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Abstract. In this paper we discuss the multiscale analysis of Maxwell’s equations in composite
materials with a periodic microstructure. The new contributions in this paper are the determina-
tion of higher-order correctors and the explicit convergence rate for the approximate solutions (see
Theorem 2.3). Consequently, we present the multiscale finite element method and derive the conver-
gence result (see Theorem 4.1). The numerical results demonstrate that higher-order correctors are
essential for solving Maxwell’s equations in composite materials.
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1. Introduction. The classical macroscopic electromagnetic field is described
by four vector functions of position x € R? and time ¢ € R denoted by &, D, H, and
B. The fundamental field vectors £ and H are called the electric and magnetic field
intensities, respectively. The vector functions D and B are called the electric displace-
ment and magnetic induction, respectively. The following are Maxwell’s equations:

oB
E—’_VVX; = 0,
(1.1) oD - P
E—VXH = _j,
v-B = 0.

Either by using the Fourier transform in time, or because we wish to analyze elec-
tromagnetic propagation at a single frequency, the time-dependent problem (1.1) can
be reduced to the time-harmonic Maxwell’s system. If the radiation has a temporal
frequency w > 0, then the electromagnetic field is said to be time-harmonic, provided
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that
Ext) = R(GXP(—ZW)EP(X)),
Dix.t) = Rlesp(~iwt)D(x)).
(12) H(Xﬂt) = R(exp(_io‘)t) - (X))7
B(x,t) = Rlexp(-iwt)B(x)),
J(x,t) = R(exp(—iwt)J(x)),
p(x,t) = Rlexp(—iwt)p(x)),

where i = +/—1 and R denotes the real part of the expression in parentheses.
Substituting (1.2) into (1.1) leads to the time-harmonic Maxwell’s equations:

—iwB+VxE = 0,

vV-D =

(1.3) iwD_VxH = -5
vV-B = 0.

Constitutive equations for linear media are
(1.4) D=¢E, B=_pH,

where € = (€;;), p = (i;) are 3 x 3 positive-definite matrix functions of position,
respectively.
By using (1.3) and (1.4), it is easy to get

1.5 V x (u'V x B) — w?ek = iwd, ﬂ:_i IV xE
(1.5) jz

W
and

(1.6) Vx('VxH) - uH=Vx (1), E= i(eilj — eV x ﬂ),
where e !, u~! denote the inverse matrices of €, u, respectively.

REMARK 1.1. In mathematics, the choice of eliminating ﬂ, rather than B, is
arbitrary. But, in physics, we first solve for H and then determine E; see [25, 22,
39, 38].

In this paper we study the electromagnetic properties of composite materials with
a periodic microstructure. When the wavelength is much larger than the typical scale
of the microstructure, we can change (1.1) into the time-harmonic electric field equa-
tions (1.3). From (1.5), we consider the following equations with rapidly oscillating
coefficients given by

curl(Afcurlu®) — w?u® = f(x), x€,
(1.7) V-ut =0, xeQ,
u*xn=0, xe€9N,

where 2 C R? is a bounded Lipschitz polygonal convex domain or a smooth domain
with a microstructure as shown in Figure 1.1(a). Here € > 0 denotes the relative size
of a periodic microstructure of composite materials, i.e., 0 < ¢ = % < 1, where [,
L are, respectively, the sizes of a periodic cell and the entire domain. If we assume

that L = 1, without loss of generality, then the reference periodic cell @) is defined as
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Fia. 1.1. (a) A whole domain Q. (b) Reference cell Q.

Q={=(&,%,8):0<& <1,i=1,2,3} as shown in Figure 1.1(b). curl = Vx,
V. = div, and the matrix-valued permeability A°(x) = (aj;(x)) = (a;;(%)). We
denote by w the angular frequency, which is a real number, while n = (ny,n2,ng) is
the outward unit normal to 0€).

We make the following assumptions on the coefficients:

(A1) Let & = ¢~ 'x and assume that a;;(%) are 1-periodic functions.

(A2) The matrix A°(x) = (ai;(%)) = (ai;(§)) satisfies
(1.8) R(U*As(x)n) >vln? VYnel”, ae x€Q,

where n* is the Hermitian of a vector n, |n|*> = n;n;, Yo is a constant independent of
g, and R(u) denotes the real part of .

(As) ai;(§) = a;i(§).

(A4) aij € LOO(Q), fe L2(Q)3

LEMMA 1.1. If conditions (A2)—(Ay4) are satisfied, then there is a unique solution
of problem (1.7).

The proof of Lemma 1.1 can be found in [45, 6, 17].

Costabel, Dauge, and Nicaise [13] investigated the regularity of time-harmonic
Maxwell’s equations in heterogeneous media, where the permeability p and the per-
mittivity € are piecewise constant. The important difference with the homogeneous
case is that the regularity for the interface problem can be much lower, even with
regular data. Thus, in the homogeneous case, one has at least H'/? regularity for
Lipschitz domain and H'! regularity for convex domains. However, for the composite
structures, the authors found only 0 as a limit for the regularity. Hence for any s > 0
there are examples where the solution is not in H*. If there are only two materials, the
lower limit of regularity is 1/4 for arbitrary polyhedra and 1/2 for convex domains.
Therefore, both the theoretical analysis and the numerical computations for solving
Maxwell’s equations in heterogeneous media are extremely difficult.

Problem (1.7) has a wide range of applications in electric, communication, and
materials science and so forth (see, e.g., [19, 22, 23, 25, 26, 38, 39] and the references
therein). It involves materials with a large number of heterogeneities (inclusions
or holes). In such cases, the direct accurate numerical computation of the solution
becomes difficult because it would require a very fine mesh and a prohibitive amount of
computation time. The homogenization method is a way to give the overall behavior
by incorporating the fluctuations due to the heterogeneities.
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Bensoussan, Lions, and Papanicolaou [6] studied the homogenization method of
the Maxwell’s type equations with rapidly oscillating coefficients early on and derived
convergence results. Homogenization for the nonstationary Maxwell’s system was
considered in the book by Sanchez-Palencia [40]. Further results for the nonstation-
ary Maxwell’s equations for a nonconducting medium can be found in the book [24].
Wellander [47] used the two-scale convergence method (see, e.g., [35, 1]) to obtain
convergence results for the homogenization method for the time-dependent Maxwell’s
equations with linear constitutive relations in a heterogeneous medium and further
expanded them in the case of nonlinear conductivity, which might be nonperiodic.
Bossavit, Griso, and Miara [7] investigated the behavior of the electromagnetic field
of a medium presenting periodic microstructures made of bianisotropic material and
obtained convergence results for the homogenization method based upon the periodic
unfolding method. In particular, they proved that the limit law differed from the
initial one regarding the convolution term accounting for the memory effects. Banks
et al. [3] used the periodic unfolding method, which was introduced in [12] in the ab-
stract framework of stationary elliptic equations, to derive homogenization results of
the nonstationary Maxwell’s system with bianisotropy, chiral symmetry, thermal, and
memory effects. Some numerical results for calculating the effective parameters for
a Debye dielectric medium in the cases of circular and square microstructures in two
dimensions were advanced. Barbatis and Stratis [4] studied the periodic homogeniza-
tion of Maxwell’s equations for dissipative bianisotropic media in the time domain,
both in R?® and in a bounded domain with perfect conductor boundary condition.
When the wavelength was much larger than the typical scale of the microstructure
in a material, Sjoberg et al. [18, 43, 44, 27] applied a Floquet-Bloch decomposition
of Maxwell’s equations to homogenization and gave a comparison of two numerical
results between the classical method of homogenization and Floquet—Bloch homoge-
nization for Maxwell’s equations.

The engineering literature is dominated by the simple mixture formulae, which
are derived using physical arguments. For an excellent overview and history of the
mixture formulae, see [42]. In [3], a comparison was made between the effective pa-
rameters obtained by the exact classical homogenization method and those computed
by traditional mixture formulae, such as the Maxwell Garnett formulae or Bruggeman
formulae.

It is well known that homogenization describes the asymptotic behavior of the
solution as e — 0. Numerous numerical results have shown that numerical accuracy of
the homogenization method may not be satisfactory if € is not sufficiently small (see,
e.g., [8, 9]). This is the motivation for multiscale asymptotic methods and associated
numerical algorithms. In [47] and [48] the authors obtained, respectively, the conver-
gence results of the multiscale correctors in the norm of the space L2(2 x (0,T)) for
the time-dependent Maxwell’s equations in the linear and nonlinear cases. Wellan-
der and Kristensson [49] analyzed the homogenization of the Maxwell’s equations for
a bounded object with penetrable boundary conditions. In addition to the interior
homogenization problem, there is an exterior scattering problem that couples via the
boundary conditions to the interior problem. They solved this problem by introducing
the Calderén operators and the multiscale correctors. To our knowledge, this is the
first theoretical result of the strong convergence in the norm of the space H(curl; Q)
for the time-harmonic Maxwell’s equations. However, as mentioned in [49], there was
still an open question of how irregular a function could be and be an admissible test
function. The general convergence rate they obtained did not contain explicit terms.

