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A COMPARISON OF NEWTON-OKOUNKOV POLYTOPES OF SCHUBERT
VARIETIES

NAOKI FUJITA AND HIRONORI OYA

ABSTRACT. A Newton-Okounkov body is a convex body constructed from a polarized variety with
a valuation on its function field. Kaveh (resp., the first author and Naito) proved that the Newton-
Okounkov body of a Schubert variety associated with a specific valuation is identical to the Littelmann
string polytope (resp., the Nakashima-Zelevinsky polyhedral realization) of a Demazure crystal. These
specific valuations are defined algebraically to be the highest term valuations with respect to certain
local coordinate systems on a Bott-Samelson variety. Another class of valuations, which is geometrically
natural, arises from some sequence of subvarieties of a polarized variety. In this paper, we show that
the highest term valuation used by Kaveh (resp., by the first author and Naito) and the valuation
coming from a sequence of specific subvarieties of the Schubert variety are identical on a perfect basis
with some positivity properties. The existence of such a perfect basis follows from a categorification
of the negative part of the quantized enveloping algebra. As a corollary, we prove that the associated
Newton-Okounkov bodies coincide through an explicit affine transformation.
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1. INTRODUCTION

A Newton-Okounkov body A(X, £,v) is a convex body constructed from a polarized variety (X, L)
with a valuation v on its function field C(X); this generalizes the notion of Newton polytope for a toric
variety. The theory of Newton-Okounkov bodies was introduced by Okounkov [40] 41l 42] and afterward
developed independently by Kaveh-Khovanskii [22] and by Lazarsfeld-Mustata [30]. A remarkable fact
is that the theory of Newton-Okounkov bodies of Schubert varieties is deeply connected with represen-
tation theory [6l [7, @, 21} 26]. For instance, Kaveh [21] (resp., the first author and Naito [9]) showed
that the Littelmann string polytope constructed from the Littelmann string parametrization for a De-
mazure crystal (resp., the Nakashima-Zelevinsky polyhedral realization constructed from the Kashiwara
embedding of a Demazure crystal) is identical to the Newton-Okounkov body of a Schubert variety
with respect to a specific valuation, which is defined algebraically to be the highest term valuation with
respect to a certain local coordinate system on a Bott-Samelson variety (cf. [8]). There are valuations
which arise naturally from geometric data of X, more precisely, some sequences of subvarieties of X.
The class of such valuations includes many interesting examples, and many people have been focused
on Newton-Okounkov bodies with respect to such valuations (see, for instance, [28] and [30]). In this
paper, we show that the valuation used by Kaveh (resp., by the first author and Naito) and the one
coming from a sequence of specific subvarieties of the Schubert variety are identical on a perfect basis
with some positivity properties.

To be more precise, let X be an irreducible normal projective variety over C of complex dimension
r, and £ a very ample line bundle on X. We consider a sequence of irreducible closed subvarieties

Xe: X, CXp1C--CXp=X
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such that dimg(X;) = r — k for 0 < k < r, and assume that X is a normal subvariety of X;_; for
1 < k < r. By the normality assumption, there exists a collection uy, ..., u, of rational functions on X
such that the restriction wuy|x,_, is a not identically zero rational function on Xj_; that has a zero of
first order on the hypersurface Xj for every k. Out of such a collection uq, ..., u, of rational functions,
we construct a valuation vx,: C(X)\ {0} = Z", f ~ (as,...,a,), as follows. The first coordinate a; is
the order of vanishing of f on X;7. Then we have (u] “* f)|x, € C(X1) \ {0}, and the second coordinate
ay is the order of vanishing of (u] ® f)|x, on Xs. Continuing in this way, we define all aj. This is
the definition of vy,. The Newton-Okounkov body A(X, L, vx,) inherits information about algebraic,
geometric, and combinatorial properties of X; for instance, the Newton-Okounkov body A(X, L, vx,)
encodes numerical equivalence information of the line bundle £ (see [30]). In addition, by [I Theorem
1], we can systematically construct a series of toric degenerations of X under the assumption that the
associated semigroup I'x, (H°(X, £)) (see [I, Sections 2 and 3] for the definition) is finitely generated.
In the case that X is a Schubert variety and X, is a sequence of specific subvarieties of the Schubert
variety, this semigroup I'x, (H°(X, £)) is identical to the semigroup S(X, £,vx,,7) that we will define
in Definition It is natural to ask whether the valuation used by Kaveh (resp., by the first author
and Naito) can be realized as a valuation of the form vx,. This question was suggested by Kaveh in
[21} Introduction (after Theorem 1)]. Our main result in this paper gives an answer to this question.

Let G be a connected, simply-connected semisimple algebraic group over C, g its Lie algebra, W the
Weyl group, and s; € W, i € I, the simple reflections, where I denotes an index set for the vertices
of the Dynkin diagram. Choose a Borel subgroup B C G, and denote by X(w) C G/B the Schubert
variety corresponding to w € W. A dominant integral weight A gives a line bundle £, on G/B; by
restricting this bundle, we obtain a line bundle on X (w), which we denote by the same symbol £y. From
the Borel-Weil type theorem, we know that the space H°(X (w), L)) of global sections is a B-module
isomorphic to the dual module Vi, (A)* of the Demazure module V,, () corresponding to A and w. Let
i= (i1,...,i) € I" be a reduced word for w, and set w>p = 54, 85,,, " Si,, W<k = 8 S, -+~ 5, for
1 <k <r. Then we obtain two sequences of subvarieties of X (w) which satisfy the conditions above:

X(wse): X(€) C X(wsy) C X(wsr—1) C -+ C X(w>2) C X(w>1) = X(w) and

X(’LUS.>: X(e) C X(’wgl) C X('LUSQ) c---C X(’IUST,1> C X(’LUST) = X(w),
where e € W is the identity element. Consider the valuations vx (. ,),Vx(w.,) associated with these
sequences.

Denote by e;, fi, hi € g, i € I, the Chevalley generators, by {«; | i € I} the set of simple roots, and by
U~ the unipotent radical of the opposite Borel subgroup. Let B"P = {Z"P(b) | b € B(c0)} be a perfect
basis of C[U~] (see Definition , and assume that this basis has the following positivity properties:

(i) the element (—f;) - Z"P(b) belongs to Dy ¢ g(oo) R>0E"P (V) for all b € B(oo) and i € I

(ii) the product Z"P(b) - Z"P(V’) belongs to ), yR>o=E"P(b”) for all bt € B(co) such that

wt(b) € {—ay; | i € T}.

The existence of a perfect basis with the positivity properties (i) and (ii) follows from a categorification
of the negative part of the quantized enveloping algebra (see Proposition . Remark that this basis
induces a C-basis {E)",(0) | b € B,,(\)} of the space H%(X (w), L)) of global sections (see Section 3 and
Proposition. Let 7, € H°(X(w), L) be the restriction of the lowest weight vector in H*(G/B, Ly).
Write a®? := (ay,...,a;) for an element a = (a1,...,a,) € R", and H°P? := {a°" | a € H} for a subset
H C R". The following is the main result of this paper.

eB(c0

Theorem. Let A be a dominant integral weight, i € I" a reduced word for w € W, and b € By, (\).
(1) The value vx(w.,)(Ex5, (0)/72)°P is equal to the Kashiwara embedding of b.
(2) The value vx(w_,)(Ex%,(0)/72)°P is equal to the Littelmann string parametrization of b.

Corollary. Let A be a dominant integral weight, and i € I" a reduced word for w € W.

(1) The Newton-Okounkov body A(X(w), L, VX (ws,))°P is identical to the Nakashima-Zelevinsky
polyhedral realization of By,(X).
(2) The Newton-Okounkov body A(X(w), Lx,vx (w<,))°P is identical to the Littelmann string poly-

tope for By, (N).

For simplicity, we deal with only finite type case, but our results (Theorem and Corollary above)
can be extended to symmetrizable Kac-Moody case without much difficulty. Note that in the case g
is infinite dimensional, there is no w € W such that X (w) = G/B. Indeed, the full flag variety G/B
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is infinite dimensional while the Schubert variety X (w) is finite dimensional. Hence in this case, we
cannot replace X (w) in Corollary above with G/B. See [27] for the precise treatment.

Finally, we should mention some previous works. The computation of the Newton-Okounkov body
with respect to the valuation vx (,_,) was partially done by Okounkov [41]. In the case that G = Sp2,(C)
and i is a specific reduced word for the longest element, he proved that the Newton-Okounkov body
with respect to vx(.,_,) is identical (after an explicit affine transformation) to the type C' Gelfand-Zetlin
polytope, which coincides (after an explicit affine transformation) with the corresponding Littelmann
string polytope by [35, Corollary 7]. Since the collection wuy, ..., u, of rational functions used in [41] is
different from ours, the Newton-Okounkov body computed in [41] is not identical to ours, but they are
unimodular equivalent. Note that our approach in this paper is quite different from his.

