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OPTIMIZED SCHWARZ WAVEFORM RELAXATION AND
DISCONTINUOUS GALERKIN TIME STEPPING FOR
HETEROGENEOUS PROBLEMS.

LAURENCE HALPERN *, CAROLINE JAPHET f, AND JEREMIE SZEFTEL?

Abstract. We design and analyze Schwarz waveform relaxation algorithms for domain decom-
position of advection-diffusion-reaction problems with strong heterogeneities. These algorithms rely
on optimized Robin or Ventcell transmission conditions, and can be used with curved interfaces.
We analyze the semi-discretization in time with discontinuous Galerkin as well. We also show two-
dimensional numerical results using generalized mortar finite elements in space.
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1. Introduction. In many fields of applications such as reactive transport, far
field simulations of underground nuclear waste disposal or ocean-atmosphere coupling,
models have to be coupled in different spatial zones, with very different space and time
scales and possible complex geometries. For such problems with long time computa-
tions, a splitting of the time interval into windows is essential, with the possibility to
use robust and fast solvers in each time window.

The Optimized Schwarz Waveform Relaxation (OSWR) method was introduced
for linear parabolic and hyperbolic problems with constant coefficients in [4]. It was
analyzed for advection diffusion equations, and applied to non constant advection,
in [I7]. The algorithm computes independently in each subdomain over the whole
time interval, exchanging space-time boundary data through optimized transmission
operators. The operators are of Robin or Ventcell type, with coefficients optimizing
a convergence factor, extending the strategy developed by F. Nataf and coauthors
[3, 12]. The optimization problem was analyzed in [5], [1].

This method potentially applies to different space-time discretization in subdo-
mains, possibly nonconforming and needs a very small number of iterations to con-
verge. Numerical evidences of the performance of the method with variable smooth
coefficients were given in [I7]. An extension to discontinuous coefficients was intro-
duced in [6], with asymptotically optimized Robin transmission conditions in some
particular cases.

The discontinuous Galerkin finite element method in time offers many advantages.
Rigorous analysis can be made for any degree of accuracy and local time-stepping, and
time steps can be adaptively controlled by a posteriori error analysis, see |20, 14} [16].
In a series of presentations in the regular domain decomposition meeting we presented
the DG-OSWR method, using discontinuous Galerkin for the time discretization of the
OSWR. In [2], [9], we introduced the algorithm in one dimension with discontinuous
coefficients. In [10], we extended the method to the two dimensional case. For the
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space discretization, we extended numerically the nonconforming approach in [8] to
advection-diffusion problems and optimized order 2 transmission conditions, to allow
for non-matching grids in time and space on the boundary. The space-time projections
between subdomains were computed with an optimal projection algorithm without
any additional grid, as in [8]. Two dimensional simulations were presented. In [11]
we extended the proof of convergence of the OSWR algorithm to nonoverlapping
subdomains with curved interfaces. Only sketches of proofs were presented.

The present paper intends to give a full and self-contained account of the method
for the advection diffusion reaction equation with non constant coefficients.

In Section 2, we present the Robin and Ventcell algorithms at the continuous level
in any dimension, and give in details the new proofs of convergence of the algorithms
for nonoverlapping subdomains with curved interfaces.

Then in Section 3, we discretize in time with discontinuous Galerkin, and prove the
convergence of the semi-discrete algorithms for flat interfaces. Error estimates are
derived from the classical ones [20].

The fully discrete problem is introduced in Section 4, using finite elements. The in-
terfaces are treated by a new cement approach, extending the method in [§]. Given
the length of the paper, the numerical analysis will be treated in a forthcoming paper.
We finally present in Section 5 simulations for two subdomains, with piecewise smooth
coefficients and a curved interface, for which no error estimates are available. We also
include an application to the porous media equation.

Consider the advection-diffusion-reaction equation in = RY
Ou+ V- (bu—vVu)+cu=f inQx(0,7), (1.1)
with initial condition
u(0,z) = up(z) =€ Q. (1.2)

The advection and diffusion coefficients b and v , as well as the reaction coefficient c,
are piecewise smooth, the problem is parabolic, i.e. ¥ > vy > 0 a.e. in RV .

THEOREM 1.1 (Well-posedness and regularity, [15]). Let Q = RY. Suppose
be (Whe( )N, v e Wh>(Q) and c € L°®(Q). If the initial value ug is in H'(Q),
and the right-hand side f is in L?(0,T; L*(Q2)), then there exists a unique solution u
of (LI, (L2) in H'(0,T; L*(Q)) N L>(0,T; HY()) N L2(0,T; H*(Q)).

We consider now a decomposition of {2 into nonoverlapping subdomains 2;,7 €
[1, I], as depicted in Figure [Il In all cases the boundaries between the subdomains
are supposed to be hyperplanes at infinity.

Fia. 1.1. Left: decomposition with possible corners (Robin transmission conditions), right:
decomposition in bands (Ventcell transmission conditions)

Problem (L)) is equivalent to solving I problems in subdomains ;, with trans-
mission conditions on the interface I'; ; between two neighboring subdomains €2; and
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Q;, given by the jumps [u] = 0, [(¥Vu —b) - n;] = 0. Here n; is the unit exterior
normal to €;. As coefficients v and b are possibly discontinuous on the interface, we
note, for s € I'; j, vi(s) = lim. 0, (s — en;). The same notation holds for b and c.
To any i € [1,m], we associate the set \V; of indices of the neighbors of ;.
Following [3| [4, [6], we propose as preconditioner for ([T} [[2)), the sequence of
problems
Opul + V- (bjuf — v, Vul) + ciuf = fin Q; x (0,7), (1.3a)
(uﬁm —b; nz) uf + Siyjuf = (Vja,,,i — bj ’nz) u?il + Siyjué?il on Fi_’j, VRS M
(1.3b)

The boundary operators S; j, acting on the part I'; ; of the boundary of ; shared by
the boundary of (2; are given by

Sijp = Pije +4ij(Op+ Vi, ;- (Fij — 513 Vrije)). (1.4)
Vr and Vr- are respectively the gradient and divergence operatorson I'. p; ;, i, 5i;
are functions in L*(T; ;) and r;; is in (L°°(T;;))V 1. The initial value is that
of ug in each subdomain. An initial guess (g; ;) is given on L?*((0,T) x I'; ;) for

i € [1,1],7 € N;. By convention for the first iterate, the right-hand side in ([L3)) is
given by g; ;. Under regularity assumptions, solving (L.I]) is equivalent to solving

8tui + V- (bzuz — V1Vuz) —+ c;u; = f n Ql X (O,T),
(I/Z-a,,'i — bz nz) w; + Siyjui = (Vja,,,i — bj ’nz) Uj + Sl-_,juj on Fi_’j X (0, T),_] S M,
(1.5)
for ¢ € [1, I] with u; the restriction of u to ;.

2. Studying the algorithm for the P.D.E. The first step of the study is to
give a frame for the definition of the iterates.

2.1. The local problem. The optimized Schwarz waveform relaxation algo-
rithm relies on the resolution of the following initial boundary value problem in a
domain O with boundary I

Ow+ V- (bw—vVw) +cw= fin O x (0,T),
vopw—b-nw+Sw=gonT x (0,T), (2.1)
w(+,0) = ug in O,

where n is the exterior unit normal to @. The boundary operator S is defined on
I' =00 by

Sw=pw+ q(Qw + Vr - (rw — sVrw)). (2.2)

The domain O has either form depicted in Figure [[LT] left for ¢ = 0, right otherwise.

The functions p, g and s are in L*(T"), and r is in (L°(I"))N~1. Either ¢ = 0, and
the boundary condition is of Robin type, or we suppose ¢ > go > 0 and the operator
will be referred to as Order 2 or Ventcell operator. In the latter case, we need the
spaces

H2(0) = {v € H*(0), vy € H*(T)}, (2.3)
which are defined for s > 1/2, and equipped with the scalar product

(w, V)Hs(0) = (w,v) grs 0y + (qw,v) s (1. (2.4)
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We define the bilinear forms m on H'(O) and a on H{(O) by

m(w,v) = (w,v)r2(0) + (qu,v) L2 (r), (2.5)
and
1 1
a(w,v) = /0(5((b-Vw)v—(b-Vv)w)) d:v—l—/OVVw-Vvd:v—i—/O(c—i— §V-b)wv dx

b-
+ / ((p— Tn + gVF “r)wo + g(Vp - (rw)v — Vr - (ro)w) + ¢sVrw - Vo) do,
r
(2.6)

By the Green’s formula, we can write a variational formulation of ([2.1]):

%m(w, v) +a(w,v) = (f,v)r2(0) + (9, V) 2(1)- (2.7)
The well-posedness is a generalization of results in [B, [, 19]. It relies on energy
estimates and Gronwall’s lemma.

THEOREM 2.1. Suppose v € WhH*(0), b € (WhH*(0)V, ¢ € L>®(0), p €
L>T), ge L>®T), r € (WhoD)N-1 s € Wh(T') with s > 0 a.e.

