn (-, pe) =1 C Co(X) with supysy [T (- pe)[l < o0
Now, consider the first term in (4.6). To this end, let us define F = {Tn(z, -) :
reX,N > 1)} Then, we have

lim
N —o00

/ T, 1) £ (1), &™) (da, ds)
XX Py (X)
= [ Tlen) L@ 0.8 dw)
Xx Py (X)

< lim

/ Ty (o, ) £ 2 (4)) (dplda)
Pu(X)
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-/ IV ) ]c@iv (t))(dx)

# 0|

< Jim_ BB [T @ 0.60") - Tu(af (0,0

N—o00

< lim E[sup w (™) - \I/(/Lt)@
N —o0 WeF

=0 (by Lemma 4.7).

This completes the proof. O
For any sequence {gn}n>1 C Cy(X) with supy~q [[gn]le = L < oo and for any
t > 0, let us define

I, 1) = / ax (i, w7 dala).
X

Note that for any (u, ) € P,(X)?, we have

sup |Ly,¢(a, ) — In,o(2,v)| < Lsup / Ip(- |2, a, 1) = (- |2, a,0) | o7 (dalz)
]%€>)§ xeX JA

< Luoy (o, v).

Since wp(r) — 0 as r — 0 by Assumption 2-(h), the family {Ix(z, -) : z € X, N > 1}
is equicontinuous. Moreover, the function

Fy(p) = sup lIne(@, 1) = Iz, )| < Lowp(po (B )
xTE
N>1

is real-valued and || F||5 < oo since |lwp(pu( -, )| < oo by again Assumption 2-
(h). Note also that Iy:(-,p) € Cy(X) for all u € Py(X) and N > 1, and
supy>1 [[In,e (-, p)|lo < 0o for all € Py (X).

Indeed, we have |Iy¢(z,u)] < Lav(z), and so, Ini(-,pu) € By(X) for all u €
P, (X). Furthermore, if x,, — x in X, then since

ra(a) = / ox (0)p(dy|z., a. )

continuously converges to

r(a) = / on(W)p(dyle, a, 1)

and ||r,]| < Lv(zn) < Lsup,>; v(w,) < 00, we have lim, o0 Ini(2n, 1) = Ine(w, 1)

by [37, Theorem 3.3] as %,EN) is assumed to be weakly continuous. Hence, Iy (-, pu) €
Cy(X). We also have

~(N
[lv.e(z, )] [ fax 93 @p(dylz, a, )7} (dala)|
Sup sup —————— = Sup sup
N>1zex V(@) N>1zeX v(z)
~(N
< Lsup foxv(y)p(dyl:v,a,u)wﬁ )(da|:c)
T zex v(z)
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< La < .

Hence, supysq [[In(-,p)|lo < oo. Using these observations, we now prove the fol-
lowing result.
PROPOSITION 4.9. For any sequence {gn }n>1 C Cy(X) with supysq [lgn |l < oo
and for any t > 0, we have
lim |£(z7(t))(g9n) — L@@ (1) (gn)| = 0.

N —oc0

Therefore, by Lemma 4.8, for any t > 0, we have

Jim (2@ (), 6™ (Tn) = L@ (1), 6,)(Tn)] = 0
for any sequence {Tn} of functions on X x P,(X) satisfying hypothesis (i)-(iv) in
Lemma /.8.
Proof. We prove the result by induction on ¢. The claim trivially holds for ¢ =0
as L(ZV(0)) = L(2N(0)) = po for all N > 1. Suppose the claim holds for ¢ and
consider ¢ + 1. We can write

|L@EY (t+ 1) (gn) — LEY (E+ 1) (gn)] =

/ o, ) LG (), 6)) (dr, d)
XX Py (X)

—/ lNﬁt(a:,u)ﬁ(ﬁ:{v(t),dut)(dx,du) .
XX Py (X)

Since the family {In,}n>1 satisfies the hypothesis of Lemma 4.8 as we showed above,
the last term converges to zero as N — oco. This completes the proof. O
Recall that we have

TGN = 3 B B[N (1), 4N (1), )]
t=0

THEOREM 4.10. Let {ﬁ(N)}Nzl C M¢S be an arbitrary sequence of policies for
Agent 1. Then, we have

lim [JN G 1) = G| =o.