In the paper [26], Kiritchenko considered the valuation associated with the sequence of translated
Schubert varieties:

wX(e) = ’LUST»X(G) C wgr—lX(wzr) C wgr_gX(wz,._l) [GIEERNE U)S1X(w22) C eX(wzl) = X(w)

In the case that G = SL,(C) and i is a specific reduced word for the longest element, she proved
that the corresponding Newton-Okounkov body is identical to the Feigin-Fourier-Littelmann-Vinberg
polytope, which is defined by using Dyck paths (cf. [7]). Note that this Newton-Okounkov body is not
unimodularly equivalent to the ones with respect to the valuations vx (- ,); Vx(w<,) in general.

This paper is organized as follows. In Section 2, we recall the definition of Newton-Okounkov bodies.
In Section 3, we recall some properties of perfect bases, and review the main results of [9] and [21].
Section 4 is devoted to explaining properties of perfect bases with the positivity properties (i) and (ii).
Finally, we prove Theorem above in Section 5.
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discussions and helpful suggestions. The second author would like to thank his supervisor Yoshihisa
Saito for his support and encouragement. The authors wish to express their gratitude to Yoshiyuki
Kimura for pointing out some nontrivial gaps. They would like to thank Xin Fang, Megumi Harada,
Kiumars Kaveh, and Valentina Kiritchenko for many comments and suggestions. The second author
thanks the University of Caen Normandy, where a part of this paper was written, and Bernard Leclerc
for hospitality.

2. NEWTON-OKOUNKOV POLYTOPES OF SCHUBERT VARIETIES

Here we recall the definition of Newton-Okounkov bodies of Schubert varieties, following [I1], [21],
[22], and [23]. Let R be a C-algebra without nonzero zero-divisors, and fix a total order < on Z7,
r € Z~q, respecting the addition.

Definition 2.1. A map v: R\ {0} — Z" is called a valuation on R if the following hold: for every
o,7 € R\ {0} and c € C\ {0},

(i) v(o-7) = v(o) +v(7),

(ii)) v(c- o) =v(o),

(iii) v(o +7) > min{v(o),v(7)} unless o +7 = 0.
The following is a fundamental property of valuations.

Proposition 2.2 (See, for instance, [2I, Proposition 1.8 (2)]). Let v be a valuation on R. For
01,...,05 € R\ {0}, assume that v(oy),...,v(0s) are all distinct. Then for ci,...,cs € C such that
o:=c101+ -+ cs05 0, the following equality holds:

v(o) =min{v(oy) |1 <t <s, ¢ # 0}.

Let G be a connected, simply-connected semisimple algebraic group over C, g its Lie algebra, W the
Weyl group, and I an index set for the vertices of the Dynkin diagram. Choose a Borel subgroup B C G
and a maximal torus T C B. Denote by t the Lie algebra of T, by t* := Hom¢(t, C) its dual space, and
by (-,-): t* xt — C the canonical pairing. Let {c; | i € I} C t* be the set of simple roots, {h; |i € I} C t
the set of simple coroots, and e;, f;, h; € g, ¢ € I, the Chevalley generators. For ¢ € I, denote by g; the
Lie subalgebra of g generated by e;, f;, h;, which is isomorphic to sl;(C) as a Lie algebra.

Definition 2.3. Let us denote by X (w) for w € W the Zariski closure of BwB/B in G/B, where w € G
denotes a lift for w; note that the closed subvariety X (w) is independent of the choice of a lift w. The
X (w) is called the Schubert variety corresponding to w € W.
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It is well-known that the Schubert variety X (w) is a normal projective variety of complex dimension
{(w), where ¢(w) is the length of w. Given a dominant integral weight A, we define a line bundle £, on
G/B by

E,\ = (G X C)/B,

where B acts on G x C on the right as follows:

(g,¢) - b= (gb, A(b)e)
for g € G, ¢ € C, and b € B. By restricting this bundle, we obtain a line bundle on X (w), which
we denote by the same symbol £y. Let V(A) be the irreducible highest weight G-module with highest
weight A, vy € V() the highest weight vector, and v,y € V()) the extremal weight vector of weight
w for w € W. Then the Demazure module V,,(A\) corresponding to w € W is the B-submodule of V()
given by

Vi(A) = Chuya.

beB

From the Borel-Weil type theorem, we know that the space H*(G/B, L) (resp., H*(X (w), Ly)) of global
sections is a G-module (resp., a B-module) isomorphic to the dual module V' (A)* = Hom¢(V(A),C)
(resp., Vi (A)* = Home (V4 (A), C)).

Definition 2.4. Define two lexicographic orders < and < on Z", r € Z~, by (a1,...,a,) < (a},...,a.)

T

(resp., (a1,...,a,) < (a},...,a.)) if and only if there exists 1 < k < r such that a; = af,...,a5—1 =

aj_y, ar < ay, (vesp., ap = ay., ..., ap41 = )y, ap < ay). Let C(ty,...,t,) denote the rational function
field in r variables. The lexicographic order < on Z" induces a total order (denoted by the same symbol

<) on the set of all monomials in the polynomial ring Clt,...,t,] as follows: tJ* ...t < £ ~t?-:" if
1 T 1
and only if (a1,...,a,) < (aj,...,a;). Let us define two valuations vlish plow: C(ty, ... t.) \ {0} = Z"
by vPeR(f/g) == v (f) — phigh(g) oW (f/g) == vV (f) — V% (g) for f,g € C[ty,...,t.]\ {0}, and by
vMER () = —(aq,...,a,) for f =ct? .- t% + (lower terms) € Cltq, ..., 1, 0},
1 r
VV(f) = (a1, ...,a,) for f =ct{*---t% + (higher terms) € C[ty,...,t,]\ {0},

respectively, where ¢ € C\ {0}, and by “lower terms” (resp., “higher terms”), we mean a linear com-
bination of monomials smaller (resp., bigger) than ¢]* - --t%" with respect to the total order <. Since
the total order < on the set of all monomials satisfies t; > --- > t¢,., we call the valuation v"8" (resp.,
v'°%) on C(ty,...,t,) the highest term valuation (resp., the lowest term valuation) with respect to the
lexicographic order t; > --- > t,.. Similarly, by using the lexicographic order < on Z", we define the
highest term valuation 9™&" and the lowest term valuation 9'°% with respect to the lexicographic order

t. >+ >t by
oM (f) == —(ay,...,a1) for f = cti* .-t + (lower terms) € Clt1,...,t,]\ {0},
7Y (f) = (ay,...,a1) for f =ctd -t + (higher terms) € C[ty,...,t,]\ {0},

where ¢ € C\ {0}; note that the lexicographic order < on Z" induces a total order < on the set of all
monomials satisfying ¢, > --- > 1.

lexicographic order || highest term valuation | lowest term valuation
th > >t yPEh vov
t. = =1 ,Dhigh @Iow
Example 2.5. If r = 3 and f = t1ty + t2 € Clt1,ta,t3], then it follows that v"&8(f) = —(1,1,0),

vov(f) = (0,0,2), oM&h(f) = —(2,0,0), and 3'°V(f) = (0,1,1).

Let U~ denote the unipotent radical of the opposite Borel subgroup, U;” C U~ the opposite root
subgroup corresponding to an index ¢ € I, and set u~ = Lie(U~), u; = Lie(U; ) = Cf;. We regard
U~ as an affine open subset of G/B by:

U™ — G/B, u+ umod B.

Consider the set-theoretic intersection U~ N X (w) in G/B. Since the intersection is an open subset
of X (w), it acquires an open subvariety structure from X (w). Remark that this is identical to the
closed subvariety structure on U~ N X (w) induced from U™, since a reduced subscheme structure on
the locally closed subset U~ N X (w) C G/B is unique. Let i = (iy,...,i,) € I" be a reduced word
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for w € W. It is well-known that the product map U; x --- x U; — U~ N X(w), (u1,...,u,) =
uy - -4, mod B, is a birational morphism (see, for instance, [12] Part 1, Chapter 13]); therefore, the
function field C(X (w)) = C(U~ N X (w)) is identified with C(U;; x --- x U; ). By using the isomorphism
C" = U; x --- x U of varieties given by (t1,...,t.) — (exp(tlfil), ...,exp(tyfi,)), we identify the
function field C(X (w)) = C(U;; x---x U; ) with the rational function field C(t, . ..,t.). Now we define
valuations v}'&" plow g/e" iow on C(X(w)) to be vhigh ylow ghigh Flow on C(¢,,... ¢,.), respectively.
If we set w>p = 84, 84,4, *** i, and w<p = 54,84, < -+ 83, for 1 <k < r, then we obtain two sequences of
subvarieties of X (w):

X(wse): X(e) C X(wsy) C X(wsr—1) C -+ C X(ws2) C X(w>1) = X(w) and
X(w<e): X(€) C X(w<1) C X(w<z2) C -+ C X(w<r—1) C X(w<,) = X(w),
where e € W' is the identity element. As discussed in Introduction, we construct two valuations vx (y.,)

and vx(w.,) out of these sequences; note that X(w>y) (resp., X (w<g)) is a normal subvariety of
X(wsgk—1) (resp., X (w<p41)) for each k. Now it follows immediately that

low __ ~low __
Vi = VX (ws,) and 7, = VX (w<,)-

Consider the left action of U, (resp., the right action of U; ) on U; x --- x U, given by

we(ug, .oy uy) = (uug, ... up)  (resp., (U1, ... upe) - u' = (ug, ..., uu'))

foruy €U, ,...,ur €U; , and u € U;] (resp., u' € U;.); this induces a left action of u; (resp., a right
action of u; ) on (C[tl, ooy t,] = C[U; x --- x U; "], which is given by:

0
(2.1) fir 'f(tlw"vtr):_ﬁf(tlv'”vtr)

1

0

(22) (I'eSp., f(tla"'vtr)'fir :7875 (t17"'7t7“))

for f(t1,...,t,) € Clty,...,t,] (see |9, §§3.2] and [2I], Proposition 2.2]).

