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Abstract

We prove existence of weak solutions to an evolutionary model derived for magnetoelastic materials. The
model is phrased in Eulerian coordinates and consists in particular of (i) a Navier-Stokes equation that involves
magnetic and elastic terms in the stress tensor obtained by a variational approach, of (ii) a regularized transport
equation for the deformation gradient and of (iii) the Landau-Lifshitz-Gilbert equation for the dynamics of the
magnetization. The proof is built on a Galerkin method and a fixed-point argument. It is based on ideas
from F.-H. Lin and the third author for systems modeling the flow of liquid crystals as well as on methods by
G. Carbou and P. Fabrie for solutions of the Landau-Lifshitz equation.

1 Introduction

Magnetoelastic (or magnetostrictive) materials respond elastically to an applied magnetic field (magne-
tostriction) and/or react with a change of magnetization to a mechanical stress (magnetoelastic effect).
Because of the remarkable response to external stimuli, they are smart materials that are attractive not
only from the point of view of mathematical modeling but also for applications. Magnetoelastic ma-
terials are among others used in sensors to measure force or torque (cf., e.g., [BS02, BS04, (GRRCI1])
as well as magnetic actuators (cf., e.g., [SNR10]) or generators for ultrasonic sound (cf., e.g., [BV92]).

Modeling of magnetoelastic materials goes back to [Bro66] as well as [Tie64, [Tie65]. Later, many
works appeared studying magnetoelasticity particularly in the static case relying on a minimization
of energy, see, e.g., [DDIS], [D.J02, .JK93]. Let us point out that magnetoelastic models can be seen as
generalizations of models for micromagnetics that are also studied for their own right, cf., e.g., the
reviews [KP06, DKMOO6]. In the dynamic case, the available works confine themselves to the small
strain setting, cf., e.g., [CISVC09, I(CEF11].

The prominent difficulty in analyzing magnetoelastic models lies in the fact that while elasticity
is commonly formulated in the reference configuration, micromagnetics is modeled in the current or
deformed configuration. To overcome this issue, models are either formulated in the small-strain setting
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as in, e.g., [CISVCQ9, [CEFII] or, because the elastic energy assures invertibility of the deformation,
it is possible to transform the magnetic part into the reference configuration [DD98| [DJ02, [KSZ15].

In this article, we shall take a different approach and formulate the fully nonlinear problem of mag-
netoelasticity completely in Eulerian coordinates in the current configuration. In the current configu-
ration, the main state variable is the velocity and not the deformation. This poses an obstacle from
the point of view of elasticity since then the deformation gradient is not readily available. Thus, we
follow the approach of [LWO01] where this issue has been resolved by finding a differential equation—a
transport equation for the deformation gradient—that allows to obtain the deformation gradient (in
the current configuration) from the velocity gradient. Therefore, we will not need to care about the
invertibility of the deformation. Moreover, the model is perfectly fitted to be used in modeling of
so-called magnetorheological fluids; cf. e.g. [Werl4]. Those are so-called smart fluids containing mag-
netoelastic particles in a carrier fluid. Indeed, it seems feasible that the system of partial differential
equations under consideration (II)—[]) can be extended to fluid models via a phase field approach (cf.
also [LWO01]).

As for the magnetic part, we model the evolution of magnetization by the Landau-Lifshitz-Gilbert
(LLG) equation [LL35l [Gil55, [Gil04] with, however, the time derivative replaced by the convective
one. This is in order to take into account that changes of the magnetization also occur if transported
by the underlying viscoelastic material. We refer to Section 2 for a detailed description of the model,
see also [FGCLS16] and [Forl6]. In this work, we prove existence of weak solutions in the case where
the stray field and the anisotropy are neglected for mathematical reasons, and where we regularized
the evolution equation for the deformation gradient, cf. also [Forl6] for the case that the external
magnetic field is zero in addition. Our proof is based on a Galerkin method discretizing the velocity
in the balance of momentum equation and a fixed point argument. It borrows ideas from [LL95],
beyond which our system is further coupled to the evolution of the deformation gradient and the
LLG equation. For the treatment of the LLG equation, however, we further utilize methods from
[CF01], which are necessary to converge approximate solutions using higher regularity estimates, see
also [BEGC™16] for a sketch of the proof and an announcement of this work.

As an aside, we remark that a corresponding system which is equipped with a gradient flow for the
magnetization M instead of the LLG equation is studied in [Forl6]. This system has the advantage
of being closer to the system studied in [LL95] in terms of the magnetization. The gradient flow type
dynamics are less involved than the LLG equation, which makes the treatment of the equation for the
magnetization M a lot easier. However, in the context of micromagnetics, the LLG equation is the
established description of the dynamics of the magnetization. For the gradient flow case, existence
of weak solutions is proved by a Galerkin approximation and a fixed-point argument similar to the
proofs of this paper, but less regularity for the magnetization is needed.

The paper is structured as follows: we start with a presentation of the considered model for magne-
toelastic materials in Section 2l There, we state the model equations and give a brief derivation. In
Section Bl we state the main result of this article, viz the existence of weak solutions to the evolution-
ary model for magnetoelasticity in Theorem 2l The proof of this Theorem is presented in Section [l
In Section Bl we prove two lemmas used in the proof of Theorem

2 Presentation of the model

Let Q c R? d = 2,3 represent the current configuration. Then we consider the following model for
magnetoelastic solids:

O+ (v-V)v-divT = f (balance of momentum) (1)



Vv =0, (incompressibility) (2)
OF + (v-V)F - VuF = KAF, (evolution of deform. gradient) (3)
M + (v-V)M = —yM x Hog — AM x M x Hg, (LLG equation) (4)

closed by boundary conditions (I3))—(I5]) and initial conditions (I6)—(I8]) below. Here, () is the balance
of momentum in Eulerian coordinates with v : Q x (0,7) - R? being the velocity mapping, 7 the
stress tensor and f the applied body forces. Similarly, () is a variant of the Landau-Lifschitz-Gilbert
(LLG) evolution equation for the magnetization M : Q x (0,7) - R3, in which we replaced the time-
derivatives in the LLG equation by the convective one in order to take changes of the magnetization
through transport into account. In this equation, Heg is the effective magnetic field, cf. (8) below,
~v > 0 is the electron gyromagnetic ratio and A > 0 is a phenomenological damping parameter. Here
and in the following, we impose the standard constraint

|M| =1 almost everywhere in £ x (0,7°). (5)

Equation () is an evolution for F' which, in our modeling, is an approximation for the deformation
gradient in Eulerian coordinates. Indeed, if x = 0, (3] is obtained by taking a time derivative of the
deformation gradient and rephrasing it in Eulerian coordinates, cf. [LW01l, Equation (5)]. In this case,
@) is an evolution equation for the deformation gradient, but taking x = 0 would make the proof of
existence more involved and cannot be done without further assumptions on F'. Therefore, we include
a regularization term (cf., e.g., [LLZ05, p. 1461]) with x presumably small.

The stress-tensor 7 as well as the effective field Hqg are constitutive quantities. In this work, we
assume the decomposition
T ==pl+ vV + Trey,

where —pl represents the pressure (which, however, shall not appear in our work since we will consider
weak solutions only) and vVuv is the viscous stress corresponding to a quadratic dissipation potential.
Finally, Tiev is the magnetoelastic part of the stress tensor that, as well as the effective magnetic field
Hg, will be deduced from the Helmholtz free energy.

For the Helmholtz free energy in magnetoelasticity we have the following general form:

¢(F,M):A/Q|vM|2 dx+/ﬂ¢(F,M) dm%fm \H|? da:+fQW(F) d:c—,uofﬂM-Hextdx, 6)

exchange energy anisotropy energy stray field energy elastic energy Zeeman energy

where the stray field H : R?* - R3 is obtained from (possibly a reduced set) of the magnetostatic
Maxwell equations. Notice that the whole energy including its elastic part is formulated in the current
configuration. From the Helmholtz free energy we obtain the effective field Hqg by taking the negative
variational derivative of ¢ with respect to M. In order to obtain 7T, we use that the elastic stress
is a variational derivative of the Helmholtz free energy with respect to the deformation gradient F'.
However, care is needed during this procedure since the free energy has to be transferred back to the
reference configuration and then the derivative with respect to the deformation gradient is taken in
order to obtain the Piola-Kirchhoff stress tensor. This stress tensor is subsequently again transformed
into the current configuration to obtain the Cauchy stress tensor. We present the derivation only for
a simplified case considered in this article and refer to [Forl6l [FGCLSI16] for a detailed derivation of
the simplified as well as the general model, which is based on taking variations of the action functional
while carefully taking into account changes between the Eulerian and Lagrangian coordinates.



Here, we study a simplified situation of isotropic magnetic particles (which allows us to set the
anisotropy energy to zero). Further, we neglect the stray field energy (for mathematical reasons).
Thus, we are left with

zp(F,M):AfQ|VM|2 dx+/QW(F) dx—MO/QM-Hextdx, (7)

and so the effective magnetic field, which equals the negative variational derivative of ¢ with respect
to M, is given by
Heg = 2AAM + MOHext- (8)

To obtain Trey, we need to transform 1 from ([7) to the reference configuration Q. To this end, we define
the deformation by the flow map z: Q x [0,T] - Q, (X,t) ~ z(X,t) and assume that X ~ 2(X,t) is
a bijective mapping at every time ¢ € [0,7']. With the flow map, we define the velocity in the Eulerian
coordinate system v :Q x [0,T] - R? by

v(x(X,t),t) = %x(X,t).

We denote by X € § material points in the reference configuration (Lagrangian coordinates) and
by x € Q spatial points in the current configuration (Eulerian coordinates). Moreover, we define
M : Q% [0,T] - R? to be the magnetization in the reference configuration satisfying M (z(X,t),t) =
M(X,t), and F : Q x [0,7] - R% to be the deformation gradient in the reference configuration
satisfying F(x(X,t),t) = F(X,t). Next, we obtain for the Helmholtz free energy transformed in
Lagrangian coordinates, denoted by ¢ (x, F, M),

O(x, F, M) = fﬁ AV x M(X)EFY(X, )2 = oM (X, 1) Het (2(X, 1), 1) + W(F(X,t)) dX.

