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Abstract—We prove strong consistency of spectral clustering
under the degree-corrected hypergraph stochastic block model
in the sparse regime where the maximum expected hyperdegree
is as small as (logn) with n denoting the number of nodes. We
show that the basic spectral clustering without preprocessing or
postprocessing is strongly consistent in an even wider range of
the model parameters, in contrast to previous studies that either
trim high-degree nodes or perform local refinement. At the heart
of our analysis is the entry-wise eigenvector perturbation bound
derived by the ‘leave-one-out” technique. To the best of our
knowledge, this is the first entry-wise error bound for degree-
corrected hypergraph models, resulting in the strong consistency
for clustering non-uniform hypergraphs with heterogeneous hy-
perdegrees.

Index Terms—Hypergraph, stochastic block model, spectral
clustering, consistency.

I. INTRODUCTION

OMMUNITY detection, also known as graph clustering,
occupies a central position in modern network science.
The goal is to partition nodes in a network into communities
such that the nodes in the same community are more sim-
ilar than those belonging to different communities. Among
numerous algorithms designed for this purpose, the model-
based algorithms stand out for their statistical guarantees.
The stochastic block model (SBM) [1]] is one of the well
known generative models for random graphs with community
structure. In this model, edges are independently generated
with probabilities depending only on the community member-
ships of nodes, and thus the nodes in the same community
have the same expected degrees. As a consequence, the
SBM delivers a poor description of real networks that exhibit
degree heterogeneity even within communities. To overcome
this limitation, the degree-corrected stochastic block model
(DCSBM) [2] has been proposed by introducing a set of node-
specific parameters to allow any possible degree distribution.
It shows that the consideration of the degree heterogeneity
significantly improves the ability of the model to fit real
networks.
For community detection in a generative model, i.e., re-
covering the hidden community assignments from a single
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instance generated by the model, it is usually concerned with
consistency of an algorithm:

e strong consistency (or exact recovery). Finding the true
partition of all nodes (up to a permutation) with high
probability;

e weak consistency (or almost exact recovery). Finding the
true partition of all but a vanishing fraction of nodes (up
to a permutation) with high probability.

The fundamental limits of community detection under the
(DC)SBM have been widely studied [3l], [4], [S], [6], and the
performance of many clustering algorithms, such as spectral
algorithms [7]], [8], has also been investigated both theoret-
ically and numerically. However, as graphs model pairwise
relationships by edges connecting pairs of nodes, they fail
to capture higher-order interactions, and this is where hy-
pergraphs come into play. Different from graphs, edges in a
hypergraph, called hyperedges, can connect any number of
nodes. Due to this merit, community detection in hypergraphs,
or hypergraph clustering, has received increasing attention
recently. In particular, the SBM has been generalized to
the hypergraph SBM (HSBM) [9], in which the probability
of occurrence of a hyperedge depends on the community
memberships of all nodes in it. Considering the degree het-
erogeneity, the DCSBM has also been generalized to the
degree-corrected HSBM (DCHSBM). Yet, there are very few
studies on the theoretical limits for community detection under
the DCHSBM and the algorithms achieving the detectability
thresholds.

As one of the most popular algorithms, spectral clustering
has been adopted for graph clustering. In its basic form,
nodes are first represented as points in a low-dimensional
space based on the leading eigenvectors, and these points
are then clustered using standard clustering algorithms such
as k-means. To develop spectral algorithms for hypergraph
clustering, several matrices have been considered including ad-
jacency matrix [10], hypergraph Laplacian [11] and adjacency
tensor [12]. All these algorithms are weakly consistent in
the HSBM under certain conditions on the model parameters.
As for strong consistency, Cole and Zhu [13] achieved exact
recovery for dense hypergraphs but it is suboptimal in the
sparse case. On the other hand, two-stage algorithms have
been proposed [10], [14], [13]]: first obtain a weakly consistent
community assignment from the trimmed adjacency matrix or
hypergraph Laplacian and then perform local refinement to
guarantee strong consistency.
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For graph clustering, it has been proved that the basic
spectral clustering without trimming or refinement is strongly
consistent [[16]], [17]. Therefore, it is natural to ask a question:
whether the basic hypergraph spectral clustering could achieve
strong consistency or not? Answering this question requires a
more refined entry-wise analysis of eigenvector perturbations.
The goal of this paper is to prove strong consistency of the
basic spectral clustering under the DCHSBM in the sparse
regime where the maximum expected hyperdegree might be
of order Q(logn).

A. Main contributions

Let A be the weighted adjacency matrix (Equation (T)) of
a hypergraph generated by a DCHSBM (Definition and
P = E[A] be the population counterpart of A. Let U and
U be the matrices respectively formed by stacking the K
leading eigenvectors of A and P, where K is the number of
communities. As the matrix U contains all information about
the true community assignment, the task becomes bounding
the deviation between U and U. While the well known Davis-
Kahan theorem specifies an upper bound on ||UO — U||r for
some orthogonal matrix O (this matrix is used to align U
and U; see Equation for its specific expression), it gives a
loose bound on ||UO — U]|2,00, hence no guarantee for node-
wise behavior. We show that simply applying k-means on the
row-normalized leading eigenvector matrix of the weighted
adjacency matrix achieves strong consistency in an even wider
range of parameters. We develop a sharp deviation bound
on ||A — PJ| for non-uniform hypergraphs with general edge
probabilities. As a byproduct, we also derive an upper bound
on mis-clustered nodes incurred by an approximate k-means
algorithm which leads to weak consistency of Algorithm [I]
(see Section[[I-C). Via the leave-one-out analysis, we obtain an
eigenvector perturbation bound in two-to-infinity norm which
is the first result on node-wise error bounds for hypergraph
models. With this bound, we also study strong consistency of
Algorithm 2] (see Section [[I-C)), which is simple in nature but
will be extremely hard to analyze if one only has a bound
on the deviation between U and U in the Frobenius norm.
Finally, we consider a special case of the model where the
conditions for exact recovery will be expressed more clearly.
To the best of our knowledge, our study gives the first strong
consistency result for clustering non-uniform hypergraphs with
heterogeneous hyperdegrees.

B. Related Work

To date, there are few studies on strong consistency for hy-
pergraph stochastic block models. Kim et al [18]] demonstrated
that exact recovery shows a sharp phase-transition behavior
for the uniform HSBM with two equal-sized and symmetric
communities. They proposed a semidefinite programming al-
gorithm which is strongly consistent in an order-wise optimal
parameter regime. Ahn et al [10] investigated consistency of
spectral clustering in weighted uniform HSBMs where the
number of clusters K is constant. Cole and Zhu [13]] proposed
a spectral algorithm based on the hypergraph adjacency matrix
and proves that the algorithm achieves exact recovery in the

dense uniform HSBM where K = O(y/n). Chien et al [14]
showed that spectral algorithms with local refinement achieve
the exact recovery criteria in the sparse HSBM. Zhang and
Tan [15] studied fundamental limits of exact recovery in the
general uniform HSBM and develop a two-stage algorithm that
meets the achievability threshold.

In [17], the authors performed an entry-wise eigenvec-
tor analysis and proved that spectral clustering achieves the
threshold of exact recovery in a graph SBM with two blocks.
In our study, we adopt the idea of the leave-one-out technique.
Compared with [17]], our main contributions are as follows.
First, we generalize the entry-wise eigenvector perturbation
analysis for graphs to hypergraphs. This is non-trivial because
the weighted adjacency matrix A violates the “row- and
column-wise independence” assumption made in [17]. Based
on the idea of the leave-one-out method, we introduce a set
of suitably defined surrogate matrices A) where randomness
contributed by hyperedges containing [ is eliminated, and then
resort to the matrix Bernstein inequality where sequential
transformations and inequalities are performed to address the
dependency across entries of A. Second, we develop a sharp
deviation bound on ||A — P|| for non-uniform hypergraphs.
Finally, we derive the strong consistency result for spectral
clustering in the non-uniform DCHSBM with multiple com-
munities.

