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Abstract—We consider a private discrete distribution
estimation problem with one-bit communication constraint. The
privacy constraints are imposed with respect to the local
differential privacy and the maximal leakage. The estimation
error is quantified by the worst-case mean squared error.
We completely characterize the first-order asymptotics of
this privacy-utility trade-off under the one-bit communication
constraint for both types of privacy constraints by using
ideas from local asymptotic normality and the resolution of a
block design mechanism. These results demonstrate the optimal
dependence of the privacy-utility trade-off under the one-bit
communication constraint in terms of the parameters of the
privacy constraint and the size of the alphabet of the discrete
distribution.

Index  Terms—Discrete distribution estimation, local
differential privacy, maximal leakage, one-bit communication,
privacy-utility-communication trade-off.

I. INTRODUCTION

Statistical inference problems under privacy constraints have
been studied extensively in recent years [I]-[18]. Among
numerous well-established privacy metrics, local differential
privacy (LDP) has emerged as one of the most popular privacy
requirements [1l], [3], [6]. The LDP restricts the amount
of leakage of private information from the released data of
individuals. It also admits an operational definition in terms
of the fundamental limits of the probability of adversarial
guess [I1, Thm. 14]. Together with the LDP, the maximal
leakage (ML) also limits the amount of leakage of private
information. In contrast to the LDP taking into account the
worst-case leakage, the ML considers the average leakage [[11]
Thm. 1]. In a private statistical inference problem, there is a
fundamental trade-off between the amount of privacy leakage
and the inference error as data should be perturbed before
released to satisfy the privacy constraint. This is known as the
privacy-utility trade-off (PUT). The PUTs for various private
inference problems have been studied [2]-[18]. In particular,
Ye and Barg [18] completely characterized the optimal PUT
for discrete distribution estimation under the LDP constraint.

In addition to privacy, another important factor of practical
interest is the communication cost to send the individual’s
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data. It is rather natural that there exists a fundamental
trade-off between the amount of privacy leakage, the quality
of inference, and the communication cost. We coin this
as the privacy-utility-communication trade-off (PUCT). The
PUCTs for different types of inference problems have been
studied [19]-[23]]. In particular, [22] characterized the PUCTs
for mean estimation, frequency estimation, and discrete
distribution estimation in the order-optimal sense, which
means that the upper and lower bounds may differ up to
some constants. These results, while useful, might be far
from the optimal PUCT because the underlying multiplicative
constant factors are not quantified. Also, analyzed the
optimal PUCT up to the factor of 4 for discrete distribution
estimation with the minimum communication cost, i.e., the
one-bit communication constraint.

In this paper, we consider the private discrete distribution
estimation problem, with two privacy constraints, namely,
the LDP constraint and the ML constraint. As the most
communication-cost effective setting, we consider the one-bit
communication constraint which allows the minimum non-
trivial amount of communication. The estimation error is
set to be the worst-case mean squared error (MSE). Our
main result for this setup is rather simple but conclusive: we
completely characterize the first-order asymptotics of the PUT
under the one-bit communication constraint for both the LDP
constraint and the ML constraint, where the asymptotics is
in the number of clients n. To do so, we prove impossibility
results and propose optimal schemes based on novel block
design mechanisms [17]], [24].

A. Related works

The literature on statistical inference under privacy and/or
communication constraints is vast. Among them, we introduce
the works which consider discrete distribution estimation
under the LDP or the ML as the privacy constraint, and MSE
as the error of the estimation. Duchi et al. [3] established
the minimax framework on private parametric estimation and
provided an order-optimal PUT under the e-LDP constraint
for € € (0, 1]. Also, the authors proposed a method to derive
a lower bound of the PUT based on Le Cam’s, Fano’s, and
Assouad’s methods and a strong data processing inequality.
Later, Ye and Barg [9] proposed the subset selection scheme
and this was shown to achieve the optimal PUT under the
€-LDP constraint for all € > 0 [18]. A tight lower bound of
PUT was derived by using the concept of local asymptotic

normality [25]-[27].
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Concerning the PUCT, Chen et al. [22]] analyzed an order-
optimal PUCT under the e-LDP and the b-bit communication
constraints for all ¢ > 0 and b > 1. The authors proposed the
recursive Hadamard response as an achievability scheme, and
an order-optimal lower bound was derived by combining the
lower bounds from Ye and Barg [9] (for the LDP constraint),
and Barnes et al. (for the communication constraint). The
lower bound in [28]] was derived by deriving an upper bound
of the trace of the Fisher information matrix and applying
the van Trees inequality [29]. These techniques were also
modified to derive a lower bound of PUT [[14]. Under the one-
bit communication constraint, Nam and Lee proposed a
tighter lower bound which meets the upper bound achieved
by the recursive Hadamard response up to the factor of 4.
The lower bound in was derived by modifying the van
Trees inequality into a symmetric version, and maximizing
the trace of the Fisher information matrix by exploiting the
extreme points of the set of e-LDP mechanisms with one-bit
output. The extreme points of the set of e-LDP mechanisms
were studied by Holohan et al. [30], and a similar idea
was considered by Kairouz et al. [6]. For the upper bound
of the PUCT, Park er al. proposed a class of block
design schemes which achieve the optimal PUT with low
communication costs. This class subsumes many previous
schemes such as the subset selection by Ye and Barg [9], the
Hadamard response by Acharya et al. [13]], and the projective
geometry response by Feldman et al. [16]. Recently, Nam er
al. [24] proposed a method to reduce the communication cost
of a block design scheme by exploiting shared randomness.
The authors showed that one-bit of communication is sufficient
to achieve the optimal PUT under the e-LDP constraint for all
e < 1log 22 and even v, where v denotes the size of the
alphabet of the discrete distribution.

In this work, we extend the above contributions by
proposing a unifying framework to derive the exact first-order
asymptotics of the PUT under either of the (e, §)-LDP and the
~v-ML privacy constraints as well as the one-bit communication
constraint.

B. Paper outline

The rest of this paper is organized as follows. In Section [l
we formulate the problem of private discrete distribution
estimation under the one-bit communication constraint. In
Section [l we present the main theorem that characterizes the
PUTs and briefly discuss the ideas behind the proofs, which
are related to the model with shared randomness. Accordingly,
we present the model with shared randomness in Section [V}
In Sections[Vland [V, we prove the converse (lower bounds on
PUT) and the achievability (upper bounds on PUT) parts of the
proof of the main theorem, respectively. Finally, Section [VII|
concludes the paper.

C. Notations

For integers a < b, we denote [a : b] := {a,a+1,...,b},
and we write [a] := [1 : a]. For a finite set X, 2" € X", and
Z = (i1,...,i¢) € [n]', zz denotes (z;,,...,x;,). We write O

as the all-zeros vector, 1 as an all-ones vector or matrix, and

(¢,6)-LDP
or
X = [v] 4-ML Vil <2
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Fig. 1: Discrete distribution estimation under a privacy

constraint and a one-bit communication constraint.

I as the identity matrix of a suitable dimension which will
be clear from the context. If these quantities are indexed by a
subscript, the subscript denotes the dimension. For finite sets
X and ), we denote P(X) as the set of all probability mass
functions on X, and a conditional probability mass function @)
from X to Y as @ : X — P(Y). We say that two conditional
probability mass functions @1 : X — P()) and Q2 : Z —
P(W) are equivalent if

for some bijections ¥; : X — Z and 92 : Y — W, or
more succinctly, ()1 = Q2. For a conditional probability mass
function @ : X — P()), we will also treat () as a (row)
stochastic matrix whose row and column indices correspond
to X and ), respectively.