Notice that, due to incompressibility (2]), the Jacobian of the transformation is one. Moreover, notice
that through the external magnetic field, the Helmholtz free energy in the reference configuration
also depends on the deformation itself. Thus, the term F(z) = — [5uoM(X) - Hext(x(X,t),t) dX
can be understood as the potential of an applied volume force to the mechanical system (cf. forces
with generalized potentials in, e.g., [Cia88]), whence the volume force fvis obtained as the negative
variational derivative of F with respect to z. Transforming back to the current configuration, we have
that
[ =10 VH M.

Moreover, taking the variational derivative of ¢ with respect to F and transforming back to the current
configuration, we obtain for the elastic stress tensor

Trev = —2AVM @ VM + W'(F)FT with (VM @ VM);j =Y V;MyV;Mj.
k

Altogether, we are left with the following system of partial differential equations

Qv+ (v-V)v+Vp+V-(2AVM @ VM - W/'(F)F") - vAv = gV H M 9
Vov=0 (10
OF + (v-V)F - VuF = KAF, (11

M + (v- V)M = —yM x (2AAM + poHext ) = AM x M x (2AAM + poHext ) (12



in Qx (0,7, accompanied with the following boundary /initial conditions:

v = 0 on 99 x (0,T), (13)

F =0 on 92 x (0,T), (14)

%—]\;{ =(VM)n = 0 on 90 x (0,T) (15)
v(x,0) = wvo(x), V-vo(z)=0, (16)
F(z,0) = Fy(x) =1, (17)
M(x,O) = MO(x)’ |M0| =1, (18)

where n denotes the outer normal to the boundary of 2.

3 Main result

As the main result of this contribution, we prove existence of weak solutions to the system (@)—(T2]).
We start by defining the notion of weak solutions we shall work with. Here and in the following we
set A = %, 1o =1 and v =\ =1 since constants are irrelevant for this mathematical analysis.

Moreover, we shall restrict our scope to Q ¢ R? in which we may obtain weak solution globally in time.
If Q c R3, the presented proof remains valid up to small modifications but only to obtain short-time
existence of solutions; cf. Remark [Bl below.

In the following, Bochner spaces are denoted by LP(0; V), W*P(0; V) for functions mapping O c R™
to a Banach space V' of which the norm in V belongs to the appropriate Lebesgue or Sobolev space.
In the special case in which V is R", we denote by LA, (O;R"), Wolv’din(O;R") those subsets of the
appropriate Lebesgue or Sobolev space on which the distributional divergence vanishes. In the Sobolev
space, also the boundary values (in the sense of trace) are 0. We will use the notation W~12(0;R") for
the dual space of W01’2(O;]R"); moreover, we shall denote the duality pairing between W~12(0;R"™)
and W, *(O; R") by {-,-).

Definition 1. Let Q c R? be a C*-domain and let T > 0 be the final time of the evolution. Then, we
call (v, F, M) enjoying the regularity

ve L™(0,T; L, (Q,R?)) n L*(0,T; Wy 5 (3 R?)),
F e L®(0,T; L* (4 R¥2)) n L2(0,T; Wy * (Q; R*?)),
M e L=(0,T; Wh2(; R?)) n L*(0,T; W22(Q; R?))

a weak solution of the system ([Q)—12)) accompanied with initial/boundary conditions (I3)-{8) if it
satisfies ([I5]) in the sense of trace as well as the initial conditions (I6)—(I8]) in the sense

12(2) 12(@) wi2(q)
0(t) (), F() b Ry(), MGt — My()) ast -0,

and fulfills the system
T
fo fﬂ v o+ (V) p— (VMO VM - W (F)FT - vvv) Vo (VHI M) - ¢ dv dt

= /Qvo(x)(ﬁ(x,O)dx (19)



T
fo /Q—F-at5+(v-v)F-§—(wF)-§+WFsvg dx dt:fQFo(x)-g(m,o) dz, (20)
fOT/Q—M-(?tQJr(v-V)M-(Jr(Mx(AM+HeXt))-§—|VM|2M-C—AM-C dx dt
T
:fo fﬂ(—M-HextM+Hext)§dmdt+fQMO(m)-C(x,O) dz, (21)

for all ¢(x,t) = ¢1(t)pa(x) with ¢y € WH*(0,T) satisfying ¢1(T) = 0 and ¢, € W&’;V(Q;Rz), for
all £(z,t) = &(H)&a(x) with & € WH(0,T) satisfying £&1(T) = 0 and & € WH2(Q;R?2) and all
C(z,t) = G () () with ¢ e WH(0,T) satisfying (1 (T) =0 and (o € L2(Q;R3).

In the weak formulation of (Q)) and () we used integration by parts to transfer the highest derivatives
in the Laplacian to the test function, which is standard. Moreover, we used that, as long as |M| =1,
([I2) is equivalent to (see, e.g., [BPVOIL, [CF01])

M + (v-V)M = =M x (AM + Hegt) +|VM|*M + AM = M(M - Hey) + Hexs. (22)
Before formulating our main result, let us summarize the assumptions on the data in the model that
we shall need: Let us start with the elastic energy W, which must satisfy W (RZ) = W(Z) for all

R € SO(d) (and thus W/(RE) = RW'(Z); see also [LW0I]). We assume that W e C?(R?>*?) is of
2-growth, i.e., there exists a constant C; > 0 such that

CilAP < W(A) <C1(JAP+1)  VAeR>Z (23)

We assume that W’(0) = 0. Further, notice that due to the differentiability of W this implies that
W'(-) is of 1-growth, that is
W'(A)| < Co(|A|+1)  VAeR>? (24)

and likewise W (-) is bounded, i.e.
W"(A)|<Cs  YAeR>™ (25)
Finally, we assume that W is strictly convex; that is

>0 (W' (E)A)-Aza AP  VE,AeR¥2 (26)

Our main result is the existence of weak solutions to ([@)—(I2]) in the sense of Definition [T}

Theorem 2. Let Q c R? be a C*°-domain and let T > 0 be the final time of the evolution. Let
W e C?(R?*2%;R) satisfy @3)-@8). In addition, assume that

Hexy € C°(0,T; L2 (4 R?)) n L2(0, T L= (Q;R?)) n L*(0, T; WH4(Q; R?)) (27)
O Hexy € L(0,T; L' (;R?)) (28)

and vy € L3, (4 R?), Fy € L*(Q;R*?) and My e W>2(;R3). Moreover, let the initial data and the
external field satisfy the smallness condition

1 1 1
IED := L §|?}0|2 + §|VM0|2 + W(Fo) dxr + QHHext HLoo(O7T;L1(Q;R3)) + HatHeXtHL1(07T;L1(Q;R3)) < 5 (29)

for a suitably small constant C > 0 depending just on Q. Then there exists a weak solution of the
system Q) -({12) accompanied with initial/boundary conditions (I3)—([K]) in the sense of Definition [



We prove Theorem P2lin Section dl below. The proof is based on a Galerkin approximation of the system
@)—-(T2). As is standard in the context of the Navier-Stokes equation, we approximate the velocity
in terms of basis functions of the Stokes operator. We leave (III) as well as the LLG equation (I2])
undiscretized but insert the discretized velocity into these equations. A similar approach has already
been used in [LL95], [SLO9] but here the partial discretization of the system is crucial also in order to
keep the constraint |M| =1 satisfied in the Galerkin scheme.

In the Galerkin scheme, we are able prove enough regularity of F' and M to be able to deduce
the energy estimates, which in turn are used for converging the Galerkin scheme. However, the
energetic a-priori estimates do not yield enough regularity of M because we get VM bounded only in
L*®(0,T; L*(£;R3). Thus, we need to adapt parts of the regularity analysis for the LLG equation (cf.
e.g. [CE0I Mel07), Mel10]) to the case of our system. Our argument here is based on the technique
from [CF01].

A further peculiarity is brought into the proof by the fact that an adaptation of the technique of [CE0I]
to our case is fully possible only on the level of the Galerkin approximation since then v is smooth.
Nevertheless, we can obtain a bound on AM in L?*(0,T; L?(£;R3)) that is uniform in the Galerkin
index. This is all that we need to make the limiting process work. Yet, all the higher regularities of
M that were obtained in [CEF0I] will blow-up if the limiting velocity is not Lipschitz continuous.

Before embarking onto the proof of Theorem 2 let us consider some remarks about the assumptions
of this Theorem as well as possible extensions.

Remark 3 (Weak formulation of the LLG equation). Let us note that our weak formulation of the LLG
equation (1)) is actually stronger than the standardly used weak formulation as proposed in [AS92)].
Notice that we keep the highest derivatives (i.e. the Laplacian) in [2I) and, in fact, since no partial
integration in space has been used, we can deduce from (2I)) that the LLG equation actually holds a.e.
in Q. We can afford to require this stronger formulation since we anyway need to prove a bound on
AM in L*(0,T; L?(:;R?)) in order to be able to pass to the limit in the Galerkin approzimation in
the stress tensor.

Remark 4 (Convexity of W). The convezity assumption (26]) makes sure that the energy is lower
semicontinuous which we will need in order to pass to the limit in the energy inequality. Nevertheless,
this assumption is not optimal from the physical point of view since elastic energies in the large strain
setting are not convex. In order to relax this assumption, it would be necessary to change the used
mathematical methods; in particular the assumption (26]) enters in Step 2 of the proof of Theorem [2.

Remark 5 (Q c R?). The fact that Q c R? enters at several places in the proof of the Theorem [2
but most crucially in Step 2 where higher order a-priori estimates for the magnetization are derived
and the Ladyzhenskaya inequality is used. Nevertheless, although we do not consider it here, the proof
could be easily adapted, by using techniques from [CFQ1)], to hold also for Q c R3 but with a sufficiently
short final time of the evolution T .

Remark 6 (Smallness of the initial data). The smallness condition [29) on the initial data is quite
limiting but a condition of this type seems to be necessary in order to prove existence of weak solutions
to @)—2). In fact, in order to pass to the limit in the stress tensor in the balance of momentum, we
need sufficient integrability of VM for which we employ the higher reqularity of M. However, if the
wnitial data are mot small, higher regularity cannot be expected. Indeed, blowup in finite time for the
LLG equation from smooth but not small initial data has been numerically reported in [BKP0S|. An
analytical proof of this phenomenon seems to be missing for the LLG equation but has been given in
the related harmonic map heatflow equation in [CDY™92)].