NS0
Proof. Fix any t > 0 and define
Do) = [ clo.a. el (dala).
Note that for any (u,v) € P,(X)?, we have

sup | T ¢(x, 1) — Tve(w,v)| = sup
zeX xeX
N>1 N>1

/c(:v,a,u)frt(N)(dau)—/c(m,a,u)ﬁt(N)(daM)
A A

< we(polp;v))-

Since we(r) — 0 as r — 0, the family {Ty(z, -) : # € X, N > 1} is equicontinuous.
Moreover, the function

Fy(p) = sup |Tw (2, 1) — Ty i, ) |
]
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is real-valued and || Fy||% < oo.
One can also prove that T (-,pu) € Cy(X) for all N > 1 and p € Py(X), and
supysq [|Tn (-, @)l < oo for all € P,(X). Therefore, by Proposition 4.9, we have

lim |Ble(@,a,e™)] - Ele(@),a), )] | = 0.
N—o0
Since t is arbitrary, above result holds for all ¢ > 0. By using the same method as in

the last part of Proposition 4.5, we can conclude that

#(N) — Z(N)Y| =
J\}E)noow Ty m) = Ju ()] = 0.
by the dominated convergence theorem. [
As a corollary of Proposition 4.5 and Theorem 4.10, we obtain the following result.
COROLLARY 4.11. We have
lim J( )(~(N),7T, ,m) > inf J, (1)

N —oc0 ' eIl

= Ju(m)
= lim Jl( )( A

N—o00

Now we are ready to prove the main result of the paper:
Proof. [Proof of Theorem 4.1] For sufficiently large N, we need to prove that

JN (M) < 1n£| JN (™) 2y 4 e (4.7)
TreEMS
for each i = 1,..., N. Since the transition probabilities and the one-stage cost func-

tions are the same for all agents, it is sufficient to prove (4.7) for Agent 1 only. Given
€ >0, for each N > 1, let #(N) ¢ M¢ be such that

TN GE™ 7w < it TN =
1 (7T » T 77T) wlgMC 1 ( T, T, 77T)+ 3
Then, by Corollary 4.11, we have
lim J( )(~(N),7T,...,7T): lim J, (7))
N—00 N—o00
> inf Jp, (')
= Ju(m)
— (N)
_1\}£nooJ1 (..o, T).
Therefore, there exists N(g) such that
inf TN () e s IMGEN 1 )+ 2
T eEM§ 3
€
>J =
> Ju(m) + 2
> J(N)( yeeey T

forall N > N(e). O
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5. Example. In this section, we consider an example, the additive noise model,
in order to illustrate our results. In this model, the dynamics of a generic agent for
N-agent game problem are given by

N
(1) Z (), 27 (1) + g(2 (1), 6l (8)wy (1), (5.1)

where zY (), 2 (t) € X, a}Y(t) € A, and w¥(t) € W. Here, we assume that X =
W =R, A C R, and the ‘noise’ {w}¥ (t)} is a sequence of i.i.d. random variables with
standard normal distribution. Note that we can write (5.1) as

N+ 1) / FEN (1,0 (1), ) €N (dy) + g (1), a (1)l (2)
F(zN(t),aX (), e™) + g (1), al (1)wl (1),

where F(z,a, 1) fx x,a,y)p(dy). The one-stage cost function of a generic agent
is given by

N
(o (0,0 0. ™) = 5 @ (1) (0.2 (1)
j=1

_ /X d(x (8),al (1),y) e (dy),

for some measurable function d : X x A x X — [0, 00).

