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ABSTRACT

A methodfor blind separationof instantaneousmixture of
coloredsources,basedon theminimizationa Gaussianmu-
tual informationcriterion, is proposed.It amountsto jointly
approximatelydiagonalizinga setof estimatedspectralden-
sity matrices. Separationis shown to be achievable (up to
a scalinganda permutation)if no pair of sourcescanhave
proportionalspectraldensities.An effcient algorithmfor the
joint approximatediagonalizationof positive matrix is de-
scribed. Theoreticalresultson the asymptoticperformance
of the procedureare given and somesimulationsare per-
formedshowing goodagreementwith the theory. It is seen
that nearly optimal performancecan be attainedby jointly
diagonalizingonly a few spectralmatrices.

1 INTRODUCTION

Blind separationof sourceshave received muchinterestre-
centlybecauseof its many applicationsin signalprocessing.
We considerherethesimplestcasein which linear instanta-
neousmixturesof independentsourcesarerecordedandthe
goal is to recover the sourceswithout relying on any spe-
cific assumptionother than their mutual independence.In
many earlierpapers(see[3] for a review), only themarginal
instantaneousdistributionsof theobservationsenterconsid-
erationandit is thenwell known thattheuseof secondorder
statisticsis insufficient. However, PhamandGarat[9] have
consideredthecaseof coloredsourcesandderiveda separa-
tion procedurebasedonly on secondorderlaggedmoments.
Theuseof suchmomentshasalsobeenexploitedby Tonget
al. [10] andBelouchraniet al. [1]. In this paperwe propose
a novel procedurederived from the Gaussianmutual infor-
mationcriterionwhich alsorelieson secondorderstatistics
only. It hassomesimilaritiesto the SOBI methodof [1] in
that it consistsessentiallyof diagonalizingjointly approxi-
matelyasetof matrices.However it usesadifferentmeasure
of deviation from diagonality, not requiringtheconstraintof
orthogonality,asin theSOBImethod.Thisis importantsince
suchconstraintimpliesapre-whiteningstep,whichcanhave
adverseeffect on theoverall performanceof themethod[2].
Further, our criterion resultsfrom the well understoodcon-
ceptsof mutualinformationandentropyandthematricesto
be diagonalizedarisenaturally while in the SOBI method

they arechosenin an ad hocmanner. It is thennot surpris-
ing thatourmethodcannearlyachievetheCraḿer-Rao(CR)
bound,asseenin thesimulations.

2 GAUSSIAN MUTUAL INFORMATION AND
SOURCE SEPARATION

Theconceptof mutualinformationis well known andhave
beenproposedasa criterion for of sourcesseparation([4],
[6]), but it is normallydefinedfor a setof randomvariables.
To exploit thetimedependencestructureof thesignal,Pham
[7] has extendedit to stationaryrandomprocesses. It is
known that themutualinformationbetween% randomvec-
tors &�' , . . . , &�( equals) (*,+ '�-/. &�021#3 -4. &�'65879787:5;&�(<1 where-/. &�061>=?3A@CBED�F�G9H6I . &�021 is the (Shannon)entropyof &�0 ,
with density G9H6I , and -/. &�'J5978797:5K&�(�1 is the (joint) entropy
of &�'J5879787:5;&�( , that is the entropyof the vectorobtainedby
stackingthecomponentsof & ' , . . . , & ( . For astationarypro-
cessL9& .EM 1N5 MCOQP,P�R , Pham[7] definestheentropy(power)-/S & .KT 1VU asthe limit as WYX[Z of -/S & .K\ 1�5978797K5;& . W]1VU_^JW
andthendefinesthe mutualinformationbetween% jointly
stationaryprocesses& ' .KT 1 , . . . , & ( .;T 1 by` S &�' .;T 1N5879797a5;&�( .KT 1bUc= (d *e+ ' -/S &�0 .KT 1VU�3 -/S &�' .KT 1N5879787:5;&�( .KT 1VUK7

