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Abstract

We provide a generalization of quantum polar codes to quantum channels with
qudit-input, achieving the symmetric coherent information of the channel. Our
scheme relies on a channel combining and splitting construction, where a two-qudit
unitary randomly chosen from a unitary 2-design is used to combine two instances
of a qudit-input channel. The inputs to the synthesized bad channels are frozen by
sharing EPR pairs between the sender and the receiver, so our scheme is entangle-
ment assisted. Using the fact that the generalized two-qudit Clifford group forms a
unitary 2-design, we conclude that the channel combining operation can be chosen
from this set. Moreover, we show that polarization also happens for a much smaller
subset of two-qudit Cliffords, which is not a unitary 2-design. Finally, we show how
to decode the proposed quantum polar codes on Pauli qudit channels.

1 Introduction

In classical information theory, polar codes are the first explicit construction provably
achieving the symmetric capacity of any discrete memoryless channel [1]. The construc-
tion is based on the recursive application of a channel combining and splitting procedure.
It first combines two instances of the transmission channel, using a controlled-NOT gate
as channel combiner, and then splits the combined channel into two virtual channels, re-
ferred to as good and bad channels. Applied recursively n times, the above procedure
yields N = 2" virtual channels. These virtual channels exhibit a polarization property,
in the sense that they tend to become either completely noisy or noiseless, as IV goes to
infinity. Polar coding consists of efficient encoding and decoding algorithms that take
effective advantage of the channel polarization property.

Polar codes have been generalized to classical-quantum channels with binary and
non-binary classical input in [2, 3]. For the transmission of quantum information over
quantum channels with qubit-input, two approaches have been considered in the liter-
ature. The first approach is based on CSS-like constructions, which essentially exploit
polarization in either amplitude or phase basis [4, 5, 6]. The second approach relies on
a purely quantum polarization construction [7, 8], where the synthesized virtual channels
tend to become either completely noisy or noiseless as quantum channels, not merely in
one basis. This approach uses a randomized channel combining, employing a random
two-qubit Clifford unitary as channel combiner.

In this work, we extend the work in [7] to the case of quantum channels with qudit-
input. To the best of our knowledge, this is the first generalization of polar codes to qudit-
input channels. First, we show that purely quantum polarization (in the sense of [7])
happens for any qudit-input quantum channel, using as channel combiner a random



two-qudit unitary, chosen from a unitary 2-design. Further, we provide a simple proof of
the fact that the generalized two-qudit Clifford group forms a unitary 2-design, therefore
the channel combining operation can be randomly chosen from this set. Moreover, when
the qudit dimension d is a prime, we show that polarization happens for a subset of
two-qudit Clifford unitaries containing only d* + d? — 2 elements, which is not a unitary
2-design. Hence, unitary 2-designs are not necessary for the quantum polarization of
qudit-input channels.

To exploit the above polarization property, the inputs to the synthesized noisy chan-
nels are frozen by presharing EPR pairs between the sender and the receiver. Hence, our
polar coding scheme is entanglement assisted. Finally, we consider the case of Pauli qu-
dit channels. Similarly to [7], we associate a classical counterpart channel to a Pauli qudit
channel. Then, we show that a quantum polar code on a Pauli qudit channel yields a clas-
sical polar code on the classical counterpart channel. Hence, we show that Pauli errors
can be identified by decoding the polar code on the classical counterpart channel, using
classical polar decoding.

The paper is organized as follows. Section 2 provides the basic definitions needed for
quantum polarization. Section 3 contains our main polarization results for qudit-input
quantum channels. Section 4 discusses the decoding of our quantum polar codes on Pauli
qudit channels.

2 Preliminaries

We consider d-dimensional quantum systems, referred to as qudits, where d > 2 is fixed
throughout the paper. We denote by p4 a quantum state (i.e., density matrix) of a quan-
tum system A. When no confusion is possible, we shall discard the quantum system from
the notation. For a bipartite quantum state p4p, we shall denote by pp := Tra(pap) the
quantum state of the system B, obtained by tracing out the system A. The identity ma-
trix is denoted by either 1 or I, with the former notation used for quantum states, and
the latter for quantum operators. Throughout the paper, logarithm is taken in base d.