Gaudio and Joshi [19] derived an entry-wise bound on the
second eigenvector of the adjacency matrix and prove strong
consistency of spectral clustering for the uniform HSBM
with two communities. Compared with [19], we consider
different algorithms and have a different goal: we try to find
under what conditions on degree heterogeneity, the number of
communities, sparsity and the minimal non-zero eigenvalue
of the matrix (See Lemma [I]), spectral clustering without
pre-processing and post-processing could achieve strong con-
sistency. Gaudio and Joshi [19] instead aimed at proving
their algorithm can achieve the theoretical threshold. While
our settings are more general, our result does not achieve
the theoretical limit in this special case. Both our work and
Ref. [19] perform the entry-wise eigenvector analysis. The
main difference is as follows. Ref. [19]] obtains a more refined
lo eigenvector perturbation bound by generalizing Theorem
1.1 in Ref. [17] to the two-block HSBM case. We derive
an entry-wise bound for deviation between U and U in 12,00
norm by applying the matrix Bernstein inequality together with
the Davis-Kahan theorem and the triangle inequality, where
we carefully handle the dependence across the entries of A.
Our entry-wise bound makes it possible to guarantee strong
consistency of the considered algorithms in the general K-
block case, where K is even allowed to diverge to infinity at
a slow rate.

Wang [20] established the information-theoretical threshold
for strong consistency in non-uniform HSBM with two equal-
sized communities. However, the algorithms considered in
Ref. [20] are not applicable to the case of multiple blocks.
Dumitriu and Wang [21] derived sharp threshold for exact
recovery in non-uniform HSBM with multiple communities
and provided multi-stage algorithms that successfully achieve
exact recovery above the threshold. Compared with Ref. [21]],
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we consider strong consistency of spectral clustering without
preprocessing or postprocessing and derive the first entry-wise
eigenvector perturbation bound for non-uniform hypergraphs
with heterogeneous hyperdegrees.

C. Paper Organization

We start in Section [lIf with an introduction of the DCHSBM,
the weighted adjacency matrix and two hypergraph clustering
algorithms. We describe our main results as well as its proof
in Section The consistency results in a special case is
given in Section [TV] Section [VI] contains concluding remarks.

D. Notations

Given a matrix X, we use X;. to refer the ¢-th row of X.
Let ||-|| denote the spectral norm of a matrix or the /> norm
of a vector and ||| denote the matrix Frobenius norm. Let
I X ||2,00 = max;||X;.|| be the two-to-infinity norm of X. For
any vector v € R”, let V4, = Max; v, Upmip = min; v;
and diag(v) be an n X n matrix with zero off-diagonal whose
ii-th element is v;. For any positive integer n, we use [n] =
{1,2,---,n} to denote the set of positive integers not greater
than n. Denote § as the Kronecker function: for ¢,j € Z,
0;; = 1if i = 7, and §;; = 0 otherwise. Throughout the paper,
we use the standard asymptotic notations: o(+), O(-), ©(-), ()
and w(-).

II. PRELIMINARIES
A. The Model

Let n be the number of nodes in a hypergraph. The nodes
are divided into K communities and each node ¢ is assigned
a label g; € [K] representing the community to which it
belongs. Additionally, each node ¢ is assigned a parameter
6; > 0 to control its expected degree. Let M > 2 be
the maximum hyperedge cardinality in the hypergraph. Let
E be the hyperedge set of a complete hypergraph on [n]
with edge size between 2 and M. Each possible hyperedge
e € I/ (hyperedge that contains duplicate nodes is allowed) is
associated with an indicator variable h. such that h, = 1 if e
is present and h. = 0 otherwise.

Definition 1 (Degree-corrected hypergraph stochastic block
model): In a DCHSBM, {h.}.cp are independent Bernoulli
random variables satisfying

HJ)(he = 1) = beﬂ-(ee)q)(ge) € [05 1]’

where 7(0.) = [[;c.0: is the product of the hyperdegree
parameters of the nodes in e, ® is an affinity function that
maps the group assignment to a non-negative real number and
the coefficient b, denotes the number of distinct ways to order
the nodes of e.

For example, suppose n = 8K = 2,M = 5 and
g=(1,1,1,1,1,2,2,2). For three possible hyperedges e; =
(2,6),e2 = (1,3,8),e3 = (1,4,4,7), we have b,, =
2,be, = 6,be, = 12 and thus P(h., = 1) = 2602069(1,2),
P(he, = 1) = 6610505®(1,1,2) and P(h.,, = 1) =
126,020, ®(1,1,1,2).

Let ni denote the size of the k-th community. Without
loss of generality, we assume n; > ns > > ng.
The community memberships can also be represented by an
assignment matrix Z € {0, 1}”XK where Z;, = 1if g; = k
and Z;;, = 0 otherwise. For each e € F, we define g. as a
vector of the cluster labels for nodes in e.

To ensure model identifiability, we impose the constraint
that >, 6,04, » = ny for each k € [K]. Thus, the DCHSBM
nests the HSBM as a special case by setting 6; = 1 for all
i € [n]. Similarly, we define . as a vector of the hyperdegree
parameters of the nodes in e.

Furthermore, we introduce vectors a. € R", where a; is
the number of occurrences of node ¢ in e. The hyperdegree of
node ¢ is defined by d; = Zee g Geihe and the cardinality of
each possible hyperedge e € E is given by |e| = > | a;.

A basic but important choice of ® is the so-called “all-
or-nothing” affinity function, where the hyperedge probability
depends on whether all nodes in the hyperedge are in the same
community or not.

Definition 2 (Degree-corrected hypergraph planted partition
model): For each e = {iy, -+ i, } € F, it is generated with
probability

P(he = 1) = ambem(be) - ((p — Q)]l{gi,l:m:gim} +4q),

where p > ¢ > 0 are constants independent of n and «,, > 0
is a scaling factor that varies with n and controls the number
of the hyperedge cardinality m.

We investigate consistency of spectral algorithms for this
model in Section [[V]as a case study and test the performance
of the considered algorithms in this model in Section [V]

B. The Weight Adjacency Matrix

Spectral algorithms for community detection in the model
depend on the weighted adjacency matrix A € R"*" which
is non-negative symmetric with entries:

A A Xees T the if i # j, "
ij = aeiaei—1 e
Yeen e he, ifi=j

When there is no hyperedge containing repeated nodes, the
diagonal entries of A are all zero. The so-defined weighted
adjacency matrix corresponds to the adjacency matrix of a
weighted undirected graph projected by a hypergraph [22].
In this work, we investigate consistency of the hypergraph
spectral clustering based on the weighted adjacency matrix in
the DCHSBM.

To understand why the spectrum of A contains information
about the hidden community structure, we first take a close
look at its expectation P = [E[A]. Denote the eigenvalues
of P by {A\;}!, such that |[A\;|] > --- > |\,| and let
{u;}"_; be the corresponding unit-norm eigenvectors. Define
U= (u1, - ,uxg) € R and U* the normalized matrix
with U} = U,./||U;.||- The following lemma characterizes the
eigen-structure of P.

Lemma 1 (The eigen-structure of P):

(i). There exists a symmetric matrix B € RX*X such that

P = diag(#)ZBZ" diag(h). (2)
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(ii). If B is full rank, then there exists an orthogonal matrix
Q € REXE guch that for any i € [n],

Ui = 6;Q,,., 3)

where 0; = 0;/¢,, and ¢ = /3"
[K].

As an immediate consequence of , we have rank(P) <
K, which means A1 = --- = A, = 0. Readers familiar with
spectral clustering in graphs will find that P could be regarded
as the population adjacency matrix of an ordinary DCSBM
parameterized by g, 6 and B, which could be viewed as a
“projected model”. It is known that graph projection may cause
the community structure unidentifiable under some parameter
space [[L1]], [15]. Therefore, the condition that matrix B is full
rank, i.e., [Ax| > 0, is crucial for the success of the graph-
projection-based clustering algorithms.

According to (3)), for any two nodes ¢ and j, if they belong to
the same community, i.e., g; = g;, then U;. and Uj. point to the
same direction in R¥; otherwise, U;. and U ;. are orthogonal to
each other. By normalizing the rows of U to have unit length,
we have

i 193(5ng for k €

U — U;” =V2. ]l{gﬁﬁgj}'

Thus, the community memberships of all nodes will be exactly
recovered from U™ without difficulty.

In practice, P is not observed and spectral clustering is
applied to the noisy observation A. Thus, if U* is close
enough to U™, we can expect that the spectral algorithms could
still successfully recover the true community memberships.
However, bounding the deviation of U* from U* (especially
entry-wise) turns out to be a non-trivial task once the entries of
A are no longer independent. More care must be taken when
dealing with the complex dependency across entries.