For this model, Assumption 1 holds with w(z) = v(z) = 1+2? under the following
conditions: (i) A is compact, (ii) ¢ is continuous, and f is bounded and continuous,
(ili) sup,ea 9°(z,a) < La? for some L > 0, (iv) sup(, o )ex xaxx A2, a,y) < oo for
any compact K C X, (v) d(z,a,y) < Rw(x)w(y) for some R > 0, (vi) wq(r) — 0 as
r — 0, where

Wd(’r) = sup sup |d({I]7 a, y) - d(.’II, a, y)'u
yeX  (z,a),(z’,a’):
o2’ +]a—a/|<r

(vii) o?8 < 1, where o = max{1 + || f||, L}.
Indeed, we have
/X(l +y)p(dyle, a, p) = /X(l + [F(z,a,p) + g(z, a)y] 2) q(y)m(dy)
S1+IfIP + g% (@, 0) < a(l +27),

where ¢ is density of the standard normal distribution and m is the Lebesgue mea-
sure. Hence, Assumption 1-(c¢) holds. In order to verify Assumption 1-(d), suppose
(@, ny fin) = (2,0, 1) and let g € Cp(X). Then, we have

lim [ g(y)p(dylzn, an, pn) = lim [ g(F(zn, an, ttn) + g(2n, an)z)q(z)m(dz)

/X 9(F(z,a, 1) + g(z, a)2)g(=)m(dz)
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since g and F are continuous, where the continuity of F' follows from [37, Theorem
3.3] and the fact that f is bounded and continuous. Therefore, the transition prob-
ability p(-|x,a, ) is weakly continuous. Similarly, one can verify that the function
S5+ y*)p(dy|z, a, p) is continuous. Thus, Assumption 1-(d) holds. Note that As-
sumption 1-(e) holds if the initial distribution pg has a finite second moment. Finally,
we will verify Assumption 1-(a) and (f). For (a), suppose (Zn,an, tn) — (z,a, f1).
Then, we have

wmm%wm—dmmmwﬂﬂa%wmwaw—Aﬂmmwmwﬂ

<

Aﬂ%mmwaw—Aﬂ%mwwMM

/Xd(:v,a,y)un(dy)—/Xd(:v,a,y)u(dy)‘
< wa(lzn — 2| + |an —al) + }/Xd(:v,a,y)un(dy) - /Xd(:v,a,y)u(dy)}-

The last expression goes to zero as N — oo, since d(z,a, - ) € Cp(X) and wg(r) — 0
as r — 0. Thus, ¢ is continuous. For (f), we have

sup  c(z,a,pu) = sup /d(:v,a,y)u(dy)
(a,n)EAXPE(X) (a,pn)EAXPE(X) JX

< Ru(z)  sup / v(y)u(dy) < Ra'v(z).
(a,u)EAXPL(X) X

Hence, Assumption 1-(f) holds with 4 = a. Therefore, under (i)-(vii), there exists a
mean-field equilibrium for the mean-field game that arises from the above finite-agent
game problem.

For the same model, Assumption 2 holds under the following conditions: (viii)
d(z,a,y) is (uniformly) Holder continuous in y with exponent p and Hélder constant
Kg, (ix) f(x,a,y) is (uniformly) Hélder continuous in y with exponent p and Holder
constant Ky, (x) g is bounded and inf; 4)exxa [g9(z,a)| = 6 > 0.

Indeed, we have

we(r) = sup sup /d(:v,a,y)u(dy)—/d(x,a,y)u(dy)’
(w,u,)EXXA’3 (ﬁ’l’j.)<7‘ X X

< sup sup KW, (p,v)P
(z,a)EXXA _ H:V:
po(p,v)<r

< Kgr?.