Definition 1 (von Neumann entropy). (a) The von Neumann entropy of a quantum state p is
defined as

H(p) := —Tr (plogp).

(b) The conditional von Neumann entropy of a bipartite quantum state p op is defined as
H(A|B)p,s = H(pap) — H(pp).

Definition 2 (Conditional sandwiched Rényi entropy of order 2). Let pap be a quantum
state. Then,

~ _1 _1
H%(A[B)p ;= —log Tr [pBQpABpB2pAB] .

Definition 3 (Petz-Rényi entropy of order 2). Let pap be a quantum state. Then,
101
HI (A|B), := 2logsup Tr {ijaé} ,
2 op

where the supremum is taken over all quantum states o g.



We consider quantum channels Wy _, 5, with qudit input system A’, and output sys-
tem B of arbitrary dimension. When no confusion is possible, we shall discard the chan-
nel input and output systems from the notation. An EPR pair on two-qudit systems A and
A’ is the quantum state ® 44/ := |44/ (P aa|, With [P yar) 1= ﬁ Z?;ol iyaliya. Given a
quantum channel Wa:_, g, we denote by W(® 4.4/) := (14 ® W)(P 44/) the quantum state
on the AB system obtained by applying W on the A’-half of the EPR pair ® 4 4.

Definition 4 (Symmetric coherent information). Let Wy _, g be a channel with qudit input
A" and output system B of arbitrary dimension. The symmetric coherent information of WV is
defined as the coherent information of the channel for a uniformly distributed input, that is

I(W) :== —H(A|B)w, ) € [-1,1].

We further introduce the following parameter of a quantum channel, which can be
seen as the quantum counterpart of the classical Bhattacharyya parameter [7], and which
we refer to as the “Rényi-Bhattacharyya” parameter.

Definition 5 (Rényi-Bhattacharyya parameter). Let W4/_,  be a channel with qudit input A’
and output system B of arbitrary dimension. Then,

HTL (AlB)w(a
2

w .
RW) :=d aar) _ d*Hz(A\E)WC@AA,) c [é,d] 7

where W¢ denotes the complementary channel associated with VW [9], and the equality
Hl(A\B)W(q)AA/) = _H2l (A|E)yye ) follows from [10, Theorem 2].
2

(®aar

We will also need the definitions of the generalized (qudit) Pauli and Clifford groups [11,
12], and unitary 2-designs [13].

Definition 6 (Generalized Pauli Group). (a) The Pauli operators X and Z for a qudit quantum
system are defined as X = Z?;(l) G, and Z = Z?;é W |3){j|, where @ denotes the sum

27

modulo d, and w = e a .

(b) The generalized Pauli group on one qudit is defined as P} := {w*P,.5 | \,r,s =0,...,d—1},
where P, s := X" Z°.

(c) The generalized Pauli group on n qudits is defined as P} := Py @ P ® --- ® PJ.

It is easily seen that X¢ = Z¢ = [ and XZ = wZX, hence P} is indeed a group.
Applying the commutation relation X7 = wZX appropriately many times, we have that

Pr,sPt,u = WTU?StPLuPr,s- (1)

Definition 7 (Generalized Clifford Group). The Clifford group CJ} is the unitary group on n
qudits that takes P} to P} by conjugation.

Let 2 (d") be the set of unitary operators on n qudits, and W,, be a quantum chan-
nel with n-qudit input. The twirling of W, with respect to /(d") is defined as the
quantum channel that maps a n-qudit quantum state p to §UTW, (UpUT)Udn, where
U € U(d") is randomly chosen according to the Haar measure . The twirling of W,
with respect to a finite subset / < U(d") is defined as the quantum channel acting as
p = i Dweu UWa(UpUNU.

Definition 8 (Unitary 2-Design). A finite subset U — U(d") is said to form a unitary 2-design
if it satisfies the following, for all n-qudit input quantum channels W, and all n-qudit quantum

states p:
1

ol > UW,(UpUhU = JUTWn(UpUT)Udn. 2)

Ueld



3 Quantum Polarization of Qudit Channels

3.1 Main polarization results

Throughout this section W4/, p denotes a quantum channel with qudit input, and ar-
bitrary dimension output. Our quantum polarization scheme is based on the channel
combining and splitting operations depicted in the following figure.

