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The algebra of integro-differential operators on a polynomial
algebra

V. V. Bavula

Abstract

We prove that the algebra I, := K(z1,. .., Zn, 8671, ce %, Ji»--- [,) of integro-differential
operators on a polynomial algebra is a prime, central, catenary, self-dual, non-Noetherian alge-
bra of classical Krull dimension n and of Gelfand-Kirillov dimension 2n. Its weak homological
dimension is n, and n < gldim(L,) < 2n. All the ideals of I, are found explicitly, there are
only finitely many of them (< 22n)7 they commute (ab = ba) and are idempotent ideals
(a2 = a). The number of ideals of I, is equal to the Dedekind number d,. An analogue of
Hilbert’s Syzygy Theorem is proved for I,,. The group of units of the algebra I,, is described
(it is a huge group). A canonical form is found for each integro-differential operators (by
proving that the algebra I, is a generalized Weyl algebra). All the mentioned results hold
for the Jacobian algebra A, (but GK (A,) = 3n, note that I, C Ay). It is proved that the
algebras I,, and A,, are ideal equivalent.
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1 Introduction

Throughout, ring means an associative ring with 1; module means a left module; N := {0,1,...}
is the set of natural numbers; K is a field of characteristic zero and K™ is its group of units;
P, := K|x1,...,2,] is a polynomial algebra over K; 0 := 8%1’ ey Op 1= % are the partial
derivatives (K-linear derivations) of P,,; Endg (P,) is the algebra of all K-linear maps from P, to
P,; the subalgebra A,, := K(x1,...,2p,01,...,0,) of Endg (P,) is called the n’th Weyl algebra.

Definition, [11]: The Jacobian algebra A,, is the subalgebra of Endg(P,) generated by the
Weyl algebra A,, and the elements H; ',..., H;' € Endg(P,) where
H1 = (915[:1, ceey Hn = 6nxn
Clearly, A, = ®?:1 A(i) ~ A?" where Aq(i) := K(azi,&,Hi—1> ~ A;. The algebra A,

contains all the integrations [, : P, = P,,, p — [ pdax;, since

/: $1'Hi_1 caxY e (o + 1) e

i
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In particular, the algebra A, contains the algebra L, := K(x1,...,&n, O1,... 00, [1--- [)
of polynomial integro-differential operators. Note that I, = @i, 1;(i) ~ I?" where I;(i) :=
K<$i,(9i,fi>.

The paper proceeds as follows. In Section 2], two sets of defining relations are given for the
algebra I,, (Proposition 2:2)); a canonical form is found for each element of I,, by showing that the
algebra I,, is a generalized Weyl algebra (Proposition 2:2/(2)); the Gelfand-Kirillov dimension of
the algebra I,, is 2n (Theorem [23)).

In Section B, a new equivalence relation, the ideal equivalence, on the class of algebras is
introduced: two algebras A and B are ideal equivalent if there exists a bijection f from the set
J(A) of all the ideals of the algebra A to the set J(B) of all the ideals of the algebra B such that,
for all a,b € J(A4),

fla+b) = f(a)+ f(b), f(anb)=f(a)nf(b), f(ab)= f(a)f(b).

The algebras I,, and A,, are ideal equivalent (Theorem ). As a result, we have for free many
results for the ideals of I,, using similar known results for the ideals of A,, of [I1I]. Name just a
few:

e [, is a prime, catenary algebra of classical Krull dimension n, and there is a unique maximal
ideal a,, of the algebra I,,.

e ab="baand a? =a for all a,b € J(I,,).
e The lattice J(I,,) is distributive.
e Classifications of all the ideals and the prime ideals of the algebra I,, are given.

e The set J(I,) is finite. Moreover, |J(I,)| = 0, where 9, is the Dedekind number, and
2-n+y" 200 <o, <22,

e P, is the only (up to isomorphism) faithful simple I,,-module.

The fact that certain rings of differential operators are catenary was proved by Brown, Goodearl
and Lenagan in [24].

In Section M it is proved that the factor algebra I,,/a is Noetherian iff the ideal a is maximal
(Proposition A1]); and GK (I, /a) = 2n for all the ideals a of I,, distinct from I,, (Lemma [A.2]).

In Section [B] for the algebra I,, an involution * is introduced such that 9; = [;, [* = 9;, and
H! = H;, see (I8). This means that the algebra I,, is ‘symmetrical’ with respect to derivations
and integrations. a* = a for all ideals a of the algebra I,, (Lemma [511(1)). Each ideal of the
algebra I, is an essential left and right submodule of I,, (Lemma [(21(2)). The group I¥ of units
of the algebra I,, is described:

=K% (1+a,)* 2 K" X GLoo(K) X - X GLuo(K)

27 —1 times

and its centre is K* (Theorem[B.6). For n = 1, the group I’ is found explicitly, I} ~ K* x GLy(K)
(Corollary B.7)). The centre of the algebra I,, is K (Lemma [541(2)). It is proved that, for a K-
algebra A, the algebra A ® I, is prime iff the algebra A is prime (Corollary B.3)).

In Section [, we prove that the weak (w.dim) dimension of the algebra I,, is n (Theorem [6.2]).
Moreover, wdim(I,, /p) = n for all the prime ideals p € Spec(I,,) (Corollary [6.4]). Recall that for
each Noetherian ring its weak dimension coincides with its global dimension (in general, this is
wrong for non-Noetherian rings). In 1972, Roos proved that the global dimension of the Weyl
algebra A, is n, [55]. This result was generalized by Chase [28] to the ring of differential operators
on a smooth affine variety. Goodearl obtained formulae for the global dimension of certain rings
of differential operators [36], [37] (see also Levasseur [48], and van den Bergh [61]). Holland and



Stafford found the global dimension of the ring of differential operators on a rational projective
curve [35] (see also Smith and Stafford [59]).

Many classical algebras are tensor product of algebras (eg, P, = P®", A, = AY", A,, = AP™,
I, = IP", etc). In general, it is difficult to find the dimension d(A ® B) of the tensor product
of two algebras (even to answer the question of when it is finite). In [33], it was pointed out
by Eilenberg, Rosenberg and Zelinsky that ‘the questions concerning the dimension of the tensor
product of two algebras have turned out to be surprisingly difficult.” An answer is known if one of
the algebras is a polynomial algebra:

Hilbert's Syzygy Theorem : d(P, ® B) =d(P,)+ d(B) =n+ d(B),

where d = wdim, gldim. In []], [9], an analogue of Hilbert’s Syzygy Theorem was established for
certain generalized Weyl algebras A (eg, A = A,,, the Weyl algebra):

Lgldim(A ® B) = lL.gldim(A) + L.gldim(B)

for all left Noetherian finitely generated algebras B (K is an algebraically closed uncountable field
of characteristic zero). In this paper, a similar result is proved for the algebra I,, and for all its prime
factor algebras but for the weak dimension (Theorem [6.5). It is shown that n < gldim(I,) < 2n
(Proposition [6.7]).

In Section [7l we prove that the weak dimension of the Jacobian algebra A, is n (Theorem
[[2), and wdim(A, /p) = n for all the prime ideals p € Spec(A,,) (Corollary [[.3). An analogue
of Hilbert’s Syzygy Theorem is proved for the Jacobian algebra A,, and its prime factor algebras
(Theorem [T4). Tt is shown that n < gldim(A,,) < 2n (Proposition [TH]).

The algebra I; = A;([) is an example of the Rota-Bazter algebra. The latter appeared in
the work of Baxter [2I] and further explored by Rota [56, [57], Cartier [25], and Atkinson [4], and
more recently by many others: Aguiar, Moreira [I]; Cassidy, Guo, Keigher, Sit, Ebrahimi-Fard
[26], [32]; Connes, Kreimer, Marcoli [29], [30], name just a few. From the angle of the Rota-Baxter
algebras the algebra I; was studied by Regensburger, Rosenkranz and Middeke [54].

2 Defining relations for the algebra I,

In this section defining relations are found for the algebra I,, and it is proved that the algebra I,
is a generalized Weyl algebra (Proposition 2.2) of Gelfand-Kirillov dimension 2n (Theorem [2.3])
which is neither left nor right Noetherian (Lemma 2-4]).

Generalized Weyl Algebras. Let D be a ring, o0 = (01, ..., 05,) be an n-tuple of commuting
ring endomorphisms of D, and a = (ay, ..., a,) be an n-tuple of elements of D. The generalized
Weyl algebra A = D(o,a) (briefly, GWA) of degree n is a ring generated by D and 2n elements

X1y eey Ty Y1, -, Yn SUbject to the defining relations [6], [7]:
YiXi = Gy, TiYi = Ui(ai)7
xid = oi(d)x;, dy; = yioi(d), de D,

[z, 25] = [yirys] = wi,y] =0, i # 7,
where [z, y] = zy — yz. We say that a and o are the sets of defining elements and endomorphisms
of A respectively. For a vector k = (ki,....,k,) € Z", let vy, = vg, (1) - - vg, (n) where, for 1 <
i <mand m > 0: vy,(i) = ", v (i) = Yy, vo(i) = 1. It follows from the definition that
A= ®kezn Ay is a Z"-graded algebra (AxAe C Aje, for all k,e € Z™), where Ay, = vi,— Dug, 1 ;
Vk,+ = [[1, 50k (i) and vg, - = [, o vk, (i). The tensor product (over the ground field) A ® A’
of generalized Weyl algebras of degree n and n’ respectively is a GWA of degree n + n':

A A'=D®D'((r,7'),(a,d)).



Let P,, be a polynomial algebra K[Hq,..., H,] in n indeterminates and let o = (071, ..., 0,) be
the n-tuple of commuting automorphisms of P,, such that o;(H;) = H; — 1 and 0;(H;) = H;, for
i # j. The algebra homomorphism

An—)Pn((O'l,...,O'n),(Hl,...,Hn)), T — Ty, 81|—>y1, i:l,...,n, (1)

is an isomorphism. We identify the Weyl algebra A, with the GWA above via this isomorphism.
Note that Hl = 81$Z = :1:181 + 1.

