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Abstract

We provide a generalization of quantum polar codes to quantum channels with
qudit-input, achieving the symmetric coherent information of the channel. Our
scheme relies on a channel combining and splitting construction, where a two-qudit
unitary randomly chosen from a unitary 2-design is used to combine two instances
of a qudit-input channel. The inputs to the synthesized bad channels are frozen by
sharing EPR pairs between the sender and the receiver, so our scheme is entangle-
ment assisted. Using the fact that the generalized two-qudit Clifford group forms a
unitary 2-design, we conclude that the channel combining operation can be chosen
from this set. Moreover, we show that polarization also happens for a much smaller
subset of two-qudit Cliffords, which is not a unitary 2-design. Finally, we show how
to decode the proposed quantum polar codes on Pauli qudit channels.

1 Introduction

In classical information theory, polar codes are the first explicit construction provably
achieving the symmetric capacity of any discrete memoryless channel [1]. The construc-
tion is based on the recursive application of a channel combining and splitting procedure.
It first combines two instances of the transmission channel, using a controlled-NOT gate
as channel combiner, and then splits the combined channel into two virtual channels, re-
ferred to as good and bad channels. Applied recursively n times, the above procedure
yields N “ 2n virtual channels. These virtual channels exhibit a polarization property,
in the sense that they tend to become either completely noisy or noiseless, as N goes to
infinity. Polar coding consists of efficient encoding and decoding algorithms that take
effective advantage of the channel polarization property.

Polar codes have been generalized to classical-quantum channels with binary and
non-binary classical input in [2, 3]. For the transmission of quantum information over
quantum channels with qubit-input, two approaches have been considered in the liter-
ature. The first approach is based on CSS-like constructions, which essentially exploit
polarization in either amplitude or phase basis [4, 5, 6]. The second approach relies on
a purely quantum polarization construction [7, 8], where the synthesized virtual channels
tend to become either completely noisy or noiseless as quantum channels, not merely in
one basis. This approach uses a randomized channel combining, employing a random
two-qubit Clifford unitary as channel combiner.

In this work, we extend the work in [7] to the case of quantum channels with qudit-
input. To the best of our knowledge, this is the first generalization of polar codes to qudit-
input channels. First, we show that purely quantum polarization (in the sense of [7])
happens for any qudit-input quantum channel, using as channel combiner a random
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two-qudit unitary, chosen from a unitary 2-design. Further, we provide a simple proof of
the fact that the generalized two-qudit Clifford group forms a unitary 2-design, therefore
the channel combining operation can be randomly chosen from this set. Moreover, when
the qudit dimension d is a prime, we show that polarization happens for a subset of
two-qudit Clifford unitaries containing only d4 ` d2 ´ 2 elements, which is not a unitary
2-design. Hence, unitary 2-designs are not necessary for the quantum polarization of
qudit-input channels.

To exploit the above polarization property, the inputs to the synthesized noisy chan-
nels are frozen by presharing EPR pairs between the sender and the receiver. Hence, our
polar coding scheme is entanglement assisted. Finally, we consider the case of Pauli qu-
dit channels. Similarly to [7], we associate a classical counterpart channel to a Pauli qudit
channel. Then, we show that a quantum polar code on a Pauli qudit channel yields a clas-
sical polar code on the classical counterpart channel. Hence, we show that Pauli errors
can be identified by decoding the polar code on the classical counterpart channel, using
classical polar decoding.

The paper is organized as follows. Section 2 provides the basic definitions needed for
quantum polarization. Section 3 contains our main polarization results for qudit-input
quantum channels. Section 4 discusses the decoding of our quantum polar codes on Pauli
qudit channels.

2 Preliminaries

We consider d-dimensional quantum systems, referred to as qudits, where d ě 2 is fixed
throughout the paper. We denote by ρA a quantum state (i.e., density matrix) of a quan-
tum systemA. When no confusion is possible, we shall discard the quantum system from
the notation. For a bipartite quantum state ρAB , we shall denote by ρB :“ TrApρABq the
quantum state of the system B, obtained by tracing out the system A. The identity ma-
trix is denoted by either 1 or I , with the former notation used for quantum states, and
the latter for quantum operators. Throughout the paper, logarithm is taken in base d.

Definition 1 (von Neumann entropy). (a) The von Neumann entropy of a quantum state ρ is
defined as

Hpρq :“ ´Tr pρ log ρq .

(b) The conditional von Neumann entropy of a bipartite quantum state ρAB is defined as

HpA|BqρAB “ HpρABq ´HpρBq.

Definition 2 (Conditional sandwiched Rényi entropy of order 2). Let ρAB be a quantum
state. Then,

H̃Ó2 pA|Bqρ :“ ´ log Tr

„

ρ
´ 1

2
B ρABρ

´ 1
2

B ρAB



.

Definition 3 (Petz-Rényi entropy of order 1
2 ). Let ρAB be a quantum state. Then,

HÒ1
2

pA|Bqρ :“ 2 log sup
σB

Tr

„

ρ
1
2
ABσ

1
2
B



,

where the supremum is taken over all quantum states σB .
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We consider quantum channels WA1ÑB , with qudit input system A1, and output sys-
tem B of arbitrary dimension. When no confusion is possible, we shall discard the chan-
nel input and output systems from the notation. An EPR pair on two-qudit systemsA and
A1 is the quantum state ΦAA1 :“ |ΦAA1yxΦAA1 |, with |ΦAA1y :“ 1?

d

řd´1
i“0 |iyA|iyA1 . Given a

quantum channel WA1ÑB , we denote by WpΦAA1q :“ pIA � WqpΦAA1q the quantum state
on the AB system obtained by applying W on the A1-half of the EPR pair ΦAA1 .

