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Matrix representations of frame and
lifted-graphic matroids correspond to gain
functions

Daryl Funk* Irene Pivotto! Daniel Slilaty*

Abstract

Let M be a 3-connected matroid and let F be a field. Let A be a
matrix over F representing M and let (G, B) be a biased graph rep-
resenting M. We characterize the relationship between A and (G, B),
settling four conjectures of Zaslavsky. We show that for each matrix
representation A and each biased graph representation (G, B) of M, A
is projectively equivalent to a canonical matrix representation arising
from G as a gain graph over F* or F* realizing B. Further, we show
that the projective equivalence classes of matrix representations of M
are in one-to-one correspondence with the switching equivalence classes
of gain graphs arising from (G, B), except in one degenerate case.

1 Introduction

An amazing theorem of Kahn & Kung [9] shows that there are only two ma-
troid varieties containing 3-connected matroids: those given by (1) projective
geometries over finite fields, and (2) Dowling geometries over finite groups.
The matroids belonging to both of these varieties are precisely the simple
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frame matroids linearly representable over finite fields. Thus it is perhaps not
surprising that these matroids have a central role in matroid structure theory
[6L [7]. In this paper we characterize the relationship between the matrix and
biased-graphic representations of the 3-connected matroids that are members
of both of these important classes. While on the surface there is no obvious
reason that there should be any such relationship, these representations are in
fact inherently linked.

For a vertex v in a graph G, denote by star(v) the set of edges incident to
v whose other end is in V/(G) — {v} (thus star(v) contains no loops). Let M be
a matroid. Suppose there is a graph G with E(G) = E(M) such that (i) the
edge set of each component of G has rank in M no larger than the number of
its vertices, (ii) for each vertex v € V(G), cly (E(G—v)) C E(G)—star(v), and
(iii) no circuit of M induces a subgraph of G with more than two components.
Such a graph G is a framework for M; a matroid that has a framework is quasi-
graphic ([§] is the introductory paper). Setting B = {C : C'is a cycle of G and
a circuit of M} yields a biased graph (G, B): that is, a graph together with
a distinguished collection B of its cycles obeying a certain condition (precise
definitions are given in Section [2). Cycles in B are said to be balanced, and
are otherwise unbalanced.

Suppose M also has a representation as a matrix A over a field F: the
columns of A are indexed by F(M) such that a subset of elements of M is
independent precisely when its columns are linearly independent. That is,
M is linearly representable over F; we write M = M(A). It is shown in [I]
(and in [§] in the case that M is 3-connected) that when M is both linearly
representable over a field and quasi-graphic, then M is either a frame matroid
or a lifted-graphic matroid. When M is frame or lifted-graphic, the biased
graph (G, B) completely determines M. We write M = F(G, B) when M is a
frame matroid, and M = L(G, B) when M is lifted-graphic, and say the biased
graph (G, B) represents M.

We ask the question: given a 3-connected matroid M, a matrix A over a
field, and a biased graph (G, B), such that M = M(A) = F(G, B) (respectively,
M = M(A) = L(G, B)), what relationship is there between A and (G, B)? In
the remainder of this introduction we provide a brief high-level overview of
our answer; precise definitions are given in Section [2]
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1.1 Projective equivalence, gain graphs, and canonical
representations

A pair of matrices representing a matroid over a field F are projectively equiv-
alent if one may be obtained from the other via a sequence of the following
elementary operations: interchange two rows, multiply a row by a nonzero
element of I, replace a row by its sum with another row, add or remove a zero
row, interchange two columns (along with their labels), or multiply a column
by a nonzero element of F. (A pair of matrices are generally said to be equiv-
alent if one may be obtained from the other via such a sequence along with
possibly applying an automorphism of IF to the entries of one of the matrices;
our results do not require field automorphisms. Projective equivalence has
sometimes been called strong equivalence in the literature.) Our main tool
for showing projective equivalence of a pair of matrix representations is the
following well-known result of Brylawski and Lucas.

Proposition 1.1 ([10], Proposition 6.3.12). Let A and B be r X n matrices
over a field with the columns of each labelled, in order, by ei, ey, ..., €,
with v > 1. Then A and B are projectively equivalent representations of a
matroid on {ey, ey, ... ey} if and only if there is a non-singular matriz T and
a non-singular diagonal matrixz S such that TAS = B.

The connection between matrix and biased graph representations is pro-
vided by gain graphs (also known as group-labelled graphs). We show that if
a matroid M has a representation as a matrix over a field F and has a repre-
sentation as a biased graph (G, B), then an element of F may be assigned to
each edge of the graph G such that G becomes a gain graph, over either the
additive or multiplicative group of F, realizing B. Conversely, Zaslavsky [1§]
showed that every such gain graph yields a canonical matrix representation A
for M over FF, as follows.

When the gain graph is over the additive group of F, A is the matrix with
rows indexed by V(G) U vy, where vy ¢ V(G), and columns indexed by E(G)
in which, if e is assigned element ¢ € [F, has distinct endpoints u, v, and is
directed from u to v, then entry a,,. = ¢, aye = 1, a,e = —1, and all remaining
entries in column e are zero; if e is a loop then a,,. = ¢ and all remaining
entries in column e are zero. Thus A consists of the oriented incidence matrix
of G with one additional row containing the elements of F that are assigned to
each edge e € E(G); we say A is a canonical lift matriz. When the gain graph
is over the multiplicative group of F, A is the matrix with rows indexed by
V(G) and columns indexed by F(G) in which, if e is assigned element g € T,
has distinct endpoints u, v, and is directed from u to v, then a,. = 1, a,. = —g,
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and the remaining entries in column e are zero; if e is a loop incident to vertex
v then a,. = 1 — ¢ and all other entries in column e are zero. We say A is a
canonical frame matriz.

An assignment of elements of a group I' to the oriented edges of a graph
is a ['-gain function. A graph equipped with a I'-gain function is a I'-gain
graph. Switching, and when I' is the additive group of a field, scaling, are two
operations that may be applied to a ['-gain function to obtain a new I['-gain
function on the same graph. These operations re-assign elements of I" to E(G)
in such a way that the collection of cycles in B determined by the new gain
function remains unchanged. Thus the biased graph determined by a pair of
gain graphs, one resulting from a switching or scaling operation applied to the
other, remains the same. So it makes sense to consider switching and scaling
as biased graphic analogs to the elementary matrix operations for projective
equivalence. In fact, as we shall see, the connection between switching and
scaling on gain graphs and projectively equivalent matrix representations is
deeper than merely analogous.

As will be clear by the citations in Section [2| the notions of frame ma-
troids, lifted-graphic matroids, their representations by biased graphs, gain
graphs, their associated canonical matrix representations, and the operations
of switching and scaling, are all due to Thomas Zaslavsky, presented in his
seminal series of papers [14] [16, [17, [1§].

1.2 Main results

Switching and scaling naturally partition the set of I'-gain functions on a graph
into equivalence classes in which two gain functions are equivalent if one may
be obtained from the other by switching, or when I' is the additive group of
a field, by switching and scaling. When (G, B) is a biased graph realized by a
[-gain graph, these are the switching classes of I'-realizations of (G, B). When
the group is the additive group F* or multiplicative group F* of a field F, it is
straightforward to show that gain functions belonging to the same switching
class yield projectively equivalent canonical matrix representations [I§]. In
[18] Zaslavsky conjectured that the converse also holds. Leaving aside some
technicalities, Conjectures 2.8 and 4.8 of [18] are essentially as follows.

Conjecture 1 (Zaslavsky [I8]). Let G be a graph and let F be a field. The
canonical frame matrices given by two F*-gain functions ¢ and ¥ on G are
projectively equivalent if and only if ¢ and ¢ are switching equivalent.

Conjecture 2 (Zaslavsky [I18]). Let G be a graph and let F be a field. The
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canonical lift matrices given by two FT-gain functions ¢ and v on G are pro-
jectwvely equivalent if and only if ¢ and ¢ are switching-and-scaling equivalent.

A joint is an unbalanced loop in a biased graph. It is a property of
the switching operation that the gain on a joint remains unchanged by ev-
ery switching operation (provided I' is abelian; more precisely, the gain on a
joint is conjugated by switching). Thus one of the technicalities to be dealt
with in Conjectures [Ifand [2|is the following. Let ¢ and i) be F*-gain functions
on a graph G. Suppose p(e) = 1(e) for every edge e that is not a joint, but
that there is a joint €’ for which ¢(e’) # 1 (e’) and neither ¢(e’) nor ¥(e') is
zero. Since a switching operation can alter neither ¢(e’) nor ¥ (€’), ¢ and
are not switching equivalent. Yet clearly the canonical matrices defined by
@ and 1) are projectively equivalent, since each of their columns representing
the element ¢’ may be scaled so that the single nonzero entry in each is equal
to any element of F*. Our first main result is that for gain graphs repre-
senting 3-connected matroids, this issue with gains on loops provides the only
counterexamples to Conjectures [I] and [2]

Theorem 1. Let M be a 3-connected matroid of rank greater than two. Let
(G, B) be a loopless biased graph representing M and let F be a field.

(i) The canonical frame matrices given by two F*-gain functions ¢ and ¢
realizing (G, B) are projectively equivalent if and only if ¢ and v are switching
equivalent.