It is an experimental fact that many small quantum algebras/groups are GWAs. More about
GWAs and their generalizations the interested reader can find in [2] B 12} [15] [16], 17, 18] 19, 20,
22, 27, 34 [40], [42] [43] [44] [45, (50, 511 (2L (3] 58| 60].

Suppose that A is a K-algebra that admits two elements x and y with yz = 1. The element
xy € A is an idempotent, (xy)? = zy, and so the set zyAzy is a K-algebra where xy is its identity
element. Consider the linear maps ¢ = 04y, 7 = Ty y : A — A which are defined as follows

o(a) = zay, 7(a) = yax. (2)

Then 70 = id4 and o7(a) = zy - a - zy, and so the map o is an algebra monomorphism with
o(1) = zy and

A = o(A) @ ker(r). (3)

In more details, o(A) Nker(r) = 0 since 7o = id4. Since (07)? = o7, we have the equality
A =im(o7)@Pim(1 — o7). Clearly, im(o7) C im(o) and im(1 — o7) C ker(7) as 70 = id4. Then
A = im(o) + ker(7), i.e. @) holds. In general, the map 7 is not an algebra endomorphism and
its kernel is not an ideal of the algebra A. Suppose that the algebra A contains a subalgebra D
such that o(D) C D (and so zy = o(1) € D), and that the algebra A is generated by D, x, and
y. Since yx = 1, we have 2°Dp ~ D and pDy’ ~ D. It follows from the relations:

yr =1, zy = o(1),
xzd = o(d)zx, dy =yo(d), de€D,

that A = ,o,y'D + > .., Dz". Suppose, in addition, that the sum is a direct one. Then the
algebra A is the GWA D(o, 1).

Lemma 2.1 [14] Keep the assumptions as above, i.e. A= D(x,y) = @®,~,y' DB P;>, Dz* and
o(D) € D. Then A = D(o,1). If, in addition, (D) C D and the element xy is central in D.
Then Dz' = 2'D and Dy’ = y*D for all i > 1.

Definition, [13]. The algebra S,, of one-sided inverses of P, is an algebra generated over a field
K by 2n elements z1,...,%n,Yn,- .., yn that satisfy the defining relations:

Y11 =+ = YnTpn = 17 [:Ezay]] = [JI“.’I]]] = [yzay]] =0 foralld #]7

where [a, ] := ab — ba is the algebra commutator of elements a and b.

By the very definition, the algebra S,, ~ S‘?" is obtained from the polynomial algebra P, by
adding commuting, left (but not two-sided) inverses of its canonical generators. The algebra S;
is a well-known primitive algebra [39], p. 35, Example 2. Over the field C of complex numbers,
the completion of the algebra S; is the Toeplitz algebra which is the C*-algebra generated by
a unilateral shift on the Hilbert space (?(N) (note that y; = x}). The Toeplitz algebra is the
universal C*-algebra generated by a proper isometry.

The Jacobian algebra A,, contains the algebra S,, where

Y1 = Hl_lal,...,yn = H;lan



Moreover, the algebra A,, is the subalgebra of End g (P,,) generated by the algebra S,, and the 2n
invertible elements Hi™', ..., HF! of Endg(P,).

The algebras S,, and A,, are much more better understood than the algebra I,,. We will see
that the three classes of algebras have much in common. In particular, they are GWAs. Moreover,
we will deduce many results for the algebra I,, from known results for the algebras S,, and A, in
[11], [13], [14].

The algebra S, is a GWA. Clearly, S, = S1(1) ® --- ® Si(n) ~ SP" where S;(i) =
K{x;,yi |yixz; = 1) =~ $ and S,, = ®Q,B€N" Kz%y” where 2% := it aln o= (o, 0m),
yP = yfl ooyln B =(B1,...,Bn). In particular, the algebra S,, contains two polynomial subalge-
bras P, and @, := K|[y1,...,yn] and is equal, as a vector space, to their tensor product P, ® Q.
Note that also the Weyl algebra A,, is a tensor product (as a vector space) P, ® K[01,...,0y] of
its two polynomial subalgebras.

When n = 1, we usually drop the subscript ‘1’ if this does not lead to confusion (we do the
same also for the algebras Ay, Ay and I). So, $; = K(z,y|yz = 1) = @, ;5 Kz'y’. For each

natural number d > 1, let My(K) := @d_l

i.j—0 K Eij be the algebra of d-dimensional matrices where
{E;;} are the matrix units, and

Moo (K) = lim My(K) = €D KEj

i,JEN

be the algebra (without 1) of infinite dimensional matrices. The algebra Moo (K) = @y, Moo(K)x
is Z-graded where M (K); := @ KE;; (Moo(K)gMoo(K); C Moo(K)g4; for all k,1 € Z).

i—j=k
The algebra S; contains the ideal F' := ®i,j€N KFE;;, where
Eij =aly? — 2™yt g 5> 0. (4)

Note that E;; = 2'Egoy’ and Eyo = 1 —xy. For all natural numbers 4, j, k, and [, E;j Ex = 6,5 Ey
where d,1 is the Kronecker delta function. The ideal F is an algebra (without 1) isomorphic to
the algebra M (K) via E;; — E;;. In particular, the algebra F = ®k€Z Iy i, is Z-graded where
Fl,k = @ifj:k KEU (Fl,kFl,l g Fl,k-‘,—l for all k,l S Z) For all i,j Z 0,

rvEij = Eit1j, yEij =Ei—vj, Eijz=FE;j1, Ej;y=EFE j, (5)
where F_y ; :=0and F; _; :=0.
vE;j = Eiy1 117, Eijy =yEiy1 11 (6)
Si=K@zKz|®yKly] @ F, (7)
the direct sum of vector spaces. Then
Si/F~Klz,e Y=L, x—2a, yr—a ' (8)
since yr =1, xy =1 — Eyp and Eyy € F.

The algebra S,, = @', S1(i) contains the ideal

=1

n
F, := F®" = @ KE.3, where E,g:= HEaiﬂi (1), Ea,p, (1) := xf‘yfl - :Cf‘iﬂyf”l.
a,BENT i=1

Note that EqgFE,, = dgyEqa, for all elements a, 8,v,p € N where d, is the Kronecker delta
function.

Using Lemma[ZT] we can show that the algebra S;(7) is the GWA Fy ¢(7)(0;, 1) where Fy (i) :=
K& @kzo K Eyy (i) and 04(a) = z;ay; (moreover, 0;(1) = 1—FEgo (i) and 04 (Egg (1)) = Ept1,641 (7))
Therefore, S,, = Q. F1,0(i)(0i,1) = Fno((o1,...,04),(1,...,1)) is a GWA (Lemma 3.3, [14])



where F,, o := @, F1,0(i). The algebra F, o is a commutative, non-finitely generated, non-
Noetherian algebra, it contains the direct sum @, cyn K Eaq of ideals, hence [, ¢ is not a prime
algebra. The algebra S,, = @ann Sy« is a Z™-graded algebra where S, , = F;, 0vq = voFp o for

a a if >0
all o € Z™ where vy, 1= [[_; va, (i) and v; (i) := { 7. 2 U,
o e ) ut) {yl 7t <o.

The map 7 : S, — S,, a — y;azx;, is not an algebra endomorphism but its restriction
to the subalgebra F, o of S,, is a K-algebra epimorphism, n(IFn 0) = Fp0, with ker(nhy o) =
KEo (i) @ &;; F1,0(j). Forall j € Nand d € Fy, 0, dv] = 7/ (d) and yld =71 (d)y!.

The algebra Z,, := K{01, ..., On, fl, cee fn> of integro-differential operators with constant coef-
ficients is canonically isomorphic to the algebra S,;:

Sn—>In, $i|—>/, yin—>6i, izl,...,n. (9)

For n = 1 this is obvious since the map above is a well-defined epimorphism (since 9 [ = 1) which
must be an isomorphism as the algebra 7; is non-commutative but any proper factor algebra of
S; is commutative [I3]. Then the general case follows since S,, ~ S?” and Z,, ~ I{@".

The Jacobian algebra A, is a GWA. The Jacobian algebra A,, = D, ((o1,...,04,),(1,...,1))
is a GWA (Lemma 3.4, [14]) where D, := @, D1 (i),

D; (4) O EP LT @D Froli), Fioli):=EP KE(),

s>0
L) = @KH_ r (Hi —s)1 :=H; — s+ Ey_1.5_1(i),
s,t>1
LiG) = K[H(Hi+1)™Y (H;+2)7%.. ],

and o;(a) = z;ay;. In more detail, for all natural numbers s > 0 and ¢t > 1,

0i(Ess(1)) = FEsy1,5+1(0), oi((Hi —t)1) = (H; —t = 1)104(1),
O'i(Hi) = Hi — 1 = (Hz — 1)0’1(1) = (Hz — 1)101'(1).

The algebra D, is a commutative, non-finitely generated, non-Noetherian algebra, it contains the
direct sum P KE,,. of ideals (and so D, is not a prime algebra). Note that H;F.s(i) =

aeN"
Eos()H; = (s + 1)Ess(i). Clearly, A, = Q1 A1(i) = @7, D1(i)(cs,1). The algebra A, =
aczn An,o is a Z"-graded algebra Where Ao =Dypvg = vaDy, vo := ], va, (i) and
_ ) if§ >0,
vi(i) =9 L; 7 (10)
Y; if 7 <0.

The map 7; : A, = A,, a — y;ax;, is not an algebra endomorphism but its restriction to the
subalgebra Dy, of A, is a K-algebra epimorphism, 7,(Dy,) = Dy,, ker(7i[p,,) = K Eoo(i) @ &);.; D1(4)-
In more detail, for a,b € Dy,

7(a)7(b) = ya(l — Epp)bx = 7(ab) — yaEgobz = 7(ab),

since aFEggb € KEy and yFyy = 0. For all j € N and d € D, dxg = xfo(d) and yjd =7 (d)yl
Indeed, when n =1, 27(d) = (1 — Egg)dz = dax — Eppdx = dx since Egod € K Egp and EOQ:E =0.