If =0, if f is in HY(0,T; L*(0)), ug is in H*(O) and g is in H*(0,T; L*(T"))N
L>®(0,T; HY?(T)), satisfying the compatibility condition vdpuo — b - nug + pug =
g , the subdomain problem ([ZI) has a unique solution w in L*(0,T; H*(0)) N
Wheo(0,T; L*(0)).

If ¢ > q > 0 ae., if fis in HY(0,T;L*(0)), uo is in H3(O), and g is
in HY((0,T); L3(T)), problem @I)) has a unique solution w in L°°(0,T; H3(O)) N
W1o0(0,T; L*(0)) with dyw € L>=(0,T; L*(T)).

Proof. The existence result relies on a Galerkin method like in [I8, [19]. In the
sequel, «, B, -+ denote positive real numbers depending only on the coefficients and
the geometry. The basic estimate is obtained by multiplying the equation by w and
integrating by parts in the domain. We set [|w| = ||w||12(0) and ||w||r = ||w||L2(r)-

1d

5@’”(%“’) + a(w,w) = (f,w)r20) + (9, W) L2(1)-

With the assumptions on the coefficients, we have
Case g = 0.

a(w,w) = /(9V|Vw|2d3:—|—/o(c+%V-b)wzdaz—k/r((p—b.Tn)dea
a([Vw]? = B(llw]? + [lwll?)

Y

Y

@
S IVl = llwl?,
the last inequality coming from the trace theorem

[wlif < Cl[Vwl|l|wl]. (2.8)
We obtain with the Cauchy-Schwarz inequality

saclwl® + §Ivwl® < allwl®+ (1717 + llgli?)-
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We now have with Gronwall’s lemma

t
«
lwl + 5 [ (Vul|Pas <
" ([luoll® + 25(||f||%2(0,T;L2(O)) + ||9||%2(0,T;L2(r))))-

We apply 2.9) to wy:

@l + 5 [ Ivwio)tas <
€ 77T(||wto||2 + 25(||ft||L2(o,T;L2(O)) + ||gt||2L2(O,T;L2(F))))'

Thanks to the compatibility condition, w;g can be estimated, using the equation, by
[weoll < C(l[uoll 20y + 11£(0,-)]]) , and we obtain

el + 5 [ IFwo)as <
92T 2
e (luoll a2 (o) + (1f 3 0,722 (0y) + 1911 0.7:02(0)))-

Case ¢ > qo >0 a.e.

alw,w) = /V|Vw|2da:+/(c+lv-b)w2da:
o o

b-n
+/((p—T+ ~Vr -r)w? 4 ¢s|Vrw| )

o(IVul]? + [Vrwl2) - m(w, w)

Y

and by the Cauchy-Schwarz inequality

| (rwrdat [ g, do < )+ 50171 + ol
Collecting these inequalities, we obtain

sam(w,w) + o[ Vol? +[[Vrwlf) < (8+7)m(w,w) +5(If]* + llgl?)-

We now integrate in time and use Gronwall’s lemma to obtain for any ¢ in (0,7")
¢
m(w(t), w(t)) + 2a/o (IVw(s)]* + [IVrw(s)|[f)ds <

e(ﬁﬂ)T(m(UOa uo) + 25(||f||%2(o,T;L2(o)) + ”gH%?(O,T;LQ(F))))'

We apply (Z.I0) to w:

(2.10)

t
m(we(t), wi(t)) + 2a / (V)12 + [Vrwe(s)]|2)ds <
e(ﬁﬂ)T(m(wtm wto) + 26(||ft||%2(0,T;L2(O)) + ||gt||%2(0,T;L2(F))))'

We now use the equations at time 0 to estimate m(wsg, wig). From the equation in
the domain, we deduce that

[wioll < Clluoll a0y + 11£(0, )1,
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and from the boundary condition that
lweollr < n(l[uollmz (o) + 19(0,-)lIr),

which gives altogether

m(we(t), we(t)) + 204/0 (IVwe(s)[* + | Vrws (s)l[F)ds <
GePHNT(

(2.11)
||U0||§{§(o) + ||f||§{1(O,T;L2(O)) + ||9||?{1(0,T;L2(r))))-

We can now apply the Galerkin method. When ¢ = 0, we work in H'(0,7T; H(0O))
N Whee(0,T; L?(0)) , while if ¢ > go > 0 a.e we consider H(0,T; Hi(0)) N
Wtee(0,T; L2(0)) N Wee(0,T; L3(T')). This gives a unique solution w. The regu-
larity H? is obtained for ¢ = 0 by the usual regularity results for the Laplace equation
with Neumann boundary condition, since

—Aw = (f —wy — V- (bw) + Vv - Vw) € L>(0,T; L*(0)),

Onw = ( —p)w+%g€L°°(0,T;H1/2(I‘)).

tl>—‘

In the other case, we have that

CAw = %(f C W — V- (bw) + V- V) € L0, T; L2(O)),
1 1
VO, — qsArw = ;(b mn—p—q(@+Vr-r—(Vr-s)Vp)))w + 9 € L>(0,T; L*(I)),

and we conclude like in [I8] 19]. O

2.2. Convergence analysis for Robin transmission conditions. We sup-
pose here the coefficients g; to be zero everywhere. Given initial guess (g; ;) on
L2((0,T) x I; ;) for i € [1,I],j € N;, the algorithm reduces in each subdomain to

ol +V - (biuf — v, Vul) + couf = fin Q; x (0,7), (2.12a)

(ViOn, = bi i) uf +pijul = (1;0n, —bj-ni)ui ™ 4 pijuf T on T, j €N
(2.12D)

The well-posedness for the boundary value problem in the previous section permits
to define the sequence of iterates. We now consider the convergence of this sequence.

THEOREM 2.2. For coefficients p; ; such that p; ; + p;j; > 0 a.e., the sequence
(u¥)ren of solutions of ([ZI2) converges to the solution u of problem (LI)).

Proof. By linearity, it is sufficient to prove that the sequence of iterates converges
to zero if f =wup = 0.

We multiply (ZI2a) by u¥, integrate on €;, and use the Green’s formula. We
obtain

1
Hu (t, W20 + VU, V) p2ia,) + (i + SV bi)ui,uf) L2 (o)

- Z/ yzamuf_b—"z P uido =0. (2.13)

JEN;

N —
&|g,
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We use now

(ViOn,uf —b; - nyul + p; jul )2 — (ViOn,uf —b; -nyuf —p;, 1uk)2 -
bi "n;
T“f)uf + (pij +pji)(pig — Pii — bi -ma)(uf)?. (2.14)

We replace the boundary term in (213, and integrate in time. Since the initial value
vanishes, we have for any time ¢,

2(pij + pj,i) (ViOn,uf —

t
1
()13 )+;/«meVu><>+«q+5vwmﬁmﬂm@»m

+ // 1/18 qu b; - nlu —pjiu;) dodr
Z pz;"’pjz " / )

JEN; L

Z/ / VlanluZ —b; - nlu + i juy ) do dr
JEN; ri; Pij +pj,
+Z// (pj.i — pij — bi -ni)(uf)?do dr.

JEN;

Since the coefficients are all bounded, the last term in the right-hand side can be
handled by the trace theorem (2.8]) to be canceled with the terms in the left-hand side
like in the proof of Theorem We further insert the transmission condition in the
right-hand side:

WOt [ Vit S [ (v = k= k) o d

Jen: F”p1]+pJ1

¢
(v;0, ,ul?*l—an,lu Ly, u 2d0’dT+Cl/ b |20
D N ) 1120,

JEN; Tij

We sum on the subdomains, and on the iterations, the boundary terms cancel out
except the first and last ones, and we obtain for any ¢ € (0,7),

3 X:@u|mm+%/HWWp wﬂ<a o Y zj/nmw

ke[1,K]te[1,I] ke[1,K]ie[1,I]
(2.15)

with

Z // 8nluj b; nlu —i—pwu)dadT

ie[1,I] JEN; p”+p“

We now apply Gronwall’s lemma and obtain that for any K > 0,

Z Z l[ug ()1 720,y < AT)eN T,

ke[1,K]ie[1,I]

which proves that the sequence u¥ converges to zero in L%((0,T) x ;) for each i, and

concludes the proof of the theorem. O
REMARK 2.3. In the case V-b =0, if pj; —pi; —bi-n; =0 and ¢; > o > 0,
then C1 = 0 in (ZI8) and we conclude without using Gronwall’s lemma.
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2.3. Order 2 transmission conditions.

THEOREM 2.4. Assume p;,; € W (), pij +pji > 0 ae., ¢; = q > 0,
b, € (Wl’oo(ﬂi))N, v; € Wl’OO(Q), Tri; € (Wl’OO(Qi))N_l, with Ti; = Tji ON Fi,j;
sij € WHh(Q), s;; > 0 with s;; = s;,; on I';;, and the domain is cut in bands as
in Figure [, right. Then, the algorithm ([L3)) converges in each subdomain to the
solution u of problem (LIJ).