The object of this paper is to present the multiscale asymptotic method and the
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associated numerical algorithm for the time-harmonic Maxwell’s equations (1.7). We
are able to obtain explicit convergence rates in the norm of the space H(curl; Q)
under some proper assumptions and develop the multiscale finite element method for
solving the problem (1.7); see Theorems 2.3 and 4.1. The main difficulty to overcome
in this paper is how to treat the multiscale asymptotic solution near the boundary
o09.

The remainder of this paper is organized as follows. In section 2, we first present
the formal multiscale asymptotic expansions of the solution of problem (1.7) and
then derive the main convergence theorem of this paper (see Theorem 2.3). The key
steps are the proofs of Propositions 2.1 and 2.2. Section 3 is devoted to the finite
element computations for solving related problems, where the adaptive edge element
is used to solve the cell problems. In order to improve the numerical accuracy, the
postprocessing technique is introduced to solve the homogenized Maxwell’s equations.
We derive the proofs of the convergence results. In section 4, we present the multiscale
finite element method for solving problem (1.7) and obtain the final error estimates.
The numerical examples are given in section 5 to validate the theoretical results of
this paper. For the sake of clearness the proofs of Propositions 2.1 and 2.2 will be
given in Appendix A. To validate the theoretical results of Propositions 2.1 and 2.2,
the numerical results will be presented in Appendix B.

Throughout the paper the Einstein summation convention on repeated indices is
adopted. By C' we shall denote a positive constant independent of € without distinc-
tion.

2. Multiscale asymptotic expansions and the main convergence theo-
rem.

2.1. The basic function spaces. We define the curl of a distribution u =
(u1,u2,u3) of D (Q)% by

<8’U3 aUQ aul 5’113 8u2 aul)
curl u = )

Oxy Ox3 Oxz Oxi Ox1 Oxy

and V - u = div(u). Suppose that

H(curl; Q) = {u € L*(Q)?; curl u € L*(Q)*}
with the norm

lulleurso) = {|ulld o + leurl ulfg o}/
and
Hy(curl; Q) = closure of (C5°(2))? in H(curl; Q),
or
Hy(curl; Q) = {u € H(curl; Q); u x n|spq = 0}.

2.2. Multiscale asymptotic expansions. We first present the formal multi-
scale asymptotic expansions of the solution for problem (1.7). Let £ = ¢~ !x, and set
formally

(2.1) u®(x) = u’(x) + 04 (&)curl u®(x) + 20, (¢)curl® w’(x) + - - - |
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where curl’ = curllil(curl), 1> 1, curl’ = I, I is an identity operator.
Formally substituting (2.1) into (1.7), taking into account that curl — curly +
e~ leurl, and equating the coefficients of like powers of €, we define

curlg (A(§)curl 04 (§)) = —curle(A(§)e,), £ €Q,
(2.2) Ve-07(6) =0, €€Q,

@ﬁ)(f)XV:07 £€8Q7 p:172737

where Q = (0,1)3, ©7(¢), p = 1,2, 3, are the vector-valued functions, and the matrix-
valued function ©1(¢) = (01(£),03(£),03(8)). v = (v1,v2,v3) is the outward unit
normal to 9Q, e; = {1,0,0}7, e; = {0,1,0}7, e3 = {0,0,1}7.

REMARK 2.1. The definition of ©1(¢) = (01(£),03(€),03(€)) in (2.2) is similar
to (11.42) of [6, p. 145]. Howewver, the essential difference is that we take a perfect
conductor boundary condition instead of the periodic boundary condition of [6]. Sim-
ilarly to (11.42) of [6, p. 145], under assumptions (A1)—(A4), it can be shown that
problem (2.2) has a unique weak solution.

In order to define second-order cell functions, we first set

{ curlg (A(¢)curl¢05(€)) = —curle (A(§)O7(¢))

) —A(§curle®F (&) — A(&)e, + Aep, € Q,
6127(6) XZ/:O7 £€8Q7 p: 172737

(2.3)

where the matrix-valued function ©5(€) = (05(€), 03(€), ©3(¢)), and the homogenized
coefficients matrix A will be given below. A .

Let G(¢) = —A(§)curle ©F () — A(§)e, + Ae,,. Observing (2.3), if Ve - G(§) #0,
then there is no solution for this equation. To overcome this difficulty, we introduce
a scalar function ¢§ (), p = 1,2, 3, as follows:

(2.4) { —Aelh(€) = Ve - G(E), €eq,
' (€ =0, £€d,

which satisfies

5 € H*(Q) N Hy(Q).

It is easy to verify that

(2.5) Ve - (G(€) + Ve(3(€)) = 0.
We thus define

curlg(A(¢)curle®5(€)) = —curle(A(£)O7 (€))
(2.6) —A(§curleOf (€) — A(E)e, + Ae, + Ve(H(€), €€,
' Ve -05(6) =0, ¢eq,
@S(g) xv=0, £€0Q, p=1,2,3,

where the matrix-valued function ©(&) = (01(€), ©3(€), 03(¢)).

REMARK 2.2. Using an idea similar to that reported for (11.42) in [6], under
assumptions (A1)—(A4), the erxistence and uniqueness of the weak solutions of the
cell problems (2.6) can be proved. The definitions of the second-order cell functions
©5(&), p = 1,2,3, are given in this paper. Numerical simulation results presented in
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section 5 clearly show that the second-order corrector terms are crucial in obtaining
accurate computed solutions.

As usual, we can define the solution u’(x) of the homogenized Maxwell’s equations
as

curl(A curlu’(x)) — w?ul(x) = f(x), xe€Q,
(2.7) V-u'(x)=0, xe€Q,
w(x) xn=0, xe€odN,

where n = (n1,n2,n3) is the outward unit normal to 99.

To compute the homogenized coefficients matrix A, there are two types of meth-
ods; see [6, pp. 142-145).

(i) The first method is to solve for x7 (&)

(2.8) { Ve (ATHEVex (€)) = —Ve - (A1 (E)ey),
' €1 = {1,0,0}T, es = {0, l,O}T, e; = {0,0, 1}T’

where A71(£) denotes the inverse matrix of A(£), x’(£), j = 1,2,3, are the scalar
functions, and the vector-valued function x (&) = (x (f), X ( ), x3(€)). We thus define

~ -1
(2.9) A= (MA I+ Vex(©)

where Mv = [, v(§)d¢
(ii) The second method is to set

(2.10) A= M(AE©) + Alg) curle ©:(6)).

where the matrix-valued function ©1(¢) = (01(€), ©2(€),03(¢)) is as given in (2.2),
and M has been defined in (2.9).

REMARK 2.3. Theoretically the above two methods for calculating the homoge-
nized coefficients are equivalent. But there exist differences between the two numerical
results. In section 5, some numerical tests and comparisons are given for two methods.

REMARK 2.4. By verifying that the homogenized coefficients matriz A satisfies

conditions (A2)—(Ag) (see [6]), we then show that there exists a unique weak solution
0 (2.7). Since the homogenized problem (2.7) is a Mazwell’s system with constant
coefficients, it is a much simpler case on which to carry out the theoretical analysis
and numerical computations than for the original problem (1.7).

We thus define the multiscale asymptotic expansions for problem (1.7):

us (x) = u’(x) + 01 (¢)curl u(x),
(211) u5(0) = w0(x) 1 2O (E)eurl u(x) + £20(E)eurl? u(x),

where u’(x) is the solution of the homogenized Maxwell’s equations (2.7), and the
matrix-valued functions ©1(§), ©2(§) are defined as in (2.2) and (2.6), respectively.
It should be stated that the expansions (2.11) are purely formal. Next we will
derive the convergence results for the multiscale asymptotic method. To this end, let
us make the following assumptions for the coefficients matrix A°(x) = A(%Z) = A(§) =
(aij(€), €= 'x.
(Hy) A(¢) is a diagonal matrix, i.e. A(§) = diag(a11(€), a22(£), ass(§)).
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(0,1) (1,1) (0,1) 1 (1,1)

(0,0) 1 (1,0)
(a) (0,0) (1,0) (1) 3

Fic. 2.1. (a) The symmetry of Q. (b) The sides of Q.

(H2) arx(§), & = 1,2,3, are symmetric with respect to the middleplane Ay of
Q = (0,1)3, where Ay, k = 1,2, are illustrated in Figure 2.1(a) in the two dimensional
case.

REMARK 2.5. The conditions (H1) and (Hg) imply that composite materials
satisfy geometric symmetric properties in a periodic microstructure.

PROPOSITION 2.1. Let ©7(¢), p =1,2,3, be the solutions of cell problems (2.2).
Under assumptions (A1)—(A4), (H1)-(Hz2), we can prove that

(2.12) [A(€)curle©7(€) x V]|ag = 0,

where v = (11, va,v3) 18 the outward unit normal on the boundary 0Q of the reference
cell Q = (0,1)3; [v]laq denotes the jump of a function v on 0Q.