(ii) The canonical lift matrices given by two Ft-gain functions ¢ and
realizing (G, B) are projectively equivalent if and only if ¢ and ¢ are switching-
and-scaling equivalent.

(iii) Provided (G, B) has no vertex whose deletion leaves a biased graph with
no unbalanced cycles, no canonical frame matrix representation is projectively
equivalent to any canonical lift matriz representation of M.

In fact, we can say more. Theorem [1| follows from the stronger statements
of our Theorems and [5.4L Together these also give necessary and sufficient
conditions for projective equivalence of a canonical lift matrix and a canonical
frame matrix representation. Examples that are not 3-connected for which
the conclusions of Theorem [I| do not hold are not difficult to construct, so the
hypothesis that M be 3-connected is necessary.

Let M be a linearly representable frame or lifted-graphic matroid. Not
only may M have projectively inequivalent matrix representations arising as
canonical matrix representations from the same biased graph, but there may
also be different biased graphs representing M. We say a matrix representation
is particular to the biased graph (G, B) when it is a canonical matrix arising
from a gain function realizing (G, B). Zaslavsky has conjectured the following.
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Conjecture 3 ([16]). Let (G,B) be a biased graph, where G is sufficiently
connected, and let F be a field. If F(G,B) (resp., L(G,B)) is linearly repre-
sentable over F then F(G,B) (resp., L(G,B)) has a canonical representation
particular to (G, B).

Zaslavsky subsequently further conjectured the following.

Conjecture 4 (Zaslavsky, personal communication). Let (G, B) be a biased
graph, where G is sufficiently connected, and let F be a field. FEvery F-rep-
resentation of F(G,B) (respectively L(G,B)) is projectively equivalent to a
canonical representation.

Geelen, Gerards, and Whittle prove Conjecture [4| for 3-connected matroids
in [8], though the result is not explicitly stated (it appears in the proof of their
Theorem 1.4). Surprisingly, a result even stronger than Conjectures [3| and
holds:

Theorem 2. Let M be a 3-connected matroid, and let F be a field. Let A be
a matriz over F representing M and let (G, B) be a biased graph representing
M. Then A is projectively equivalent to a canonical representation particular

to (G,B).

Theorem [2| follows from the stronger statement of Theorem |[5.5) Together
Theorems [5.1], .4, and [5.5] imply our next main result. We need just a few
more definitions before we can state it precisely. A biased graph is balanced
when all of its cycles are balanced, almost-balanced when it is not balanced
but there is a vertex that is contained in every unbalanced cycle of length at
least two, and properly unbalanced otherwise. A properly unbalanced biased
graph with no pair of vertex-disjoint unbalanced cycles is tangled. If (G, B) is
balanced, then both F'(G, B) and L(G, B) are equal to the cycle matroid M (G)
of G. Since M(G) has a projectively unique matrix representation over every
field, and every gain function realizing a balanced biased graph is switching
equivalent to the gain function assigning the group identity to every element
(this follows from Proposition below), Conjectures hold in this case.
Thus we just need consider almost-balanced and properly unbalanced biased
graphs. The collection of unbalanced cycles in almost-balanced biased graphs
is highly structured and well understood (see [5]). For each almost-balanced
biased graph (G, B) there is a family of almost-balanced biased graphs R (¢ 5,
each of which represents the frame matroid F(G,B). We denote the unique
biased graph in Rg ) with the least number of loops by (@, g), this is also

the unique biased graph in the collection for which F(G, B) = L(G, B).
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Let M be a 3-connected matroid with rank greater than two. Let F be a
field and let (G, B) be a biased graph representing M. Let Spx (G, B) denote
the collection of switching classes of F*-gain functions realizing (G, B), and
let Sp+(G, B) denote the collection of switching-and-scaling classes of FT-gain
functions realizing (G,B). For each biased graph representing M and each
field I, define

Srx (G, B) it M = F(G,B) # L(G, B),
S:(G.B) = Sr+(G, B) it M = L(G,B) # F(G,B),
’ Spx (G, B) U Sp+ (G, B) if (G, B) is tangled,
Sp+ (G, B) if (G, B) is almost-balanced.

Theorem 3. Let M be a 3-connected matroid of rank greater than two. Let
F be a field and let (G,B) be a loopless biased graph representing M. The
projective equivalence classes of matrices over F representing M are in one-to-
one correspondence with the switching classes of gain functions in Sp(G, B).

The proofs of our main results use an inductive argument. For this purpose
we determine a small collection of biased graphs, at least one of which must
occur as a biased topological subgraph in every 2-connected biased graph.
This investigation yields three results on unavoidable minors and topological
minors of biased graphs that are of independent interest.

The graph obtained from a 3-cycle by replacing each edge with a pair
of parallel edges is denoted by 2C5. The graph obtained from a 4-cycle by
replacing each edge in a pair of non-adjacent edges with a pair of parallel edges
is the tube graph, denoted by 2CY. We show that the collection Gy consisting
of the six biased 2C3’s with no balanced 2-cycle, the three biased tubes with
no balanced 2-cycle, and the four biased K,’s with no balanced triangle, is the
set of biased graphs that are minor-minimal amongst all 2-connected, properly
unbalanced biased graphs. Contraction of a loop is never required to obtain
one of these minors; such a minor is a link minor.

Theorem 4. Every 2-connected properly unbalanced biased graph contains a
biased graph in Gy as a link minor.

We prove an analogue of Theorem {] for biased topological subgraphs. Let
P denote the biased graph consisting of the triangular prism with just its two
triangles balanced (Figure |5 on page . Let 7y be the set of biased graphs
consisting of those in Gy together with P and the two biased graphs obtained
from P by contracting 1 and 2 edges, respectively, of the matching in P linking
its two triangles.
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Theorem 5. Fvery 2-connected properly unbalanced biased graph contains as
a biased subgraph a subdivision of a biased graph in Ty.

Theorems [4] and [5] are useful because switching inequivalence of gain func-
tions over abelian groups can always be found (in the interesting case that
there are no joints) on a small minor. This is the content of our final main
result. Two biased graphs representing the 4-point line Us4 as a frame or
lifted-graphic matroid are shown in Figure [7] on page 27} we denote these
biased graphs by U; and Us.

Theorem 6. Let (G,B) be a 2-connected, loopless, and properly unbalanced
biased graph. Let T' be an abelian group and let ¢ and i be I'-realizations of
(G,B). Assume that ¢ and ¢ are not switching equivalent. In the case that
I’ us the additive group of a field, assume that ¢ and v are not switching-and-
scaling equivalent. Then either

(i) (G, B) has a link minor (H,S) € Gy such that the gain functions induced
by ¢ and ¥ on E(H) are not switching equivalent (resp., not switching-
and-scaling equivalent), or

(ii) (G,B) has Uy as a minor and Us as a link minor such that the gain
functions induced by ¢ and v are not switching equivalent (resp., not
switching-and-scaling equivalent) on the 2-cycle of Uy nor on the theta
subgraph of Us.

The remainder of the paper is structured as follows. In Section 2] we provide
necessary preliminary notions. In Section [3] we prove Theorems [4] [5 and [6] on
unavoidable minors and unavoidable biased topological subgraphs. In Section
we show that Theorems [T] and [2l hold for the set of unavoidable minors, and
finally in Section [5] we prove Theorems [1] [2| and

2 Preliminaries

We assume that the reader is familiar with matroid theory as in Oxley’s stan-
dard text [I0]. In this section we summarize those notions that are central to
the results of this paper or are not standard in the literature, and introduce
some required notation.
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2.1 Graphs and biased graphs

Let G be a graph. We denote the subgraph of G induced by a subset X C E(G)
by G[X]. The set of vertices of G[X] is denoted by V(X). A k-separation of G
is a partition (A, B) of E(G) with |A| > k, |B| > k, and |V(A)NV(B)| =k. A
vertical k-separation of G is a k-separation (A, B) of G with both V(A)—V(B)
and V(B)—V(A) non-empty. A graph on at least k+ 2 vertices is k-connected
if it has no vertical [-separation for any [ < k. A graph on k + 1 vertices
is said to be k-connected if it has a spanning complete subgraph. Thus a
highly connected graph may contain loops or parallel edges. We often need
to distinguish between edges with distinct endpoints and loops; an edge with
distinct endpoints is a link.

A biased graph is a pair (G, B) where G is a graph and B is a collection of
cycles of G with the property that no theta subgraph of G contains exactly two
cycles in B; a theta graph is the union of three internally disjoint paths linking
a pair of vertices. Such a collection B is said to satisfy the theta property.
Cycles in B are balanced; cycles not in B are unbalanced. A biased graph
is balanced if all cycles are balanced, unbalanced if it contains an unbalanced
cycle and contrabalanced if no cycle is balanced. Similarly, a subset of edges or
a subgraph is balanced, unbalanced, or contrabalanced, according to whether all,
not all, or none, respectively, of the cycles it induces or contains are balanced.
A vertex v is a balancing vertex if every unbalanced cycle contains v. A biased
graph (G, B) is k-connected if G is k-connected. For two biased graphs (G, B)
and (H,S) an isomorphism v: (G,B) — (H,S) consists of an underlying graph
isomorphism ¢: G — H that takes B to S. We sometimes write Q = (G, B)
and speak of the biased graph €2 when there is no need to be explicit about
the underlying graph G and its collection of balanced cycles B.