4 Proof of Theorem

Let us now give a detailed proof of Theorem [l Everywhere in the proof, we use C' as a generic constant
that may change from expression to expression. It may only depend on the problem parameters that
are fixed throughout the proof such as €2, but dependence on other data, in particular on the initial
conditions or the Galerkin index is specified explicitly. Moreover, note that we do not always display
the dependence of v on x and ¢; instead of v(x,t) we may also write v(t) ,if we want to stress the
dependence on time, or just v; correspondingly for F and M.

Proof of Theorem [2. We start by constructing suitable approximate solutions:

Step 1: Discrete formulation and existence of discrete solutions
Let us construct Galerkin approximations of the velocity via eigenfunctions of the Stokes operator;
ie., let {&}2, © C°(;R?) be an orthogonal basis of Wol’jiv(Q;R2) and an orthonormal basis of
L2, (€ R?) satisfying

A&+ Vpi = -\i&i (30)
in 2 and vanishing on the boundary. Here, 0 < Ay < Ao <+ < A\, <o+ with Ay, 7%, . Notice that
is a C*°-domain so the assumed regularity of the eigenfunctions can indeed be guaranteed. Further,

let us denote

Py : Wy (4 R?) > Hyy, = span{€1, &1, }-

We start by defining the notion of a weak solution to the approximate problem.

Definition 7. We call (i, Fin, My,) a weak discrete solution of the system (@Q)-({12]) on some time
interval (0,t) c (0,T) provided that the pair (F,,, M,,) enjoys the following reqularity

Fp e WH2(0, 6, W12 (;R¥?)) 0 L%(0, £ L7 (4 R*?)) n L2(0, £ Wy 2 (4 R¥?)) (31)
My, e Wh(0,t; L*(Q;R3)) n L= (0, W22 (Q; R?)) n L2(0,t; W2(Q; R?)) (32)

and solves
(0.F0,2) + /Q(vm V) Fp - E = (VUmFn) -E+KVE, -VE dx =0 in (0,t), (33)

Or My + (U - V) My, = |V M| M, + AM,,
— My, x (AMy, + Heg) = My (Mo, - Hegt) + Hexe in Qx (0,t) (34)

for all= e W(}’2(Q;R2X2), together with the initial conditions ()-8 and boundary conditions (I4])—
(@s).

Moreover, vy, (z,8) = ¥ gt (s)& (x) with g, = (0,t) — R being the Lipschitz continuous solution of

agm(s) = _V)‘igm(s) +J;1.ggn(s)grljm(s)"4jk + Dm(sa Fma Mm)a 1= 17 s, (35)

with the initial condition g.,(0) = [qvo-& dx and
= fg(fj V)& - & d, 56)
Dfn(s, F,M) := _/Q (VM(S) OVM(s)- W’(F(s))F(s)T) V& + (VHL (s)M(s)) - &da.

for any s € (0,t), i,5,k =1,...,m and any (F, M) in the function spaces mentioned in [B1) and (32).



For further convenience, let us denote
IN:= (|W(Fo)ll 210y, [ Mollw22(0r3))-

We prove existence of discrete solutions to ([@)—(I2]) in the sense of Definition [7] by a fixed point
argument. To this end, we define for all 0 <to <7 and L = |vo| r2(q;r2) + 1 the set

vmuo)={v<x,t>:§gmt>@<m> in @ x[0,t6): sup (§|ga<t>|2)§sL, 6(0) = [ wn() &) dx}.

te[0,t0) \i=1
Notice that V;,(to) is a closed and convex subset of C([0,%9]; H,,,) ¢ C([0,%0]; L?(©2;R?)). With some
v € Vi (to) fixed we may find weak solutions to (II)—(I2]) by means of the following lemma.

Lemma 8. For v € Vy,(to) fized and Heyxy satisfying (21)) there is a 0 < t1 < tg, that only depends on
L, m, IN and the external field Hext, such that we can find unique (F, M) with

F e Wh2(0,t; W2 (0 R*2)) 0 L2(0, 113 Wy 2 (2 R>?)), (37)
M e WEh(0, 113 L2(; R%)) 0 L2(0, t1; W32(0; R?)) (38)

satisfying
(0,F.=) + fﬂ(v V)F-E-(VoF)-E+rVE-VEdz =0 in (0,11), 39)

OM + (v V)M = |VMPPM + AM = M x (AM + Hexy) = M(M - Heg) + Hoxy i Q% (0,11),  (40)

for all= € W(}’2(Q;R2X2), together with the initial conditions (IT)-(8) and boundary conditions (I4])—
([@5). Moreover, the pair (F, M) satisfies the following bounds

1Fll oo (0,615 22(2x2y) € C(Lym IN) | M| poo (0,005w22(sr3)) € C(Lym, IN, Hexy) (41)
In addition, we have that [M|=1 a.e. in Q x(0,t) and the following estimate
HAM(t)H%%Q;E@)
< [AMo| 728y + C(Lym, Hext) fo t (14 19 M2 (g ) + IVM G20 g5y [AM |72 055, ) ds (42)
for any t for which the equation in ([{AQ) is satisfied.

The proof of Lemma [§ is based on a Galerkin approximation within which the estimates (4I]) and
([#2)) can be obtained by following the reasoning of [CE0I]. We postpone it, for the sake of clarity, to
Section [l and rather continue with the proof of Theorem [2] at this point.

By Lemma [8] we have now found, for some fixed v € V,,, (), functions (F, M) that solve (B9)—(0)
and are such that ‘

D, (t; F,M) e L*(0,t1),
with the L®-norm of D! (¢; F, M) depending only on L and m, the initial data through IN and the
external magnetic field.

Thus, we can apply Carathéodory’s existence theorem to obtain existence of unique Lipschitz contin-
uous solutions g!,(t) of
d

agfn(t) = VA, (t) + 'glgﬁ(t)gﬁl(t)fl}k + D(t; F, M), i=1,...,m, (43)
], =



with the initial condition g, (0) = [ v - & dx = g%, (0), at least on a time interval (0,t2) with to < #.
Notice that, for ¢ € [0,¢1] and for |Gm — gm(0)| <b, b> 0, where Gy, = (G2, ..., ™), we can bound the
right-hand side of (43]) by the constant

R ==vAi(2b+ |gm(0)[) + (2b + [ gm (0))* 3 Al + 1 D" (£ F, M) | 1o (0,01)-
4. k=1

Thus, it follows from [Fil88, Chapter 1, Theorem 1] that ¢5 has to be chosen in such a way that Rty < b;
in other words ty depends just on the L*-norm of D}, (¢; F, M) (that in turn only depends on L and
m, the initial data through IN and the external magnetic field).

Choosing 0 < t* < to small enough (but, as we shall see, only dependent on L and m, the initial data
through IN and the external magnetic field), we can assure that

0(w,8) = 3 G ()& (2) (44)
i=1
is in V;,,(¢*). To prove this, note that we can deduce from (@3] and (B6) that ¢ satisfies
fQ 0 C+ (5-V)b-C— (VMO VM - W/ (F)FT = vvi) - V¢ - (VHI M) -C dz=0  (45)

for all ¢ € H,,. Testing this with o itself yields
1d

37 |o(t) \\%2(9;]1%2)

:—fﬂ(@-v)@-@ dxwuwnig(m+/Q(VMQVM—W’(F)FT)-W da:+/Q(VHeTXtM)-® dz

=0
< C(m, Ho)[0() 120y || [ [9M © 9M = W/(F)F| da
& L>=(0,t2)
< Hﬁ(t)HLQ(Q;RQ)C(m’L’IN,Hext)a (46)

where C(m, L, IN, Hey) is obtained via Lemma[8l In this estimate we used that we obtain [ Vo ()| 1 (o;r2) <
C(m)|o(t)| L2 (r2) for © € Hy,. From (E6]), we get that

d . .
aHv(t)”L?(Q;RQ) < C(m, L,IN, Hext);

izldeeQd, this is obvious if |9]z2(qr2) = 0 and it follows in all other cases by rewriting % 19| 2 (r2) =
317172 g2, @)
EAMPEIOTCI N Thus, we see that
2o L2(qr2) ()
12(2) [ L2 (ir2) < [P0l L2(r2) + C(m, L, IN, Hext )t
Now, we can define an operator
L:Vp(t") = Vi (th), veo, (47)

with ¥ defined as in (44]). Notice that the range of £ is precompact in C([0,¢*];H,,). This can be
seen from the Arzela-Ascoli theorem since any ¢ in the range of £ is obtained from (43]) and thus
is uniformly Lipschitz continuous in time with a Lipschitz constant depending just on L and m, the
initial data through IN and the external magnetic field.

Moreover, we will prove in the following lemma (the proof of which is technical but straightforward
and thus postponed to Section []) that £ is continuous.
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Lemma 9. The operator L defined in ([@T) is continuous on V,,(t*) in the topology of C(0,t*; H,y,).

Thus, Schauder’s fixed point theorem assures the existence of a
VU € Vi (1)

such that L(v;,) = vyp. In turn, v, together with the associated pair (F,,, M,,) is a discrete weak
solution in the sense of Definition [ of the system (@)—(I2]) on the time interval [0,¢*].

Step 2: A-priori estimates
Let us now deduce the a-priori estimates, i.e., in particular (53] and (58) below. To this end, let us
first multiply equation (B4]) by —Heg = ~AM,, — Hext to get that

(atMm"'(Um'V)Mm)'(—Heff) = (MmXHeg)'Heﬂr+(meMmXHeg)-Heﬂr = |Mm-Heg|2—|Heg|2 < O, (48)

since |M,,| =1 by Lemma B After plugging the definition of the effective field into this equation, we
obtain

d r1
= Q§|va|2—Mm-Hextdx+LMm-ﬁtHextdx—L((vm-v)Mm)-(AMm+Hext)30. (49)

Note that for any smooth M the following identity holds V - (VM ® VM) = V% +(VM)"AM and

2
thus Vv - (VM ® VM) U = V'vgﬂ U + (U - V)MAM. Therefore, using integration by parts and
the fact that v, is divergence free together with the vanishing boundary conditions, we obtain the

following identity

—fQ(VM(X)VM)-vadx:_/Q(vm-V)MAde,

which holds by approximation also for M, for almost all ¢ € [0,¢*). Moreover, by integration by parts
we get that

—fﬂ(vm-va)-Hext:_/Qv-vam-Hext+(VHeTXtMm)-vmdx:fQ(VHeTXtMm)-vmdx.