Definition 4 (Symmetric coherent information). Let WA1ÑB be a channel with qudit input
A1 and output system B of arbitrary dimension. The symmetric coherent information of W is
defined as the coherent information of the channel for a uniformly distributed input, that is

IpWq :“ ´HpA|BqWpΦAA1 q P r´1, 1s.

We further introduce the following parameter of a quantum channel, which can be
seen as the quantum counterpart of the classical Bhattacharyya parameter [7], and which
we refer to as the “Rényi-Bhattacharyya” parameter.

Definition 5 (Rényi-Bhattacharyya parameter). Let WA1ÑB be a channel with qudit inputA1

and output system B of arbitrary dimension. Then,

RpWq :“ d
HÒ1

2

pA|BqWpΦ
AA1

q

“ d
´H̃Ó2 pA|EqWcpΦ

AA1
q P

“

1
d , d

‰

,

where Wc denotes the complementary channel associated with W [9], and the equality
HÒ1

2

pA|BqWpΦAA1 q “ ´H̃
Ó
2 pA|EqWcpΦAA1 q

follows from [10, Theorem 2].

We will also need the definitions of the generalized (qudit) Pauli and Clifford groups [11,
12], and unitary 2-designs [13].

Definition 6 (Generalized Pauli Group). (a) The Pauli operatorsX and Z for a qudit quantum
system are defined as X “

řd´1
j“0 |jyxj ‘ 1|, and Z “

řd´1
j“0 ω

j |jyxj|, where ‘ denotes the sum

modulo d, and ω “ e
2πı
d .

(b) The generalized Pauli group on one qudit is defined as P1
d :“ tωλPr,s | λ, r, s “ 0, . . . , d´1u,

where Pr,s :“ XrZs.

(c) The generalized Pauli group on n qudits is defined as Pn
d :“ P1

d � P1
d � ¨ ¨ ¨� P1

d .

It is easily seen that Xd “ Zd “ I and XZ “ ωZX , hence P1
d is indeed a group.

Applying the commutation relation XZ “ ωZX appropriately many times, we have that

Pr,sPt,u “ ωru´stPt,uPr,s. (1)

Definition 7 (Generalized Clifford Group). The Clifford group Cnd is the unitary group on n
qudits that takes Pn

d to Pn
d by conjugation.

Let Updnq be the set of unitary operators on n qudits, and Wn be a quantum chan-
nel with n-qudit input. The twirling of Wn with respect to Updnq is defined as the
quantum channel that maps a n-qudit quantum state ρ to

ş

U :WnpUρU
:qUdη, where

U P Updnq is randomly chosen according to the Haar measure η. The twirling of Wn

with respect to a finite subset U Ă Updnq is defined as the quantum channel acting as
ρ ÞÑ 1

|U |
ř

UPU U
:WnpUρU

:qU .

Definition 8 (Unitary 2-Design). A finite subset U Ă Updnq is said to form a unitary 2-design
if it satisfies the following, for all n-qudit input quantum channels Wn, and all n-qudit quantum
states ρ:

1

|U |
ÿ

UPU
U :WnpUρU

:qU “

ż

U :WnpUρU
:qUdη. (2)
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3 Quantum Polarization of Qudit Channels

3.1 Main polarization results

Throughout this section WA1ÑB denotes a quantum channel with qudit input, and ar-
bitrary dimension output. Our quantum polarization scheme is based on the channel
combining and splitting operations depicted in the following figure.

W

W
C

A11

A12

B1

B2

(a) Combined channel

W

W
C

A11
1A12
d

B1

B2

(b) Bad channel Wp0q
C

W

W
C

A12

B1

B2

ΦA1A11

A1

(c) Good channel Wp1q
C

Figure 1: Channel combining and splitting. (a) combined channel: a two-qudit unitary
C is applied on the two inputs. (b) bad channel: we input a totally mixed state into the
second input. (c) good channel: we input half of an EPR pair into the first input, and the
other half becomes the output A1.

First, two instances of W are combined, by entangling their inputs through a two-
qudit unitary C. The combined channel is then split into one bad and one good channel.
The bad channel Wp0q

C is a channel from A11 to B1B2 that acts as Wp0q
C pρq

“ W�2

ˆ

Cpρ�
1A12
d qC

:

˙

, where
1A12
d is the completely mixed state. The good channel

Wp1q
C is a channel from A12 to A1B1B2 that acts as Wp1q

C pρq “ W�2
´

CpΦA1A11
� ρqC:

¯

,
where ΦA1A11

is an EPR pair.
The polarization construction is obtained by recursively applying the above channel

combining and splitting operations, while choosing C randomly from some finite set of
unitaries, denoted by U Ă Upd2q. To accommodate the random choice ofC P U , a classical
description of C is included as part of the output of the bad and good channels. Hence,
for i “ 0, 1, we define:

Wpiqpρq “
1

|U |
ÿ

CPU
|CyxC| � Wpiq

C pρq, (3)

where t|CyuCPU is an orthogonal basis of some auxiliary system. Applying twice the
transformation W ÞÑ

`

Wp0q,Wp1q
˘

, we get channels Wpi1i2q :“
`

Wpi1q
˘

pi2q, where pi1i2q P
t00, 01, 10, 11u. In general, after n levels or recursion, we obtain 2n channels:

Wpi1...inq :“
´

Wpi1...in´1q
¯

pinq, @pi1 . . . inq P t0, 1u
n. (4)

The quantum polarization theorem below states that the symmetric coherent informa-
tion of the synthesized channels Wpi1...inq polarizes, meaning that it goes to either ´1 or
`1 as n goes to infinity (except possibly for a vanishing fraction of channels), provided
that U is a unitary 2-design. The second theorem states that polarization also happens
when U is taken to be the generalized Clifford group on two qudits, C2

d , or some specific
subset of it.
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Theorem 9. Let U be a unitary 2-design. For any qudit-input quantum channel W , let
 

Wpi1...inq : pi1 . . . inq P t0, 1u
n
(

be the set of channels defined in (4), with channel combining
unitary C randomly chosen from U . Then, for any δ ą 0,

lim
nÑ8

#tpi1 . . . inq P t0, 1u
n : I

`

Wpi1...inq
˘

P p´1` δ, 1´ δqu

2n
“ 0

and furthermore,

lim
nÑ8

#
 

pi1, . . . , inq P t0, 1u
n : IpWpi1,...,inqq ě 1´ δ

(

2n
“
IpWq ` 1

2

Theorem 10. (a) The generalized Clifford group on two qudits, C2
d , is a unitary 2-design. Thus,

polarization happens when the channel combining unitary C is randomly chosen from C2
d .