C. Spectral Algorithms

Denote the K leading eigenvalues of A by A} iy such
that [A;| > --- > |Ax| and let {z}2, be the corresponding
unit-norm eigenvectors. Let U € R"™X be the matrix that
contains the K leading eigenvectors of A as columns and
U* € R"K be the row-normalized version of U,

Uz = U,./||U;.|| for all i € [n].

The first algorithm we consider is the classical spectral
clustering summarized in Algorithm |1} For strong consistency
of the k-means step, we utilize the result of Theorem 2.3 in
Ref. [16]. The second one is a simple thresholding algorithm
listed in Algorithm 2] Two nodes will be assigned to the same
community when the distance between the corresponding rows
of U* is small enough. Concretely, we try to find a threshold
7 such that, starting from an empty graph G = ([n], ), after
connecting all node pairs (i,;) satisfying | U} — U* | <,
G has exactly K connected components, which corresponds
to the true K communities. Initially there are n connected
components, each of which contains only one node. After
adding an edge, the number of components either decreases
by one or remains the same. If we connect all node pairs, there
will be only one connected component. Therefore, Algorithm

can successfully output a partition of [n] into K" communities
and the output is unique.

Algorithm 1 Hypergraph spectral clustering with k-means
Input: The hypergraph A and the number of communities K.
1: Construct the weighted adjacency matrix A and compute
U-.
2: Run k-means algorithm with £ = K on the rows of U=
Qutput: A community assignment § where §; is the cluster
index of i-th row.

Algorithm 2 Hypergraph spectral clustering via thresholding
Input: The hypergraph A and the number of communities K.
1. Construct the weighted adjacency matrix A and compute
U*
2: Let G be a simple graph with node set [n] and an empty
edge set.
3: Sort node pairs {(i,j)[i,j € [n]} in ascending order by
1U;: = U; .
4: Add edges to node pairs in G in the above order until G
has exactly K connected components.
Output: A community assignment g where g; is the index of
the component to which ¢ belongs in G.

For both algorithms, the successful recovery of community
labels of all nodes depends strongly on U* and U* being
sufficiently close entry-wise. When proving strong consis-
tency of Algorithm 2l we show that with high probability:
if |U* U*| < 1/V/2 then g; = g;, otherwise g; # g;. Here
we comment on the threshold 1/4/2 f which could be replaced
by any constant 7 € (0,+/2). For any nodes i and j, by the
triangle inequality, we have ||U* — U;,H <200 — U*||2.00
if gi = g; and |UF = Uil > v2 = 2lU0 = U*|l2.c
otherwise. Since both bounds are tight in the worst case, a
sufficient and necessary condition to ensure strong consistency
of Algorithm [2]is

[0°0 ~ U o < gminfr V3 -7} @)

Because 1/ /2 maximizes the right-hand side of @]) it is
optimal in the sense that it imposes the mildest requirement
on ||[U*O — U*||2,00-

IIT. CONSISTENCY OF HYPERGRAPH SPECTRAL
CLUSTERING

A. The Main Result

We show that under mild conditions on the model parame-
ters, both algorithms mentioned above are strongly consistent.
Let ¢’ be an estimator of ¢ that partitions nodes into K
communities. The number of mis-clustered nodes of ¢’
defined by

1(g,¢9') = min Z]].{g7¢o-

UES

where Sk is the K-th order symmetric group and the min-
imum is taken over all possible permutation of [K]. We say
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g’ is weakly consistent if {(g,¢’) = o(n) with probability
1—o0(1), which only needs the fraction of mis-clustered nodes
to vanish in the large n limit. In contrast, strong consistency
requires [(g, g’) = 0 with probability 1 — o(1), which means
that the community membership of all nodes should be exactly
identified in large samples. For notational simplicity, we write
“g’ = g with high probability” in short.

To ensure strong consistency of spectral algorithms, we
make the following assumptions about the model parameters.

Assumption 1: M = O(1).

That is, M is not allowed to vary with n. A constant
maximum hyperedge cardinality is necessary for both the
sharp upper bound on ||A — P|| and the bound on the node-
wise deviation ||7O —U||2,0 to hold. This is a mild condition
for M since in practice M is usually much smaller than n.

Assumption 2: ny /ng = O(1).

In other words, the nodes form communities of fairly
balanced size, which is a standard assumption for strong
consistency [10], [15]], [L6].

Assumption 3: k = |\|/| k| = O(+/logn).

This is a necessary condition for Theorem [3]in Section[[IT-B
In the literature, « is usually assumed to be bounded from
above by a constant [23]. A weaker requirement is made here
thanks to the sharp deviation bound on ||A — P||.

Assumption 4: B is full rank, or equivalently, A\x # 0.

This assumption is in fact a critical condition for the iden-
tifiability of the partitions. Since the hypergraph is projected
to a weighted graph, a large eigen-gap, i.e., a large value of
|Ak|, ensures that the partition is identifiable and thus could
be successfully extracted. It is unclear whether Algorithms 1
and 2 are still strongly consistent under milder conditions on
model parameters (e.g., B contains distinct rows).

Let d = max{nmax;; P;;, cologn} be an upper bound of
the expected node hyperdegrees for some constant ¢y > 0.

Define ~
. maxze[n]”Ul” - Omax

= — == @)
min;ep, [|Us. || 0

~ depends only on the model parameter # and specifies an
upper bound on ||U;.||/||U;.||, which is useful when character-
izing the upper bound for clustering error rate. For a HSBM,
we have v = /n1/nk = O(1) due to Assumption 2, which
corresponds to the absence of degree heterogeneity in the
HSBM. In general, the stronger the degree heterogeneity is, the
larger 7y is and the harder for clustering algorithms to achieve
exact recovery.

The main result is given by the following theorem.

Theorem 1: Let A be a weighted adjacency matrix of a
hypergraph generated by a DCHSBM that Assumptions [T}{4]
hold.

(i). There exists a constant Cy = C1(M, ¢p) such that if n is
sufficiently larg and
VK32 /dlogn
Ak |
then g = g with high probability.

< Ch, (6)

'Note that the number of nodes n being sufficiently large is a necessary
condition for the success of the k-means algorithm [11], [16].

(ii). There exists a constant Cy = C5(M, ¢g) such that if

Vdlogn
| Ak
then g = g with high probability.

Though the condition (7)) is milder than (6), Algorithm [I]
may have better theoretical and/or practical performance than
Algorithm [2] since Theorem [I] only provides sufficient condi-
tions for the considered algorithms to achieve exact recovery.
Note that conditions (6) and do not directly reveal the
fact that strong consistency should be more achievable when
a hypergraph gets denser since both d and A\x are affected
by the sparsity of the hypergraph. To better demonstrate this,
we consider the consistency of ¢ and ¢ in the m-uniform
HPPM, which has been widely studied in the literature [10],
[L3], [18]. In the m-uniform HPPM, all hyperedges are of
size m and the generation probability of e = {iy, - i, } is
]P)(e) = ambe((p - q) ’ ]l{gili“':gim} + q)

Corollary 1: Let A be a weighted adjacency matrix of a
hypergraph generated by the m-uniform HPPM, then Assump-
tion [ holds. If

< Oy, (7

K = O((logn) 72,

then Assumption 3| holds. When Assumptions [T}4] all hold, we
have the following conclusions:

(1). There exists a constant C; > 0 such that for sufficiently
large n, if
K?m*1logn

amy = Cq 1

)

then § = g with high probability.
(ii). There exists a constant C'y > 0 such that if

K2 2]ogn

nm—l

Qo 2 02

)

then g = g with high probability.

This corollary is a special case of Corollary [2| in Sec-
tion The proof could be found in Appendix We
compare Algorithms [T] and [2] with existing strongly consistent
algorithms in Tablem While [10], [14], [15] require the number
of communities K to be a constant, [13] allows K to grow
like O(+/n) which is much faster than ours, but that algorithm
only works for dense hypergraphs. In contrast, we allow K to
diverge to infinity at a slow rate in the sparse regime. When
K is a constant, the sparsity required by Algorithms [I] and [2]
meets the theoretical limit (logn/n™~1).