II. SYSTEM MODEL

We consider discrete distribution estimation under two
constraints, a privacy constraint and a one-bit communication
constraint. The setup is depicted in Fig.[Il In this model, there
are n clients. The i-th client has its own data X; € X = [v]
where the alphabet size v € Z>». We assume that X,..., X,
are i.i.d. random variables with X; ~ 6, where 6 € P([v]) is
an unknown probability mass function supported on [v]. To
prevent leakage of private information, each of the n clients
randomly perturbs its data X; into Y; through a conditional
probability mass function @Q; : X — P()};), which we call
a privacy mechanism. Without loss of generality, we assume
that for all y € V;, Q;(y|x) > 0 for some z € X In this work,
we consider two types of privacy constraints, namely, the
(¢, 0)-local differential privacy and the vy-maximal leakage
constraints [6], [L1].

Definition 1. For ¢ > 0 and ¢ € [0, 1], a privacy mechanism
Q: X — P(Y) is said to be an (¢, d)-local differential privacy
(LDP) mechanism if

Vye Y, z,2' € X, Qylr) <eQylx') +46.  (2)
For v > 0, a privacy mechanism Q : X — P(Y) is said to
be a y-maximal leakage (ML) mechanism if
v
> maxQ(yly) <e”. 3)
yey

Together with the privacy constraint, we also consider the
one-bit communication constraint to minimize the amount



of communication. A privacy mechanism @ : X — P())
is said to satisfy the one-bit communication constraint if
|V| < 2. Under the one-bit communication constraint, the ~-
ML constraint becomes vacuous when ~ > log2. Thus, we
will only consider v < log2. For notational simplicity, we
define Q(¢%) as the set of all (¢, §)-LDP mechanisms satisfying
the one-bit communication constraint, and Q7 as the set of
all v-ML mechanisms satisfying the one-bit communication
constraint. Also, we will simply write Q as either Q€9 or Q7
for statements that do not depend on the choice of the privacy
constraint. Then, the constraints on the privacy mechanisms
Q1,...,Q, can be simply written as

Vien], Q;€Q. 4)

After the clients perturb their data to Y™, the server collects
them and estimates the unknown distribution of data 6 using
an estimator 0, : Y" — RY. We call a tuple of privacy
mechanisms satisfying the constraint @) and an estimator O,,,
(Q1,...,Qn,0,) as a (one-bit) private estimation scheme
(an (¢,0)-LDP scheme or a 7-ML scheme). The quality of
a private estimation scheme is measured by the estimation
error which is the worst-case mean squared error (MSE),

~ 2
7Qn79’ﬂ) = 2:| N (5)

In this setup, there inherently exists a trade-off between the
amount of leakage of private information and the estimation
error. We call this the privacy-utility trade-off (PUT) (under
the one-bit communication constraint). The PUT in our model
is defined as the smallest worst-case MSE. These are defined
precisely as follows:

Rn,v(Qlu e

sup E [HH —0,(Y™)
0P ([v])

PUTLPP(v,6,6):=  inf  Rpw(Q1,...,Qn,0,), (6)
(Q1)~~~7Qn;9n)

PUTME(0,4):=  inf  Rpw(Qu...sQn.0,), (1)
(Q1,--,Qn,0n

where the infima are taken over all (e, §)-LDP schemes and ~y-
ML schemes, respectively. For simplicity, we will write PUT,,
as one of PUT,I;DP or PUT ,l\l/IL for a statement that does not
depend on the choice of the privacy constraint. We will also
often omit the arguments v, €,d and v from PUT,,. We will
show in what follows that PUT,, is of the order ©(1/n). Thus,
we consider the so-called first-order asymptotics, i.e.,

PUT :=liminfn - PUT,,. (8)

n—oo

PUT is a function of the alphabet size v and the parameters
that define the privacy constraint, either (¢, d) or 7. A sequence
of private estimation schemes {(Q1,...,Qn,0,)}22, is
(asymptotically) optimal or achieves PUT if

limsupn - Rpo(Q1,. .., Qn,0,) = PUT. 9)

n—oo

III. MAIN RESULT

The main contributions of our work are closed-form
characterizations of PUT*PY and PUTM", and the designs
and analyses of optimal schemes that achieve the PUTs.

Theorem 1. For any v > 2, ¢ > 0, 6 € [0,1], and v €
(0,1og 2], PUT™PY (v, €,8) is characterized as in (I0), and

(v—1)(v—e"+1)

PUTM (v, 7) = e = 1) : (11)
where
2 (/O —1)(v* —68)—6
((v,6) =log | 1+ (\/ - ) , (12)
and v
vt =2 b] . (13)

The PUTs and ¢ are depicted in Fig. 2] and 3] respectively.
As one can naturally expect, the PUTSs increase in the size of
the alphabet of the discrete distribution v, and decrease in the
parameters for privacy constraints €, 4, and . Also, PUTEPP
remains constant for ¢ < ((v,d), i.e., the last case of (I0).
Note that ((v,0) = 0 and thus this case does not occur when
d = 0, i.e., pure e-LDP constraint. This threshold value (v, ¢)
increases in v for all § € [0, 1], and increases in ¢ for v > 3.
For v = 2, ((2,0) increases in § for § < 1 — 1/4/2 and
decreases for § > 1 —1/ V2. On the other hand, note that
when 6 = 1 or v = log 2, both the (e,)-LDP and the v-ML
constraints become vacuous. Thus, the first-order asymptotics
of the minimax estimation error (with respect to MSE) under
the one-bit communication constraint directly follows from our
result as a special case, which is equal to (v — 1)2/v.

In the rest of the paper, we will prove Theorem [l as follows.
For the converse parts, we show that PUT is asymptotically
lower bounded by the PUT of the another model PUTgr
which exploits i.i.d. shared randomness between the clients
and the server. Next, we derive a lower bound on PUTgr
by exploiting local asymptotic normality [25]-[27] based on
the results by Ye and Barg [I8]. The lower bound can
be tightened by maximizing a convex function defined on
Q. By characterizing the set of all extreme points of Q
and solving the resultant optimization problem, we obtain
the desired lower bounds. For the achievability parts, we
first construct optimal schemes for the model with shared
randomness achieving PUTsg, whose privacy mechanisms are
appropriate modifications of the resolutions of block design (or
RPBD) mechanisms proposed in [17], [24], for some cases.
The corresponding estimators are also judiciously designed
and are distinguished from the estimators proposed in previous
works [17], [24]]. Finally, we construct optimal schemes for
our model so that in the limit of a large number of clients n,
they resemble the optimal schemes for the model with shared
randomness.

IV. MODEL WITH SHARED RANDOMNESS

We prove Theorem [I] by demonstrating an equivalence
between the PUT of our model and the PUTgg of another
model with (i.i.d.) shared randomness. In this section, we
define the model with shared randomness precisely. The setup
is depicted in Fig.[d] The main difference to the original model
is that for all ¢ € [n], the server and the i-th client have
access to a shared randomness U; € U, |U| < oo, in advance.
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Fig. 2: Plots of PUT“P? and PUTM" in Theorem [Il The
corners of the lines in (a) correspond to € = ((v, d). The lines
in (b) end at v = log 2, where the v-ML constraint becomes
vacuous.