Thepropertythatthemutualinformationbetweenrandom
variablesis nonnegative andcanbezeroonly if they arein-
dependent(seefor ex. [3], [6]) clearlyextendsto thecaseof
randomprocesses.However, theuseof mutualinformation
in this caseleadsto costly numericalproceduresand also
complex analysis. Thereforewe introducethe conceptof
GaussianentropyandGaussianmutualinformation,denoted
by -Cf and

` f , definedin thesameway but with therandom
vectorsor processesinvolvedbeingreplacedby theGaussian
vectorsor processeshaving thesamecovariancestructure.It
is known thatfor a % -vectorstationaryprocessg .;T 1 :-Cf6S g .KT 1VUc= \h2ikjmln l BED�F�o�p�q S h�i
r;sKt .Vu 1bU,o u!v % wwhere

sKt
is its spectraldensitymatrix [7]. Thusletting &�' ,

. . . , &�( bethecomponentsof g :` f�S &�' .KT 1�5978797:5K&�( .;T 1VUc=
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\h2i jmln l L8BED6F�o�p�q�o�x,yJF S s t ._u 1VU�3/BED6F�o�pNq s t .Vu 1 R o u (1)

wherediag.KT 1 denotesthediagonalmatrix with thesamedi-
agonalasthatof theindicatedmatrix.

As theGaussianmutualinformationinvolvesonly theco-
variancestructure,it measuresin fact only the correlation
(andnot dependence)betweenthe sourceprocesses.But it
is still enoughfor sourceseparationbecauseit alsoincludes
laggedcorrelationandthemixture modelis linear instanta-
neous. Specificallywe shallbeconcernedwith themodelz .eM 1�=|{~} .eM 1 (2)

where
z .eM 1 is the vectorsof observation, with components� ' .EM 1 , . . . ,

� ( .eM 1 and } .EM 1 is the vector of sources,with
components��' .EM 1 , . . . , ��( .eM 1 , and { is a %���% nonsin-
gularmatrix. In theblind context, a sensibleseparationpro-
cedureis to find amatrix � minimizing

` f S & ' .;T 1N5879797a5;& ( .KT 1bU
where & * .;T 1 arethecomponentsof � z .;T 1 andrepresentthe
reconstructedsources.The following resultshows that this
criterionis a contrast,in thesenseof [4].

Proposition 1 Assume that the spectral densities GJ�JI of � 0 ,� = \ 5k78797:5�% , are almost everywhere positive and no
pair of them can be proportional. Then

` f S & ' .;T 1N5879797a5;& ( .KT 1bU ,
where the & 0 .KT 1 are as above and assumed to be not identi-
cally zero, is minimized if and only if �C{ is a product of a
permutation and a diagonal matrix.

3 THE SEPARATION METHOD

As the spectraldensity G t in (1) will have to be estimated
by a local average,we begin by replacingit by a smoothed
version G��t =�% ��� G t where % � is a

w i
-periodic non

negative kerneltendingthe Dirac combas � X�Z and �
denotesthe(circular)convolution. Then,replacingthe inte-
gral by a discreteapproximation,we obtainthecriterion` �f S & ' .KT 1�5978797:5K& ( .;T 1VUc= \w6���d � + ' L9B�D�F�o�p�q�o�x,y�F S s �t .Vu

� 1bU3�BED�F�o�p�q s �t ._u � 1 R 5 (3)

which canbeshown to retainthecontrastproperty.

Proposition 2 Assume that G���JI ._u � 1�= . % ��� GJ�JI61 ._u � 1 , ��=\ , . . . ,
�

, are positive and there is no pair �65 � for which the
vectorsS G ��9� ._u ' 1 T8T9T G ��9� .Vu � 1VU and S G ��JI ._u ' 1 T8T9T G ��JI .Vu � 1bU
are proportional. Then

` �f S &�' .KT 1�5979787:5;&�( .KT 1VU where the &�0
are as in Proposition 1, can be zero if and only if �C{ is a
product of a permutation and a diagonal matrix.