B. Proof of the main result

The outline of the proof is as follows. We first derive a sharp
bound on the deviation ||A — P|| by the combinatorial tech-
nique [8]. Then, we obtain an upper bound on [0 — Ul|2.0
using the leave-one-out technique [17]. Finally, we bound
[T7*O —U* ||, and analyze the performance of Algorithms
and 2

To derive a tight bound on ||A — P||, we adopt the Kahn-
Szemeredi argument [24], which has been used to bound the
second largest eigenvalue of ER graphs [25] and the spectral
norm of general binary symmetric random matrices [§].
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TABLE I
COMPARISON OF STRONGLY CONSISTENT ALGORITHMS

Paper Algorithm type m K am Sizes of blocks
18] SDP 0(1) 2 logn/( ) Equal
[10] Spectral+LR  O(1) o(1) (nlogn/ ( ) Almost equal
[14) Spectral+LR O(1) o(1) Q(log n/nm=1) Almost equal
(131 Spectral O(1) O(y/n) o(1) Equal
[15] Spectral+LR O(1) O(1) O(logn/n™1) Almost equal

1 m

Algorithm Spectral O(1) O((logn)zm=2) Q %) Almost equal
1 m

Algorithm [2 Spectral O(1) O((logn)2m=2) Q(%) Almost equal

Theorem 2: Let Assumption [I| hold. For any r > 0, there
exists a constant C' = C'(M, ¢g, r) such that

<CVd

with probability at least 1 — O(n™").

It should be mentioned that [[10] first extended the above
techniques to hypergraphs and obtained a concentration bound
for the weighted uniform hypergraph stochastic block model in
which the edge weight has binary expected value. On the con-
trary, the model we consider here is non-uniform and the edge
probabilities are more general. In this scenario, the DCHSBM
allows variation of density of edges of different cardinality.
Since we focus on sparse hypergraphs, the hyperdegrees of
nodes, which could be as small as 2(logn), will be regarded
as a summary of the sparsity of edges of different cardinalities.

As a byproduct, we establish the weak consistency of
Algorithm |1| based on Theorem |2} The classical way to derive
the error bound of Algorithm |If consists of three steps: (i)
Bound ||A— P|[; (ii) Bound |UQ—U||r and ||U*Q—U*|| for
some orthogonal matrix Q € RX*X and (iii) Bound the error
incurred by an (1 + €)-approximate k-means algorithm [26].
Combining Theorem [2| Lemmas 5.1 and 5.3 in [8], we have
the following lemma.

Lemma 2: Let Assumption |1| hold. Suppose an (1 + ¢)-
approximate k-means algorithm is used in Algorithm || for a
constant € > 0. There exists a constant ¢ > 0 such that if

Kd

2 2
TLK/\ 9mm

R Kd
l(g,9) =0 (W)

with high probability.

Again we consider the m-uniform HPPM with Assump-
tions [T and 2] being held. Algorithm [T] is weakly consistent
when K = O(n2n—t 1) and «,, = w(%), which is a
weaker condition than that of [11]].

Remark 1: As reported in [11], for dense enough hyper-
graphs, one has I(g, §) = O(1), which also implies strong con-
sistency. Taking the m-uniform HPPM where Assumptions [I]
and [2| hold for an example, one has l(g,g) = O(1) whenever
m >3, K = o(n—2 2) and oy, = w(m) In this case,
it follows that d = w(K?™~2n), which means a much denser
hypergraph than that implied by Theorem [I]

A =P

<c,

then

By the Davis-Kahan theorem, one can bound ||[7*O—U*||p.
However, it will lead to a trivial bound on ||[U*O — U*|2.c0,
and thus could not guarantee strong consistency. As an alter-
native, we turn to more refined analysis of the perturbation
of eigenvectors. For this purpose, we study the entry-wise
eigenvector deviation between U and U. Due to the possibility
of the presence of identical eigenvalues of A (P), U (U) may
not be uniquely determined. Therefore, a K x K orthogonal
matrix is involved to align Uand U.

Let H = UTU and its singular value decomposition be
H = UXVT, then the matrix sign function [27] is a K x K
orthogonal matrix given by

sgn(H) =UVT. ®)

We have the following theorem specifying an upper bound on
[Usgn(H) — Ul|z,c0-

Theorem 3: Let Assumptions [I] and [3] hold. For any r >
0, there exist some constants C3 = C5(M,co,r) and Cy =

C4(M, cg,r) such that if \/dlogn < Cs|\k|, then
. Vdlogn
[Usgn(H) = Ull2,00 < O4WHU”2’°°

with probability at least 1 — O(n™").

One can find the proof in Appendix [C] which is based
on the leave-one-out technique used to study the entry-wise
eigenvector deviation for graphs where the adjacency matrix
has independent entries [17]. The main challenge here stems
from the dependency across entries of A.

To derive the bound on ||Usgn(H) —
to bound

(A= P)YUH =U)|l2,00 = max [(A=P).(UH=-U)], ©

a key step is

which is challenging because of the dependence between A;.
and U H. We employ the leave-one-out method to tackle this

problem.
For each [ € [n], we define a matrix A) € R"*" as
(ae; — 0i;)
A(l) _ aez(aej 7.] h am(ae] ij
T SR CELIS S
e€FE:ae;=0 e€FE:ae; >0
(10)

where all the randomness contributed by the possible hyper-
edges contalnmg node [ is eliminated. Denote the eigenvalues
of AV by {/\(l i—1, which are arranged in decreasing order of
absolute value. Let ") be a matrix that contains the K lead-
ing eigenvectors of A() as columns and let H(®) = (U(l))TU.
We have the following observations:
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e E[AU] = P and A® concentrates around P. As a
consequence, U®) and H® should be close to U and
H, respectively;

o A and UW are independent, which implies the indepen-
dence between A;. and U(Z)H(l);

o« A— AW and U are independent.

Now we can bound (9) as

(A = P (UH—U)II
<A =P (UH - UVHO)|| +[[(A - P).(CVHY —
<A-PIIUH - UOHO| + (A~ POV HY ~U)].

Applying the Davis-Kahan theorem yields

2||(A - A(l))U(”II
RYY

Therefore, we are able to apply the matrix Bernstein inequality
[28, Theorem 1.6.2] to bound [[(A — AW)TD|| and ||(4 —
P).(UOH® —1)|. See the proof for more details.

Proof [Proof of Theorem [Il: By Theorem there are
constants ¢, ca > 0 such that if \/dlogn/|\k| < ¢1, then

|IUH - U0WHO| <

. vdlogn
|Osgn(H) = Ullz.oc < 2527 Ul
Ak
with probability at least 1—O(n=3). We first let C;, Cy < 1/c2
and have
1T\l = |Ui|l = | Ui.sgn(H) — Ui
> muin U, | - |Osgn() = Ul
Vdl
> min||U;.|| (1 - CQ’yong) > 0,
i€[n] Ak |

with probability at least 1 — O(n =3
vectors =,y € RX, we have

). For any two non-zero

[z =y
lyl

Il =l <

el iyl

i

which yields

1Usgn(H) - U7|| = ’

U. Ui.
msgn(H) - HUzHH
2||Ui.sgn(H) — Ul
h 1T
[Usgn(H) —
mine HU I
vV dlogn
Akl

< 202

Thus, we obtain

vv/dlogn

U*sen(H) —
|0 sgn() e

U™||2,00 < 2¢2
with probability exceeding 1 — O(n=2).

For strong consistency of the k-means step of Algorithm
we use the result of Theorem 2.3 in [[16]]. Notice that the K
distinct rows of U* are orthogonal unit-length vectors, one

can choose the two deterministic sequences as ¢y, = 1 and
vV dlogn

Con = 2Co Sl Since
D P(|U"sgn(H) = U*[|2,00 = c2n) < o0,
n=1

then ||U*sgn(H) — U*||2.00 < ¢z, almost surely. Under
the current settings, a sufficient condition for Assumption
4.3 in [16] is ca, < 63/(260K3/2), where the constant

Ulles € (0,1) is a lower bound on Kng/n that does exist

due to Assumption [2} The result follows by choosing C; =
min{ecy, e3/(520¢2)}.