(b) If d is prime, there exists a subset U Ă C2
d , of size |U | “ d4 ` d2 ´ 2, which is not a unitary

2-design, and such that polarization happens when the channel combining unitary C is randomly
chosen from U .

We note that part (a) of Theorem 10 may be inferred from Lemmas 1, 2 and 3 in [14].
We will give an alternative and more elementary proof in Section 3.3, by generalizing the
proof from [13] to the qudit case.

3.2 Proof of Theorem 9 (quantum polarization)

To prove the polarization theorem, we essentially need three ingredients, as follows.

1. For any two-qudit unitary C, the total symmetric coherent information is preserved
under channel combining and splitting, that is, IpWp0q

C q ` IpWp1q
C q “ 2IpWq. We

omit the proof of this, as the proof given in [8, Lemma 10] for qubit-input channels
remains valid in the qudit case, with minor adjustments.

2. The symmetric coherent information IpWq approaches t´1,`1u values if and only if
the Rényi-Bhattacharyyia parameter RpWq approaches td, 1{du values. This follows
from Lemma 11, below.

3. Taking the good channel yields a guaranteed improvement of the average Rényi-
Bhattacharyya parameter, in the sense of Lemma 12, below.

The proof of Theorem 9 then follows by using [8, Lemma 7], similar to the proof of quan-
tum polarization for qubit-input channels in [8].

Lemma 11. Let WA1ÑB be a channel with qudit input. Then,

1. RpWq ď 1
d ` δ ñ IpWq ě 1´ logp1` dδq.

2. RpWq ě d´δ ñ IpWq ď ´1`2
b

δ
d`

?
d`
?
δ?

d
h
´ ?

δ?
d`
?
δ

¯

, where hp¨q denotes the binary
entropy function.

Proof. We prove first 1). For ρAB “WpΦAA1q, we have that

1

d
` δ ě RpWq “ d

HÒ1
2

pA|Bqρ
ě dHpA|Bqρ “ d´IpWq,

5



where we have used HÒ1
2

pA|Bqρ ě HpA|Bqρ for the second inequality, which follows

from the monotonically decreasing property of the conditional Petz-Rényi entropy with
respect to its order [15, Theorem 7]. Hence, IpWq ě 1´ logp1` dδq.

We now turn to point 2). We have that

d´ δ ď RpWq ď RpWq

“ max
σB

Tr

„

ρ
1
2
ABσ

1
2
B

2

“ dmax
σB

Tr

«

?
ρAB

c

1A

d
� σB

ff2

ď dmax
σB

›

›

›

›

›

?
ρAB

c

1A

d
� σB

›

›

›

›

›

2

1

(5)

“ dmax
σB

F

ˆ

ρAB,
1A

d
� σB

˙2

(6)

Using the Fuchs-van de Graaf inequalities [16], we get that there exists a σB such that
1
2

›

›ρAB ´
1A
d � σB

›

›

1
ď

b

δ
d . We are now in a position to use the Alicki-Fannes-Winter [17,

Lemma 2] inequality, which states that

|HpA|Bqρ ´ 1| ď 2

c

δ

d
`

?
d`

?
δ

?
d

h

˜ ?
δ

?
d`

?
δ

¸

.

This concludes the proof of the lemma.

Lemma 12. Let WA1ÑB be a channel with qudit input. Then,

ECR
´

Wp1q
C

¯

“
d

d2 ` 1

`

1`RpWq2
˘

ď RpWq,

where EC denotes the expectation operator, C is the channel combining unitary, chosen uniformly
at random from a unitary 2-design U . Moreover, equality happens if and only ifRpWq P t1{d, du.

Proof. Let Wc
A1ÑE and pWp1q

C qcA12ÑE1E2
be the complementary channel associated with

WA1ÑB and the good channel Wp1q
CA12ÑA1B1B2

, respectively. The complementary of the good

channel acts as pWp1q
C qcpρq “ pWc � Wcq

ˆ

C

ˆ

1A11
d � ρ

˙

C:
˙

(see [8, Appendix A] for a

proof). Therefore, RpWp1q
C q “ d´H̃

Ó
2 pA2|E1E2qρ , where ρA2E1E2 “ pW

p1q
C qcpΦA2A12

q. Note that
ρE1E2 “Wc

`

1

d

˘

�Wc
`

1

d

˘

, which is independent of C. To compute the expected value of
RpWp1q

C qwith respect to C, we proceed as follows.

ECd´H̃
Ó
2 pA2|E1E2qρ “ EC Tr

«

ˆ

ρ
´ 1

4
E1E2

ρA2E1E2ρ
´ 1

4
E1E2

˙2
ff

“ EC Tr

«

ˆ

ρ
´ 1

4
E1E2

pWc � Wcq

ˆ

C

ˆ

1A11

d
� ΦA2A12

˙

C:
˙

ρ
´ 1

4
E1E2

˙2
ff

.