Proposition 2.6 (See [0, Proposition 3.9] and [2I], Proof of Theorem 4.1]). Let f(¢1,. .
be a nonzero polynomial.

(1) Write v)" 8" (f(t1, ..., t,)) = —(ay,. ..
alzmax{a6220| iai-f(tl,..., )750},
az = max{a € ZZO | flag ' (le : f(tla cee atr))|X(’w22) 7£ 0}7

.,tr) G(C[tl,...,tr]

,a.). Then the following equalities hold:

ap =max{a € Zxo | fii - (-~ (fi7 - (fi - f(ta, - b)) X (wsa)) )X (wsp) # OF-
(2) Write 58" (f(t1,...,t,)) = —(al,...,d}). Then the following equalities hold:
a, = max{a € Zxo | f(t1,...,t,;) - fii # 0},

i
vy =max{a € Zxo | (f(tr, - tr) - [i )| x(we,_y) - [, # 0},

T

a

’

ay =max{a € Zoo | (- ((f(tr, - te)  Fi ) xwepn)  Ji, ) e - £y # 0}

T

Definition 2.7. For a d_ominant integral weight A and a reduced word i = (iy,...,i,) € I" for w € W,
take vy € {0} 8" vlow G Flowl and 7 € HO(X (w), L) \ {0}. Define a subset S(X (w), Ly, v;,7) C
Z<o X Z" by
S(X (w), Lx,vi,7) = [J{(k,vi(o/7)) [ o € HO(X (w), LT*) \ {0}},
k>0

and denote by C(X (w), L, vi,7) C R>¢xR" the smallest real closed cone containing S(X (w), L, vi, T).
Since v; is a valuation, it follows that the subset S(X (w), Ly, v;,7) is a semigroup, and that the real
closed cone C(X (w), Ly, v;,T) is convex. Let us define a subset A(X (w), Lx,vi,7) C R" by

A(X (w), Ly,v;,7) ={aeR"|(1,a) € C(X(w), Ly, vi,T)};
this is called the Newton-Okounkov body of X (w) associated with £y, v;, and .
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As we will see in Sections 3 and 5, the Newton-Okounkov body A(X (w), L, v;, 7) is indeed a rational
convex polytope. Hence it is also called a Newton-Okounkov polytope.

Remark 2.8. If we take another section 7/ € H(X (w), L)) \ {0}, then S(X (w), Ly, vi,7’) is the shift
of S(X(w),Lx,vi,7) by kvi(7/7") in {k} x Z" for k € Z~g, that is,

S(X(w), Lx,vi, 7)) N ({k} x Z7) = S(X(w), La,v1,7) N ({k} x Z7) + (0, kvi(7/7)).
Hence it follows that A(X (w), La, vi, ") = A(X (w), Lx,vi,7) + vi(7/7"). Thus, the Newton-Okounkov
body A(X(w), Ly, vi,T) does not essentially depend on the choice of 7 € H?(X (w), L)) \ {0}; hence it
is also denoted simply by A(X (w), Ly, v;).

Example 2.9. Let G = SL3(C) (of type A2), I = {1,2}, i = (1,2,1) a reduced word for the longest
element wy of W, and A = a; + as. Then the Schubert variety X (wp) is identical to the full flag
variety G/B. Recall that the coordinate ring C[U™] is regarded as a C-subalgebra of the polynomial
ring Clty, t2, t3] by using the birational morphism

C® = U, (t1,ta, t3) = exp(trf1) exp(tafo) exp(tsfr).

Since we have

1 0 0
exp(tyfi)exp(tafo)exp(tafi) = [ti+t3 1 0],
tots  to 1

the coordinate ring C[U ] is identical to the C-subalgebra C[t; + t3, t2, tats] of C[t1, t2,t3]. In addition,
by standard monomial theory (see, for instance, [45, Section 2]), we deduce that for a specific section
7 € H°(G/B, L)), the C-subspace {o/7\ | 0 € H(G/B, L))} of C(U™) is spanned by

{1,t1 + t3, to, tita, tots, tita(ty + t3), tats, t1tats}.

Now we obtain the following list.

Valuation 1 ty +t3 to thto tots tita(t; +t3) t3t3 t1t3t3
vt [1(0,0,0) [ —(1,0,00 | —(0,1,0) | —(1,1,0) | =(0,1,1) | —(2,1,0) | —(0,2,1) | —(1,2,1)
v (0,0,0) | (0,0,1) | (0,1,0) | (1,1,0) | (0,1,1) (1,1,1) 0,2,1) | (1,2,1)
58 1(0,0,0) | —(1,0,0) | —=(0,1,0) | —(0,1,1) | —=(1,1,0) | —(1,1,1) | —(1,2,0) [ —(1,2,1)
olow (0,0,0) [ (0,0,1) | (0,1,0) | (0,1,1) | (1,1,0) (0,1,2) (1,2,0) [ (1,2,1)

For v; € {v/"g plow gligh glowl - the Newton-Okounkov body A(G/B, Ly, vi,7) is identical to the

iUl

convex hull of the corresponding eight points in the list above; see the figures 1-4.

FIGURE 1. —A(G/B, Ly, v"8" 73) FIGURE 2. A(G/B, Ly, v°", 7))

7

FIGURE 3. —A(G/B, L, 518" 7y) FIGURE 4. A(G/B, Ly, 9°%, 7))

)

v

Hence we deduce that
A(G/B, Ly, v}, 7\) = —=A(G/B, Ly, 5", 7,)°P, and

A(G/B, L, 51, 72) = —A(G/B, L, v/"&" 7)°P,

1
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where we write H°P = {(as3,az,a1) | (a1,a2,a3) € H} for a subset H C R3. Our main result (Corollary
5.3)) states that these coincidences of Newton-Okounkov bodies hold also for arbitrary G, i, and A; only
restriction is that we need to take a specific section Ty.

3. KASHIWARA CRYSTAL BASES AND PERFECT BASES

In this section, we first review the definitions and properties of perfect bases of the space HY(G/B, L) ~
V(A)* of global sections and the coordinate ring C[U~]. They are convenient tools for calculating the
Newton-Okounkov bodies of Schubert varieties. Next we review the main results of [9] and [21].

Let P C t* be the weight lattice of g, and P, C P the set of dominant integral weights. For A € P,
and p € P, set

VN, ={veV) | h-v={(uh)vforall h €t}
The action of g on the dual space V(A\)*, A € Py, is given by (z- f,v) := —(f,z-v) for f € V(N)*, z € g,
and v € V(A), where (-,-): V(A)* x V(A) — C is the canonical pairing. Since V(A) =€D,,cp V(A)u, the
dual space V(M) == (V()),)" is regarded as a subspace of V(A\)*. For i € I and f € V/(\)*\ {0}, set
ei(f) == max{k € Zxo | - f # 0}.
Let €;(f) == —oco for f =0€ V(A)*. Fori € I and k € Z>o, set

(V)= {f e VI | a(f) < k).

Definition 3.1 (See [3, Definition 5.30] and [14] Definition 2.5]). Let A € P.. A C-basis B*P(\) C V(\)*
is said to be perfect if the following conditions hold:

() B™() = [1,cp B'(\),., where BY(A), i= B(\) 1 V)L,
(ii) B"P(A)x = {7r}, where (7y,v)) =1,
(iii) for ¢ € I and 7 € B"P(\) with f; -7 # 0, there exists a unique element é;(7) € B"P(\) such that
fi-m € CXE(r) + (V(A)) ==,

where C* := C\ {0},
(iv) if é;(7) = &;(7’) for 7,7" € B"P(\) and some i € I, then we have 7 = 7.