We assume that Uy,...,U, are i.i.d. random variables with
U; ~ Py € P(U), and all the clients and the server can pre-
determine P for generating U™, in advance. Also, we assume
that U™ and X" are independent. Then, each of the n clients
perturbs its data X; through a conditional probability mass
function Q : U x X — Z where |Z| < oo, with the knowledge
of the shared randomness U;, i.e., for given U; = wu; and
X; = x;, Z; is sampled from Q(|ul,:cz) For all u € U, we
denote Z, as

Z,:={2€ Z:Q(z|u,x) > 0 for some x}.  (14)

1.2
—8—v =2
—A—v=3,4
Ly o—v=2910
—— v = 999,1000
0.8+
- A
o
=061 .
= i
a
0.4
0.2
0 : : : : h
0 0.2 0.4 0.6 0.8 1
1)
Fig. 3: Plot of ¢ in Theorem [1l
r== Ul I |
1 1
v Zl v
n—[a]—
°
0 ° Server — 0,
°
— Zn
x—[a]—
f i
| B Un' --1

Fig. 4: Model with shared randomness

In this model, the constraints are slightly modified so that
@ should satisfy the constraints for any given realization of
shared randomness U.

Definition 2. Fore > 0 and 6 € (0, 1], a pair (Py, Q) is called
a (one-bit) (e,06)-LDP mechanism with shared randomness if

vuel, Q(lu,-)e Q. (15)

For v € (0,l0g2], a pair (Py,Q) is called a (one-bit) y-ML
mechanism with shared randomness if

Vuel, Q(|u,-)e Q. (16)

For notational simplicity, we define Q(€9) as the set of all
(e,9)-LDP mechanisms with shared randomness and Q" as
the set of all v-ML mechanisms with shared randomness.

After perturbing the data X™ into Z", the server collects Z"
and estimates 6 with the knowledge of the shared randomness
U™ using the estimator 0, : U" x Z" — RY. We denote
a tuple of a privacy mechanism with shared randomness
and an estimator, (Py, Q, én) as a private estimation scheme



with shared randomness (an (e,0)-LDP scheme with shared
randomness or a y-ML scheme with shared randomness). The
estimation error of a private estimation scheme with shared
randomness is also defined to be the worst-case MSE,

Rpo(Py,Q.0,) = sup E[H@ f,(U"™, Z™) } (17)
0eP([v 2
The PUTs in this model are defined as
PUTSR, (v,€,0) == inf  R,,(Py.Q.0,),  (18)
(Py,Q,0,)
PUTSR, (v,7) = inf  Ryo(Py,Q.0,),  (19)

(PU7Q7071)

where the infima are taken over all (e,0)-LDP schemes
with shared randomness and ~-LDP schemes with shared
randomness, respectively. For simplicity, we omit the upper
indices of PUTgR ,, and O with the same convention as PUT,
and Q. We will also often omit the arguments v, ¢,d, and ~
from PUTsR,,. The first-order asymptotics of PUTgsg ,, is
defined as

PUTsg := liminf n - PUTgR . (20)
n—00

We say that a sequence of private estimation schemes
with shared randomness {(Py, Q, 0,,)}52, is (asymptotically)
optimal or achieves PUTgg if

lim supn - Rn,’u (PU7 Q7 é’ﬂ)

n—oo

= PUTsg. @1

V. CONVERSE

In this section, we prove the converse part of Theorem [Il
At first, we prove PUT > PUTggr. Then, we derive a lower
bound of PUTggr by exploiting local asymptotic normality
[18], [23]-[27]. Because the derived lower bound is related to
the maximum of a convex function defined on Q, we obtain the
tightest lower bound by characterizing all the extreme points
of Q, which is a bounded convex set.

A. Comparing models: Converse
We show that PUT is lower bounded by PUTgR.

Proposition 2. It holds that

PUT > PUTsg. 22)

Proof: For any given n € N and a private
estimation scheme (Q1, ..., Qn, én), we construct a sequence
of private estimation schemes with shared randomness
{(Py,Q,0,,)}5_, as follows: First, we construct (P, Q) as

U=, Py=UnifU), 2=J¥, (23)
=1
VuelU,z €V, €X, Q(zlu,x) = Qulzlz). (24)
Clearly, (Py,Q) € Q. Now, let T : U™ — Z>o,
T(u™) = 51&1&1 1(u; = j), (25)

i=1
which denotes the minimum number of occurrences of a
symbol in the vector ™ = (u1,...,uy). Then, for any

€ U™, there are T'(u™) vectors Ti,...,Tp@m) € [m]"
such that u,, = (1,...,n) and all elements of 7; are distinct
for every ¢ € [T'(u")], and 7;,7; have no common element
for all i # j. We fix a deterministic rule that assigns such
Ti, ..., Tp@my for each w™ € U™ satisfying T'(u™) > 1.
Next, we define the estimator ém as

0 if T(u™)=0
T@")

> Onlzr)

i=1

26
otherwise (26)

_1
T(u™)

Up to this point, we constructed a private estimation scheme
with shared randomness (P, Q, ém) based on a given private
estimation scheme (Q1,...,Qy, én) Next, we compare their
estimation errors. Let § = n~2. Because Py = Unif([n]), the
union bound and Hoeffding’s inequality yield

)

Pr (T(Um) <m

S; (Z; —j>§m(ﬁ—5>> 27)
< nexp(—2m/n*). (28)
For (u™, 2™) such that T'(u™) > 1, we denote
) LT ) 2
L™, 2m) = T ; (0 — 6,(2r,)) 2 (29)
Then, (28) implies that
- 2
E Me - 9m(Um,Zm)H2]
- m(n—1)
E [L(Um, Zm)‘T(Um) > } (30)

+ nexp(—2m/n*) x
(IE [i(U’”,Z’”) T(U™) e [1, ’”(7272—1)” - 1) ,

because [|0]|3 < 1. Next, let L(0) = E[]|6 — 0,(Y™)|3].
Note that for any given U™ = u™ satisfying T'(v™) > 1,
Z;, and Y" follow the same distribution by the construction,
and ZTl,...,ZTT(um) are mutually independent. Thus, for

t € [[m/n|], we have

E [E(Um, Zm)}T(Um) - t}

1 o A 2 L(6
=5 Y E [H(@ - en(zn))HQ'Twm) - t} = ¥ 31
=1
Using this fact, (30) yields
~ 2
e [Jo—tuiem. 2]
2
<= L®) +nexp(—2m/n*) (L() +1). (32)

m(n—1)



By taking the supremum over 6 € P([v]) on both sides and
using the fact that (Py, Q, 6,,,) is just a special case of a private
estimation scheme with shared randomness, we obtain

2
PUTsr,m < sup L(6
m(n —1) gep () (©)

+ nexp(—2m/n) < sup L(0) + 1) . (33)

0eP([v])

Next, by multliplying m and taking lim inf,,, , -, on both sides,

we have
2

PUTsr < sup L(0).

n—=1gep()

(34)

Because the above inequality holds for any n € N and any
private estimation scheme (Q1,...,Q@n,0,), we can get the
desired result. ]