We denote the set of all cycles in G by C(G). Let (G, B) be a biased graph
and e an edge in G. Define (G, B)\e = (G\e, B|g\c) where B|a\. = BNC(G\e).
If e is a link, then define (G, B)/e = (G /e, B|a/e) where Blg/. = {C € C(G/e) :
C e BorCUe e B}. If e is a balanced loop, then (G,B)/e = (G,B)\e. In
order that contraction of a joint e of (G, B) remain consistent with the opera-
tion of contraction of e in the lifted-graphic or frame matroid represented by
(G, B), two different contraction operations in (G, 3) are required, depending
upon which matroid (G, B)/e is to represent. Let e be a joint of (G, B), in-
cident to vertex v. To obtain a biased graph representing L(G, B)/e, define
(G,B)/e = (G\e,C(G\e)). To obtain a biased graph representing F'(G,B)/e,
define (G, B)/e = (G',B") where G’ is obtained from G by adding each loop
e’ # e incident to v to B and replacing each link f incident to v with a joint
incident to its other endpoint. The collection B’ is B restricted to the subgraph
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Figure 1: Circuits of the frame matroid.
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Figure 2: Circuits of the lift matroid.

GG — v along with any new balanced loops incident to v. Whenever contracting
a joint, we will be explicit about which contraction operation is used, lift-type
or frame-type, respectively. In fact, we will only require contraction of a joint
once; this will be a frame-type contraction. All other minors we consider may
be obtained without contracting joints. Such a minor is a link minor. We
permit deletion of isolated vertices and do so without comment.

2.2 Matroids arising from biased graphs

A frame matroid is a matroid M to which a basis B may be added such that
each e € E(M) is contained in the closure of some 2-element subset of B. A
subset C' C E(G) is a circuit of the frame matroid F(G, B) precisely when C' €
B or C' induces a subdivision of one of the graphs shown in Figure[I| containing
no balanced cycle [16]. A matroid M is lifted-graphic if there is a single-element
extension My of M by an element ey such that My/eq is graphic. Dualizing
Crapo’s characterization [4] of single-element extensions of matroids, Zaslavsky
observed [I6] that if G is a graph such that My/eq = M(G) then M has a
natural description in terms of a biased graph (G, B). A subset C' C E(G) is a
circuit of the lifted-graphic matroid L(G, B) precisely when C' € B or C' induces
a subdivision of one of the subgraphs shown in Figure[2|containing no balanced
cycle [16]. Minors of biased graphs and their matroids agree: for any edge e of
a biased graph (G, B), F(G,B)\e = F((G,B)\e), F(G,B)/e = F((G,B)/e),
L(G,B)\e = L((G,B)\e), for any link e, L(G,B)/e = L((G,B)/e), and if e is
a joint then L(G, B)/e = M(G\e) [16].

Evidently whenever (G, B) is a biased graph with no two vertex-disjoint
unbalanced cycles, F(G,B) = L(G,B). For notational convenience and to
avoid potential confusion, in the case that (G,B) does not have a pair of
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vertex-disjoint unbalanced cycles we denote the matroid on ground set E(G)
that is equal to both F(G,B) and L(G,B) by M (G, B).

2.3 Gain graphs

A gain graph is obtained from a graph by assigning a direction and an element
of a group (a gain) to each edge of G [14]. Let G be a graph and let I' be a
group. Orient the edges of G by arbitrarily assigning a direction to each edge:
for each edge e € E(G) choose one of its ends for its tail t(e). The other end
of e is its head h(e); if e is a loop then h(e) = t(e). We specify an oriented
edge e by the ordered triple (e;u,v) where u = t(e) and v = h(e); then e™! is
the ordered triple (e;v,u). We think of e™! as the oriented edge e traversed in
the reverse direction. The collection of ordered triples {(e;u,v) : e € E(G) has
ends u, v}, consisting of all oriented edges of G and their inverse orientations
is denoted by E (G). As long as no confusion may arise, we write e for both the
edge e € E(G) and for an ordered triple (e;u,v) € E(G) specifying a direction
of traversal of e. Let I" be a group, and let ~ : E(G) — I' be a function
satisfying the following condition: for each link e, if I' is multiplicative then
y(e™) = v(e)~! while if T is additive then y(e™') = —v(e). Such a function
is a ['-gain function on G; the pair (G,~) is a ['-gain graph.

A gain graph (G, v) naturally gives rise to a biased graph (G, B,), where the
membership of each cycle in the collection of balanced cycles B, is determined
by the gains assigned to its edges, as follows. Let W = (vy,e1,v2,...,0p, €n,
Unt1), where for each i, v;, v;41 are the ends of edge e;, be a walk in G. Define
Y(W) = ~v(er;v1,v9)y(€2; V2, v3) - - - V(€3 U, U1 ) when I' is multiplicative and
Y(W) = 7(er;vr,v2) + Y(ea;v2,v3) + « -+ + y(€n; Un, Vpy1) when T' is additive.
For each cycle C' of G choose a closed Eulerian walk W in C'; and define C
to be balanced with respect to v if 7(W¢) is the identity element of I'. Let B,
be the collection of cycles in GG that are balanced with respect to . Observe
that if W/, is another closed Eulerian walk in C' then v(W¢) and v(W(,) are
conjugate. Thus B, is well-defined. If (G,B) is a biased graph and 7 is a
I'-gain function such that B, = B, then we say v realizes (G, B) and that v is
a D-realization of (G, B).

Switching and scaling. Given a I'-gain function v on G and a function
n: V(G) — T, define the gain function " by v"(e) = n(t(e))~*-v(e)-n(h(e)) if
I" is multiplicative and by v7(e) = —n(t(e))+v(e)+n(h(e)) if I' is additive. The
function 7 is a switching function. It is straightforward to check that a cycle C'
is balanced with respect to «y if and only if C' is balanced with respect to 77, so
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B, = B,». Observe also that for switching functions 7, and 7y, (y™)™ = ™™
or Y12 Two I'-gain functions ¢ and 1 are switching equivalent if there is
a switching function 1 such that @7 = 1. In the case that I' is the additive
group of a field F, we may choose any nonzero element a € F and obtain a new
gain function ay defined by a-¢(e) for each edge e. Clearly B,, = B,. We say
ay is obtained from ¢ by scaling. When I' is the additive group of a field, we
say two gain functions ¢ and ¢ are switching-and-scaling equivalent if there is
a switching function n and scalar a € F* such that ap” = 1. Evidently, for a
multiplicative group I' the relation of being switching equivalent partitions the
collection of I'-gain functions on a graph into equivalence classes, its switching
classes. Similarly, when I is the additive group of a field the relation the being
switching-and-scaling equivalent partitions the collection of I'-gain functions
on a graph into its switching-and-scaling classes. Propositions and are
immediate.

Proposition 2.1. Let F' be a forest in a graph G and let v be a I'-gain function
on G. There is a switching function n such that v"(e) is the identity for all
edges e in F'.

Let F be a forest of a graph. A gain function ~ is said to be F-normalized
when 7(e) is the identity for all edges e in F.

Proposition 2.2. Let I' be an abelian group, G be a graph, and F a maximal
forest in G. If ¢ and v are two F-normalized I'-gain functions on G, then ¢
and v are switching equivalent if and only if ¢ = 1. In the case that I is the
additive group of a field F, p and ¢ are switching-and-scaling equivalent if and
only if ¢ = ayp for some scalar a € F*.

Minors and induced gain functions. Minors of gain graphs are defined
so that they are consistent with those of their corresponding biased graphs.
Let I" be a group, and let (G, ) be a ['-gain graph. Every minor H of G has an
induced T'-gain function 7|y inherited from . Moreover, whenever (H,S) is a
biased graph that is a minor of (G, B,) then (H,S) is realized by the induced
gain function v|g on E(H) inherited from v. We now define these notions and
justify this claim.

Let e be an edge of G. We denote by (G, v)\e and (G, y)/e the gain graphs
obtained by deletion and contraction of e with their induced gain functions
defined as follows. The induced gain function y|e. on G\e is the restriction
of v to E(G) —e. If e is a loop assigned the identity element of I by ~, then
G/e = G\e so again the induced gain function is just the restriction of v to
E(G) —e. If e is a link, then there is switching function 7 such that v"(e) is
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the identity element of I'. Define the induced gain function 7|/ on G/e to
be the restriction of 47 to E(G) — e. Finally, suppose e is a loop with y(e) not
equal to the identify element of I'. Suppose e is incident to vertex v € V(G).
For a lift-type contraction of e, (G,~y)/e is the gain graph (G\e,¢) where ¢ is
the gain function assigning the identity element of I' to every edge; declare ¢
to be the induced gain function on (G, )/e. For a frame-type contraction of e,
(G,v)/e is the gain graph (G’,v|s/) in which G’ is the underlying graph of the
biased graph (G, B,)/e obtained by the frame-type contraction of the joint e
defined in Section above, and 7y|s is the gain function whose restriction to
E(G —w) is equal to the restriction of v to E(G — v), that assigns the identity
element of I' to each balanced loop of (G, B,)/e, and assigns y(e) to each new
joint of (G, B,)/e.