Note that this is basically the same calculation as in [18, Equation (3.32)] (there, U is
chosen according to the Haar measure over the full unitary group, but all that is required
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is a unitary 2-design). However, we will not make the simplifications after (3.44) and
(3.45) in [18], but will instead keep all the terms. We therefore get ECd´H̃

Ó
2 pA2|E1E2qρ “

αTr
”

p
1A2
d q

2
ı

`β Tr

„

p
1A11
d � ΦA2A12

q2



“ 1
dα`

1
dβ, where α “ d4

d4´1
´ d2

d4´1
d´H̃

Ó
2 pA1A2|E1E2qω ,

β “ d4

d4´1
d´H̃

Ó
2 pA1A2|E1E2qω ´ d2

d4´1
, and ωA1A2E1E2 :“ pWc � WcqpΦA1A11

� ΦA2A12
q. Hence,

ECd´H̃
Ó
2 pA2|E1E2qρ “

d

d2 ` 1
`

d

d2 ` 1
d´H̃

Ó
2 pA1A2|E1E2qω

“
d

d2 ` 1
p1`RpWq2q,

where the second equality follows from d´H̃
Ó
2 pA1A2|E1E2qω “ RpWq2 using the fact that

conditional sandwiched Rényi entropy of order 2 is additive with respect to tensor-product
states. It is easily seen that the function fpRq “ d

d2`1
p1`R2q is a convex function satisfy-

ing fpRq “ R for R P t1
d , du and fpRq ă R for R P p1

d , dq.

3.3 Proof of Theorem 10

Proof of part (a). It is shown in [13, Theorem 1] (see also [19]) that the Clifford group on
n-qubits forms a unitary 2-design for any n ě 1. Here, we generalize the proof from [13]
to the qudit case, and for n “ 2. We need to prove that the Clifford group C2

d satisfies
the Definition 8. For this, it is sufficient to prove (2), with U “ C2

d , for two-qudit input
quantum channels of the form W2pρq :“ AρB (since any quantum channel is a convex
combination of quantum channels of this form).

We first consider the twirling of W2 with respect to the Clifford group C2
d . Since the

Pauli group P2
d is a normal subgroup of C2

d , we may chose a subset C̄2
d Ă C2

d containing one
representative for each equivalence class in the quotient group C2

d{P2
d . Thus, any element

of C2
d can be uniquely written as a product CP , where C P C̄2

d , and P P P2
d . Therfore, in

order to twirl W2 with respect to C2
d , we may first twirl it with respect to P2

d , then twirl
again the obtained channel with respect to C̄2

d .

The elements of P2
d have the form ωλPr,s�Pr1,s1 , with λ, r, s, r1, s1 “ 0, . . . , d´1. Hence,

twirling W2 with respect to P2
d gives a quantum channel, denoted W 1

2, defined below

W 1
2pρq :“

1

d5

ÿ

λ,r,s,r1,s1

`

ωλPr,s � Pr1,s1

˘:
A
`

ωλPr,s � Pr1,s1

˘

ρ
`

ωλPr,s � Pr1,s1

˘:
B
`

ωλPr,s � Pr1,s1

˘

,

“
1

d4

ÿ

r,s,r1,s1

pP :
r,s � P :

r1,s1qA pPr,s � Pr1,s1q ρpP :
r,s � P :

r1,s1qB pPr,s � Pr1,s1q . (7)

The last equality from the above shows that it is actually enough to twirl W2 with respect
to the subset P̄2

d :“
 

Pr,s � Pr1,s1 | r, s, r
1, s1 “ 0, . . . , d´ 1

(

, obtained by omitting phase
factors. Since P̄2

d forms an operator basis (for two-qudit operators), we may write A “
ř

r,s,r1,s1 αpr, s, r
1, s1qPr,s � Pr1,s1 , and B “

ř

r,s,r1,s1 βpr, s, r
1, s1qPr,s � Pr1,s1 . The following

two lemmas are proven in Appendix A and Appendix B, respectively.

Lemma 13. The quantum channel W 1
2, obtained by twirling W2 with respect to P̄2

d , is a Pauli
channel satisfying the following

W 1
2pρq “

ÿ

r,s,r1,s1

γr,s,r1,s1
`

Pr,s � Pr1,s1
˘

ρpP :r,s � P :r1,s1q, (8)

where γr,s,r1,s1 :“ ωrs`r
1s1αpr, s, r1, s1qβp´r,´s,´r1,´s1q and ´x denotes the additive inverse

of x modulo d.

7



Lemma 14. The quantum channel obtained by twirling W 1
2 with respect to C̄2

d , is the quantum
channel W2

2 acting as

W2
2 pρq “

TrpABq

d4
1� 1`

d2 TrpAqTrpBq ´ TrpABq

d2pd4 ´ 1q

ˆ

ρ´
1

d2
1� 1

˙

. (9)

Now, the quantum channel W2
2 from (9) is the twirling of W2 with respect to C2

d . To
conclude that C2

d is a unitary 2-design, we need to show that twirling W2 with respect to
Upd2q yields the same channel, which follows from [20].

Proof of part (b). We will need the following two lemmas. The first is basically the
same as [8, Lemma 14] and the proof can be easily generalized. The second is proven in
Appendix C.

Lemma 15. Consider C,C 1 P C2
d , such that C 1 “ CpC1 � C2q, for some C1, C2 P C1

d . Then,
C 1 and C2 yield the same Rényi-Bhattacharya parameter for both good and bad channels, i.e.,
following equalities hold,

1) RpWp0q
C q “ RpWp0q

C1 q.

2) RpWp1q
C q “ RpWp1q

C1 q.

Lemma 16. If d is a prime number, |C1
d | “ d3pd2 ´ 1q and |C2

d | “ d8pd4 ´ 1qpd2 ´ 1q.