Plugging this into equation (49) leads to

d 1
< §|va|2—Mm-Hextdx+fQMm-atHextdx+fQ(vaeva)-vvar(vHeTxtMm)-vm dz < 0.

dt Ja
(50)

Let us now test ([B3]) with W'(F,,). Notice that this is an admissible test function since for almost all
t € [0,t*) we have that W' (F,) is in WH2(Q; R*?). Indeed, due to growth condition (24)), W'(F,,) is in
L2(Q;R>*?) if F, € L?(£;R?*?), which is guaranteed by Lemma[8 Moreover, since W"(-) is bounded
by @8), VW'(F,,) = W"(F,,)VE,, is in L?(Q;R*?*2) for almost all ¢ € [0,t*) if VF}, € L2(;R>2*2),
which is again guaranteed by Lemma 8 where a bound on F, in L2(0,t*; W52(Q; R?*?)) is obtained.
Finally, due to the continuity of the trace operator and W'(0) = 0, we know that W'(F,,) = 0 on 99Q.
Plugging in the test, we obtain

d
&LW(Fm)dmLﬂva-vW’(me((v-v)Fm—mem)W’(Fm)dx

:%fQW(Fm)dﬂﬂJr/QﬂVFm'(W"(Fm)VFm)+(v-V)W(Fm)—(W’(Fm)]:;;).v@mdx:o.
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Therefore, using that v,, is divergence free and plugging in condition (26), we get that
%fQW(Fm)daz + fﬂmmeF - (W' (En)E,,) - Vo, dr <0.
Lastly, we deduce from (B5) and (B8] that v, = X1 ¢, (t)& (x) satisfies
[) Oyvm - C+ (U V) - ¢ = (VM @ VM = W (E ) Fyy = vV, ) - VE = (VHG Myp) - ¢ dz =0 (51)

for all ¢ € H,,,. Testing this equality with v, itself yields

1d

1
§afﬂ|vm|2dx+§/Qy|wm|2-(va@va).vvm+(W’(Fm)p,;).vvm_(vﬂgxtMm).vm dz = 0,

because [, (Um - VUm,) - Updz = 0. Summing the three expressions above, we get the overall energy
inequality for any ¢ € [0,t*) as follows:

1 1 t t
fQ§|vm(t)|2+§|va(t)|2—Mm(t)-Hext(t)+W(Fm(t))dmffﬂm|va|2dxds+ffﬂuwvmﬁdmds
0 0
energy at time ¢ regularization dissipation

t
g[)%wm(o»%%wzwm(on?—Mm(o)-Hext(O)+W(Fm(O))dx—fonMm-atHextdxds

approximate initial energy work of external forces
1 2 1 2 t
< f ZJoof? + |V Mo = Mo - Hext (0) + W (Fo) dar - f f My, - 8 Hexs da: ds, (52)
Q2 2 0JQ
initial energy work of external forces

where in the last line we exploited that Fj,, and M,, already satisfy the initial conditions exactly.
From (52]), we obtain the following estimate for any ¢ € [0,¢*)

1 1 t
/Q§|vm(t)|2+§|VMm(t)|2+W(Fm(t))da:+fonna|VFm|2+y|va|2dxds

1 1
< /Q §|U0|2 + §|VM0|2 + W (Fy) dz + 2| Hext | Lo (0,7;01 (0R3)) + Ot Hext | 21 0,7;01 (om3y);  (53)

IED

plugging in additionally (23] we obtain that

1 1 t
sip [ Zlom (D + 2|V Mo () + |Fon (82 da: + f f ka|V Fpnl? + v|Von|? deds < C(IED).  (54)
tG[O,t*) Q 2 2 0 Q

The above estimate is based on the inequality in ({@R)), i.e. on |M - Heg|? — |Heg|? < 0, cf. {@J). We
can refine the a priori estimate in (B0)) by working with the following expression obtained with Hg =
AMm + Hext-

| My Hogt |~ Heg|* = (My A M ) +2( M A My ) ( My Hoxt )+ (M Hoet ) = A Mo |* +2A My Hoset+| Hoxe |-
For any ¢ € [0,t*) we get by the same procedure as above that

1 1 t
L Slom P+ SI9Mu (P W (Fn () da + [ sal VB + 1 T0m ] + | AMf? + [ Hoso|? da ds

12



1 1 ¢
Sfg§|vo|2+§|VM0|2—MO-Hext(0)+Mm(t)-Hext(t)+W(F0)dx—[0fQMm-8tHextdmds
t
+fOfQ|VMm|4+2(Mm-AMm)(Mm-Hext)+(Mm-Hext)2—2AMm-Hextdxds,

where in the last term, we used that —M,,, - AM,, = |VMm|2 since the modulus of M, is equal to one.
By Young’s and Hélder’s inequalities, this leads to

1 1 t
fﬂ§|vm(t)|2+§|va(t)|2+W(Fm(t))dx+/Ofﬂmwpmﬁ+y|vvm|2+(1-252)|AMm|2dxds
t 4 1 2
gIED+//|va| + —|Ho? dueds,
0JQ 2e2

where € > 0 can be arbitrarily small.

Now, we exploit an observation from [CFO1]: the term /Ot [ |V My, [* dzdt on the right-hand side of
the above expression can actually be absorbed into the Laplacian on the left-hand side, which yields
a bound on the second gradient of M,,. To this end, observe that for any ¢ € [0,t*)

|AMo ()] 2203y = [V Min(8) | 12 (022 (55)

due to the Neumann boundary conditions for My,. Further, by Ladyzhenskaya’s inequality, it holds
for any f e WH2(Q;R?) that

1/2 1/2
11 pscaimty < C (M agamty + 19712 ey 1 o) (56)
for some C' > 0 depending on 2 only. Hence,
\|VMmHi4(Q;R3X2) < é(HvaHi%Q;RM) + VM, H%2(Q;R3x2x2) |V M, H%P(Q;]R?’X?)) (57)

for some C > 0 depending on  only. Thus, we have for any ¢ € [0,t*) that

1 2 1 2 t 2 2 2 2 2
fQ§|vm(t)| + 519 My (0) +W(Fm(t))da:+fofﬂna|va(t)| | Vom|? + (1 - 262)|V2 My |2 d ds

IN

~ rt t 1
M. 4 2 M. 2 M. 2 2
IED + C A H v m HLQ(Q;R?’XQ) + H V m HLQ(Q;R3X2X2 H V m HL2(Q;R3><2) dS + A A 2_62|H6Xt| dl’ds

IA

~ ~ t 2
(1+CT)IED + C IED fo |V2 Mo |72 (q.pswazy ds + 2 | Hext 720722 (m2))

where we applied that Hva”%Q(Q.R?,Xg) < IED uniformly in the time by (53). Therefore, if C' IED <
1-2¢2, we get, additionally to (53)), the a-priori estimate:

H szm “%2(07# ;LQ(Q;R?’XQXQ)) S C(T7 IEDa Hext)- (58)

Notice that, owing to estimate (42]) we can strengthen (58)) albeit not uniformly in the Galerkin variable
m. Indeed, since |V My, ()| 12(qrsx2) is bounded uniformly by IED on (0,t*), we may rewrite (42) as

t
AN, ()] 20 < 1AMl (i) + CCLom TED, How) [ (1 | AM(3)] g0
whence we obtain by the Gronwall lemma that for all ¢ € [0,t*)

[ AMp ()] 12(0m2) < C(L,m, TED, Hex ) (|AMo| r2(0rs) +T), (59)
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where we also used that fot* HAMm(s)H%Q(Q,W)dS <IED.
Step 3: Dual a-priori estimates

Notice that the a-priori estimates obtained in Step 2 do not give any information on the time derivatives
of the quantities v,,, Fy,, M,,. However, these will be needed since without a uniform bound on time
derivatives we cannot expect strong convergence in Bochner spaces, which in turn is crucial to pass
to the limit in the non-linearities in the system. We deduce these estimates directly from the discrete
system (33)), (34) and (&I itself. To this end, let ¢ € [0,7] be such that (v, Fin, M) is a weak
solution in the sense of Definition [71

Indeed, for the velocity (notice that the velocity is, albeit not uniformly in m, Lipschitz in time which
makes the time integration feasible) and for any & € L2(0,t) and any ( € WOI’;V(Q;RQ) with

€020y <1 and  [Clwr2me) <1

we get that

fo_t/Q@tvm.(gg) dx ds = -/Otfgatvm.(gpmo de ds

= fotfg —(Vm - V)0 (EPRC) + vV Uy - (EVPLC) + (VMm © VM, - W’(Fm)FTIL) (EVPL0)
+ (VHi M) - (§PmC) da ds

ext

= foxz(vm ® V) - (EVPRC) +vVupy, - (EVP,LC) + (VMm © VM, + W’(Fm)F,L) (EVPLQ)
+ (VHe M) - (§PnC) da ds

ext

t
< /Ofﬂ €IV PanC] + 0|V |l€|V Prnd] + (|V M © V M| + W' (E ) E )€V PrnC]
+ |ngxtMm||§||PmC| dx ds

t
< fo vaH%‘l(Q;R?)|§|HVPMCHL2(Q,R2X2) + V| Vomll 2 (ir22) €IV P 2 (r2x2y ds
t
+ fo (VM © VM| 12(0m252) + W (F) Fy 2 (0r2e2) ) €IV P [l 12 (ourex2) ds

t
+ fo IV Hext || 22 (r3x2) | Min || o (3 €| P | L2 (m2) ds
< Cva||%4(0,t;L4(Q,R2)) + V||VUmHL2(0,t;L2(Q)) + HvaH%‘l(o,t;L“(Q;RSXQ))
+e(l+ HFm“%4(o,t;L4(Q;R2x2))) + HvHextHLQ(O,T;LQ(Q;R?’XQ)) HMMHL‘”(O,t;Lw(Q;R?’))a

where we used that HPmCHWOLg(Q;Rg) <[ ¢lwr2(arey < 1 and exploited the growth condition (24)). Notice

that the terms appearing on the right-hand side of this expression are bounded by interpolation of the
energetic estimate that we already obtained in the previous step. Indeed, applying Ladyzhenskaya’s
inequality (B6) to vy, VM, and F,,, we get the asserted Bochner-space regularities.