Proof. We first need some results in differential geometry. For any ¢ € [1, ], For
every j € N;, the normal vector n; can be extended in a neighbourhood of I ; in Q;
as a smooth function n; with length one. Let 1; ; € C*(€2;), such that 1; ; = 1 in
a neighbourhood of T'; j, ¥; ; = 0 in a neighbourhood of T'; ;, for k € N, k # j and
Zje/\/i ¥;,; > 0 on §;. We can assume that n; is defined on a neighbourhood of the
support of 1; ;. We extend the tangential gradient and divergence operators in the
support of 1; ; by:

Vi, = Vo — (0a )i, Vi, 9=V (p—(p f)n).

It is easy to see that (%pm o)r,., = Vr. ;e (%pm “@)ir,, = Vr,, - ¢ and for ¢ and
X with support in supp(¢; ), we have

/ (6111.’]. ) xdr = —/ - eri,deI. (2.16)
Qi Qi

Now we prove Theorem [Z41 We consider the algorithm (L3) on the error, so we

suppose [ = ug = 0. We set |lolli = [lollzz0,, llell? = Ivvi Vel llel
Pi,j+Pji
e

1,00

i,1,00 = H‘PHWLDO(QI-) and f3; ; =

el (s 1]
The proof is based on energy estimates containing the term
t 2
/ / (Vianiuf —b; nzuf + S@jUf) do dr,
0 I'; j
and that we derive by multiplying successively the first equation of (I3 by the terms
Bzz uf? 81511,?, VFi,j ’ (wzjriyju;é) and _VFi,j ’ (wiz,jsiyj sz’,j uf)

We multiply the first equation of (L3)) by A2 uF, integrate on (0,t) x €; and
integrate by parts in space,

1 t t
IO + [Ny 1E ar = [ [ b Do)t dear
¢ 1 J—
+/ / (ci—i-—V-bi)ﬁf(uffdxdT—// ui|VBi|2(uf)2d:EdT
0 Jo, 2 0 Jo,
¢ blnl
—/ / ﬂf](uﬁmuf——uf)uf dodr =0. (2.17)
o Jri; 2

We multiply the first equation of (L3) by d,u¥, integrate on (0,¢) x Q; and then
integrate by parts in space,

t t t
1
/ HatufﬂfdT+—|||Uf(t)|||?+/ / (ciuf+V-(biul)) Opuy d dT—/ / ViOp,uf Opuf do dr = 0.
0 2 o Jou o Jr,,
(2.18)



Schwarz Waveform relaxation and discontinuous Galerkin 9

We multiply the first equation of (3] by 613.,]. . (z/;i%jrl-,juf) integrate on (0,t) x €;
and integrate by parts in space:

t t
//atufvpij-(¢§jri7ju§)dxdr+// V- (biuf) Vi, , - (7 i juf) dedr
0o Jo, ' ’ 0o Jo, ' ’
t
+// ciufva-(wﬁjri7juf)dxd7

¢ t
+/0 /Q. ViVuf.VVFM '(%/szri,juf) dx dT—/O /F | VO, Ul Vpiyj.(ri)juf) dodr = 0.
(2.19)

We observe that

t
/ / viVul - VVr, - (W7 1 juy) dodr
0 Q;

¢ ¢
:// ViVuf-V(Vpi’j~(7,/1i27jri7j)uf)d:z:dr—|—// ViVuf~V(1/)ﬁjri7j-Vpi,jui—“)dasz,
(2.20)

with

t
/ / ViVuf . V(U)fjri,j -Vr, uf) dx dr
o Jo, ’
1t _ t
> =5 [ Wisymse Ve, ubizdr—c [ [ (19uiE + ) dear. (220
0 0 J
Replacing 2200 in 220) and then (220) in (ZI9), we obtain
t ~ ~ ~
/ / (&usrm . (1/)?’j'ri,juf) + V- (bzuf) Vri’j . (1/)7;27]»7'1',3"(1?) + ciusri’j . (1/)?,j'ri,juf)) dx dr
o Jo,

1 t - t
_Z/O l|1i,5+/Vi 515 VVr, uf)||z2d7' —/0 /F .Viamuf Vr,, - (ri)juf) dodr

¢
<0 [ [ QvaEvaiE + gk de ar
0o Jo,
(2.22)
Now we multiply the first equation of (L3) by —Vr, ; - (¢ s;; Vr, ; u¥) integrate on
(0,t) x ©; and integrate by parts in space:

1 . t - -
Sles/sis T, a1 = [ [ 9 @) T, 02005 Vo) dadr

t _ _ t _ _
—|—/ / 'l/)ijSi)jV[‘i,j (cluf) “Vr, uf dxdr — / / viVul - V(Vr,,; - ('l/)f’jsz‘,j Vr,; uf)) dx dt
0 JQ; 0 J;

t
+/ / ui&,,iuf VFM . (Si,j Vpiyj uf) dodr = 0. (223)
0 Fij
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We have,
t ~ ~
—/ / ViVuf -V(Vr,, - (wfjsiﬁj Vr, uf)) dx dr
o Ja ’ ’ ’
1t B t
> 5 [ Wy VO dizdr - [ vatiEan @2
0 0
Replacing (2.24) in [2:23) leads to
1 -
S 355 T, 02+ 5 [ sses VT, b ar

t
—l—/ / wfjsi,jci|Vp”uf2dxdT+//F ViOn,uf Vr, (85,5 Vi, ul) do dr
i,

// (1/1”5”Vp” 1)d3:d7'—|—C/ ||\/V_1Vuk||1d7' (2.25)

Multiplying 211)), (222) and (2.28) by ¢, and adding the three equations with ([2.17]),
we get

(IIBiUf(t)II?+qII\u (6) 17 +alli,5/507 Vi, , uf( /Il\ﬁz VI dr

N =

t t
b [ ot + 4 [ sy VO P dr
0 0
t
—// B2 (1O, uf — nuf)ufdadT
0 JTi; 2

t
— q/ / ViOn, Uk (8tuf +Vr,, - (rijul) — Vr, ;- (515 V., uf)) do dr
F»;Y'

1 t
< o+ lrisline) [ bl ol s ar
t
q([[bs]i,00 + ||7'z',j||i,oo)/ IV | |pus || dr
0
q ! k.|| k
+ 2lbillico | VUl 1V, - (2505 Vi, , ub)lli dr
2 0
1 ‘ k <~ k
(g il e +lleillie) [ bl 195, - 062505 9, ) dr
0
q t t
L0l 4 el 1 I +.0 ([ 1otz ar v [ Ivmvatizar ).

We bound the right-hand side by

1 t t _
5 (2 [ 1otz ar+ 4 [ e yorse; T9r,, ublar
2\2 /, 1/, i
t t
q
+ 20l e+ leiic @12 + € ([ 150t 2dr o [ Ivmvatipar).
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We simplify the terms which appear on both sides, and obtain

1
5 (1Bt @I + 10 1 a5 e, b O1F) + [ ot 1 ar
q [ q [ S
+3 [ owtiFar+ 2 [ wnymr VO, ubiar
/ / B2 (1O, ul — bi - mi uf)ul do dr
¢
- q/ / ViOn,uf (Opul + Vi, , - (rijuf) = Vi, , - (si; Vr,, ul)) dodr
t t
<o ([ Ipadizar+a [ IvAvaipar). @20
0 0
Recalling that s; ; = s;; on I'; ; and 7; ; =r;; on I'; ;, we use now:

(uﬁmuf —b; nluiC + Si,juf)2 - (Vﬁmul b; - nlu - §;u; )2
+2q(pi; — pji — 2bi -ni)(Qpuf + Vi, - (rijul) — Vi, - (sij Vo, , uf))uf
+ (pij + P (pij — pji — bi-mi)(uf)?. (2.27)

Replacing (2.27) into (2:26), we obtain

k)uz + quanluz (8tuz +Vr, ; (r”uf) = Vr,, - (8:,; Vr, ; u; )))

1

5 (I8t O + 110 1 a5 e, b O1F) + [ o) 12 ar
g [t 1/t
—/ HatufH?dT—l——// (Viamuf—bi-niuf—é'jyiuf) dodr

/sz,]\/VzSZJ VVr,, uf||?dr < = // (ViOn,uf —b; - n; Ul —|—S”u) do dr

I

+// (Dij +D5.i)(—pij +pji+bi-mi) (uf)? do dr + (Hb lli,1,00 +Ilcill,
Fi,j
t
+g/ / (—pi7j+pj7¢—|-2bi~ni)(8tuf+vri,j~(ri7juf)—VFi’j~(siﬁj Vr, uf)) uf do dr
0 T
t t
o[ Isutizar+a [ IvAvitizar). @9
0 0

(2%

In order to estimate the fourth term in the right-hand side of (2:28)), we observe that

i 1
/ / (—piyj + pji+ 2b; nl)uf (%uf do dr = 5 / (—pi,j + i+ 2b; nz)uf(t)z do.
. T