(a) Combined channel (b) Bad channel Wé? ) (c) Good channel Wél )

Figure 1: Channel combining and splitting. (a) combined channel: a two-qudit unitary
C' is applied on the two inputs. (b) bad channel: we input a totally mixed state into the
second input. (c) good channel: we input half of an EPR pair into the first input, and the
other half becomes the output A;.

First, two instances of WV are combined, by entangling their inputs through a two-
qudit unitary C. The combined channel is then split into one bad and one good channel.

The bad channel W(CO ) is a channel from A} to B;By that acts as W( )(p)
= W2 (C(p@ )C’T) where d is the completely mixed state. The good channel

W((J) is a channel from A} to A;B; B, that acts as W(l)( ) = We? (C(@AlA/l ® p)CT),
where © 4, 4/ is an EPR pair.

The polarization construction is obtained by recursively applying the above channel
combining and splitting operations, while choosing C' randomly from some finite set of
unitaries, denoted by U < U(d?). To accommodate the random choice of C' € i, a classical
description of C' is included as part of the output of the bad and good channels. Hence,
fori = 0, 1, we define:

WO (p) = — N |eXCle W (), (3)

|Z/I| Celd

where {|C)}cey is an orthogonal basis of some auxiliary system. Applying twice the
transformation W — (W, W), we get channels W(1%2) .= (W) (i2) where (i1is) €
{00,01, 10, 11}. In general, after n levels or recursion, we obtain 2" channels:

litein) o (Wlinein0)) () (i i) € {0, 1}, @)

The quantum polarization theorem below states that the symmetric coherent informa-
tion of the synthesized channels W1 i») polarizes, meaning that it goes to either —1 or
+1 as n goes to infinity (except possibly for a vanishing fraction of channels), provided
that ¢/ is a unitary 2-design. The second theorem states that polarization also happens
when U is taken to be the generalized Clifford group on two qudits, C3, or some specific
subset of it.



Theorem 9. Let U be a unitary 2-design. For any qudit-input quantum channel W, let
{Whiain) + (i1 .. .i,) € {0,1}"} be the set of channels defined in (4), with channel combining
unitary C randomly chosen from U. Then, for any § > 0,

(i) € {0,130 T (W)Y € (<=1 + 6,1 - 8)}
v 2n =0

and furthermore,

- # (i, yin) €{0, 1" IWU)) > 1 =6} T(W) +1

n—00 2n 2

Theorem 10. (a) The generalized Clifford group on two qudits, C, is a unitary 2-design. Thus,
polarization happens when the channel combining unitary C is randomly chosen from C3.

(b) If d is prime, there exists a subset U < C3, of size |U| = d* + d* — 2, which is not a unitary
2-design, and such that polarization happens when the channel combining unitary C'is randomly
chosen from U.

We note that part (a) of Theorem 10 may be inferred from Lemmas 1, 2 and 3 in [14].
We will give an alternative and more elementary proof in Section 3.3, by generalizing the
proof from [13] to the qudit case.

3.2 Proof of Theorem 9 (quantum polarization)

To prove the polarization theorem, we essentially need three ingredients, as follows.

1. For any two-qudit unitary C, the total symmetric coherent information is preserved
under channel combining and splitting, that is, / (Wg) N1 (V\/é1 ) = 2I(W). We
omit the proof of this, as the proof given in [8, Lemma 10] for qubit-input channels
remains valid in the qudit case, with minor adjustments.

2. The symmetric coherent information I (W) approaches {—1, +1} values if and only if
the Rényi-Bhattacharyyia parameter R()V) approaches {d, 1/d} values. This follows
from Lemma 11, below.

3. Taking the good channel yields a guaranteed improvement of the average Rényi-
Bhattacharyya parameter, in the sense of Lemma 12, below.

The proof of Theorem 9 then follows by using [8, Lemma 7], similar to the proof of quan-
tum polarization for qubit-input channels in [8].

Lemma 11. Let Wy/_, g be a channel with qudit input. Then,
1. RW) <2 +6=1IW)>1-log(l+df).