B. Local asymptotic normality

In this subsection, we derive a lower bound on PUTgr
by exploiting the local asymptotic normality property as
was done in [18]. For the model with shared randomness
in Section [Vl the server receives i.i.d. random variables
Wi, ..., W, of the form W; = (U;, Z;), each following the
distribution P§, (u, 2) = > Q(u, z|x)0, where Q(u, z|z) :=

reX

Py (u)Q(z|u, ). Here, Q : X — P(W) satisfies the privacy
constraint ((¢, §)-LDP or y-ML) because (P, Q) € Q, but it
is only guaranteed that |V/| < oo instead of satisfying the one-
bit communication constraint. Accordingly, we denote Q, as
the set of all privacy mechanisms ((e, 0)-LDP mechanisms or
7-ML mechanisms) @ : X — P(W) such that Q = PyQ
for some (Py,Q) € Q. Note that P([v]) is a (v — 1)-
dimensional manifold. Hence, we choose a coordinate function
o« P(])) = R 0(0) = 60;. Let & € R be
a random variable following a uniform prior distribution A
supported on the small neighborhood of 1(,_)/v. More
precisely, A is supported on the (v — 1) dimensional ellipsoid
{o: i (pi = 3)* + (121 (i = $))* <n7'%/13}. Then,
we have

2
sup IE{H@ wm) }
0eP([v 2
~ 2
> Egoy [HJT<1>+eU—9n<W") 2], (35)
where J = (l(y—1)x(@w—-1), —1w-1)), and e, is the v-

dimensional vector e, = (0,...,0,1). Because the posterior
mean of J'® + e,, which is also the Bayes estimator,
minimizes the MSE, we have

2]

+ 1" Tr(Cov(®|W™)1] .

inf sup IE{HG 0, (W™)
0 0eP([v])

> E [Tr(Cov(®|W™)) +

(36)

The local asymptotic normality property [25]-[27] implies
that the posterior distribution of ® given W" converges
to the Normal distribution with mean 1/v and covariance

L7714 (1/v)J, where Iy denotes the Fisher information
matrix,

Iy (p)=E 9 1og PO (W) 9 1oy P (W) : (37)
wip)= 95 & w dp &y :

With this idea, Sec. V] derived a lower bound which
holds uniformly for all Q) € Q..: There exist positive constants
C1,C5 and an integer N such that for all Q € Q.,

2 1 Ch
J =0 (=)

inf sup IE{H@ 0, (W™)

b, 0cP([v])
C.
—1 T 2
Sup (Tr(Liy' (1/v) + 1T I (1 /v)1) — e 4%
whenever n > N [ Thus, we obtain
PUTsg > sup (Tr(Iy'(1/v) + 1" L' (1/v)1) . (39)

QEQ.

By applying Prop. V.12] and some further manipulations
(18, Eq. (79)], we have

(v—1)°

(g F@-1)

PUTgr =

(40)

where

> (Qwlz))?

reX

F@=2 > Q)

wew

(41)

We modify the right-hand side (RHS) of (40) to get a bound
that is related to Q instead of Q...

Lemma 3. Ir holds that
(v—1)
v <sup F(Q) - 1>

QeQ

PUTgr > (42)

Proof: For any given (Q, Py) € Q and Q = PyQ,

> (Q(z|u, x))?
P@ =2 P Y Sy

eu €z
v N reX

;}((Q(zlu,:c))2
< s < F(Q),
T aden <@

(43)

because (P, Q) € Q implies Q(-|u, ) € Q for all u € U by
Definition 21 By plugging above inequalities into (40), we get
the desired result. ]

n [18], the authors only considered the e-LDP constraint. However, B3
also holds uniformly for all Q € Q. because its proof does not rely on
the choice of privacy constraint, apart from the inequalities between (72)
and (73) in . To check the validity of (@8), it is suthcwnt to check that
|Q(w|:c) Q(w|:c N/ > sex Q(wlz) is bounded for all z, 2" € X, w € W;
this is, however, easy to verify.



C. Extreme points of privacy mechanisms

In the previous subsection, we derive a lower bound on
PUTgg as in Lemma[3] To obtain closed-form lower bounds,
it remains to solve the optimization problem supgc g F(Q)-
Note that F'(Q) = F(Q') if Q@ = @Q’. Thus, in the remaining
part of this section, we treat ) € Q as a (row) stochastic
matrix in [0, 1]°*2 without loss of generality. It can be easily
checked that F' is a convex function on Q, and Q is a bounded
convex set (cf. [6], [30]). Thus, the supremum is achieved at
an extreme point of Q. Accordingly, we characterize all the
extreme points of Q and solve supgeo F(Q) by comparing
the values of F(Q) at the extreme points.

Proposition 4. A stochastic matrix Q € [0,1]°*? is an extreme

point of Q9 if and only if Q has a column contained in

{66” 1_5}Uu{6,0}vu{0}.
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In addition, a stochastic matrix Q € [0,1]°*? is an extreme
point of QY if and only if QQ has a column contained in
{7 —1,0}"U{0}.

Proof: Note that Q € Q is a convex combination of
@', Q" € Q if and only if the first column of @ is a convex
combination of the first columns of Q’, ", because the second
column is just 1 minus the first column. Thus, we focus on
the first column of the privacy mechanisms.
We first focus on the LDP constraint. Let ¢ be the first
column of Q € Q(¢9, and m = min, ¢,, M = max, ¢,. By
definition, Q@ € Q{9 if and only if

em+6>M, e(1-M)+6>1—m,

0<m<M<I1. (45)

Let M denote the set of (m, M) satisfying @3), which is a
bounded convex polytope. The extreme points of M are

(0,0), (0,5), (1_5 €€+5), (1-46,1), (1,1). (46)

ec+17 e +1

Let () be the stochastic matrix which have a column ¢ in @4).
Clearly, Q@ € Q(©9 because ¢ satisfies @3). Assume that ¢
is a convex combination of some other vectors ¢, q”. Let
x1 = argmin,q,, ra = argmax,q,, and m’,m” and
M', M" be the x1-th and xo-th entries of ¢’, ¢”, respectively.
Because (m, M) is a convex combination of (m’, M') and
(m”,M"), and (m,M) is an extreme point of a bounded
convex polytope M, either (m’,M’) or (m”,M") is not
contained in M. Accordingly, either Q' = (¢’,1 — ¢’) or
Q" = (¢",1—¢") is not contained in Q(“?), and this implies
that () is an extreme point of Qle9),

It remains to prove the only if part of the proposition. We
will show that if ) is an extreme point, then ¢ takes at most
two values. Suppose that there exists * € X such that g, #
m and g+ # M. Then, let ¢’ and ¢”’ be the vectors such that

if z=2a"

,_)m n M ifx=2z"
e ¢ otherwise ’ Lo g otherwise

It can be easily seen that ¢ is the convex combination of ¢’
and ¢”, whose corresponding stochastic matrices Q' = (¢’, 1—

(47)

¢) and Q" = (¢",1 — ¢") are also in Q(©9). Thus, Q is
an extreme point only if ¢ € {m, M}". Next, we derive a
necessary condition on (m, M) when @ is an extreme point.
If (m, M) is not one of the extreme points M, then it is a
convex combination of the points in (@8). Combining with the
fact that ¢ € {m, M }" when (@ is an extreme point of Q&)
we can conclude that if @ is an extreme point of Q(¢:9), then
Q should have a column which is contained in the set in (@4).