@5

By the trace theorem in the right-hand side, we write:

t
[ [ o aa 2o miud 0t dodr < Club |Vt )
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Ik =2 [ t | @utiut < (f t ||atuf||%)% (/ t lE) L e

we obtain

and

=

t
1 / / (=pij + pji + 2b; -n)uf Oput do dr
0 Fi,j

t t
< [ontizar+ it 1240 ([ Isatizar). @30)

Moreover, integrating by parts and using the trace theorem, we have

t
_ g / / VFM . (S@j VFM uf)(—pm +pj,i + 2bi nz)uf do dr

< 2 [ sy W, b+ O 19, a2 dr+ [ 182 an. (230
Using (Z29), we estimate the third term in the right-hand side of (Z28) by
q
Ll ce + leilslu @2 < & [ touitizar +0 [ ipatitar. @3

Replacing (231]), (Z30) and (Z32) in ([22])), then using the transmission conditions,

we have:
1 q _
: (||5iu’-“<t>||2 L0 12+l s Ve, b 0))2)
# [ Wk 2 ar+ & [ touizar + 2 [ vsyrms v O, iz ar
+ Z/ / (Vﬁmuf —b; -n;ul —Sj,iuf) do dr
o Jri,
Lt k k k—1\2
< Z/ / (Vjaniujil —b; - n; ’ujil —l—Si,juj’l) do dt
0 Fi,j

t t
co([satipar+ [ 1mvdizar).
0 0

We now sum up over the interfaces j € N, then over the subdomains for 1 < i < I,
and on the iterations for 1 < k < K, the boundary terms cancel out, and we obtain
for any t € (0,7,

DY <||ﬂuu (12 + qll 77 Vb (¢ ||1+uo/||wuu >||1df)

ke[1,K] ie[1,I]
H+C Y. > (/ ||ﬁwuk||2d7+q/ ||\/771VUk||2dT), (2.33)

ke[1,K] ie[1,1]
with
Z / / I/J(?muZ b; - MU —I—S”u]) do dr. (2.34)
16[[1 I jEN;

We conclude with Gronwall’s lemma as before. O
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3. The discontinous Galerkin time stepping for the Schwarz waveform
relaxation algorithm. In the following sections, in order to simplify the analysis,
we suppose that ¢ + %V -b>ap >0 a.e in Q.

3.1. Time discretization of the local problem: discontinuous Galerkin
method. We suppose that the coefficients are restricted to p — I"T" +2Vr-r >0
a.e.on', ¢ >0 a.e. and s > 0 a.e.. This implies that the bilinear form a defined in
(Z.6) is positive definite on H'(Q) when ¢ = 0, and positive definite on H{(O) when
q>qo>0ae.

We recall the time-discontinuous Galerkin method, as presented in [14]. We are
given a decomposition T of the time interval (0,7T), I, = (tn,tn41], for 0 < n < N,
the mesh size is k,, = t,,41 — t,,. For B a Banach space and I an interval of R, define
for any integer d > 0

d
Pd(B) = {SOI—>87 QO(t) :Z@iti, ®i 68}7
=0
Pd(BuT) = {(pI_>B7 P, € Pd(B)u 1<n< N}

Let B = H}(O) if ¢ > 0, B = HY(O) if ¢ = 0. We define an approximation U
of u, polynomial of degree lower than d on every subinterval I,,. For every point
tn, we define U(t, ) = lim;_;, o U(t), and note U(t,}) = limy_y;, 10 U(t). The time
discretization of (27) leads to searching U € P4(B,T) such that

U(Ov ) = Uo,

VV e Pa(B,T): /1 (m(U, V) +a(U,V))dt (3.1)

(Ut ) = Ultg, ). V() = [ L) an,
In

with L(V) = (f,V)r2(0)+ (9, V) 2(r). Since I,, is closed at t,, 1, U(t,, ;) is the value
of U at t, 1. Due to the discontinuous nature of the test and trial spaces, the method
is an implicit time stepping scheme, and U € P4(B, T) is obtained recursively on each
subinterval, which makes it very flexible.

THEOREM 3.1. Ifp— I"T" +4Vr-r >0 ae onT, qg>0ae ands >0 ae.,
equation BI) defines a unique solution.

Proof. The result relies on the fact that the bilinear form a is definite positive.
It is is most easily seen by using a basis of Legendre polynomials. U € Py(H{(Q),T)
is obtained recursively on each subinterval. We introduce the Legendre polynomials
L,, orthogonal basis in L?(—1,1), with L, (1) = 1. L, has the parity of n, hence
L,(-1) = (-1)™. A basis of orthogonal polynomial on I,, is given by L, x(t) =
Li(&(t — 2=5)). Choose V(t,2) = Ly ;(1)®;(z) in @) with ®; € H{(Q), and
expand U on I, as U(t,z) = ZZ:O Ui () Ly (t). Suppose U to be given on (0, t,].
In order to determine U on I,,, we must solve the system: for any ®; € H{(Q),

n

d
> / (Lkan,jm(Uk,q)j)+Ln,kLn,ja(Uk,<1>j)> dt
k=0 Y1

d

+ Lok (t0) Lo 5 (85)m(Us, @;) :/ L ;L(®;) dt.
k=0 In
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It is an implicit scheme. We calculate the coefficients

j/ Lk Ln.j = Okjl| L 5117,
In

: 0 itk <j
/ Ln,kLn,j - 1 k+j . .
I, — (—1) if k> 71

{(—1)’”]‘ if k< j

Lo iLn + Lyt Ly () =
/ dlong + Dl L) = 4 it k> j,

I
which leads to
1L 1% a(Us, @) + m(U;, ®5) + > (=1 T m(Us, ;) + > m(Us, ®;) = /1 Ln,; L(®;) dt.
k<j k>j "

It is a square system of partial differential equations, of the type coercive + compact.
By the Fredholm alternative, we only need to prove uniqueness. Choose now ®; = Uj,
and obtain

ZHLMHQ U;,U;) +Zm U;, U;) +2Z Z m(Uy, U;) =0,

k+; even

and since a is positive definite, we deduce that U = 0. O
We will make use of the following remark (JI6]). We introduce the Gauss-Radau
points, (0 < 71,...,744+1 = 1), defined such that the quadrature formula

d+1

/f dtNqu (14)

is exact in Payg, and the interpolation operator Z,, on [t,,tn4+1] at points (t,,t, +
Tikn, -y tn + Tas1kn). For any x € Py, x = Z,x € Pyq1.

Let Z: Pa(B,T) = Pa+1(B,T) be the operator whose restriction to each subin-
terval is Z,, and satisfies ZU (t;7) = U(t,,; ). By using the Gauss-Radau formula, which
is exact in Pog, we have for all ¢; ; € Pq

de dx _ “VVahs -
[ G = [ G = )~ x5

As a consequence, we have a very useful inequality:

d 1 _ -
[ G @bt > Gl = ) (32)
Also, equation ([B.I)) can be rewritten as
dZ
[ (5 vy vawvyde= [ Loy (3.3)
I, In

or in the strong formulation:
W(IZU)+V-OU —vVU)+cU = Pf, in Q x (0,T),

(VO —b-n)U +pU +q(8:(ZU) + Vr - (rU — sVrU)) = Pgon T x (0,7T). (34)
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Here P is the projection L? in each subinterval of 7 on Py.

THEOREM 3.2 (Thomee, [20]). Let U be the solution of BIl) and u the solution
of @I). Under the assumptions of Theorem [21], the estimate holds

= Ull e (1,.22(0) < CETHO ull 20,7, 12 (0 (3.5)

with k = maxo<n<N kn

3.2. The discrete in time optimized Schwarz waveform relaxation al-
gorithm with different subdomains grids. In this part we present and analyse
the discrete non conforming in time optimized Schwarz waveform relaxation method.

The time partition in subdomain Q;, is 7;, with N; + 1 intervals I’ , and mesh size
ki . In view of formulation (B.4]), we define interpolation operators Z* and projection
operators P’ in each subdomain, i.e. P? is the projection L? in each subinterval of T;
on Pg, and we solve

O(T'UF)+V - 0;UF — v;VUF) + ¢; UF = Pif in Q; x (0,7), (3.6a)
(Via,,,i —b; nz) Uzk + SLJUlk = Pl((yjam — bj nl) U;ﬂ_l + giij]k_l) on Fiﬁj,j S M
(3.6b)

Here the operators are different on either part of the "equal" sign:

Si iU =pi;U+qi; (0(Z'U) + Vr,; - (ri;U = 5:;Vr,,U))

, 3.7
Si,jU:me—f—qi,j ((%(IJU)—i—Vp” . (’l"@jU—Si)jVFi’jU)). ( )
Formally, the sequence of problems ([B.6]) converges to the solution of
W(T'U) + V- (bU; —v;VU;) +¢; Uy = P f in Q; x (0,T), (3.8a)
(uia,,i —b; -ni) U, + Si)jUi = Pi((uja,,i - bj nl) Uj + §i7jUj) on Fi)j,j S M
(3.8b)

We present the analysis first with Robin transmission conditions (e.g. ¢;; = 0) and
general decomposition, and then with order 2 transmission conditions and decompo-
sition in strips.