PROPOSITION 2.2. Let ©5(¢), p =1,2,3, be the solutions of cell problems (2.6).
Under assumptions (A1)—(A4), (H1)-(Hz), we have

(2.13) [A(€)curleO3(€) x vlag = 0.

The proofs of Propositions 2.1 and 2.2 will be given in Appendix A.

REMARK 2.6. Propositions 2.1 and 2.2 are essential for the convergence analysis
of the proposed method in this paper, since they allow us to obtain explicit convergence
rates in the norm of the space H(curl; Q) under some proper assumptions.

We derive the main convergence theorem of this paper as follows.

THEOREM 2.3. Suppose that Q C R® is the union of entire periodic cells, i.e.,
Q= U.er e(z +Q), where T. = {z € Z3, e( + Q) C Q}. Let u® be the solution
of (1.7), and let ug be the multiscale asymptotic solutions as shown in (2.11). Under
assumptions (A1)—(Ay) and (Hy)-(Ha), if £ € H3(Q2), u® € H*T2(Q), s = 1,2, we
obtain the following error estimate:

(2.14) [u® —uillg(curo) < Ce, s=1,2,

where C' is a constant independent of €.
Proof. We first prove Theorem 2.3 in the case s = 1. Set

(2.15) us(x) = u’(x) + 201 (¢)curly u’(x).

By taking into account curl — curly + aflcurlg, we obtain the following equal-
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ities which hold in the sense of distributions:

curl (A (;) curl u§ (x)) = curl, (A(¢)curl,u®(x))
+ ecurly (A(¢)curly (01 (€)curl,u(x)))
(2.16) + curly(A(¢)curl¢©4 (£)curlu’(x))
+ e~ leurl¢©; (¢)curl,u’(x)
+ curlg(A(€)curly (01 (&) curlu’(x)))
+ e teurlg (A(¢)curle O (€))curl,u’(x).

Given Q = ,cq (2 + @), let E. = e(z + @), and assume that JE. denotes

the boundary of E,. When we apply Green’s formulae to (2.16) on |J OF,, using
Proposition 2.1, we get

Z /8 curlul) X 1/} vdo =0 Vv e (H'(Q))3,

z€T,

where v = (11, 12, v3) denotes the outward unit normal to the boundary 3 OFE,.
Therefore, (2.16) is valid in the sense of distributions.

Combining (2.2) and (2.7), it follows that

zeT.

(2.17) curl (A (;) curl uj (x)) = curly (A curl, u’ (x)) + Fo(x,&,8) +eFi(x, &, €),

where

Fo = curly (A(¢)curl,u’(x))
+curly (A(§)curleO; (§)curlu’(x))
—curly (/1 curl,u’(x))
+curle (A(¢)curly (01 (§)curleu’(x))),

Fi= curlx(A(ﬁ)curlx((%l(§)curlxu0(x))),

and the homogenized coefficients matrix A is given as in (2.10) or (2.9).
From (1.7), (2.7), and (2.17), we have

curl (A (;) curl (uf (x) — uS (x))) — W (uf(x) — vl (x))

(2.18)
= Fo(x,&,€) + eFi(x,€,¢),

where

F1 = curly (A(¢)curly (01 (§)curl,u’(x)))
—w?01(&)curl, u’(x).

We recall (2.18) and assume that
B(§) = (A - A(¢) - A§)eurle(¢)),
v%(x) = curl,u’(x), and consequently

Fo(x,&,¢€) = curly [B(f)vo (X):|
+curl, (A(f)curlx(Gl (¢)curl,u’ (x))) .
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Thanks to (A3) and (Ay), from (2.2), it is obvious that

A(E) € (L2(Q))*, A(§)eurleO1(€) € (L=(Q))*°.
Given curl,B(£) = 0, u® € (H3(Q))3, we check that Fy(x, £, €) is bounded and

measurable in (£,x), 1-periodic in &, and Lipschitz continuous with respect to x
uniformly in €. From (2.10), we have fQ Fo(x,&,¢)dé = 0. It follows from Lemma 1.6
of [37, p. 8] that

(219) ‘/ Fovdx| < CaHV”(Hl(Q))?’ Vv € (Hl(Q))S’
Q

where C is a constant independent of . Furthermore, using Corollary 3.6 of [21,
p. 55], we obtain

(2.20) ‘/ Fovdx| < Ce||vl(ar oy < CE{”VHH(CUI-];Q) + (V- v||L2(Q)}.
Q

Under the assumptions of Theorem 2.3, it is easy to verify that

< OHV”H(curl;Q) Vv € Hy(curl; ),

(2.21) ‘/ Fivdx
Q

where C' is a constant independent of ¢.
Using (2.2) and (2.7), we get

V- = Vi ul(x)+ Ve 0;(¢)curlu’(x)
+ &V (@1(§)curlxu0(x)) =eVx - (@1(§)curlxu0(x)),

and consequently
(222) V- (us - ui) = ER(nga 6)3
where R(x,€,¢) = Vy - (01(€)curlu’ (x)), Rl|z2(2) < C, where C is a constant

independent of ¢.
Let 1°(x) be the solution of

(2.23) { V- (VnF(x)) = An°(x) = eR(x,§,¢), x€Q,

n°(x) =0, xe 0.
Since Q C R3 is a bounded convex domain, we can show that
(2.24) [m7° (%) |20 < Ce,

where C' is a constant independent of .
Setting 0] (x) = uj(x) — Vn°(x), we find

(2.25) V- (uf(x) — i (x)) = 0.

If we assume that Q is the union of entire cells, then we obtain by using the
homogeneous Dirichlet boundary conditions of cell functions ©7(¢), p = 1,2, 3, that

(2.26) (u¥(x) —uf(x)) xn=0, xe€oN
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Furthermore, if n° € H2(Q) N H} (), then we (cf. [6, p. 144]) get
(2.27) Vn®(x) x n =0,
and consequently,
(2.28) (u®(x) —af(x)) xn=0, xe€oaN.
We thus obtain
curl(A (f) curl (u® — ﬁﬁ)) —w?(u® —uf) = Fo(x,&,¢)
€
(2.29) +eFi(x,§,8), x e,
V-(u—u)=0, xeqQ,
(u®*—1u§)xn=0, xe€I,

where Fo(x,€,¢) = Fo(x,€,€) + w?Vn© and Fo(x,&,¢), Fi(x,&,¢) are given above.
Setting v = u® — 0 and using (2.19), (2.20), and (2.29), we derive

/ Fo - vdx
Q

where C' is a constant independent of ¢.
We now define the bilinear form as follows:

as(u,v) = /Q [A (?) curlu(x) - curl v(x) — w?u(x) - v(x)| dx
Vu,v € Hy(curl; 2),

(2.30)

< Ce{vllneurtey + 1V - vl 2oy } < Cellollceurton.

(2.31)

where the scalar product u - v = u;v;.

Due to the presence of the term —w?u(x)-v(x) on the left side of (2.31), a.(u, v)
is not a coercive bilinear form. To overcome this difficulty, we use the trick of [29,
p. 89]. To this end, we define the modified bilinear form given by

af(u,v) = /Q [A (;) curlu(x) - curl v(x) + w?u(x) -v(x)} dx,
Vu,v € H(curl; Q).

(2.32)

Using Lemma 4.10 of [29, p. 90], we can prove that the bilinear form af (u,v) is
coercive, i.e.,

(2.33) o (,0)] = 7ol eurtoy  Yu € Hcurk; ),

€

where 7 is a constant independent of u.
We consider the problem associated with the bilinear form a (u, v) as follows:

curl (A (f) curlwa) +w?w® =f(x), x€Q,
€
(2.34) V-w'=0, xcQ,
wexn=0, xe¢&oiN.

Similarly to @], we can define the first-order multiscale solution w{. Furthermore,
we have

(235) - QO(Xaga 8) + é—gl( 7575)7 X € Qa
€ W 0, xeqQ,
(we(x) —wi(x)) xn=0, xe&o,
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where

(2.36) [ Govix| < Celvleunay ¥ € Hofeurki),
and

(2.37) ‘/levdx < Clvlla(Eeuro) ¥V € Hy(curl; ©2),

where C' is a constant independent of .
Combining (2.33), (2.35), (2.36), and (2.37), it follows that

0lIW* — Wi [y emrriy < aF (WF — Wi, we — W)

(2.38) s{Amw—ﬁm | g1 — sy

< Cellw® — WillH(cur0)

+e€

|

and consequently
(2.39) Yollw* = Willm(curse) < Ce,
where C' is a constant independent of ¢.
Similarly to (4.18) of [29, p. 91], we get
(2.40) (I + K)(u® —1j) = (w° —wj),
where I is an identity operator from (L2(2))® — (L?(Q))3, and the operator K is

a bounded and compact map from (L*(Q))* — (L*(Q2))® shown as in (4.15) of [29,
p. 90]. Furthermore, we have the estimates

(2.41) Hua — ﬁ‘iH(Lz(Q))s < C”WE — V~V§H(L2(Q))3
and
(242)  u® = @ meunne) < C{IIWE = Will@aope + u® = 6 2 }-

Combining (2.39), (2.41), and (2.42), we find
[u® —ailla(curto) < Ce.