The algebra I,, is a GWA. Since x; = fz H;, the algebra I, is generated by the elements
{817H17f1 |Z = 1,.. .,n}, and ]In = @?:1 ]Il(l) where ]Il(l) = K 8Z,Hl,f 817$17f> ~ Hl.
By (@), when n =1 the following elements of the algebra I; = K(9, H, [),

i i+l
eij ::/ 3]_/ L i jeN, (11)



satisfy the relations: e;jer = djxe;. Note that e;; = fz e0009. The matrices of the linear maps
eij € Endg(K[z]) with respect to the basis {zl*) := 2.} oy of the polynomial algebra K|[z] are
the elementary matrices, i.e.

eijxald = 47 lf] >
0 if j #s.

It follows that )
=2
ij — il

Eij, (12)

Ke;; = KE;;, and F = @MEO Ke;j ~ My (K). Moreover, F,, = @a,ﬁeN” Keqop where eqp :=

H?:l Ca;B; (7’) and Ca;B; (Z) = fiai 6161 - fiaﬁ_l 8i6i+1'
The next proposition gives a finite set of defining relations for the algebra I,, and shows that
the algebra I,, is a GWA (and so we have another set of defining relations for the algebra I,,).

Proposition 2.2 1. The algebra 1, is generated by the elements {9;, [, H;|i =1,...,n} that
satisfy the defining relations:

vi @/izl, [Hi,/i]:/i, s8] = —0, Hi<1—/iai):<1—/iai)m=1—/iai,

Vi#j : a;a; =aja; where aj € {(’%,/,Hﬂ.
k

2. The algebra I, = @i, D1(i)(0i,1) = Dn((01,...,00),(1,...,1)) is a GWA ([, & x;,
81- < Yi, Hz 4 Hz) where Dn = ®?:1 Dl(l), Dl(l) = K[Hl] ®®j20 Kejj(i), Hiejj (Z) =
ej;i(1)H; = (j + 1)ej; (i), and the K-algebra endomorphisms o; of Dy are given by the rule
oi(a) = [;ad; (0;(H;) = H; — 1, 0ie5;(i)) = ej1,541(2)). Moreover, the algebra I, =
Pocrn lna is Z™-graded where 1, o = Dypvo = vo Dy, for all a € Z™ where vy, 1= [T, va, (3)

7 ifi>o,
and v;(i) =<1 if j=0.
77 ifj<O.

3. (The canonical basis for the algebra I,) I, = @, cpn In,a and, for all o € Z", 1, o =
Vo, + Dnva,— = Dy (Va,4dva,— <> d) where va 4 := [, 50 Va; (i) and va,— =[], <o Va, (9)-
So, each element a € 1, is a unique finite sum a =) yn Va,+GaVa,— for unique elements
aq € Dy,.

Proof. 1t suffices to prove the statements for n = 1 since I,, = @, I1(¢). So, let n =1 and I

be an algebra generated by symbols 9, [, and H that satisfy the defining relations of statement 1.
The algebra I is generated by the elements 9, [, and H; and they satisfy the defining relations of
statement 1 as we can easily verify. Therefore, there is the natural algebra epimorphism I} — I;
given by the rule: d — 9, [ — [, H— H. It follows from the relations of statement 1 and from

i—J P .

the equalities e;; = {f .f].] lfl 2 ],’ that
e;; 07" ifi < 7

11’1=ZD’16i+D’1+Z/iD1=ZaiD’1+Dg+ZDQ/i

i>1 i>1 i>1 i>1

where Df := K(H)+ )", Keii. Since d [ = 1, the left Dj-modules Dj and D}d" are isomorphic,

and the right Dj-modules [ ‘ D} and Dj are isomorphic. Using the Z-grading of the Jacobian
algebra A; and the fact that Iy C A, we have

I, :@Dﬁi@Dl@@/il)l :@aiDl@D1@@D1/i

i>1 i>1 i>1 i>1



where D; = K[H| @@izo Ke; = K[H| @@izo KE;; since Ke;; = KFE;;. Note that the left

D;-modules Dy and D9 are isomorphic and the right D;-modules D; and f ' Dy are isomorphic
since 9 [ = 1. This implies that the sum for I} above is a direct one. Therefore, I} ~ I; and the
relations in statement 1 are defining relations for the algebra I; and D7 = D;. The condition of
Lemma 2Tl hold, and so Iy = Dy(o,1) with Dy [* = [* Dy and D10" = 9'D; for all i > 1. The
proof of statements 1 and 2 of the proposition is complete.

Statement 3 follows from statement 2 and the fact that, for all a € Z™, the linear map
In,o = Dn, b= uq,—buq 4, is a bijection since uq,—vo,+ = 1 and v, —uq,+ = 1 where uqy,— =
[lo,50v-a: (i) and ua =[], o V-a;(i). O

Definition. For each element a € I,,, the unique sum for a in statement 3 of Proposition 2.2] is
called the canonical form of a.

Themap 7; : I, = I,,, a — O;a j; , is not an algebra endomorphism but its restriction to the sub-
algebra D, of I, is a K-algebra epimorphism, 7;(Dy) = D,, with ker(7;[p, ) = Keoo(i) B B;; D1(j)-
In more detail, for n = 1 and a,b € Dy,

7(a)7(b) = da(l — eoo)b/ = 7(ab) — Baeoob/ = 7(ab)

since aegob € Kego and dego = 0. For all j € N and d € Dy, d [ = [? 77 (d) and &/d = 7/ (d)d!.

Indeed, for n =1, [7(d) = (1 —epo)d [ = d [ —eood | = d [ since egod € Kego and egg [ = 0.

Note that

esflﬁtfl(l.) if¢ = j,

est(J) if i # j.

It follows that (., ker(;|p, ) = K []}, eoo(i) = Kego and (), ker(r|p, — 1) = K.
For the definition and properties of the Gelfand-Kirillov dimension GK the reader is referred

to [47] and [49).

7i(Hj) = Hj + 6;5 and i(est(f)) = { (13)

Theorem 2.3 The Gelfand-Kirillov dimension GK (I,,) of the algebra L, is 2n.

Proof. Since A,, CI,,, we have the inequality 2n = GK (4,,) < GK (L,,). To prove the reverse
inequality let us consider the standard filtration {I, ;};en of the algebra I, with respect to the
set of generators {0;, H;, fz |i = 1,...,n} of the algebra I,. By Proposition 23] I,; C I, ; :=

D aj<i VaDn,i Where Dy, i = Q7_, D1(j) and Dy,(j) = Big KH; @ Bi_o Keu(j). Then
dim(L, ;) < dim(I7, ;) < (20 +1)"(2i +2)", and so GK (I,) < 2n, as required. [J

Lemma 2.4 The algebra L, is neither left nor right Noetherian. Moreover, it contains infinite
direct sums of nonzero left (resp. right) ideals.

Proof. Since I, ~ ]I?”, it suffices to prove the lemma for n = 1. The ideal F' = @MEO KFE;; of

the algebra I; is the infinite direct sum €P;5,(B;>¢ K Eij) (resp. ,;5(D ;>0 K Eij)) of nonzero
left (resp. right) ideals, and the statements follow. [J - -

3 Ideals of the algebra I,

In this section, we prove that the restriction map (Theorem [B]) from the set of ideals J(A,,) of
the algebra A,, to the set of ideals J(I,,) of the algebra I,, is a bijection that respects the three
operations on ideals: sum, intersection and product. As a consequence, we obtain many results
for the ideals of the algebra I,, using similar results for the ideals of the algebra A, in [I1], see
Corollary B3land Corollary B4t a classification of all the ideals of I,, (there are only finitely many
of them) and a classification of prime ideals of I,,, etc.



Definition. Let A and B be algebras, and let J(A) and J(B) be their lattices of ideals. We
say that a bijection f : J(A) — J(B) is an isomorphism if f(axb) = f(a) f(b) for x € {+,-,N},
and in this case we say that the algebras A and B are ideal equivalent. The ideal equivalence is
an equivalence relation on the class of algebras.

The next theorem shows that the algebras A,, and I,, are ideal equivalent.

Theorem 3.1 The restriction map J(A,) — J(1,), a — a” := anl,, is an isomorphism (i.e.
(a1 x ag)” = aj x al for x € {+,-,N}) and its inverse is the extension map b +— b := A, bA,,.

Proof. The theorem follows from Theorem O

Recall that F,,o € I, € A, C Endg(P,). The subset of J(Fpn0), J(Fno)or = {b €
J(Fpno)|oi(b) C b,7;(6) C b foralli=1,...,n}, is closed under addition, multiplication and
intersection of ideals where o;(a) = j; ad; and 7;(a) = (%afi (recall that the maps oy, 7; : Fp 0 —
F,, 0 are K-algebra homomorphisms; 7;(1) = 1 but 0;(1) = 1 — ego(i)).

Theorem 3.2 1. The restriction map J(I,) = T(Fno)or, a — a” := aNF,o, is an iso-
morphism (i.e. (a1 *az)" = af xah for x € {+,-,N}) and its inverse is the extension map
b— b®:=1,bl,.

2. The restriction map J(A,) = TFno0)or, 0@ — a” := aNF,o, is an isomorphism (i.e.
(ag*xag)” = af xaly for x € {+,-,N}) and its inverse is the extension map b — b® := A, bA,,.

The proof of Theorem [3.2is given at the end of this section. Now, we obtain some consequences
of Theorem [3.1]

The next corollary shows that the ideal theory of I, is ‘very arithmetic.” Let B,, be the set of
all functions f : {1,2,...,n} — {0,1}. For each function f € B, Iy := Iz1) ® -+ ® I, is the
ideal of I, where Iy := F and I; := I;. Let C,, be the set of all subsets of 5,, all distinct elements of
which are incomparable (two distinct elements f and g of B,, are incomparable if neither f (i) < g(i)
nor f(i) > g(i) for all i). For each C € Cp, let Ic := ;. Iy, the ideal of I,. The number d,, of
elements in the set C, is called the Dedekind number. It appeared in the paper of Dedekind [31].
An asymptotic of the Dedekind numbers was found by Korshunov [46].