Next, we consider the consistency of g. When nodes ¢ and
7 belong to the same community, we have

Usll = (U5 = Uy )sgn(H))|
< ||U;sen(H) — Uy || + ||U; sgn(H) —
v/dlogn
Akl

While they belong to different communities, it follows that

Urll = [I(T; = U7 )sgn(H)|
2 U = Ujll = |Uisgn(H) —
S V3 4o, Y I0ET
Ak |

Therefore, Algorithm [2| exactly recovers the true community
structure whenever

1~
Uil

< deo

1oz ~

Vdl Vdl
4oy YBT3 and/3 — e, Y8 S 4 /5
Ak Ak
which are satisfied if Co < min{cy, 1/(4v/2c2)}. ]

IV. CONSISTENCY FOR THE DCHPPM

A. The Uniform Case

Corollary 2: Let A be a weighted adjacency matrix of
a hypergraph generated by an m-uniform DCHPPM, then
Assumption @] holds. If

Km_l(z)?naw/(b?nin = O( \% 10gn)7

then Assumption [3| holds. Suppose Assumptions hold.
(i). There exists a constant C; > 0 such that for sufficiently

large n, if
202 K2m+1 1
nm-
then § = g with high probability.
(ii). There exists a constant C; > 0 such that if
292 K2m72 1
Oém 2 02 max il Og n7 (12)
nm-

then g = g with high probability.

Uzl = Uy sgn(H

),

|
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B. The Non-uniform Case

Corollary 3: Let A be a weighted adjacency matrix of a
hypergraph generated by the above model, then Assumption [
holds. Let mg = max{m € Z|2 < m < M, a,, > 0}. If

Km0_1¢$naw/¢gnin = O( \% IOg n>7
then Assumption [3] holds. Suppose Assumptions hold.

(1). There exists a constant C; > 0 such that for sufficiently
large n, if

M
Z ma,n™ ' > 0172972WK2'”0+1 logn, (13)
m=2
then § = g with high probability.
(ii). There exists a constant C's > 0 such that if
M
Z ma,n™ ' > Cyy?60?, K™ 2logn,

m=2

(14)

then g = g with high probability.

Remark 2: As the number of hyperedges of size m is of
order O (., n™), (13) essentially requires that the total number
of hyperedges is (7262, K?™+1nlogn), which reduces to
Q(nlogn) when 6; =1 for all ¢ € [n] and K is a constant.

V. NUMERICAL EXPERIMENT

In this section, we test the practical performance of Al-
gorithms 1 and 2 in DCHPPMs. We set n = 3000, M =
4,p = 10, = 1 and vary K, 6, and the averaged expected
degree. We choose K from {2,3} and let the communities
have the same size in both cases. We consider two choices
of 0: (1) 051) = 1 for all i € [n]; and (ii) first draw
v; uniformly and independently from [1,2], and then set
052) = ni/(K 3 c(n) Yi0g.,9;)- We choose oy, such that
the number of hyperedges of different sizes is the same. By
multiplying all «,, by the same number, we are able to vary
sparsity of the hypergraph. In implementation of Algorithm 1,
we use MATLAB “kmeans” algorithm.

The clustering accuracy measured by an error rate [(g, g')/n
is shown in Figure [T} For both Algorithms [I] and 2| larger
number of communities or stronger degree heterogeneity will
make it harder to achieve exact recovery. As the hypergraph
gets denser, both algorithms are able to fully recover the
true community assignment. In the experiment, Algorithm 1
consistently outperforms Algorithms 2, which demonstrates
the superiority of the k-means algorithm over the simple
thresholding method.

VI. CONCLUSION

This paper characterizes the performance of spectral clus-
tering based on the weighted adjacency matrix in a sparse
DCHSBM. We consider both heterogeneous hyperdegrees and
general edge-connecting probability. By establishing an entry-
wise eigenvector perturbation bound, we show that even the
simplest spectral clustering algorithm could exactly recover
the true community structure under mild conditions on the
model parameters, hence an important advancement over the

(a) K =2,0 =60 (b) K =3,0 =00
025 —o—Algo. 1 0.6 —o—Algo. 1
o 02 —o—Algo. 2 © —o—Algo. 2
= 015 £ 04
8 8
2 041 =
= SINY)

0.05

G\ﬁ_m N o—0o

0
10 20 30 40 50 60 70 80
Average expected degree

(d) K =3,0=0®

—o—Algo. 1
—o—Algo. 2

N .

0
10 20 30 40 50 60 70 80
Average expected degree

0
10 20 30 40 50 60 70 80
Average expected degree

() K =2,0=0®

—o—Algo. 1 0.6
—o—Algo. 2 ,

=04

°
w

Error rate
o
N
Error rate

0.2

54

0
10 20 30 40 50 60 70 80
Average expected degree

Fig. 1. Clustering result for Algorithms 1 and 2 in the DCHPPM. Each value
is the average over 10 independent trials. The first and second rows show the
results corresponding to @ = (1) and 0(2), respectively. The first and second
columns are the results corresponding to K = 2 and 3, respectively.

literature. We suggest two further extensions. As spectral
clustering assumes that the number of communities K is
known, an important question would be the estimation of K.
In this paper, we allow K to grow with n, but at a very
slow rate to ensure that Assumption [3] holds. One possible
way to improve this is to use the method developed in
Ref. [29] to establish the entry-wise bound. However, this may
fail when the maximum expected degree grows as Q(logn),
the most challenging regime. On the other hand, a recent
study [[15] characterized the theoretical limit for exact recovery
in a general uniform HSBM by the GCH-divergence. While
the success of hypergraph spectral clustering depends on a
large eigen-gap, it is important to explore and interpret the
relation between Ax and the GCH-divergence. The proposed
spectral algorithm, relying on local refinement to be strongly
consistent, is shown to meet the exact recovery threshold. It is
worth investigating whether the spectral algorithms considered
in this work achieve the theoretical limit. If not, can the
threshold be achieved by adding a local refinement step [15]?
Since hypergraph projection itself may incur information loss
which makes it hard to achieve the limit, a possible approach
is to consider tensor-based methods.

APPENDIX A
PROOF OF LEMMAS AND COROLLARIES

A. Proof of Lemma

(i) For i # j, consider a hyperedge e such that a.; > 1

lel!

and a.; > 1, one has b, = T, ot and be\ (i} =
(le]—2)! _ QeiQej
TTezry @erD - (ae— D (ae; =11 = Tel(le]-1) Pe- and thus
be\ (i3}
Aij = Z |6|7’he.

be

e€FE:ae;21,ac521
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Then

be (i.5}
’ E he

€

P:

iy =

> lel

e€E:ac;21,a.;21

n

COIED I U
3=1 im=1 =3

M K m

Z Z H gl7gj7k37" ,k/’m).

m=2 m=11=3

K
For each e € E such that a.; > 2, one obtains b\ ;) =

3=1
(le]—2)! _ aeiaei—1)
T2 e (@=2 = Tel(el-1) b.. Therefore

gi,gjagi3,"' agim)

bexfiiy
Aii - : h’?v
D el b, | ©
eeEF:ac; =2
and
be 1,0
b = Z |€|%E[he}
e€E:ac; 22 ©
M
= Z Z 02H91l' glvgivgiga”' 7g’Lm)
m=2 3=1 lm—l
M K
:6122 Z Z anl g“ghki’n'”?km)’
m=2 ks=1 kp=11=3
The result follows by letting B be a K x K matrix with
M K K m
BTSZZmZ”'Z nkz'q)(rvsvk&""km)?
m=2  ky=1  kpy=11=3
for1<r,s < K.

(ii) See, for example, Lemma 4.1 in [§].

B. Proof of Lemma

By Lemma 5.1 in [8], there exists an orthogonal matrix
Q € REXK guch that

2V2K
A ]

2v2Kd
Ak |

UQ-Ulr < A= Pl <C
with high probability.

Note that one cannot guarantee ||U;.|| > 0 for all i € [n]
with high probability. Let Sy = {i € [n]|U;. = 0} be the set of
nodes that correspond to zero rows of U. The nodes in S, are
regarded as Irlis:clustered and are not involved in the k-means
step. Since [[UQ ~ U[1% > Y0y Ly, _oy [Uel2 = 62,5,150].
we have |SU| < ||UQ UHF/em'm

Let U’ and U’ be the matrices whose rows are given by the
normalized non-zero rows of U and U , respectively, it follows
that

~ 2
o U. ~ U
I0'Q-U'llr = ——Q —
; 1T~ 10l
"~ [10:.Q — Us||?
<
; 1T 12
I0Q-Ullr

Define S, = {i € S§|||U/.Q — UL|| > 1/+/2}, then

|S1] <42+ llU'Q = U'%

By Lemma 5.3 in [8]. When
nk > 42+ o)|U'Q — U'|[3,

the nodes outside Sy | J Sy are all correctly assigned.