Thus, taking a supremum over all £ and ¢ as above, we see that

H@tvaLz (0,6:W-1.2(Q:R?)) < C(T, 1IED, Hext)- (60)
In the same spirit, we deduce also estimates on the time derivatives of the magnetization M, and
the deformation gradient F),. Let us start with the magnetization, multiply (34]) by some arbitrary
€ € L*(0,t) and any ¢ € L?(Q;R3) satisfying

1€l <1 and  [[(|r2(mrs) <1
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and integrate over Q and (0,¢). We obtain

fotfﬂ 0, My, - (£C) dx ds

< fJ] |(Um : V)Mm : (§C)| + |(Mm X (AMm + Hext)) : (§C)| + |(Mm X Mm X (AMm + HeXt)) ' (SC)ldm'dS

t
< fo lvml £a@r2) IV M| 14 o) [E11C I 2ea.m2) + 201 AMin | r2(0.r3) + | Hext | 20m3) )IENIC I £2(0.m3)
<[ vml £ago,600(r2)) [V Minl 30,608 (r3x2)) + 20| AMm | 20,62 (2r3)) + [ Hext | 220,72 (25r3)))-
We again employ (55) and the Ladyzhenskaya inequality (56]) and obtain
HatMm HL2 (0,t;L2 (S5R3)) < C(T7 IED, Hext)a (61)

which implies that
||atVMm“L2(07t;w—1,2(Q;R3x2)) < C(T, IED, Hext)- (62)

Let us make one more observation on 9;V»M,,. To this end set
Wh2(Q;R¥>?)) := {X e WH2(Q;R¥?)) : Xn =0 ae. on 9N};

here, recall that n denotes the outer normal to the boundary of €. Notice that VM, € Wi (Q; R3*?)),

hence, we would like to deduce that 9;VM,, € L(0,; (Wﬁ’Q(Q; R?’XZ)),) for W2 (Q; R3*?)) o L2((R3*?))
(Wé’z(Q;RB’Q))' to form a Gelfand triple (cf. e.g. [Roul3|]). This is indeed true, since for any

g € L2(Q;R?) we have that Vg € (Wﬁg(Q;Rgxz)),. To see this, let us take g smooth at first and any
arbitrary ® in W, ?(Q;R**?). Then ®n = 0 on dQ and we obtain

[ vg-wdr== [ o(v-®)dr < lgliaann Bl o,
so that the claim follows by approximation. This calculation also shows that

100V Mo | 12 0.0, -1 2 aizeayy < C(THTED, Hey). (63)

Finally, we consider 0;F},. To this end, let us take any arbitrary

[€lze 0 <1 and ICIwrz(qmexe) <1

and estimate

[H0Fw Y ds < [ [ 10m ) (€01 +1(TomFn) - (€0 + 519 Fon - (€59)] dr ds

t
< fo [vmll 23 @r2) [V Em | L2 (rax22) [ElI € Lo (arae2y + [ Vom | L2(ree2) [ Fim | L2 (22 €11 o (r22)
+ K|V Fm | 2 (rexex) €] VC | L2 (or2x2x2) ds
< omlago.srs@re) [ VER| 220,622 r2x202))

+ [ Vum | 220,422 (r22)) | Finll 40,6503 (r2x2)) + K|V HLg(Oi;Lg(Q;Rgxzxg))?

where again all terms are bounded by the energetic estimates (53]) when taking also interpolation
inequalities, analogous to those that we used in the balance of momentum, into account. In total, we
obtain that

104 Pyl < C(IED). (64)

4
L3(0,W~12(Q;R?*2))

15



Notice that the dual estimate (64]) that we obtained for F, is slightly worse than those that we got
for M,, and v, in (63]) and (60). Hence, proving that F,, attains the right initial data will be slightly
more difficult, see Step 6.

Step 4: Extending the approximate solution

The approximate solution and the a-priori estimates that we obtained so far only hold on a short inter-
val [0,t*). Nevertheless, they can be extended to the interval [0,7") with 7" as in Theorem 2l Indeed,
we may find a time instant ¢, such that ¢, is arbitrarily close to t* and (v, (t+), Fin(t+), M (t:)) are
well defined and bounded in L2(£;R?) x L2(;R?*?) x W12(Q;R3) by IED, cf. (53)-(B4). Moreover,
due to (59), we can assure that M,,(t.) is bounded in the W22-norm by a constant that only depends
on m, L (which in fact is only dependent on IED) and IED. Notice that since m is fixed for the
moment, this gives a uniform bound on the W?2-norm of the magnetization with respect to m, which
is needed in Step 1.

Thus, we may regard (v, (t+), Fin(t+), Min(t:)) as new initial data and repeat the procedure from
Step 1. In Step 1, we saw that the solution interval depends only on m, the norms of the initial data
and global properties of the external magnetic field, and thus on IED in our case. Hence, we conclude
that there exists a constant ¢ > 0 which depends only on m, IED and the external field such that the
system (B3)-(B5) has a solution (v, Fy,, My,) on Q x [t t. +J) coinciding with the earlier solution
(Vs Fony M ) (t4) in .

Gluing the two solutions together, we thus obtain a solution on a time interval [0,t. + d). Repeating
the procedure in Steps 2 and 3 then gives that the same a-priori estimates hold for the prolonged
solution on the solution interval [0,¢, + §). Notice that by repeating this procedure on the whole
interval [0,t, +0) and not just on [t.,t, +0) allows us to bound (v, (t), Fpn(t), My (t)) in L2(;R?) x
L2(Q;R??) x WH2(Q;R?) for almost all ¢ € [0,t, +6) by IED, i.e., by the initial data and the external
field, and not just by the norms of (v, Fyn, My, )(t+) and the external field.

Thus, we can continue the extension on another time instant of length § which is the same as above.
This is due to the fact that the initial data for this extension will again be bounded by IED. Finally,
we obtain a solution (vy,, Fy,, My,) on Q x (0,T).

Step 5: Convergence of the approximate system

From the a-priori estimates (B3]) and (58]) obtained in Step 2 as well as the dual a-priori estimates (60I),
63)) and (64 from Step 3, we conclude by the Aubin-Lions Lemma (cf., e.g., [Roul3]) that, up to a
non-relabeled subsequence, there exist (v, F, M) € L%(0,T; Wéﬁiv(Q;R?)) x L2(0,T; W12(Q; R?*2)) x
L2(0,T; W22(Q;R?)) such that

Uy = ¥ in L?(0,T; L* (2 R?)), 65
VU, —~ Vv in L?(0,T; L*(Q; R*?)), 66
F. > F in L*(0,T; L* (% R*?)), 67

vE, -~ VF in L?(0,T; L*(Q; R¥*?))
VM, -~ VM  in L*(0,T; L*(Q; R¥?)),
AM,, -~ AM  in L*(0,T;L*(;R?)),.

(=)
0¢)

D
N
= D D o D

o~ o~ o~ o~ o~ o~

Moreover, due to the continuous embedding of W14(€;R3) - L*®(Q;R3), we also have that
M, - M in L*(0,T; L= (Q;R?)). (71)

At this point, we are ready to pass to the limit in the equations (&1l), (B3] and (B4]) that form together
the discrete system. Let us start with the balance of momentum (51II). To this end, let us choose some
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arbitrary ( € WO1 ’dZiV(Q;RQ) and use (, = P (¢) € Hy, as a test function in (BIl). Moreover, multiply

this equation by & e W1H*(0,T) with £(T") = 0 and integrate over [0,T) to obtain

Ax _Um'Cmgl + (Um'v)vm ’ (ggm) + UV - (5VCm) - (va © V My, - W,(Fm)FﬂTl) (gvgm)’
— ((VHo) ™My - (€Cm) da di = /Q om(0) - (£(0)Cn) dor, (72)

where we used integration by parts with respect to time.

Applying the continuity of the Nemytskii mapping induced by W'(-) (cf., e.g., [Rould]), we get that
W'(Fy,) - W/(F) in L*(0,T; L*(Q;R*?)). Therefore, by standard weak-strong convergence argu-
ments we get that (72) converges to

b ng ~v-G€ + (v )v - (§0) + ¥V (§VC) = (VM © VM - W'(F)FT)-(¢VC) da dt
~ ((VHe) M) (&) da dt = [ w0+ (£(0)) da (73)

as m — oo.
Further, multiply @3) by £ e Wh*(0,T) with £(T") = 0 and integrate over [0,T) to get
T
L) =P (€2) + (- V) Fon = VomFn) - (€2) + KV Py (€V2) do dt = [ Fo-(§(0)2) do, (74)
where we used that F),,(0) = Fy and that, due to Lemma B 0,F,, € L*(0,7; W~52(Q;R*?)) and
simultaneously F, € L2(0,T; W(}’2(Q;R2X2)) whence F,, € C(0,T; L*(£;R*?) and the by-parts inte-
gration formula holds; cf., e.g., [Roul3, Lemma 7.3]. Then, after integrating by parts in time, the

duality pairing between W~52(Q;R*?) and W&’Z(Q;RQXZ) actually reduces to a scalar product on
L2 (Q; R¥?).

Standard weak-strong convergence arguments allow us to identify the limit as

fOTfQ “F-(¢2) + ((v-V)F - VoF) - (€2) + kVF - (EVE) da dt = fﬂ Fo-(£(0)) dz  (75)

Finally, we pass to the limit in the LLG. By multiplying 34) by ¢ € L2(;R?) and & e Wh>(0,T)
with £(T") =0 and integrating over space and time, we obtain with M,,(0) = My that

[OIZ) ~Mp, - (5’5) + ((Um V)M + (M x (AMy, + Hext) = AMm) ) (55) dx dt

- _/(f/ﬂ (|VMm|2Mm — My (M- Hext) + Hext) - (&C) dadt + fﬂ My - (£(0)C) dz.  (76)

As m — oo, this equation converges to
T ~ ~
foﬂz M (E0) + ((Um - V)M + (M x (AM + Hogy) - AM) - (£C) d dt
T ~ ~
= [ (VMEM = MM Ho) + How)- (€0 dodt + [ Mo+ (6(0)0) do. (77)
Indeed, for the term /OTfQ |V My |2 M, - (€C) dadt this is obtained by the following calculation

/079 (19 Mo [* My — |V M M) - (£€) dxdt‘
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fOTfQ (VMo = [VMP) My + |VMP (M~ M) - (£0) dae dt’

T ~
- ‘foﬂz (M — VM)-(F M + VM) My + |[VMP(My, - M)) - () da dt‘
< VM + VM || L20,/7,8(r3%2)) [ VMim = VM || 120 1,00 (sR372))
[ M| oo (0,755 (r3)) € | o 0,7y [ | L4 (3
+ [VM22 0 18 @mse ) [ Mim = M 20,7520 2) 1€ DL 0.0 € 22 (2

where the second term on the right hand side tends to zero owing to (7Il) while the first term on the
right hand side vanishes thanks to (69).