Next we review the definition of a perfect basis of C[U~]. Let U(u~) be the universal enveloping
algebra of u~. The algebra U(u~) has a Hopf algebra structure given by the following coproduct A,
counit ¢, and antipode S:

Alfi)=fi®1+1 f;, e(f;) =0, and S(f;) = —f;
for i € I. We can regard U(u™) as a multigraded C-algebra:
U(ui) = @ U(uf)d,
dezi,

where the homogeneous component U(u™)q for d = (d;)ier € ZIZO is defined to be the C-subspace of
U(u~) spanned by elements fj, - - - f;,, for which the cardinality of {1 < k < [d| | jx = i} is equal to d;

for all i € I; here we set |d| ==}, ; d;. Let
Uu g = @ U )gra = @ Homg(U(u™)q,C)
dezi, dezi,

be the graded dual of U(u~) endowed with the dual Hopf algebra structure. Note that the coordinate
ring C[U ] also has a Hopf algebra structure given by the following coproduct A, counit &, and antipode
S:
A (1, u2)) = f(uruz), (f) = fle), and S()(w) = f(u™)

for f € C[U™] and u, uy,us € U™, where e € U~ is the identity element. It is well-known that this Hopf
algebra C[U ] is isomorphic to the dual Hopf algebra U(u~);, (see, for instance, [10, Proposition 5.1]).
Let (-,-): U(u™)g, x U(u™) — C denote the canonical pairing. Define a U(u~)-bimodule structure on
U(u™)g by

<QL‘ ' p?y> = —<p71' ' y>7 and
(p-z,y)=—(p,y )
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forz eu™, pe U(u™);,, and y € U(u™). Also, the coordinate ring C[U~] has a natural U~ -bimodule
structure, which is given by

(u1 - f)(uz) = f(u; 'up), and
(f - u1)(uz) = f(uguy")

for ui,us € U~ and f € C[U~]. This induces a U(u~)-bimodule structure on C[U~]. Note that the
isomorphism of Hopf algebras U(u™);, ~ C[U~] is compatible with the U(u~)-bimodule structures.
Henceforth we will identify U(u™);, with C[U~]. Define a C-algebra anti-involution * on U(u~) by
fF = f; for all ¢ € I. This map is a C-coalgebra involution; hence it induces a C-algebra involution on

U(u™)g = C[UT] (also denoted by ). For i € I and f € C[U]\ {0}, set

i(f) = max(k € Zso | £ - f 0},
Let g;(f) == —oco for f =0€ C[U]. Fori € I and k € Z>, set
CUT* = {f e ClU] | eslf) < K}.

Definition 3.2 (See [3, Definition 5.30] and [I5, Definition 4.5]). A C-basis B®" C C[U~] = U(u™);,
is said to be perfect if the following conditions hold:
(i) B" = Hdezfzo B;’, where Bj” .= B"" N U(u_);ryd,
(i) leo,...,o) = {70}, where (7o, 1) =1,
(iii) for ¢« € I and 7 € B"P with f; - 7 # 0, there exists a unique element é;(7) € B"P such that

fi T € (Cxé,(T) + C[U7]<Ei(‘r)71’i,
(iv) if é;(1) = é;(7") for 7,7/ € B"P and some i € I, then we have 7 = 7'.

Moreover, in this paper, we always impose the following %-stable condition on a perfect basis:
(v) (B")" =B"™.

We list some examples of perfect bases here. In particular, Example is extremely important in
this paper. See also Proposition

Example 3.3. The upper global bases (= the dual canonical bases) of V(A)*, A € Py, and C[U™] =
U (u’)gr are typical examples of perfect bases. They are the dual bases of the lower global bases (= the
canonical bases), introduced by Lusztig [31] 32 B3] and Kashiwara [16] [I7] via quantized enveloping
algebras associated with g. See [I8, Proposition 5.3.1], [I9, Theorem 2.1.1] (and also [9, Proposition
2.8]) for the perfectness. The upper global bases are denoted by {G\*(b) | b € B(A\)} C V(A)* and

{G""(b) | b € B(oo)} C C[U], respectively.

Example 3.4. When g is simply-laced, Lusztig [34] constructed a specific C-basis of U(u™), called the
semicanonical basis. The dual basis of the semicanonical basis, called the dual semicanonical basis, is a
perfect basis by [34, Proof of Lemma 2.4 and Section 3].

Example 3.5. Khovanov-Lauda [24, 25] and Rouquier [43] introduced the family {Rq | d € ZL}
of Z-graded algebras, called Khovanov-Lauda-Rouquier algebras or quiver Hecke algebras, which cate-
gorifies the negative half U,(u™) of the quantized enveloping algebra. To be precise, the direct sum

@dezg . Go(Rg-gmod) of the Grothendieck groups of finite dimensional graded Rg-modules has the

algebra structure which comes from the induction functor [24, Proposition 3.1]. Moreover the resulting
Z[q*T1]-algebra (the action of ¢ is induced from the grading shift functor) is isomorphic to a certain
Zlq*]-form Uy z(u™) of Ug(u™), which is isomorphic to C[U™] if we apply the functor C ®z,+1 — with
g — 1 to it (this process is called the specialization at ¢ = 1) [24] Proposition 3.4 and Theorem 3.17]
(see also the diagram written before [I5, Lemma 5.3]). The free Z[¢*!]-module @dezgo Go(Rq-gmod)
has the basis consisting of the classes of self-dual graded simple modules. Here we call this basis the
KLR-basis. Then the specialization of the KLR-basis at ¢ = 1 is known to be a perfect basis [I5, Lem-
mas 3.13 and 5.3] (cf. [29], §52.5.1]). The property (v) holds because the involution # is induced from the
twist of Rq-modules by the involutive automorphism o of Rq in [24] §§2.1] (see also [36, Section 12]).
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The index set B()) (resp., B(c0)) of the upper global basis in Example 3.3 has the following additional
structure, called a crystal structure [19, Section 1]: maps &;,;: B(A) — Z (resp., B(oco) — Z) and
€, fi: BN — B(X\) U {0} (resp., B(oo) — B(oo) U {0}) for i € I. We do not review here the precise
definitions of these crystals (see [20] for a survey on this topic). Instead, we explain the definition of
the crystals associated with perfect bases. In fact, it is known that they are isomorphic to B(\) and
B(c0) as crystals (Proposition [3.6). Let BUP()) (resp., BU"P) be a perfect basis of V/(A\)*, A € P, (resp.,
C[U™]). For i € I and 7 € B"(\), (resp., T € By), set

wt(7) = p (resp., — Ziel dici), i) = ei(T) 4+ (wt(r), hi),  filr) = {7’ if &;(1') =7,

0 otherwise.

Then the sextuple (BUP(\); wt, {g;}i, {0 }i, {€i}i, {fi}i) (vesp., (B Pswt, {e;}i, {@i}i {€i}i, {fi}:)) sat-
isfies the axioms of crystal.

Proposition 3.6 ([3, Main Theorem 5.37]). The following hold:
(1) For X\ € Py, the crystal (B™(\);wt, {:}i, {@:i }i, {€i }i, {fi}i) is canonically isomorphic to the
crystal (BON);wt, {ei}i, {@iYi, {&}i, {fi}i), that is, there exists a unique bijection B™()\) =
B(\) that commutes with the maps {é; | i € I}, {fi | i € I}, and preserves the values of wt,
{eilie I}, {pi|iel}. 5
(2) The crystal (B"P;wt, {e;}i, {@i}is {€:}i, {fi }i) is canonically isomorphic to the crystal (B(co); wt,

{eitis {witi {&}i {fi}i)-
Remark that
gi(b) = max{k € Zs¢ | €¥b # 0} for b € B(o0), and
ei(b) = max{k € Zxq | &b # 0}, ¢;(b) = max{k € Zxq | fb# 0} for b€ B(A).
From now on, by Proposition we write perfect bases of V(A\)* and C[U ] as {E\"(b) | b € B(\)} and

{Z"P(b) | b € B(oo)}. The unique element b of B(A) (resp., B(co)) with wt(b) = A (resp., wt(b) = 0) is
denoted by by (resp., bso)-

Remark 3.7. Let e; € ZIZO denote the unit vector corresponding to i € I. Since U(u™)ge, = CfF for
k>0, we have U(u™)5, e, = CE"(fFby,).

Now the condition (iii) in Definition is equivalent to the following condition:
(iii)" for all i € I, b € B(c0), and k € Z>o,
fF- =P (b) € C*2P(ekD) + > CE" ().

b €B(c0); wt(b')=wt(erb),
ei(b)<ei(ekb)

Moreover we have

(3:1) [0 2 (n) € xEr (e Oy),

?

(3.2) fF.E"(b) =0 for k > &;(b).

A perfect basis B"P()\) also has the similar properties, but we do not need them in this paper. The
following lemma follows by using (3.1)) and (3.2) repeatedly.

Lemma 3.8. Let B, = {Z.P(b) | b € B(c0)} be perfect bases of CIU™| (k= 1,2). Write

=17 (b) = Z apZ5° (V) (e € C).
b €B(oc0)

Then cpp € C*. Moreover ¢y = 0 unless ®;(b') < ®;(b) (see Definition for the definition of
the order <), where ®;: B(co) — Zgo 1s the Littelmann string parametrization map associated with a
reduced word i € IV for the longest element wy of W (see Deﬁnition (1)).

Remark 3.9. This lemma holds for perfect bases which do not necessarily have the property (v).
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In the following, the dual basis of a perfect basis B"P()) (resp., B"P) is also an important object,
which is called a lower perfect basis, and denoted by B°V()\) = {E¥%(b) | b € B(\)} C V(A) (resp.,
BV = {El°%(b) | b € B(oo)} € U(u™)). Then the condition (i)’ above is replaced by the following
condition (see the proof of [9, Lemma 4.6]):

(iii); for alli € I, b € B(co), and k € Zso,
fik . Elow(b) c (CXE.low(fikb) + Z Elow(b/).

b €B(00); wt(b')=wt(fFb),
ei(b)>ei(fFb)

Remark 3.10. Baumann introduced the notion of bases of canonical type in [2]. The axioms of bases of
canonical type are slightly stronger than our conditions on the lower perfect bases because they impose
an additional condition on the coefficient of Z'°%(£Fb) in our condition (iii);.