For Q7, the above proof steps follow mutatis mutandis apart
from the fact that Q € Q7 if and only if

M+1-m<e’, 0<m<M<I1, (48)

and the extreme points of the set of (m, M) satisfying the
above are

(0,0), (0,e*—1), (2—e1), (1,1). (49)

This completes the proof. |

Because we characterized all the extreme points of Q,
we can get a closed-form expression of supgcgo F'(Q). By
substituting the optimized values of F'(Q) into Lemma[3l we
can get the desired lower bounds of PUTgR.

Proposition 5. For any v > 2, ¢ > 0, 6 € [0,1], and
v € (0,log 2], PUTERY (v, €,8) and PUTRR (v, ) are lower-
bounded by the RHSs of {I0) and (), respectively, where
C(v,0) is given in (I2).

Proof: As a first step, we solve supge o F'(Q). Because
I is a convex function on Q, it is sufficient to optimize F' over
the extreme points of Q. In Propositiond] we characterized all
the extreme points of Q. The following lemma simplifies the
calculation of F(Q) for such extreme points, and we omit its
proof because it can be derived through simple calculations.

Lemma 6. If a stochastic matrix Q € [0,1]°*? has a column
q€{a,1—a}’, a€l0,1], and t elements of q are a, then,
(2a —1)2

a2+ 5001 —a) + (1-a)?

If a stochastic matrix Q € [0,1]"*? has a column q € {a,0}?,
a € [0,1], and t > 1 elements of q are a, then,

(I —a)v
v—at

FQ)=1+ (50)

FQ) =2- (51)

We first focus on the LDP constraint. By Lemma [6] we
have the following conclusions: 1) If () has a zero column,
a simple calculation gives F'(()) = 1. 2) Suppose ) has a

column ¢q € zi‘ls, 61;‘51 and ¢ elements of ¢ are 21‘15
Then,
F(Q)=1
€426 —1)2
€ 2 t2+(v(ft)j_ € ) 2 . (52)
(6 +6) + W(e +6)(1 —6)+(1—5)
If v is even, then ¢t = v/2 maximizes (32) to yield
e +20 —1\2

1 . 53
(2 (53



If v=2a+1, a €N, then t{ = o maximizes (32) to yield

(€€ +20 —1)?
1+ e 52 Pt e s\ § 1_52'(54)
(e 46 + S (c  5)(1-0) + (1—0)

3) Suppose @ has a column ¢ € {5,0}" and ¢ > 1 elements
of ¢ are §. Then,

(I =90
F =2 - —F . 55
(@ s (55)
Among all t > 1, t = 1 maximizes the above to yield
ov—1
430D (56)
v—20

By comparing (33), (34), and (38), we obtain a closed-
form expression of supgc .5 £'(Q). By substituting this into
Lemma 3l we have the desired lower bound of PUTSR® .
The conditions ¢ > ((v,d) can be derived by solving the
inequalities (33) > (36) and (34) > (56) with respect to e,
respectively.

For the ~-ML constraint, F/(Q)) = 1 if ) has a zero column.

Also, F(Q) =2 — (Li‘?t” if Q has a column ¢ € {¢” — 1,0}
and t > 1 elements of q are e7 — 1. Because t = 1 maximizes
F(Q) to yield 1 + %, Lemma [3] gives the desired
result. [ |

Combining Propositions 2] and 5] we have the converse part

of Theorem [1I

VI. ACHIEVABILITY

In this section, we prove the achievability part of Theorem[I]
We aim to show that PUT < PUTgg in Section [VIBl To
do so, we first construct optimal private estimation schemes
with shared randomness that achieve PUTgr. Based on the
structures of the optimal schemes with shared randomness, we
construct private estimation schemes so that they resemble the
optimal private estimation schemes with shared randomness
asymptotically as the number of clients n tends to infinity.

A. Optimal schemes with shared randomness

In this subsection, we construct optimal schemes with
shared randomness that achieve PUTggr. Some of our privacy
mechanisms with shared randomness are closely related to the
resolution of block design or regular and pairwise-balanced
design (RPBD) mechanisms proposed in [17], [24]. For the
estimator, we propose estimators that differ from those in ,
[24], because the previous estimators cannot be used directly
for our privacy mechanisms with shared randomness. By doing
so, the proposed schemes with shared randomness are shown
to achieve PUTgR.

1) Optimal privacy mechanisms: First, we construct
optimal privacy mechanisms with shared randomness. Some
of them are constructed based on the concept of a block design
mechanism and an RPBD mechanism proposed in , and
resolutions of them [24]. Here, we introduce such concepts
with slight modifications.

Definition 3. A hypergraph G = (V,E), where V is the
set of the vertices and L is the set of the edges, is called

a (v,b,r, k, \)-block design if |V| = v,
following symmetries:

E| = b, and have the

1) Degree of each vertex is r (G is r-regular).

2) Each edge contains k vertices (G is k-uniform).

3) Each pair of vertices is contained in \-number of edges
(G is A-pairwise balanced).

A hypergraph G = (V,E) is called a (v,b,r,\)-RPBD if
V| =w, |E| = b, and G is r-regular and \-pairwise balanced.

Remark 1. A block design of special interest in our work is a
complete block design (CBD). The (v, k)-CBD is the complete
k-uniform hypergraph with v vertices. It can be easily checked
that the (v, k)-CBD is the block design with parameters

(e () G0 (73)

with the convention that ({) =0 for t < 0.

(57)

Definition 4. Ler G = (V, E) be a hypergraph such that V =
{v1,...,om} and E = {es,...,en}. The incidence matrix of
G is the matrix A € {0,1}"*" such that A;; =1 if v; € ¢;
and Aij =0 lf’l}i ¢ €j.

Definition 5. For c,d > 0, a stochastic matrix @Q of
dimension v X b is called a (c,d)-valued (v,b,r, k,\)-block
design mechanism constructed by a block design G if G is
a (v,b,r,k,\)-block design and @) can be constructed as
follows: Let A € {0,1}"*" be an incidence matrix of G.
Then, we get the matrix B by applying the map 1 — c and
0 +— d component-wisely on A. The stochastic matrix Q) is
constructed as Q) = mB. Similarly, a stochastic matrix
Q of dimension vxbis called a (¢, d)-valued (v, b, r, \)-RPBD
mechanism constructed by an RPBD G if G is a (v,b,r, \)-
RPBD and @ is constructed in the same way as above.

Definition 6. A pair (Py,Q) of a probability mass function
Py € P(U) and a conditional probability mass function Q :
U X X — P(2) is called a resolution of a block design (or
RPBD) mechanism Q : X — P(W) if PyQ : X — P(Ux 2)
is equivalent to Q.

Example 1. We introduce an example of the detailed process
of constructing a (c,d)-valued block design mechanism and
its resolution, which is depicted in Fig.[3 Let G be the (4,2)-
CBD, whose incidence matrix A is

(58)

S O = =
O = O =
= o O
O = = O
= O = O
-0 O

By applying the map 1 — ¢ and 0
wisely, we get,

— d on A component-

(59)

QUL AL O O
QU O a0
o a0
QO O K
o & 0 2
o 0O



Block design

Incidence matrix

Block design mechanism

1 1.1 0 00 c ¢c ¢ d d d
1 0 01 10 1 c d d c ¢ d
0010 10 1 ™Q=g 4 d e
001 0 11 d d ¢ d ¢ ¢
Resolution of @
c d c d c d U=1{= N}
1 C d 1 C d 1 C d .
QE_C_'—_d d ¢ Q T otd |d ¢ Q&\_c-i-_d d ¢ PUZUnlf(U)
d c d ¢ d c N = _

Fig. 5: Schematic diagram showing the constructions of the
resolution.