Hence, we(r) — 0 as r — 0 and w.(p( -, 1)) has a finite v-norm. Therefore, Assump-
tion 2-(h) holds for w.. For w,, we have

wp(r) = sup sup  |[p(- |z, a,p) = p(- |z, a,v)|,
(z,a)EXXA _ H:V:
po(p,v)<r
— s sy s | U(F@a + glea))eEmd:)
(m,a)EXXAﬁ (Zvll::)<rl€LipA(l,]R) X
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/X UF(z,a,v) + g(z, a)2)q(z)m(d2)
/X l(g(:z:,a)z)q<z - M)m(dz)

9(z,a)

F(x,a,v)
l(g(x,a)z)q 2—7>mdz
| ot a2)a(= = S Yo
< |l sup sup sup /h(z)q(z— M)m(dz)
(z,a)eEXXA _ WV heLip, (1,R) /X )

po(p,v)<r
- [ nesa(s - DL |

where (5.2) follows from the fact that I(g(z,a)-) € Lip,(||/||,R). Note that for any

= sup sup sup
(z,a)eXxA _ HsV:  |eLip, (1,R)
(m,v)<r

Po

(5.2)

compact interval K = [—k, k] C X, we can upper bound (5.2) as follows:
s<il s sy sw (| [ (s St
(x,a)EXXA/3 (Z75)< heLip, (1,R) g(Ia a)

s [ (s - S i + [ ol - D Y )
<wl s, we o (| (- S me

+/C(1+z2)q<z—%)m(d2)+/C(1+z2)q(z—Fg((x ik > >
(5.3

Note that the last two terms in the last expression go to zero (uniformly in (z, a, 4, 1/))
as k — oo, since F' and g are bounded, and inf , 4 exxa [9(2, )| > 0. For any € > 0,
let K. = [—ke, ke] C X so that the sum of these terms is less than ¢ for all (z, a, p, V).
Let us define the Lipschitz seminorm of ¢ on K. as

TE = Sup M
(z,2)EK- XK. |I - Z|
r#z

Then, we have

F
(5.3) < ||| sup sup sup / h(z)q(z - M)m(dz)
(z,a)EXXA _ V- he€Lipy (1,R) |/ K. g(Iaa)
po (p,v)<r
F(x,a,v)
- hzq(z—*)mdz + [l|e
[ nera(z = S )|+
F F
<|UIT. sup sup sup / |h(2)|’ (@, a,p) . (x,a,v) m(dz)
(w,a)EXXAﬁ (i*Z:)<ThELip/\(1,R) K g(Iaa) g(Iaa)
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+ e

LT
<MUE [ i) s s 1) = Flaan)]+ il
0 . (z,a)EXXA _ H:V:
po(pv)<r
U7 2 p
< (14 z%)m(dz) sup sup K Wy(p, v)? + ||l|e
0 K. (z,a)EXXA _ H:V:
po(p,v)<r
LT
< I U, E/ (1 + 25)m(dz) K prP + ||l

€

Since e is arbitrary, we have wy(r) — 0 as r — 0 and w,(py(-,u)) has finite v-
norm. Thus, Assumption 2-(h) holds. Finally, it is straightforward to prove that
Assumption 2-(i) holds, since the noise has a standard normal distribution. Therefore,
under (viii)-(x), Assumption 2 holds.

The final piece in order to deduce the existence of approximate Markov-Nash
equilibria in the above game with sufficiently many agents is to prove condition (j).
However, verification of (j) is highly dependent on the systems components, and so,
it is quite difficult to find a global assumption in order to satisfy (j). One way to
establish this is as follows. For any h € C,(X) and v € P,(X), define

Ry, n(z,a) = c(z,a,v) + B/)(h(y)p(dykc, a,v)
= c(z,a,v) + B/Xh(F(:zr, a,v) + g(z, a)z)q(z)m(dz).

Using this, let us state the following condition:
(77) For any h € Cy,(X) and v € P,(X), there a exists unique minimizer a, € A of
R, 1 (z, ), for each z € X.
Under assumption (j’), we can establish that the policy in the mean field equilibrium
satisfies the weak continuity condition (j).