All other terms converge by a combination of weak and strong convergences in (65)—(7I)). Hence,
the discrete solution that we constructed in Step 1 and extended in Step 4 converges in the sense of

(65) (1) to a solution of (I9)-(2I).

Moreover, the L*°-in-time regularities in Definition [I] hold by the lower semicontinuity of norms, and
since the estimate (54]) is uniformly in m and is obtained for the entire time interval (0,7").

Step 6: Attainment of the initial data

Finally, we are left to prove that the initial data is actually attained by the solution in the sense of
Definition [Il As for v and M this is fairly easy because the a-priori estimates (53]), (58], (©0), (63
and (64) translate by weak lower semicontinuity to the limit so that by

ve L*0,T; WOI’2(Q;]R2)) and 9 e L2(0,T; W12 (Q; R?)),
M e L*(0,T; L*(;R?)) and 9 M e L*(0,T; L*(;R?)),
VM e L*(0,T; W2 (;R¥?))  and 9, VM e L*(0,T; (WL2(Q;R¥>?))),
and by, e.g., [Roul3, Lemma 7.3] we have that v € C(0,7; L?(Q;R?)) and M € C(0,T; WH2(;R?)).
Moreover, we can see directly from (I9]) that v(0) = vy a.e. in Q. Indeed, for some ¢ > 0 take

d(x,t) = p1(t)P2(x) in such a way that ¢1(0) =1, ¢1(t) linear on (0,e) and ¢1(t) =0 for all ¢ € [¢,T]
while ¢ € I/Vol’2 (Q;R?) is arbitrary. Then, as € - 0 we have ¢(-,t) - 0 a.e. in Q while 9;¢(t) - —Jg

div
K
in measures, where d§y denotes the Dirac measure centered at 0. Thus,

[ @(0) = v0)- gz =0,

for all ¢ € VVO1 ’;V(Q;Rz), which shows the claim. The situation is analogous for M.

For F', the situation is slightly more complicated since the obtained integrability of the time derivative
does not allow us to immediately form a Gelfand triple since LA3 (in-time integrability of the time
derivative of F) is not dual to L? (in-time integrability of V). Nevertheless, we conclude from the a-
priori estimates (53) and (G4)) that (notice that we actually get from (53) that F' € L*=(0,T; L?(Q; R?*?)

yields the first statement below)
FeL*0,T; W 2(R>2)) and O,F € L3 (0, T; W 2(Q; R¥?)),

which implies that (see e.g. [Roul3d, Lemma 7.3]) F € C(0,7; W~12(Q;R?*?)); combining this with
the fact that F' e L= (0,T; L2(2;R?*?)), we have (see e.g. [Tem77, Chapter III, Lemma 1.4]) that

F € C(0,T; Ly, (5 R¥?)),
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where L?U(Q; R?*2) is the space of L?-functions whose values are 2 x 2-matrices and which are equipped
with the weak topology. Moreover, by the same procedure as above, we may identify that F'(0) = Fj
whence

F(t) =~ Fy in L*(Q;R*?) ast—0,. (78)
By the convexity of W this translates to
Fo)de < liinf [ W(F(t))dz.
[ W (F)de <limin [ W(E@®)da
On the other hand, the energy estimate (52 also translates to the limit by weak® lower semi-

continuity of the energy with respect to the convergence of (v, Fyn, M,,) € L°°(0,T; L?(Q;R?)) x
L*®(0,T; L2 (3 R?*2)) x L*=(0,T; WH2(;R?)). Hence

1 1 t
fﬂ SR + SIVMOP = M(t) - Hoa(t) + W (F) do+ //Q ka|VEFP? + Vol de dt
0
1 1 t
< f ool + =V Mo|? = Mo - Hoxt (0) + W (Fp) da: - // M -8y Heos da dt,
Q2 2 0Ja

for almost all ¢ € (0,7"). By continuity, we may extend the estimate to hold even for all t € (0,7).
Thus, taking the limsup,_ o+ and using the already proved attainment of initial data (as well as the

continuity of the external field in time) we get that

lim sup QW(F(t))dxszW(Fo)dx,

t—0*
so that altogether [, W(F(t))dz — [, W (Fp)dz. By the convexity and growth of W this means that
tli)%}r HF(t)HLQ(Q;]RQXQ) = HFO HLQ(Q;RQXQ)a

which combined with the already obtained weak convergence of F'(t) to Fy in (8) means that the
initial data are attained in the strong sense as claimed. O

5 Proofs of Lemma [§ and Lemma

Proof of Lemma[8. Recall that for a fixed v € V},,(t9), we aim to construct (F, M) satisfying

((8tF7E>}+fQ(v-V)F:E—(VvF):E+/<;VF£VE dz =0 in (0,t1), (79)
HM + (v-V)M = |VMP*M + AM
- M x (AM + Hext) - M(M : Hext) + Hext in € x (07t1)7 (80)

for all £ « I/VO1 2(Q; R??), together with the initial conditions (I7)~(8) and boundary conditions
(T4 ([@s)-

Notice that the two equations (79) and (80) are decoupled. Consequently, we can prove existence
separately. To prove the existence, we rely on similar methods as in the proof of Theorem 2} i.e., we
use a Galerkin approximation and standard ODE theory to prove existence of approximate solutions.
Thus, existence of solutions is proved at first on some short time interval [0,#) for some 0 < £ < ¢, but
we can extend the solution later to the entire interval [0,¢;] due to the a priori estimates obtained.
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Existence of weak solution to (79): As for the Galerkin approximation, we project F' and the
equation ((79) on finite dimensional subspaces of the eigenfunctions of the Laplace-operator that form
an orthonormal basis of L2(£2;R?*2) and an orthogonal basis of W2(Q; R?*?). Let Py : L?(Q; R*>?) -
{E1,Z2,...,Zk} be this orthonormal projection.

For a fixed k € N, we look for a function F}. of the form

ko
Fy(z,t) = ;di(t)Ei(x) (81)

solving the projection of ({9) on the span{Z1,Za,...,E}; i.e. the ODE

d i N ~
SA(0) = —rpidi (1) + Y AOAD), =1k, (82)
j=1

where B
Aj(t) = —fg(v(%t) V)Ej(z) : Ei(z) - (Vu(z,1)Ej(2)) : Ei(z) da. (83)
The initial condition becomes

i (0) = /QFO(m)  Zi(z) do (84)

fori=1,...,k. We apply Carathéodory’s existence theorem (see, e.g., [Fil88, Chapter 1, Theorem 1])
to obtain absolutely continuous solution d’,(t) of (82) on the interval [0,%). Notice that the solution
interval will thus depend only on the intial condition and the L*(0,#;; W (£;R?))-norm of v; i.e.
m and L. Notice also that, since the right-hand side of (82]) is locally Lipschitz, the obtained solution
is unique.

We now prove all the needed a-priori estimates. To this end, let us first sum (82]) over all i =1... % to
get

fg (0Fy, + (v- V) Fy - VoFy)) - Sda + /Q KV, - VEda = 0, (85)

for all = e span{Z1,Zs,...,Z,}. Let us now test (85) by F} and integrate over [0,t] for ¢ <t to find

1 t Fy? 1 = 1
§fQ|Fk(t)|2 dmfofﬂ(v-v)%—w-(FkF,;)mkaF dz ds:§fQ|Pk(F0)|2dx§§fQ|FO|2dx

As the second expression vanishes because v is divergence free, we get, by rearranging,

1 ' ‘ 1
§fQ|Fk(t)|2 dm+[0fﬂﬁ|VFk|2 dz dssfon|Vv:(FkaT)| dz ds+§fQ|F0|2 dz
t
SC(L,m)+HFOHLQ(Q;szz)-Fg fo fﬂ \FW? da ds, (86)

where in the last line we used that [Vvl| e (g 4= (r2)) < C(L,m) since v € Vin(to). Applying Gron-
wall’s inequality yields that

1 Fkll oo 0.5:2 22y L2 (0.5 w 12 (r22)) € C(L,m) + [ Fo 2o rexe). (87)

Notice that from this estimate it follows that we may extend the approximate solution onto the interval
[0,tp) by the same procedure as in Step 4 of the proof of Theorem 2l Next, we derive an estimate
on the time derivative 0;F}, in L?(0,to; W~12(Q;R*2)). To this end, let us choose some arbitrary
CeL?(0,tp) and Z e W01’2(Q;R2X2) satisfying

”CHLQ(O,to) <1 and ”EHW(}’Q(Q;RQXQ) <1
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and calculate
to — to to
fo O, F - (PeE)C dt:fo O, F, - EC dt:foL—(U-V)Fk:(§5)+(Vka):(CE)—ﬁkaf(CVE) dz di

to
< fo ((HUHLW(Q;R?)”kaHLQ(Q;RQX?X?) + Vol Lo (or22) | Fi | 2 (0r22) ) |E | 20202y
+ K|V Fy HL2(Q;R2X2X2) HVEHLQ(Q;R2X2X2X2))|C| dt

< C(L, m) HFk HL2(07t0;W1’2(Q;R2X2);
and since for | Fi||12(0,10;w1.2(0;r2x2) We already got an estimate in (86]), we see that
10¢Fk || L2 (0,t0;w-12(r2x2)) < C(L,m) + | Fo | L2(o;r2x2).- (88)

From the preceding estimates, we see that may extract a subsequence (not relabeled) from (Fj)nen
such that

F,—~F in L2(0,to; L? (Q; R¥?)), (89)
OF, — 0,F  in L*(0,to; W 2(Q; R??)), (90)
VF, =~ VF  in L*(0,to; L*(Q; R»?2)), (91)

As, by fixing v, (B3] is a linear, we may pass with £ — oo to get that F' solves ([9). Owing to the
linearity once again, this is the unique solution of ([79)).

Existence of weak solutions to (80): Let us now prove existence of solutions as well as suitable
a-priori estimates for (80). The procedure to obtain those is inspired by [CF01]. As above, we perform
a Galerkin approximation; to this end, let {n;}3; ¢ C*(Q;R3) be an orthonormal basis of L?(£2;R?)
and an orthogonal basis of Wa2(€;R?), where

WS’Q(QR?’) ={Xe W3’2(Q;R3) :VXn=0ae. on 0N}.