Corollary 3.3 1. The algebra L, is a prime algebra.

2. The set of height one prime ideals of the algebra I, is {p1 .= F @ L,—1,p1 =L @ F ®
Hn72; vy P = I,.1® F}

Each ideal of the algebra 1, is an idempotent ideal (a® = a).

The ideals of the algebra 1, commute (ab = ba).

The lattice J(1,,) of ideals of the algebra 1,, is distributive.

The classical Krull dimension cl. Kdim(L,) of the algebra L, is n.

ab =anb for all ideals a and b of the algebra I,,.

S S R

The ideal a, := p1 + -+ + pp is the largest (hence, the only mazimal) ideal of 1,, distinct
from I, and F,, = F®™ = (\_, p; is the smallest nonzero ideal of L,,.

9. (A classification of ideals of I,,) The map C,, = J (L), C — Ic =3 ;e Iy is a bijection
where Iy := 0. The number of ideals of 1, is the Dedekind number 0,,. Moreover, 2 —n +

Z?:l 2(%) <0, <22 Forn=1, F is the unique proper ideal of the algebra .

10. (A classification of prime ideals of I,,) Let Sub,, be the set of all subsets of {1,...,n}. The
map Sub,, — Spec(l,), I — pr =3, pi, 0 = 0, is a bijection, i.e. any nonzero prime
ideal of I, is a unique sum of primes of height 1; |Spec(I,)| = 2"; the height of py is |I|; and



11. prCyyiff I CJ.

Proof. By Theorem [3.1] the statements hold for the algebra I, since the same statements hold

for the algebra A,,, and below references are given for their proofs in [I1].
1. Corollary 2.7.(5).

Corollary 3.5.

Theorem 3.1.(2).

Corollary 3.10.(3).

Theorem 3.11.

Corollary 3.7.

Corollary 3.10.(3).

Corollary 2.7.(4,7).

9. Theorem 3.1.

10. Corollary 3.5.

11. Corollary 3.6. O

e A o ol

For each ideal a of I,,, Min(a) denotes the set of minimal primes over a. Two distinct prime
ideals p and q are called incomparable if neither p C q nor p O q. The algebras I,, have beautiful
ideal theory as the following unique factorization properties demonstrate.

Corollary 3.4 1. Fach ideal a of I,, such that a # 1, is a unique product of incompara-
ble primes, i.e. if a = q1---qs = t1---v are two such products then s = t and q1 =
to(1),- -5 0s = to(s) for a permutation o of {1,...,n}.

2. Fach ideal a of 1,, such that a # 1, is a unique intersection of incomparable primes, i.e. if
a=qiN---Ngs =t1N---Nt; are two such intersections then s =t and q1 = to(1), .-, qs =
to(s) for a permutation o of {1,...,n}.

3. For each ideal a of I,, such that a # L,,, the sets of incomparable primes in statements 1 and
2 are the same, and soa=q1---qs =¢q1MN---MNqs.

4. The ideals q1,...,qs in statement 3 are the minimal primes of a, and so a = HpeMin(a) p=
mpeMin(u)p'

Proof. The same statements are true for the algebra A,, (Theorem 3.8, [11]). Now, the corollary
follows from Theorem Bl O

The next corollary gives all decompositions of an ideal as a product or intersection of ideals.

Corollary 3.5 Let a be an ideal of I,,, and M be the minimal elements with respect to inclusion
of the set of minimal primes of a set of ideals ay,...,a; of I,. Then

1. a=ay---a; iff Min(a) = M.
2. a=a;N---Nayg iff Min(a) = M.

Proof. The same statements are true for the algebra A,, (Theorem 3.12, [I1]), and the corollary
follows from Theorem 3.1l O

This is a rare example of a noncommutative algebra of classical Krull dimension > 1 where
one has a complete picture of decompositions of ideals. Recall that a ring R of finite classical
Krull dimension is called catenary if, for each pair of prime ideals p and q with p C q, all maximal
chains of prime ideals, po =p C p; C - -+ C p; = q, have the same length [.

Corollary 3.6 The algebra I, is catenary.

Proof. This follows from Corollary B31(10, 11). O
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Corollary 3.7 The same statements (with obvious modifications) of Corollaries and[37) hold
for the ideals T (Fpn0)o,r of the algebra Ty, o rather than 1, (we leave it to the reader to formulate
them,).

Proposition 3.8 The polynomial algebra P, is the only (up to isomorphism) faithful simple 1,,-
module.

Proof. The I,,-module P, is faithful (as I,, C Endg(P,)) and simple since the A,-module P,
is simple and A,, C I,,. Let M be a faithful simple I,-module. Then F, M # 0, i.e. eggm # 0
for some elements 8 € N and m € M. The I,-module P, ~ 1,/ Z?:l I,,0; is simple. Therefore,
the I,-module epimorphism P,, — M = I,eogm =Y, Keqgm, 1 — eggm, is an isomorphism.
The proof of the proposition is complete. [J

For a ring R and its element r € R, ad(r) : s — [r, s] := rs — sr is the inner derivation of the
ring R associated with the element 7.

The proof of Theorem We split the proof of Theorem into several statements
(which are interesting on their own) to make the proof clearer.

The algebra D, is the zero component of the Z"-graded algebral,, = D, ((01,...,0n),(1,...,1)),
hence 04(D,) € D,, and 7;(D,) C D,, for all i where o4(a) = [,ad; and 7;(a) = Oa [;. Let
T(Dn)or:={b€ T(Dy)]|oi(b) Cb,7(b) Cbforalli=1,...,n}. Similarly, the algebra D, is the
zero component of the Z"-graded algebra A, = D, ((o1,...,05),(1,...,1)), hence ¢;(D,,) C D,,
and 7;,(D,) C D, for all i where 0;(a) = mjay; and 7;,(a) = yax;. Let J(Dy,)sr = {b €
J(Dy)|oi(b) Cb,7(b) Chforalli=1,...,n}.

aeN"™

Theorem 3.9 1. For each ideal a of the algebra I, @ = @ cyn Va,+0"Va,— where a” := a N
Dy, € J(Dp)o,r and, for each ideal b € J(Dy)o,7, b¢ := 1,0, = @B, cpn Va4 bVa,— where
Vo + = [ Lo, 50 Va: (1), Va,— = [14, <0 Vau (i), and v;(i) is defined in Proposition [Z2.(2).

2. For each ideal a of the algebra A,, a = @ cyn Va,+ 0 Va,— where a” := aND, € J(Dy)o+
and, for each ideal b € J(Dy)s,7, b := AybA, = @, cyn Va,+ bVa,— where va, 1 are as above
but the elements v;(i) are defined in (I0).

Proof. 1. Let a be an ideal of the algebra I,,. The algebra I, = @, czn In,o is a Z"-graded
algebra with I,, o = ()., ker(ad(H;) — ;) for all & € Z". Then a is a homogeneous ideal,
that is a = @aezn a, where a, := aNl,, The ideal ap := an D, = a” of the algebra
D,, belongs to the set J(Dy)o.r since oi(ag) = [;a0d; € ag and 7;(ag) = d;a [; € a for all
i = 1,...,n. By Proposition 2Z21(2), aq = v, +0avq,— for some ideal b, of the algebra D,,:

ao = DpaoaDy = Dpvg 46000, Dy = Vo +Ta +(Dn)baTa,— (Dn)va,— = Vo,+DpbaDypvg,— since
Ta,4+(Dr) = D, where 74 4 := Hai>0 7; and T4 _ = Hai<0 ;. Let
Ua,— *= H Voq; (1), Ua,4 1= H V_a, (i) (14)
a; >0 a; <0
The ideal b, is unique since v, 4 baV,— = Vo, 4 b, 0q,— implies

i / /
bo=1-b4 1 =1uUq,—Va1+baVa,~Us+ = Uq,— Vo, +- b Vo, —Uq+ =1-b, -1 =0,.

Moreover, b, = ag for all a € Z™ since ag 2 Uq,—p,aUa,+ = Ua,~Va,+0aVa,—Ua,+ = 1-b4-1 = by.
On the other hand, a, o 2 V4, +80Va,—, and so ag C b,.
Let b € J(Dn)o,r- Then b°" = b since

b C b7 =(L,bL,) = > Lyabl, o

QGZ’H
= Z Vo DrbDyv_q  (Proposition[2.21(2))
aEZ™
= Z Oa,+Ta,—(B)Vav_o C D, = b,
aEZ™
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where 04 1 =[], 0i- Therefore, b = B, cyn Va,+bVa,—, by the first part of statement 1.
2. Repeat the proof of statement 1 replacing (I, D) by (A,,D,) and making obvious modi-
fications. O

For each function f € B,,, let

fro== fra)® - ®fpm) where fo:= Fio, f1:=Fio;
0 = Dp1) @ @ 0f(p) where 0¢ := F1 9, 01 := Dy;
o = gy @ @0,y where 0= Fio, 0 :=Di.

Note that f¢ € J(Fn,0)o,r 0 € T (Dn)o,r, and ' € T (D)o,
Lemma 3.10 1. The map Cn, = J (Fn0)o,rs C = fo := 3 e fyr, is a bijection where fy := 0.
2. The map Cp, = J(Dn)or, C — ¢ 1= Efec 0y, is a bijection where g := 0.

3. The map C, = T (Dp)o,r;, C — 05 = Zfec D’f, is a bijection where D(D = 0.

P’I’OOf. 1. It follows from Fn,O = ®?:1 (K+Z]EN Kejj(i)), O'l'(ejj(i)) = 6j+17j+1(l.), Ti(ejj(i)) =
ejflyjfl(i), ekk(i)ejj (’L) = 0jk€jj (Z) that any ideal b € j(Fn70)077 is a sum Z cor ff. Then b = fc
for a unique element C' € C,, (C is the set of all the maximal elements of C”, it does not depend
on (), and so the map C — f¢ is a bijection.