The dual bases of {G\"(b) | b € B(\)} and {G"™(b) | b € B(oo)} (that is, the lower global bases of
V(A) and U(u™)) are denoted by {G'*(b) | b € B(\)} and {G™"(b) | b € B(c0)}, respectively.

Recall the involution *: U(u~) — U(u™). We see from [19, Theorem 2.1.1] that, for b € B(c0), there
exists an element b* € B(0o) such that G (b)* = G'°%(b*) (see, for instance, [, Proposition 2.8 (1)]).
The involution *: B(co) — B(o0) is called Kashiwara’s involution. Set

~x
€;

for i € I. Note that G"P(b)* = G"P(b*) for b € B(c0). In fact all perfect bases have such a property as
follows.

=%x0¢; 0%, ffi=x%o0 fiox, &f =¢g;0%, and @] = @; 0 %

Proposition 3.11. Let {Z"P(b) | b € B(c0)} be a perfect basis of C[U™]. Then Z"P(b)* = Z"P(b*) for
all b € B(c0); hence the equality Z'°% (b)* = =1V (b*) also holds for all b € B(co).

Proof. For b € B(c0), there exists b* € B(oo) such that E"P(b)* = Z"P(b*) by the property (v). Suppose
that there exists b € B(oco) such that (b*)* # b. Let i be a reduced word for the longest element wg, and
bo an element such that (bf)* # bo and such that ®;(by) > ®;(b) for all b € B(00)wi(s,) with (b*)* # b.
Then
(E"((b5)"), G (bo)) = (E"P(b5)*, G'™" (bo)) = (E"P(b5), G* (bg)) # O

by Lemma Hence, by Lemma again, ®;(by) < ®;((b5)*). Hence, by the assumption on by, we
have the equality (bf)* = (((b§)*)*)*, which is equivalent to by = (bf;)*. This contradicts the choice of
bo. Hence (b*)* = b for all b € B(oc0). O

By condition (iii); and Proposition we obtain the following (see, for instance, the proof of [9]
Proposition 2.8]).

Proposition 3.12. Foralli €I, b€ B(co), and k € Z>,
Elow(b) . fzk c CXE]OW((ﬂ*)k‘b) Z (CEIOW(I)/).

V' EB(o0); wh(b)=wi((f7)"b),
= ()>1 (F)")

We will prove that a perfect basis B"P of C[U ] induces a perfect basis B"P(A) of V(A)*. To do this,
we here recall the remarkable properties of the lower global bases.

Proposition 3.13 ([I7, Theorem 5]). For A € Py, let wx: U(u™) — V(A) denote the surjective U(u~)-
module homomorphism given by u — uv).
(1) For b € B(occ), there exists mx(b) € B(A) U {0} such that mx(G%(b)) = GV (mA(b)), where
GYY(0) = 0; in addition, for

B(\) = {b € B(co) | ma(b) # 0},
the map m: B(A) = B(X\), b mx(b), is bijective.
(2) fima(b) = mA(fib) for alli € I and b € B(co).
(3) é;mA(b) = ma(€;b) for alli € I and b € B(N). B
(4) €i(ma(b)) = €i(b) and @;(mA(b)) = @i(b) + (A, h;) for alli € I and b € B(N).
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Proposition 3.14 ([I7, Theorem 7]). Let k € Z>o, and i € I. Then

SN #Fuwy= P CEN), and

k'2k beB(o0); ei(b)2k
SNSuw)ff = P cEvo).
k' >k beB(c0); et (b)>k

Remark 3.15. It is known that the kernel of the map 7y : U(u™) — V() isequalto ), ., U (u_)fi<’\7h">+1.

Hence, by Proposition the subset g()\) is described in terms of the crystal, that is,
B(\) = {b e B(co) | e(b) < (\ hy) for all i € I}.

A lower perfect basis is compatible with irreducible highest weight U(g)-modules V' (A), A € P, and
their U(g;)-submodules as follows.

Proposition 3.16. Let A € Py, and w € W. Then the following hold.

(1) For b € B(c0), we have mx\(Z°% (b)) # 0 if and only if b € E()\) Thus the set {EXY(mx (b)) ==
(2 (b)) | b e B(A )} forms a C-basis of V().

(2) Fizi € I and £ € Zxo. Let I{(V(N)) be the sum of (£ + 1)-dimensional irreducible U(g;)-
submodules of V(A), WE(V(A)) = @ps, If (VIN), IHBQ)) = {b € BO) | &:(b) + @i(b) = £},
and W (B(X)) = {b € B(\) | €i(b) + ¢;i(b) > €}. Then

WiV = >, CEM),
beEW[(B(X)
and, for b € I{(B()\)),
filc . r—*low( ) c (C><r—~10w

ek - = (b) € CX R

3

b) + Wi (V(A),

b) + Wi (V (V).

Proof. We ﬁrst prove the assertion that the set {Z'°V(b) | b € B(x), €f(b) > k} forms a C-basis
of U(u™)fF, which implies part (1) by Remark [3.15| Set U, = D obeB(oo); et (b)>k CZ'"Y(b). Then
we have U(u™)fF C Uk, by Proposition On the other hand, Proposition implies that
dimc(U(u™)fENUW™)a) = #{b € B(co)a | € (b) > k} for all d = (d;)ser € ZIZO, where B(o0)q = {b €
B(oo) | wt(b) = —>,c;dia;}. This completes a proof of our assertion. By Proposition and the
condition (iii); for lower perfect bases, we have

(33) zk r—*low( )E Cxﬁlow(fk ) Z Cﬁlow( )
b EB(N); wh(b')=wt(fFb),
i (V) >ei (D)

for all i € I, b € B(A\), and k € Z>o. Fix i € I and let ¢y be the maximal integer ¢ such that
WE(V(N)) # 0. Then

(fF
(ef

WV (V) = I (V(V).

Thus €;(b) = 0 for all b € B(\) with (wt(b),h;) = £yo. Hence implies that fF . Zlow(b) €
CXEv(fFb) for all k € Zso and b € B(\) with (wt(b), h;) = . Therefore W (V()\)) is spanned
by the elements {Z%(b) | b € W/°(B()\))}. By using descending induction on ¢ and replacing V/(\)
with V(X)/W{T(V())) in the argument above, we prove that W/ (V()\)) is spanned by the elements
{Elw () | b € WE(B(N))} for all £. This proves the first half of part (2). The latter half of part (2)
follows from (3.3)), the first half of (2), and the representation theory of sly(C). O

From now on, we review the main results of [9] and [21].

Proposition 3.17 (See [19] Propositions 3.2.3 and 3.2.5]). Let i = (i1,...,4,) be a reduced word for
weW, and A € Py.

(1) The subset
By(A) = {fi - firba | ar, ... ar € Lo} \ {0} C B(N)

is independent of the choice of a reduced word i.
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(2) The subset
By(00) = {ff* - firbeo | @1, ..., ar € Zxo} C B(oo)
1s independent of the choice of a reduced word i. _
(3) The equality 7T>~\(Bw(oo)) = Bw(/\)~U {0} holds; hence 7y induces a bijective map 7x: By(\) —

B, (M), where By,(X) == By (00) N B(A).

The subsets By, (), By (00) are called Demazure crystals.
Since

(3.4) B(eo) = |J B

by [I7, Corollary 4.4.5], we deduce that
(3.5)

Let {EYP(b) | b€ B(\)} € HY(G/B, L) = V(A)* denote the dual basis of {ZXV(b) | b€ B(A\)} C V()).

Proposition 3.18. Let A € Py.

(1) The C-basis B"P(X) = {E3"(b) | b € B(A\)} C V(A)* is a perfect basis.

(2) Set 7y == E\P(br) € HY(G/B,Ly). Then the section Ty does not vanish on U~ (< G/B); in
particular, the restriction (1/7\)|y- belongs to C{U™] for all T € H°(G/B, L)).

(3) A map vn: HY(G/B,Ly) — ClU™] defined by 1\(1) = (7/7\)|y- for 7 € H°(G/B,L)) is
imjective. B

(4) The element Z"P(b) is identical to tx (23" (mA(b))) for all b € B(N).

(5) The following equalities hold:

{Er®) [beBoo)t = [J {a(EP0) [b€ B}, and
AEP;
CU-]= |J w(HG/B,Ly)).
AePy

Proof. Part (1) is an immediate consequence of the definition of B"P(\) and (3.3). Parts (2), (4) are
proved in a way similar to the proof of [0, Lemma 4.5]. Since U~ is regarded as an open subvariety of
G/B, we have (17/7)|y- # 0 for all nonzero sections 7 € H°(G/B, L)), which implies part (3). Since
{E"P(b) | b € B(c0)} is a C-basis of C[U~], part (5) follows by part (4) and equation (3.4). O

—low

We consider the following property (D) for a lower perfect basis {Z°%(b) | b € B(oc0)} (see also

Proposition (1)):
(D) the set {Z°Y(b) | b € B,y(A)} forms a C-basis of the Demazure module V,,()).
A perfect basis of C[U~] will be said to have the property (D) if its dual basis has the property (D).