For link minors, induced gain functions can be defined globally (up to
switching) as follows. Consider a biased graph (G, B) and two disjoint subsets
K,D C E(G) where K does not contain any loops. Let K/ C K be a set of
edges that induce a maximal forest in G[K], and let D' = DU (K\K’). Then
(G,B)/K\D = (G,B)/K'\D'. Thus a link minor may always be obtained
by contraction of an acyclic set. Consider a gain graph (G,~) with disjoint
subsets K, D C E(G) where K does not contain a loop. We obtain an induced
gain function 7v|g/x\p for G/K\D as follows. Choose a subset K’ C K such
that G[K”] is a maximal forest contained in G[K], and choose a maximal forest
F of G containing K’. Let 4" be the F-normalization of . Define v|q/x\p to
be the restriction of 4" to E(G) — (K U D).

Proposition 2.3. Let G be a graph and let F' be the edge set of a forest in
G. Let T be an abelian group (resp., the additive group of a field). Then ¢
and ¢ are switching equivalent (resp., switching-and-scaling equivalent) T'-gain
functions on G if and only if ¢|q/r and Y| r are switching equivalent (resp.,
switching-and-scaling equivalent).

Proof. Extend F' to a maximal forest F},, in G and assume that ¢ and 1) are
normalized on F,,. If ¢ and 1 are switching inequivalent (resp., switching-
and-scaling inequivalent), then certainly ¢ # ¢ (resp., ¢ # at for any scalar
a), and since both are normalized on F,, their restrictions to E(G)\F,, are
not equal (resp., neither is obtained by scaling the other). Now in G/F, the
induced gain functions ¢|g/p and 9|q/p are normalized on the maximal forest
F\F of G/F and ¢|g/r # ¥|q/r. Thus by Proposition ¢|a/r and Y|q/p
are switching inequivalent (resp., switching-and-scaling inequivalent) on G/ F.

Conversely, if ¢ and ¢ are switching equivalent (resp., switching-and-
scaling equivalent), then by Proposition 2.2, ¢ = ¢ (resp., ¢ = a1p for some
scalar a), so ¢|q/r = ¥|q/r (resp., Yla/r = atb|a)r). O
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We say that biased graph (G, B) has an (H, S)-minor (respectively, (H,S)-
link minor) when there is a minor (resp., link minor) (G’,B') of (G, B) that
is isomorphic to (H,S). The following proposition now follows immediately
from the definitions.

Proposition 2.4. If v is a I'-realization of (G, B) and (G',B') is a minor of
(G, B), then the induced gain function v|g is a I-realization of (G',B').

When 7 is a I'-realization of (G, B) and (G’, B') is a minor of (G, B), we say
the I'-realization v|g of (G', B|g) is the induced I'-realization of (G', Blg).

Minors and canonical representations. Given a matroid M represented
over a field by a matrix A, the operation of removing column e from A yields
a matrix representation of M\e. The operation of applying row operations so
that column e contains a unique nonzero element equal to 1 and then removing
column e along with the row in which column e is nonzero yields a matrix
representation of M/e. With just a little more care, we may apply these
usual operations to a canonical matrix representation to obtain a canonical
matrix representation given by the corresponding induced gain function on
the gain graph minor. For a canonical matrix A, and column e of A, denote
by A\e the matrix obtained by removing column e from A. Denote by A/e
a matrix obtained by applying row operations so that column e contains a
unique nonzero element equal to 1, say in row ¢, and then removing column e
and row ¢ from A, subject to the following. If A is a canonical lift matrix and e
is a link, then row i is not the “gains row” vy. If A is a canonical frame matrix
and if e is a joint, then also scale columns so that for each column €’ # e with
a nonzero entry in row ¢ and with a second nonzero entry in a row j # i, entry
Ao is equal to 1 — v(e).

Given an [F*-gain function ¢ on a graph G, denote by Ap(G, ¢) the canon-
ical frame matrix defined by (G,¢) as described in Section [1.1} Similarly,
for an F-gain function ¢ on G, denote by A (G, ) the canonical lift ma-
trix defined by (G, ), as described in Section The following lemma is a
straightforward consequence of the definitions.

Lemma 2.5. Let G be a graph, let F be a field, and let ¢: E_"(G) — F* and
V: E(G) — F* be gain functions. Let e € E(Q).

(1) Ar((G, 9)\e) = Ap(G, )\ and AL((G, )\e) = AL(G,0)\e.

(ii) Ar((G,p)/e) = Ar(G, ) /e, where if e is a joint the contraction oper-
ation is of frame type.

(ili) AL((G,v¥)/e) = AL(G, ) /e, where if e is a joint the contraction op-
eration 1s of lift type.
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Evidently, if A and B are projectively equivalent matrices over I, then so
too are A\e and B\e projectively equivalent, as are A/e and B/e.

2.4 A-Y and Y-A exchanges

The operations of A-Y and Y-A exchange in graphs and in matroids are well
understood. Here we generalize these operations from graphs to biased graphs,
and show that an exchange in a biased graph representation agrees with that
in the matroid. We apply A-Y and Y-A exchanges in a biased graph (G, B) by
performing the usual operation in G, then appropriately defining a collection
of balanced cycles to define the resulting biased graph. We use these tools in
Sections 4 and [

Let X = {a,b,c} be the edge set of a triangle T" in a graph G, with
V(T) = {x,y, 2z}, where a = yz, b = xz, and ¢ = xy. Delete edges a, b, ¢ from
G, add a new vertex v to GG, along with three new edges vz, vy, and vz, and
label the new edges a, b, ¢ so that a = vz, b = vy, and ¢ = vz. The resulting
graph, in which the triangle X is replaced with a K 3-subgraph with the same
set of edges, is said to have been obtained from G by a A-Y exchange, and is
denoted by AxG.

The reverse operation is a Y -A exchange: Let v be vertex of degree three
in a graph G, whose incident edges Y = {a, b, ¢} induce a K 3-subgraph of G.
Let z,y, 2z be the neighbours of v in GG, where a = vz, b = vy, and ¢ = vz.
Delete v along with its incident edges a, b, ¢, and add three new edges xy, yz,
and zz, and label the new edges a, b, c so that a = yz, b = xz, and ¢ = zy.
The resulting graph, in which the K s-subgraph Y is replaced with a triangle
with the same set of edges, is said to have been obtained from G by a Y-A
exchange, and is denoted by VyG.

We extend these operations to biased graphs as follows. Let (G, B) be a
biased graph and let X be a balanced triangle of G. Define AxB to be the
collection of cycles of AxG given by

{CeB: |CNX|=00r2}U{CAX :CeBand |CNX|=1}
where A denotes symmetric difference. Let Y be a K 3-subgraph of (G, B).

Define Vy B to be the collection of cycles of VyG consisting of Y together
with the minimal nonempty members of the set

{C:CeBand |CNY|=0o0r 2} U{CAY : C € Band |CNY|=2}.

The proofs of the following two propositions are straightforward checks.
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Proposition 2.6. Let X be a balanced 3-cycle in a biased graph (G,B). Then
(AxG,AxB) is a biased graph.

Proposition 2.7. Let Y be a K 3-subgraph of a biased graph (G,B). Then
(VyG,VyB) is a biased graph.

We denote the biased graph (AxG,AxB) by Ax(G,B) and the biased
graph (Vy G, VyB) by Vy (G, B).

Observe that a A-Y exchange in a graph G is given by a 3-sum of a labelled
K, and G. To perform a A-Y exchange in a matroid M, take a copy of M (K}y)
on ground set {a,b,c,a’, V', '} labelled so that {a,b, c} is a triangle, {a', 0, '}
is a triad, and each of {a,0,c}, {d,b,c'}, and {a',V,c} are triangles. Let
X ={a,b,c} be a triangle of M, and take the generalized parallel connection
of M and M(Ky) across X (see [10], Sections 11.4 & 11.5). Finally, delete
X and relabel each of a/,V', ¢ by a,b, ¢, respectively. The resulting matroid is
said to have been obtained via a A-Y exchange on X, and is denoted Ax M.

A Y-A exchange in a matroid M is defined via duality. Let Y be a triad
of M. Then Y is a triangle of the dual M*. Define VyM = (AyM*)*. We
say Vy M is obtained from M via a Y-A exchange on'Y'.

The following proposition is a straightforward consequence of the defini-
tions. It can be proved by comparing flats.

Proposition 2.8. Let (G, B) be a biased graph.

(i) If X is a balanced triangle of (G, B), then F (Ax(G,B)) = AxF(G, B)
and L (Ax(G,B)) = AxL(G,B).

(ii) Let Y be a Kis3-subgraph of G for which, if (G,B) is unbalanced,
(G,B) — E(Y) remains unbalanced. Then F (Vy(G,B)) = VyF(G,B) and
L(Vy(G,B)) =VyL(G,B).

The projective equivalence classes of matrix representations of a matroid
are well-behaved under A-Y exchanges:

Proposition 2.9 (Whittle [I2, Lemma 5.7]). Let M’ be a matroid obtained
from the matroid M by a single A-Y exchange, and let F be a field.

(i) M is F-representable if and only if M’ is F-representable.

(ii) The projective equivalence classes of F-representations of M are in
one-to-one correspondence with the projective equivalence classes of F-repre-
sentations of M’.