Since
s �t =�� s �� ��� where

s �� =�% ��� s � , (3) canbe
consistentlyestimatedby\w6� �d � + ' L9B�D�F�o�p�q�o�x,yJF S �>�s �� ._u

� 1K� � U�3 BED6F�o�p�q S �>�s �� ._u � 1K� � U R 7
(4)

where �s �� is a consistentestimatefor
s �� . Two classesof

spectralestimatorshave beencommonlyusedin literature:

�s �� .Vu 1�= w i¡£¢ n 'd¤ +
¥ % �§¦ u 3©¨
w i¡�ª
« ¢ ¦ ¨

w i¡�ª (5)

where « ¢ = . w i
¡ 1 n ' S ) ¢¬ + '
­ n *,® ¬ z .EM 1VU S ) ¢¬ + '
­ *,® ¬ z .eM 1VU,�is theperiodogram,
¡

beingthesamplesize,and

�s �� .Vu 1�= \w i¯¢ n 'd° + ' n ¢
� � .V± 1 ­ n *e® °�² ¢ ._± 1 (6)

where
² ¢ ._³ 1�= ) ¢¬ + ' � .EM 1 � .eM2vk³ 1�� is thesamplecovari-

ancefunctionand
� � .V± 1�=§´ r l¥ % � ._u 1 ­ * ° ® o u .

3.1 Joint approximate diagonalization algorithm
Thecriterion(4) canbeviewedasa measureof globaldevi-
ation from diagonalityof thematrices�>�s �� ._u � 1K�µ� , �]= \ ,
. . . ,

�
, as o�p�q
¶¸·¹o�p�q�o�x,yJF . ¶�1 for any positivematrix ¶ ,

with equalityif andonly if ¶ is diagonal(by theHadamard
inequality, see[5], exercise15.51). Thus minimizing (4)
amountsto diagonalizingjointly approximatelythematrices�s �� ._u � 1 , . . . , �s �� ._u � 1 . An efficientalgorithmfor thispurpose
hasbeenderived by the author[8] and is briefly described
here.ThealgorithmusestheclassicJacobiapproachof mak-
ingsuccessive transformations,nonorthogonalin general,on
eachpairof rowsof � . Let � *Vº and �]» º denoteapairof rows
of � , thealgorithmchangesthemto¼ � *Vº� » º¾½ 3 w

\�vÀ¿ \ 3 h�Á * » Á » * ¼kÂ Á * »Á » * Â ½ ¼ � *Vº� » º;½ 5
where ¼ Á * »Á » * ½ = ¼ÄÃ * » \\ Ã » * ½ n ' ¼ÄÅ * »Å » * ½
with Å * » = \� �d � + 'ÇÆ S � �s �� ._u

� 1K�µ�
U * »S � �s �� .Vu � 1K� � U *E* 5Ã * »]= \� �d � + ' S �>�s �� ._u
� 1;����U »;»S � �s �� .Vu � 1K� � U *E* 7

This operationis appliedto all pairsof rows (which consti-
tutesa sweep, thenrepeatedagainuntil convergence.

3.2 On-line processing
Often

� � .V± 1 is chosenof the form
� ._± ^9��1 for somelag

window generator
�

with support S 3 \ 5 \ U . Thenformula(6)
requiresonly the evaluationof

² ¢ . Â 1 , . . . ,
² ¢ . �È3 \ 1

whichcanbedoneon-line.But thereis abettermethod.De-
compose

� � as
� � ._± 1�=É)ËÊÌ + n Ê �JÍ 'KÎ r� .VÏ 3 ± 1 �JÍ 'KÎ r� ._Ï 1 .