3.2.1. The Robin case. We consider here a general decomposition of the do-
main, possibly with corners. We solve (3.6 with ¢; ; = 0, i.e. S; ;U =S, ;U =p;; U.

THEOREM 3.3. Assume g;; =0, pji—pij—bi-n; =0, pij— t% > 0. Problem
B3) has a unique solution (U;)icr , and U; is the limit of the iterates of algorithm
B9).

Proof. We first write energy estimates on ([B.6]) for f = 0 and ug = 0. We start
like in the proof of Theorem We multiply (@.6a) by UF, integrate on €2;, then
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integrate on the interval (¢}t ;) and use 32) and 2I4):
k4t k(41
U ()l Z2 0y = IUFED 120,

+2/_(( VU, VU2 + (e LS b UE UF) ) dr
17/

—— (ViOn uf —b; - UF — p; ;UF) do dr
//F pwﬂ,“( 9 piiUL)?

// 7(%8"1% —b; - nlU +pi;U; ) dodr
; Pij + Dy

T Z / / (pj.i — pij — bi - i) (UF)?do dr.

JEN;: Tij

jGN

JEN

We can not use Gronwall’s Lemma like in the continuous case, due to the presence of
the global in time projection operator P7 in the transmission conditions. Therefore
we have to assume that p; ; —p; j —b; -n; = 0 everywhere, which cancels the last term.
We sum up over the time intervals, using the fact that the errors vanish at time 0:

T
VS (D)0, + 2min(0, ) / 108 30,

IJZ&MUZ b, -n;U plUk dodr
/ / ; Dig +pj, » )

Z/ / uzamul —b; nlU +pi;U; ) do dr.
JEN: ; Dij +p_],

We now insert the transmission conditions

jE/\/

T
DS (D)0, + 2min(0, ) / LA

+ Z/ / (viOn,uf —b; -, UF — p;,UF) do dr

JEN: ; Dig +p],

2
P (v:0p, Ut — b, -n,UF Y 4 p, UFT ) do dr.
Z/ /r”pwﬂog,( (vi0n.U; T U

JEN;

We use the fact that the projection operator is a contraction to obtain:
k g k
2 . 2
1U; (T)Hm(szi) + 2m1n(1/0,a0)/ 1U; ”Hl(ﬂi) dr

+ Z/ / (viOn,uf —b; -, UF — p;,UF) do dr

JEN: ; Dig +p],

]ezj\/ / / ; Pij +p_],

We sum up over the subdomains, we define the boundary term

= > > // (viOn,uf —b; -0, UF — p; ,UF)do dr,

ie[1,I] JEN; p”—l-p“

Vja,,,jUJk_l - bj -njUf_l —piﬁjU]k_1)2dad7'.
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we obtain

T
> UFD)3 20, +2miH(V07040)/0 U3 0y dm) + BX < B*1. (3.9)
i€[1,1]

We first apply this inequality to prove the first part of the Theorem. (@B38) is a
square discrete system, and proving well-posedness is equivalent to proving unique-
ness. Dropping the superscript in ([B.9) gives the result. As for the convergence,
we proceed as in the continuous case by summing ([B9) over the iterates to obtain

that Y,y 1 1UF(T)|2200,) and Yieqy iy Jy IUFI3 g, dr tend to zero as k tend to
infinity. O

3.2.2. The Order 2 case. We restrict ourselves to a splitting of the domain
into strips with parallel planar interfaces.

THEOREM 3.4. We assume that p;j =p >0, ¢; =¢>0, 5,5 =5>0,b; =0
and r; ; = 0. Problem [B.8) has a unique solution (U;)icr, and U; is the limit of the
iterates of algorithm (B.0)).

Proof. We consider the algorithm (3.6) on the error, so we suppose f = ug = 0.
As in the continuous case, the proof is based on energy estimates containing the term

// (i, + S ;UF)? do dr,
I

and that we derive by multiplying successively the first equation of ([B.6]) by the terms
UF, 9,(Z°Uf), and —Ar,, UF. We set [[¢]|7 = ||\/V_iv<%’||%2(gi) + ||\/C—i90||%2(ﬂi)' We
multiply the first equation of (B.6) by UF, we integrate on I} x Q; then integrate by
parts in space and use (3.2)):

1o I
SR [ W ar— [ [ vinat Ut dodr < JUkeIE
! o (3.10)

We multiply the first equation of ([B.8) by 9:(Z'UF), integrate on I’ x ; and then
integrate by parts in space and use (B.2):

1 - i i 1 -
SOk [ 1a@ b [ [ von ko vk) do i < LIUFGIE.
' ' (3.11)

Now we multiply the first equation of [B8) by —Ar, , U} integrate on I’ x Q; and
integrate by parts in space and use ([B2)):

1 _
SIVr UG IE + [ 9 UE eI
1
+// Vil uy Ar,;up dodr < S| Ve, UF )T (312)
v T

where we have used the fact that Ar, ; is a constant coefficient operator. Let

n p iy— q iN— 5q iy—
E (Ui'“):gllUf((tn) )Ilf+§ll\ UF((t) )III?+5IIVri,jUZ“((tn) )i
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Multiplying BI0) by p, BII) by ¢ and (BI2) by sq, and adding the three equations
with BI0), we get

E”“(UZ“H/T N UFE ) +al0(ZURNZ + sa lll Ve, ,UFIIF ) de
/ / ViOn,uk Sj;Uldxy dt < E™(UF).

JEN;

It can be rewritten as

E"THUF) + / INOEE ) NE +alloeZLUDIE + sqlll Ve, UE(E,)I7 ] dt
4 Z / / (ViOn,uf — S;;UF)? < E™(UF)+ Z / / (ViOn,uf + Si;UF)2.
JEN; JGN

We now sum in time for 0 < n < N, and use the transmission condition. Since
E°(UF) = 0, we obtain

T
ENTY(US) + / LNOEE ) WE +allodZLUNNF + sq lll Vo, UF (817 ] di
L1 Z// (13Ot — S URY2 dt < X Z// —1;00, UF 14 S U 1) dt.
F” Fl]

JEN

We sum up over the subdomains and use the fact that the projection is a contraction.
Since we are in the case where p;; = p, ¢;; = ¢, r;; = 0 and s;; = s, we have S;; = 5j;.
Thus, we can sum up over the iterates, the boundary terms cancel out, and we obtain

K I T
ZZ(EN“ Uk + [ Ik 12 +q|at<I;Uf>|%+sq||vn,ij,-nn%]dt)

k=1 i=1 0
1 I
42/ / (ViOn, ul — S UK)? SzZ/ / (viBn, Uy — SiiU})?.

We conclude as in the proof of Theorem [3.41 O
We now state the error estimate in the Robin case.

3.3. Error estimates in the Robin case. THEOREM 3.5. IfV -b =

Dij — =pji— 52 =p>0, and q;; =0, the error belween u and the solution
U; of B8) is estimated by:
I
d
Y lu=Uilliwor 2@y < CR* N0l 0 10202 (3.13)
i=1

Proof. We introduce the projection operator P, as
vn € [1,N;], P € Py(I2),

P () = plthn), Yoy € Paca(1h), [ (P = )t 6) dt =

n
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We define W; = P, (ulq,), ©; = U; — W; and p; = W; — ulq,. Classical projection
estimates (J20]) yield the estimate on p;:

I

Do oilltw oz r2ny < CR D10 ul G20 1o -
1=1

Thus, since U; — u|o, = ©; + p;, it suffices to prove estimate B.I3) for ©;. Now,
thanks to the equations on u and U;, and the identity J d IZP_ Pi%, O; satisfies:
8t(Il 91) + b- VGl — I/A@i + C@i =-b- Vpi + VApi — Cp;
+(1 - PH(0yu — f) in Q; x (0,T),
(1/1»8,,,1.—bi-ni)Gi—i—pi,j@i—Pl(( O, b n1)9 +pz,]@ )
—(1 = P)((v On, — b; - nZ)W —I—p”W)oan x (0,T), 7 € N;.
Multiply the first equation of BI4) by ©;, integrate on (t%,t5 1) x €, using ([3:2)
and integrate by parts in space. Terminate with Cauchy Schwarz inequality:

b -n;
1O+ [ 10 1= [ [ (30,01 = 200 Oudra

< SIOEIE+C [ ot e,

(3.14)

Rewriting the boundary integral using (2.14)), we obtain

10 s [ 10 S [ (400,01 bimi01-p,00° des

JEN
<5 2 [ [ om0 bn O 00 das S OUEIC [ i oy
D e, T T

Using the transmission condition in (3.I4)) together with the fact that P* and 1 — P?
are orthogonal to each other and have norm 1, we get by a trace theorem

0 s [ 0 S [ (400,01 bimi01-p;00° des

JEN

Dl B S LA

> 4p JEN; Tij
e / ot Wrager it + C / = POl )t )Ry dt. (3.15)

Classical error estimates [20] imply:

T T
/0 ||Pi(t7')||§12(9i)dt+/0 I(1=P") (wla)(t MG ) < CR VN0 ullF2 075200

Summing (3I0) in ¢ and n, and using the previous equation yields (B13]). O

4. Space-time nonconforming algorithm. In this section we describe the
implementation of algorithm (B.6]), especially in the cases d = 0 and d = 1. We start
from the semi-disrete in time scheme and use finite elements for the space discretiza-
tion in each subdomain. In order to permit non-matching grids in time and space on
the boundary, we extend the nonconforming approach in [§].