Since 4] (x) = uj(x) — Vn°(x), using (2.23) and (2.24), we derive
”us - ui”H(curl;Q) < 057

where C' is a constant independent of e.
We next prove Theorem 2.3 for s = 2. Set

(2.43) u5(x) = u’(x) 4 €0, (&)curly u’(x) + 205 (¢)curl,? u®(x).
Similar to the analysis above, we derive the following equalities which hold in the
sense of distributions:
curl (A (;) curluj (x)) = curly (A(¢)curl,u®(x))

+ ecurly (A(¢)curly (01 (&)curl,u®(x)))

+ e2curly, (A(€)curly [O2(€)curly (curl,u®)))
(2.44) + curly(A(¢)curleO; (§)curlu®(x))

+ ecurly, (A(€)curlgO5(€)curly (curl,u®))

+ curle(A(€)curly (O (§)curlu®(x)))

+ ecurle (A(€)curly [O2(&)curly (curlxu®)])

+ curl¢(A(¢)curleO2(€))curly (curlu®(x)).
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Here we have used the conclusions of Propositions 2.1 and 2.2.

By a arguments similar to the case for s = 1, Theorem 2.3 follows. d

REMARK 2.7. The error estimates are obtained provided that the solution u°(x)
of the homogenized Mazwell’s equations (2.7) with constant coefficients is smooth
enough. Rigorous reqularity analysis for the solutions of three dimensional time-
harmonic Mazwell’s equations is very challenging. We refer the reader to articles
reported in [13, 14, 30].

REMARK 2.8. We recall that, in Theorem 2.3, uj(x), uj(x) are the first-order
and the second-order multiscale asymptotic expansions, respectively. We obtain theo-
retically the same convergence rate with the order of €. However, the numerical results
presented in section 5 clearly show that the second-order corrector terms are crucial.

REMARK 2.9. We assume that the whole domain () is the union of entire cells
in Theorem 2.3. So far we cannot determine whether Theorem 2.3 is valid or not in
a general domain.

3. Edge finite element computations. In this section we will discuss the
finite element computations of the solutions for the related problems on the basis of
the multiscale asymptotic expansions (2.11). We will use the edge finite elements
originated from Nédélec (cf. [33]), which have a wide range of applications in solving
the Maxwell’s equations.

3.1. Finite element computations of cell functions in unit cell Q. We
first present the adaptive edge finite elements for solving the cell problems (2.2) and
(2.6) and derive the convergence results.

The variational problem of (2.2) is to find ©7(§) € Ho(curl; Q) such that

(3.1) b(OF,v) = —/ A(&)ep - curlev(§)dé Vv € Ho(curl;Q), p=1,2,3,
Q
where the bilinear form
(3.2) b(u,v) = / curlgu(§) - curlev(§)d¢
Q

and the reference cell Q = (0,1)3.

Let F' = {K} be a regular family of tetrahedrons of the reference cell Q, hy =
maxg {hk}. We define the finite element subspace of Hy(curl; Q) consisting of linear
edge elements by

(3.3) Whe = {Vh, € H(curl; Q) :  vp, |k € Ri, vh, x v =0 on 0Q},

where v is the outward unit normal to the boundary 0Q. For the linear edge elements,
Nédélec (cf. [33]) defined

Ry ={v(x)=a+bxx, abecR},

where the six constants (the components of a and b) are determined from the moments
/. ox V- Tds on the six edges of an element K, and 7 is the unit tangent vector of K.
Direct computation shows that the basis functions with unit integral on the edge
joining vertices ¢ and j are given by

bi; = MNVA; — AV,
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where A; is the barycentric coordinate function corresponding to node a;. We refer
the interested reader to Monk’s book [29, Chap. V, p. 139]; see also [33].
The discrete variational problem of (3.1) is to find ©F , € Wy, such that

(3.4) b(OF 4y Vo) = —/QA(f)ep ~eurlevy, (§)dE Vv, € Wy,

where p = 1,2, 3.

We have the following propositions.

PROPOSITION 3.1. Let OF(¢), p = 1,2,3, be the weak solutions of problems
(2.2), and let @’f)ho(ﬁ), p = 1,2,3, be the corresponding finite element solutions in
Why. If the elements a;j(€) € C°(Q) of the coefficients matriz A(E), ©F € H(Q),
V x O € H7(Q) for some o with 3 < o <1, then it holds that

(3.5) 0% — 07, lxeurra) < ChE (1&llrae o) + IV x Olle@ ), 0< o<1,

where C' is a constant independent of the mesh parameter hg.

Following the reasoning of the proof of Theorem 7.1 of [29, p. 169], we can com-
plete the proof of Proposition 3.1.

REMARK 3.1. It is well known that the solution of the time-harmonic Mazwell’s
equations could have much stronger singularities than the corresponding Dirichlet or
Neumann singular functions of the Laplace operator when the computational domain
is monconvex or the structure of composite materials. In these situations, the reg-
ularity of the solution is only in H° with 0 < o < %: see [10], and also see [13].
For the structures of composite materials (i.e., the elements a;;(€) of the coefficients
matriz A(€) of problem (2.2) are discontinuous), it might be difficult to obtain sim-
ilar convergence results to Proposition 3.1. But, following the reasoning of the proof
of Theorem 7.25 of [29, p. 187], we can derive the pointwise convergence results via
collective compactness.

In order to compute ¢} (£) and ©5(€), from (2.4) and (2.6), we need to numerically
solve problem (2.4). To this end, let 7" = {K} be a regular family of tetrahedrons
of the reference cell @, hg = maxi{hx}. We define a linear finite element space given
by

(3.6) Shy(Q) = {vn, € CY(Q) 1 wnylK € Pr, Unolag = 0} C Hy(Q),

where P; is the set of all piecewise linear polynomials.
The discrete variational problem of (2.4) is to find ¢}, € S} (Q) such that

(3.7) /Q Y, - Vo de = /Q G(€) - Vuny dé

where p = 1,2, 3.
As usual, we have the following error estimates.
PROPOSITION 3.2. If G € (L*(Q))3, then we have

(3.8) 165 = Gl < Cho,  p=1,2,3,

where C' is a constant independent of hg, €.
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A weak solution of the cell problem (2.6) is to find ©5(¢) € Hy(curl; Q) such that

bHOLv) = - /Q AE)OL(€) - curlevde + /Q G(&) - vt

(3.9)

/ Vech(€) - vde Vv € Hy(curl;Q), p=1,2,3,
Q

where the bilinear form b(u, v) is defined as in (3.2), ©7(§), p = 1,2, 3, are given as
in (3.1), and G(§) is defined as in (2.4).
The discrete variational problem of (3.9) is to find ©% ;, € Wj, such that

WO ) = = [ AEOR,(©)- curlevids + [ Guu() vide
(3.10)
- / VECg’ho (5) ’ Vhodé- vVho < Whoa pP= 17 27 37
Q
where
Gha(8) = —A(§curle®f , (£) — A()e, + Ahve,
and

dto = /Q [A(€) + A(€) curle ©1,1, (€)]de.

ProprosiTION 3.3. We can verify that the constant coefficients matriz Ao s q
Hermitian matriz. Furthermore, if ho is sufficiently small , then it holds that

(3.11) R(n*/lhﬂn) > foln? YneC", ae x€Q,

where n* is the Hermitian of a vector n, |n|*> = n;n;, o is a constant independent of
ho, and R(u) denotes the real part of .

Proof. We first prove that flh? is a Hermitian matrix. To this end, we recall
(2.8) and let the scalar function x3, (£) be the finite element approximate solution

of x7(§) in 520 (Q). Let us introduce the notation xp,(§) = (Xilm (5)790210 (5),)(20 €)),
ATHE) = (bi5(€)), A7t = (byy), (AM0)=L = (b]). It is easy to check that

fho _ » ) 8XZO
.12 iy - | lmmbm(s) . ] 3

From (2.8), we can get

0

We know A7 (&) = (b (€)) is a Hermitian matrix because A(€) = (a;;()) is a
Hermitian matrix. Equation (3.13) gives b}’ = b"?. Thus we verify that A" is a
Hermitian matrix.

We can check that

tho _ 7 _ i i i 9
314 By by = | 00,0 ~ X))

(3.13) b — /Q D0 ©) + € (€)= (. (€) + &)t

e (), (€) — X7 (€))de.
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Using the fact that [[xj, (€) = x*(€)ll1.q@ < Cho, we get

(3.15) b — bij| < Chg,

and consequently

(3.16) [(AMe)=t — A7Y|p < Ch3,

where || B||r denotes the Frobenius norm of the matrix B, and C' is a constant inde-
pendent of hg.
Under the assumptions of (A4), if ©) € Hy(curl; 2), using (2.10), then we have

(3.17) lAlr < C.

