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Abstract

We study the arbitrarily varying relay channel, and establish the cutset bound and partial decode-forward bound on the random
code capacity. We further determine the random code capacity for special cases. Then, we consider conditions under which the
deterministic code capacity is determined as well.
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I. INTRODUCTION

The relay channel was first introduced by van der Meulen [13] to describe point to point communication with the help of a
relay, which receives a noisy version of the transmitter signal and transmits a signal of its own to the destination receiver, in
a strictly causal manner. The capacity of the relay channel is not known in general, however, Cover and El Gamal established
the cutset upper bound, the decode-forward lower bound, and the partial decode-forward lower bound [6]. It was also shown
in [6] that for the reversely degraded relay channel, direct transmission is capacity achieving. For the degraded relay channel,
the decode-forward bound and the cutset bound coincide, thus characterizing the capacity for this model [6]. In general, the
partial decode-forward lower bound is tighter than both direct transmission and decode-forward lower bounds. El Gamal and
Zahedi [11] determined the capacity of the relay channel with orthogonal sender components, by showing that the partial
decode-forward bound and cutset bound coincide.

In practice, the channel statistics are not necessarily known in exact, and they may even change over time. The arbitrarily
varying channel (AVC) is an appropriate model to describe such a situation [4]. Considering the AVC without a relay, Blackwell
et al. determined the random code capacity [4], i.e. the capacity achieved by stochastic-encoder stochastic-decoder coding
schemes with common randomness. It was also demonstrated in [4] that the random code capacity is not necessarily achievable
using deterministic codes. A well-known result by Ahlswede [1] is the dichotomy property presented by the AVC. Specifically,
the deterministic code capacity either equals the random code capacity or else, it is zero. Subsequently, Ericson [10] and
Csiszdr and Narayan [8] established a simple single-letter condition, namely non-symmetrizability, which is both necessary
and sufficient for the capacity to be positive.

In this work, we study the arbitrarily varying relay channel (AVRC), which combines the previous models, i.e. the relay
channel and the AVC. In the analysis, we incorporate the block Markov coding schemes of [6] in Ahlswede’s Robustification
and Elimination Techniques [1, 2]. We establish the cutset upper bound and the full/partial decode-forward lower bound on
the random code capacity of the AVRC. We determine the random code capacity for special cases of the degraded AVRC,
the reversely degraded AVRC, and the AVRC with orthogonal sender components. Then, we give extended symmetrizability
conditions under which the deterministic code capacity coincides with the random code capacity. We show by example that the
deterministic code capacity can be strictly lower than the random code capacity of the AVRC. We also give generalized sym-
metrizability conditions under which the deterministic code capacity coincides with the random code capacity, and conditions
under which it is zero.

II. DEFINITIONS

A. Notation

We use the following notation conventions throughout. Calligraphic letters X', S, ), ... are used for finite sets. Lowercase
letters x,s,y, ... stand for constants and values of random variables, and uppercase letters X,S,Y, ... stand for random
variables. The distribution of a random variable X is specified by a probability mass function (pmf) Px(x) = p(z) over a
finite set X. The set of all pmfs over X is denoted by P(X). We use 27 = (x1,z2,...,x;) to denote a sequence of letters
from X. A random sequence X" and its distribution Pxn(2™) = p(z™) are defined accordingly. For a pair of integers 7 and
j, 1 < i < j, we define the discrete interval [i : j] = {i,4+ 1,...,j}. The notation x = (x1,Z2,...,%,) is used when it is

understood from the context that the length of the sequence is n, and the ¢?-norm of x is denoted by ||x||.

This work was supported by the Israel Science Foundation (grant No. 1285/16).


http://arxiv.org/abs/1801.01859v3

B. Channel Description

A state-dependent discrete memoryless relay channel (X, X, S, Wy y, 1X,X1,55 Vs V1) consists of five sets, X, X1, S, Y and
Y1, and a collection of conditional pmfs Wy y,|x,x, s- The sets stand for the input alphabet, the relay transmission alphabet,
the state alphabet, the output alphabet, and the relay input alphabet, respectively. The alphabets are assumed to be finite, unless
explicitly said otherwise. The channel is memoryless without feedback, and therefore

n
Wyn ynixn xps0 (Y™, y1' 12", 27, s") = H Wy vy 1x,x1,8 Wi> Y1, i, 1.4, 8i) - (1)
i=1
Communication over a relay channel is depicted in Figure 1. Following [14], a relay channel Wy y, | x x, s is called degraded
if the channel can be expressed as

Wy v 1x,x0,8 (W, yilz, w1, 8) = Wy, 1x,x,,s (1|2, 21, 8)p(ylys, 1, 5) ()

and it is called reversely degraded if

Wy vi1x,x1,5 (Y yil@, 21, 8) = Wy | x x,,5(yl@, 21, 8)p(y1]y, 71, 8) - (3)

The arbitrarily varying relay channel (AVRC) is a discrete memoryless relay channel (X, X1, S, Wy y, 1X,X1,55 Vs Vp) with
a state sequence of unknown distribution, not necessarily independent nor stationary. That is, S™ ~ ¢(s™) with an unknown
joint pmf ¢(s™) over S™. In particular, ¢(s™) can give mass 1 to some state sequence s”. We use the shorthand notation
L= {Wy7y1| x.x,.s} for the AVRC, where the alphabets are understood from the context.

To analyze the AVRC, we consider the compound relay channel. Different models of compound relay channels have been
considered in the literature [15, 3]. Here, we define the compound relay channel as a discrete memoryless relay channel
(X, 21,8, Wy v, x,x,,5, Y, V1) with a discrete memoryless state, where the state distribution g(s) is not known in exact, but
rather belongs to a family of distributions Q, with @ C P(S). That is, S™ ~ [\, ¢(s;), with an unknown pmf ¢ € Q over
S. We use the shorthand notation £2 for the compound relay channel, where the transition probability Wy vi1x,x,,s and the
alphabets are understood from the context.

In the analysis, we also use the following model. Suppose that the user transmits B > 0 blocks of length n, and the jammer
is entitled to use a different state distribution g(s) € Q for every block b € [1 : B], while the encoder, relay and receiver
are aware of this jamming scheme. In other words, every block is governed by a different memoryless state. We refer to this
channel as the block-compound relay channel, denoted by £2*B. Although this is a toy model, it is a useful tool for the
analysis of the AVRC.
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Fig. 1. Communication over the AVRC £ = {Wyy,|x x,,5}- Given a message M, the encoder transmits X™ = f(M). At time i € [1 : n], the relay
transmits Xy ; based on all the symbols of the past Yl’”1 and then receives a new symbol Y7 ;. The decoder receives the output sequence Y™ and finds an
estimate of the message M = g(Y™).

C. Coding

We introduce some preliminary definitions, starting with the definitions of a deterministic code and a random code for the
AVRC L. Note that in general, the term ‘code’, unless mentioned otherwise, refers to a deterministic code.

Definition 1 (A code, an achievable rate and capacity). A (2", n) code for the AVRC L consists of the following; a message
set [1: 2"%], where it is assumed throughout that 2% is an integer, an encoder f : [1 : 2"f] — X", a sequence of n relaying
functions fi; : y}*l — X4, i € [1:n], and a decoding function g : Y™ — [1 : 2"%].