2. RW)=d-d=1IW)< -1 +2\/§+ \/E\B/Sh (x/E\J/i/S)’ where h(-) denotes the binary

entropy function.
Proof. We prove first 1). For pap = W(® 44/), we have that

1 H! (AIB
~4+3=RW)=d 3 A5

> dH(A|B)p = d_I(W)
d

)



where we have used H 1 (A|B), = H(A|B), for the second inequality, which follows
2

from the monotonically decreasing property of the conditional Petz-Rényi entropy with
respect to its order [15, Theorem 7]. Hence, I(W) > 1 — log(1 + dJ).

We now turn to point 2). We have that

2

1
=maxIr | p2 02
na [pAB B]

2
/1
= dmax Tr [‘/pAB FA ®O‘B]
oB

d— 5 < ROW) < R(W)

2
1
< dmax |+/pAB 7A®UB %)
oB
1
14 2
= dmax F pAB,7®0'B (6)
oB

Using the Fuchs-van de Graaf inequalities [16], we get that there exists a o5 such that

% ||PAB - ]ITA ®op H1 < \/g . We are now in a position to use the Alicki-Fannes-Winter [17,
Lemma 2] inequality, which states that

’H(A’B)p—1|<2\/§+\/a+\/gh< \/g )

Vd Vd+ /6

This concludes the proof of the lemma. O

Lemma 12. Let Wy,_, g be a channel with qudit input. Then,

EcR (wg>) - d;i S ROW)?) < R(W),

where Ec denotes the expectation operator, C is the channel combining unitary, chosen uniformly
at random from a unitary 2-design U. Moreover, equality happens if and only if ROV) € {1/d, d}.
Proof. Let W4,_, and ()/V((J1 ) )‘;",2_> 5,5, D¢ the complementary channel associated with

Wy, p and the good channel )/V((;1 ) , respectively. The complementary of the good

Al,—A1 BBy
1,
channel acts as (W(Cl))c(p) = (W@ W) (C <21 ® p) CT> (see [8, Appendix A] for a

proof). Therefore, R(W(Cl)) = d_H%(A2|E1E2)PI where pa,E B, = (Wél))c(@AQA/Q). Note that
pEE, = W (L) @ We (4), which is independent of C. To compute the expected value of
R(W(Cl )) with respect to C, we proceed as follows.

2
7l _1 _1
Eod ™ M2A21P1P2)e — B Ty [(pE;lEQPAQElEQpEfE2> ]

1 Ly, -1\

Note that this is basically the same calculation as in [18, Equation (3.32)] (there, U is
chosen according to the Haar measure over the full unitary group, but all that is required

6



is a unitary 2-design). However, we will not make the simplifications after (3.44) and
(3.45) in [18], but will instead keep all the terms. We therefore get I[I;Cal_H2l (A2l ErB2)p —

1 LY 4 2
oty [(%)2] AT [(dl ® ®A2A5)2] = qa+gB, wherea = 5t —gpd -l h Al ).,

d* - HI(A1As|E1Es). d? o
B = ggd B _ b and wa, a,m,m, = (W@ W) (D4, 4, ® D g, ay)- Hence,

7l d d 77l
Ed—H2(A2|E1E2)p _ —H3 (A1 A9|E1 E2).
¢ d? +1 * d? +1
d
=—— (1 2

where the second equality follows from d~Hz (A1 A2| B o) R(W)? using the fact that
conditional sandwiched Rényi entropy of order 2 is additive with respect to tensor-product
states. It is easily seen that the function f(R) = ﬁ (1 + R?) is a convex function satisfy-
ing f(R) = Rfor Re {},d}and f(R) < Rfor Re (4,d). O

3.3 Proof of Theorem 10

Proof of part (a). It is shown in [13, Theorem 1] (see also [19]) that the Clifford group on
n-qubits forms a unitary 2-design for any n > 1. Here, we generalize the proof from [13]
to the qudit case, and for n = 2. We need to prove that the Clifford group C2 satisfies
the Definition 8. For this, it is sufficient to prove (2), with 4 = C3, for two-qudit input
quantum channels of the form Ws(p) := ApB (since any quantum channel is a convex
combination of quantum channels of this form).