Then, by normalizing B, we get the block design mechanism
Q constructed by G,

Q= (60)

o

d
c
3(c+d) c
d

d
c
d
c c

Now, let Q' be the i-th column of Q. Note that the columns
of Q can be partitioned into

C'1 = (QluQG)u CQ = (Q27Q5)7 C3 = (Q37Q4)7 (61)
and Q' + Q7" o 1. Thus, we can get the stochastic matrices
Qi = 3C; for each i € [3]. Then, let U = [3], Py = Unif(U),
Z =102, and Q : U x X = P(Z2), Q(-lu,-) = Q, for each
u € U. Clearly, PyQ = Q.

Now, we construct the optimal privacy mechanisms
with shared randomness. Throughout this section, we treat
conditional probability mass functions as stochastic matrices
without loss of generality. The constructions of the optimal
mechanisms with shared randomness are closely related to
the optimal solutions of supgco F(Q), which are in the
proof of Proposition [l We propose four privacy mechanisms
with shared randomness in order, the first three are for the
LDP constraint and the last one is for the ML constraint.
As in Example[Il optimal privacy mechanisms are derived by
partitioning the columns of stochastic matrices into the dual
pairs.

Definition 7. Let Q be a stochastic matrix of a finite
dimension, and Q)" be the i-th column of Q. We call a pair of
columns (Q*, Q) is a dual pair if i # j and Q* + @7 x 1.
Case 1. Assume v is even and € > ((v,0). Let (¢,d) =
€48 1-2), and G be the (v,v/2)-CBD. Note that the
(v,v/2)-CBD is a (v, b,r,v/2, X)-block design, where

0= () 2 (i 2))

2 v/2 -2

[

v/2

v

o2 (62)

block design mechanism constructed by (4,2)-CBD and its

Now, we construct () as the (¢, d)-valued block design
mechanism constructed by (v, v/2)-CBD. Then, the columns
of @ can be partitioned into the dual pairs Ci,...,Cy/o
because for any given edge e of (v,v/2)-CBD, there exists
a unique edge €’ such that |e U ¢/| = wv. Using this fact,
we construct a privacy mechanism with shared randomness

(P, Q) as

U=1[b/2], Py="Unif(ld), (63)
Z=102], Q:UxX—=P2), (64)
Vueld, Q(|u,-) = %(bd_”cu = gcu. (65)

By construction, (P, Q) is a resolution of Q. Also, it can
be easily seen that (Py,Q) € Q¢ because |Z| = 2 and
efd+6>c.

Case 2. Assume v = 2a+ 1, @ € N, and ¢ > ((¢,9).

Let (c,d) = (—ﬁ 1;;?1) Gy = (X, E1) be the (v, a)-CBD,

Gs = (X, E3) be the (v,«+1)-CBD, and G = (X, E1 UE»).
Then, G is a (v,b,r, \)-RPBD, where

o () ()1

Now, we construct ( as the RPBD mechanism constructed
by G. Then, the columns of () can be partitioned into dual
pairs C1, ..., (o because for any edge e of Gy, there exists
a unique edge ¢’ of G such that [eUe’| = v. Then, (Py, Q)
is constructed as in (G3)—(&3). Similar to Case 1, (Py,Q) €
Q€9 and it is a resolution of Q.

Case 3. Assume that € < ((v,d). We construct () as

v v v—1

(66)

o o a—1

1
Q = ; (6I(v><v)a 1(v><71) - 5I(v><u)) . (67)

Let Q' be the i-th column of @, i € [2v]. Then, the columns
of Q can be partitioned into the dual pairs C1, ..., C,, where



Ci = (Q, Q") i € [v]. Accordingly, we construct a privacy
mechanism with shared randomness (Py, Q) as

U=1[], Py="Unifl), 2Z=12],
Q:UxX —=P(2), Yuel, Q(|u,-)=vC;.

Then, PyQ = Q and (Py,Q) € Q9.
Case 4. In this case, we consider the v-ML constraint. We
construct Q as

Q = ((efy - 1)I(v><v)7 1(v><v) - (e’Y - 1)I(v><v)) .

Similar to Case 3, the columns of () can be partitioned into
the dual pairs C1,...,C,, where C; = (Q%, Q"™"), i € [v].
A privacy mechanism with shared randomness (PU,Q) is
constructed as in (68) and (G9). Then, PyQ Q and
(P U, Q) e Q.

2) Optimal estimators: Note that all the four privacy
mechanisms with shared randomness (Py, Q) that we have
constructed in Section [VIZAT] are derived by some pre-
designed stochastic matrices () such that PyQ =~ Q. The
proposed estimator 0, : U™ x Z" — RY is constructed based
on such @. Without loss of generality, we treat the stochastic
matrix () as the conditional probability mass function @ :
X — POW), W = U x Z, and denote W = (U, Z) as
the random variable sampled from (). For a given @), we
construct the estimator 6, as follows: We first design the
auxiliary estimator 7, : W" — R". Let n : W — R", whose
components are the normalized likelihoods,

(68)
(69)

(70)

Q(w|z)
Ve e X, n(w) ==~ "7 (71)
> Qwlz’)
z'eX
Then, 7, : W™ — RY is set to the average of n(w;)’s,
= LS ) )
= E . mws).
1=1
Note that E[n,(W™)] = E[n(W)] because W1, ..., W, are

ii.d. In the following lemmas, we show that there exist real
constants ¢; # 0, ¢ such that E[n(W)] = ¢10 + o1, if we
use the Q constructed in Section [VIZAT]l Finally, we construct
én as an unbiased version of 7,

1
a (1 (w

The proofs of the following lemmas are in Appendix.

Lemma 7. Let v be even and Q : X — P(W) be the (c,d)-
valued block design mechanism constructed by the (v,v/2)-
CBD. Also, for each x € X, define the sets

O, (w™) = ") —col). (73)

1 . B 2c
A, = {w eEW: Qw|z) = 7(0/2)( n d)} (74)
A2 =LweW: Qwlz) = 2 (75)
(0/2)( +d>
Then, for all x € X,
2
Ne(w) = et d) (cl(w € AL) +dl(w € A2)), (76)

10

(c—d)?
(v—1)(c+d)2"
v(c+d)? —2(c? + d?)
v(v—=1)(c+d)?