Given a message m € [1 : 2"%], the encoder transmits 2™ = f(m). At time i € [1 : n], the relay transmits z; ; = f1;(yi ")

and then receives yi ;. The relay codeword is given by 27 = fI'(y}) = ( fl,i(yll'*l))?zl. The decoder receives the output



sequence y™ and finds an estimate of the message m = g(y™) (see Figure 1). We denote the code by € = (f(-), f7*(*), 9(*)).
Define the conditional probability of error of the code € given a state sequence s™ € S™ by

onft n
Pe(\?n 2nR > > TTWvvaixx,.s oyl fa(m), fra(yi),s0)| - “
m=1(y",y7): g(y™)#m Li=1
Now, define the average probability of error of % for some distribution ¢(s™) € P(S™),
P (g, €)= Y q(s")- P{0.(%). )
S’Vl GS’VL
Observe that Pe(n)(q, %) is linear in g, and thus continuous. We say that €’ is a (2", n,¢) code for the AVRC L if it further
satisfies
P (q,€) <e, forall ¢(s”) € P(S"). (6)

A rate R is called achievable if for every e > 0 and sufficiently large n, there exists a (2"% n,¢) code. The operational
capacity is defined as the supremum of the achievable rates and it is denoted by C(L). We use the term ‘capacity’ referring to
this operational meaning, and in some places we call it the deterministic code capacity in order to emphasize that achievability
is measured with respect to deterministic codes.

We proceed now to define the parallel quantities when using stochastic-encoders stochastic-decoder triplets with common
randomness. The codes formed by these triplets are referred to as random codes.

Definition 2 (Random code). A (2" n) random code for the AVRC L consists of a collection of (2", n) codes {€, =
(fy, f1'4, 9v) }rer, along with a probability distribution 4i(7y) over the code collection I'. We denote such a code by ¢l =
(11, T, {% }yer). Analogously to the deterministic case, a (2%, n,¢) random code has the additional requirement

P (g, ") =Y u(y)PM(q,6,) < e, for all ¢(s") € P(S™). 7
yel

The capacity achieved by random codes is denoted by CX£), and it is referred to as the random code capacity.

III. MAIN RESULTS — GENERAL AVRC

We present our results on the compound relay channel and the AVRC.

A. The Compound Relay Channel

We establish the cutset upper bound and the partial decode-forward lower bound for the compound relay channel. Consider
a given compound relay channel £<. Let

Res(L9) £ 125 {nax)mln{l (X, XY, L(X; Y, VX)), 8)
plz,T1

and
Rpr(£2) 2 max min{ inf I,(U, X1;Y) + inf I,(X;Y|Xy,U),
p(u,z,71) q€Q q€eQ

inf I,(U: 1| X1) + inf 1, X;YX,U}, 9
Jnf (U3 Y1 1)+qlgg q( |X1,U) )

where the subscripts ‘C'S” and ‘DF” stand for ‘cutset’ and ‘decode-forward’, respectively.

Lemma 1. The capacity of the compound relay channel £ is bounded by
C(£9) = Rpr(£9), (10)
CXL2) < Res(£9). (1n

Specifically, if R < Rpp(L£2), then there exists a (2% n,e~") block Markov code over £ for sufficiently large n and
some a > 0.

The proof of Lemma 1 is given in Appendix A. Observe that taking U = () in (9) gives the direct transmission lower bound,
C(L2) >Rpp(£2) > max inf I,(X;Y]X;). (12)
p(z,x1) g€EQ
Taking U = X in (9) results in a full decode-forward lower bound,

C(L2) >Rpp(£2) > max inf min {I,(X, X1;Y), I,(X;Y1]X1)} . (13)

p(z,x1) €L



This yields the following corollary.
Corollary 2. Let L2 be a compound relay channel, where Q is a compact convex set.
1) If Wy vy, x,x,,s 1s reversely degraded, such that

Wy v 1x,x1,s W yilz, 21, 8) = Wy x x, (yl2, 21) Wy, v, x, s (W1]y, 21, 5) (14)
then
C(L2) = Rpr(L2) = Res(£2) = min max I,(X;Y|X1). (15)
q€Q p(z,z1)

2) If Wy vy, x,x,,s is degraded, such that

Wy, v 1x,x1,58 W y1 |z, 21, 8) = Wy, x x, (1|2, 20) Wy vy x,,s (WY1, 21, 8) (16)
then
C(L2) = Rpr(L2) =Res(L9) = max, min {néngl]q(x, X1;Y), I(X;Y1|X1)} . (17)
plz,r1 q

The proof of Corollary 2 is given in Appendix B. Part 1 follows from the direct transmission and cutset bounds, (12) and
(8), respectively, while part 2 is based on the full decode-forward and cutset bounds, (13) and (8), respectively. The following
corollary is a direct consequence of Lemma 1 and it is significant for the random code analysis of the AVRC.

Corollary 3. The capacity of the block-compound relay channel £L2*Z is bounded by
C(£L2P) > Rpp(L2), (18)
C* (£2%P) < Res(£9). (19)
Specifically, if R < Rpr(L£2), then there exists a (2", n, e~%") block Markov code over L<*5 for sufficiently large n and

some a > 0.

The proof of Corollary 3 is given in Appendix C.

B. The AVRC

We give lower and upper bounds, on the random code capacity and the deterministic code capacity, for the AVRC L.
1) Random Code Lower and Upper Bounds: Define

Rbr(£) £ Rpr(£9) , R&s(£) £ Res(£9) : (20)
Q=P(S) Q=P(S)
Theorem 4. The random code capacity of an AVRC L is bounded by
Rbr(£) < CHL) < REs(L). @D

The proof of Theorem 4 is given in Appendix D. Together with Corollary 2, this yields another corollary.
Corollary 5. Let L be an AVRC.
1) If WY,Yl\X,Xl.,S is reversely degraded, such that Wy_’y1|X_’X175 = WY|X,X1 Wy1|y7X175, then
CHL) =RLp(L) = REg(L) = II%lI)l I(nax) I(X;Y|X4). (22)
q(s) p(T,T1

2) If WY,Yl\X,Xl,S is degraded, such that WY;Y1|X;X17S = WY1|X;X1 WY|Y1;X1;S’ then

CHL) =RLHp(L) = REg(L) = r(nax) min {II%iI)qu(X, X1;Y), I(X;Y1|X1)} . (23)

plx,T1 q(s

Before we proceed to the deterministic code capacity, we note that Ahlswede’s Elimination Technique [1] can be applied to
the AVRC as well. Hence, the size of the code collection of any reliable random code can be reduced to polynomial size.



2) Deterministic Code Lower and Upper Bounds: In the next statements, we characterize the deterministic code capacity of
the AVRC L. We consider conditions under which the deterministic code capacity coincides with the random code capacity,
and conditions under which it is lower. For every x1 € X7, let Wi (z1) and W(z1) denote the marginal AVCs from the sender
to the relay and from the sender to the destination receiver, respectively,

Wi(21) = {Wyy 1 x,x.,sCl 21,) ), W) = {Wyx x,,sCl21,0) ) (24)

Lemma 6. If the marginal sender-relay and sender-reciever AVCs have positive capacities, i.e. COV; (x1,1)) > 0 and CONV(z1,2))
> 0, for some z1 1,21 2 € X1, then the capacity of the AVRC L coincides with the random code capacity, i.e. C(L£) = CHL).

The proof of Lemma 6 is given in Appendix E. Next, we give a computable sufficient condition, under which the deterministic
code capacity coincides with the random code capacity. For the point to point AVC, this occurs if and only if the channel is
non-symmetrizable [10][8, Definition 2]. Our condition here is given in terms of an extended definition of symmetrizability,
akin to [12, Definition 9].

Definition 3. A state-dependent relay channel Wy y, | x x, s is said to be symmetrizable-X | Xy if for some conditional distri-
bution J(s|x),

Z Wy yiix,x1,8(Y, y1 |z, 1, 8)J (s|2) = Z Wy vy x,x1,8(Y, 412, 21, 8) I (s2)
s€S seS

Ve, 2eX, mmeX,yed,yp €. (25

Equivalently, for every given 1 € &1, the DMC Wy x x, s(-|,#1,-) is symmetrizable, where Y = (Y, Y)).
A similar definition applies to the marginals Wy | x x, s and Wy, x x,,s-

Corollary 7. Let £ be an AVRC.