We first consider the twirling of W, with respect to the Clifford group C3. Since the
Pauli group P? is a normal subgroup of C2, we may chose a subset C2 = C2 containing one
representative for each equivalence class in the quotient group C3/P3. Thus, any element
of CC% can be uniquely written as a product C'P, where C' € C?,and P € 733. Therfore, in
order to twirl W, with respect to C?, we may first twirl it with respect to Pg, then twirl
again the obtained channel with respect to C3.

The elements of P2 have the form w? P, s®@ P, ¢, with A, 7, 5,77, 8" = 0,...,d—1. Hence,
twirling W, with respect to P2 gives a quantum channel, denoted W, defined below

1 i :
Wé(p) = ﬁ Z (WAPT,S ®Pr’,s’) A(W)\Pns ®Pr’,s’)p(wAPr,s ®Pr’7s’) B(w)\PT,S®PT/,SI> )
A,rys,r! s’
1

= @ Z (PrT,s ® P:',s/)A (Pr,s ® PT’,S’) p(PrT,s ® P:Qs')B (Pr,s ® Pr’,s’) : )
The last equality from the above shows that it is actually enough to twirl W, with respect
to the subset P3 := {P, s ® Py |7,5,7",s' =0,...,d — 1}, obtained by omitting phase
factors. Since 733 forms an operator basis (for two-qudit operators), we may write A =
Yirsrs @, 8,7,8)Prs ® Pug,and B =3 o B(r,s,7",8") P s ® P g The following
two lemmas are proven in Appendix A and Appendix B, respectively.

Lemma 13. The quantum channel W, obtained by twirling Wy with respect to P2, is a Pauli
channel satisfying the following

Wé(ﬂ) = Z 77",5,1"’,3’ (Pr,s & P'r’,s’) P(PQ:S & P:’,s’)’ (8)
r,s,r! s’
where Yy g 1 g 1= WSt (s, 07 ) B(—r, —s, —r', —s') and —x denotes the additive inverse

of x modulo d.



Lemma 14. The quantum channel obtained by twirling W with respect to C3, is the quantum
channel W acting as

Tr(AB)
Welp) = — 1@+ B —1)

p——=1®1

d? Tr(A) Tr(B) — Tr(AB) ( 1 )
d? '

©)

Now, the quantum channel W/ from (9) is the twirling of W, with respect to C3. To
conclude that C3 is a unitary 2-design, we need to show that twirling W, with respect to
U(d?) yields the same channel, which follows from [20].

Proof of part (b). We will need the following two lemmas. The first is basically the
same as [8, Lemma 14] and the proof can be easily generalized. The second is proven in
Appendix C.

Lemma 15. Consider C,C" € C3, such that C' = C(Cy ® C5), for some Cy,C5 € Cl. Then,
C" and C" yield the same Rényi-Bhattacharya parameter for both good and bad channels, i.e.,
following equalities hold,

1) RWY) = RWY).
2) RWS) = ROWA)).
Lemma 16. If d is a prime number, |C}| = d3(d* — 1) and |C3| = d®(d* — 1)(d?® — 1).

We are now in a position to prove the part (b) of the theorem. The group C3 can be
decomposed into left cosets with respect to the subgroup C} ® C! = C2. From Lemma 15,
it follows that any two elements in the same left coset, when used as channel combiners,
yield the same Rényi-Bhattacharyya parameter for both good and bad channels. There-
fore, polarization also happens for any subset £ < C2, containing one representative

of each left coset (since E065R(W(Cl )) = Ecech(W((;l )), thus the guaranteed improve-

ment of the average Rényi-Bhattacharyya parameter, in the sense of Lemma 12, still
holds when C' is randomly chosen from £). Using Lemma 16, the number of cosets of
C2
ciecr
two of which may be chosen to be the identity (/) and the swap (S) operators. Since
R(W;l)) = R( él)) = ROW) = ECEER(W(CU), we may further remove I and S from
L, thus getting a subset £’ := £\{I, S} containing d* + d? — 2 elements, which still en-
sures polarization of qudit-input quantum channels. From [21, 22], we know that a set of
unitaries in dimension & can only form a unitary 2-design if it has at least §* — 262 + 2 ele-
ments. As we consider a two-qudit system (dimension § = d?), a unitary 2-design would
have at least d® — 2d* + 2 two-qudit unitaries, which is clearly bigger than d* + d* — 2.
Hence, the set £’ is not a unitary 2-design. This completes the poof of the part (b). O