Thus, one can choose ¢ = so that when

1
BT

Kd

2 02
TlK)\ Hmzn

<c,

the nodes outside Sy |J Sy are all correctly clustered, and the
number of incorrectly clustered nodes is bounded by

(g,9) < |Sol + [S1] < 8(9+ 4e)C———

C. Proof of Corollary

Under the current settings, it is easy to obtain

B, = may, ((p —q)n’ 26,5 + qn™ 2) .
Notice that the eigenvalues of P are identical to those of
diag(¢)Bdiag(¢), we have

mau ((p — @)ni* > + Kqn™?)

m—2
Kpma,,n ,

)\1 < Amaa?(B) manbk

)\mam(B)

NN

m—2
mazTt ’

K pmam¢>

)\mzn(B) 2 (p - q)mamn[{ 27

(p — Q)Mo ¢l 2,

and then Kk = \M/Ag < K™ g2 az/qum for some
constant ¢; > 0. Since ¢? (32, 0i0g, 1) /e = mg,
we have A\g > (p — q)mamnﬁfl. When max;; P;j; <

02, .. max,s Brs < pmay,02,..n""2 we have d <
max{pma,,02,,,n" ", cologn}.

Consider the consistency of Algorithm [T} a sufficient con-
dition for yK?3/2¥ dlog‘" being sufficiently small is
02, .. K> logn
npm—1

2
m2017

for some constant C; > 0.
Analogously, there exists a constant C5 > 0 such that if

2 2m—2
0; 0l logn
nm—1

2
2027

)

then Algorithm [2]is strongly consistent.
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D. Proof of Corollary 3]

It is easy to obtain the following conclusions:
M
B.s = Z mam (( _2) ;
m=2

M
<KpY mann"?,

m=2
- P—q
(P—a) Y mamn > >a Tomo=3 > mamn
m=2

M
2 —2
< Kp@lae Y momn™ 2,

m=2

m— 25r5 +qnm

—q)n;
)\maw (B)

)\min (B) >

_q mzn
Kmo 2 Z mamn y

K< meo 1 mal/(bmzn’

where ¢; > 0 is a constant.

From the fact that ¢, >
c2(p—q)

)\K 2 anin)\min(B) 2

VN, we have A >

Tong=1 SM ma,n™ 1 for some constant ¢, > 0. Since
2

max;; P; < pbZ,.. 2%22 ma,n™ %, we have d <
max{pb2,,, S _, ma,n™ !, cologn}. Then, the sufficient

conditions for vK3/2\/dlogn/| k| and vv/dlogn/| k| be-
ing sufficiently small are

M
m—1
E mao,n
m=2

for some constant C; > 0 and

M
E mo,n'
m=2

for some constant C'y > 0, respectively.

> C179%02

max

K?m0t ogn,

1 > 027292

max

K?™0=2]ogn

APPENDIX B
PROOF OF THEOREM

The overall structure of the proof is similar to that in [8].
Let W=A—Pand S = {z € R"|||z|| < 1} be the unit ball
in R™, the goal is to bound the spectral norm of W

W = sup |[zTWx|.
res

We first outline the three major steps of the proof.

(1). Discretization. Fix a constant § € (0,1/3) and define a
set of grid points in S

T={x=(x1, - ,2,)" € S|v/nx;/§ € Z,for i € [n]},

we will prove the following results:

(i) T is a d-net of S. That is, T is a finite subset of S
such that for any = € S, there exists a point y € T’
satisfying ||z — y|| < ¢.

(i) W] < (1—30)"sup, yep [aT Wyl

Bounding ||W|| is then reduced to bound the supremum

of |zTWy| over all 2,y € T. Next, we split the point

pairs in the grid into two parts, called the light pairs

and heavy pairs, and then bound each of the two parts
separately.
(2). Bounding the light pairs. We use Bernstein inequality to
bound the contribution of the light pairs.
(3). The contribution of heavy pairs, however, cannot be
simply bounded by the standard Bernstein inequality.
We show that the two key properties of the random
hypergraph, i.e., bounded degree property and bounded
discrepancy property, still hold and thus the contribution
of heavy pairs is bounded.

Lemma 3: T is a §-net of S.

Proof: 1t is straightforward to see that 7" is a finite subset of
S.Forany x = (x1,--- ,m,)T € S, without loss of generality,
assume x; > 0 for ¢ = 1,--- ,n. For each 1 < ¢ < n, there
exists k; € Z such that

0 < kid/vn <z < (ki +1)5/v/n.

Let y = (k16/v/n, -+ knd/v/n)T, we have [ly| < [l <1
which means y € T. Moreover, we have |z — y| <

vn(d/y/n)? =4.

Lemma 4: |[W| < (1 —36)""sup,, ,cr [T Wyl.

Proof: For any x( € S, according to Lemma [3] there exist
x1,22 € T such that ||xg — z1|| < J and ||zg — 22| < 0. We
have

|a:gWx0| = [(wg —x1 + l‘l)TW(JJo — X2 + xz)\

< (o — 21)"W (xo — 22)| + (w0 — 21)" Wa|
+ et W (xo — @2)| + |2] Wyl
< (6% +20) W] + [arf W
<30|[W| + sup [« Wyl.
z,yeT
Then [[W| = sup, s |27 Wa| < 30]|W||+sup, yer |27 Wyl

Split the pairs (z;,y;) into light pairs: L, =
{(G,)||ziy;] < Vd/n} and heavy pairs L., =
{(i,9)||lziyj| > V/d/n}. The corresponding contributions are

Loy = 220 jrery, TibiWis a0d Loy =3 jer,, T3l Wis-
Lemma 5: For any constant ¢ > 0,

> cx/&)

zy

P ( sup |Iy|

o[- (e -z (241) )]

Proof: For any z,y € T, we have

aez Aej — z )
Ly= >, aw; )~y (he —Elhc])

(iuj)eLzU eckE

-¥

eck

Qei(@ej — 0i5) iy,
le[ —1

>

(4,5) €Ly

(he - E[heD

ij)TiY;j

ei(Gej—0ij)TiY;
Let S, = (Z(M_)GLW Hﬁ) (he — E[h.]), then
Iy =) .cpSe. Note that {Sc}ccp are independent random
variables, and
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1 Vd Vd
Se< . et e’_éi‘ <M77
| | |6| 1 n . Z a (a J J) n
(4,J) €Ly
2
var(he)
D EIS=D e | 2 Geilae —du)ray
eeF eckE (4,J)ELay
e
<SERIDAT S chla -yl
e€E (,5)€Lay
le]
<Y BRIy Y akae — 0ty
ecE 1<i,j<n
<D ERlel’ - Y acilae; — 6ij)aty;
c€E 1<i,j<n
aei(ae; — 0ij)27ys
gMng[h Z ( J ]J-) zy]
c€E 1<i,j<n lel =
— M3 Z Z Aei(aej 75”)15‘,[}1 ] 2242
B el 1)
1<i,j<n \e€E
1<i,j<n
< M3d/n.

Applying the Bernstein inequality yields

P(|Loy| > P(|) S| >
eckl
—c2d/2
< 2exp S ¢ /
M2 Mﬁ ~eVd/3
2/2
= 2 _—_
eXp( MM+ c/3) )
Since |T| < (% + 1)", we have
P( sup |Iy| > cevVd) <|T? 2e /2
x = ~ ° X Y TEY S T
eyer Y PUMoe +e3)"

S I )

Next, we show that sup, ,cr|Isy| is bounded by cVd.
Since for any z,y € T,

2242
K2
> myPyl < Y |x_yj,| i
(4,5)E Ly (ij)eim 7
pmaz Z x
\f 1<i,5<n
< V4,

we need only to show that

Y wy Ayl = 0(Va)
(1:§) € Lay
for any x,y € T (not with high probability but definitely). In
what follows, we prove that both the bounded degree property
and the bounded discrepancy property hold.
Lemma 6 (Bounded degree property): For any constant ¢ >
0, there exists a constant ¢; = ¢;(c) such that P(d; > ¢1d) <
n~¢ for any node i € [n].