We are now in a position to prove the part (b) of the theorem. The group C2
d can be

decomposed into left cosets with respect to the subgroup C1
d � C1

d Ă C2
d . From Lemma 15,

it follows that any two elements in the same left coset, when used as channel combiners,
yield the same Rényi-Bhattacharyya parameter for both good and bad channels. There-
fore, polarization also happens for any subset L Ă C2

d , containing one representative
of each left coset (since ECPLRpWp1q

C q “ ECPC2
d
RpWp1q

C q, thus the guaranteed improve-
ment of the average Rényi-Bhattacharyya parameter, in the sense of Lemma 12, still
holds when C is randomly chosen from L). Using Lemma 16, the number of cosets of

C1
d � C1

d in C2
d is equal to |C2

d |

|C1
d�C1

d |
“ d4 ` d2, therefore L contains d4 ` d2 representatives,

two of which may be chosen to be the identity (I) and the swap (S) operators. Since
RpWp1q

I q “ RpWp1q
S q “ RpWq ě ECPLRpWp1q

C q, we may further remove I and S from
L, thus getting a subset L1 :“ LztI, Su containing d4 ` d2 ´ 2 elements, which still en-
sures polarization of qudit-input quantum channels. From [21, 22], we know that a set of
unitaries in dimension δ can only form a unitary 2-design if it has at least δ4´ 2δ2` 2 ele-
ments. As we consider a two-qudit system (dimension δ “ d2), a unitary 2-design would
have at least d8 ´ 2d4 ` 2 two-qudit unitaries, which is clearly bigger than d4 ` d2 ´ 2.
Hence, the set L1 is not a unitary 2-design. This completes the poof of the part (b).

One may try to further reduce the size of L1, by considering the action of the swap
gate S. Indeed, it can be seen that the two equalities from Lemma 15 also hold for two
C,C 1 P C2

d , such that C 1 “ SC (see also [8, Lemma 15]). Hence, if both C and C 1 belong to
L1, one of them can be removed, while still ensuring polarization. Now, multiplying by S
on the left induces a permutation on the left cosets of C1

d �C1
d in C2

d , which in turn induces
a permutation L1 „Ñ L1. In the qubit case (d “ 2), this permutation has no fixed points,
thus the size of L1 can be reduced by half. However, in general the above permutation
may have fixed points. We provide such an example in Appendix D, where we show that
for d “ 5, there exist C P C2

d and C1, C2 P C1
d , such that SC “ CpC1 � C2q.
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4 Quantum Polar codes on Pauli Qudit channels

In this section, we discuss the decoding of quantum polar codes on a Pauli qudit channel.
We shall assume that all channel combining unitaries are Clifford unitaries.

A Pauli qudit channel W is defined as the quantum channel that maps a qudit quan-
tum state ρ to

ř

r,s ar,sPr,sρP
:
r,s, where ar,s ě 0 with

ř

r,s ar,s “ 1. Similar to [8, Definition
17], we associate a classical channel with W , which is referred to as the classical counter-
part of W , and denoted by W#. The classical counterpart W# is a classical channel with
input and output alphabet P̄1

d :“ tPr,s | r, s “ 0, . . . , d ´ 1u, and transition probabilities
W#pPr,s | Pt,uq “ av,w, where v “ r` t pmod dq and w “ s`u pmod dq. Consider now the
channel combining and splitting procedure on W , where C P C2

d is used to combine the
two copies of W . Let ΓC : P̄1

d � P̄1
d ÞÑ P̄1

d � P̄1
d be the permutation induced by the con-

jugate action of C. We may define a channel combining and splitting procedure on the
classical W#, using ΓC to combine the two copies of W#. Similarly to [8], we may prove
(but the proof is omitted here) that the Pauli qudit channel W and its classical counter-
part W# polarize simultaneously, in the sense of [8, Proposition 20 and Corollary 21], under
their respective channel combining and splitting procedure. As a consequence, to a quan-
tum polar code on the Pauli qudit channel W , we may associate a classical polar code on
W#, then exploit classical polar decoding in order to decode Pauli errors, as explained
below (see also [8, Section 6]). Let P denote the unitary corresponding to a quantum
polar code of lengthN qudits (see also [8, Section 5]), and P# the linear map correspond-
ing to the classical polar code. To perform decoding, we first apply P: on the N -qudit
channel output, that is, the encoded quantum state corrupted by some Pauli error, say
E P pP̄1

dq
�N (we may omit phase factors). Hence, applying P: brings it back to the orig-

inal (un-encoded) state, which is however corrupted by a Pauli error E1 P pP̄1
dq

�N , such
that P#pE1q “ E. We are now in position to decode E1, provided that we have been
given the errors corresponding to the noisy virtual channels. We know that the inputs
to the noisy channels are halves of preshared EPR pairs. Hence, we may perform projec-
tive measurements on the preshared EPR pairs, with respect to the generalized Bell basis
tI � Pr,s|ΦAA1y|Pr,s P P̄1

du, which give us the errors, i.e., the E1 components, on the noisy
virtual channels, as desired. Finally, we may decode the classical polar code to determine
E1, and subsequently apply E1: to return the system to the original quantum state.

5 Conclusion and perspectives

The goal of this work has been to generalize the purely quantum polarization construc-
tion to higher dimensional quantum systems. We have introduced the necessary defini-
tions and worked out the proof of quantum polarization, assuming the channel combin-
ing unitary is randomized over (1) an unitary 2-design, (2) the two-qudit Clifford group,
or (3) a smaller subset of two-qudit Cliffords. Using Clifford channel combining unitaries
is important, as we showed it allows reducing the decoding problem to a classical polar
code decoding, for qudit Pauli channels. However, we note that the reliability of the clas-
sical polar code decoding also depends on the speed of polarization [1]. We believe that
fast polarization properties can also be generalized to the qudit case, although we leave
this here as an open question.