Indeed, fix any ¢t > 0 and consider the policy m; at time ¢ in m, where 7 is the
policy in the mean-field equilibrium. By (j’), we must have m;(-|2z) = dy,(2)(-) for
some f; : X = A which minimizes some function R, j(z,a) of the above form; that
is, mingea Ry p(z,a) = Ryp(x, fi(x)) for all x € X. If f, is continuous, then m
is also continuous. Hence, in order to prove (j), it is sufficient to prove that f; is
continuous. Suppose z, — x in X. Note that [(-) = mingex R, (-, a) is continuous.
Therefore, every accumulation point of the sequence { f; (2, )}»>1 must be a minimizer
for R, p(x, -). Since there exists a unique minimizer f;(x) of R, (x, -), the set of
all accumulation points of {fi(xy)}n>1 must be {fi(z)}. This implies that f,(zy)
converges to f;(z) since A is compact. Hence, f; is continuous.

REMARK 6. We note that, using similar ideas, the finite-horizon cost criterion;
that is,

T
E [Z c(x(t),al(t), ‘U,t):| for some T' < oo, (5.4)

t=0

can be handled with the same quantitative results. The only part that needs to verified
differently from the infinite-horizon case is Proposition 3.10. Namely, we have to

establish that Ft(n) and JY (tn) continuously converge to Fy and J,, respectively, since
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we cannot use the fixed-point argument anymore (see the proof of Proposition 3.10).
Note that, in finite-horizon case, for each n and t <T, these functions are given by

n n y(") n
Fﬁ%%®=0@ﬂw&5+é 0 (p(dyle, a, D),

ﬂ@@ﬁw@%wm+/dnﬂwwwmm%m
X

and

;’in) (z) = min Ft(n) (x,a) and JY,(x) = min F(x,a).

’ acA ’ acA

Observe that the discount factor 3 is missing in the above equations. For t =T, we
have F}n) (x,a) = c(x,a, V(Tni) and Fr(z,a) = c(:z: a,vr). Since ¢ is continuous and

l/gpnf weakly converges to vy 1, we have that J"T continuously converges to JY 1 by /6,

Proposition 7.32]. But this implies that F} )1 contmuously converges to Fr_1 by the

discussion before Proposition 3.10, and so, JY T 1 continuously converges to J 4
again by [6, Proposztzon 7.82]. Then, by induction hypothesis, we can conclude that
Ft(n) nd J*)t continuously converge to Fy and JY,, respectively, for each t < T.
Therefore, Theorems 3.3 and 4.1 hold for the finite-horizon cost criterion under the
same set of assumptions. Furthermore, if we start the mean-field game at time 7 > 0
with initial measure p,, then the pair ({ﬂ't}TStST, {/Lt}rgth) i Theorem 3.3 is still
a mean-field equilibrium for the sub-game. Similar conclusion can be reached for
the finite-agent game problem; that is, the policy {m }-<i<r is an e-Markov-Nash
equilibrium for the finite-agent game problem starting at time T with i.i.d. initial
measures drawn according o jir.

6. Conclusion. Using the mean-field approach, we have shown that there ex-
ist nearly Markov-Nash equilibria for finite-population game problems with infinite-
horizon discounted costs when the number of agents is sufficiently large. Under mild
technical conditions, we have first established the existence of a Nash equilibrium
in the limiting mean-field game problem. We have then applied this policy to the
finite population game and have demonstrated that it constitutes an e-Markov-Nash
equilibrium for games with a sufficiently large number of agents.

One interesting future direction is to study mean-field games with imperfect in-
formation. In this case, one possible approach is to use the theory developed for
partially observed Markov decision processes (POMDPs). Finally, average-cost and
risk-sensitive optimality criteria are also worth studying. In particular, using the van-
ishing discount approach in MDP theory (i.e., 5 — 1), we may be able to establish
similar results for the average cost case.

Appendix.