1) If Wy |x,x,,s and Wy, |x,x, s are non-symmetrizable-X'| X1, then C(£) = CXL). In this case,

Rbr(L) < C(L) < REs(L). (26)

2) It Wy y,|x,x,,s is reversely degraded, such that Wy vy, |x x,,5 = Wy |x,x, Wy, |v,x,,5, where Wy, | x x, s is non-
symmetrizable-X |X; and Wy |x x, (y|z, 1) # Wy x x, (y|Z,21) for some z,% € X, z1 € A} and y € ), then
C(£) = CUL) = Rpp(£) = REs (L) = min max [,(X;Y1X). 27)
q(s) p(z,x1
3) If WY,Yl\X,Xl.,S is degraded, such that Wy_’y1|X_’X175 = WY1|X,X1 Wy|y1_’X1_’5, where WY\X,XI,S is non-
symmetrizable-X |} and Wy, | x, x, (y1]®, 21) # Wy, |x,x, (¥1|%, 21) for some z,& € &, x; € &1 and y; € Vi, then

C(L) =CXL) =Rpp(L) =REg(L) = r(nax)min {H%iI)qu(X, X1;Y), I(X;Y1|X1)} : (28)
p(z,z1 a(s

The proof of Corollary 7 is given in Appendix F. Note that there are 4 symmetrizability cases in terms of the sender-relay
channel Wy, | x x,,s and the sender-receiver channel Wy |x x, s. For the case where Wy, | x x, s and Wy |x x, s are both non-
symmetrizable-X | X}, the lemma above asserts that the capacity coincides with the random code capacity. In other cases, one
may expect the capacity to be lower than the random code capacity. For instance, if Wy |x x, g is non-symmetrizable-X'| Xy,
while Wy, |x x,,s is symmetrizable-X'| X}, then the capacity is positive by direct transmission. Furthermore, in this case, if
the channel is reversely degraded, then the capacity coincides with the random code capacity. However, it remains in question
whether this is true in general, when the channel is not reveresly degraded.

Next, we consider conditions under which the capacity is zero. Observe that if Wy y,|x x, s i symmetrizable-A’ | X1 then
so are Wy |x x,,5 and Wy, |x x,,s. Intuitively, this means that the AVRC is a poor channel as well. For example, say Y; =
X+Xi1+SandY = X - X, -5, then the jammer can confuse the decoder by taking the state sequence to be some codeword.
The following lemma validates this intuition.

Lemma 8. If the AVRC L is symmetrizable-X'|X;, then it has zero capacity, i.e. C(L£) = 0.

Lemma 8 is proved in Appendix G. If the AVRC is degraded then, we have a simpler symmetrizability condition under
which the capacity is zero.

Definition 4. Let Wy v, x x,,5 = Wy, 1x,x: Wy |vi,x,,5 be a degraded relay channel. We say that Wy y, |x, x, 5 is symmetriz-
able-X; x Y if for some conditional distribution J(s|x1,y1),

> WypyixsWlyn 2, 8)J(sl3,51) = > Wy v, x,,s (Wld, 21, 8)J (s|21, 1)
seS seS

Vi, z1€X1,ye€Y, y,h €Vi. (29

Equivalently, the DMC Wy |y, g is symmetrizable, where Y = (Y1, Xy).



Lemma 9. If the AVRC L is degraded and symmetrizable-X; x Yy, then it has zero capacity, i.e. C(L£) = 0.
Lemma 9 is proved in Appendix H. An example is given below.

Example 1. Consider a state-dependent relay channel Wy y, | x x,, s, specified by

Vi=X+2Z mod?2,
Y =X; + 8,

where ¥ =) = Z=8=Y; ={0,1} and Y = {0, 1, 2}, and the additive noise is distributed according to Z ~ Bernoulli(¢),
0 < 6 < 1. It is readily seen that Wy7y1‘ X,X;,5 1s degraded and symmetrizable-X1 x )1, by (2) and (29). In particular, (29)
is satisfied with J(s|z1,y1) = 1 for s = 21, and J(s|z1,y1) = 0 otherwise. Hence, by Lemma 9, the capacity is C(£) = 0.
On the other hand, we show that the random code capacity is given by CH£) = min {%, 1-—- h(6‘)}, using Corollary 5. The
derivation is given in Appendix I.

C. AVRC with Orthogonal Sender Components

Consider the special case of a relay channel Wy y,|x, x,,s with orthogonal sender components [11] [9, Section 16.6.2],
where X = (X', X") and

Wy viixxmxi,sWyle’, 2" w1, 8) = Wy xo x, s(yla’, 1, 8) - Wy xo x, s (112”21, 8) (30)

Here, we address the case where the channel output depends on the state only through the relay, i.e. Wy x/ x,, slylr’,z1,8) =
Wy x: x, (ylo', z1).

Lemma 10. Let £ = {Wy| x50 Wy xn,x,, s} be an AVRC with orthogonal sender components. The random code capacity
of L is given by

CHL) = REp(L) =REg(L) = max min{I(X’,Xl;Y), mian(X”;Y1|X1)+I(X';Y|X1)}. (€28
p(z1)p(a’|z1)p(z”|21) q(s)
If Wy, |x» x,,s is non-symmetrizable-X"'| X, and Wy x/ x, (|2, 71) # Wy |x+ x, (y|Z', z1) for some z; € &y, o', 7" € &7,
y € Y, then the deterministic code capacity is given by C(L£) = R}, (L) = REg(£).
The proof of Lemma 10 is given in Appendix J. To prove Lemma 10, we apply the methods of [11] to our results. Specifically,
we use the partial decode-forward lower bound in Theorem 4, taking U = X" (see (9) and (20)).

APPENDIX A
PROOF OF LEMMA 1

A. Partial Decode-Forward Lower Bound

We construct a block Markov code, where the backward decoder uses joint typicality with respect to a state type, which is
“close” to some g € Q. Let 6 > 0 be arbitrarily small. Define a set of state types Q,, by

Q, = {Pyn : s" € A%(q) for some g Q}, (32)

where
A O

6 = 2—|S| . (33)

Namely, Q,, is the set of types that are §;-close to some state distribution ¢(s) in Q. A code % for the compound relay channel
is constructed as follows.

The encoders use B blocks, each consists of n channel uses to convey (B — 1) independent messages to the receiver.
Furthermore, each message M, for b € [1 : B — 1], is divided into two independent messages. That is, M, = (M}, M}’),
where M; and M| are uniformly distributed, i.e.

Mj ~ Unif[1 : 2"%], M} ~ Unif[1 : 2"%"], with R’ + R’ = R, (34)

for b € [1 : B — 1]. For convenience of notation, set M} = M} = 1 and M}/ = M}, = 1. The average rate 25! - R is
arbitrarily close to R.
Codebook Generation: Fix the distribution Py x x, (u,z, 1), and let

Py yyviv.x, (@ ¥, y1lu, 21) = Pxjo,x, (z|u, 21) ZQ(S)WY,Yl\X,Xl,S(ya yilz, @1, s). (35
sES



Block 1 2 o B-1 B
Encoder z(my,m{[1) af(my,mylmy) - (mp_,mp Imp ,) 2B, 1mp )
Relay Decoder my — mh — - mp_, 0

Relay Encoder a:’f_rl(l) ;1;7112(7%’1) . x?7B_l(m39_2) I?,B(m/B—l)
Output 0 m} . — iy, — il

Fig. 2. Partial decode-forward coding scheme. The block index b € [1 : B] is indicated at the top. In the following rows, we have the corresponding elements:
(1) sequences transmitted by the encoder; (2) estimated messages at the relay; (3) sequences transmitted by the relay; (4) estimated messages at the destination
decoder. The arrows in the second row indicate that the relay encodes forwards with respect to the block index, while the arrows in the fourth row indicate
that the receiver decodes backwards.