For example, this basis may be composed of eigenfunctions of the operator A? +id subject to van-
ishing Neumann boundary condition for the eigenfunction and its Laplacian. Let P, : L2(:;R?) —
span{ny,n2,...,Nk} be the orthonormal projection onto finite dimensional subspaces formed by this
basis. For a fixed k € N, we look for a function M), of the form

k .
Mp(x,t) = ;hi(t)m(x)- (92)

that satisfies the projection of (80) onto span{ni,ns,...,n}; this amounts to solving the following
ODE

d 7 k j At k j oY) k j m 1 .
S = SO0 + Y WL OROB T Y W OROBOC),, =1k (99)
j=1

jl=1 jlm=1
where
A == [ (@0 D)) + () % Hosa(2,8)) = Ay (2) = Hoxa(2,8)) -mi(2) o, (94)
B == [ (3(@) % A (@) + () - Hoxt )y (2) - mi(a) dr, (95)
Ci= [ (Vni(@) : V(@) (@) () dar. (96)
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The initial condition becomes
hi (0) = fQMO(x) i(x) de,  i=1,...n. (97)

Existence of unique Lipschitz continuous solutions hf (t) is also here obatined by Carathéodory’s
existence theorem on a time interval [0,¢**). Notice that the length of the solution interval depends
just on the L2(€2;R3) of Hey; (which is controled by assumption uniformly on [0, T]) and the L (£2; R?)
norm of v (which is controled uniformly by C(m, L) on [0,ty] since v € V,,,(0)).

In order to deduce suitable a-priori estimates, we first rewrite (O3) as
_/Q (ath + (U : V)Mk - |VMk|2Mk - AMk + My, x (AMk + Hext) + Mk(Mk : Hext) - Hext)ndx =0 (98)

for all n e span{ni,n2,...,nx}. Let us first test ([@8) by My to obtain

d1l
dt 2
< 2 (I M e ey |9 Mi 22 sy + (1Ml e iy *+ 1) 1M e gy | et sy ) - (99)

fQ|Mk|2d:c+fQ|VMk|dx:fQ|ka|Z|Mk|Z—|Mk|2(Mk-Hext)+Mk-Hext da

Next, we test (@8) by A2M,, and obtain for all ¢ € [0,**)

1d

2 [ AM2d f AM,%d
thfﬂ| k|” dw + le k|” dx

gfﬂ|(v-v)Mk-A2Mk|dm+fQ|(Mkx(AMn+Hext))-AQMk|dx+fQ\|ka|2Mk-A2Mk|dm

::Il ZZIQ ::Ig
+/Q|(Mk-Hext)Mk-AQMk|dx+[Q|Hext-AQMk| dr (100)
=1y ::15

We will estimate the integrals 115 separately. To do so, we will utilize the following estimates which
hold for all smooth M : Q — R3 (Q c R?) with zero Neumann boundary conditions:

| Mw22ps) < C (HMH%Q(Q;R?’) + HAMH%Q(Q;R?’))% (101)
IV M | L2 (amrax2) < CHvMH[%ﬂ(Q;R?n@) (HVMH%P(Q;RC*X?) + HAMH%Q(Q;R?’))% (102)
VM| s (@ranz) < C||VM||%2(Q;RM) (HVM”%?(Q;RSX?) + HAMH%Q(Q;R?’))% (103)
VM| Lo (rax2y < C||VM||%z(Q;R3x2) (HVM”%?(Q;RSX?) + |AM |72 pe) + HVA]\/-"H%?(Q;WX?))i (104)

|AM | aqrs) < CHAMHI%IQ(Q;R?:) (HAMH%Q(Q;E@) + HVAMH%Q(Q;RM?))i (105)

for some constant C' > 0 depending just on 2. Indeed, (I0I) is a variant of the Poincaré inequality
after realizing that HVZMH%Q(Q;RMQXQ) = ||AM||%2(Q;R3) by integration by parts due to the vanishing
Neumann boundary conditions. Further, (I03]) and (I03]) are variants of the Ladyzhenskaya inequality
formulated here for functions the traces of which do not necessarily vanish on 9Q while (I03) is a
more general interpolation inequality obtained from the Gagliardo-Nirenberg theorem. Finally, (I04])
is a variant of the Agmon inequality valid in 2D.
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We start to estimate the term Iy and get, since v € V,,,(tg),

I < fﬂ |(VU(VMk)T) -VAM| +|(v- V)V My - VAMy| dx

< [V Lo o) [ VM| L2 umoe) VA M| 2 () + [V] Lo 2y [V M| L2 (o) | VAME | 2 gursee
< C(L7 m) (H ka HL2(Q;R3) + HAMk “LQ(Q;R3)) HvAMk HLQ(Q;R3X2)7 (106)

where we used (55) and (I0I)). For the integral term I, we obtain
o< [ [(VMix (AMyc+ Hot)) - VAMy| + (VA x (e + VHoxt)) - VAMY| da
< VMgl zagarae) (|AMe | ars) + 21 Hext lwiaore) ) IVAM | 12 (q.r3%2)
1
< CIVMil 2 gy moeny (17 M5 sy + 1AM 2oy )
1
x (AMk H[%P(Q;]RS) (HAMk H%?(Q;R?’) + HVAMkH%%Q;Raxg))Z + 2| Hoxt HW174(Q;R3))HVAM/€LQ(Q;RC*X?)-
(107)
We estimate the integral term I3 and find out that
I = fﬂ|(2(V2MkVMk)®Mk)-VAMk|+|VMk|2|VMk-VAMk| dz

< 2 M| Lo (o) |V M | oo sy | V2 M| L2 (o) | VA M | 2y
+ [ VM| 76 (upsey | VAM | 2 (2

=

1
3 2 2 2
< C(HMKHL‘”(Q;H@)HAMkHLQ(Q;H@)HkaHz%Q;RBw) (HkaHL2(Q;R3X2) + [AM |72 sy + HVAMkHL2(Q;R3x2))
+ |V M| L2(o;r3<2) (HVMk H%?(Q;]R?’X?) + HAMkH%%Q;RB)) )HVAMkHL2(Q;R3X2)- (108)
For the integral term 14, we estimate

Iy = [) |(Mk‘ : Hext)(ka ’ VAMk)l + |(VAMk)TMk) ’ ((ka)THext + (VHext)TMk)l dx

< M| oo (3 [ Hext w3 (rs) (21 V Mgl 2o (urane) + | M| oo (r3) ) | VAMy | 120,32

< [ M| oo () | Hext lwrs sy (21 V Mn |32y + 21 AMi |22 qmsy + 1Mk Lo (us) ) IVAM] 2 (ame2),
(109)

where to get the last expression we used ([I03]) combined with the Young inequality. Finally, estimating
the integral term I5 yields

I5 < |[VHext | 22(0) IVAM: | 2(0)- (110)

Combining (I06)—-(TI0), we obtain from (I00) and an iterative application of Young’s inequality that

1d

1
s= [ 1aMP o+ [ VAN dz < C(Lm) (19Milagqzns) + [AMl L))

2
+ C(Hext ) (1 + | My, ”%00(9;1[{3))(1 + HVMkH%Q(Q;]RSXQ)) (HVMk ”%Q(Q;R?)X?) + [AM, ||%2(Q;R3) + 1)
(111)
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We shall make use of (II1]) later to derive (@2]). But in order to derive further a-priori estimates, let
us use that W22(Q;R?) embeds continuously into W1H2(Q;R3) as well as L°°(Q;R?) so that with the
help of (I0I)) we have that

(S

|V My || 2 (raxey < C (”M”%Q(Q;RS) + ||AM||%2(Q;R3)> ;

[SIE

| M| Lo (ar3) < C (”M”%?(Q;RS) + ||AM||%2(Q;R3)>
Using this in (IT1)) and adding it to (@9) lets us deduce that
4 f M2 + |AM;[2dz + f VM2 + |VAM, [2dz
dt Jo Q
8
< C(L7m7Hext) (1 + (HMkH%Q(Q,RE‘) + HAMNH%Q(Q,R?’)) ) . (112)

In the next step, we make use of the following classical comparison lemma (see [CE0L, Lemma 2.4]),
which we state without a proof:

Lemma 10. Let f : R xR - R be C! and nondecreasing in its second variable. Assume further that
y:I cR =R is a continuous function satisfying y(t) < yo + fot f(s,y(s)) ds for allt >0. Let z: I > R
be the solution of 2'(t) = f(t,2(t)), 2(0) = yo. Then, it holds y(t) < z(t) for all t > 0.

From (I12]) and Lemma [I0l we deduce the existence of a time 0 < ¢; < ¢** such that

I M\ oo 0,012 r3)) + [ Ml 220,60 5w3.2(02: Hoxe )) < C(Lymy Mo, Hext)- (113)

In order to be able to pass to the limit as k — oo in ([@8]), we need to derive further estimates on the
time derivative of M}, as well as of VMj. To this end, let us test (O8]) by 0, M}, to get

fg 10, My |? d = fQ (= (v V)M — (Mg x AMy) + |V MM, + AMy, = (M, - Hot) My, + Het ) - 0, My, da
<3 A (v V)M |* + | My, x AM* + |V M| My ? + |AM* + (My, - Hext)*| My|* + | Hexe|* daz
1
+—f 18, My da.