2. Similarly, it follows from D, = @, (K[Hi] + > ;cn Kej;(i)), 7(H;) = H; + 1 (hence
K[H;] = J,>, ker(m; —1)®) and the actions of the endomorphisms o;, 7; on the matrix units e;;(7)
that any ideal b € J(D,,)s,r is a sum Zfe()/ 0¢. Then b =d¢ for a unique element C € C,, (C is
the set of all the maximal elements of C’, it does not depend on C’), and so the map C +— d¢ is
a bijection.

3. Statement 3 follows from statement 2 since the commutative algebra D, is a localization of
the commutative algebra D,, at the monoid generated by the set {(H;—j)1|i=1,...,n;0 # j € N}
of nonzero divisors and 0, = D,,0¢ for all C € C,,. O

Corollary 3.11 1. The restriction map J(Dp)or = T Fno)or, 06— 6" :=bNF,,, is an
isomorphism (i.e. (by*bg)" = b7 x b for x € {+,-,N}) and its inverse is the extension map
¢ ¢®:= Dye.

2. The restriction map J(Dp)or = T Fno)or, b= b7 := bNF, 0, is an isomorphism (i.e.
(b1 % b2)” = b % bY for x € {+,-,N}) and its inverse is the extension map ¢ — ¢ := Dyc.

Proof. 1. Statement 1 follows from Corollary B101(1,2) and the fact that d7, = f¢ for all
Ced,.

2. Statement 2 follows from Corollary B.101(1,3) and the fact that (3;)" = f¢ for all C' € C,,.
O

Proof of Theorem 1. By Theorem B91(1), the restriction map J(I,,) = J(Dn)o,r is an
isomorphism and its inverse map is the extension map. By Corollary BI1l(1), the restriction
map J(Dn)o.r = J(Fn)o.r is an isomorphism and its inverse map is the extension map. Now,
statement 1 is obvious.

2. Similarly, by Theorem B.91(2), the restriction map J(A,) = J(Dy)e,- is an isomorphism
and its inverse map is the extension map. By Corollary [B.111(2), the restriction map J(Dy)s,r —
J(Frn,0)or is an isomorphism and its inverse map is the extension map. Now, statement 2 is
obvious. UJ

Theorem 3.12 Let 1d(Z,,) be the set of all the idempotent ideals of the algebra I,,. Then
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1. the restriction map Z(I,) — 1d(Z,), a — a° := anZ, is a bijection such that (ayxaz)” = aj*aj
for x € {+,-,N}, and its inverse is the extension map b — b¢ := 1, bl,,.

2. The restriction map 1d(Z,) — JT(Fno)or, b — b7 := bNTF,o, is a bijection such that
(b1 % b2)™ = bY % bY, for x € {+,-,N}, and its inverse is the extension map ¢+ ¢ := T, ¢Z,.

Proof. 1. Statement 1 follows from Theorem B21(1) and statement 2.
2. Statement 2 follows at once from a classification of the idempotent ideals of the algebra
S, ~ I, (Theorem 7.2, [13]). O

4 The Noetherian factor algebra of the algebra I,

The aim of this section is to show that the factor algebra I,,/a, of the algebra I,, at its maximal
ideal a,, = p1 + - - - + p,, is the only Noetherian factor algebra of the algebra I,, (Proposition [4.1]).
The factor algebra I,,/a,. Recall that the Weyl algebra A,, is the generalized Weyl algebra
Pn((o1y.ceyon), (H1,...,Hy)). Denote by S, the multiplicative submonoid of P, generated by
the elements H; + j where ¢ = 1,...,n and j € Z. It follows from the above presentation of
the Weyl algebra A,, as a GWA that S, is an Ore set in A,,, and, using the Z"-grading of A,
that the (two-sided) localization A,, := S, ' A,, of the Weyl algebra A, at S,, is the skew Laurent

polynomial ring
Ap =S Pt a0, 0] (15)

s tn

with coefficients in the algebra
L, =8P, =K[HF", (Hi £ 1) (Hy £2)7 ..., HF  (H, £ 1) (H, £2) 71, ],

which is the localization of P,, at S,. We identify the Weyl algebra A,, with its image in the
algebra A, via the monomorphism,

-1 .
Apn = An, i, 05— Hix,, i=1,...,n.

Let k,, be the n’th Weyl skew field, that is the full ring of quotients of the n’th Weyl algebra
A, (it exists by Goldie’s Theorem since A,, is a Noetherian domain). Then the algebra A, is a
K-subalgebra of k, generated by the elements x;, 3:;1, H; and H;l, i =1,...,n since, for all
jeN, ‘ ‘
(H; 7§) ' =afH 27, i=1,...,n. (16)

Clearly, A, ~ A1 ® --- ® A1 (n times).

Recall that the algebra I, is a subalgebra of A, and the extension af of the maximal ideal
a, of the algebra I, is the maximal ideal of the algebra A,,. By (22) of [I1], there is the algebra
isomorphism (where @ := a + a%):

An/ﬂ%%fln, T — Ty, 5i>—>Hi:v;1, Hl-ilHHiil, 1=1,...,n.

Since af” = a,, (Theorem [B)), the algebra B, := I,,/a, is a subalgebra of the algebra A, /a¢, and
so there is the algebra monomorphism (where @ := a + af):

_ | 1 —1 T .
Bn—>An, T; — Ty, 61)—>HZ$Z s /|—> ,TiHZ- s HiHHi, i1=1,...,n.
i

It follows that there is the algebra isomorphism:

yYn

B, — Q) K[Hi][0:,0; 7] = Pul0F, ..., 05, ... 7l
=1
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the RHS is the skew Laurent polynomial algebra with coefficients in the polynomial algebra P,, =
K[H.,...,H,] where 7;(H;) = H; + d;;. It is a standard fact that

Bn = (An)ah»...,an (17)

where (A4y)a,,....0, is the localization of the Weyl algebra A,, at the Ore subset of A, which is the
submonoid of A,, generated by the elements 01, ...,0,. Note that (4,)a,...0, = (An)zy,...zn- It
is well-known that the algebra B,, is a simple, Noetherian, finitely generated algebra of Gelfand-
Kirillov dimension 2n and l.gldim(B,,) = r.gldim(B,,) = n.

Proposition 4.1 Let a be an ideal of the algebra I, such that a # I,,. The following statements
are equivalent.

1. The factor algebra 1, /a is a left Noetherian algebra.
The factor algebra 1,,/a is a right Noetherian algebra.
The factor algebra 1,,/a is a Noetherian algebra.

a=d,.

Proof. Note that the algebra B,, =1,,/a,, is a Noetherian algebra as a two-sided localization of
the Noetherian algebra A,. Suppose that a # a,. Fix p € Min(a). Then p = py := >, p; for a
non-empty subset I of the set {1,...,n} with m := |I| < n (Corollary B3 (10) and Corollary [34)).
The factor algebra I,,/p ~ B,, ® I,,_,, is neither left nor right Noetherian since the algebra I,,—,,
is so. The algebra I, /p is a factor algebra of the algebra I,,/a. Then the algebra I, /a is neither
left nor right Noetherian. Now, the proposition is obvious. [

Lemma 4.2 Let a be an ideal of the algebra L, distinct from I,,. Then GK (I,/a) = 2n.

Proof. Tt is well-known that GK (B;,) = 2n. Now, 2n = GK (I,,) > GK (I,,/a) > GK (I, /a,) =
GK (B,,) = 2n. Therefore, GK (I,,/a) = 2n. O

5 The group of units of the algebra I,, and its centre

In this section, the group I’ of units of the algebra I,, is described (Theorem B.6l(1)) and its
centre is found (Theorem [5.61(2)). It is proved that the algebra I, is central (Lemma[5.41(2)) and
self-dual.

The involution * on the algebra I,,. Using the defining relations in Proposition 2.2 (1), we
see that the algebra I, admits the involution:

x: 1, =1, 6i>—>/, /|—>6i, H,—H;, i=1,...,n, (18)

ie. it is a K-algebra anti-isomorphism ((ab)* = b*a*) such that x o x = idy,. Therefore, the
algebra I, is self-dual, i.e. is isomorphic to its opposite algebra I%P. As a result, the left and the
right properties of the algebra I,, are the same. For all elements «, 8 € N”,

eZB = €Ba- (19)
An element a € I, is called hermitian if a* = a.

Lemma 5.1 1. a* = a for all ideals a of the algebra I,,.

2. (Ina)* =1 _q for al a € 2.
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3. The set Fixy, (x) = {a € I,|a* = a} of all the hermitian elements of the algebra 1, is the
commutative subalgebra D,, of the algebra I, .

Proof. 1. By [@3), p; =p; for all i = 1,...,n (see Corollary B3 (2)). By Corollary B31(4,9),
a* =a.

2. Note that D} = D,, and v} = v_,. By Proposition 2.2/(2), (In,o)* = (vaDn)* = Dpv_q =
I —a-

3. By statement 2, Fixj, (x) € D,. The opposite inclusion is obvious. Therefore, Fixy, (x) =
D,. O

The involution * of the algebra I, respects the maximal ideal a,, (a = a,). Therefore, the
factor algebra B,, = I,/a, inherits the involution x: 9 = 8{1, = x; + 8{1, H} = H; for

3

i=1,...,n (since OF :f. = Z-_l and z = (0;H;)* :Hiagl :81-331-8{1 :xi+a;1).

The involution * of thé algebra I, can be extended to an involution of the algebra A,, by setting

x; = H;0;, 352/’ (HY =H, i=1,...,n.

This can be checked using the defining relations coming from the presentation of the algebra A,
as a GWA. Note that y; = (H; '0;)* = [, H; ' = a;H; %, A%, € Ay, Si, € Sy, but I} = I,, where
7, is the algebra of integro-differential operators with constant coefficients.

For a subset S of a ring R, the sets Lanng(S) := {r € R|rS = 0} and r.anng(S) := {r €
R|Sr = 0} are called the left and the right annihilators of the set S in R. Using the fact that the
algebra I, is a GWA and its Z"-grading, we see that

l.annﬂn(/) = @Keko(i) ®®H1(j), r.annﬂn(/) =0. (20)

keN i#]

r.anng, (0;) = @Keok(i) ® ®H1 (), lanng, (9;) = 0. (21)

keN i#]

Recall that a submodule of a module that intersects non-trivially each nonzero submodule of the
module is called an essential submodule.