Furthermore, by using Proposition 3.1, for a sufficiently small Ay > 0, we can
prove that

X A A X 1
(3.18) 1A p < |Alp + [|A™ — Alp < C(1+h) < C, 3 <o=l

where C' is a constant independent of hyg.
It is obvious that

(3.19) Ao — A = —A((AMo)=t — A1) Ao,
From (3.16)—(3.19), we get
(3.20) |Ato — A||p < Ch2,

where C' is a constant independent of hg.

Inequality (3.11) follows by choosing a sufficiently small hg > 0. The proof of
Proposition 3.3 is complete. a

PROPOSITION 3.4. Let ©5(E), p = 1,2, 3, be the weak solutions of problems (2.6),
and let @gho (&), p = 1,2,3, be the corresponding finite element solutions defined as
in (3.10) in Why,. If the elements a;;(§) € C°(Q) for the coefficients matriz A(E),
08 € H(Q), V x ©4 € H?(Q) for some o with & < o <1, then it holds that

(3.21) 165 — 65, llsxeurtio) < ChG, 0<o <1,

where C' is a constant independent of the mesh parameter hg.

Using Propositions 3.1 and 3.2 and (3.20), we can complete the proof of Propo-
sition 3.4.

REMARK 3.2. Similarly to Remark 3.1, when the elements a;;(§) of the coeffi-
cients matriz A(§) of problems (2.6) are discontinuous, it is difficult to obtain the
convergence results of Proposition 3.4 with explicit convergence rates. But, using Re-
mark 3.1, (3.8), and (3.20), and following the reasoning of the proof of Theorem 7.25
of |29, p. 187], we can derive the pointwise convergence results about @g,hg.

REMARK 3.3. [t is well known that the regularity for the interface problem can be
much lower, even with reqular data (see, e.g., [13]). In this case the H'-conforming
discretization cannot be used directly to solve the cell problems (2.2) and (2.6). Next
we use an adaptive multilevel method presented in [10]. For convenience, here we
give a posteriori error estimates for solving cell problems (2.2). In solving (2.4) and
(2.6), we take the same mesh as (2.2). We first introduce the notation: Let Ty be a
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sequence of tetrahedrons of the reference cell Q and Fi be the set of faces not lying
on 0Q, k > 0. The finite element space Uy, over Ty is defined by

Up={veH(cur;Q): vxv|pg=0 and
V|T =ar+byr xx with arp, bpé€ R® VT e 77@}

Degrees of freedom on every T € Ty, are fEi v-dl,i=1,...,6, where FE,..., Eg are
siz edges of T'. For any T € Ty, and F € Fi, we denote the diameters of T and F by
hr and hr, respectively.

Let ©F,, p = 1,2,3, denote the finite element approximate solutions of ©7,
p = 1,2,3, in the finite element space Uy, respectively. To derive a posteriori er-
ror estimates, we introduce the Scott-Zhang operator Zj : H}(Q) — Vi [41] and
the Beck—Hiptmair-Hoppe-Wohlmuth operator I1: H(Q) N"Hg(curl; Q) — Uy [5],
where Vj, is the piecewise linear Ho(curl; Q)-conforming finite element space over Ty,
defined by

Vi ={we Hj(Q): wlr=ar+br-x with ar € R' and by € R* VT € T;}.

Following the reasoning of Theorems 3.3 and 3.4 of [10], we can give a posteriori
error estimates for ©F, p = 1,2, 3, given by

(3.22) 1€5(6) — €7 4 (O)llny(eurtar < O X mi+ D ).
TeTx FeFy
where
n7 = hllcurl A(€)e, + curl(A(§)curl ©F , (6))|5 7

hrll[(A€)ep + A(§)eurl ©F () x V]| £[[§ p-

3.2. Finite element computation for the homogenized Maxwell’s equa-
tions. We now discuss the finite element computation for the homogenized Maxwell’s
equations. We introduce superconvergence results for the finite element method and
present the postprocessing technique.

We recall (2.7) and (3.10). In practice, we have to solve the modified homogenized
Maxwell’s equations as follows:

N

curl(A™ curl i®(x)) — w20 (x) = f(x), x€Q,
(3.23) V-a'(x) =0, x€Q,
i’(x) xn=0, xe€oN,

where n = (ny, na, n3) is the outward unit normal to 92, and A is as given in (3.10).
The variational problem of (3.23) is to find @° € Hp(curl; ) such that

(3.24) A(@®,v) = /Qf -vdx Vv € Hy(curl; ),
where the bilinear form A(@°, v) is defined by
(3.25) A(u,v) = /Q(Ahf’curlu -curlv — w?u - v)dx.
Let 75, = {e} be a regular family of tetrahedrons of the whole domain , h =

max.{h.}. We define the finite element subspace of Ho(curl; 2) consisting of degree-k
edge elements by

(3.26) X ={u, € H(curl; Q) :  wuyle € Rg, up, x n =0 on 90},
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where n is the outward unit normal to the boundary 02 and Ry is defined as in (5.32)
of [29, p. 128].

The problem of approximating G° by finite elements then reduces to using the
finite element space X, defined in (3.26) and computing @) € X}, such that

(3.27) A(ﬁz,vh):/f-vhdx Vv, € Xp.
Q

LEMMA 3.5 (see [29, p. 169]). Let Q be a simply connected Lipschitz domain
with connected boundary 0N). Let 1, be a reqular mesh and suppose Xy, is given as in
(3.26). Then if Q" satisfies (3.24) and QY € X, satisfies (3.27), there is a constant
C independent of h, 0", and @Y and a hy independent of 0° and Q) such that, for
0 < h < hy,

~0 =0 . ~0
(3.28) 6" — uhHH(curl;Q) < 1_ Chi/zo vhlg(h [a° — VhHH(curl;Q)v d>0.

Furthermore, if u° € HY(Q), V x @° € HY(Q) for some v with § <~ < k, then we
have

~ - 1
(3.29) [0° — ) || (curn) < Ch7, 3 <7< k,

where C' is a constant independent of h.
PROPOSITION 3.6. Let u®(x) and 0°(x) be the solutions of problems (2.7) and
(3.23), respectively. Under the assumptions of Lemma 3.5, we can prove that

(3.30) [u® — ﬁo”H(curl;Q) < Ch}.
Furthermore, if 6% € H*(Q), V x @° € H*(Q) for k > 1, then we have
(3.31) 0 = & lexceurtey < C{A* + 13},

where C' is a constant independent of hg, h.
Proof. Subtracting (2.7) from (3.23), we get

curl(A curl (u® — @°)) — w?(u® — ﬁo)
= curl((A" — A)curl@®), xeQ,

V- -d)=0 xeq,

°_ i) xn=0, xeoN.

(3.32)
(u

Following the reasoning of the proof of Theorem 4.17 of [29, p. 95], and using
Proposition 3.3, we derive

(3.33) 18°| H(eur0) < Cllfllo.0,

where C' is a constant independent of hyg.
By means of the trick of [29, p. 89], we obtain

(334) ”uO - 1~1OHH(curl;Q) < OHAhO - A”FHﬁO”H(curl;Q)-
Combining (3.20), (3.33), and (3.34) yields

(335) ||u0 - ﬁOHH(curl;Q) < Chga
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where C' is a constant independent of hg.
Using the triangle inequality and Lemma 3.5, we have

Huo - ﬁ%HH(curl;Q) < Huo - 1io”H(curl;Q) + Hﬁo - ﬁ?LHH(curl;Q)

(3:36) < C{hk + hg}.

Therefore, the proof of Proposition 3.6 is complete. d

To implement the postprocessing technique for calculating higher-order deriva-
tives curl 1°(x), curl (curl 1°(x)), we now introduce the superconvergence results of
[28]. Here we assume that  is the union of entire cells. Let 7, be a cubic mesh on 2
with the largest size h.

LEMMA 3.7 (see [28]). Let 0" be the solution of (3.23) and Q) be the finite
element solution of 01° in the finite element space consisting of degree-k edge elements.
If @° € HF2(Q), then one can prove that

(3.37) [6° — Mop @) flo.o < CAFTY
(3.38) IV x (@0 = 307 [|o,0 < CR*H,

where My, and s, are the interpolation postprocessing operators as defined in [28],
and C' is a constant independent of hg, h.

PROPOSITION 3.8. Let u®(x), 1°(x) be the solutions of problems (2.7) and (3.23),
respectively, and let @) be the finite element solution of Q° in the finite element space
consisting of degree-k edge elements. Under the assumptions of Proposition 3.6 and
Lemma 3.7, we have

(3.39) 0 — T2y 0.0 < C{RH 4+ 13},

(3.40) IV x (0 — Hsa0) 0.0 < C{hk“ + hg},

where C' is a constant independent of hg, h.
Proposition 3.8 is the straightforward consequence of Proposition 3.6 and Lemma,
3.7.

4. Multiscale finite element method and the error estimates. We recall
(2.11) and summarize the above theoretical results as follows: the multiscale finite
element method for solving the time-harmonic Maxwell’s equations in composite ma-
terials consists of the following parts.

Part I. Compute the matrix-valued cell functions ©1(§), ©2(§) on a reference cell
Q= (0,1)"

Part TI. Solve numerically the modified homogenized Maxwell’s equations (3.23)
over the whole domain €2 in a coarse mesh.