Gain functions realizing a biased graph are similarly well-behaved under
A-Y exchanges. Proposition is an analogue of Proposition [2.9]
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Proposition 2.10. Let X be a balanced triangle of a biased graph (G,B). Let
[ be the multiplicative (resp., additive) group of a field.

(i) ¢ is a D-realization of (G,B) if and only if ¢ is a I'-realization of
Ax(G,B).

(ii) The switching (resp., switching-and-scaling) classes of I'-realizations of
(G, B) are in one-to-one correspondence with the switching (resp., switching-
and-scaling) classes of I'-realizations of Ax (G, B).

Proof. (i) Let F' be a maximal forest of AxG containing X. For each edge
e € X, F — e is a maximal forest of G that contains two edges of X. By
Proposition [2.2] every I-realization of (G,B) is switching equivalent (resp.,
switching-and-scaling equivalent) to a unique (resp., unique up to scaling)
(F —e)-normalized ['-realization and every I'-realization of Ax (G, B) is switch-
ing (resp., switching-and-scaling) equivalent to a unique (resp., unique up to
scaling) F-normalized I'-realization. Since X is a balanced triangle of (G, B),
every (F' — e)-normalized I'-realization of (G, B) also has identity gain value
on e. Thus a I'-realization assigning identity gains to each edge in X is a I'-
realization of (G, B) if and only if it is a I-realization of Ax (G, B). Thus we
obtain a canonical bijection between between I'-gain realizations of (G, B) and
Ax (G, B), so (ii) holds. O

We now show that a A-Y exchange applied to a canonical representation
agrees with the exchange applied to its gain graph. Over any field, a matrix
representing the matroid M (Ky) is projectively equivalent to the matrix I(Ky)
shown below.

1 0 0 1 1 0
0o 1 0 -1 0 1
I(Ky) = 0O 0 1 0 -1 -1

-1 -1 -1 0 0 0

The first three columns of this matrix represent a triad and the last three
columns a triangle of Kjy. Given a matrix A’ such that M(A’) contains a
triangle X, A’ is projectively equivalent to a matrix A in which the columns
corresponding to X are as the last three columns of I(K}), perhaps with one
row omitted or with zero rows added. Let AxA denote the matrix obtained
from A by replacing the columns for X with first three columns of I(Kjy),
where possibly the fourth row is omitted or additional zero rows are added.
Then M(AxA) = AxM(A) [2]. Similarly if M(A’) contains a triad Y, then
A’ is projectively equivalent to a matrix A in which the columns corresponding
to Y are as the first three columns of I(K}), possibly with a row omitted or
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additional zero rows. Let Vy A denote the matrix A obtained by replacing the
columns of Y with those of the last three columns of I(K4). Then M(VyA) =
VyM(A) [2]. Thus the next fact follows immediately from Proposition [2.10]

Proposition 2.11. Let F be a field and let (G, ) be a I'-gain graph, where
I' e {F*,F*}. Let X be a balanced triangle of (G,B,) and let Y be a K, 3-
subgraph of G.

(i) AxAr(G, ) is a canonical frame matriz particular to (AxG, ),
(ii) VyAr(G, ) is a canonical frame matriz particular to (Vy G, p),
(i) AxAL(G, ) is a canonical lift matriz particular to (AxG, @),
) (G, ¥)

(iv) VyAL(G, ) is a canonical lift matriz particular to (Vy G, ¢).

2.5 Almost-balanced biased graphs: roll-ups

Let (G,B) be an almost-balanced biased graph with the property that after
deleting its joints it has a unique balancing vertex u. Let J be the set of
joints of (G, B) that are not incident to w, and denote by d(u) the set of
links incident to u. It is not difficult to check that the theta property implies
that for each pair e, e’ € §(u), either all cycles containing both e and ¢’ are
balanced or all cycles containing both e and €’ are unbalanced (for details, see
[5 Section 1]). Observe that, just as for a pair e, e’ € §(u) for which every
cycle containing both e and ¢ is balanced, for every pair f, f' € J, every path
linking the endpoint of f with the endpoint of f’ together with f and f’ is
a circuit of F(G,B). Define ¥g(u) = ¥(u) = 6(u) U J. Then for each pair
of edges ej,es € Yg(u), either every minimal path linking the endpoints of
e; and ey in G — u together with {eq, es} forms a circuit in F(G, B), or each
such path together with {e1, es} is independent in F/(G, B). Define a relation
~ on Yg(u) in which e; ~ e; if and only if i = j, or there is a balanced cycle
containing e; and ej, or e; and e; are both in J. It is straightforward to check
that ~ is an equivalence relation [5, Lemma 1.4]. We call the ~-equivalence
classes partitioning ¥.(u) the unbalancing classes of ¥ (u), and denote the set
of unbalancing classes of X(u) by X(u)/~.

Now consider the biased graph (@, l?) obtained from (G, B) by replacing
each joint e € J incident to a vertex v # u with a uv-link. Define B to be the
set of those cycles having intersection of size 0 or 2 with each unbalancing class
of X¢(u). It is straightforward to check by comparing circuits that F(G,B) =
F(G,B). Call (G,B) the unrolling of (G,B) to u. If J is empty, then set
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~

(G,B) = (G, B). Observe that u is a balancing vertex of (G, B), that Ya(u) =
Yg(u), and that Yz(u)/~ = Eg(u)/~; that is, the unbalancing classes of
Y¢(u) and of ¥ 5(u) are the same.

For each unbalancing class U of ¥5(u) there is a biased graph (G, By) for
which F(Gy,By) = F(G,B) = F(@,g), obtained from (G, B) by replacing
each link e = wv € U with a joint incident to v (this fact is straightforward
to check by comparing circuits; it appears in [5, Proposition 2.2]). Call each
such biased graph a roll-up of (G B) from u. It is a straightforward check
that for each unbalancing class U € Yz(u)/~, Xg, (u)/~ = X5(u)/~. Note
that J is an unbalancing class of Z@(u), and that (G;,B;) = (G,B). Define
R(a,B) to be the set of biased graphs consisting of (@, [5’\) together with all of
its roll-ups. Since each of these biased graphs shares precisely the same set
of unbalancing classes, we may write simply ¥ (u)/~ for this set, when it is
clear that we are considering a biased graph in the collection Rz ). Thus
'R = |X(u)/~| + 1. Finally, observe that since (G, B) has no pair of
vertex-disjoint unbalanced cycles, L(@, g) =F (@, E)

There is a special case to consider if (G, B) is balanced after removing its
set of joints J. Let x be a new isolated vertex added to V(G). Then J may be
unrolled to any vertex of (G, including x. In the case that J is unrolled to =z,
we obtain a balanced biased graph (H,C(H)), so F'(G, B) is equal to the cycle
matroid M (H) of H. The reverse operation may be applied to any graph.
Given a graph H and a vertex « € V(H), let (G, B) be the rollup of the set
of edges incident to z; that is, since the set of edges incident to z is a single
unbalancing class, replace each edge zv with a joint incident to its endpoint
v. Then M (H) = F(G, B).

If a biased graph has two distinct balancing vertices, then it has the very
restricted form described in Proposition [2.12]

Proposition 2.12 (Zaslavsky [13]). Let (G,B) be a 2-connected unbalanced
biased graph with two distinct balancing vertices x and y. Then G is a union
of subgraphs Gy U - -- UG, where for each pairi # j, G;NG; = {z,y}, and a
cycle s in B if and only if it is contained in a single subgraph G;. If m > 3
then x and y are the only balancing vertices of (G, B).

Observe that if a biased graph (G, B) of the form described in Proposition
has a subgraph G; with at least two edges, then (E(G;), E(G) — E(G;))
is a 2-separation of both L(G, B) and F(G, B).
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2.6 Full-rank canonical lift-matrix representations

Let G be a graph and let v be an F*-gain function on G, for some field F.
The canonical lift matrix Ay (G,~y) consists of the oriented incidence matrix
of the subgraph of G induced by its links together with a row vy of gains. It
is sometimes inconvenient that this matrix is not of full rank. Choosing one
vertex in each component of G, and deleting the rows of A.(G,~) indexed
by these vertices yields a matrix representation of L(G,B,) that is of full
rank. In the case GG is connected, just one row is removed, and the oriented
incidence matrix of GG is recovered from the resulting matrix by appending a
row equal to the negation of the sum of all rows but vg. When G is connected,
let us denote by A;°(G,v) the matrix obtained from AL(G,~) by deleting
the row indexed by the vertex v € V(G). Then A;*(G,B,) is a full-rank
matrix representing L(G, B,). Clearly, for any vertex v € V(G) the matrices
ATY(G,v) and AL(G, ) are projectively equivalent, and for any pair of vertices
u,v € V(G), the matrices A;“(G,~) and A; (G, ) are projectively equivalent.
We say A;°(G,7) is a full-rank canonical lift matriz representation of L(G, B,).
In the case that (G,B,) has a balancing vertex u after deleting its joints,
it will be convenient to use A;“(G,~y) as the full-rank canonical lift matrix
representation of L(G, B,).