Lemma 5.2 1. For all nonzero ideals a of the algebra I,,, l.anny, (a) = r.anny, (a) = 0.

2. Each nonzero ideal of the algebra L, is an essential left and right submodule of 1,,.

Proof. The algebra I, is self-dual, so it suffices to prove only, say, the left versions of the
statements.

1. Suppose that b := Lanny, (a) # 0, we seek a contradiction. By Corollary[B:3](8), the nonzero
ideals a and b contain the ideal F,,. Then 0 = ba O F? = F, # 0, a contradiction. Therefore,
b=0.

2. Let I be a nonzero left ideal of the algebra I,,. By statement 1, 0 # F,,I C F,,NI. Therefore,
F,, is an essential left submodule of the algebra I,,. Then so are all the nonzero ideals of the algebra
I,, since F), is the least nonzero ideal of the algebra I,,. O

Corollary 5.3 Let A be a K-algebra. Then the algebra L, ® A is a prime algebra iff the algebra
A is so.

Proof. Tt is obvious that if the algebra A is not prime (ab = 0 for some nonzero ideals a and b
of A) then the algebra I,, ® A is neither (since I, ® a- I, ® b = 0).

It suffices to show that if the algebra A is prime then so is the algebra I, ® A. Let ¢ be a
nonzero ideal of the algebra I, ® A. Then F,c # 0, by Lemma [(.21(1). Note that F,c C ¢. Let
u=FEp®@a+- - +E;,® a’ be a nonzero element of F,,¢ where E.g, ..., E,, are distinct matrix
units; a,...,a’ € A, and a # 0. Then 0 # E.3 ® a = EqquFEgs € a, and so F,, ® AaA C c. Let d
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be a nonzero ideal of the algebra I, ® A. Then F,, ® AbA C 0 for some nonzero element b € A.
Then
@D F,®AaA - F, @ AbA=F, ® (AaA - AbA) #0

since F? = F,, and AaA- AbA # 0 (A is a prime algebra). Therefore, I, ® A is a prime algebra. [

The centre of the algebra I,. For an algebra A and its subset S, the subalgebra of A,
Ceng(S) := {a € Alas = sa for all s € S}, is called the centralizer of S in A. The next lemma
shows that the algebra I, is a central algebra, i.e. its centre Z(I,,) is K.

Lemma 5.4 1. Ceny, (F, o) = Cenr, (D)) = D,.
2. The centre of the algebra 1, is K.
3. Ceny, (Z,,) = K.

Proof. 1. Since F, o C D, and D,, is a commutative algebra, we have the inclusions D,, C
Ceny, (Dy) C Ceny, (Fp,0). It remains to show that the inclusion C' := Ceny, (F,,0) C D, holds.
Recall that the algebra I,, = @aezn I, is a Z™-graded algebra with F,, o C D,, = L, 0. Therefore,
C' is a homogeneous subalgebra of 1,,, i.e. C' = @aEZ" Cy where C,, := CNI, . We have to show
that C, = 0 for all @ # 0. Let ¢ € C,, for some o # 0. Then ¢ = v, 1 dv,,— for some element
d € D, (the elements v, 4 and v, — are defined in Theorem B9l(1)). For all elements Egg € Fy, o
where g € N",

cEgg = vo,4dTa,—(EBg)Va,— = Va,+dE8—a_ f—a_Va,—,
Eggc = Vo 4+Ta+(Epg)dva,— = va+Eg—a, g—a, dVa,—,
where 7o - = [[,, <0 Ti» Tat = [la,50Tis @ = =D, o@iei and oy = Y _gaie; (Es =0

if either s ¢ N™ or ¢t ¢ N™). Since cEgg = Eggc and the map a — v, +avq, — is injective (its left
inverse is the map a — uq,—auq, 4, see ({I4)), we have the equality Fs_o, g—a,d = Eg_a— g—a_d
for each 5 € N™. Since @%Nn KFE.,., is the direct sum of ideals of the algebra D,, it follows that
E,.,d =0 for all elements v € N™. Then it is not difficult to show that d = 0 (using the fact that
each polynomial of K[Hq,..., H,] is uniquely determined by its values on the set N™).

2. By statement 1, the centre Z of the algebra I, is a subalgebra of D,,. Let d € Z. For all
elementsi =1,...,n,0 = dx;—x;d = x;(7;(d)—d). Since I, C A,,, we see that 0 = y;z;(7;(d)—d) =
7;(d) — d, and so d € ()}, kerp, (1; — 1) = K. Therefore, Z = K.

3. By @), F, 0 € Z,. This implies that C' := Ceny, (Z,,) C Ceny, (F,,0) = D,, by statement
1. Let d € C. Then

0:61"Ozai(d/—/d):ai/(Ti(d)—d)ZTi(d)—d for all i=1,...,n,

where 7;(a) = d;a [;. Hence d € (), kerp, (r; —1) = K, and so C' = K. [

Lemma 5.5 Let C = P,, K[01,...,0,], K[[,..., [ ] or D,. Then Cenr, (C) = C and C is a
mazimal commutative subalgebra of the algebra 1.

Proof. The first statement, Ceny, (C') = C, follows from the fact that the algebra I,, is Z"-
graded and the canonical generators of the algebra C' are homogeneous elements of the algebra I,,
(we leave this as an exercise for the reader). Then C' is a maximal commutative subalgebra of the
algebra I, since Ceny, (C') = C and C is a commutative algebra. O

The group I’ of units of the algebra I,, and its centre. The group A} of units of the
algebra A; contains the following infinite discrete subgroup Theorem 4.2, [T1]:

He={J[(H -+ J]H -)) " | (ni)iez € 23} ~ 23 (22)

i>0 i>1
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For each tensor multiple A (i) of the algebra A, = @, Ai(i), let H1(i) be the corresponding
group H. Their (direct) product

Hy = Hi(1) - Ho(n) = ﬁ’Hl(i) (23)
=1

is a (discrete) subgroup of the group A* of units of the algebra A,, and H,, ~ H" ~ (Z")®).
Note that AX = K* x (H, x (1 +a%)*) and Z(A*) = K* (Theorem 4.4, [I1]). A similar result
holds for the group I* of the algebra I,, (Theorem [E.6). Since a,, is an ideal of the algebra I,,, the
intersection (1 + a,)* :=1I} N (1 + a,) is a subgroup of the group I’ of units of the algebra I,,.

Theorem 5.6 1. Let F,, := @ (K + F(i)). Then

I* = K* x (1+a,)" and I% D (1 + Fn N ap)* ~ GLoo(K) X - - x GLoo (K).

27" —1 times

2. The centre of the group I}, is K*.
Proof. 1. The commutative diagram of algebra homomorphisms

I, ——A,

L

B, —= A,
yields the commutative diagram of group homomorphisms
L[ ——A;
L
B —— A”.
Since B}, = Jyezn K70 and A}, = K* x (H, x (14 aj,)*), we see that
K'x(14a,) " CL CL,NA =K"x(L,Nn(1+a)))=K"x(1+4a))" =K"x(1+a,)"

since a¢” = a,, (Theorem [B0]). Therefore, I} = K* x (14 a,)*.
Since F,, C I, C A,,, it is obvious that

OA+F,Na,) " =14+F,Na)* ~GLy(K) X -+ X GLxo(K) .

27 —1 times

The isomorphism is established in Corollary 7.3, [14].

2. Let S be the set of elements of the type 1 + [[;c;es;s,(¢) where O # I C {1,...,n}.
Then S C I} and Ceny, (S) = Ceng, (F,0) = Dy, by Lemma 5.4l(1). Therefore, Ceng-(S) =
Ceny, (S) NI = D, NI}, = D}, =T, ;. We see that Ceng,, ,(S) = K. Therefore, the centre of the
group I¥ is K*. [J

The group of units (1+F)* and I. Recall that the algebra (without 1) F' = P, ;o Keij is
the union Moo (K) := U5 Ma(K) = 11% Mqa(K) of the matrix algebras Mq(K) := @, ; <41 Keijs
ie. F'= My (K). For each d > 1, consider the (usual) determinant dety = det : 1 + My(K) — K,
u + det(u). These determinants determine the (global) determinant,

det: 14+ Mo(K)=1+F — K, ur det(u), (24)

where det(u) is the common value of all the determinants detq(u), d > 1. The (global) determinant
has usual properties of the determinant. In particular, for all u,v € 1 4+ My (K), det(uv) =
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det(u) - det(v). It follows from this equality and the Cramer’s formula for the inverse of a matrix
that the group GLoo (K) := (1 + Moo (K))* of units of the monoid 1 + M (K) is equal to

GLoo(K) = {u € 1 + Moo (K) | det(u) # 0}. (25)

Therefore,
1+ F)"={uel+ F|det(u) #0} = GLy(K). (26)

Corollary 5.7 I} = K* x (1+ F)* = K* x GLoo(K), i.e. If = {A1+ f)|det(1 + f) # 0,\ €
K*,f € F}. The elements A € K*, 1+ ue;; where p € K and i # j, and 1 + ~veoo where
v € K\{—1} are generators for the group LY.

6 The weak and the global dimensions of the algebra I,

In this section, we prove that the weak dimension of the algebra I,, and of all its prime factor
algebras is n (Theorem [G2). An analogue of Hilbert’s Syzygy Theorem is established for the
algebra I, and for all its prime factor algebras (Theorem [6.H).

The weak dimension of the algebra I,,. Let S be a non-empty multiplicatively closed
subset of a ring R, and let ass(S) := {r € R|sr =0 for some s € S}. Then a left quotient ring of
R with respect to S is a ring @ together with a homomorphism ¢ : R — @ such that

(i) for all s € S, (s) is a unit in Q;

(ii) for all ¢ € Q, ¢ = ¢(s)"Lp(r) for some r € R and s € S, and

(iii) ker(p) = ass(9).

If there exists a left quotient ring @) of R with respect to S then it is unique up to isomorphism,
and it is denoted S™!R. It is also said that the ring @ is the left localization of the ring R at S.