Part TI. Calculate numerically higher-order derivatives curli’(x), curl (curl
1°(x)) by means of the finite difference method.

We now define the first-order curl difference quotients given by

Z curl @) |.(N,),

eco(Np)

(4.1) 5 = )

where o(Np) is the set of elements with node Np, 7(IVp) is the number of elements

of o(Np), @ is the finite element solution of @°, and curlaf|.(N,) is the value of a
function curl@) at node N, associated with element e.
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Analogously, we define the second-order curl difference quotients as

d
- 1
(4.2) 5200 = ) > Zaug(Pj)curl Vjle(Np),
e€o(Np) j=1
where d is the number of nodes on e, P;, j = 1,...,d, are the nodes of e, and vy,
j=1,...,d, are Lagrange’s shape functions.

In summary, the multiscale finite element method for solving the Maxwell’s equa-
tions (1.7) in composite materials with a periodic structure is defined by

(4.3) U (x) = 1) (%) + €01, (€)1 (%),
and
(4.4) UG (x) = 1) (%) + €011, (§) 58] (x) + £2O2,1, ()52 (x),

where the matrix-valued functions ©1 p,(§) = (@%,ho (5)7@%7% (5)7@?7% (€)), O2,n,(&)
= (@%7}10 (5)7@%7}10 (5)7@%}10 (6))3 and @f)ho(f), 912)7;10 (5)7 P = 1a 273a are defined as in
(3.4) and (3.10), respectively.

To improve the numerical accuracy of the multiscale finite element method, we
present a postprocessing technique as follows:

(4.5) PUT (x) = Suiig(x) + Y e'O1n, ()" Shitp(x), s =1,2,
=1

where Sy, = Iy, or Sy, = I3p; see (3.39) and (3.40).

Next we give the final error estimates of the multiscale finite element method for
solving the Maxwell’s equations in composite materials.

THEOREM 4.1. Suppose that Q C R? is the union of entire periodic cells, i.e.,
Q= U.ere(z+Q), where T. = {z € Z%, e(z+ Q) C Q}. Let u® be the solution
of (1.7), and let U, PU‘Z:ZO be defined as in (4.4) and (4.5), respectively. Under
the assumptions of Theorem 2.3 and Propositions 3.1 and 3.6, if £ € H*(Q), u’ ¢
H**2(Q), then we have

(4.6) [0 — U | eurte) < O{e + h§ + AR } s=1,2,

where % <o <1, k >1 is the degree of the edge element space X, for solving the
modified homogenized Mazwell’s equations, hg, h are the mesh parameters of QQ and
Q, respectively, and C is a constant independent of €, hg, and h.

Furthermore, we obtain
(4.7) [0 = PUS g1 (eurr) < C’{s RS+ hmi"<2’k+1>}, s=1,2.

Proof. We prove Theorem 4.1 only in the case s = 2. The remainder can be
completed similarly.
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From (4.4), we have

(*8) u(30) — U5 (%) = u () — w5 (x) + () — UZ} (x)
(x) — u5(x) + u’(x) — @) (x)

+ &(01(€) — O1,1, (€))curleu’(x)

+ €01 4, (&)[curly (u’(x) — @%(x))

+ (curlx @%(x) — @) (x))]
+e%(02(§) — O2,n, (€))curl, *u’(x)
+ 204 1, (&) [curl, ? (u’ (x) — @°(x))
+ (curl,*@’(x) — §2@a) (x))].

:'[l‘S
:'[l6

By using Theorem 2.3 and Propositions 3.6 and 3.1, we can get (4.6). Similarly,
by means of Theorem 2.3 and Propositions 3.8 and 3.1, we can prove (4.7).
Therefore, the proof of Theorem 4.1 is complete. ad

5. Numerical tests. To validate the developed multiscale algorithm and to con-
firm the theoretical analysis reported in this paper, we present numerical simulations
for the following case studies. We consider the time-harmonic Maxwell’s equations
with rapidly oscillating coefficients given by

curl (A (f) curl ua) —wuf =f(x), xeQ,
€
(5.1) V-u*=0, xeq,
u*xn=0, xé€oN.

EXAMPLE 5.1. In (5.1), assume that Q = (0,1)3 is a periodic structure, where
e =%, w? = 1. The elements of the coefficients matriz A(%X) = (a;;(%)) are continuous
and rapidly oscillating periodic functions, as in the following.

Case 5.1.1. Let x = (x1, x2, x3);

()

Qi | —

T \e
_ 20 Oise
35

I 3 ) e e ) ) AT e S )

f = (30,30,30)T, 6;; is the Kronecker symbol.

EXAMPLE 5.2. In (5.1), let € = %, w? =1, and assume that the entire domain
Q = (0,1)3 and the reference cell Q are shown in Figures 1.1(a) and 1.1(b), respec-
tively. Let ai;1 denote the value of a;; in the inside ellipsoid of the reference cell @,
and let a;jo denote the value of a;j in the other part of Q. Let &;; be a Kronecker
symbol, and let a” denote the transpose of a. The equation of an ellipsoid is given

by

(& -05)*  (&2-05) (& -05)% 1
0.16 0.16 0.16

The following three cases are investigated.

Case 5.2.1. aij0 = 1051’]’7 Qi1 = 5ij§ f= (100, 100, 100)T.
Case 5.2.2. a0 = 100(5@‘, Aij1 = 61‘]’; f= (300,300,300)T
Case 5.2.3. a0 = 1000(51J, Qi1 = 51’]'; f= (100, 100, 100)T
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(a) O 0.2 0.4 0.6 0.8 T (b)

F1G. 5.1. (a) A whole domain Q. (b) The top view.

~ bl
(@) 7T ®) z

FiG. 5.2. (a) A periodic structure. (b) The reference cell Q = (0,1)3.

EXAMPLE 5.3. In this case study, we consider the same equations as given in
Example 5.2. But we assume that the entire domain § is a general convex domain
as shown in Figure 5.1(a) and (b) and the reference cell Q is illustrated in Figure
5.2(b). Let e = %, w? = 1. Let a;j1 denote the value of a;j in the inside cube of the
reference cell Q, and let a;;o denote the value of a;j in the other part of Q.

Case 5.3.1. a;jo = 1008;5, a;j1 = §;;; £ = (300, 300, 300)7.

Case 5.3.2. a;jo = 100035, a;;1 = ;55 £ = (300, 300, 300)7".

We will give the numerical results of the solution for problem (5.1) in Cases 5.1.1,
5.2.1-5.2.3, and 5.3.1-5.3.2. In order to show the numerical accuracy of the method
presented in this paper, we have to know the exact solution of problem (5.1). However,
it is very difficult to find it. We replace it with the finite element solution in a fine
mesh. We employ the linear tetrahedral edge elements to solve the original problem
(5.1). In real applications, this step is not necessary. We apply linear tetrahedral
edge elements to solve cell problems (2.2) and (2.6), and the modified homogenized
Maxwell’s equations (3.23), respectively. The numbers of elements and degrees of
freedom in Examples 5.1 and 5.2 and in Example 5.3 are listed in Tables 5.1 and 5.2,
respectively.

It should be noted that u®(x) denotes the finite element solution in a fine mesh,
and u®(x) is the finite element solution for the modified homogenized Maxwell’s equa-
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TABLE 5.1
Computational cost in Examples 5.1 and 5.2.

Original equations | Cell problem | Homogenized equations
Elements 253987 13882 48000
dof 298963 16876 59660
TABLE 5.2

Computational cost in Example 5.3.

Original equations | Cell problem | Homogenized equations
Elements 146839 12000 30548
dof 178910 14930 38766
TABLE 5.3

Computational errors: Method 1.

lleoll(0) e1Tl (o) Te2T(o) Teoll(1) Teill(1) ez (1)

Ry | 1UTMloy | 1050000 | IRl | HUfriay | 1050000,
Case 5.1.1 0.2274 0.1810 0.1752 0.8103 0.6645 0.6650
Case 5.2.1 0.1436 0.1073 0.0935 0.8616 0.7577 0.7041
Case 5.2.2 0.9352 0.9287 0.1835 3.6309 3.2331 0.8391
Case 5.2.3 | 9.52967 9.51272 0.2497 33.9376 30.7439 0.7951
Case 5.3.1 0.2559 0.2472 0.1681 1.6305 1.4607 0.8183
Case 5.3.2 2.4285 2.4208 0.4531 13.5377 12.5054 0.9058

TABLE 5.4

Computational errors: Method 1I.

eoll(0) Me1Tl(0) Te2Tl(0) Teoll(1) Teill(1) Te2T(1)

Iyl | 107000 | 1053000 | TRl | 1073000 | 105,000
Case 5.1.1 0.3341 0.2858 0.2495 1.0108 0.7711 0.7188
Case 5.2.1 0.1443 0.1027 0.0590 0.8931 0.7732 0.7079
Case 5.2.2 1.151 1.143 0.177 4.2069 3.7566 0.7867
Case 5.2.3 11.700 11.679 0.2573 41.3304 37.491 0.8210
Case 5.3.1 0.2944 0.2826 0.1270 1.8397 1.6465 0.8098
Case 5.3.2 2.9309 2.9217 0.4477 15.998 14.784 0.8705

tions (3.23) in a coarse mesh. Here we employ two kinds of methods to calculate the
homogenized coefficients, respectively. In Method I and Method II, we apply a diver-
gence operator and a curl operator to compute the homogenized coefficients matrix
A, respectively; see (2.7) and (2.8). Let Uijﬁo, U;’_ZO be, respectively, the first-order
and the second-order multiscale finite element solutions based on (4.3) and (4.4). Set
Ve = u‘S—Uizzo, ey = u‘S—U‘;:ZO. For simplicity, let [[ul| ) = [lull(z2(a))s,
[ulla) = [[allaEurse)-

The numerical results are illustrated in Tables 5.3 and 5.4, respectively.