We construct B independent codebooks. For b € [2 : B — 1], generate on R independent sequences ', (mj_;), my_, € [1:
Q"Rl], at random, each according to []" ; Px, (z1,;). Then, generate on ki sequences,

n

ug (mp|my 1) ~ [ [ Poix, (wilwrpi(mi_y)), mi, € [1: 27, (36)
i=1
conditionally independent given 7, (m;,_,). Then, for every mj, € [1 : 2R generate 2" sequences,

n

wp (mymylmi, ) ~ T Pxjoe, (@ilusi(mymi,_y ), e1p.i(mi, ), mi) € [1: 27777, 37)
i=1

conditionally independent given (ujy (my|mj_,), 7, (mj,_,)). We have thus generated B — 2 independent codebooks,
]:b = { (I?,b(mg)—l)au?(m“mg—l)vx?(mg)vm“mg)—l)) : mgy—lvmgy € [1 : 2an] ’ mg € [1 : 2nR”]}7 (38)

for b € [2: B—1]. The codebooks F; and Fp are generated in the same manner, with fixed m{, = m’z = 1 and mj = m%, = 1.
Encoding and decoding is illustrated in Figure 2.
Encoding: To send the message sequence (m},m{,...,mz_;,m5_,), transmit 3} (mj, mj |mj_, ) at block b, for b € [1 : BJ.
Relay Encoding: In block 1, the relay transmits 7 ; (1). Set mg = 1. At the end of block b € [1 : B — 1], the relay receives
Y1y, and finds some 7, € [1 : 277 such that

(wy (g g,y ), (1), y1y) € AP (Pux, P, x, ) » for some g € Q. (39)

If there is none or there is more than one such, set 77, = 1. In block b + 1, the relay transmits z7;,, , (172;,).
Backward Decoding: Once all blocks (yj)2_, are received, decoding is performed backwards. Set /iy = 7/, = 1. For
b=B-1,B—2,...,1, find a unique 71} € [1 : 2"%] such that

(wpry 1 (g [1), 28 g (04), Wi y) € A°(Py x, P5|U7X1) , for some ¢ € Q,, . (40)
If there is none, or more than one such 7y € [1: 2”R,], declare an error.
Then, the decoder uses M, ...,7m’z_, as follows. For b= B —1,B —2,...,1, find a unique 7} € [1: 2"3”] such that
(u?(ﬁl“ﬁlg_l), x?(mg)v m“mg)—l)v Il,b(m;)—l)v yl?) € AJ(Pny-,Xl qu/‘)gxl) , for some g € Qn . (41)

If there is none, or more than one such 7} € [1 : 2"R”], declare an error. We note that using the set of types Q,, instead of
the original set of state distributions Q alleviates the analysis, since Q is not necessarily finite nor countable.

Analysis of Probability of Error: Assume without loss of generality that the user sent (M}, M]') = (1,1), and let ¢*(s) € Q
denote the actual state distribution chosen by the jammer. The error event is bounded by the union of the events

E1(b) ={Mj # 1}, Ex(b) = {M} # 1}, E3(b) = {My #1}, forbe [1: B—1]. (42)



Then, the probability of error is bounded by
B—1 B—1 B—1
P (q,€) <y Pr(&i(b)) + Y Pr(&b) | E(B) + Y Pr(&(b) | E(B) NESB) NES(b - 1)), 43)
b=1 b=1 b=1
with £,(0) = (), where the conditioning on (M, M};’) = (1, 1) is omitted for convenience of notation.
We begin with the probability of erroneous relaying, Pr (€1 (b)). Define
Ev1(b) ={ (U5 (1My_1), X7y (M;_),YT) & A°(Pux, Py x,) forall ¢ € Q)
E12(b) ={(UF (mp|My_ ), X7y (My_1), Y7) € A°(Pux, P, 7.x,) » for some my, # 1, ¢’ € O} . (44)
For b € [1: B — 1], the relay error event is bounded as

E1(b) CEL(b — 1) U &1 (b) U Era(b)

=& (-1 U (& (b—1)NEL1(b) U (E(b—1)°NE2(b)) , (45)
with £1(0) = (0. Thus, by the union of events bound,
Pr (51 (b)) < Pr (51 (b — 1)) + Pr (5171(17) | &1 (b — 1)0) + Pr (5172(1)) | &1 (b — 1)0) . 46)

Consider the second term on the RHS of (46). We now claim that given that £ (b — 1)¢ occurred, i.e. ]T/[/é_l = 1, the event
£1,1(b) implies that (Up(1]1), X7, (1),Y7",) ¢ A5/2(PU7X1P}‘11‘U7X1) for all ¢" € Q.//This claim is due to the following.
Assume to the contrary that £,1(b) holds, but (U (1|1), X7, (1), Y%) € A2 (Py x, Plgl\le) for some ¢” € Q. Then, for a
sufficiently large n, there exists a type ¢'(s) such that

Id'(s) — ¢"(s)] < 01, (47)
for all s € S, and by the definition in (32), ¢’ € Qn Then, (47) implies that

P, (s 1) = P (s )| < |S] -6y = g (48)
for all w € U, x1 € X1 and y1 € Y1 (see (35) and (33)). Hence, (U'(1]1), XT',(1),Y]") € A‘S(PU7X1P51|U7X1), which
contradicts the first assumption. It follows that

Pr(E11(b) | &(b— 1)) <Pr (U7 (11, X15(1), i) & AV (P, Pl x,) for all ¢ € Q| &(b—1)°)
<Pr (U7 (1), X291, Y74) ¢ AV (Pux, P ) | E10 = 1)°) . (49)

Since the codebooks F71, . .., Fp are independent, the sequence (U;'(1|1), X7 (1)) from the codebook Fy, is independent of the

relay estimate M,_1, which is a function of Y",_, and the codebook F3_1. Thus, the RHS of (49) tends to zero exponentially
as n — oo by the law of large numbers and Chernoff’s bound.

We move to the third term in the RHS of (46). By the union of events bound, the fact that the number of type classes in
S™ is bounded by (n + 1)|S | and the independence of the codebooks, we have that

Pr(€12(0) | £1(b— 1)°) < (n+1)!S]. sup Pr ((Ugl(mul),X{fb(l),Y{}b) € A‘S(PU,XIPQ‘U)XJ for some my, # 1)
7'€Qn

<(n+1D)ISH2"R L sup Z Pyn xp(u", ) - Z P{{n\x{b (w'lat) | (50)

q/GQ n pn ’
no[u™,xy Yy ("TL*z?*y?)GAS(PU’Xngl\U,Xl)

where the last line follows since Uy'(my|1) is conditionally independent of YY", given X7, (1), for every mj # 1. Let yf'
satisfy (u”, a7, y}) € A°(Py.x, P 1 x,)- Then, (a7, y}') € A%(P§, 1) with 65 2 |U| - 5. By Lemmas 2.6 and 2.7 in [7],

—"(H(ﬁ’rx{l,y?)"‘D(Px?,y{l||Pg(*1,y1)) < Q*HH(pz;l,y{L) < Q*H(Hq/ (X1,Y1)—e1(9))

)

Py yp (@t y1) =2

hence,
P}%1"|Xf (yﬁx?
where €1(9),e2(8) — 0 as § — 0. Therefore, by (50)—(51), along with [7, Lemma 2.13],

Pr (& 2(b) | E1(b—1)°) < (n+ 1)|S\ - sup 9—nlly (UsY1]X1)—R' —e3(9)] , (52)
q€Q

) < 27n(Hq/(Y1‘X1)*52(6)) , (51)



with e3(6) — 0 as & — 0. Using induction, we have by (46) that Pr (£;(b)) tends to zero exponentially as n — oo, for

b e [l:B—1], provided that R’ < infyecg Iy (U; Y1]|X1) — e3(9).
As for the erroneous decoding of M; at the receiver, observe that given &1 (b)®, the relay sends X', (1) in block b+ 1, hence
(Ut (1), X1 (1, 1[1), X140 (1)) ~ Pux x, (u, @, 21) - (53)