Proof: Recall that d; = Z?Zl Aij = Y .cp Geihe. Notice

that E[d;] = Y27, E[Aj;] = Y>°7_, Pij < d, we have
P(d; > c1d) = P(d; — E[d;] > e1d — E[d,])
=P <Z aei(he —Blhe]) > (¢1 — 1)d> .

Let S, = aei(he —

Z]ES2

eckE

E[h]). Since E[S,]

E a?var(h

eck

<M acFh]

ecE
— M -E[d,)
< Md,

=0, |Se| < M, and

we have

—(c1 —1)%d?/2
P(d; > e1d) < exp (Md+M-(01 —1)d/3>
co(cr — 1)2/2
< exp (]\/[(2—|—c1)/3 logn>

3cg(ey —1)2
2ZM(2+F¢c)

=n_
by the Bernstein inequality.

For any I,J C [n], let e(I,J) = 3 ./ > ;c;Ai; and
define p(I,.J) = |I||J|2 which is an upper bound on the
expectation of e(I,.J).

Lemma 7 (Bounded discrepancy property): For any constant
¢ > 0, there exist constants co = c3(c¢) and ¢z = ¢3(¢), such
that, with probability least 1 — 2n~¢, for any I, J C [n] with
|I| < |J|, either of the following holds:

o e, 1)/ ull,J) <

e e(I, J)log (I J)

Proof: If |J| > n/e, according to Lemma [6] there exists
c1 = ci(c) such that e(I,J) < > .c;di < cid|I| with
probability at least 1 — n=°. Since u(I,.J) > 2|I|, we have
e(I,J)/u(l,J) < ecy with high probability.

Otherwise, suppose |.J| < n/e. Note that

=Sy g el s,

eco (here e denotes Euler’s number).
< c3|J|log 17 IFIR

i€l jeJ ecE
IR e
= le] —1
ecE \iel,jeJ
is a sum over independent random variables and
Gei(ej — 0ij)
o< | > P he < le] < M.

iel,jed

According to Lemma 5 in [10], there exists a constant ¢’ =
¢(M) > 1 such that

P(e(1,J) > kp(I,J)) < exp(—fklogk u(l, J))
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for any £k > (. Given c3

max{c,t(I,J)} where t(I,J) >

> 0, we choose k' =
1 is the unique solution of

tlogt =c¢ &logi
Su(d, ) T
then
P(e(l, J) > K u(I, ) < wm—ﬁgkbmﬁ u(I, 7))
< exp J|log
(~5y711os 1)

According to the proof of Lemma 4.2 in [§]], we have

PG J) : 111 < I < nfese(l, J) > KL, ]

(15)
Therefore, when ¢35 > 12M, for any I,J C [n] with |I] <
|J| < n/e, with high probability at least one of the following
holds:

o k' =¢ >t(1,J), which implies e(I,J) < 'u(I,J).
e k' = t(I,J) > ¢, which means k'logk’ =
1,
3 T,y 108 -

In the second case, according to (13), we have e(/,J) <
k' u(I,J) with high probability, and then

e(£,J) , ell,J) _ 0 o, /] n
<k'logk' =c¢ log —,
(I, ) (L J) Tu(I, ) ]
which yields
e(l,J) n
e(l,J)log < c3|J|log —
Uos g gy < ol 15

with high probability. Note that both ¢, and c3 depend only
on ¢ and M. The result follows by setting co = max{cy,c'}
and c3 = (2¢+ 12) M.

Lemma 8: If both the bounded degree property and
the bounded discrepancy property hold with some constant
c1,C2, C3, then

sup | Z Iiyinj| = O(\/E)
YT (el

We refer to [8], [25] for a proof.

APPENDIX C
PROOF OF THEOREM 3]

Let » > 0 be a fixed constant. We first provide several useful

lemmas.
Lemma 9: The following two conclusions hold.

(i). There exists a constant ¢; = ¢1 (M, ¢o,r) such that

max||AYD — P|| < e;Vd, ||A - P|| < e1Vd

l€[n]

with probability at least 1 — O(n™").
G. |H| < LJHY| < 1. If [Ag| > 4max{||A —

P||,|AV — P|}, then [|H — sen(H)|'? <
21A = P/ IAxel [HH < 2, | (H®) ] < 2, and
IU(A — AW
1007~ 00Oy < 2t i |) L ae)
K

Proof:

) < . (ca/M—12){3

(). For any [ € [n], it follows that

D

e€FE:a.;=0

dij)

Aej (aej -

o] —1 e

(AD — P);; = ~Elh)).

According to the proof of Theorem [2] there exists a
constant ¢; > 0 such that P(||A—P|| < c;Vd) > 1-—n""
and P(| AV — P|| < e1v/d) = 1 —n~""'. Then

P (max| A0 — Pl < Vi |4~ Pl < 1V
€ln

>1-n-n "t

n"=1-0(Mn").

We only prove (T6). See Lemma 2 in [17] and Lemma
4.14 in [30] for the proof of the other conclusions.
According to Lemma 2.5 in [30] and the Davis-Kahan
theorem, we have

I(A — ATV

.
oo :

UO@NT) <
Wlth (5 = min1<i<K<j<n ‘5\1 — 5\51)| By Weyl’s inequal-
ity, it follows that [Ax —Axc| < |A—P|| < |Axc|/4. Then
[Ax| = 3/(4|Ak]). On the other hand, Weyl’s inequality
forces that

l
N = 32,0 = Axa] < AD = PII< Akl /4.

Then § =
follows.

M| — |5\(1?+1 > |Ak|/2, and the result

Lemma 10: For any fixed matrix X € R™"*X | there exists
a constant C' = C(M, cg, ) such that

< Cv/dlogn|| X||2,00

with probability at least 1 — O(n"'_l).
Proof: We use the matrix Bernstein inequality to derive the
bound. For each ¢ € [n], we have

I(A=P)X

I(A = P); Xll—llz i = Pig) X |
j=1

||Z (Z - aT] _16ij) (he — E[he])> Xj.

j=1 \e€E
Gej a6] 51])
=) Z 71)9‘- (he — Elhe])||-
ecE \ j=1
n Aei(Gej—0ij
Let S, = (ijl %Xj.) (he — E[he)).
(i). E[S.] =0, and

n
aei(a
ISell < 1D == ” %) — X
j=1

n

Z Qe aeg lj ||X ||

j=1

n

EZ%“” %) 1,
o]

Jj=1

= aei|
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Qeilej —0ij) (‘“elj_lé”) X ;.. Then

v = max{[| 3 BIS.ST)), IS EISTS.) 1}

(i1). Define W, = ZT.L

eckE ecE
= max{||z var(he)W.WZ|, HZ var(he)WIW,||}
ecl ecE
max{z var(he)||[W. WX, Z var(he) |[WIW, |}
eckE ecE
= Z var(he)||[Wel|?.
eckE
Since W, is an 1 x K row vector, we have
CLP'L a? l
v < Z var( HZ 5~ %) —l X 1P
ecl
2
N ()
< Elh Zerdrey  TuW X
ecFE j=1
< D Elh )y
eclE
= M||IX|3,0 ) aciElh
ecE
= M|\ XI5 o Eldi] < Md||X|3 -
Let C > O be a cor}sta}nt suclll thzllt WC/\/@ >r+3.
By the matrix Bernstein inequality, it follows that
P([[(A = P);. X[| = Cv/dlogn[|X|l2,00)
—3C?dlogn
<(1+K)e
(14 K)exp <2M(3d 1 Cydlogn n))
—3C?dlogn
<(1+K
1+ K)o (37 de@)

302
= (1+ K)n~ MG/

< (1+ K)n_r_?’ <n T2
Then

P (|4~ P)X|200 > Cv/dlog ][ X|p.oc ) <",

As a consequence, there exists a constant ¢y = co(M, ¢, )
such that

P([(A = P)Ull2,00 <

coy/dlogn||Ul|z,00) =1 —O0(m™"71).