We describe first the implementation of algorithm (B.6]) at the semi-discrete in
time level, and then at the space-time discret level.
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4.1. Time discretization. We recall the subdomain scheme in time, and give it
in details for d = 0 and d = 1. Then we describe the computation of the transmission
conditions in algorithm (B.6]).

4.1.1. Interior scheme. We consider the subdomain problem in the algorithm
B.6) at iteration k in O = Q;. Let B; = H{ () if ¢ > 0, B; = H'(;) if ¢ = 0. We
set U = UF € P4(Bi, T:), and we omit the subscript i for the local time scheme to
simplify the notations :

O (IU) +V - (bU —vVU) + U = Pf in O x (0,T)

(VO —b-n)U +pU + q(0,(ZU) + Vr - (rU — sVrU)) = Pgon I x (O,T).(4'1)

Case d =0

In the case d = 0, the approximating functions are piecewise constant in time then
U(t)=U""' =U"inI,, wehave Z,U = U™+ t"(U"+1 Un), P¢ =+ =~ [ &(,s)ds
and the method reduces to the modifed backward Euler method

Un+1 n+1 n+1 n+1 Un 1 :
2 + V- U —vVU ) + U = -t f(,s)dsin O
n n n JI,
Un+1
(V an —b- n)Un-i-l +pUn+1 4 Q( - + VF . (,,.Un-i-l _ SVFUn-i-l)) (42)
uro1 "
—QH'FH Ing(',S)dS on I
Case d=1

In that case, for piecewise linear functlons of t, using a basis of Legendre poly-

nomials we may write, U(t) = U™ + glitnilz "“/2 U"Jrl on I, with ¢, 1/ = %,
U™ = U(t,), and we have on I}, :
1 n+1 n+1 n n+1 n+1 n t— t"+1/2
LU = ; (50U = U = U™ + (UG T+ U = U ()
t—t,
(U + UPT U (— ),
and P¢ = & + 2712 ¢) with
G=x b ,:;”25«, s) ds
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Thus, we obtain for the determination of Uf™" and UJ'*! the system

1 U 1

k—(Ug+1 + UMY 4 V- U —vVURTY) 4 U = —+ —/ f(-,s)ds
3
kn

mn

(U U £ V- UM — oVUPTY) et

3U" —t, .
= —/ H/Z ,8)ds in O
(vOn —b-n)U +pU"+1 +a(— (U"+1 + U”+1> + V- (U = sVrUptY)
un 1
=% + . Ing(-,s)ds
3

(O =b-m)UI ! +p UL 4+ g(— (=Ug ™ + UP ) + V- (rU ! = sV2U )

U 6 —t,
=—q o +E/l Ski:lﬂg(-,s)ds onT.

(4.4)

Multiplying the first equation of [@2]) by v € B; (resp. the first equation of (£.4)

by v € B; and the second equation of (£4) by w € B;), integrating by parts on O,
and using the boundary conditions, the variational formulation is:

Case d = 0 (Variational formulation)
m(U™, v) + k,a(U" v) =
m(U™,v) +/

K

(f(-,8),v)ds + / (g(-,8),v)rds, YveB;. (4.5)
Case d = 1 (Variational formulation)
m(UFT 0) + kpa(UFT v) + m(UPH v)

:m(U",v)—i—/I (f(-,s),v)ds—i—/l (9(-,8),v)rds,

—m(UF,v) + m(UP, )—:k a(UPT w) n
:—m(Un,v)+/ M(f(-,s),w)ds

I, kr,

2(s—t
—|—/ W(Q(-,s),w)pds, Yo, w € B;.  (4.6)
I, n

REMARK 4.1. FEquations (I3) and @8] can be derived directly from BI). How-

ever we will need formulas [@2) and (@A) in the space nonconforming case.

We now discuss the computation of the right-hand side on the interface I'; ; x (0, T")
for j € N; in the algorithm (3.6]).

4.1.2. Transmission terms. Let (g} ;) be a given initial guess in P4(L*(T'; ;), T;),
for 1 <i < I, j € N;. Then, at iteration k > 1, we solve the subdomain problem in
Q; :

OH(T'UF) +V - (b;UF — v, VUF) + ¢, UF = P'f in Q; x (0,7), (4.7a)
(ui&,,i —b; -ni) Uzk + SLJ‘U;C = gf,j’ j € M on I‘i’j X (O,T), (47b)
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The function gﬁf ; 1s defined for k > 2 by
gzk,j = Pigf,ia (4.8)
with gfl, k > 2, defined by
g;—ii = (—(Vjanj — bj -nj) U]kil + giﬁjU]kil).

We remark that, for k& > 2,

gh = =gkt + 85U + 5 U

= gkt P )0 (TIUR
95i + Wig +p)U; " + (45 +45)0:(TUF ™)
i (Vo (riUF ™ = s0V0, U D))+ (V- (r U =55V, UFTY).

Once g}f , is computed from U J’-“_l, we obtain gf ; from (@8] as follows : we introduce

the basis functions (¢}, ,)o<a<a of polynomial of degree lower than d on subinterval
I, then

d
(G = (Pgkim = > Gkl o
a=0
with G5%, € L*(I; ;) solution of the system
d
SGit [ havhpds= [ dichs 5E{0 i),
a=0 n n

Thus, the computation of gl’f ; on each I needs the computation of terms in the form

/I G 5 ds, (4.9)

n

for 8 € {0,...,d}. Recall that gF; is defined on I'; j x I and g}; € Pa(L*(Ts;), T;).
Thus, we first write the integral in (.9) as an integral over I : let ®}, , be the function
defined on I, equal to goﬁha on I} and equal to zero on I\I:. Then

/, 35 i, ds = /@}fz@%,g ds. (4.10)
I I

We now decompose gF; on the basis functions (¢4, ,)o<a<a of polynomial of degree
lower than d on each subinterval I, :

d
~k . _E : ik i
(gj,i)ufn - Gm,aspm,ou
a=0

with éfnka € L?*(T'; ;) solution of the system

d
Z G%)m],ga w/lj @?n,a%"gn,g dS = ~/]j gf,#’in,ga ﬁ € {07 7d}
a=0 m m



Schwarz Waveform relaxation and discontinuous Galerkin 23

Introducing the function ®J, , defined on I, equal to ¢/, , on I}, and equal to zero
on I\IJ,, we have

gfﬂ - Z ZGma 7-1100 (411)

m=0 a=0

Replacing (@I1) in (@I0) leads to
/ g],z@n,ﬂ dS - Z Z G#L]?Ol / (I)zn;aq);ilxﬁ dS.
I I

m=0 a=0

Let M®# be the projection matrix defined by
(M*?) i1 mg1 = /@{maq);ﬁ ds. 0<,n<N;, 0<m<N;.
I

Then we have, for 0 < n < N;,

d

/1 G ds = 3 (MFGER),

a=0

: ~jk _ ~gyk o\t
with G%" = (GOa,...,GNja) .
In the special cases d = 0 and d = 1, we obtain :

Case d =0

In that case there is one basis function cpflﬁo =1on I}, and
~ko i ~k 0,0 ik
/_ gj,i@;,,o ds = / gj,ids =M Gé Ins
I I

with (M%), 1 i1 :flllg'n]_l;il ds, fooz éfp g”ds 0<,n<N;, 0<m < N;.

Case d=1
In that case there are two basis functions 80;,0 =1, ‘sz,l = 2% on Tt and
[y 350 ds = (MOOGE* + MG,
Fi b ds = MOIG 4 MG
with, for 0 <,n < N;, 0 <m < Nj,
“ gz, St

S
(MO)O)n-i-l,m"l‘l = /11%1]711 dS, (Ml)l)n-i-l,m"rl = 4/ T 1I$n o 1]1‘ dS,
I . 1 km

n

s—t s —t
1/2 1/2
(Ml’o)nﬂ,mﬂ = 2/%113;112; ds, (Mo’l)nﬂ,mﬂ = 2/113;%/11; ds,
I m I

and G/, ankl defined by

mO’

fIJ g_]z

5 — . m+1/2 k
val - k{n flfn k. dS
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The projection matrices M®# are computed by a simple and optimal projection al-
gorithm without any additional grid (see [7],[8]).

We now discuss the space dicretization using finite elements.