At the destination receiver, decoding is performed backwards, hence the error events have a different form compared to those
of the relay (cf. (44) and the events below). Define the events,

E21(0) ={(U (V1 [1), X1y 1 (1), Vi) € A°(Pux, Py x,) forall ¢’ € Q)
E2,2(D) :{(Ul:l+1(Ml;+1|mg)aXﬁbﬂ(mg)aymﬂ) € Aé(PU;XI P{éw,xl)a for some m;; #1,¢ € Qn} (54)
For b € [1 : B — 1], the error event E;(b) is bounded by
Ea(b) C&(b+ 1)U & 1(b) U E22(b)
=E(b+1) U (E2(b+ 1) N E21(b)) U (E2(b+1)°NE2(b)) (55)
with &(B) = (. Thus,
Pr(&(b) [ £1(0)°) <Pr(&2(0+1) [ £1(b)°) + Pr(E2,1() | E1(b)%, E2(b + 1)) + Pr(E2,2(b) | £1(b)°, E2(b+1)°) . (56)
By similar arguments to those used above, we have that
Pr(E21(8) | £1(0)%, E2(b+ 1)) < Pr (U1 (1), Xps (1), Y1) & A7 (P, Pl ) | E40)°) . (5D

which tends to zero exponentially as n — oo, due to (53), and by the law of large numbers and Chernoff’s bound. Then, by
similar arguments to those used for the bound on Pr (&7 2(b) | £1(b — 1)¢), the third term on the RHS of (56) tends to zero
as n — oo, provided that R’ < infyco I, (U, X1;Y) — €4(), where £4(§) — 0 as § — 0. Using induction, we have by (56)
that the second term on the RHS of (43) tends to zero exponentially as n — oo, for b € [1: B — 1].

Moving to the error event for M,’, define

Es,1(b) ={ (U (M| M), X3 (M, 1M _y), Xao(My_1), V") & A’ (Pux,x, P x y,) s forall ¢’ € O}
Es,2(b) ={ (U} (M| M), X3 (M, miy | My 1), X1 p(M; 1), Yy") € A°(Pu,x,x, Py x,) » for some my #1, ¢’ € Qn}.

(58)
Given &2(b)¢ N Ey(b — 1)¢, we have that ]\7[1; =1 and ]\7[1;_1 = 1. Then, by similar arguments to those used above,
Pr(&3(b) | £1(b)° N&2(b)° N E(b—1)°)
<Pr(&1(b) | E1(0)° NE(DL) N E(b—1)°) +Pr(E2(b) | £1(b)° NE2(b)° N E(b—1)°)
<em ™" (n41)1% sup 21 Pr ((U€<1|1>,X5‘<1, my|1), X1,5(1),Y7") € A(Pux x, Py x,) | & (b)C)
<e %" 4 (n+ 1)‘3| - sup 2j"[lq/(X?YIU’Xl)_R”_S"’(‘S)] (59)
q'€Q

where ap > 0 and €5(d) — 0 as § — 0. The second inequality holds by (53) along with the law of large numbers and
Chernoff’s bound, and the last inequality holds as X}*(1,m}/|1) is conditionally independent of Y, given (U}*(1]1), X7*,(1))
for every mj # 1. Thus, the third term on the RHS of (43) tends to zero exponentially as n — oo, provided that R" <
infyeo Iy (X;Y|U, X1) —e5(0). Eliminating R’ and R”, we conclude that the probability of error, averaged over the class of
the codebooks, exponentially decays to zero as n — oo, provided that R < Rpr(L<). Therefore, there must exist a (2", n, )
deterministic code, for a sufficiently large n. O

B. Cutset Upper Bound

This is a straightforward consequence of the cutset bound in [6]. Assume to the contrary that there exists an achievable rate

R > Res(L9). Then, for some ¢*(s) in the closure of Q,
R> {nax)min{lq*(X,Xl;Y), I (X;Y,)Y1|X4)} . (60)

p(T,T1

By the achievability assumption, we have that for every ¢ > 0 and sufficiently large n, there exists a (2", n) random code
%" such that Pe(") (q,€¢) < ¢ for every i.i.d. state distribution ¢ € Q, and in particular for ¢*. This holds even if ¢* is in the
closure of Q but not in Q itself, since Pe(") (g, €) is continuous in ¢. Consider using this code over a standard relay channel
Wy,y,|x,x, without a state, where Wy y, x x, (¥, y1lz,71) = > cs ¢ (8)Wy vy |x,x1,5 (¥, y1|7, 71, 5). It follows that the rate
R as in (60) can be achieved over the relay channel Wy y,|x x,, in contradiction to [6]. We deduce that the assumption is
false, and R > Ros(L£2) cannot be achieved. O
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APPENDIX B
PROOF OF COROLLARY 2

This is a straightforward consequence of Lemma 1, which states that the capacity of the compound relay channel is
bounded by Rpr(L2) < C(L2) < Res(L£2). Thus, if Wy vix,x,,s is reversely degraded such that Wy y,|x x, 5 =
Wy x,x, Wy, v, x,,s» then I,(X;Y,Y1|X1) = I,(X;Y|X;), and the bounds coincide by the minimax theorem [16], cf. (8)
and (12) Slmllarly, if WY,Yl\X,Xl.,S is degraded such that Wy_’y1|X_’X175 = WYl\X,Xl WY\Yl,Xl.,S’ then Iq(X;Y, Y1|X1) =
I(X;Y1]|X1), and by (8) and (13),

Res(£2) = min  max min {I,(X, X;;Y), I(X;Y1|X1)} , (61)
a(s)€Q p(w,a1)
Rpr(£2) = max min min {I,(X,X;Y), I(X;Yh| X))} . (62)

p(z,z1) g(s)€Q

Observe that min {I,(X, X;;Y), I(X;Y1]|X1)} is concave in p(z,z1) and quasi-convex in ¢(s) (see e.g. [5, Section 3.4]),
hence the bounds (61) and (62) coincide by the minimax theorem [16]. O

APPENDIX C
PROOF OF COROLLARY 3

Consider the block-compound relay channel L2%B where the state distribution qp € Q varies from block to block. Since
the encoder, relay and receiver are aware of this jamming scheme, the capacity is the same as that of the ordinary compound
channel, i.e. C(L2*B) = C(£2) and C* (L2*B) = CHL2). Hence, (18) and (19) follow from Lemma 1. As for the second
part of the corollary, observe that the block Markov coding scheme used in the proof of the decode forward lower bound
can be applied as is to the block-compound relay channel, since the relay and the destination receiver do not estimate the
state distribution while decoding the messages (see Appendix A). Furthermore, the analysis also holds, where the actual state
distribution ¢*, in (49)—(51) and (57), is now replaced by the state distribution ¢; which corresponds to block b € [1: B]. O

APPENDIX D
PROOF OF THEOREM 4

First, we explain the general idea. We modify Ahlswede’s Robustification Technique (RT) [2] to the relay channel. Namely, we
use codes for the compound relay channel to construct a random code for the AVRC using randomized permutations. However,
in our case, the strictly causal nature of the relay imposes a difficulty, and the application of the RT is not straightforward.

In [2], there is noncausal state information and a random code is defined via permutations of the codeword symbols and
the received sequence. Here, however, the relay cannot apply permutations to its transmission 7', because it depends on the
received sequence 7 in a strictly causal manner. We resolve this difficulty using block Markov codes for the block-compound
relay channel to construct a random code for the AVRC, applying B in-block permutations to the relay transmission, which
depends only on the sequence received in the previous block. The details are given below.