Furthermore, due to the independence between (A—P);. and
UOHO — U, by the proof of Lemma there is a constant
cs = c3(M, cp, ) such that for each [ € [n]

[(A=P) . (UOQHD —U)|| < esv/dlogn|[UVHD — U5
with probability at least 1 — O(n*“l). Then
[(A=P) (UOHD —U)|| < e31/dlogn||[UDHY —U||, o0,

for any [ € [n], with probability exceeding 1 — O(n™").
Lemma 11: For any fixed matrix X € R™*¥ | there exists
a constant C' = C(M, ¢g,r) such that

I(A = AD)X|| < CV/dlogn||X||z,00, V1 € [n],
with probability at least 1 — O(n™").

Proof: We use the matrix Bernstein inequality to derive

the bound. Define W, = < 440(1) then 4 — A0 =
ZeEE:aEL>O(h€ — E[h])W, and
IA=ADX[I =] > (he = E[h))WX].
e€FE:ae>0
Define S, = (he — Elhe])W.X, then
(). E[S.] =0, and
[Sell < [[WeX]|
< IWeX|lp
= DD ()i X )12
i=1 j=1
SIS 2elte ~00) x|
=1 j=1
2
< |30 (30 e o)
i=1 \j=1 el =1
< M| X]|2,00-
(>ii).
v=max{| Y E[SSIILI Y ESISI
e€FE:a.;>0 ecFE:a.>0

var (he)|[We X ||

>

ecFE:a0; >0

< Y EhIWeX|
ecFE:a0;>0

< S ERJMEXP
ecE:a.>0

<M?|X|3 Y acElh
ecl

= M?|| X3 o E[d)]

< M2d||X |3 00

Let C > 0 be a constant such that WTC/\/%) >r42.

By the matrix Bernstein inequality, it follows that

Cv/dlogn||X||2,00)

< (1—|—K)exp<

P((4 - AD)X] >

—3C2%dlogn

2M (3Md + C\/W))
—3C?dlogn

2M(3Md + Cd/\/%))

o2
K)TL 2]\4(31%—%—0/\/@)

K) —r—2 < nfrfl.

< (1+K)exp<

/N



JOURNAL OF KX CLASS FILES

Then
(A — AX| < Cy/dlogn||X||2,00, VI € [1]

with probability at least 1 —n~". .

Since A — AW is independent of U®, according to
Lemma there exists a constant ¢y = c4(M,co,r) such
that

(A = AT < eqy/dlogn||TD ||y, VI € [n]

with probability exceeding 1 — O(n™").

Define the following events:
& ={|AY — P| < e1Vd,Vi € [n],and |A - P|| < 1V},
& ={(A=P)U|l2.00 < c2v/dlogn|[Ull2,00},
& ={Il(A=P).(UVHY 1)

< esy/dlogn|[UVHO — Uljg.00, VI € [n]},
Es={||(A = ANTWO|| < eqv/dlogn [TV 200,V € [n]}.

Lemma 12: There exist some constants cs, cg > 0 (depend-
ing only on M, ¢y and r) such that if v/dlogn < c5|\k|,
then

IAUH = U200 <

N Kkd
%<¢E%MWHth+oﬁmM+nw2m)

Ak |

with probability at least 1 — O(n™").
Proof: By the triangle inequality, it follows that

|A(UH-U)

We first use the leave-one-out technique to develop an upper
bound on ||[(A — P)(UH — U)||2,.0. Applying the triangle
inequality again yields

I(A= P)YUH =U)|l2,00 = max (A= P).(UH =U)|

< max (J[(4 - P).(UH —UDHWD)|
en
+[I(A =P (OVHY — 1))

< oo (lIA = P||UH - UOHD|
€ln
+ (A= Py @VHYD —U)|).

That is, UOH® is employed here as a surrogate of UH.
Set ¢5 < 1/(4¢y) such that |Ag| > 4c1V/d. When & (&4
happens, which has probability at least 1 — O(n~"), we have
IUH -0V HY|| = ||[00" - 0O O U
<OUT = oD@
2[|(4 — AD)UO)
- Ak

2¢4+/d log n||U(l) 2,00

<

2.00 < [(A=P)YUH=U)l2,06 +| P(UH~U) 2,00,

1

for all I € [n]. So long as 4cscs < 5, we have

IUH — OV HO| < Seses|UH |20

UH 2,00

<
<
<NUH = Ull2.00 4+ U |20

for all I € [n]. When & [)\&3() €4 happens, which has
probability at least 1 — O(n™"), we can deduce that for all
[ € [n],

[(A=P).(0OHD — V)| < eg/dlogn| 0O HO — s,
< es/dlogn (|UH = 0O HD o 0 + |UH = Ull2,00)

< es/dlogn (|0 H ~ OO HO| + |0 H Ul

< es/dogn (2TH ~Ullooe + U120 ) -

Combining these two results, we have

(A= P)(UH = U200

< max ([l - P|UH ~UYHY | + (A~ P).(0VHD ~U)])

< aVAd(|[UH — Ullg,e + |U]]2,00)
+ e /dogn (2UH — Ul e + U]

< (er+ ca)/dlogn (310H = Ullae + 20Ul

=)

with probability exceeding 1 — O(n™").

Next, we bound |[P(UH — U)|2.e. According to
Eq. (4.114) in [30], when &; happens and |Ag| > 41/,
we have

IP(UH = U)ll2,00 < |Ull2,00 - [IA]| - |TTT —UT™|?

2|4 - P|?
<010 - IA] - 5
K
2c3d
< il 2Vl
K

2c¢2kd
= —|IUll2,00-

SN

Combining these two bounds, the result follows by letting
¢s =min{1/(4c1),1/(8¢c4)} and cg = max{3(c1+c3),2(c1+
c3) +2c3}.

Define & = {|AUH — U)l2c < co(vdlogn|UH —
Ull2.00 + (Vdlogn + kd/|Ak|)||U||2,00) }-We are now ready
to prove Theorem [3]

Proof: Suppose v/dlogn < c5|Ak| and ﬂle &; happens,
which has probability exceeding 1 — O(n~"). According to
Lemma 4.16 in [30], we have

|UH = Ull2,00 <71 +72 + 73

with 31 = AT loie e/ BAVIscs g oy
%. The last two terms could be directly bounded.

First, when & happens, we have

Vdlogn

U
Akl |

V3 < C2

2,00
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Next, since

2,00 X ||( _P)
=[[(A=P)Ull2,00 + [UA|2,00
ca\/dlogn|
= (cav/dlogn + [A1])|U]12,00,
we have ]
[2]
dlogn Vd
< 461(02\/ﬁ + K )|/\ | 1U|2,00
[3]
Vi
<Adei(caes + K )|>\ | 1U|2,00-

[4]

Now we turn to bound ;. For large n such that c5x < logn,
we have [5]
A(UH -U 0
= g [ACH =) .
vdlogn kvVd
< 2c67g 14+ ——-—)IUll2,00 [71
Ak | Viogn|Ak|
dlogn A 5K
< 20, Y08 <||UH— Ullso + (1 o ) ||U||2m> )
Ak logn
Vdlogn /7, ~ o]
< 20200 (| 2,00+ 2Ull2.00) -
Ak |
) [10]
The upper bound on |[UH — U||2,0c gives that
A vdlogn A (1]
108 = Ullae < 266552 (I0H = Ul + 2102
+ 72 + 7. 2]
As long as ¢s5 - 2¢¢ < 1/2, we have [13]
. Vdlogn
IOUH ~ Uz < 8c6Tj\|U||2,m + 272 + 273 (141
8ci(cacs + K Vdlogn
< | 8cs + Berleacs £) 2¢ ) Y8 U | [15]
Viogn [Ax|
Recall that = O(logn) by Assumption [3] Let the constant [
cr = ¢7(M, co,7) be an upper bound on 8¢ + %\/%:N) +
2co. When logn > 1, we have (17
|Usgn(H) — UH|j2,00 < |U]]2,00|| H — sgn(H)|
< 20 H |2,00]| H — sgn(H)| el
N 4||A — PJ|?
2|0 H ~ Ul + U] ) - DA 19
K
80 [20]
5 (IIUH Ull2,00 + [[U][2,00)
Vdlogn (21]
< Sc%csu + e507) L2 U]
Ak | [22]
Applying the triangle inequality yields
[23]
[Usgn(H)—Ul|2,00 < |Usgn(H)—UH 2,00 +|UH=U|[2,00-
[24]

Thus, the result follows by choosing C3 = min{cs, 1/(4cs)}
and Cy = c7 + 8cies(1 + cscq). [ ]
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