9



Acknowledgements

This research was supported in part by the “Investissements d’avenir” (ANR-15-IDEX-
02) program of the French National Research Agency. Ashutosh Goswami acknowl-
edges the European Union’s Horizon 2020 research and innovation programme, under
the Marie Skłodowska Curie grant agreement No 754303.

A Proof of Lemma 13

Recall that P̄2
d “

 

Pr,s � Pr1,s1 | r, s, r
1, s1 “ 0, . . . , d´ 1

(

is the subset of two-qudit Pauli,
without phase factors. Hence, twirling of W2 with respect to P̄2

d gives

W 1
2pρq “

1

d4

ÿ

r,s,r1,s1

pP :r,s � P :r1,s1qA
`

Pr,s � Pr1,s1
˘

ρpP :r,s � P :r1,s1qB
`

Pr,s � Pr1,s1
˘

(10)

Since P̄2
d forms an operator basis, we may write

A “
ÿ

r,s,r1,s1

αpr, s, r1, s1qPr,s � Pr1,s1 , (11)

B “
ÿ

r,s,r1,s1

βpr, s, r1, s1qPr,s � Pr1,s1 (12)

Substituting A and B in the above equation, we get

W 1
2pρq “

1

d4

ÿ

t,u,t1,u1

ÿ

v,w,v1,w1

αpt, u, t1, u1qβpv, w, v1, w1qκ, (13)

where κ :“
ÿ

r,r1,s,s1

pP :r,sPt,uPr,sq� pP :r1,s1Pt1,u1Pr1,s1qρpP
:
r,sPv,wPr,sq� pP :r1,s1Pv1,w1Pr1,s1q.

(14)

From (1), we have that Pt,uPr,s “ ω´ru`stPr,sPt,u. Then, we may write

κ “ kpPt,u � Pt1,u1qρpPv,w � Pv1,w1q (15)

with k :“
ÿ

r,s

ω´rpu`wq`spv`tq
ÿ

r1,s1

ω´r
1pu1`w1q`s1pv1`t1q. (16)

When u ` w “ v ` t “ 0 pmod dq, we have
ř

r,s ω
´rpu`wq`spv`tq “ d2. When either

u`v ‰ 0 pmod dq or t`w ‰ 0 pmod dq, we have
ř

r,s ω
´rpu`wq`spv`tq “

pω´d´1qpωd´1q
pω´1´1qpω´1q

“ 0.
Therefore,

k “

#

d4, when u` w “ v ` t “ u1 ` w1 “ v1 ` t1 “ 0 pmod dq
0, otherwise

(17)

The condition u ` w “ v ` t “ 0 pmod dq implies that Pt,uPv,w “ XtZuXvZw “ ω´uvI .
Using t “ ´v pmod dq, we have that Pv,w “ ωtuP :t,u. Plugging κ into (13), we get

W 1
2pρq “

ÿ

t,u,t1,u1

γt,u,t1,u1pPt,u � Pt1,u1qρpP
:
t,u � P :t1,u1q, (18)

where γt,u,t1,u1 :“ ωtu`t
1u1αpt, u, t1, u1qβp´t,´u,´t1,´u1q. (19)

Hence, W 1
2 is a qudit Pauli channel, as desired.
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B Proof of Lemma 14

Recall that C̄2
d Ă C2

d is a subset containing one representative for each equivalence class in
the quotient group C2

d{P2
d . Twirling of W 1

2 with respect to C̄2
d gives

W2
2 pρq “

ÿ

t,u,t1,u1

γt,u,t1u1
1

|C̄2
d |

ÿ

CPC̄2
d

C:pPt,u � Pt1,u1qCρC
:pP :t,u � P :t1,u1qC. (20)

We know that the conjugate action of the entire set C̄2
d maps any Pt,u � Pt1,u1 ‰ I � I to

all d4 ´ 1 two-qudit Paulis excluding I � I , an equal number of times. In other words,

Pt,u �Pt1,u1 ‰ I � I gets mapped to a Pauli Pr,s �Pr1,s1 ‰ I � I , |C̄2
d |

d4´1
times. Further, I � I

is always mapped to I � I . Therefore, we have that

W2
2 pρq “ γ0,0,0,0ρ`

1

d4 ´ 1
γ1

ÿ

pr,s,r1,s1q‰p0,0,0,0q

pPr,s � Pr1,s1qρpP
:
r,s � P :r1,s1q, (21)

where γ1 :“
ÿ

pt,u,t1,u1q‰p0,0,0,0q

γt,u,t1,u1 . (22)

Using the following three identities, we can easily transform (21) into the form of (9).

1. γ0,0,0,0 “
TrpAqTrpBq

d4
.

2.
ÿ

t,u,t1,u1

γt,u,t1,u1 “
TrpABq
d2

.

3.
ÿ

r,s,r1,s1

pPr,s � Pr1,s1qρpP
:
r,s � P :r1,s1q “ d2I � I .

Proof of identity 1) We have that γ0,0,0,0 “ αp0, 0, 0, 0qβp0, 0, 0, 0q. Also,

TrpPr,sq “

#

d, when Pr,s “ I

0, otherwise

Using (11) and (12), we get TrpAq “ αp0, 0, 0, 0qd2 and TrpBq “ βp0, 0, 0, 0qd2. Hence,
γ0,0,0,0 “

TrpAqTrpBq
d4 .

Proof of identity 2) We have,

TrpABq “
ÿ

t,u,t1,u1

ÿ

v,w,v1,w1

αpt, u, t1, u1qβpv, w, v1, w1qTrpPt,uPv,wqTrpPt1,u1Pv1,w1q

“
ÿ

t,u,t1,u1

d2ωtu`t
1u1αpt, u, t1, u1qβp´t,´u,´t1,´u1q

“ d2
ÿ

t,u,t1,u1

γt,u,t1,u1 .