Lemma 8. Ler v = 2a+ 1, a« € N, G; = (X,FEq)
be the (v,a)-CBD, Gy = (X, E3) be the (v,a + 1)-CBD,
G=(X,E1UEy), and Q : X — P(W) be the (c,d)-valued
RPBD mechanism constructed by G. Also, define the sets

= {weW zeZ)(]l( (wlx)= 7( )(Z—I—d)):a}’ (78)

and for each x € X,

Eln.(W)] =

(77)

c
sz{MEW.Q(wM):W}, (79)
and

Al =G, NnH, A?=G,nH (80)
A =cSnH, A*=cSnHC (81)
Then, for all x € X,
_cl(we ALy +dl(w e A3)
me (W) = —— T 1)
cl(w € A2) +dl(w € A2)
ad+ (a+1)c 82
and
B (c—d)?*(a+1)
Bl (W) = e+ DeFad(ac+ @+ D)
(2a+1)((c +d)?a +2cd) — (c — d)? 83)

22+ 1)((a+1)c+ ad)(ac+ (a4 1)d)

Lemma 9. For ¢ > 0, let the stochastic matrix Q) : X —

P(OWV) be
Q - (CIUXv)a 1(’U><U) CI(’UXU)) . (34)
Also, for each x € X, define the sets
Ay ={weW: Qwlz) = ¢/v}, (85)
A2 = {weW: Q(wlz) =1/v}, (86)
A2 ={weW:Qwlr) = (1—c)/v}. (87)
Then, for all x € X,
e (w) = L(w € Ay)
+ ﬁ (L(we A2)+ (1 —c)L(w € A2)), (88)
and
-2
Elne(W)] = 500 + s (89)



3) Error analysis: The estimation error of the proposed
schemes (Py, Q.0 ) that we have constructed in this section
are calculated in the same manner. We first introduce the
calculation steps before the detailed calculation. Because 6,
in (Z3) is an unbiased estimator, the MSE of the proposed

scheme is
_ 2 -
E [He G (W™ ] =3 Var ((9n)1(W")) (90)
2 zGX
=2 Z Var (1, (W 1)
L zex
Note that 7,’s in ([Z8), 82), and (88) have the form of
=> Nl(w e A}), (92)

for some disjoint sets A’’s and normalization factors \;’s.
Thus, we have

Var (1, (W Z/\2PZ )= NNPLPI, (93)
7]
where P! = Pr(W € AY). Then, we will show that

Var(n,(W)) is a concave function of 6, for all z € X
in Lemma Because the MSE in (@) is the sum of the
component-wise concave functions, the MSE is the concave
function of 6. Together with the fact that (@I does not vary
under any permutation on 6, the worst-case MSE is achieved
by 0§ =1/v, ie.,

2

Rn,v(PUac}ué ) Exl,

ol

] . (94)
2
Finally, we calculate (@3) for § = 1 /v and substitute the results
into (9I). By doing so, it can be shown that the worst-case
MSEs of the four schemes with shared randomness that we
have constructed in this section are equal to each of the lower
bounds of PUTgg /n.

As we mentioned above, we first check that Var(n,) is a
concave second order polynomial in 6, for all z € X, and
then calculate the worst-case MSE by letting 6 = 1/v. The
proofs of the following lemma and proposition can be found
in the supplementary material.

Lemma 10. For any private estimation scheme with shared
randomness constructed in Section VI-Al Var(n,(W)) is a
concave second order polynomial in 0.

Proposition 11. The worst-case MSEs of each of the
four private estimation schemes with shared randomness
constructed in Section are equal to each of the lower
bounds of PUTsgr /n in Proposition 3

B. Comparing models: Achievability

In this subsection, we prove PUT < PUTgr as the last
step of the proof of Theorem[Il For showing PUT < PUTgg,
we construct the private estimation schemes (Q1, ..., @, Pn)
that asymptotically resemble the optimal private estimation
schemes with shared randomness (P, Q, én) as the number
of clients n tends to infinity.

11

Proposition 12. We have that
PUT < PUTgg. 95)

Proof: Let (Py, Q. 6~n) be the optimal scheme with shared
randomness constructed in Section [VIZAl Note that for any
optimal scheme with shared randomness in Section [VI=A] U =
[C] for some constant C' € N, Py = Unif (i),

. I
b, (u”, ") = — (EZn(ui,zi) - 021> . (96)
=1

for some constants c¢q, co, and 6,

B[, (U, 77)] = —

C1

is unbiased. Thus, we have
(E[n(Uu Z)] - 021) = 97 (97)
and

E {He — g U, 2"

2} Z Var(ne (U, Z)), (98)
2 TLCl

because (U, Z1), ..., (Un, Z,) are i.i.d.
Without loss of generality, we assume n > C'. First, let the
private estimation scheme (Q1, ..., Q) be

Vi=Z.), Qi=Q(lga(i),"), ©9)

where g, : [n] = U, gn(i) = ((i — 1) mod C) + 1. Clearly,
Q; € Q for all i € [n]. Then, we define the estimator 6,
Yy — RY as

1

1 Ln/CJ1 C
[n/C]| Z 5Zn<ﬂ'=y<ifl>c+j>—c21 . (100)
i=1 j=1

By the law of total expectation, we have

C
Eln( Z 2)\U =] =

QI
QI

;L

(101)

where the last equation follows from the fact that for any given
U = j, Z and Y; follow the same distribution. Also, note that
(Y1,...,Y0) and (Yi—1)c+1,- - -, Yic) are independent and
follow the same distribution for all ¢ € [|n/C]]. Together

with (©7) ,{I00), and (101}, we have
A 11
E[l,(Y")] = — | =S El(, V) —el | =6. (102
6n (™)) = C; [0, Y3)] = e2 (102)
is unbiased, we obtain
2
)

= QLn/C’ o Z ZVar n:(5,Y3))

rzeX j=1

Because 6,,

E [He- 0, (Y™

(103)

_ m Z E [Var (1. (U, Z)|U)]
1

S w-0)3

(104)

Z Var(n, (U, Z)),

reX

(105)



where (104) follows from the fact that for any given U = j,
Z and Y follow the same distribution, and the last inequality
is from the law of total variance. Thus, (@8] and (I03) yield

2] < 2} . (106)
2

2 n—C

By taking the supremum over § € P([v]) on both sides and
applying Proposition [[1} we have

E [He—én(yn) E U]e—én(U",Zn)

1

PUT, < Ry o(Q1, -, Qn, 0n) € —PUTsp. (107)
Finally, we obtain the desired result by multiplying n and
taking lim inf,,_,,, on both sides. [ |

Combining Propositions 2], 3 [[1] and we complete the
proof of Theorem [I1

VII. CONCLUSION

In this paper, we completely characterized the PUTs for
discrete distribution estimation under the (e, §)-LDP or y-ML
privacy constraints, together with the one-bit communication
constraint. For the converse part, we exploited the local
asymptotic normality property as in [18]], and found tight lower
bounds by characterizing all the extreme points of the set of
privacy mechanisms. For the achievability part, we presented
concrete schemes that achieve the optimal PUTs with the idea
of resolutions of block design schemes [17], [24].

One avenue for future investigation would be to characterize
the PUCT under the b-bit communication constraint for
arbitrary b > 1. For the converse part of such an endeavor,
Proposition [2] and a variant of Lemma [3] still hold. However,
the full characterization of the extreme points of the set of
privacy mechanisms is still not known (cf. [30]). If we can
obtain a complete characterization of the extreme points, it
would be possible to derive lower bounds in a similar way as
in the proof of Proposition

APPENDIX

Here, we prove Lemmas [7, [8l and [0 in Section [VIZAl The
proofs are based on calculations related to the combinatorial
structures of the proposed scheme, which are similar to the
calculations in [9, Sec. III]. As we mentioned after (O3), we
denote P = Pr(W € A%).