A. Proof of Theorem 2.3. Since the transition probabilities and the one-stage
cost functions are the same for all agents, it is sufficient to prove the result for Agent 1.
To this end, choose an arbitrary policy w") ¢ M), We prove that for any ¢ > 0,
there exists ¢ € M¢ such that

J(N)( ,71'2,...,7TN)<J1(N)(7T1,7T2,...,7TN)—|—E,

which will complete the proof.
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To achieve this, we first describe the overall N-agent game as an Markov Deci-
sion Process (MDP) with state space XV x P(X), action space A, and transition
probability

N
Q(dy, dplx,v,a) = dp, (y)(du) Hp(dyi|$i, a;,v),
i1

where Fy(y) = + Ef;l dy,. The one-stage cost function is given by C(x,p,a) =
¢(x1, a1, ) which corresponds to the one-stage cost function of Agent 1. The cost
function for this MDP is B-discounted cost and denoted by J(z!,...,7V) for the

policy #™) = (x',...,7V). Observe that for any © € M, we have

J(7~T,7T2,...,7TN):Jl(N)(ﬁ',w2,...,7rN).

Let (x(t), v+) and a(t) denote the state and action of this MDP at time ¢, respectively.
Let x(t) = (z1(¢),...,xn(t)).

Recall that pg = L£(21(0)). By Lusin’s theorem [14, Theorem 7.5.2], for any
So > 0, there exists a closed set Fy C X such that po(Fp) < & and 7} is weakly
continuous on Fy. Since P(A) is a convex subset of a locally convex vector space (i.e.,
the set of finite signed measures over A), by Dugundji extension theorem [18, Theorem
7.4] we can extend 7§ : Fy — P(A) to X continuously. Let 7r67 s denote this extended

continuous function and define 73" = (m§ 5,71, 73,...). Then, it is straightforward
to prove that

T (gt w2, 7w — )|
< |J1 ,7T2,...,7TN)—Jl(N)(ﬂ'l,Tr2,...,7TN)|)
<2Lo / v(o) po(dzo).

Note that the last expression can be made arbitrarily small by choosing arbitrarily
small §y since v is po-integrable.

We can apply the same method to the policy T 5 that is, we replace 7r{ with a con-
tinuous 7} 5 that agrees with 7} on some closed subset F of X with probability 1— 6.

Let ;% = = (74,5, 71 5, M3, - - -). Therefore, | J (7572, 2,...,7TN)—J( shrt )| <
2L, ch x ul(dzzrl) where p1 = L£(21(1)) under 7T§ Yor 7T5 . Continuing in this way,
we will obtain 7T6 € MS such that

|J(xt, 72, 7Y = J(xb>e, w2,

(: |J1(N)(7r1,7r2,...,7TN) - JI(N)(Wl’OO,W2,...,7TN)|)
< Z|J(7rl’t,7r2,...,7rN) — J(@bt g2 )|

< Z2Ltﬂt/ () pe(day).

The last expression goes to zero with the proper choice of the sequence {d;};>o. This
completes the proof.

M)
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B. Proof of Proposition 3.2. Let p € M and 7 € II be arbitrary. According
to the Ionescu-Tulcea theorem, an initial distribution pg on X, a policy 7, and state
measure flow p define a unique probability measure P™ on Go, = (X x A)*°. Define
uf =P (dxz(t)) for each t > 0.

Let 7 be the Markov policy given by

7ry(da(t)]x(t)) = P7 (da(t)|z(t)).

We first prove that P (dxz(t)) = uff = uf for all t. We prove this by induction. For
t = 0 the claim clearly holds as the initial distribution pg is fixed. Assume the claim
is true for ¢ > 0. Then we have

H?—rl( ) = /XXAP(- |x(t), a(t)v/Lt)ﬁt(da(tﬂx(t)),u?(dx(t))
= [ a0 a0 o) )

= ().

This proves the claim.
To complete the proof of the first statement, take any ¢t > 0. Then we have

B et at) 1)) = [ o), 0005 (da) ) 00
- /m c(w(t), a(t), uf P (da(t) (1)) f (da(t))

= E™[c(x(t), a(t), uf)].

Since t is arbitrary, the above equality holds for all ¢ > 0. Thus, by Tonelli’s theorem
[7, Theorem 18.3], J,(7) = Ju(m).