C) ®C}in C2 is equal to = d' + d?, therefore £ contains d* + d” representatives,

One may try to further reduce the size of L', by considering the action of the swap
gate S. Indeed, it can be seen that the two equalities from Lemma 15 also hold for two
C,C'e Cd2, such that C’ = SC (see also [8, Lemma 15]). Hence, if both C' and C’ belong to
L', one of them can be removed, while still ensuring polarization. Now, multiplying by S
on the left induces a permutation on the left cosets of C Cll ®C é in Cg, which in turn induces
a permutation £’ = £'. In the qubit case (d = 2), this permutation has no fixed points,
thus the size of £’ can be reduced by half. However, in general the above permutation
may have fixed points. We provide such an example in Appendix D, where we show that
for d = 5, there exist C € C% and C, C; € C}, such that SC = C(C ® C»).



4 Quantum Polar codes on Pauli Qudit channels

In this section, we discuss the decoding of quantum polar codes on a Pauli qudit channel.
We shall assume that all channel combining unitaries are Clifford unitaries.

A Pauli qudit channel W is defined as the quantum channel that maps a qudit quan-
tum state p to Zr,s ar,sPr s pPTT, s, Where a, ¢ > 0 with Zm ar,s = 1. Similar to [8, Definition
17], we associate a classical channel with W, which is referred to as the classical counter-
part of W, and denoted by W#. The classical counterpart W# is a classical channel with
input and output alphabet P} := {P, s | r,s = 0,...,d — 1}, and transition probabilities
W#(Pm | Py) = @y, wherev = r+t(mod d) and w = s+ u (mod d). Consider now the
channel combining and splitting procedure on W, where C € C3 is used to combine the
two copies of W. Let I'¢ : 755} ® 75(} — 755 ® 755} be the permutation induced by the con-
jugate action of C. We may define a channel combining and splitting procedure on the
classical W#, using I'c to combine the two copies of W#. Similarly to [8], we may prove
(but the proof is omitted here) that the Pauli qudit channel W and its classical counter-
part W# polarize simultaneously, in the sense of [8, Proposition 20 and Corollary 21], under
their respective channel combining and splitting procedure. As a consequence, to a quan-
tum polar code on the Pauli qudit channel 1V, we may associate a classical polar code on
W#, then exploit classical polar decoding in order to decode Pauli errors, as explained
below (see also [8, Section 6]). Let P denote the unitary corresponding to a quantum
polar code of length N qudits (see also [8, Section 5]), and P# the linear map correspond-
ing to the classical polar code. To perform decoding, we first apply P' on the N-qudit
channel output, that is, the encoded quantum state corrupted by some Pauli error, say
E € (P})®N (we may omit phase factors). Hence, applying P brings it back to the orig-
inal (un-encoded) state, which is however corrupted by a Pauli error E’ € (P})®"V, such
that P#(E’) = E. We are now in position to decode E', provided that we have been
given the errors corresponding to the noisy virtual channels. We know that the inputs
to the noisy channels are halves of preshared EPR pairs. Hence, we may perform projec-
tive measurements on the preshared EPR pairs, with respect to the generalized Bell basis
{I ® P, 5|®aa)| P s € Pi}, which give us the errors, i.e., the E/ components, on the noisy
virtual channels, as desired. Finally, we may decode the classical polar code to determine
E’, and subsequently apply E'f to return the system to the original quantum state.

5 Conclusion and perspectives

The goal of this work has been to generalize the purely quantum polarization construc-
tion to higher dimensional quantum systems. We have introduced the necessary defini-
tions and worked out the proof of quantum polarization, assuming the channel combin-
ing unitary is randomized over (1) an unitary 2-design, (2) the two-qudit Clifford group,
or (3) a smaller subset of two-qudit Cliffords. Using Clifford channel combining unitaries
is important, as we showed it allows reducing the decoding problem to a classical polar
code decoding, for qudit Pauli channels. However, we note that the reliability of the clas-
sical polar code decoding also depends on the speed of polarization [1]. We believe that
fast polarization properties can also be generalized to the qudit case, although we leave
this here as an open question.
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A Proof of Lemma 13