A. PFartial Decode Forward Lower Bound

We show that every rate R < R}, (L) (see (20)) can be achieved by random codes over the AVRC L, i.e. C(L) > R}, x(L).
We start with Ahlswede’s RT [2], stated below. Let h : S™ — [0, 1] be a given function. If, for some fixed a,, € (0,1), and
for all ¢(s™) = [i—, q(s;), with ¢ € P(S),

> a(s"h(s") < an, (63)
SnES"
then,
1
— > h(xs") < By, forall s €S”, (64)
well,

where II,, is the set of all n-tuple permutations 7 : S — S™, and £, = (n + 1)!S! . a,.

According to Corollary 3, for every R < R%-(L£), there exists a (2"#(B=1) n B, ¢=20") block Markov code for the block-
compound relay channel £7(5)*5 for some 6 > 0 and sufficiently large n, where B > 0 is arbitrarily large. Recall that the code
constructed in the proof in Appendix A has the following form. The encoders use B > 0 blocks to convey B — 1 messages mp,
b € [1: B—1]. Each message consists of two parts, i.e. my = (mj, m!/), where mj, € [1 : 2"%] and mj} € [1 : 2"%"]. In block
b € [1: B], the encoder sends x}' = fy(my, my/|mj_,), with fixed my and mp, and the relay transmits Ty, = f1,b(yfb_1),
using the sequence received in the previous block. After receiving the entire output sequence (ygl){le, the decoder finds an
estimate for the messages. Set m’z = 1. The first part of each message is decoded backwards as 1, = g;(yy', 1,77, ), for
b=B—1,B—2,...,1. Then, the second part of each message is decoded as 7 = g;(y}', ™, ..., Mz_,), forbe [1: B—1].
The overall blocklength is then n - B and the average rate is 221 (R’ + R").
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Given such a block Markov code €z, for the block-compound relay channel £7(5)*B  we have that

Pr%”BM(glg | (‘%-ﬁ-l)c) < 6729n7 PngBAI(gZ;/ | gicv s 75126—1) < 672971 (65)
forb=B—1,...,1, where & = & = 0, and & = {M} # M]}, &' = {M}' # M]'}, b € [1 : B — 1]. That is, for every
sequence of state distributions ¢1, ..., qy11, where g;(s?") = [\, qi(ss,i) for t € [L: b+ 1],

Dooalst) Do oaalsh) o Do @ra(sien) hi(s 8B ) < e (66)
speES™ syeES™ Sp 1 ES™
and
dooalst) Do alsd) o D an(sh) by (st sh . sh) < e ©67)
spesm speES™ speS™
where
1

!/ n n n — —
hb(sl 1S9y Sb+1) - on(b+1)(R'+R")

(mll’m/l/)""’(mg+1=mg/+1)
Z Pr (Ylnb =y | (ML, MY) = (my,m"), ..., (ML, M) = (m,m), ST = s%,..., 80 = Sg)

YT VT

X Z Wyn|Xn.,X1".,sn (y§+1|fb+1(m§,+1, mg+1|m§;)a f1,b+1(yfb)a Sngl) (68)
Y10, (b My ) #EMy,

and
271R//
1 1
"(.n n ny __
hb(515527'-'35b)_ onR" E 2nR’(Bfl) E
my=1 mim

Z Pr (Yl?bfl = y{l,bfl | (M{7 M{/) = (mllv mlll)v ) (Mlgflv Mlglfl) = (mgflv mgfl)v SII = 81117 RN Sl:lfl = Sl?fl)

X Z Wy ixn,x7,50 (W Lo (mi, mylmy, 1), fLo(Wie-1), sp) - (69)

nogm Lo (! ’ ”
Yp Y1 ,6°9p (yb 7m1_’___7m371);émb

The conditioning in the equations above can be explained as follows. In (68), due to the code construction, the sequence Y7?,
received at the relay in block b € [1 : B] depends only on the messages (M, M}') with ¢ < b. The decoded message Mj, at
the destination receiver, depends on messages M, with ¢ > b, since the receiver decodes this part of the message backwards.
In (69), since the second part of the message M, is decoded after backward decoding is complete, the estimation of M;’ at
the decoder depends on the entire sequence M?,..., M 5_1- By (66)-(67), for every t € [1 : b, h; and hj; as functions of

siy1 and sy, respectively, satisfy (63) with o, = e~2%", given that the state sequences in the other blocks are fixed. Hence,
applying Ahlswede’s RT recursively, we obtain
1 / n n n BI|S| ,—26n —0n
W Z hy(misy, masy, ... Mop18y4q) < (n+ 1) € <e ’
7'I'1,71'2,...77Tb+1€Hn
1 _ -
(nl)? > B(mist, sy, msp) < (n41)PSlemn <ot (70)
Yomme,. ., mp€lly,
for all (s7,sy,...,s ;) € SC+D" and sufficiently large n, such that (n + 1)ZISI < e,
On the other hand, for every 71,72, ..., mp4+1 € II,,, we have that

I ! ! "
h’b(ﬂ-ls?a ﬂ-QSga s 77Tb+18;)l+1) =E hb(wls?vﬂ2535 s aﬂ-b+1sg+1|Mta Mt 7t = 15 AR b+ 1) ) (71)
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with
!/ n n n / 1
hy(m18Y 28y« ooy 1Sy g My, my , t=1,...,b+ 1)
b—1
_ n ! 7 ! n n
= E HWYI"\X",X;L,S"(y1,t+1|ft+1(mt+1amt+1|mt)7f1,t+1(y1,t)a7Tt+15t+1)
Y1,15--,Y1,6 t=0
" / 1 / n n
X E Wy xn xp 57 (Yot | for1 (M1, My [my), fro+1 (Y1), Tor18p41)
Ve 9 (b 1My ) 7MY,
@ b—1
@) n / " / n n
= E H Wynxn xp sn (Te197 e [ Fer1 (M mila Imd)s freen (meyt ), mer18t4q)
Y1,15--,Y1,6 t=0
n / " li n n
X E Wynxn xp s5m (Tor1Yhr1 [ for 1 (M1, My 41 m5)s f1o41 (oY1), To+15511)
Y19 (o1 ¥y 1My )7y,
® o
\") n —1 / " / —1 n n
= E H Wynxn xpsm (U1 et [ Tepn Jerr (Mg, mi g Ima), w1y froen (Teyt'e)s st41)
Y1,15--,Y1,6 t=0
n —1 / " / —1 n n
X E WYn\Xn,Xf,S" (yb+1|77b+1fb+1(mb+1v mb+1|mb)a 7Tb+1f1.,b+1(77by1,b)a 5b+1) ) (72)
Y195 (Mo 1ygly My ) Fmy
where (a) is obtained by changing the order of summation over Y1, -5 Y1p and gy 45 and (b) holds because the relay channel
is memoryless. Similarly,
" n n n " n n n ! ! "
hy (18T, masy, ..., mpsy ) = Ehy (w18t masy, ..., mpsy [ My, ..., Mp_, M/, t=1,...,b), (73)
with
" n n n / ! "
hy (w187, a8y, .. sy Imy,...,mp_y,mi t=1,...,b)

b—1
= Z H Wy xn, xp sn (y?,t|ft(m;7 my|my_y), fre(yie), mesy)

Y1,15--Y1,b—1 t=1

X > Wy xn xp 50 (Y | fo(my, my [my,_1), f1o(y7 5—1), Tos5)

yigy (v mh,.omig ) #Emy)

b—1
(a)
= T Wvpixexp so (gl | fo(mip, mi Imi o), fra(reayt o), mesy)

Y1,1,5--Y1,b—1 t=1
X Z WYn|X”,X{‘-,Sn(7Tbyl7yl|fb(mg,mg|mg_1),fl,b(ﬂb_ly{lyb_l),wbs;})