Thenit canbecheckedthat(5) canbewrittenas

�s �� .Vu 1�= \w i
¡ Êd¬ + n Ê . � Í '¾Î r� � z ® 1 .EM 1 . � Í 'KÎ r� �©Ðz � 1 .EM 1
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where
z ® .EM 1�= ­ *e® ¬ z .eM 1 if \ · M · ¡ 5:= Â otherwise.This

suggestsestimating
s �� ._u 1 by theoutputof a smoothingfil-

terappliedto . � Í 'KÎ r� � z ® 1 .EM 1 . � Í 'KÎ r� ��Ðz ��1 .EM 1 . Oncethees-
timates �s �� .Vu '�1 , . . . , �s �� ._u � 1 have beenobtained(on-line),
theirjoint approximatediagonalizationcanbedoneby apply-
ing only onesweepof theabove algorithm,startingwith the
mostrecentdiagonalizingmatrix,becausethismatrixshould
bealreadycloseto thesolution.

4 ASYMPTOTIC PROPERTIES OF THE ESTIMA-
TOR

We provide heresomeresultson theasymptoticbehavior of
theestimator �� obtainedfrom theminimizationof (4), asthe
samplesize

¡
goesto infinity with � and u ' , . . . , u � fixed.

Proposition 3 There exists a random permutation matrix �Ñ
such that the matrix �Ò = �Ñ ��!{ has off diagonal elements
converging almost surely to zero.

It is naturalto measureof theseparationquality by thera-
tios �Ó * » ^��Ó *E* , \ ·ÀÔ Õ=Q�!·À% , where �Ó * » aretheelementsof�Ò . It canbeshown thattheseelementssatisfytheequations\� �d � + ' ) (06Ö × + ' �Ó * 0��s �Ø Ö 09× ._u

� 1 �Ó »�×) (0�Ö × + ' �Ó * 0��s �Ø Ö 08× .Vu � 1 �Ó * × = Â 5 \ ·QÔAÕ=m�!·À%Ù5
where �s �Ø Ö 09× denotetheelementsof �s �Ø =�{ n ' �s � . { n ' 1�� .
By Proposition3 andtheindependenceof thesources,it may
befurthershown that the �Ó * » ^ �Ó *E* , \ ·�ÔÚÕ=Ë�>·|% have the
sameasymptoticdistributionasthe

Ó�Û» * ^ Ó�Û*E* , solutionofÃ » * Ó�Û* »Ó Û*E* v Ó�Û» *Ó Û»K» =Ü3 \� �d � + ' �s �Ø Ö * » ._u
� 1G ���Ý ._u � 1 5 \ ·ÀÔ Õ=Q�!·Þ% (7)

where G����Ý =ß�s �Ø Ö *E* =§% ��� GJ��Ý andÃ » * = \� �d � + ' G ��9� ._u
� 1;^6G ���Ý .Vu � 187

Moreover, theright handsideof (7) canberewrittenas\¡ ¢d ¬ + ' . Á � ��Ý � ��à ¢�á* 1 .eM 1K� » .eM 1 (8)

where
Á � � Ý . �61 aretheFouriercoefficientsof

- ���Ý ._u 1�= \�¸�d � + ' % � .Vu 3 u
� 1K^6G ���Ý .Vu � 1

and � à ¢�á* .eM 1Ù=â� * SE\<vã.EM 3 \ 1 .åä D�o ¡ 1bU in the caseof

formula(5) or � à ¢�á* .EM 1�=§� * .eM 1 if \ · M · ¡ 5:= Â otherwise,
in thecaseof formula(6).

Thevectorwith componentstheright handsideof (8) can
be shown to be asymptoticallynormalwith meanzeroand
covariancematrix block diagonalwith diagonalblocksæÙç * »8è¡ = w i¡ j GJ��Ý .Vu 1;GJ�9� .Vu 1 ¼ - ���Ý ._u 1- ��9� ._u 1 ½ Sé- �� Ý ._u 1 - �� � ._u 1VU,o u 7

Onethendeducesthat thevectorwith components �Ó * »J^ �Ó *E* ,\ ·êÔëÕ=ì�/·Y% is asymptoticallynormalwith meanzero
andcovariancematrix block diagonalwith diagonalblocksí n 'ç * »9è æÙç * »8è í n 'ç * »8è ^ ¡ , where

í�ç * »9è is the
w � w matrix withÃ » * , Ã * » on thediagonaland1 elsewhere.