Recall that P? = {P.,® Py | 75,7, =0,...,d— 1} is the subset of two-qudit Pauli,
without phase factors. Hence, twirling of W, with respect to P? gives

1
Wé(/’) = @ Z (P7T,s ® P:,’s,)A (Pr,s ® Pr/,s’) p(P:,S ® P:/,s/)B (Pr,s ® Pr’,s’) (10)

r,s,r!,s

Since P2 forms an operator basis, we may write

A= Z a(r,s,1',8")Prs @ P g, (11)
r,s,r’ s

B= Z B(r,s,1',8")Prs @ Po g (12)
r,s,r’ s’

Substituting A and B in the above equation, we get

Wy (p) 2% Z Z a(t,u,t’,u")B(v, w, v, W)k, (13)

U !’ / /
t,u,t’ v vaw,v i w

where x 1= Z (PJ,SPt’uPT’s) ® (P:QS/Pt’,u’PT",s’)p(P'rT,sPW,wPT,S) ® (P:,’S,Pv/7wlp7,/’s/).

(14)

From (1), we have that P, , P, s = w™ """5' P, ; P, ,,. Then, we may write
Kk =k(Piu® Py )p(Pow® Py y) (15)
with k = Ew—r(u+w)+5(v+t) Z T W W)+ (V) (16)

r,8 rs!

When u + w = v+t = 0 (mod d), we have ;. w Tt st) — g2 When either

u+v # 0 (mod d) ort+w # 0 (mod d), we have 3 wr(utw)s(vtt) — % =0.

Therefore,

(17)

_)d*, whenu+w=v+t=1u+w =0+t =0 (modd)
0, otherwise

The condition v + w = v + ¢t = 0 (mod d) implies that P, , P, = X'Z"X"Z" = w™""].
Using t = —v (mod d), we have that P, ,, = wt“P;u. Plugging « into (13), we get

Wé(p) = Z ’Vt,u,t/,u’(Pt,u ® Pt’,u’)P(PtT’u ® I);,u’)’ (18)
taut! u!
where vy 7 1= wt”H/“/a(t, u, t' u)B(—t, —u, —t', —u). (19)
Hence, W) is a qudit Pauli channel, as desired. O
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B Proof of Lemma 14

Recall that C2 < C2 is a subset containing one representative for each equivalence class in
the quotient group C2/P3. Twirling of W} with respect to C3 gives

Wyp) = Y. %utu| Z Y CN(Pru® Pruw)CpCY (P, ® P} ,)C. (20)
tyu,t’ u! CeC?

We know that the conjugate action of the entire set C2 maps any P, ® Py, # I ® I to

all d* — 1 two-qudit Paulis excluding I ® I, an equal number of times. In other words,
72

P ,®Py, #1Q1 getsmappedtoaPauli P.s®@ Py #1®1, d'f 4 |1 times. Further, I ® I

is always mapped to I ® I. Therefore, we have that

1
Wip) =r0000p+ =7 Y, (Pu®Puop(Pli® Pl ). @D
(r,s,r",8")#(0,0,0,0)
where v/ := Z Ve ut - (22)

(t7u7t,7u/)¢(0’07070)

Using the following three identities, we can easily transform (21) into the form of (9).

Tr(A)Tr(B
L. 70,000 = THATr(B) ;4 B
Tr(AB)
Z Yt w = T

! !
t,u,t’ u

3. > (Pe®Puy)p(Pl,@P) ) =dI®1I

! ol
r,8,r! s

Proof of identity 1) We have that 0,00 = «(0,0,0,0)3(0,0,0,0). Also,

Tr(Ps) =

d, whenP, =1
0, otherwise

Using (11) and (12), we get Tr(A) = «(0,0,0,0)d? and Tr(B) = £(0,0,0,0)d?. Hence,
Tr(A)Tr(B)
70,000 = ——g@ -

Proof of identity 2) We have,

Z Z a(t,u,t’,u)B(v, w, v, w)Tr( Py Pyw) Tr(Py w Py )

tau,t! u' vaw v’ w!

= Z dzwt“th/"/a(t,u,t',u/)ﬁ(—t,—u,—t’,—u/)

taut! u!
12
=d Z Vi u,t! !