A. Proof of Lemma[Z

Proof: Let k = v/2. Note that () is the (¢, d)-valued block
design mechanism constructed by (v, k)-CBD, and the (v, k)-
CBD has the parameters (v, b, 7, k, \) in (37). By Definition[3]

1
@= er+d(b—r)
for some {c, d}-valued matrix B. Then, we have

er+db—r)= <Z>C;d

Thus, [Z6) directly follows from (ZI). Note that { AL, A%} is a
partition of YW and P? = 1 — PL. Now, it remains to calculate
E[n, (W)]. Let

B, (108)

(109)

2 2d
)\1:707 AQZ

v(c+d)

v(c+d) (110)
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Then,
E[n:(W)] = M P, + AP? = (A — X)) Py + Ao
2 —d) 2d
= P, . 111

v(c+d) m+v(c—|—d) (1)
The calculation of P! is based on the combinatorial structure
of (v, k)-CBD. By Definition 3] A corresponds to the set of
edges of (v, k)-CBD containing a vertex which corresponds
to z € X. Thus, we have

L 2(Get+ ((De+ (D) 1 -00)

P! = B (112)
() (c+d)
v(c—d) (v—2)c+vd
= 0, . 11
2o —1e+d) " T 2w=1) et (113)
By substituting the above into (LLI), we have (77). ]

B. Proof of Lemma

Proof: Let v = 2a + 1, a € N. Note that @ is a
(¢, d)-valued RPBD mechanism constructed by the RPBD with
parameters (v,b,r, \) that equal to (66), as in Case 2 of
Section [VI=ATl By definition 3

1
- B 114
@ er+db—r)"" (114
for some {c, d}-valued matrix B, and
cr+db—r) = (“)(c+d). (115)
o
Thus, (82) directly follows from (ZI). Now, let
& &
AN=—-——"—— Ng=—-— 116
"Tact+(a+)d P (a+ De+oad’ (116)
d d
M= —————— Ny=— . 117
T act (a+Dd” Tt (a+ e+ ad (17
Then,
4 .
Eln, (W) = > APy (118)
i=1

The calculations for P’s are similar to (IT2)—(I13). Using the
fact that AL and A2 correspond to (v, «)-CBD, we have

()b + ((Co)e+ (n))d) (1 - 62)

P, = (e +d) (119)
_ (atD(c—d) (@ = De+ (a+1)d
S et erd” T 2at et - M0
P} = (). + ((2Zi)1d+ (5)) 0 -00) (121)
o e+a)
_ (a-i-l)(C—d) 0 4 a-+1 122)

22a+1)(c+d) " 2(2a+1)
Similarly, A2 and A% correspond to (v, + 1)-CBD. Thus,
we have

 (a+1)(c—ad) a+1
P = 22a+1)(c+d) + 2(2a + 1)’ (123)
P (a+1)(c—d) (a—l)d—l—(a—l—l)c' (124)

e 22a+1)(c+d) " 22a+1)(c+d)
By plugging the \;’s and P!’s into (I18), we have (83). m



C. Proof of Lemma

Proof: 1t is easy to check (88) from (84). Let

1 1-—
M=1 A= —— Ag=—F (125)
v—c v—c
After simple calculations, we have le = cb, /v,
-1 —1-
pr=C""p 47 “(1-0,) (126)
11—
= %0, + T, (127)
v v
and
1-— 1 1
PP =S+ —(1—0,) = — <0, + . (128)
v v v v
Thus, we have
2 c v —2c
Eln, (W) =Y NP = 0, . 129
(W) ; Yowv—c +v(v—c) (129)
|
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SUPPLEMENTARY MATERIAL

Here, we consider four (Py,Q)’s constructed in
Section [VI-AIl and the estimator 6, in (Z3). Also, we

use the same )\;’s and P?’s in Appendices [Al Bl or [Cl

D. Proof of Lemma

Proof:
1) Case I: Let (Py,Q) be the resolution of Q, which is
in Case 1 of Section [VIZATl From (93) and Appendix [Al

Var(ne (W) = M P, (1= P,) + X P; (1 = P7)

— 20 0PIP2. (130)
Because P! and P2 are linear functions of 6, Var(n,(W))
is clearly a second order polynomial in 6,.. Now, we focus on
the coefficient of #2 of such polynomial, denoted by S. Let

p= %, the coefficient of 6, in P}. Then,

S/p? = —(A24+A2) +20 02 = —(A\1 — X2)> < 0. (131)

2) Case 2: Let (Py, Q) be the resolution of Q, which are
in Case 2 of Section [VIZAT] Similar to 1), Appendix [Bl shows
that P;"s are linear functions of 6., and (@3) implies that
Var(n,(W)) is a second order polynomial in 6,. Let S be
the coefficient of 62 of such polynomial. Note that for all

i € [4], the coefficient of 6, of P! is +p, p = %.
Thus, we have
4

Slp® ==Y N (132)
i—1

-2 (/\1)\2 — MA3 — A AL — A3 — Ao Mg + /\3)\4)

=—(M\1— A3+ —N\)? <0, (133)

3) Case 3, 4: Let (Py, Q) and Q be the privacy mechanism

with shared randomness and the stochastic matrix constructed

in Case 3 or 4 in Section [VI-ATl Similar to 1), Appendix

shows that P;"s are linear functions of ., and (@3) implies

that Var(n, (7)) is a second order polynomial in 6,. Let S

be the coefficient of §2 of such polynomial. Note that for all

i € [3], the coefficient of 6, of P! is &p, p = ¢/v (c = § for
Case 3 and ¢ = €7 — 1 for Case 4). Thus, we have

S/p* = —(AT+ A3+ A3) — 2(Mid2 — Mids — A2dz) (134)
=—(A\1— A3+ X2)? <0. (135)

E. Proof of Proposition [[1]

Proof: As we mentioned in Section we first
calculate P!’s for § = 1/v, and substitute them into (@3).
We calculate the worst-case MSEs of the optimal schemes
with shared randomness in four cases, and each of them
corresponds to each cases in Section [VI-AT]

1) Case 1: We denote P!’s and \;’s as in Appendix [Al For
6 =1/v, P} =1/2. Thus, (Q3) gives

Var(n, () = 20 = a2 = =0

Then, by (ZZ), @I) and (©4), we have

g\ 2

(136)

R (P, G 6,) = oVax(, (W) (

=

Plugging (¢, d) = (Zi—ﬁ, ﬁ) gives the desired result.

2) Case 2: We denote P:’s and \;’s as in Appendix [Bl and
v=2a+1. For 0 =1/v,

1 alac+ (a+1)d)

P T Rat)Petd)’ (139)
2 (a+1)((a+1)c+ ad)
= G tera) (140)
3 (a+1)(ac+ (a+1)d)
Fe = (2a+1)2(c+d) (14D)
4 o((a+1)c+ad)
Fa = 2a+1)2(c+d) (142)
Thus, (O3) gives
72
Var (1, (W) = = d) L (143)
(2a+1)2 (c—l— QL_Hd) (c+ 2tlq)
By (83D, (@1) and (94), we have
Rn,v (PUv Qv én)
20 (c—|— Ld) (c+ «tlq) ’
a+1 «
= vVar(n,(W)) c—d? (144)
(1) (c—|— %Hd) (c+ <)
a v . (¢ —d)? (143)

Plugging (¢, d) = (Zi—ﬁ, %) gives the desired result.

3) Case 3, 4: We denote P;’s and \;’s as in Appendix [
For 6 =1/v,

Pl= =, PI= 7(”_22“ U ps ——. (146)
Thus, (O3) gives
_cv—1)
Var(n,(W)) = oo (147)
By %), (1) and (©4), we have
2
R Q.0 = Vst (9 (25) 1)
= w (149)

vc

Plugging ¢ = ¢ and e” — 1 yield the desired results for cases
3 and 4, respectively. [ ]
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