Remark 3.19. The upper global basis and the dual semicanonical basis have the property (D) ([19,
Proposition 3.2.3] and [44, Theorem 7.1], respectively). We show in Section 4 (Proposition that the
specialization of the KLR-basis at ¢ = 1 also has the property (D).

Since U~ N X (w) is a closed subvariety of U™, the restriction map 7, : C[U"] - C[U~ N X (w)]
is surjective. For b € B(c0), let ZiP(b) € C[U~ N X (w)] denote the image of ='P(b) € C[U | under
the restriction map 7,,. By abuse of notation, we denote by 7\ € H°(X (w), L,) the restriction of 7, €
H°(G/B,L)). By Proposition (2), the section 7 does not vanish on U~ NX (w) (< X (w)); hence a
map H(X (w), L)) = C[U™NX (w)], 7 = (7/72)|(r-nx(w))- is well-defined, which we also denote by ¢y.
Since U~ N X (w) is an open subvariety of X (w), we see that the map ¢y : H*(X (w), L)) — C[U~NX (w)]
is injective. For a perfect basis {Z"P(b) | b € B(oo)} with the property (D), let {Z)°,(b) | b € B,(\)} C
HO(X (w), L)) = Viuw(N\)* be the dual basis of {E¥(b) | b € B,(A\)} C Vi(N). It is obvious that
T = E;Ij)w(b)\) in HO(X(U}), ,C)\)

Corollary 3.20. Let B"? = {E"P(b) | b € B(oo)} C C[U] be a perfect basis with the property (D).
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(1) The following equality holds:

CUnX(w)] = J an(H(X(w),Ly)).
\ePy

(2) The element ZyP(b) is identical to 1x(EX, (mA(D))) for all b € Bu(N).
(3) The set {E4P(D) | b € By(oo)} forms a C-basis of CIlU~ N X (w)].
(4) The element Z¥(b) is identical to 0 unless b € B, (00).

Proof. Consider the following diagram of subvarieties:

U_C—>G/B

J

U™ NX(w)—— X(w).
From this, we see that the following diagram is commutative:

CU] ————H(G/B, L)

i Nw i Nw

ClU~ N X (w)] <HO(X (w), L),

where we denote by n,: H(G/B, L)) - H°(X(w),L)) the restriction map. Hence part (2) is an
immediate consequence of Proposition (4) and of the equality 7, (E\"(mA(b))) = E3°, (7a(b)) for

=\ w
b € By()). Also, we see that
ClU™ N X(w)] =nw(ClUT])
U nw(ea(H(G/B, L))  (by Proposition [3.18/ (5))
AePy

U axmu(H(G/B, L))

AePy

= U a@ (X w).L.).

AEP,

This proves part (1). Since {E}",(mA(b)) [ b € B (M)} forms a C-basis of HO(X (w), Ly), we deduce by
parts (1), (2) and equation that {EUP(b) | B, (00)} spans C[U~NX (w)]. For an arbitrary finite sub-
set {by,..., by} C By(co), take A € Py such that by, ..., b, € B()). Since (2N (A (01), -+, EXD, (ma(br) }
is linearly independent, it follows by part (2) that {E8P(b1),...,Z%P(bg)} is also linearly independent.
From these, we obtain part (3). For b € B(cc) \ By(c¢), we take A € P, such that b € B()). Since
mx: B(A) &> B()) is bijective and 7y (B, (\)) = By (\) by Proposition [3.17] (3), we have mx(b) & By (),
which implies that 7, (2 (7 (b))) = 0 by (D). Hence it holds that

EW(b) = nw(E™ (D))
= nw(tA(EY"(m2(0)))  (by Proposition (4))
i (nw(EX (72(D))))
=u(0) =0,

which implies part (4). This proves the corollary. O
Remark 3.21. Some formulas with respect to the character of C[U~ N X (w)] are given by [27, §§12.1].

By Corollary (3), these formulas can be regarded as those with respect to the character of B,,(c0)
(see [13| §84.7]).

Definition 3.22. Let i = (iy,...,i,) € I" be a reduced word for w € W.
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(1) For b € By (c0), define ®;(b) = (a1,...,a,) € Z5, by
a1 = max{a € Z>g | éflb # 0},
az = max{a € Zx¢ | &€ b # 0},

ar '=max{a € Zxq | € &' - &b # 0}.

i Ci,

The ®;(b) is called the Littelmann string parametrization of b with respect to i (see [35] Section
1]). The map ®;: By, (00) — ZL, is indeed an injection.
(2) For b € By (o), define W;(b) = (a;,...,a}) € ZL, by

= max{a € Z>o | (& )*b # 0},
1= max{a € Zxo | (&],_,)"(&},)"b # 0},

a

/
s
!
a'f‘

ay = max{a € Zx | (&5)4(&L,)% --- (&) b # 0}.
The map V; is called the Kashiwara embedding of By (c0). The map W;: B, (o0) — Z% is
indeed an injection (see [19, Sections 2 and 3]).

Remark 3.23. Through the bijective map 7 : By (A) = By ()) in Proposition (3), the maps ®;
and ¥; induce the Littelmann string parametrization for B,,(A) and the Kashiwara embedding of B,, ().

Definition 3.24. Let i € I" be a reduced word for w € W, and A € P;.
(1) Define a subset Si()"w) CZso X Z" by
s = Ak, 2:(0)) [ b € Bu(kN)},
k>0
and denote by Ci()"w) C R>o x R" the smallest real closed cone containing Si()"w). Let us define
a subset Ai()"w) C R" by
AN = fa e R" | (1,2) € M™Y.
This subset Ai()"w) is called the Littelmann string polytope for B,,(\) with respect to i (see [21],

Definition 3.5] and [35, Section 1]).
(2) Define a subset Si(A’w) C Z>0 x 7" by

= (J{(k, Ws(b)) | b € Buy(kN)},
k>0
and denote by C") € Rxg x R” the smallest real closed cone containing 8", Let us define
a subset AN € R” by
AN = fa e R" | (1,2) € CM™)}.

This subset A ) is called the Nakashima- Zelevinsky polyhedral realization of B, () associated
with i (see [9, §§2 3], [37, Sections 3 and 4], [38, §§3.1], and [39], Section 3]).

Proposition 3.25 (See [4] §§3.2 and Theorem 3.10] and [35], Section 1]). The following hold.

(1) The real closed cone Ci(’\’w) is a rational convex polyhedral cone, that is, there exists a finite
number of rational points a;,...,a; € Q>9 x Q" such that Ci(A’w) = Rypa; + -+ + Ryoa;.
Moreover the equality Sio"w) = Ci()"w) N (Zso x Z") holds.

(2) The set Ai(A’w) is a rational convex polytope, and the equality ®;(By(\)) = Aio"w) NZ" holds.

Proposition 3.26 (See [9, Corollary 4.3]). The following hold.

(1) The real closed cone C~( ) s a rational convex polyhedral cone, and the equality S;
CM™) N (Zso x ZT) holds.

SOww) _
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(2) The set KEA’w) s a rational convex polytope, and the equality \I/i(gw()\)) = ﬁi()"w) NZ" holds.

Remark 3.27. By [4, Theorem 3.10] and [35], Section 1], we obtain a system of explicit linear inequalities

A,w)

defining the string polytope A].E . In addition, under a certain positivity assumption on i, a system

of explicit linear inequalities defining the Nakashima-Zelevinsky polyhedral realization Zi(’\’w) is given
by [37, Theorem 4.1] and [38, Proposition 3.1] (see also [9, Corollary 5.3]).

Define a linear automorphism w: RxR" = RxR" by w(k,a) = (k, —a). Recall that 75 = Z\" (by) €
H°(X(w), Ly). By [21}, Section 4], we obtain the following.

Proposition 3.28. Let B" = {E"P(b) | b € B(co)} C C[U] be a perfect basis, i € I" a reduced word
forwe W, and X € Py.

(1) The Littelmann string parametrization ®;(b) is equal to fvihigh(E“p(b)) for all b € By, (c0).

w

(2) The equalities S™™) = w(S(X (w), L, v}"&" 7)), Ci()"w) = w(C(X (w), L, v)"8" 73)), and Ai()"w) =

1

_A(X(w)»ﬁ,\,vihigh,ﬂ\) hold.
By [9l Section 4], we obtain the following.

Proposition 3.29. Let B" = {E"P(b) | b € B(co)} C C[U] be a perfect basis, i € I" a reduced word
forwe W, and X € P,.
(1) The Kashiwara embedding ¥;(b) is equal to ff}ihigh(Eq‘j}’(b)) for all b € By, (c0).
(2) The equalities g]_l(k,w) = w(S(X(w), Ly, f)ihigh, T>))s (?l.l()"w) = w(C(X(w), Ly, f}?igh, 7)), and &gA,w) =
—A(X (w), L, 78" 72) hold.

Remark 3.30. In Propositions and we need not assume the property (D) for a perfect basis
(see the proof of [, Theorem 4.1]).