Figure 5.3: (a)—(h) clearly show the numerical results of related solutions at the
intersection 23 = 0.5 in Case 5.2.2.

Figure 5.4: (a)-(h) clearly show the numerical results of related solutions at the
intersection 23 = 0.5 in Case 5.3.1.

REMARK 5.1. From the numerical simulations for the above case studies, we note
that when the difference between various materials is large, the homogenization method
and the first-order multiscale method fail to provide satisfactory results. The second-
order multiscale approach, however, clearly is the best among the three methods, and
it results in accurate numerical solutions for the time-harmonic Maxwell’s equations

ey =u‘—u
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Fic. 5.3. In Case 5.2.2, (a) the second component of the solution u® in a fine mesh; (b)

the second component of the first-order multiscale finite element solution Ui:ZO; (¢) the second
component of the second-order multiscale finite element solution U;’ZO ; (d) the second component

0

of the homogenized solution u® in a coarse mesh; (e) the third component of the solution u® in

a fine mesh; (f) the third component of the first-order multiscale finite element solution Ui:ZO ;
(g) the third component of the second-order multiscale finite element solution U;:ZO ; (h) the third

0

component of the homogenized solution u® in a coarse mesh.
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g h

Fic. 5.4. In Case 5.3.1, (a) the second component of the solution u® in a fine mesh; (b)

the second component of the first-order multiscale finite element solution Uizo; (¢) the second
component of the second-order multiscale finite element solution U;’ZO ; (d) the second component

0

of the homogenized solution u® in a coarse mesh; (e) the third component of the solution u® in

. . . ) ho .
a fine mesh; (f) the third component of the first-order multiscale finite element solution Uiho,
(g) the third component of the second-order multiscale finite element solution U;:ZO ; (h) the third

0

component of the homogenized solution u® in a coarse mesh.
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in composite materials. Moreover, the simulation results validate the convergence
analysis.

REMARK 5.2. We recall Remark 2.9 and cannot determine whether Theorem 2.3
is valid or not in a general domain. But the numerical results presented in Example 5.3
show that the multiscale method developed in this paper is also effective for a general
domain with a periodic microstructure in some cases. This seems to be an unsolved
problem.

REMARK 5.3. When solving Mazwell’s equations in a perforated domain, we
usually fill the holes with an almost degenerated phase, which is known as the hole-
filling method. In practice, engineers often use this method to predict the effective
properties of perforated materials. From a physical point of view, when the material
properties of the weak phase go to zero, this limit procedure is clear. However, a
rigorous mathematical justification has not been reported in the literature. In [46], the
authors presented a justification for this limiting process for the elastostatic equations.
Now, in order to deal with a perforated domain, we cover the holes with an almost
degenerated phase using the method reported [46], and the algorithm developed in this
paper is applied to solve the Mazwell’s equations in a nonperforated domain.

REMARK 5.4. From the numerical viewpoint, the multiscale method presented in
this work is effective for the subdivided periodic domains (i.e., local periodic struc-
tures).

Conclusions. This paper discussed the multiscale analysis of Maxwell’s equa-
tions in composite materials with a periodic microstructure. The new contributions
obtained in this paper were the determination of the explicit convergence rate for the
approximate solutions and higher-order correctors. Consequently, numerical approx-
imation techniques and some numerical examples were presented.

Appendix A. The proofs of Propositions 2.1 and 2.2. In order to prove
Propositions 2.1 and 2.2, we first assume that the elements agx(€), k = 1,2,3, of a
matrix A(&) are sufficiently smooth functions, i.e., arr € C*(Q), k = 1,2, 3, and then
extend these results into general cases: apr € L™(Q).

Suppose that agr € C*°(Q), k = 1,2,3. Here we prove Proposition 2.1 only for
©1(¢). The other cases can be completed similarly.

We recall cell problem (2.2) and have

curle (A(§)curle®1(§)) = —curle(A(er), £€Q,
(A1) Ve-01() =0, €e€Q,
01§ xv=0, £€dQ, e =(1,0,0),

where v = (v1, 19, 13) is the outward unit normal to 9Q).

We set ©1(¢) = (¥1(€),1%2(€),%3(€)). From (A.1), under the assumptions of
(Hy)—(Hz2), we can obtain the following lemma.

LEMMA A.1. Let the reference cell @ = {£:0 < & < 1, k =1,2,3}. Then we
can directly check that

Y1(&1,82,83) = —h1(1 = €1,62,€3),  ¥2(81,62,83) = Ya(l — 1,62, 83),
VY3(€1,82,83) = ¥3(1 = €1,62,83),  ¥1(61,62,83) = —¥1(61, 1 — &2, 83),

(A2)  ¥2(&1,62,8) = ¥2(&1,1 — £2,83),  ¥3(61,&,&) = —¥3(&1,1 — &2,63),
¥1(61,82,83) = —¥1(61,82,1 — &3), ¥2(61,82,83) = —2(61, &2, 1 — £3),
¥3(61,82,83) = ¥3(&1,62, 1 — &3).
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To begin, we introduce the notation. Set 0Q = U?Zl S, where

Si={: & =1,0<&,6<1}, So={{: & =0,0<6,8 <1},
Sg={¢: &=1,0<&,6<1}, Si={{: &=0,0<6,8 <1},
Ss={{: &=1,0<6,6<1}), Se={: &=0,0<6,86 <1}

The outward unit normal vectors on Q) are the following:

S1:v=(1,0,0), Se:v=(-1,0,0),

Ss:v=(0,1,0), S;:v=(0,-1,0),

Ss:v=(0,0,1), Se:v=1(0,0,-1).
)

We set A(¢)curle®1(¢) = (P,H,R

(43) P=an@( 92 -2, 1 = an(e) (20 - 202, = as(0)( 522 -2,

It is obvious that

A( )CUI‘lf@ (6) X V|51 - (OvRv H) A(&)Curlfg%(g) X V|Sz = (Ov _RvH)v
(A4) A(§)eurl®}(§) x v|s, = (=R,0,P), A(§)eurle®i (&) x v|s, = (R,0,—P),
A(é)curle®1(¢) x v|s, = (H,—P,0), A(é)curle®}(¢) x v|s, = (—H, P,0).

, where

From (A.3) and (A.4), using Lemma A.1, we can obtain directly
(A.5) [P”aQ =0, [H]ls;=0, [R]s,=0,

where [v]|s denotes the jump of a function v on S.
In (A.1), if we set A1 (&) = A(€)[e1 + curlg©1(£)], then we get

(A.6) curlg A (§) =0,
and consequently
or _oH _
0 06
0P OR
A7 — — — =0,
(A7) 08 0&
OH 0P —
— ——=0, P= + P).
% 96 (a11 + P)

LEMMA A.2. Under assumptions (A1)—(As), (A1)—(As2), we can prove that the
corresponding Fourier series of the vector-valued function A1 (€) is absolutely uniform
convergent on Q, k=1,2,3.

Following the reasoning of the proof of Lemma A.3 of [9], the proof of Lemma A.2
can be completed.

Let m - & = m;&;, where m = (my,ma,m3) € Z3, £ = (£1,6,&). By the
variational forms of the first equation of (A.7), we take, respectively, test functions

v1(§) = (ePTME — 1)(ePTm2E2 —1)(ePTmats — 1), my # 0, ma # 0, m3 # 0,
vy (€) = (™28 —1)(e?7M3E — 1), my # 0, m3 # 0,

v3(§) = (€725 — 1), may #0,

va(§) = (P78 — 1), mz #0,

v5(§) =1
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and get five equations. Similarly, from the variational forms of the second equation
of (A.7), we take, respectively, test functions

wy (§) = (eP™mE — 1)(ePmm2E — 1)(eP 3% — 1), my #0, ma #0, m3 #0,
wo (&) = (e?™miss — 1)(e2™ms& — 1) my # 0, m3 # 0,

wy(§) = (€278 1),y £0,

wy(€) = (2™ms% — 1), my #0,

ws(§) =1

and also obtain another five equations. To give the above ten equations, here we have
used Lemma A.2.
Using (A.5) and combining the above ten equations, we derive

=

fs [R]e?2 mzfz+?ﬂ3§3)dg5 =0, mo#0,m3#0,
R]doe =0,
(A.8) Jou A o
Jo IRl edo =0, ma 0,
Jo [R5 doe =0, ms 0.