Proof of identity 3) Let ρ “
ř

r,s,r1,s1 ρr,s,r1,s1Pr,s �Pr1,s1 . Since ρ is a density matrix, we have

11



ρ0,0,0,0 “
Trpρq
d2 “ 1

d2 . Hence,
ÿ

r,s,r1,s1

pPr,s � Pr1,s1qρpP
:
r,s � P :r1,s1q “

ÿ

r,s,r1,s1

ÿ

t,u,t1,u1

ρt,u,t1,u1pPr,sPt,uP
:
r,sq� pPr1,s1Pt1,u1P

:

r1,s1q

“
ÿ

t,u,t1,u1

ρt,u,t1,u1

¨

˝

ÿ

r,s,r1,s1

ω´st`ruω´s
1t1`r1u1

˛

‚Pt,u � Pt1,u1

“ d4ρ0,0,0,0I � I

“ d2I � I.

We get (9) from (21) by using the above identities, while also substituting the notation 1

for the identity matrix I , as it denotes a quantum state here.

C Proof of Lemma 16

Consider the one-qudit Clifford group C1
d . We count first the permutations generated by

C1
d on P̄1

d :“ tPr,s|r, s “ 0, . . . , d ´ 1u, and later we will accommodate the phase factors.
Any Clifford C P C1

d is uniquely determined by its conjugate action on the generators of
the Pauli group, X and Z. Suppose that C maps X ÞÑ Pr,s and Z ÞÑ Pt,u via its conjugate
action, where Pr,s, Pt,u ‰ I . On the one hand, since commutation relations are preserved
under unitary conjugation, Pr,s and Pt,u must satisfy Pr,sPt,u “ ωPt,uPr,s. On the other
hand, from (1), we have that Pr,sPt,u “ ωru´stPt,uPr,s. Therefore, r, u, s, t must be such
that ru ´ st “ 1 pmod dq. We fix r, s and solve for t, u. Since Pr,s ‰ I , it follows that
either r or s is non-zero. Without loss of generality, we may assume that r ‰ 0. Since
d is a prime number, r is invertible under multiplication modulo d. Therefore, for any
t P t0, . . . , d ´ 1u, there exists a unique u :“ r´1p1 ` stq pmod dq, satisfying ru ´ st “ 1.
Hence, there are exactly d choices for the t, u pair. Since we have d2 ´ 1 choices for
the r, s pair, it follows that there are dpd2 ´ 1q pairs of Paulis, Pr,s and Pt,u, such that
Pr,sPt,u “ ωPt,uPr,s. Taking into account the phase factors, ωλ, λ P t0, . . . , d ´ 1u, it
follows that C1

d has d3pd2 ´ 1q elements.

We now count the number of elements in C2
d . The two-qudit Pauli group P2

d is gen-
erated by a set of four Paulis I � X, I � Z,X � I and Z � I , and any Clifford C P C2

d

is uniquely determined by its conjugate action on these four generators. The commuta-
tion relations between the four generators are illustrated in Fig. 2. Consider a mapping

I � Z

I �X

Z � I

X � I

Figure 2: Connected Paulis satisfy AB “ ωBA, with A is the Pauli on the top row, and B
the Pauli on the bottom row. Paulis that are not connected commute.
I �X ÞÑ A, I � Z ÞÑ B, X � I ÞÑ A1, Z � I ÞÑ B1, where A,B,A1, B1 P P̄2

d , that preserves
all the commutation relations between generators. Pauli I � X can be mapped to any
two-qudit Pauli A ‰ I � I , so there are d4 ´ 1 choices for A. It is not very difficult to see
that for any A ‰ I � I there are d3 choices for B such that AB “ ωBA. Further, there are
dpd2 ´ 1q pairs of two-qudit Paulis A1 and B1, which commute with both A and B, and
satisfy A1B1 “ ωB1A1. Therefore, we have d4pd4 ´ 1qpd2 ´ 1q possible permutations on
P̄2
d , which satisfy all the commutation relations. Taking into account the phase factors, it

follows that C2
d has d8pd4 ´ 1qpd2 ´ 1q elements.
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D Example of left coset fixed by the swap gate

We consider d “ 5. Let C1 “ I be the identity, and C 12 P C1
d be such that it maps X ÞÑ X4

and Z ÞÑ Z4, via conjugation. Since X4Z4 “ ωZ4X4, C 12 is indeed a one-qudit Clifford.
We define C2 “ C 12X

2Z2. Further, let C P C2
d , such that its conjugate action generates the

following permutation on the generators of P2
d ,

I �X ÞÑ X4Z �XZ4,

I � Z ÞÑ XZ �X4Z4,

X � I ÞÑ X4Z �X4Z,

Z � I ÞÑ XZ �XZ.

Using (1), it is easily seen that the above permutation preserves all the commutation
relations between the generators. Now, the conjugate actions of SC and CpC1 � C2q

generate the same permutation on P2
d . Therefore, SC “ CpC1 � C2q.

References

[1] Erdal Arıkan. “Channel Polarization: A Method for Constructing Capacity
-Achieving Codes for Symmetric Binary-Input Memoryless Channels”. In: IEEE
Transactions on Information Theory 55.7 (July 2009), pp. 3051–3073. DOI: 10.1109/
TIT.2009.2021379. arXiv: 0807.3917.

[2] Mark M. Wilde and Saikat Guha. “Polar Codes for Classical-Quantum Channels”.
In: IEEE Transactions on Information Theory 59.2 (Feb. 2013), pp. 1175–1187. DOI: 10.
1109/TIT.2012.2218792. arXiv: 1109.2591.

[3] Rajai Nasser and Joseph M. Renes. “Polar codes for arbitrary classical-quantum
channels and arbitrary cq-MACs”. In: IEEE Transactions on Information Theory 64.11
(Nov. 2018), pp. 7424–7442. DOI: https://doi.org/10.1109/TIT.2018.
2869460. arXiv: 1701.03397.