4. PERFECT BASES WITH POSITIVITY PROPERTIES

low slow high ~high

In order to relate the lowest term valuations v;°%, 9;°" with the highest term valuations v;">", v;°",
we use a perfect basis B"P = {Z"P(b) | b € B(oo)} C C[U ] that has the following positivity properties:
(i) the element (—f;) - E"P(b) belongs to Dy ¢ p(oo) R>0=E"P (V') for all b € B(co) and i € I
(ii) the product E"(fibso) - Z™(b) belongs to > b eB(o0) R20EP(Y) for all b € B(oo) and i € I.

Proposition 4.1. Let B" = {E"P(b) | b € B(oco)} C C[U™] be a perfect basis. The positivity properties
(i), (ii) are equivalent to the following positivity properties (i), (i), respectively:
(i)' the elements (—1)F fF .= (b) and (—1)F=P(b) - fF belong to 2 b eB(oo) R>0EP (V) for all b €
B(co), i €1, and k > 0;
(i) the product Z'P(fFb..) - ZP(b) belongs to 2 beB(oo) R20EP(Y) for allb € B(oo), i € I, and
k> 0.

Proof. Tt follows immediately that the property (i) is equivalent to (i)’; hence it suffices to prove that
the property (i) implies (ii)’. Since U(u7);, e, = CE"(fkby,) for i € I and k > 0 (see Remark ,
we have E"(fibso)* € CX¥E"(fFby). Then the positivity condition (i) implies that Z"P(fibso)® €
R>oEup(fikboo); hence we deduce the positivity property (ii)’ by (ii). O

In the case that g is of simply-laced type, Lusztig proved that the upper global basis has the positivity
properties (i) and (ii), by the geometric construction of the lower global basis [32], Theorem 11.5]. A
desired example for general g is given by the specialization of the KLR-basis at ¢ = 1 (see Example
, that is, the following holds (although this proposition is an immediate consequence of [24] 25], we
explain a proof for the convenience of the reader).

Proposition 4.2 ([24] 25]). The specialization of the KLR-basis at ¢ = 1 satisfies the positivity
properties (i) and (ii).
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Proof. As mentioned in Example the KLR-basis {[S(b)] | b € B(c0)} comes from the set {S(b) |
b € B(oo)} consisting of self-dual graded simple modules. The map (—f;)-: U(u™ )5 4 = U(U7)5 q e,
(resp., [S(fiboo)]g=1" U )ga = U )5 aze,) is the specialization at ¢ = 1 of the map induced
from a certain restriction functor Res: Rg-gmod — Rg_e,-gmod (resp., a certain induction functor
Ind: Rgq-gmod — Rgie;-gmod) [24, §§2.6 and §§3.1] (see also [I5 §85.1]). Then, in the Grothendieck
group Go(Rdage,-gmod), we have

Res(SO)] = > Y S@)[m]], and
b eB(c0),mEL

md(se) = > d5Y s m]
b’ eB(c0),mEL

for b € B(co) and i € I. Here S(V')[m] denotes the grade shift of S(b') by m, and cl(.f;l)’b/, dg?’b/ are the
multiplicities of the corresponding simple modules in the composition series of Res(S(b)) and Ind(S(b)),
respectively. In particular, C(T) ¥ and d(m)’ are nonnegative integers. Since the specialization at ¢ = 1

corresponds to the neglect of grade shlfts we have

(1) (SO =37, (D0, S W)]gma, and

mez i,b
7 . o (m),b’ /
[SCbsclat (8Bt = 30,y (0 A SW =
in U(u™)y, (= C[UT]). Hence the structure constants ), cz(-fg)’b/ and } dgg)’b/ are nonnegative.

O

In the following, we will show the property (D) in Section 3 for a perfect basis B"P with the positivity

property (i). By the definition of the U(u™)-bimodule structure on U(u™)3,, we have

(—DF(fF -2 (0), BV (b)) = (E™P(b), ff - EPM(Y)), and
(—DF(E"(0) - fF,EV(Y)) = (EWP(6), EV () - fF)
for all b,b" € B(o0); hence we obtain the following.
Lemma 4.3. Let B" = {E"P(b) | b € B(oco)} C C[U™] be a perfect basis with the positivity property (i),

and BV = {Z1°V(b) | b € B(oo)} C U(u™) its dual basis. Then the elements fF-Z'°%(b) and Z'°V(b) - fF
belong to 3y e p(oo) R0 (b') for allb € B(c0), i € I, and k > 0.

Proposition 4.4. A perfect basis B"P with the positivity property (i) satisfies the property (D) in
Section 3.

Remark 4.5. For the property (D), we do not need the positivity property (ii).

Proof of Proposition[{.4} Our proof is similar to the one in [19, §§3.1 and §§3.2]. We have V,,(\) =
U(9i)Vs;w(A) if £(s;jw) < £(w) (see [19, Lemma 3.2.1]). Hence it suffices to prove the following claim:

Claim. If a U(u])-submodule N (u} = Ce;) of V()\) is spanned by {E"(b) | b € Bx} for some subset
By C B(X), then U(g;)N = ZbeB< ) (Cr—low( ), where BN = UkEZEO fi BN \ {0}.

For a C-subspace M C V()) (resp., a subset S C B(\)), write W/ (M) == Wf(V(\)) N M and I{(M) ==
If(V(A\)NM (resp., WE(S) :== Wf(B(X\))NS) (see Proposition [3.16). By Proposition |3.16|(2), W/ (N) =
Dvewt (5y) CEX™(b), and

By =By N (Uk%o fF{beBy|eilb) = 0}> .

Let £y be the maximum integer ¢ such that W/ (U (g;)IN) # 0. Then
W (U(gi)N) = I (U(gs)N), W/ (U(g:)N) NKere; = W (N) N Kere;.

['herefore
Lo . L —low
W2 (U(g;)N) NKere; = E DB (st (b))t CEYY ().
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Moreover £;(b) = 0 for all b € By with (wt(b), h;) = o. By the way, for v = 37,5 20V (b) € V(N)
with ¢, € Rzo,
fE v #0for k < max{p;(b) | ¢, # 0}

by (3.3) and Lemma Hence we can deduce that fF - =% (b) € C*EPV(fFb) for all b € By with

(wt(b),h;) = £o by B-3). Therefore W (U(g;))N) = ZbeWZO(gW)CEIfW(b)- By using descending
i N

induction on ¢ and replacing U(g;)N by U(gs)N/W (U (g:)N) = U(g:)N/U(g:) W TH(N) (see [19,

Lemma 3.1.4]) in the argument above, we obtain the assertion. O

For w € W, take ¢ € I (resp., i’ € I) such that £(s;w) < €(w) (resp., £(ws;) < £(w)). Then the left
action of u; (resp., the right action of u;,) on C[U~] induces a left action of u; (resp., a right action
of u;) on C[U™ N X(w)] by the restriction map n,, : C[U"] - C[U~ N X(w)]. The following is an
immediate consequence of Corollary (4) (see also Proposition and the positivity properties (i)’,

(ii).

Corollary 4.6. For w € W, the following hold.
(1) The elements (—1)*fF - ZP(b) and (=1)*ZuP(b) - f§ belong to Y cp. (00) R>0ZGP (V') for all
b € By(0), i,i' € I, and k > 0 such that £(s;w) < (w), L(ws;) < L(w).
(2) The product Z'P(fFby) - ZUP(b) belongs to Db By (00) R>0ZGP (V) for allb € By(0), i € 1, and
k> 0.

Let i = (¢1,...,%r) be a reduced word for w € W, and regard the coordinate ring C[U~ N X (w)] as a
C-subalgebra of C[U; x -+ x U; | = C[ty,...,t.].

Proposition 4.7. The coefficient of t{*---t2 in ZYWP(D) is a nonnegative real number for every b €
By(o0) and ay,...,a, € Z>g.

Proof. For b € B,(c0) and a1,...,a, € Z>p, denote by Algal""’aT') € C the coefficient of ¢7* -+ -t in
EUP(b). Then we know from the equality l) in Section 2 that Aéal"”’ar) is equal to the value

(_1)a1+~-+a7-

(i - G (- (- B 0)la=0)lta=0 - )lt, 1 =0)le.=o0-

If we write w>p = 54,84, -+ si, for 1 <k <7 and w>,y1 = e, the identity element of W, then the
restriction map 7k kx+1: C[lU~ N X (w>k)] = C[U~ N X (w>k+1)] is given by ¢, — 0; hence we obtain the
equality

a1!-~-aT!

(_1)a1+- tar

o) (8 e+ (s (22 - (a2 - Z2 ) -+ ))),
ai- ar

where we identify the coordinate ring C[U~ N X (w>,r4+1)] = C[U~ N X (e)] Wlth C by EUP(bso) +— 1 (note
the equality B.(00) = {bs}). Now by using Corollaries u ) and - ) repeatedly, we conclude

that Al()a1 """ @) g a nonnegative real number. This proves the pr0p081t10n. [

5. MAIN RESULT
We write a°® := (a,,...,a;1) for an element a = (a1,...,a,) € R", and H°? := {a°® | a € H} for a

subset H C R". The following is the main result of this paper.