Because of the completeness of the functions family {e?27(m2é2+ma&s)| {(ma,ms)E€ 2}
we infer that

(A.9) [Rlls, = 0.

From g—g - g—g =0, we use [P]|sg = 0 and prove similarly that

(A.10) [H]|s, = 0.
Combining (A.4), (A.5), (A.9), and (A.10) yields

A(©)eurle01(€) x ][5, = 0, [A©)eurle®L(E) x ], = 0,
(A11) A©)curlc0} () x 1[5, = 0. 1

Let us turn to the proof of Proposition 2.2. We prove Proposition 2.2 only for
p = 1. The remainder can be proved similarly. We recall (2.6) and have

curlg(A(§)eurle®5(§)) = —curle (A(€)O1(€))
a2 —A©eurle®l(€) - A(©e + Aey + VG (©), €€ Q.
' Ve 05(6) =0, £€Q,
@%(f)xu:(), fe@@,

where v = (11, 12, v3) is the outward unit normal to Q. We set ©3(&) = (¢1(€), d2(£),
@#3(£)). Under the assumptions of (Hy)—(Hz), we have the following lemma.
LEMMA A.3. We can directly verify that

$1(61,82,83) = P1(1 — 61,62,83),  92(81,€2,83) = —pa(l — €1, 62, 83),
$3(€1,82,83) = —P3(1 — £1,62,83),  01(61,62,83) = #1(61,1 — &2, &3),

(A13)  ¢2(61,&,8) = —d2(&1,1 — &2,83),  ¢3(&1,82,83) = 03(61,1 — £2,63),
$1(81,62,83) = d1(&1,62,1 = &3),  d2(&1,62,8&3) = (&1, 62,1 — &3),
#3(&1,62,83) = —93(&1,62,1 — €3).
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We set A(€)curle©5(€) = (P, H, R). From (A.12), we get

ok o age
8—{2_8—{3 =—-P —P—-an+an+ 96
orP  OR 9¢5(€)

A.14 - 2, —

(814 o o Mt g
oH 8_P _ 9¢;(€)
061 0& =Rt &

where the scalar function (3 (¢) is defined as in (2.4), (P, H, R) are given as in (A.3),
the vector-valued function (P, Hy, Ry) is

P = 82‘ (az31p3) — 3?3 (ag2th2),
(A.15) Hy = ai (a1191) — ai (as3¥3),
Ry = ai (a2t2) — iz (a11%1),

and the vector-valued function ©1(&) = (1, 19,3) is given as in (A.2).
Similarly to (A.4), we get

(A.16)

A(§)eurle®b () x v]s, = (0,R,—H), A(§)curl03(¢) x vls, = (0,
A(é)curle®i(€) x v|s, = (=R,0,P), A(&)curle®i(€) x v|s, = (
(€

“m>
o |

—P),
Jeurle©L (&) x v|g, = (H,—P,0), A()curle®i(¢) x v|s, = (—H, P,0).
From (A.13), we can check that
(A.17) [H]ls, =0, [R]ls, =0.

Following the reasoning of proof of Theorem A.4 of [9], from the second equation of
(A.14), we take, respectively, the test functions

up (§) = (€PTME —1)(ePTm28 —1)(ePTME — 1), my # 0, ma # 0, my # 0,
uz(§) = (ePmmME —1)(e?™2%2 — 1), my # 0, me #0,
uz(§) = (ePmmME —1)(e?™e% — 1), my # 0, mg #0,
ug(§) = (a2 —1)(ePmmess — 1), my # 0, my # 0,
us(€) = (e®™ME — 1), my #0,
ug(§) = (772 — 1), my #£0,
uz(§) = (e?mMe% — 1), my # 0,
ug(§) =1
and obtain
Jss [Pletr(mititma)doe =0, my #0, my # 0,
(A 18) fSJ[P]dag —0
' s, [Plei?mmiéidoe =0, my #0,
Js. [Ple?™m2&2dge = 0, my # 0.
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It follows from the completeness of the function family {e?2™(misitmata)}y 0 oo

that
(A.19) [P]|s, = 0.
From the third equation of (A.14), we can similarly prove
(A.20) [P]|s, = 0.
In the same way, from the first equation of (A.14), we see that
(A-21) [R]|s, =0, [H]|s, =0.
Combining (A.16), (A.17), (A.19), (A.20), and (A.21), it follows that

[A(§)eurle©3(¢) x v]|s, =0,  [A(§)eurle®3(8) x V]|s, =0,
[A(§)eurl¢©3(¢) x v]|s, = 0.

Next we prove Propositions 2.1 and 2.2 in general cases: agr € L (Q), k = 1,2, 3.

It is well known that smooth functions are not dense in L*>(Q). To this end, we
introduce ¢ such that

(A.22)

(A.23) S4s=c

We can find a sequence of smooth functions a,(ﬁc) (&) € C*°(Q) such that (see [6,
p. 104])

(A.24) 1a\? — arillogo =0 as B — oo.
Let @}’(B )(5) be the weak solution of the following problem:

Curlg(A(ﬁ) (é‘)curlfei’(ﬁ) (f)) = —curlf (A(B) (f)el), § S Qv
(A.25) ve-o7 P =0, ¢eq,
@%(5)(5) XUZO, 568@7 €] :(17070)7

where A®)(¢) = diag(ai} (€), a5 (€), a5 (€)).
From (A.1) and (A.25), for v € Hg(curl; Q)), we can obtain

}/ A(é)curle (07 — (B)) -curlg vdf}

3
(A26) { Z Hakk - akk ||07q7 ) ||cur15@1
k=1

<Z llakr — aki)”(),Q) [|curle V|0,Q} :

k=1

where C' is a constant independent of 3, €

Since a,(ﬁc)(f) € C*(Q), from (A.25), we can infer that |\cur1§@}7(ﬂ)|\07r,Q <C
(see [14]).

If we let v= (61 -0, (B)) using (A.24), we have

(A.27) |curls (0] — oy (ﬁ))HO,Q —0 as [ — o0
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Recalling (A.1) and (A.25), and using the regularity results that the coefficients
are sufficiently smooth (see (A.11)), for any v € (HZ,,.(Q))3, we derive

per
/ (A({)curlg(%% X v)-vdo = —/ A({)curlg((a% — @%’(5)) -curle vd¢

oQ Q
(A.28) - / (A(6) — AP (€))eurl:07 P . curl, vde
Q
- / (A(€) — AP)(€))e, - curle v,
Q

and consequently

/ (A(¢)curleO] x v) - vdo
oQ

< 0{|curlg<@% — 01 )o.qllcurle v]o.q
(A.29)

3
1,
(kzl e — aé%,m) leurle®@"@|lo,,olcurl; v||o,Q},

where (H).,(Q))* = {v € (H'(Q))?, v takes equal values on opposite faces of Q}.
Thanks to [curle®]" || .o < C, using (A.24) and (A.27), we get

(A.30) /6Q(A(§)cur1§®i xv)-vdo =0 Vve€ (H;GT(Q))B.

Furthermore, we obtain
[A(f)curlg@% x vV]lag =0,

where [v] denotes the jump of a vector-valued function v on the boundary 0Q.
Therefore, the proof of Proposition 2.1 is complete. Similarly, we can complete the

proof of Proposition 2.2.

Appendix B. The numerical tests for Propositions 2.1 and 2.2. To val-
idate the theoretical results of Propositions 2.1 and 2.2, we do a simulation for con-
tinuous coeflicients that approximate the piecewise constant coefficients and compare
the convergence. For Case 5.2.2, we define a cont(in)uous coefficient that approximates

B

the piecewise constant coefficient api(€), ie., ay, (&) = W +1, £ € Q,

k = 1,2,3, where r is a radius vector in polar coordinates. Here we take 8 = 103.
Let ©F, ©L, p = 1,2,3, be the weak solutions of cell problems (2.2) and (2.6) for
piecewise constant coefficients, respectively. We denote by @’f’(ﬁ), @g’(ﬁ), p=1,2,3,
the associated weak solutions of cell problems (2.2) and (2.6) for smooth coefficients.
Set e = O7(¢) — 0P (¢), e = O8(¢) — 02 (¢), p = 1,2,3. For simplicity, let
llully = llullz2)s, llallq) = llullaeurso)- The associated computational results
are listed in Table B.1.

TABLE B.1
The computational results for Propositions 2.1 and 2.2 in Case 5.2.2.

et ll(0) le? 1l (o) le? (0 lletll(1) le?ll(1) lefll (1)
107y | 167 Py | 167Dy | 167 Py | 167 Py | 167 P iy
0.00048 0.0024 0.0010 0.0014 0.0070 0.0031
ez 1l (0 le31l(0) lle3 1l (o) llez ll(1) le3ll (1) le3ll(1)
19 Py | 192010y | 1950w, | 105 Py | 19570, | 183 Pl
0.0958 0.0936 0.0956 0.1009 0.1013 0.1010
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