U gy (Ryypm) el Ay

b—1
®) - B
- Z H Wy xn xp sn (Y7 ] Ye(my,my Iml ), m e (meeayt ), st

Y1,15--Y1,b—1 t=1

~ 2 Wyrn o g sm (1 fo i), Fralmoc iy 1)sl). (74

UP gy (Ruypm) el )y

Then, consider the (2"(®~1) nB) random Markov block code %3, specified by

/ " / —1 / " / —1
Jo,r (Mg, my|my,_y) = 7, fo(my, mylmy,_y ), fl-,b,ﬂ'(y?,b—l) =T fl-,b(ﬂbfly?,b—l)’ (75a)
and
/ A/ / A/ 1" A/ A/ " A/ A/
gb,‘rr(yl?qtlv mb+1) = gb(ﬂ—b-ﬁ-lyl?qtlv mb+1) ) gb,ﬂ'(yl?v myy... 7mB—1) =% (Wyl?v my,... 7mel) ) (75b)
for my,...,mp € Il,, with a uniform distribution p(7q,...,75) = IH% = (n% That is, a set of B independent permutations

is chosen at random and applied to all blocks simultaneously, while the order of the blocks remains intact. As we restricted
ourselves to a block Markov code, the relaying function in a given block depends only on symbols received in the previous
block, hence, the relay can implement those in-block permutations, and the coding scheme does not violate the causality
requirement.



13

From (72) and (74), we see that using the random code €3, ,, the error probabilities for the messages M and M, are given
by

Pron (&1 (Ep) ST =5, Sp =sp) = > plm,. . m)hi (st mash, - mopaspi)
TTY yenns wr€ell,
Pr%ng(ElﬂE{C,...,c‘:g_l,S{L:s’f,...,Sl?:s?) = Z w(mi, ... wp)hy (18T, mash, ..., Tpsy), (76)
1., B EIl,

for all s¢,...,sp 1 € 8™, b € [1: B—1], and therefore, together with (70), we have that the probability of error of the random
code €%, is bounded by P(")(q,% L) < e, for every q(s"P) € P(S"P). That is, Cﬁ BM is a (2nE(B-1) nB =)
random code for the AVRC L, where the overall blocklength is nB, and the average rate ©= - R tends to R as B — oo.
This completes the proof of the partial decode-forward lower bound. O

B. Cutset Upper Bound

The proof immediately follows from Lemma 1, since the random code capacity of the AVRC is bounded by the random
code capacity of the compound relay channel, i.e. CYL) < CHLP(S). O

APPENDIX E
PROOF OF LEMMA 6

We use the approach of [1], with the required adjustments. We use the random code constructed in the proof of Theorem 4.
Let R < CXL), and consider the case where the marginal sender-relay and sender-receiver AVCs have positive capacity, i.e.

(C(Wl (1‘171)) >0, and C(W(.TLQ)) >0, 77)

for some x1,1,71,2 € X1 (see (24)). By Theorem 4, for every € > 0 and sufficiently large n, there exists a (2”R, n,e) random
code €7 = (u(y) = £, = [1: k], {%, }Vep) where ¢, = (fw,flmgv) for v € T Following Ahlswede’s Elimination
Techmque [1], it can be assumed that the size of the code collectron is bounded by k = |T'| < n?. By (77), we have that for
every ¢’ > 0 and sufficiently large »/, the code index v € [1 : k] can be sent through the relay channel Wy, |x x, s using a

(2V'R' V' ¢) deterministic code ¢ = (f”',3), where R’ > 0, while the relay repeatedly transmits the symbol x1,1. Since k
is at most polynom1a1 the encoder can rehably convey 7 to the relay with a negligible blocklength, i.e. v/ = o(n). Similarly,
there exists (2 Ry e ") code 6" = (f¥",§") for the transmission of v € [1 : k] through the channel Wy x,x,,s to the
receiver, where v/ = o(n) and R > 0, while the relay repeatedly transmits the symbol 1 .

Now, consider a code formed by the concatenation of % and %, as consecutive prefixes to a corresponding code in the
code collection {(57}7@. That is, the encoder first sends the index vy to the relay and the receiver, and then it sends the
message m € [1 : 2"E] to the receiver. Specifically, the encoder first transmits the (' + v')-sequence (f*'(v), /" (7))
to convey the index ~, while the relay transmits the (¢ + v)-sequence (i’f,,fll’”), where 5711/ = (r11,211,---,21,1) and

v

7y = (z12,%1,2,...,21,2). At the end of this transmission, the relay uses the first v’ symbols it received to estimate the code
’

index as 7' = g'(g} ).

Then, the message m is transmitted by the codeword 2™ = f(m), while the relay transmits 27 = fi'5 ,(y}). Subsequently,
decoding is performed in two stages as well; the decoder estimates the index at first, with " = §" (g” /) and the message is
then estimated by m = g5~ (y™). By the union of events bound, the probability of error is th~en bounded by e, = e+ ¢’ +¢&”,
for every joint distribution in P(S¥'**"+"). That is, the concatenated code is a W'+ B 1y 4 e.) code over the
AVRC L, where the blocklength is n + o(n), and the rate R,, = W",,_m - R approaches R as n — oco. O

APPENDIX F
PROOF OF COROLLARY 7

Consider part 1. By Definition 3, if Wy, |x x,,s and Wy x x, s are not symmetrizable -’ | X1 then there exist 21 1,212 € X}
such that the DMCs Wy, | x, x, s(:|-, 1,1, -) and Wy |x x, s(:|-, 21,2, -) are non-symmetrizable in the sense of [8, Definition 2].
This, in turn, implies that C(W; (21,1)) > 0 and C(W(1,2)) > 0, due to [8, Theorem 1]. Hence, by Lemma 6, C(£) = CXL),
and by Theorem 4, R}, -(£) < C(L) < RE4(L). Parts 2 and 3 immediately follow from part 1 and Corollary 5. O

APPENDIX G
PROOF OF LEMMA 8

The proof is based on [10]. Let £ be a symmetrizable-X|X;. Assume to the contrary that a positive rate R > 0 can be
achieved. That is, for every € > 0 and sufficiently large n, there exists a (2", n,¢) code € = (f, f1, g). Hence, the size of
the message set is at least 2, i.e.

M2 onE > 9. (78)
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We now show that there exists a distribution ¢(s™) such that the probability of error Pe(n)(q, %) is bounded from below by a
positive constant, in contradiction to the assumption above.

By Definition 3, there exists a conditional distribution J(s|x) that satisfies (25). Then, consider the state sequence distribution
q(s") = 27“221 J™(s™|z™(m)), where J"(s™|x™) =[]}, J(s;|z;) and 2™ (m) = f(m). For this distribution, the probability
of error is given by

M
PO 6) = 3 |5 S0 I )| o > WG, e (m), S G), ")

smesSn m=1 m=1 (y",y}):g(y™)#m

M M
5 2 2 ST Wyl (m), F1 (00, 57" " " ()

=1 (y™,y7):g(ym)#m s"€S™

* g 30 DD DI D I R RO ) 79)

=lm=1(y",y7):g(y")#m s"eS"

with W™ = Wy ypxn xp sn for short notation, where in the last sum we interchanged the summation indices m and m.
Then, consider the last sum, and observe that by (25), we have that

> Wyt (m), [ (), )T (s 2 (m HlZWyuyulwz )ufl,i(yli1)7Si)J(Si|xi(m))‘|

snesn i=1 Ls;es
H [Z W(yi,y1,i|$i(m)af1,i(yli1)781‘)J(Si|5€i(m))]
i=1 Ls; €S

= S Wyl (m), FE ), s (s @) . (80)

smesn
Substituting (80) in (79), we have

M M
P (q,6) =Mz > { > W (y", yrlz" (m), fT' (1), 8™)J" (s"|2" (m))

(y™,y1):9(y™)#m

+

> W™ (y" yi'l" (m), [ (y1), ™) J" (s" |2 (m))

(y™,y7):g(y™)#m

M
2122 S ST W e (m), (D), 5" (5" ()

=1lm#m s"eS™ y™,yl

MM—-1) _ 1
A S 81
M2 =1’ ®1)
where the last inequality follows from (78), hence a positive rate cannot be achieved. O
APPENDIX H

PROOF OF LEMMA 9

Let £ = {Wyl‘ x,x: Wy v, xi, 5} be a symmetrizable-X; x ) degraded AVRC. Assume to the contrary that a positive rate
R > 0 can be achieved. That is, for every ¢ > 0 and sufficiently large n, there exists a (2", n, ¢) code € = (f, f1,9). Hence,
the size of the message set is at least 2, i.e.