Theorem 5.1. Let i€ I” be a reduced word for w € W, and B"P = {E"P(b) | b € B(oo)} C C[U7] a
perfect basis with the positivity properties (i), (it) in Section 4. Then the following equalities hold:

ol (220 (0)) =~} (2P (5)° and
B (@) = o (@)

for all b € By, (c0).

Before proving Theorem [5.1} we give some corollaries. The following corollary (Corollary is an
immediate consequence of Corollary (2) and Theorem
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Corollary 5.2. Let i€ I" be a reduced word for w € W, A € Py, and B"? = {E"P(b) | b € B(c0)} C
C[U™] a perfect basis with the positivity properties (i), (ii) in Section 4. Then the following equalities
hold:

o (E58, (0)/m) = —T# (E, (0)/7)° and
A (E0)/m) = < G, 0)/7)7

for all b € By, ().

Corollary 5.3. Let i € I" be a reduced word for w € W, and A € P. Then the following equalities
hold:

A(X (w), Ly, 0%, 7\) = —A(X (w),ﬂ)\,ﬁ?ighﬁA)Op and
A(X(w),ﬁMi}%OW, ) = _A( (w)"cx\’vihigth)\)op'

~high high

Proof. We prove only the assertion for v1°" and 9;"®"; a proof of the assertion for 9}°" and v;"®" is
similar. Let {E"P(b) | b € B(00)} be a perfect basis with the positivity properties (i), (ii); the existence
of such a perfect basis is guaranteed by Proposition We see by Corollary and Proposition [3.29
(1) that

ow ow

UV (BN (ma(0)) /1) = =5 B (ERD, (ma (D)) /Ta)P = Wi(b)°P
for all b € By,(\). Remark that {:pr(b) | b € By(\)} is a C-basis of H(X(w), L)), and that
—Nhlgh(:ﬁpw (ma(b))/72) = W;(b), b € By (A), are all distinct. Hence we see by Proposition [2.2| that

{vi™(o/m) | o € HY(X (w), L)\ {0}} = {=5""(o/m0)" | 0 € H(X (w), £2) \ {0}}.
This implies the assertion by the definition of Newton-Okounkov bodies (see also the proof of [9, Corol-
lary 4.2]). O

Since vi°" = v X(ws,) and DOV =y X(w<,), We see that Theorem and Corollary in Introduction follow

immediately by Propositions u m 3.29) and Corollarles - (see also Remark [3.23]).
The following corollaries (Corollaries [5.4] and [5.5) are 1mmediate consequences of Propositions
(2),3-26] (2), [3.28] [3.29] Theorem and Corollary

Corollary 5.4. The Newton-Okounkov bodies A(X (w), Lx,vi°V, 7x) and A(X (w), Ly, 91°%, 73) are both
rational convex polytopes.

Corollary 5.5. Let {E"(b) | b € B(oo)} C C[U] be a perfect basis with the positivity properties (i),
(ii). Then the following equalities hold:

A( ( )EAa low, )er:{U}OW(E
AX (w), L2, 5%, 70) N 2" = {5™ (EF

In a way similar to our proof of Corollary we see that the following equalities hold:
S(X(w), L, v, 73) = {(k, —a%) | (k,a) € S(X(w), Lx, 58", 72)} and
S(X(w), L3, 5, 73) = {(k, — °p) | (k a) € S(X(w), L, v}, 7))

Hence we obtain the following by Propositions (3 1),[3.26| (1), [3.28| (2),[3.29] (2) and Gordan’s lemma
(see, for instance, [5], Proposition 1.2.17]).

Corollary 5.6. The semigroups S(X (w), Lx,vi®,7\) and S(X(w), Ly, 01V, 72) are both finitely gen-
erated.

Proof of Theorem [5.1. We prove only the assertion for the valuations 9}°V and vhlgh a proof of the other

claim is similar. Write i = (i1,...,4,) and ®;(b) = (a1,...,a,) for b € By (co ) We first consider the
case b € B, (00). In this case, there exists a € Z>( such that b= f{bo. Then we deduce from the
definition of ®; that

—}"8" (2P (b)) = ®;(b) (by Proposition (1))
= (a,0,...,0).
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Hence it follows from the definition of vih gl that ZWP(b) = ct9 + (other terms) for some ¢ # 0, where
“other terms” means a linear combination of monomials that are not equal to ¢{. Since Z"P(ffbs) €

Uu™)gr, aeq, it follows that all monomials in “other terms” are of degree a, and hence that they contain

t; for some 2 < k < r as variables. By the definition of ﬁ%ow, this implies that
7% (2P (b)) = (0,...,0,a)
= (a,0,...,0)°P
high /—u o
— —" @)

Next we proceed by induction on r = £(w). The case r = 1 is already included in the special case above.
Assume that 7 > 2. Let us consider the special case a; = 0. Then b is an element of B,,.,(c0), where

W>g = §;, - - §;,.; furthermore, by the definition of vihigh, the equality a; = 0 implies that ¢; does not
appear in Z%P(b) € C[ty,...,t,]. Hence we deduce that

A (EIP(B) = (P (2, (4),0)
= —(vME"(E (5))°P,0) (by induction hypothesis)

1>2 W>2

= —(0,5,25"(E1P, (9)

7 Vi wW>2

— " (EP ()P,

where i>g = (ig,...,1,), a reduced word for w>s.
Now we consider a total order <1 on By, (c0) defined as follows:

[b'] < |b"], or

b < b if and only if ¢ . . .
[b'| = |b”| and @;(b') < P;(b”) with respect to the lexicographic order <;

here [b"'| := 3", d; for b € By, (c0) with wt(b"') = =3, dic;. We prove the assertion by induction
on b with respect to the total order <. We only have to consider the case that b does not belong to
the two special cases above. Namely, assume that b ¢ B, (o0) and a1 > 0. Set by = f{'be and

by = fff ...fia:boo. Then we have ®;(b;) = (a1,0,...,0) and ®;(by) = (0,as,...,a,). Hence it follows
that

v"(EWP (b)) = —(ay,. . ., a;)
—®;(b1) — Pi(b2)
— o (2P (b)) 4 v]E" (2P (by))  (by Proposition (1)).
Now we deduce from the results for the two special cases that

v B ER (b)) + o B EP (b)) = (17 (S0 (01)) + T (20P (b2))°)

(5.1)

5.2 E
(5:2) — —GO% (2P (by) - ZUP(b2))°P  (by Definition [2.1).
From these, it suffices to prove the equality T1°V(ZUP(by) - ZUP (b)) = #1°%(ZUP(b)). Now we know from
Corollary - ) that
—u b3) —u
(5.3) B (b)) EZP(be) = > O ENP(bs)

bSEBw(OO)
for some C’éf% € Rxg, b3 € By(o0). Since Céff‘b)Q is nonnegative for all b3 € B,,(c0), Proposition
implies that any cancellation of monomials does not occur in the right hand side of (5.3). From this,
we deduce by the definition of ’Dilow that

- - ~low /m o
B (EP (b1) - EP (b2) = min{T™ (S50 (83) | bs € Bu (o). €y, # 0},
where “min” means the minimum with respect to the lexicographic order <. Similarly, we see that

(5:4) —o (20 (1) - ZiP(b2)) = max{—v]"E" (ZUP (b)) | b3 € Buy(0), )"y, # 0},

1

where “max” means the maximum with respect to the lex1cographlc order <. Recall that vhlgh(”“p (b)) =

®;(b3), bg € By (o), are all distinct. Hence equations and (5.4) imply that C’éf’bQ # 0, and that
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it %) £ 0 and by # b, then wt(b) = wt(bs) and —v#"(ZUP(bs)) < —vl8 (2P (1)); in particular, it
b1,b2 i w i w
holds that
BV (ZUP (b)) - EUP(by))°P = —uvj E"(ZWP (b))  (by equations (5.1) and (5.2))

> —v; 8" (2P (bs))

= P°V(ZUP(b3))°P  (by induction hypothesis concerning b).
From these, we obtain that 9% (2P (by) - ZUP(by)) = 01° (ZUP(b)). This proves the theorem. O

Remark 5.7. Since Corollary follows from Corollary it is natural to ask why we consider not
only {E3%,(b) | b € B, (\)} but also {ZiP(b) | b € By(c0)}. The reason is that in order to prove the
assertion of Corollary for {E3°,(b) | b € Bu(A)} € H(X(w), L)), we have to consider an element
of C[U~ N X (w)] that does not belong to tx(H(X(w),£Ly)). In our proof of Theorem [5.1) we use the

elements by, by € By, (00) determined from b € By, (00) with b ¢ B, (o0) and a3 > 0. An important point

is that, even if b € gw()\) for some A € P, the element b; is not necessarily an element of Ew()\), Let
us see this with a specific example. Take G, i, A as in Example Then the set ®;(B(N\)) = ®i(B(N))
of string parametrizations is identical to

{(0,0,0),(1,0,0),(0,1,0),(1,1,0),(0,1,1),(2,1,0), (0,2, 1), (1,2, 1)}

For b € E(L\) such that ®;(b) = (2,1,0), the element b; € B(co) satisfies ®;(b;) = (2,0,0), which implies
that by ¢ B(\).
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