! /
tu,t'u

Proof of identity 3) Let p = 3., ¢ v o Prss,s Pr,s ® P g Since p is a density matrix, we have

11



Tr
p0000 = 2 = L. Hence,
Z (PT»S ® PT’,S’)/)(PJ,S ® P:/,s/) = 2 Z pt7u7t'7u’(P7"78Pt7UP7]:s) ® (Pr’,s’Pt’,u’P:’,s/)
8,178 r,s,r'.s" taut! u!

_ —st+ru, —s't'+r'u’
= Z Pt Z w w Pt,u®Pt’,u’

tyou,t' u’ r,s,r’ s
4
= d"po,0,00l ® I
—d’I®l

We get (9) from (21) by using the above identities, while also substituting the notation 1
for the identity matrix I, as it denotes a quantum state here. O

C Proof of Lemma 16

Consider the one-qudit Clifford group C}. We count first the permutations generated by
Cion P} :={P.glr,s =0,...,d — 1}, and later we will accommodate the phase factors.
Any Clifford C € C} is uniquely determined by its conjugate action on the generators of
the Pauli group, X and Z. Suppose that C' maps X — P, ;and Z — P, , via its conjugate
action, where P, ;, P;,, # I. On the one hand, since commutation relations are preserved
under unitary conjugation, P, s and P, must satisfty P. P, , = wP; ,P.s. On the other
hand, from (1), we have that P, (P, ,, = w"" 5P, P, ;. Therefore, r,u, s,t must be such
that ru — st = 1 (mod d). We fix r, s and solve for ¢, u. Since P, , # I, it follows that
either r or s is non-zero. Without loss of generality, we may assume that » # 0. Since
d is a prime number, r is invertible under multiplication modulo d. Therefore, for any
t € {0,...,d — 1}, there exists a unique u := r~1(1 + st) (mod d), satisfying ru — st = 1.
Hence, there are exactly d choices for the ¢,u pair. Since we have d?> — 1 choices for
the r, s pair, it follows that there are d(d®> — 1) pairs of Paulis, P, s and P;,, such that
PP, = wP;,P.s. Taking into account the phase factors, wh e {0,...,d — 1}, it
follows that C} has d3(d* — 1) elements.

We now count the number of elements in C3. The two-qudit Pauli group P3 is gen-
erated by a set of four Paulis I ® X,/ ® Z,X ® I and Z ® I, and any Clifford C € C3
is uniquely determined by its conjugate action on these four generators. The commuta-
tion relations between the four generators are illustrated in Fig. 2. Consider a mapping

I®X X®I

I1®7Z Z®I1

Figure 2: Connected Paulis satisfy AB = wBA, with A is the Pauli on the top row, and B
the Pauli on the bottom row. Paulis that are not connected commute.

I®X—»AIQZ—B XQI— A,Z®I— B, where A, B, A', B € P3, that preserves
all the commutation relations between generators. Pauli / ® X can be mapped to any
two-qudit Pauli A # I ® I, so there are d* — 1 choices for A. It is not very difficult to see
that for any A # I ® I there are d3 choices for B such that AB = wBA. Further, there are
d(d* — 1) pairs of two-qudit Paulis A’ and B’, which commute with both A and B, and
satisfy A’B’ = wB'A’. Therefore, we have d*(d* — 1)(d* — 1) possible permutations on
P2, which satisfy all the commutation relations. Taking into account the phase factors, it
follows that C2 has d®(d* — 1)(d® — 1) elements. O
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D Example of left coset fixed by the swap gate

We consider d = 5. Let C; = I be the identity, and C} € C} be such that it maps X — X*
and Z — Z*, via conjugation. Since X474 = wZ*X*, C} is indeed a one-qudit Clifford.
We define Cy, = C5X?Z2. Further, let C € C3, such that its conjugate action generates the
following permutation on the generators of 733,

IQX — X*Z® X274,
IQZ—XZQX*Z,
XQI—X'Z®X*Z,
Z@Il—XZ®XZ.

Using (1), it is easily seen that the above permutation preserves all the commutation
relations between the generators. Now, the conjugate actions of SC and C(C; ® Cs)
generate the same permutation on P3. Therefore, SC = C(C; ® Cs).
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