M £ onft > 9. (82)

We now show that there exists a distribution ¢(s™) such that the probability of error Pe(n)(q, %) is bounded from below by a
positive constant, in contradiction to the assumption above. By Definition 4, there exists a conditional distribution J(s|z1,y1)
that satisfies (29). Then, consider the following state sequence distribution,

M
= ST W G Om), ST "L ), ) (83)

m=1yl e
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where J"(s™|27,y) = 1y J(si|z1,:,v1,;). For this distribution, the probability of error is given by

M
PO = 3 [ S0 ST W s (R G), F7 )T (557 7). 57)

snEST m=1 g7

M
1 n n n n n n n n n
Vi E E Wy xn xp (U1 L f(m), f1 i DW™ (" [y1's /1 (1), s™)
m=1 (y” y):g(y™)#m

M
1 n/ ~n n n n
YWD Z Z Z Wy xn xp (11 f(m), f1(97)) - WY{l\Xﬂ,Xf(yl |f(m), f{'(y1))
m=1 yl yl
X Z D Wy ), 8T (" @), 3
yn:g(yn);ém snesSn
;] Mo
PYVE] Z Z Z WY1n|Xn,X{l (Y1 | f(m), f{'(v1)) - WY1"|X",X{‘ (@7 f(m), f1'(77))
m=1m=1y},j}
D DR D R R S DCR VA IO R (84)
y":g(y”);éfﬁ snesSn
with W™ = Wyun|yn xp s» for short notation, where in the last sum we interchanged the summation variables (m,y}) and
(m, 7). Then, consider the last sum, and observe that by (29), we have that

D WG @, s I e =] lz W(ymh,i,fl,i@i‘l),si>J<si|f1,i<yi‘1>,yu)]
snesSn i=1 Ls; €S
=11 [Z W (yilyr,is fri(yi™t)s ) (sil fra(@h 1),~1,i)1
i=1 Ls; €S
= > Wl S ), s (ST G - (85)
snesn
Substituting (85) in (84) we have
P (q,6) Z > Wapixen xp G (1), ST G0 W xn xp (W31 (), S (1))
Ul )U1
x> [ Z Wy, T3, s™) T (ARG, 30+ Y W, A ), s (s L ), 5
sTES™ Tymig(y™)#Em y"g(y™)#Em
1 M ~N =~ n n n n n(~n ~N
ZW Z Z WGt | f(m), [ @0 )W (i | f (m), 1 (yT) Z Z W™ (y™ |yt (Y1), s™) " (8™ [ 1 (91), 97)
m=1mz#m yi', g7 snEST yreyn
~MM-1) _1
== 27 (86)

where the last inequality follows from (82), hence a positive rate cannot be achieved. O

APPENDIX I
ANALYSIS OF EXAMPLE 1

We show that the random code capacity of the AVRC in Example 1 is given by C*£) = min {1,1 — h(6)}. As the AVRC
is degraded, the random code capacity is given by

CHL) = R% 1 (L) = REg(L£) = max min{0r<nqigl I,(X,X1;Y), I(X;Y1|X1)} , (87)

p(z,z1)
due to part 2 of Corollary 5, where ¢ = ¢(1) = 1 — ¢(0). Now, consider the direct part. Set p(z,z1) = p(x)p(z1), where
X ~ Bernoulli(1/2) and X; ~ Bernoulli(1/2). Then,

I(X;Y1]X1) =1 - h(0),

H,() = 5 |-atog (31) = (1= atox (51— )| - 5108 (5 ) =1+ 3100,
H,(Y[X, X1) = h(q). (88)
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Hence,
1 1
* > i . = _ _ . =+ _ )
CH£L) > min {Or<nqu<11 {1 2h(q)} ,1 h(@)} mm{Q,l h(@)} (89)
As for the converse part, we have the following bounds,
CHL) < I(nax)I(X Y11 X1) =1-h(0), (90)
p\T,T1
and
CHL) < max mln I (X, X1;Y) < max [Hy(Y) — Hy(Y|X, X1)]
p(z,z1) 0<g< p(z,z1) =3
1
= 02 [1 + 5’”‘@] —1=3; ®b
where p £ Pr(X; = 1). O
APPENDIX J

PROOF OF LEMMA 10

The proof follows the lines of [11]. Consider an AVRC L = {Wy‘ x50 Wy x7, x, 5} with orthogonal sender components.
We apply Theorem 4, which states that R}, (L) < CHL) < RE¢(L).

A. Achievability Proof

To show achievability, we set U = X" and p(z’,2”,21) = p(x1)p(a’|x1)p(a’|z1) in the partial decode-forward lower

bound RY, -(£) £ Rpr(L2) . Hence, by (9),
O=P(S)
R (L2) > max min {I(X’, X", X1;Y), min I, (X"; Yi|X1) + (X' Y| X1, X”)} . 92)
p(z1)p(z’|z1)p(z"|21) q(s)

Now, by (30), we have that (X", Y7)e(X’, X1)=Y form a Markov chain. As (X1, X', X") ~ p(x1)p(a'|z1)p(a”|z1), it
further follows that (X", Y7 )-e-X;-eY form a Markov chain, hence I (X', X", X1;Y) = I(X', X1;Y) and I (X"; Y| X, X) =
I(X';Y|X1). Thus, (92) reduces to the expression in the RHS of (31). If Wy, |x~ x, g is non-symmetrizable-X"'|X;, then
(92) is achievable by deterministic codes as well, due to Corollary 7. O

B. Converse Proof

By (8) and (20), the cutset upper bound takes the following form,
REg(£) =min  max min{I(X', X", X1;Y), I,(X', X";Y,Y1|X1)}

a(s) p(z’,a",x1)

= max min{I(X',X”,Xl;Y),Ir%ir)llq(X',X”;Y,YﬂXl)}, (93)
q(s

p(fl?/-,fl?”-,fﬁl)
where the last line is due to the minimax theorem [16]. For the AVRC with orthogonal sender components, as specified by
(30), we have the following Markov relations,

Ylﬂ(XHa Xl)ﬁ(Xla Y) ) (94)
(X", Y1) (X', X1)=Y . (95)

Hence, by (95), I(X', X", X1;Y) =I1(X', X1;Y). As for the second mutual information in the RHS of (93), by the mutual
information chain rule,

L(X' X", Y, V1| X1) =T, (X" Vi|X1) + L(X' Y| X", X1) + I,(X', X" Y] X1, V1)
DL (X"; Y1 |X0) + L,(X, X" Y| X1, Y1)
CL, (X" Y11 X0) + Hy(Y]X1, Y1) — H(Y]X', X))
(X" X) + I Y |X) (96)
where (a) is due to (94), (b) is due to (95), and (c) holds since conditioning reduces entropy. Therefore,
REG(L) < | dnax  min {I(X’, Xi5Y), min I (X Y3 X0) + (X, Y|X1)} . (97)

Without loss of generality, the maximization in (97) can be restricted to distributions of the form p(z’, 2", x1) = p(x1)-
p(@'|z1) p(a”|xy). O
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