3 Unavoidable minors

In this section we prove Theorems [4] B and [6] We show that there is a small
collection of biased graphs, at least one of which must appear as a minor
in every 2-connected biased graph. From this collection we obtain a slightly
larger collection of biased graphs, and show that every 2-connected properly
unbalanced biased graph contains a subdivision of at least one of these biased
graphs. We prove an analogous result for 2-connected almost-balanced biased
graphs, which we require for the proof of Theorem [5.5 Finally, we show that
inequivalence of gain functions may always be found on a one of small number
of unavoidable minors.

3.1 The minor-minimal, 2-connected, properly unbal-
anced biased graphs
Let Gy denote the set of minor-minimal biased graphs that are 2-connected

and properly unbalanced. We first describe 13 biased graphs in Gy, then show
that these 13 biased graphs form the complete set. Recall that we denote the



Matrix representations correspond to gain graphs 21

Name Balanced cycles
To none

T, @

T, OVA

T, OA

T, OAA
T. OAAA

Figure 3: The graph 2C3 and its six possible classes of balanced cycles not
containing a cycle of length two.

graph obtained from a 3-cycle by replacing each edge with a pair of parallel
edges by 2C5, and that we call the graph obtained from a 4-cycle by replacing
each edge in a pair of non-adjacent edges with a pair of parallel edges the tube,
and denote it by 2CY. Six of the biased graphs in Gy have underlying graph
2(C}5, three have underlying graph 2CY, and four have underlying graph Kj.

The set of cycles of the graph K, consists of four triangles and three quadri-
laterals. We denote by D, , = (K4, B;,) the biased K, with exactly ¢ balanced
triangles and ¢ balanced 4-cycles. There are seven biased K4's: Do, Do 1, Do 2,
Do3, D1, D21, and Dgo [14]. A biased K4 is properly unbalanced if and only
if it does not contain a balanced triangle. Thus the properly unbalanced Kj’s
are D070, D071, D072, and D073.

Proposition 3.1. There are siz unlabelled properly unbalanced biased 2C3’s.

Proof. A biased graph (2C5, B) is properly unbalanced if and only if B does
not contain a 2-cycle. Thus by theta property, B is a collection of triangles
pairwise intersecting in at most one edge. There are eight triangles in 2Cj5;
any set of five contains a pair that intersect in more than one edge. Hence B
contains at most 4 triangles. The possibilities are shown in Figure O]

A biased tube is properly unbalanced if and only if it has no balanced
2-cycle. There are three such tubes, described in Figure

We now show that the set of biased graphs consisting of the four biased
K,4’s with no balanced triangle, the six biased 2C'3’s with no balanced 2-cycle,
and the three biased tubes with no balanced 2-cycle,

{DO,()? DO,l) D0,27 D0,37 T07 T17 T27 ,27 T37 T47 BO7 Bl7 BZ}?
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Name Balanced cycles
@ Bo none
B, R
B, )00

Figure 4: The graph 2CY and its three possible classes of balanced cycles not
containing a cycle of length two.

forms the complete collection Gy of minor-minimal, 2-connected, properly un-
balanced biased graphs.

A subdivision of a biased graph (G, B) is a biased graph (H,S) in which H
is a subdivision of G and a cycle C of H is in § if and only if its corresponding
cycle C" of G is in B. Proposition follows immediately from Menger’s
Theorem.

Proposition 3.2. Let (G, B) be a 2-connected biased graph. If (G, B) contains
a vertex-disjoint pair of unbalanced cycles, neither of which is a loop, then
(G, B) contains a subdivision of By, By, or Bs.

Thus to prove Theorem [4] it remains just to show that a properly unbal-
anced biased graph without two vertex-disjoint unbalanced cycles has a link
minor from Gy. A properly unbalanced biased graph with no two vertex-
disjoint unbalanced cycles is tangled. The structure of tangled signed graphs
was characterized by Slilaty [11] and the structure of tangled biased graphs
in general was characterized by Chen and Pivotto [3]. The following theorem
could be proven as a consequence of Chen and Pivotto’s work in [3], but the
direct proof we present here seems no more difficult.

Theorem 3.3. Every tangled biased graph contains as a link minor either a
biased 2C's with no balanced 2-cycle or a biased K, with no balanced triangle.

Lemma 3.4. Let € be a tangled biased graph. Assume ) contains an unbal-
anced cycle C and a pair of unbalanced cycles Cy, and Cy such that V(C) N
V(Cy) ={z}, V(C)NV(Cy) ={y}, and x #y. Then CUC, UC, contains a

biased 2Cs with no balanced 2-cycle as a link minor.

Proof. Since €2 is tangled, (C, U C,) — {z,y} is connected; furthermore, it is
vertex-disjoint from C' and so balanced. Let K be the edge set of (C, UC,) —
{z,y}. Then (CUC,UC,)/K is a link minor of CUC,UC, and is a subdivision
of a biased 2C'; with no balanced 2-cycle. The result follows. O]
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Proof of Theorem[3.3. Let Q be a link-minor-minimal counterexample. Then
[V(2)| > 2 and ©Q has no joint, else € would not be tangled. If €2 has more
than one unbalanced block but no two disjoint unbalanced cycles, then €2 must
have a balancing vertex, a contradiction. Hence () has only one unbalanced
block. Evidently our desired minor exists in €2 if and only if it exists in the
unbalanced block of 2. Hence by minimality €2 is 2-connected. By minimality
we may also assume that {2 has no balanced 2-cycles.

Claim 1. The underlying graph of €2 is simple.

Proof of Claim: By way of contradiction assume that C' is an unbalanced 2-
cycle in €2 with vertices  and y. Thus €2 — 2 contains an unbalanced cycle C,,
passing through y and {2 — y contains an unbalanced cycle C, passing through

z. By Lemma [3.4] C, U C, U C contains a biased 2C3 without a balanced
2-cycle, a contradiction. &

If © has just three vertices, then the underlying graph of Q is a triangle.
This is not the case, as a biased triangle has a balancing vertex. If (2 has
exactly four vertices, then 2 — v is an unbalanced triangle for each vertex v,
else €2 has a balancing vertex. But then (2 is a biased K, without a balanced
triangle, a contradiction. Thus |V ()] > 5.

Claim 2. For each vertex v, ) — v is unbalanced and has a balancing vertex.

Proof of Claim: Minimality implies that for any vertex v in €2, {2 — v is not
tangled. Since {2 — v is unbalanced and has no two disjoint unbalanced cycles,
it must have a balancing vertex. )

Given an edge e with endpoints = and y, we denote the vertex in Q/e
resulting from the identification of x and y by v, or v,.

Claim 3. For each edge e, €2/e has v, as its unique balancing vertex.

Proof of Claim: By minimality, (/e is not tangled and has no two vertex-
disjoint unbalanced cycles and so must therefore have a balancing vertex. If
there is a balancing vertex u # v,, then every unbalanced cycle of )/e passes
through u, so every unbalanced cycle of 2 passes through u. But this implies
that u is a balancing vertex of €2, a contradiction. &

Claim 4. Q does not have a vertical 2-separation (A, B) in which B is balanced.

Proof of Claim: Suppose, for a contradiction, that (A, B) is a vertical 2-
separation in which B is balanced. Let {z,y} = V(A) N V(B), and let e be
an edge in B not incident to at least one of x and y. By Claim , 2/e has
balancing vertex v.. By our choice of e, (A, B\ e) is a 2-separation of /e,
and V(A)NV(B\e) is either {x,y}, {z,v.} or {ve,y}. In any case, since B\ e
is balanced, every unbalanced cycle of /e either does not intersect B \ e or



Funk, Pivotto, & Slilaty 24

intersects B\ e in the edges of a path linking the two vertices of V/(A)NV (B\e).
This implies that there is a vertex v € {z,y} such that every unbalanced cycle
in 2 contains v. This means v a balancing vertex of {2, a contradiction. &

Claim 5. £ is 3-connected.

Proof of Claim: Suppose that 2 has a vertical 2-separation (A, B) and let
{z,y} = V(A)NV(B). By Claim {4} neither A nor B is balanced. Since (2
does not have a balancing vertex both (2 — x and €2 — y are unbalanced. Let
C, be an unbalanced cycle in {2 — 2 and C, be an unbalanced cycle in 2 —y.
Without loss of generality, assume E(C,) C A. Since €2 has no pair of vertex-
disjoint unbalanced cycles and C), does not contain y, this implies that also
E(C,) € A. Hence E(C,) U E(Cy) C A. Since B is unbalanced, there is an
unbalanced cycle C”" in Q[B]; since C” is vertex-disjoint from neither C, nor
Cy, C" meets both vertices x and y. Thus by Lemma[3.4] C, UC, UC" contains
a biased 2C'5 having no balanced 2-cycle, a contradiction. s

Now let e = zy be an edge of () and let Ey,..., E, be the unbalancing
classes of edges incident to balancing vertex vy, in 2/e. Since §2/e is unbal-
anced, m > 2. Let E,; be the set of edges of F; that are incident to z in (2
and let E, ; be the set of edges of F; that are incident to y in €. Since 2 —y is
unbalanced, at least two of £, 1, ..., E;,, are nonempty; similarly, at least two
of Ey1,..., Ey ., are nonempty. Let X be the set of vertices in {2 — y adjacent
to x, and let Y be the set of vertices in {2 — x that are adjacent to y. Since the
underlying graph of  is simple, |X| > 2 and |Y| > 2. Now take x1,25 € X
so that edges zz; and zx, are in different sets E, 1, ..., E; ,,; similarly, take
y1,Y2 € Y so that edges yy; and yy, are in different sets £, 1, ..., E, . Since
the underlying graph of €2 is simple, x1 # x5 and y; # ys.