The proof of the second statement can be done similarly, so we omit the details.

C. Proof of Proposition 3.10. We use successive approximations to prove
Proposition 3.10. To ease the notation, let 7 := T"(n), J,S") = J:(n), T:=TY, and
Jo = JY. Let u((J") =up =0 and

u,(gr)l = T(")uén) and ug+1 = Tuy.

Since T and T are contractive operators on C with modulus oS, it can be proved
that

p(u”, I, plug, J.) < (oB0)* Lo. (6.1)
LEMMA 6.1. For any compact K C X, we have

lim sup‘ul(cnt) (z) — ukt(:c)‘ =0,
n—oo reK ’

for allk >0 and t > 0, where uggn) = (ug;) and ug = (Uk,t)

)tzo
Proof. Fix any compact K C X. Since u((J") = ug = 0, the claim trivially holds for
k =0 and for all ¢ > 0. Suppose that the claim holds for k and for all ¢ > 0. Then,

consider k£ 4+ 1 and arbitrary ¢. For these indices, we have

t>0"

sup|ug”), (@) — upi1.4(2)]
reK
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= sup

Kmln{ (z,a, th +5/Ukt+1 p(dylz,a I/t(l)):|
xTE

acA

_miR[ (x,a,v1) +ﬁ/ukt+1 (dy|xaut1)”

ac

< sup }c(:z:, a, 1/15(71)) —c(x, a, Vt71)|

(z,a)e K xA
48 s ||l @yl )
(z,0)e K xAlJX
—/)(Uk,t+1(y)p(dy|$aavl/t,l)'
Note that ¢(-, -, (™) converges to c(-, -, ) continuously as n — co. Furthermore,

since u!™), | converges to u continuously (as u"), ., u are continuous and
kt+1 g k41 Y k41 Whittl

u,(cnt) 41 uniformly converges to uj (41 over compact sets by assumption), uggnt) +1(y) <

Lyyio(y) for all n > 1, and [, v(y)p(dylz™, a(™) Vt(q) =[x v(y)p(dy|z, a, 1/“) for
any (z(™,a™) — (z,a) in X x A, by [37, Theorem 3.3] [, u,(:tH( p(dyl-, -, v 1))
converges to [y uk41(y)p(dyl-, -, 14,1) continuously as n — oco. Since continuous
convergence is equivalent to uniform convergence over compact sets for continuous
functions, the last expression goes to zero as n — oo. This completes the proof. O

Using previous lemma, we now complete the proof of Proposition 3.10.
Fix any compact K C X. For all k£ > 0, we have

|77 (2) = Jua(@)] i) (@) — ()

< J(") » —J
52}2 U(ZE) = ” #,t ukt H +§ e ’U(I) + ”uk,t
(n)
u —Uu €T
< ool u?) + sup PO k@
reK U(‘T)
(n)
u —up(x
< 20" (6Ba)¥ Lo + sup | i (%) — ) (by (6.1)).
rcK U(I)

This last expression can be made arbitrary small by first choosing large enough k and
then large enough n. This completes the proof since sup,c; v(z) < oo.

D. Auxiliary Lemma. In this section, we state and prove an auxiliary lemma
which is a generalization of [11, Lemma A.2] to unbounded real-valued functions.

LEMMA 6.2. Let P : X — P(X) be a transition probability on X given X. Fix
N >1 and lety1,...,yn € X. Let X1,..., Xn be independent random variables such
that L(X;) = P(-|y). Let ¢SV (-) = £ SN 6, and &N (-) = £ SN 6x.. Then,
we have

B[l (9) - & P@)* < 55 o (BIZ + EIZP),

i=1
where Z; = g(X;).
Proof. By Jensen’s inequality, we have
1 & 1 2
N N
BV @) - P = B|| 5 a0 - X [ atwrtantu|
i=1 i=1




The

[29]

|

result follows by expanding and simplifying the term inside the expectation. O

N N
2| O STEIRED oY RO

i=1
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