4.2. Space discretization. We suppose that each subdomain €; is provided
with its own mesh 7}/, 1 < i < I, such that

ﬁi = UTGT;T'

For T e T}, let hy := sup, ,cr d(z,y) be the diameter of T and & the discretization
parameter

h = max h;, with h; = max hy.
1<i<rI TeT;

Let P1(T) denote the space of all polynomials defined over T of total degree less than
or equal to 1. Then, we define over each subdomain the conforming spaces V' by :

Vhf = {’U@h < Co(ﬁl), Uivh\T (S Pl(T), VT € 7;11}

In what follows we assume that the mesh is designed by taking into account the
geometry of the I'; ; in the sense that, the space of traces over each I'; ; of elements
of V! is a finite element space denoted by V;”7. Let n®/ be the dimension of V;7 and
(Xz’i)lggni,j the finite element basis functions of V,il’j .

We consider two cases : when the grids in space are conforming, and the case of
nonconforming space grids.

- 4.2.1. Conforming case. In the case of conforming grids in space, we have
Vil = VI*. We can replace B; by V) in the variational formulation. We set :

a;(u,v) :/Q (%((bi.Vu)v—(bi-Vv)u)) dx—i—/ﬂi UiVu-Vvdx—i—/Qi(ci—i—%V.bi)uvdx,
(4.12)

i

and

2

< Cyju,v >r, ;= fl“m ((pij — ) uv
N +4ij (0:(T'u) + Vr, , - (riju))v — 5;,;Vr, ,uVr, ;v) do,

< Cmu,v > = fFi,j ((pi,j — biéni ) uv
+qi,j (&g(IJu) + VFM' : (’l"@j’u))’l) - SLJ‘VPWM’U,VFL]"U) do.

We introduce the discret algorithm : let (911 ;.») be a given initial guess in Pd(V,il’j ,Ti),
for1<i<1I,j€eN;. Let Ui]fh be the approximation of u¥ in Pa(Vyi, T;). Then, at
iteration k£ > 1, we solve the subdomain problem in §2;:

/ (at(IiUi]?h)’Ui’h + di(Ui]fhv'Ui,h)) dr+ < Oi,jUi]fhv'Ui,h >l
Q;

— Pifvi)h dx +/ gﬁj)hvi,h do, in (0,T), Vv, € V,f, (4.13)
Q; Fi’]‘
For k> 2, vy € V,il’j, we define

/ g1 jnvn do = Pi/ 35 i non do, (4.14)
. T

(¥
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with

/ gﬁi)hvh do = —/ g] . hvh do+ < ijiUﬁgl + C'iﬁjU;f;l, U ST -
Fi,j Fi,]

In equation (£I4) we used the fact that the space of traces over each I'; ; of elements
of V}! is the same as the space of traces over each I'; ; of elements of V;/. For the
computation of the right-hand side in [@I3), we follow the same steps as in section
T2 where we replace gﬁ ; with gfl p € V7 defined by

~k _ ~ ] ~ %] t
9jin= (/ 9j,i,hX1"p, 4O, a/ 95,1,k Xpnisi p dU) )

Tij Tij

and we replace GLF, with Gl > o € Vi solution of

d

Zéfnkah/p w%)awfnﬁ ds = /Ij ‘(}jm@fmﬂ, B €{0,...,d}. (4.15)

a=0

The discrete formulation in the cases d = 0 and d = 1 are obtained from () and
(@8), by replacing B; by V.

When the space grids are nonconforming, following [8], we cannot replace directly
B; by the finite element space V)’ in the variational formulation. We have to consider

equation 1)) (i.e. (2) for d =0, and [@A) for d = 1).

4.2.2. Nonconforming case. In this section we extend the nonconforming ap-
proach in I8]. We consider the mortar spaces W, as in [8]. Let m"J be the dimension
of W “J and (wk h)1<k<ml ; the finite element basis functions of W . We introduce
the discrete algorithm : let (Ufh L Qi,h ) € Pa(Vii, Ti) x Pa(W7 | T;) be a discrete ap-
proximation of (Uikfl, V;On, Uikfl) in Q; at step k— 1. Then (Uilfh, Qﬁh) is the solution
in Py(Vi, To) x Pa(W)7, T7) of

d

5 (T U, vin)i + @i (UF ., vin)i

b ; ,
+/ Q) — L UFpvindo = (P'f,vin)i, in (0,T), Yvin € Vi,
T

@5

/F Qi = bi-nUSy +pij Uly)wy do
i,

+/F (qw (at(IZ h) +Vr, (’r‘i,jUi]fh)) ,il’j +qi58:,;Vr,, Ui]thFm ,ll’]) do

(4.16)

:/F Pi(- th —b;- nZUh +pi; U )1/1

+/F» ‘Pi(qm(at(IjU;f;l) +Vr,, - (’r‘i7jU;f;1)) ;{j + qi,jsi,jVFi,jU;—f;lem ;{]) do

n (0,7), Yo7 e W) jeN,.

We give first the interior scheme for d = 0 and d = 1 and then the computation of
the right-hand side in the transmission condition of ([I6]).
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Interior scheme. The discrete problem in subdomain O = §; in ([£.IG) is defined
as follows : find (Up, Qn) == (UF,, QF,) in Pa(V}i, Ti) x Pa(W,?, Ti) solution of

d N
7 (ZUy, vp) + a(Up,vr) + /
r

/ ((Q =b-nUn + pUy + q(0:(ZUn) + Vr - (rUp)))¥on + ¢sVrUnVriy) do
r o
= [L(Pg)Yndo, on (0,T), Voo, € W7,

b- . i
(@n — TnUh)’Uth' = (Pf,vn), n(0,T), Vo, € Vy,

In the cases d = 0 and d = 1 we obtain
Case d=0

In that case, the approximating functions are piecewise constant in time: Up(t) =
Uptl = Up , and Qp(t) = ( Z“ = @, on I, and the discrete problem reduces to
find (U, Q7)) € Vi x W,/ solution of

n+1

~ v n b-n_,
( ]Z avh)+a:(Uh+17'Uh)+/F( h+1_TUh+1)vhdU
ur 1 )
- (k_havh) + k,‘_/ (f('as)avh) dS,Vvh S thv
" " nIJ’ﬁl

U
(@ =b-nU ™+ pUR™ 4 q(—— + Vi - (rUR )0 + qsVeUp T Vi) do

T n
ur 1
= — d JR—
/Fqknwh s

/ g(8)tn do ds, ¥y, € Wi
I, JT
Case d=1

In that case, we write Up(t) = U&;{l + 2%%/2U1”j;1 and Qn(t) = Q&J{Il +
2%‘;”2@?21 on I}, Ul = Up(ty), and the discrete problem reduces to find (U7}, Q0t1)
and (U{f};l, Q’f;l) in V}i x VNV;IJ solution of the system

n n ~rn n b-n n
(Uojgl + Uljlrl, vp) + a(Uojlrl,vh) + /r( 0,;1 - TUojgl)vh do

T =

n

U )
(—,vh)+—/ (fyvn)ds, Yo, €V,
kn kn I,

- b-n
(=Ugn ! + ULy wn) +a(U ) wn) + [ (@' = =~ Ugi wn do

Tl

3U™ 6 s—1p )
= (57— wn) + —/ 2 (f ) ds, Ve, € V3
kn kn I, kn

[ (@i b 4 p U g+ U ¥ U
un 1 Y
+/QSVFU5121VF1/)}I do = / q—Yp do + —/ /g1/)h dods, Yy € Wh’J,

r ’ r kn kn J1, Jr

/F( b U p U+ = (UG + UT) 4 gV (U )G do

3un 6 —t, s
+/quFU{lZle§h do = — / q Cpdo + —/ 27 ntij2 / gChdods, V¢, € W
r ' r kn kn Jr, kn r

Transmission terms. Let (U,,Q7,) € Pa(V)/, Ti) x Pa(W7 ) be a given
initial guess, for 1 <+¢ < I. Then, at iteration & > 1, we solve the subdomain problem
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in Qz .

d .
T (IU h,vlh) +ai(Ufh,vih)*

b i ,
—|—/ ( f)h i Ukh)vzhda = (P'f, vin)i, in (0,T), Yu, p, € Vy,
r

@5

/F (QF), = b - iU, + pi s UF) i dor (4.17)
¥
[ @ @@UR) + Ve, U + a5 Ve, UB Ve, ) do
v = P'gn((U) @5, wi?), on (0,7), Va7 € Wil j € N,
with, for & > 1,
an((U,Q),¢) = [p, (-Q+b;-n;U +pi; U)pdo
(4.18)

+/ qi,j(at(I]U) + VFM . (’l‘i)jU))’t/J + Qi,jSi,jVFw UVFMQ/J) d
Iy

(¥

For the computation of the right-hand side in ([@I7), we follow the same steps as in
section LT.2] where we replace g;f ; with

~k k k— k k— t
i = (U5 Q7 0y) s 9n (U7 Q501 s 1))

and we replace Ginka with éinka n € W;I] solution of

d

ik _ . n .
Z Gzn,oz,h / ‘Pin,a%ﬁzn”@ ds = / gj,i,h@zn”@v ﬂ S {Oa RS d} (419)
a=0 Iazn Ifn

. ~k . k— k—
For the computatlon of g7, we write (Ujﬁhl) Zl 1 UJle ., and Qj7h1 =

Tij

k—1
Ze 1 zj ew n» and introduce Q7" = (z ;11,. " J i) U (u?l, "'_’u?,njvi)ta and
the projection matrices, for 1 < k <mbi, 1<l <mid, and 1 <0< nt?,
(M;{J)kyl :/r ‘f’llcljh 1];1 do, J Dkt —/ 7/’/@ hxéh
i
(M3 )i e = / (=by -1 + po VUL do
]
(B3 ke = V., (rigxe ) ¥ps, doy (Ko ke = / Qi,jSii Vi X0 VT, 3, do
T, Lij
Then
3% = —MPIQN + 0T MIUR ) + (MY, + B, + KLU (4.20)

The projection matrices are computed using the projection algorithm in [§].