[4] Joseph M. Renes, Frédéric Dupuis, and Renato Renner. “Efficient Polar Coding of
Quantum Information”. In: Physical Review Letters 109 (5 Aug. 2012), p. 050504. DOI:
10.1103/PhysRevLett.109.050504. arXiv: 1109.3195.

[5] Mark M. Wilde and Saikat Guha. “Polar Codes for Degradable Quantum Chan-
nels”. In: IEEE Transactions on Information Theory 59.7 (July 2013), pp. 4718–4729.
DOI: 10.1109/TIT.2013.2250575. arXiv: 1109.5346.

[6] Joseph M. Renes and Mark M. Wilde. “Polar Codes for Private and Quantum Com-
munication Over Arbitrary Channels”. In: IEEE Transactions on Information Theory
60.6 (June 2014), pp. 3090–3103. DOI: 10.1109/TIT.2014.2314463. arXiv:
1212.2537.

[7] Frédéric Dupuis, Ashutosh Goswami, Mehdi Mhalla, and Valentin Savin. “Purely
Quantum Polar Codes”. In: 2019 IEEE Information Theory Workshop (ITW) (Aug.
2019). DOI: 10.1109/ITW44776.2019.8989387.

[8] Frédéric Dupuis, Ashutosh Goswami, Mehdi Mhalla, and Valentin Savin. “Polar-
ization of Quantum Channels using Clifford-based Channel Combining”. In: IEEE
Transactions on Information Theory 67.5 (2021), pp. 2857–2877. DOI: 10.1109/TIT.
2021.3063093. arXiv: 1904.04713.

13

https://doi.org/10.1109/TIT.2009.2021379
https://doi.org/10.1109/TIT.2009.2021379
https://arxiv.org/abs/0807.3917
https://doi.org/10.1109/TIT.2012.2218792
https://doi.org/10.1109/TIT.2012.2218792
https://arxiv.org/abs/1109.2591
https://doi.org/https://doi.org/10.1109/TIT.2018.2869460
https://doi.org/https://doi.org/10.1109/TIT.2018.2869460
https://arxiv.org/abs/1701.03397
https://doi.org/10.1103/PhysRevLett.109.050504
https://arxiv.org/abs/1109.3195
https://doi.org/10.1109/TIT.2013.2250575
https://arxiv.org/abs/1109.5346
https://doi.org/10.1109/TIT.2014.2314463
https://arxiv.org/abs/1212.2537
https://doi.org/10.1109/ITW44776.2019.8989387
https://doi.org/10.1109/TIT.2021.3063093
https://doi.org/10.1109/TIT.2021.3063093
https://arxiv.org/abs/1904.04713


[9] Mark M. Wilde. From Classical to Quantum Shannon Theory. Cambridge University
Press. DOI: 10.1017/9781316809976.001. arXiv: 1106.1445.

[10] Marco Tomamichel, Mario Berta, and Masahito Hayashi. “Relating different quan-
tum generalizations of the conditional Rényi entropy”. In: Journal of Mathematical
Physics 55.8, 082206 (2014). DOI: 10.1063/1.4892761. arXiv: 1311.3887.

[11] Daniel Gottesman. “Fault-Tolerant Quantum Computation with Higher
-Dimensional Systems”. In: Chaos, Solitons and Fractals 10.10 (Sept. 1999), pp. 1749–
1758. DOI: https://doi.org/10.1016/S0960-0779(98)00218-5. arXiv:
quant-ph/9802007.

[12] Vlad Gheorghiu. “Standard form of qudit stabilizer groups”. In: Physics Letters
A 378.5–6 (Jan. 2014), pp. 505–509. DOI: https://doi.org/10.1016/j.
physleta.2013.12.009. arXiv: 1101.1519.

[13] Christoph Dankert, Richard Cleve, Joseph Emerson, and Etera Livine. “Exact and
approximate unitary 2-designs and their application to fidelity estimation”. In:
Physical Review A 80.1 (July 2009), p. 012304. DOI: https://doi.org/10.1103/
PhysRevA.80.012304. arXiv: quant-ph/0606161.

[14] Zak Webb. “The Clifford group forms a unitary 3-design”. In: Quantum Information
and Computation 16 (2016), pp. 1379–1400. DOI: 10.26421/QIC16.15-16-8.
arXiv: 1510.02769.

[15] Martin Müller-Lennert, Frédéric Dupuis, Oleg Szehr, Serge Fehr, and Marco
Tomamichel. “On quantum Rényi entropies: a new generalization and some prop-
erties”. In: Journal of Mathematical Physics 54.12, 122203 (2013). DOI: 10.1063/1.
4838856. arXiv: 1306.3142.

[16] Christopher A. Fuchs and Jeroen van de Graaf. “Cryptographic distinguishabil-
ity measures for quantum-mechanical states”. In: IEEE Transactions on Information
Theory 45.4 (1999), pp. 1216–1227. DOI: 10.1109/18.761271. arXiv: quant-
ph/9712042.

[17] Andreas Winter. “Tight Uniform Continuity Bounds for Quantum Entropies: Con-
ditional Entropy, Relative Entropy Distance and Energy Constraints”. In: Communi-
cations in Mathematical Physics 347 (Oct. 2016), 291–313. DOI: https://doi.org/
10.1007/s00220-016-2609-8. arXiv: 1507.07775.

[18] Frédéric Dupuis. “The decoupling approach to quantum information theory”. PhD
thesis. Université de Montréal, 2009. arXiv: 1004.1641.

[19] Olivia Di Matteo. “A short introduction to unitary 2-designs”. eprint: https://
glassnotes.github.io/OliviaDiMatteo_Unitary2Designs.pdf.

[20] Joseph Emerson, Robert Alicki, and Karol Życzkowski. “Scalable noise estimation
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