Claim 6. Vertices x1, a2, y1, y2 cannot be chosen so that {1, 22} N{y1,y2} = 0.

Proof of Claim: Suppose to the contrary that {z1, x2}N{y1, y2} is empty. Since
) is 3-connected, there is an x1-x5 path P in Q — {z,y}. Because edges z1;
and zxzy are in different sets E, 1, ..., E; ., the cycle zx; Prox is unbalanced.
For i € {1,2} let e; denote the yy;-edge in Q. Since v,,, is a balancing vertex
in Q/e; (by Claim [3), the path P must contain y; and y». Hence there is a
y1-y2 path P’ properly contained in P that avoids both z; and x,. Because
edges yy; and yy, are in different sets E 1, ..., E, ., the cycle C' = yy; P'yay
is unbalanced. But C avoids x1, 2, and z, and so avoids the balancing vertex
Uge, 0 /2, so this is a contradiction. &

Claim 7. Vertices x1, T2, Y1, y2 cannot be chosen so that [{z1, z2 }N{y1, y2} = 1.

Proof of Claim: By way of contradiction assume that [{x1, 22} N {y1, 2} =1
where, without loss of generality, zo = y;. As in the proof of Claim [6] any
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Figure 5: P has exactly two triangles, which comprise its set of balanced cycles.

x1-x9 path P in Q — {z,y} must contain y,. Thus there is a y;-yo path P’
properly contained in P and avoiding x1, leading to the contradiction that
there is an unbalanced cycle in Q/zz, avoiding the balancing vertex v,,,. &

By Claims @ and , every choice of x1, x9, y1, y2 has (without loss of
generality) ;7 = y; and x9 = yo. This implies that X = {z1,2:} =Y =
{y1,y2}, since otherwise we may choose a third vertex in X or Y so that
{x1, 22} N {y1, 92} € {0,1}. Let ¢’ and ¢” be respectively the xz;- and zxo-
edges in Q and let f" and f” be the yx:- and yxo-edges in Q. It cannot be that
¢ and f” are in the same unbalancing equivalence class E; € {Ey,..., E,}
because then 2 — x5 would be balanced. Similarly e’ and f” are not in the
same equivalence class. Because (2 is 3-connected, there is an xxs-path P in
Q—{z,y}. The subgraph of 2 on edges E(P)U{e, e’ ", f', f"} is a subdivision
of K, without a balanced triangle, a contradiction. O]

3.2 Unavoidable topological subgraphs

As is often the case with graphs, minors are harder to work with than sub-
graphs. In this section we prove Theorem [5] an analogue of Theorem [ for
biased topological subgraphs. We also prove a result on unavoidable biased
topological subgraphs for almost-balanced biased graphs.

Let P denote the biased graph whose underlying graph is the triangular
prism, with just its two triangles balanced (Figure. Let L denote the match-
ing of three edges linking the two triangles of P. Observe that P/L = T,. Let
P, and Py, respectively, be the biased graphs obtained from P by contracting
1 and 2 edges of L, respectively (so P, has two edges of L remaining, and Py
has just one edge of L remaining from P). Set 7y = Gy U {P,Py,P3}. Theo-
rem [5| guarentees that at least one of the biased graphs in 7, is unavoidable
as a biased topological subgraph in 2-connected properly unbalanced biased
graphs.

Proof of Theorem[3 If Q is not tangled, then the result follows from Propo-
sition 3.2l So assume that €2 is tangled. By Theorem Q) contains a link



Funk, Pivotto, & Slilaty 26

S
Figure 6: The graph G'.

minor (G, B) that is either a biased K, with no balanced triangle or a biased
2C'5 with no balanced 2-cycle. In the first case, since Ky is 3-regular €2 contains
a subdivision of (G, B). In the second case, either {2 contains as a subgraph a
subdivision of (G, B) or € contains a link minor (G’, B’) that is 2-connected,
has minimum degree 3, and contains an edge €’ for which (G',B')/¢’ = (G, B).
Since ) is tangled, G’ is as shown in Figure[6] It is straightforward to check
that if (G,B) 2 Ta, then (G',B’) contains a K, with no balanced triangle,
and so our desired subdivision. So assume that (G,B) = T,. Then either
B’ consists of a pair of edge-disjoint triangles both avoiding e’ or B’ consists
of a pair of 4-cycles each of which contain € but are otherwise edge-disjoint.
In the latter case, we again have a biased K, with no balanced triangle as a
subgraph, and so are done. In the former case, (G, B’) = P;. Thus either Q2
contains a subdivision of Py or € contains as a link minor (G”, B”) which has
minimum degree 3 and an edge €¢” for which (G”,B")/e” = P;. Either B” con-
sists of a pair of 4-cycles sharing just €” or B” consists of a pair of edge-disjoint
triangles avoiding {e’,e”}. Thus either (G”,B”) contains as a subdivision a
biased K with no balanced triangle, in which case we are done, or (G”,B”) is
isomorphic to Py. In the latter case, either €2 contains a subdivision of Py or
2 contains a link minor (G", B”) with minimum degree 3 and an edge ¢ for
which (G"”,B")/e"” = P,. Thus B” either consists of a pair of disjoint trian-
gles both avoiding {€’,e”, e} or a pair of 4-cycles sharing just €”. But if B"”
consists of a pair of 4-cycles, then (G"”,B") contains a pair of vertex-disjoint
unbalanced triangles, contradicting the fact that €2 is tangled. Hence it must
be the case the B” consists of a pair of disjoint triangles, so (G, B") = P. O

We now show that every almost-balanced biased graph containing a con-
trabalanced theta contains as a biased topological subgraph one of the biased
graphs in following collection. Denote the graph obtained from 2C'3 by delet-
ing an edge by 2Cs\e. The graph 2Cs\e is obtained from the tube 2CY by
contracting one of its non-doubled links, so the cycles of 2C5\e are in bijective
correspondence with the cycles of 2CY. Thus there are exactly three biased
graphs (2C3\e, B) without a balanced 2-cycle, each obtained as a single-edge
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Figure 7: Two contrabalanced biased graphs representing U, 4.

contraction of By, By, or By (Figure . We denote these biased graphs by
Bi, B}, and B, respectively. Recall that Dy o = (K4, B) where B consists of
exactly one balanced triangle; D; ¢ has a unique balancing vertex.

Proposition 3.5. Let (G,B) be a 2-connected biased graph that contains a
contrabalanced theta subgraph and a unique balancing vertex after removing
joints. Then (G,B) contains a subdivision of Dy, B{, B}, or B}.

Proof. Denote by nK, the graph consisting of two vertices with n links between
them. Since (G, B) contains a contrabalanced theta subgraph, it contains a
subdivision of (nKy, () for some n > 3. Let K be such a subdivision in (G, B)
with n as large as possible. Let u be the balancing vertex of (G, B). One of the
two degree-n vertices of K is u; let v be the other degree-n vertex of K. Then
K is the union of n internally disjoint u-v-paths Pi,..., P,. By assumption
(G, B) does not have the structure described in Proposition [2.12] Thus there
is a path P in G internally disjoint from K with both its ends in K such that
either

e both ends of P are internal vertices of two distinct paths F; and F;, or

e P has u as one end, an internal vertex of one of the paths P; as its other
end, and the cycle contained in P U P; is unbalanced.

In the first case, P;UP;UP is a theta subgraph with its cycle F;UP; unbalanced
and its cycle avoiding v balanced. By the theta property the cycle in B,UP;UP
avoiding v is unbalanced. Thus K U P contains a subdivision of D; . In the
second case, K U P contains a subdivision of By, B}, or Bj. O

3.3 Confining inequivalence to a small minor

We can now prove Theorem [6]