5. Numerical Results. We have implemented the algorithm with d = 1 and
P, finite elements in space in each subdomain. Time windows are used in order to
reduce the number of iterations of the algorithm. For the free parameters defining
S;; and S; j, we chose 7; j to be the tangential component of the advection, s; ; the
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value of the diffusion in the domain €2;. The optimized parameters p; ; and g; ; are
constant along the interface. They correspond to a mean value of the parameters
obtained by a numerical optimization of the convergence factor [6].

We first give an example of a multidomain solution with discontinuous variable
diffusion, for two subdomains and one time window. The advection velocity is also
discontinuous, taken normal to the interface in one subdomain, and tangential to the
interface in the other subdomain. The latter case of a flow tangential to the interface
is difficult when the interface conditions are not related to the convergence factor of
the domain decomposition method (see for example [12]).

The physical domain is 2 = (0, 1) x (0, 2), the final time is 7' = 1. The initial value
is ug = 0.25e7100((2=0-55)*+(y=1.0%) anq the right-hand side is f = 0. The domain
% (0,2) is split into two subdomains 2y = (0,0.5) x (0,2) and Q3 = (0.5,1) x (0, 2).
The reaction c¢ is zero, the advection and diffusion coefficients are by = (0, —1), v1 =
0.001,/y, and by = (—0.1,0), v = 0.1sin(zy). The mesh size over the interface and
time step in €y are hy = 1/32 and k; = 1/128, while in Qq, ho = 1/24 and ko = 1/94.
In Figure[5.I] we observe, at final time T' = 1, that the approximate solution computed
using 3 iterations (right figure) is close to the variational solution computed in one
time window on a time conforming finergrid (left figure).

Monodomain selution, At time 1=T=1 DG-OSWR Solution, At time =T=1

Fia. 5.1. Variational (left) and nonconforming (right) DG-OSWR solutions

We analyze now the precision in time. The space mesh is conforming and the
converged solution is such that the residual is smaller than 10~%. We compute a
variational reference solution on a time grid with 4096 time steps. The nonconforming
solutions are interpolated on the previous grid to compute the error. We start with
a time grid with 128 time steps for the left domain and 94 time steps for the right
domain. Thereafter the time step is divided by 2 several times. Figure shows
the norms of the error in L°(I; L?(€2;)) versus the number of refinements, for both
subdomains. First we observe the order 2 in time for the nonconforming case. This
fits the theoretical estimates, even though we have theoretical results only for Robin
transmission conditions. Moreover, the error obtained in the nonconforming case, in
the subdomain where the grid is finer, is nearly the same as the error obtained in the
conforming finer case.
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-1

10

T T
—— conforming finner grid
conforming coarser grid
—+—nonconforming —domain 1
1072 —+— nonconforming ~domain 24
12

Error

6 Il Il Il Il Il

1 15 2 25 3 35 4
Number of refinements

10°

Fi1ac. 5.2. Error between variational and DG-OSWR solutions versus the refinement in time

The computations are done using Order 2 transmission conditions. Indeed, the
error between the multidomain and the variational solutions decrease much faster with
the Order 2 transmissions conditions than with the Robin transmissions conditions
as we can see in Figure 5.3 in the conforming case.

Error

10° |

10° |

0 5 10 15 20
Iterations

Fi1a. 5.3. Convergence history for different transmission conditions

We now consider the advection-diffusion equation with discontinuous porosity w:
wou + V- (bu — vVu) = 0.

The physical domain is Q = (0,1) x (0,2), the final time is T = 1.5.  is split
into two subdomains. The interface I' is parametrized with a Hermite polynomial
(3+((25=1)°+2(25 = 1)+ (25— 1)) 1,1 +((25—1)> =2(25 = 1)*+ (25— 1)) 1;51), 0 <
s < 1, see Figure 5.4l The advection, diffusion and porosity coefficients are

by = (—sin(Z(y—1))cos(m(z—1)),3cos(5(y—1))sin(m(z—3))), 1 = 0.003, wy = 0.1,
b2 = bl, Vg = 0.01, Wy = 1.



30 L. Halpern, C. Japhet, J. Szeftel

Fic. 5.4. Domains Q1 (left) and Q2 (right)

We first consider a conforming grid in space. The time step in Q; is k3 = 1/180,
while in Q9, k2 = 1/100. In Figure EH we observe, at final time T = 1.5, the
approximate solution computed using ten time windows and 5 iterations in each
time window. It is close to the variational solution computed in one time win-
dow on the conforming finer space-time grid as shown on the error, in Figure

0

Fic. 5.6. Error with variational solu-
tion after 10 time windows and 5 iterations
per window

Fic. 5.5. DG-OSWR solution after 10
time windows and 5 iterations per window

We analyze in Figure [5.17] the precision versus the time step. The converged
solution is such that the residual is smaller than 1072, A variational reference solution
is computed on a time grid with 7680 time steps. The time nonconforming solutions
are interpolated on the previous grid to compute the error. We start with a time grid
with 120 time steps for the left domain and 26 time steps for the right domain and
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divide by 2 the time steps several times. Figure [£.7] shows the norms of the error in
L°°(I; L?(€2;)) versus the time steps, for both subdomains.

--—Slope 22
L*(0,T,L (Ql)) Error

L7(0,T1%(@,)) Error

——Sjope 3 !
L (Ql) Error at time t:T,

LZ(QZ) Error at time t=T|

Error

10° 10" 10° 10°
Time step

Fic. 5.7. Error curves versus the refinement in time

We observe the order 2 in time for the nonconforming case that fits the theoretical
estimates. In Figure [5.7] we show also the norms of the error in L?(€2;) at final time
t = T versus the time steps, for both subdomains. We observe the order 3 for the time
nonconforming case. This corresponds to the superconvergence behavior described in
[13].

We now consider nonconforming grids in space as well. The mesh size and time
step in €y are hy = 0.032 and k; = 1/120, while in Q9, ho = 0.048 and ko = 1/26. In
Figure 5.8 we observe, at final time T' = 1.5, that the approximate solution computed
using 5 iterations in one time window is close to the solution computed with the
conformal in space grid in Figure BBl left. In Figure and we observe the
precision versus the mesh size. The converged solution is such that the residual is
smaller than 107'2. A variational reference solution is computed on a time grid
with 960 time steps and a space grid with mesh size h = 3.51073. The space-time
nonconforming solutions are interpolated on the previous grid to compute the error.
We start with a time grid with 60 time steps and a mesh size hy = 0.056 for the left
domain and 20 time steps a mesh size ho = 0.11 for the right domain and divide by 2
the time step and mesh size several times. Figure shows the norms of the error in
L?(I; L*(9;)) versus the time steps, for both subdomains. We observe the order 2 for
the nonconforming space-time case, even though we have theoretical results only for
the time semi-discrete case. Figure .10 displays the norms of the error in L?(£2;) and
in H'(Q;) at final time ¢ = T versus the mesh size, for both subdomains. We observe
the order 2 for the L? error, and the order 1 for the H' error for the nonconforming
space-time case.
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0.04

0.035

0.3

10.015

0.0

0.005

Fic. 5.8. DG-OSWR solution after 5 iterations, in one time window

10° . 10° ‘
—— Slope 2 — Slope 2
—+— Relative L error, Domain 1 — L@ errorat =T
—e—Relative L? error, Domain 2| L%(@,) error at t=T
& ¢
-~ Slope 1
10k 4 1074 H (Ql) error at t=T||
Hl(Qz) error at t=T|
107 E 8107 f
i}
10°F E 109 i
10" . - .
10° 107 10" 1010'2 10" 10
Mesh size Mesh size
Fic. 5.9. Relative L? error in time and Fic. 5.10. L2 and H' errors at the final
space time

6. Conclusion. We have proposed a new numerical method to solve parabolic
equations with discontinuous coefficients. It relies on the splitting of the time interval
into time windows, in which a few iterations of an optimized Schwarz waveform relax-
ation algorithm are performed by a discontinuous Galerkin method in time, with non
conforming projection between space-time grids on the interfaces. We have shown
theoretically in the Robin case that the method preserves the order of the discon-
tinuous Galerkin method. Numerical estimates of the L2(I; L?(€2;)) error and the
H?' error at final time have shown that the method preserves the order of the space
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nonconforming scheme as well. The analysis of the fully discrete scheme will be done
in a further work.
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