2J9
From there, we get
10 Mk || 12 (o;r3) SG(C(L,m)HVMkH%Q(Q;RS) + | M| o () |AME | T2 oy + [V Ml T gyroeay | Mk T (05

+ [AM[ 72 gy + [ Hext 172 ey | M | o (ms) + “Hext“%Q(Q;RC*))?

where we take the supremum over all ¢t € [0,¢1) to find, using (II3) and the fact that Hex €

C(0,T; L*(;R%)),
Hath HL""(O,tl;LQ(Q;R?’)) < C(L,m, Mo, Hext). (114)

Next, we test (O8) by —0;AM}, and integrate over (0,t) for ¢ <¢; to find out that

t 1
L 10 M B oz s+ 5 (1AM 2 iz ~ [AME(O) o)

t
- fofg ((v- V)M, + (M, x AMy) — [V M2 My ~ (My - Hesa )My, + Hext) - O AM, da: ds
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= fotfg ~((Vo(VMp)T) = (v V)V My, = V(Mj, x AMy,) + (2(V2 MV M) ® My, + |V M, |*v M
+ (My - Hext)V My, = V Hext) - 04V My + (0, My) " M) - ((VMy)" Hext + (VHext) " My) dav ds
< % /; HatkaH%Q(Q;RBQ) +95 /(;% C(L,m)(|ka|2 " |V2Mk|2) + |ka‘|2|AMk|2 . |Mk|2|VAMk|2
A M|V M PIVE M + [V MR[S + 2\ My 29 M2 | How? + |V Hos|? + My 2|V How | dav ds
< fot 10,7 My 3 gymoesy + 5(CCLm) (19 Ml 320 ggumoenyy + IV Mil 320 12y

2 2
+ (1 + 4 M| 700 (0,411 10 (2,83 ) | VM L (0,11 24 (m3%2)) [V M| 120,61, 14 (m3<252))

2 2 6 2
+ ”MkHLoo(o,tl;Lw(Q;RS)) |V AMy ||L2(o,t1;L2(Q;R3x2)) + [ VM ||L6(0,t1;L6(Q;R3x2)) + [V Hext ||L2(0,t1;L2(Q;R3X2))

2 2 2
+ 2 M| 700 (0,41 1.0 (:r3)) 21 Hext [ Lo 0,11 22 (0:R3)) IV ME 72 (0 41 10w (2R 32))
4 2
+ 1Ml o 0.2 (2m) IV Hext B2 0,022 0002y )
Taking the supremum over all ¢ € [0,¢;) and using (I13)), we get the bound

|06V M| 22 (0,11:22(2)) < C(v, Mo, Hext).- (115)

We now pass to the limit as k& - oo to obtain a weak solution to equation (80). By our a-priori

estimates , we can find M e L®(0,t;, W>2(Q;R3) n W (0,¢1; L2(;R3) n L2(0,t1; W32(Q; R3) such
that for a (non-relabeled) subsequence of (M )ken, we have that

M, - M in LP(0,t1; WH2(Q;R?)), 1<p<oo, (116)

oMy — O M  in L*(0,t1; Wh2(Q; R?)). (117)

Indeed, the weak convergence result follow by the Banach-Alaoglu theorem; while the strong conver-

gence ([II6)) is obtained from the Aubin-Lions lemma. In fact, the Aubin-Lions lemma yields at first

the strong convergence M}, — M in L2(0,t1; W*2(Q;R?)) but combining this with the boundedness
of (My)geny L(0,t1; W32(Q;R3?)) gives (II6).

Thus, multiplying @) with ¢ € L?(0,t,), integrating over (0,%;), and passing to the limit k — oo
yields the equation

t
_[0 1fg (0tM+(U-V)M+(M><AM)—|VM|2M—AM+(M-Hext)M+Hext)-gog dr dt

which holds for all ¢ € L2(Q;R3) and all ¢ € L?(0,¢;). From this, we can conclude that M satisfies
E0).

Furthermore, notice that M € L®(0,t1, W22(Q;R3))nWh2(0,t1; L2 (;R3))nL2(0, t1; W2(Q;R3)) is

the unique solution of (80). Indeed, assume that there existed two solutions My, My € L= (0,11, W22(;R3))n

Whe(0,t1; L2 (S R3)) n L2(0,t1; W32(Q;R?)) with My # M,. The difference M; — My would then
fulfill for almost all z € Q and almost all ¢ € [0,%)
atMl - My + (’U . V)(Ml - MQ) = A(Ml - Mg) - (Ml - MQ) X AMl + My x (A(Ml - Mg))
+ (IVM? = [V Maf?) My + [V M (My = My) = (My = M) (M - Hexy) = Ma((My = M) - Hex).
We multiply this equation by (M — M), integrate over 2 and use the identity (a xb)-c=(bxc)-a
to find out that
1d

- _ 2 _ 2
2dt[g|M1 M| dm+[ﬂ|v(M1 Mo)[2da
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= fg ((A(My = My)) x (My = My)) - My + ((VMy - VMy) - (VM + VMy)) My - (My - Mo)
+|VMa*| My = M|* = |My = Ma> (M - Hext) = Mo - (My = Ma)((My — M) - Hext) da

1
=3 fﬂ V(M ~ M) Pdz + (|Mzf + |V (M + Mo)P|Mal” + [V Mal* + (|My] + [Mal) | Hexe ) [M: ~ Ma[*de,

(*)

where we integrated by parts in the first term on the second line. Now, due to the assumed regularity
of My and My, we know that (*) is bounded in L(0,t1; L®(Q)) which allow us to apply the Gronwall
lemma. Thus, since M;(0) = M3(0), the two solutions coincide.

Moreover, let us show that M € L°(0,t1, W22 (Q; R3))nW (0, t1; L2 (Q;R3))nL2(0, t1; W32(; R3)),
the solution (80, fulfills that |M (¢)| =1 a.e. in 2 for a.a. t € [0,¢1). To this end, let us multiply (80
with M to obtain

1
5(8t|M|2 +(v- V)M - A|M|2) = (IMP -1)([VM|* =M -Hey)  ace. in Qx[0,t;) (118)
Notice that (II8]) is solved by |M| =1 so we just need to show that this is the unique solution. Let
us set # := |[M[?> and since M is fixed being the unique solution of (), we may denote f(M) :=
|[VM|* = M - Heyy. Thus (II8) transfers to an equation for # that reads

%(ate (0-V)0-26)= (O-1F(M)  ae. in @x[0,t1) with 6(0) = My = 1 (119)

now if (TT9) had two solutions 61,0y € L°°(0,t1, W*2(Q))nW1H*(0,t1; L?(Q)) we could subtract (IS
for 61 and 02, multiply by 6; — 65 and conclude by the Gronwall lemma that the two solutions have to
coincide.

Finally, we pass to the limit in the inequality in (I11]) integrated over (0,¢1). On the left-hand side
we rely on the convexity of the norm, while on the right-hand side it is enough to use the strong

convergence ([[I6]). Therefore, since |M| =1 a.e. in Q x [0,¢1) in the limit, we obtain for almost all
te [0, tl)

HAM(t)H%Q(Q;R?’) < HAMOH%%Q;RC*)
t
+C(L,m, Hext) fo L+ ”vM/ﬁH%Q(Q;RSX?) + HkaH%Q(Q;RSXQ)HAMk ”%2(9;]&3) ds.

O

Proof of Lemmal9. We show that £ defined in (47)) is continuous on V,,,(t*) in the topology of
C(0,t*;H,,). To this end, let (v;)ien © Vin(t*) converge to some v € V,,(¢*) in the sense that

(gfn)l — gfn in C(0,t*) fori=1,...,m, where v; = Z:ﬁl(gin)l(t)fz(x) and v =Y g,’n(t)fz(x)

Let us denote by (F;, M;) and (F, M) the solutions of (39))-(40) corresponding to v; and v, respectively.
Notice that their existence is guaranteed by Lemma [8

Let us first realize that F} — F in L*(0,t*; L?(Q)). To this end, subtract (33) for F from (33) for F,
test the result by F; — F' and integrate of over (0,¢) with some 0 < ¢ < t*to obtain

%fgm‘ﬂz(t) df”fotfﬂffIV(E—F)I2 dx ds=—% fotfﬂ(vl'VNFl—Flzdxds
+f0th(VUl(FI—F))'(Fl—F)—((vz—v)-V)F-(Fl—F)+(vq)l_v@)p.(pl_p) d ds,
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where we used that F; and F' have the same initial data. Realizing that fotfg KIV(F, - F)? dz ds=0
because v; is divergence free and employing the Young’s inequality yields that

t
|(Fy = F) ()] 72 (zeey < © fo [((vr =) - V) F L2 ey + [(Vor = VO)F[ 72 g peeeyds

t
v [ 1= F))a ey ds (120)

where the first integral on the right hand side vanishes as [ - oo due to the assumed convergence of
(v1)ien- The claim thus follows by the Gronwall inequality.

Next, we check that M; — M in L*(0,t*; W12(;R?)). Similarly as above, we subtract (@Q) for M
from (40) for M; to have that for a.a. x € Q and a.e. t€[0,t"):

O (My— M) = A(M; = M) + (v - V)(My = M) + (v —v) - V)M = =(M; = M) x (AM; + Hex)

+ M x (A(M; = M)+ (|VM? = |VM?) My + (|VM|? = (My-Hext) ) (M; = M) = M((M; = M)-Hexy);
(121)

further multiply the result by M; — M and integrate over Q and (0,¢) with some 0 <¢<t* to get

1 t
= - M2 ff M, — M)
> =P do+ [ v (s - 20 da ds
t
Sf0£)(|vl—v||vM|+|V(Ml—M)|(2|VM|+|VM1|))|(M1—M)|+(|VM|2+2|HeXt|)|Ml—M|2 dz ds

Using now the Young’s inequality, we obtain

1 ¢ ¢
- f My~ MP2(8) da + ff V(M - M) de ds < ff vy - 0|V M|dzds
2 Ja 0JQ 0JQ
t
+ Cfo (1 + VM| e (umomzy + 1V M| ] (poney + [ Hext ||L°°(Q;R3))||Ml - M|J2qmsy ds,  (122)
from which the claim follows by the Gronwall inequality.

Let us define (D?));(t) and D¢ (t) via (B8) by using (F}, M;) and (F, M), respectively. Notice that
due to the already proved convergence of (F})en to F' and (M;)en to M, we see that (D},); - D, in
LY(0,t7).

Further take 9; = 27 (35,)1(1)&(x) as L(v;) and & = X7, (55,)(t)&(x) as L(v), i.e., the solutions of
@3) with (D!,); and D! as the right hand side, respectively. The proof is finished if we can show
that (gm); = gm uniformly on [0,¢*). To this end, subtract (O3) for ¢ from the one for ¢; and write in
matrix notation

O ((Gm)i(t) = gm (1)) = —vdiag(A1,- .., Am) ((Gm)i(t) = Gm (1)) + (D )i(t) = Dy (1)
+ (AN G)i @) - @i (®)s - s A™ (G )i (#) - (G () = (A G () - Gin(£), -, A" G () - G (£))

Adding and subtracting the vector (A' Gy, (t) (Gm)i(t),- .., A™Gm(t)-Gim(t)) and integrating over (0,t)
with some 0 <t <t* gives

G0 =] < CLm) [ 1) (5) =G ds+ [ (D)1= D) ds,

and, by means of the Gronwall inequality, we obtain,

G =301 < ([ D) - D] ds) L0
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