Example 1. Let S := Sy := {0%,i > 0} and R =1I;. Then ass(S) = F, I /ass(S) = B; and the
conditions (i)-(iii) hold where @ = Bj. This means that the ring By = I; /F is the left quotient
ring of I} at S, i.e. By ~ Sa_l]ll.

Example 2. Let S := Sp,
I./a, = B,, and

o, = {0%a € N*} and R = I,,. Then ass(Ss,,..5,) = tn,

.....

Sot o In ~ B, (27)

.....

.....

0% are left regular, and we would have a monomorphism I,, — Sgllm o, In > By, which would be
impossible since the elements 0; of the algebra I,, are not regular. By applying the involution
to (1), we see that

-1
ISy,

i.e. the algebra B, is the right localization of I, at the multiplicatively closed set S Jivf, =
{/” [aeN"}.

Given a ring R and modules p M and Ng, we denote by pd(grM) and pd(Ng) their projective
dimensions. Let us recall a result which will be used repeatedly in proofs later.

It is obvious that P, ~ 4,/ Z?:l Apd;. A similar result is true for the I,-module P, (Propo-
sition B.11(2)). Note that pd, (P,) = n but pd; (P,) = 0 (Proposition G.11(3)).

~ B,, (28)

Proposition 6.1 1. I; =L, 0@ Lieqo and 1 = [T; P egols-
2.1, Py =1,/ > 1,0;.
8. The I,,-module P, is projective.
4. F, = F®" is q left and right projective 1, -module.
5

. The projective dimension of the left and right I,,-module 1,,/F,, is 1.

18



6. For each element o € N, the I,-module 1,/1,0% is projective, moreover, 1,/1,0% =~

B (K] @ ®j757; I (2))™.

Proof. 1. Using the equality f(? =1 — eqo, we see that I; = I,0 + I1eqp. Since degg = 0 and
6(2)0 = €pp, We have ]Ilaﬁ]lleoo = (Hlaﬂﬂleoo)eoo - ]118600 =0. Therefore, Hl = H18®H1600. Then
applying the involution * to this equality we obtain the equality I, = [ I € eqoli.

2. Since , Pi ~ Iheoo = P,y Keio, 1 — ego, we have , P ~ I;/I;0, by statement 1.
Therefore, 1, P, ~ @y Pi(i) ~ Q1 i (4) /11 (0)0; = L,/ > ; 1,0;.

3. By statement 1,

n

I, = ®]I1(i) = Q1) D i (i)eoo (1)) = L [ [ oo (i) PO 1ndi) ~ P B> 1n0)).

1= = =1 i=

Therefore, P, is a projective I,,-module.

4. Note that the left I;-module F' = @i>0 ILWE; ~ ®i>0 P, is projective by statement 2.
Therefore, F,, = F®" is a projective left I,-module. Since the ideal F,, is stable under the
involution *, F¥ = F),, the right I,,-module F}, is projective.

5. The short exact sequence of left and right I,,-modules 0 — F,, — I,, — I,,/F,, — 0 does not
split since F), is an essential left and right submodule of I, (Lemma [5:21(2)). By statement 4, the
projective dimension of the left and right I,,-module I,,/F,, is 1.

6. Let Z" = @, Ze; where ey, ..., e, is the canonical free Z-basis for Z". Let m = |a|. Fix a
chain of elements of Z", 8y =0, f1, ..., Bm = «a such that, for all 4, 3,11 = B; + e; for some index
j = j(i). Then all the factors of the chain of left ideals

L,0% =1,0° c 1,0 c---cL,0” cl,

are projective I,-modules since L,0% /I,0%+1 ~ 1,/1,,0; ~ K|x,;] ® I,_; is the projective I,,-
module (statement 3). The first isomorphism is due to the fact that the element 0; is left regular,
ie. ad; = b9; implies a = b (by multiplying the equation on the right by [). Therefore, the

K2

I,-module I, /I,0* is projective. Moreover, I, /1,0% ~ @, (K [2:] @ &;; li(i))*. O

Theorem 6.2 Let I,,,, = Bp—m ® L, where m = 0,1,...,n and Iy = By := K. Then
wdim (I, ) = n for allm =0,1,...,n. In particular, wdim(Il,,) = n.

.....

wdim(I, ) (Corollary 7.4.3, [49]). To finish the proof of the theorem it suffices to show that
the inequality wdim(I, ) < n holds for all numbers n and m. We use induction on n. The
case n = 0 is trivial. So, let n > 1 and we assume the inequality holds for all n’ < n and all
m = 0,1,...,n'. For n, we use the second induction on m = 0,1,...,n. When m = 0, the
inequality holds since I,, o = B,, and wdim(B,,) = n.
Suppose that m > 0 and wdim(I,, ) < n for all m’ < m. We have to show that wdim(T,, ,,) <
n or, equivalently, fdy, . (M) < n for all I, ,,,-modules M (fd denotes the flat dimension). Changing
the order of the tensor multiples we can write I, ,, = I; ®1,,_1,m—1. Then wdim(L,,—1 p—1) < n—1,
by the inductive hypothesis. Recall that B = 5’51111 =1, /F and every O-torsion I;-module V is
a direct sum of several (maybe an infinite number of) copies of the projective simple I3-module
K[x] (Proposition[G.11(6)), hence V' is projective, hence V' is flat. Note that S5 'L, =~ I, ;n—1 and
wdim(I, ,m—1) < n, by the inductive hypothesis. The I,, ,,-module torg(M) := {m € M |m =0
for some i} is the O-torsion submodule of the I,, ,,-module M. There are two short exact sequences
of I, m,-modules,
0 — torg(M) — M — M — 0, (29)

0—M—S;'M— M —0, (30)

where the I, ,,-modules torg(M) and M’ are J-torsion, and the I,-module Sa_lM is O-torsion
free. To prove that fdy, (M) < n it suffices to show that the flat dimensions of the I, ,,-
modules tors(M), S;'M and M’ are less or equal to n. Indeed, then by @0), fdi, ,, (M) <
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max{fdy, ,, (S5 M), fd1, . (M')} < n; and by @9), fdy, ,, (M) < max{fdy, ,, (tors(M)), fdy, . (M)}
<n.

The I;-module torg (M) (where I, , = 1 ®1,,—1,m—1) is a direct sum of copies (may be infinitely
many) of the projective simple I;-module K[z]. Note that Endy, (K[z]) ~ kerg(,(9) = K since
1, K[z] = 1; /T;0. Using this fact and Proposition [611(6), for each finitely generated submodule T
of the I, ,,-module tors (M) there exists a family {7} };cr of its submodules T; where (I, <) is a well-
ordered set such that if i, j € I and i < j then T; C T}, T' = | J;; T; and T;/ Uj<iTj ~ Kz]®T;
for some I,,_1 ,,—1-module 7;. Note that

fdy, ,, (K[z]®T) <fdy,_, . ,(T)) <n —1,

n,m

since the I;-module K[z] is projective. Therefore, fdy, , (T') < n — 1. The module torg(M) =
Usco To is the union of its finitely generated submodules Tj, hence

fdy, . (tora(M)) = fds, . (| ) Tv) < sup{fds, ,.(Ts)}oco =n — 1.
0co

Similarly, fdy, ,, (M) < n — 1 since the I, ;,-module M is d-torsion.
It remains to show that fd, , (S; ' (M)) < n. By @7), the left I;-module By is flat, hence the
left I, ,-module By ® I,,_1 1,,—1 is flat. Then, by Proposition 7.2.2.(ii), [49],

fdi, . (S5 M) < fdp o1, 1,. . (S5 M) +fdi, , (B1 @ Ly—1,m—1) < wdim(L, ;n—1) < n.

The proof of the theorem is complete. [J

Corollary 6.3 Let M be a 0-torsion L, n,,-module, i.e. SglM = 0, where 551 Ll = ®
In—1,m-1 = B1 ®L—1,m—1 = L,m—1 is the localization map and n,m > 1. Then there exists a
family {Ti}icr of L m-submodules of M such that M = \J,c; Ti, (I, <) is a well-ordered set such
that ifi,j € I and i < j then T; C Tj, and T}/ Uj<i T; ~ K[z] ®T; for some I,_1 m—1-module T;.

Proof. The I;-module M is a direct sum of (may be infinitely many) copies of the projective
simple I;-module K[z]. Note that Endy, (K[z]) ~ kerg[;)(9) = K since, K [z] ~ I; /T;0. Using this
fact, for the I, y,-module M there exists a family {T; };cr of its submodules T; where (1, <) is a well-
ordered set such that if 4, j € I and i < j then T; C T}, M = (J,c; T; and T;/ Uj<iTj ~ K[z]®T;
for some I,,—1 ,m—1-module 7;. O

Corollary 6.4 Let A be a prime factor algebra of the algebra 1,,. Then wdim(A) = n.

Proof. By Corollary[3:31(10), the algebra A is isomorphic to the algebra I,, ,,, for some m. Now,
the corollary follows from Theorem O

The next theorem is an analogue of Hilbert’s Syzygy Theorem for the algebra I,, and its prime
factor algebras. The flat dimension of an A-module M is denoted by fda(M).

Theorem 6.5 Let K be an algebraically closed uncountable field of characteristic zero. Let A be a
prime factor algebra of I, (for example, A =1,,) and B be a Noetherian finitely generated algebra
over K. Then wdim(A ® B) = wdim(A) + wdim(B) = n + wdim(B).