5 SOME SIMULATION EXAMPLES

We presentsomesimulationsto assessthe performanceof
ourmethods.Weconsiderthecaseof twosourcesobeying an
autoregressive (AR) modelof order2 with AR polynomials
having complex rootsandcoefficientsgivenbelow.

Exp. source1 source2
AR poles AR coeff. AR polesAR coeff.

1 7éî ­9ï *Eð l Î�' ¥ .9405, 3�7éñ h 7 î ­8ï * r l Î;ò 0, 3�7éñ h
2 7éî6ó ­ ï * r l Î:ô .5253, 3�7 õ w6w ó 7 ö ­ ï * r l Î;ò 0, 3�7éî \

Experiment1 correspondsto theeasycasewherespectral
peaksof the sourcesare well separatewhile experiment2
correspondsto the difficult casewherethey are closerand
alsomorepronounced.To seetheeffect of � for resolving
thespectralpeaks,wehave plottedonthesamefigures1 and
2 the true spectraGJ��Ý andtheir expectedestimatesfor two
choices�÷=§î and ��= \ ñ andfor theParzenkernel� � ._± 1�=ùøú û \ 3/ñ ._± ^9��1 r .;\ 3Qü ± ^9�ãü 1�5 Â ·Üü ± üJýÀ�¹^ ww .K\ 3Qü ± ^8�ãü 1 ð 5 �¹^ w ·ßü ± ü�ýQ�Â ±ëþ �
Thesefiguresshow thatour spectralestimatorshave a quite
large bias. However, aswill be seenbelow, our separation
methodstill performsreasonablywell.
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Figure1: Spectraof thetwo sourcesin experiment1 (solid)
andtheirexpectedestimatesusingtheParzenkernelwith pa-
rameter�ÿ=|î (dash)and �÷= \ ñ (dot-dash)

The mixing matrix { is takento be

¼ \ \3 \ \ ½ ; but, as

it can be easily shown, the performanceof our methodis
independentof { , only thenumberof iterationsrequiredby
thealgorithmto convergemaybeaffected.
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Figure2: Spectraof thetwo sourcesin experiment2 (solid)
andtheirexpectedestimatesusingtheParzenkernelwith pa-
rameter�÷=§î (dash)and �÷= \ ñ (dot-dash)

The simulationresultsare reportedin table 1. We have
computedthe empirical covariancematrix (without center-
ing) of the randomvector S �Ó ' r ^��Ó 'a' �Ó r 'a^��Ó r:r ^9U,� basedon
1000simulationtrials. For comparison,we multiply these
matricesby the samplesize

¡ = w ó6ñ andalsolist the cor-
respondingtheoreticalasymptoticcovariancematrix (com-
putedwith two choicesof

�
) andtheCR bounds.Theaver-

age(acrossthe trials) of the numberof needediterationsis
alsoreported.

It canbeseenthattheasymptoticcovariancematrix is very
closeto theCR bound,especiallyfor thehighervalueof �
( = \ ñ ) andfor theexperiment1. Even in worstcase(exper-
iment2, �[=ãî ) it is still not very far from theCR bound,
althoughthespectralbiasis quite large,asseenin figure 2.
Also, theuseof a largevalueof

�
( =Àó \ w ) insteadof

� =|�
is seento have no appreciable. Note that by taking u � of
the form

� . w ��3 \ 1 i ^ � , �<= \ , . . . ,
� ^ w , only

� ^ w matri-
cesneededto bediagonalized,by symmetry. Turningto the
empiricalcovariancematricesof theestimators,onecansee
thatthey aresomewhathigherthanthetheoreticalasymptotic
values.This maybe attributedto thefinite samplingeffect,
sincethe CR bound,in nonlinearestimationproblems,is a
strict boundandcan be attainedonly asymptotically. Still
theperformanceof our estimatorrelative to theCR boundis
quite respectable(at samplesize256). Finally, onecansee
thatour joint diagonalizationalgorithmconvergesquitefast.
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