Proof. Recall that A ~ I, ,, for some m € {0,1,...,n} and wdim(Il, ,,,) = n (Theorem [6.2).
Since
n + wdim(B) = wdim(I,, ,,) + wdim(B) < wdim(I,_,, ® B),

it suffices to show that wdim(I,, ,, ® B) < n+wdim(B) for all numbers n and m. We use induction
on n. The case n = 0 is trivial since A = K. So, let n > 1, and we assume that the inequality
holds for all n’ < n and all m’ = 0,1,...,n'. For the number n > 1, we use the second induction
onm =0,1,...,n. The case m =0, i.e. I,, g = By, is known, Corollary 6.3, [§] (this can also be
deduced from Proposition 9.1.12, [49]; see also [9]).
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So, let m > 0 and we assume that the inequality holds for all numbers m’ < m. Let M be
an I, ,, ® B-module. We have to show that fdy, ,,e5(M) < n + wdim(B). We can treat M as
an I, ,,-module. Then we have the short exact sequences (29) and (30) which are, in fact, short
exact sequence of I, ,, ® B-modules. To prove that fdy, . op(M) < n + wdim(B) it suffices to
show that the flat dimensions of the I, ,,, ® B-modules torg(M), S’glM and M’ are less or equal
to n+wdim(B), by the same reason as in the proof of Theorem[6:2l Repeating the same argument
as at the end of the proof of Theorem[6.2] for each finitely generated submodule T of the I, ,, ® B-
module torg(M) (where I, p, =13 ® I,,_1 1) there exists a family {T;}icr of its submodules T;
where (1, <) is a well-ordered set such that if i, j € [ and i < j then T; C Tj, T = (J;¢; T; and
T/ Uj<i T; ~ K[z]®T; for some I,,_1 ;,,—1 ® B-module 7;. Note that I, ,, @ B =1; ®I,,_1,m—1®B
and

fd, ,,ep(K[z]® T;) <fdr, . ,e5(Ti) < wdim(l,—1,m-1 ® B) =n — 1+ wdim(B),

since the I;-module K[z] is projective. Therefore, fdy, ., o5 (T;) <n—1+wdim(B). The L, ,, ® B-
module torg(M) = (Jyce T is the union of its finitely generated submodules Tpy, hence

fdy, .ep(torg(M)) = fdy, ,ep(| ) Tv) < sup{fds, ,.o5(Th)}sco = n — 1+ wdim(B).
0cO

Similarly, fdy, ,,eB(M') <n — 14 wdim(B) since the I;-module M’ is O-torsion.

It remains to show that fdi, , o5(S; ' M) < n + wdim(B). By (28), the left I;-module B; is
flat, hence the left I, ,, ® B-module By ® I,,_1,,—1 ® B is flat. Then, by Proposition 7.2.2.(ii),
49,

fdr, .e(S;'M) < fdpel, ., 08(S; M)+1fd, es(Bi1®L_1m-1®B)
< wdim(B; ®I,—1,m-1® B) <n—1+ wdim(B; ® B)
= n—1+wdim(B;) + wdim(B) =n — 1+ 1+ wdim(B) = n + wdim(B),

since the algebra B is Noetherian and finitely generated. The proof of the theorem is complete.
O

The global dimension of the algebra I[,,. For all Noetherian rings, wdim(M) = gldim(M),
and this is not true for non-Noetherian ring, in general. For many Noetherian rings, including the
Weyl algebras A,, and the algebras B,,, the known proofs of finding their global dimensions are,
in fact, about their weak dimensions as localizations and faithfully flat extensions are used. This
fact together with the fact that the algebras I,, are not Noetherian are main difficulties in finding
their global dimensions.

Proposition 6.6 [5] Let M be a module over an algebra A, I a non-empty well-ordered set,
{M,}icr be a family of submodules of M such that if i,j5 € I and i < j then M; C M;. If
M =U,;er Mi and pd o (M;/M<;) < n for all i € I where M<; :=J;_; M; then pd (M) < n.

Let V. C U C W be modules. Then the factor module U/V is called a sub-factor of the module
W. Each algebra I, ,,, is self-dual, so its left and right global dimensions coincide. Their common
value is denoted by gldim(I, ).

Proposition 6.7 n < gldim(l,,,) < n+m for alln € N and m = 0,1,...,n. In particular,
n < gldim(T,,) < 2n.

Proof. n = gldim(B,,) < gldim(I,, .,), by 7). It remains to show that gldim(l, ) < n + m.
We use induction on n. The case n = 0 is trivial as [ o = K. So, let n > 1 and we assume that
the inequality holds for all n’ < n and all m = 0,1,...,n’. For n, we use the second induction on
m=0,1,...,n. When m = 0, the inequality holds since I, o = B,, and gldim(B,,) = n.

Suppose that m > 0 and gldim(I,, /) < n + m' for all m’ < m. We have to show that
gldim(I,, »,) < n 4+ m, or equivalently pdﬂmm (M) < n+m for all I, ,,-modules M. Changing
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the order of the tensor multiples we can write I, ,, = I1 ® I,,—1m—1. For the L, ,,-module M
we have the short exact sequence of I, ,,-modules (29). By Corollary [6.3] for the I,, y,-module
tors (M) there exists a family {T;};cr of its submodules T; where (I, <) is a well-ordered set such
that if 4,j € I and ¢ < j then T; C Ty, torg(M) = U,; Ti and T3/ U, ; T ~ K[z] ® T; for some
I,—1,m—1-module 7;. Note that

pdy, ,, (K[z] ® Ti) < pdy, (K[z]) +pdy, (i) <n+m—2.

By Proposition 6.6, pdy,  (torg(M)) < n+m —2. Note that pdy  (In,m-1) <1 (since 0 = F —
I — B; — 0 is a projective resolution for the I;-module By) and, by Proposition 7.2.2.(ii), [49],

den,m(M) < pdy (M) + den,m(Hnymfl) <n+m-1+1=n+m.

n,m—1

By 29), _
pd, . (M) < max{pdﬂnym (torg(M)), pdy, ., (M)} <n+m,

as required. The proof of the theorem is complete. [J

Conjecture. gldim(L,,) = n.

7 The weak and the global dimensions of the Jacobian al-
gebra A,

In this section, we prove that the weak dimension of the Jacobian algebra A, and of all its prime
factor algebras is n (Theorem [[2] Corollary [[3). An analogue of Hilbert’s Syzygy Theorem is
established for the Jacobian algebras A,, and for all its prime factor algebras (Theorem [T7]).

A K-algebra R has the endomorphism property over K if, for each simple R-module M,
Endgr(M) is algebraic over K.

Theorem 7.1 [10] Let K be a field of characteristic zero.
1. The algebra A,, is a simple, affine, Noetherian domain.
The Gelfand-Kirillov dimension GK (A,) = 3n (# 2n = GK (4,)).
The (left and right) global dimension gl.dim(A,) = n.
The (left and right) Krull dimension K.dim(A,) = n.

Let d = gl.dim or d = K.dim. Let R be a Noetherian K -algebra with d(R) < oo such that
RJ[t], the polynomial ring in a central indeterminate, has the endomorphism property over
K. Then d(A; ® R) = d(R) + 1. If, in addition, the field K is algebraically closed and
uncountable, and the algebra R is affine, then d(A,, @ R) = d(R) + n.

GK (A1) = 3 is due to A. Joseph [41], p. 336; see also [47], Example 4.11, p. 45.
The Jacobian algebra A, is a localization of the algebra I,,. Using the presentations of
the algebras I,, and A, as GWAs, it is obvious that the algebra I,, is the two-sided localization,

A, =8, =1,5", (31)

of the algebraI,, at the multiplicatively closed subset S := {[[;_, (H;+a;)? | () € Z", (n;) € N}
Hi + (673 lf (673 > O,

(H; + o) if 0 since, for all elements 3 € Z",
i tai) Lo <U

of I, where (H; + o;)s := {

n n

ve [ [(Hi + ai)t = [[(H: + s — Bi) 7 vs. (32)

=1 i=1
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The left (resp. right) localization of the Jacobian algebra
A, =Ky, .. ,yn,Hlﬂ, . ,H,jfl,xl, ooy Xy, (where y; = H{lxi)

at the multiplicatively closed set Sy, 4. = {y*|a € N"} (vesp. Sy, .. 2, := {2%|a € N'}) is
the algebra
(33)

The algebra A,, has the involution *. The algebra A, ~ A, /a® inherits the involution x since
(a%)*x = af, and so do the algebras A, , := Ap_m @Ay, wherem =0,1,...,nand Ag = Ay := K.
Therefore, the algebras A, ., are self-dual, and so 1.gldim(A,, ,,,) = r.gldim(A,, ,,) := gldim(A,, .,).

.......... n

Theorem 7.2 Let A, == Ap_m @ Ay, where m = 0,1,...,n and Ay = Ay := K. Then
wdim(A, ) =n for allm =0,1,...,n. In particular, wdim(A,,) = n.

Proof. By Theorem [[11(1,3) and (33),

n = gldim(A,) = wdim(A,) = Lgldim(S, "
< wdim(L, ) =n (by BI) and Theoreml[6.2).

A,) < wdim(S;* Ap) = wdim(A, )

Y1,--sYn—m

Therefore, wdim(A,, ) = n for all n and m. O
Corollary 7.3 Let A be a prime factor algebra of the algebra A,,. Then wdim(A) = n.

Proof. By Corollary 3.5, [I1], the algebra A is isomorphic to the algebra A,, ,,, for some m.
Now, the corollary follows from Theorem |

The next theorem is an analogue of Hilbert’s Syzygy Theorem for the Jacobian algebras and
their prime factor algebras.

Theorem 7.4 Let K be an algebraically closed uncountable field of characteristic zero. Let A be
a prime factor algebra of A, (for example, A = A,) and B be a Noetherian finitely generated
algebra over K. Then wdim(A ® B) = wdim(A) 4+ wdim(B) = n + wdim(B).

Proof. Recall that A ~ A,, ,,, for some m € {0,1,...,n} and wdim(A,, ,,) = n (Theorem [[.2)).
Since

n+wdim(B) = wdim(A, )+ wdim(B) < wdim(A,, ,, ® B)
wdim (S, ® B) < wdim(I,, ® B)
n + wdim(B) (by Theorem [6.5).

IN

Therefore, wdim (A, ,, ® B) = n + lL.gldim(B). The proof of the theorem is complete. [

Proposition 7.5 n < gldim(A, ) < n+m for alln € N and m = 0,1,...,n. In particular,
n < gldim(A,) < 2n.

Proof. By Theorem [T11(3), Proposition [67, (1)) and @B3), n = gldim(A,) < gldim(A, ) <
gldim(I,, ) <n+m. O

Conjecture. gldim(A,) = n.
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