Two biased graphic representations of U, 4 are Uy and U3, shown in Figure
[7} all cycles in each are unbalanced. Theorem [0] localizes switching inequiva-
lence of gain functions on a small minor: if not a biased graph in Gy then on
both U2 and U3.
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Proof of Theorem[f By Theorem [5, (G,B) has a biased subgraph (G, Bo)
that is a subdivision of a member of GoU{P1, P5, P}. Since G is 2-connected and
loopless, there is a sequence of 2-connected subgraphs (Go, By), ..., (G, B,)
such that (G,,B,) = (G,B) and (G411, Biy1) = (G, B;) U P; for some path
P; that is internally disjoint from G;. Let ¢; and 1); be the I'-gain functions
induced by ¢ and ¢ on G;. If ¢y and 1)y are switching inequivalent (resp.,
switching-and-scaling inequivalent in the case that I' is the additive group of a
field), then the result follows by Proposition . Otherwise, there is an integer
t € {0,...,n — 1} such that ¢; and v; are switching (resp., switching-and-
scaling) equivalent for ¢ < ¢ and ;41 and ;1 are switching (resp., switching-
and-scaling) inequivalent. Let e be an edge in path P;,. Since Gy is 2-
connected, there is a spanning tree T;,; of G,;; that does not contain e.
Normalize ;11 and ¥;y1 on Tiyq. Let T; be Ty, restricted to G;. Then T;
is a spanning tree of GG;. Since ;.1 and ;1 are normalized on T}, ¢
and 1, are normalized on T;. Since ¢; and v, are switching (-and-scaling)
equivalent while ;1 and 1,41 are switching (-and-scaling) inequivalent, by
Proposition o1 = Yy (resp., ¢y = ayy for some scalar a) while ;.1 and
Y41 are equal (resp., equal up to scaling) everywhere except at e. Because
(Go, By) is unbalanced, (Gy, By) is unbalanced, so neither ¢; nor v is trivial
(that is, neither assigns the identity element of I' to every edge). Hence for
every cycle C of Gy containing path Py, ¢;1(C) # ¥11(C) (resp. if a is a
scalar such that ¢, = ayy then @1 (C) # a;1(C)). Since @iyq and 1, are
[-realizations of (Gy11, Biy1), it must be that every such cycle C' is unbalanced.
Extend FP; in G441 to a path P that is internally disjoint from G but whose
endpoints are both on Gy. Let ¢’ and ¢’ be ¢, 1 and 1), restricted to the
biased graph (Gg,By) U P. Again, ¢’ and ¢’ are equal (resp., equal up to
scaling) on every edge of (G, By) U P save for the edge e and every cycle C' in
(Go, By) U P containing e is therefore unbalanced. Now in (Gg, By) U P there
is a link minor Q = ((Gy, By) U P)/K\D for which Q\e is in Gy or Q\e/f is in
Go for some link f. The possibilities for 2 are as shown in Figure [§

Re-normalize ¢’ and ¢’ on a spanning tree of (Gg, By)U(P—e) that contains
the contraction set K and let ¢|g and 1q be the induced gain functions on €.
Again, ¢|q and ¥|q are equal (equal up to scaling) on each edge of (G, By) U
(P—e) but differ (differ even after scaling) on edge e, and every cycle containing
e is unbalanced. The first outcome of the theorem holds in cases (i), (ii), (iv),
and (v) of Figure [8 while the second outcome holds in cases (iii) and (vi). A
single frame-type contraction of a joint is necessary in order to obtain Us in
case (vi), but no other contraction of a joint is required. Thus all minors but
this one are link minors. O
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Figure 8: The possibilities for (2.

The following observation will be used in the proof of Theorem [5.1]
Corollary 3.6. If (G, B) is tangled, then the first outcome of Theorem@ holds.

Proof. If the first outcome of Theorem [6] does not hold, then the biased graph
Q in the proof of Theorem [f]is that of either case (iii) or (vi) of Figure[8| Each
of these contain a pair of vertex-disjoint unbalanced cycles, and so cannot

occur if (G, B) is tangled. O

4 Representations of unavoidable minors

In this section we examine the relationship between gain functions on the bi-
ased graphs in Gy (along with a few other small biased graphs) and matrix
representations of their associated frame and lift matroids. In Section [4.1| we
show that for each biased graph 2 € Gy, a pair of canonical representations of
F(Q) (resp., L(Q)) are projectively equivalent if and only if their associated
gain functions are switching equivalent (resp., switching-and-scaling equiva-
lent). In Section we show that for each biased graph Q € G, every F-
representation of each of F'(Q2) and L(€2) is projectively equivalent to a canon-
ical F-representation particular to €.

4.1 Switching and projective equivalence

Let G be a graph and let F be a field. Recall that for an F*-gain function ¢
and an F*-gain function v, we denote by Ap(G, ¢) and A (G, 1)), respectively,
the canonical frame and lift matrices defined by (G, ¢) and (G, ), resp., as
described in Section[I.1} Our starting point is the following result of Zaslavsky.



Funk, Pivotto, & Slilaty 30

Proposition 4.1 (Zaslavsky [18]). Let G be a graph and let F be a field. Let
o and b be F*- (resp., F-) gain functions on G. If ¢ and 1 are switching
equivalent (resp., switching-and-scaling equivalent) then their canonical matriz
representations are projectively equivalent.

Proof. Suppose ¢ and i are F*-gain functions on G and 7 is a switching
function with ¢" = 4. Let V(G) = {v1, va, ..., vjy(c)}- Let T be the diagonal
matrix with rows and columns indexed by V(G) in which diagonal entry Tj; is
n(v;), and let S be the |E(G)| x |E(G)| diagonal matrix with diagonal entries
S;; = n(v;) 7t if vertex v; is the tail of edge e;. Then TAp(G,)S = Ar(G, ).

Now suppose ¢ and 1) are F™-gain functions, 7 is a switching function, and
that there is a scalar s € F* so that s¢” = 1. Let T be the (n+ 1) x (n + 1)
matrix whose first row is

(s sn(v1) sn(vz) -~ sn(va)),

first column is (s 0 0 ---0)7, and with the n x n identity matrix as the
submatrix consisting of its remaining rows and columns. Let S be the diagonal
matrix with s;; = 1/s and all other s; = 1. Then TAL(G,¢)S = AL(G, ).

[

The proof of Proposition [4.1]shows that if ¢ and v are switching equivalent
[F*-gain functions, then a diagonal matrix T provides witness to the projective
equivalence of Ap(G,¢) and Ap(G,). The converse is also true. A similar
statement holds for canonical lift matrices.

Lemma 4.2. Let G be a loopless graph and let F be a field.

(i) Let ¢ and v be F*-gain functions on G and assume Ap(G,p) and
Ar(G, ) are projectively equivalent. Then ¢ and 1 are switching equivalent
if and only if there exists a nonsingular diagonal matrix T and a diagonal
column-scaling matriz S such that TAp(G,¢)S = Ap(G,1)).

(ii) Let ¢ and v be Ft-gain functions on G and assume Ap(G,p) and
AL(G, ) are projectively equivalent. Then ¢ and 1) are switching-and-scaling
equivalent if and only if there exists a nonsingular matriz T and a diagonal
column-scaling matriz S such that TAL(G, p)S = ApL(G,v), where removing
the row and column of T indexed by vy leaves an identity matrix, and all but
the first entry of column vy consists of zeros.

Proof. (i) Put A = Ap(G,¢) and B = Ap(G,v). If ¢ and ¢ are switching
equivalent, then the proof of Proposition 4.1] shows that A and B are pro-
jectively equivalent via diagonal nonsingular matrices T' and S. Conversely,
suppose that B = T'AS where T and S are both diagonal and nonsingular.
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Figure 9: Gain function ¢ on 2C3

Since T is diagonal, row 7 of T'A is obtained by multiplying row v; of A by
T;;. Since both A and B are canonical frame representations, both have 1 in
position v; of column e; whenever vertex v; is the tail of edge e;. Hence the
diagonal elements S;; of S satisfy S;; = T, ', where v; is the tail of ;. Thus
v and v are switching equivalent via n(v;) = Tj; for each v; € V(G).

(ii) Put A = AL(G,p) and B = AL (G, ). If ¢ and 1 are switching-and-
scaling equivalent, then the proof of Proposition 4.1 shows that A and B are
projectively equivalent via matrices T and S of the required forms. Conversely,

suppose that B = T'AS where T" and S are of the form in statement (ii). Put

n = |V(G)|. Index the rows and columns of 7" by {vg,v1,...,v,}, where as
usual row vy of A contains the gains assigned by ¢ and for i € {1,...,n} row
v; corresponds to vertex v;. Let n : V(G) — FT be the switching function
defined by n(v;) = Tyyw, for i € {1,...,n}. Then (Tyyy,) ¢" = . O

We now proceed with our examination of each biased graph in G.

Lemma 4.3. Let ¢: E(2C5) — F* be a gain function with B, containing no
2-cycle, and let - 5(203) — [ be another gain function. Then ¢ and ¢ are
switching equivalent if and only if Ap(2Cs, ) and Ap(2Cs,1) are projectively

equivalent.

Proof. 1f ¢ and v are switching equivalent, then Ap(2Cs, @) and Ar(2Cs5, 1)
are projectively equivalent by Proposition [4.1, To prove the converse, let
A = Ap(2C5,p) and B = Ap(2Cs,1) be a pair of projectively equivalent
canonical frame matrices. By normalizing on the spanning tree with edge set
{e1, 3}, by Proposition we may assume that ¢ assigns gains to F(2C}3) as
shown in Figure 0] Then

€1 €2 €3 €4 €3 €6
U1 1 1 0 0 —c —d

A= v -1 —a 1 1 0 0 (4.1)
vz \ 0 0O -1 —-b 1 1
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Figure 10: Gain function ¢: E(2C3) — F*.

Since B, contains no 2-cycle, a # 1 # b and ¢ # d. Since A and B are
projectively equivalent, there is a nonsingular matrix 7" and a diagonal matrix
S so that TA = BS. Denote by t; row ¢ of T', and by e; column j of A.
Entry (BS);; = 0 if and only if entry (T'A);; = 0; consider the dot products
ti-e; =0, where (z,7) € {(3,1),(3,2),(1,3),(1,4),(2,5),(2,6)}. The product
t3 e 0 1mp11es T31 = T327 and t3 P 0 1mp11es T31 = CLT32. Together
these imply (since a # 1) that T3y = T3, = 0. Similarly, ¢; -e3 =t -e4 =0
imply T13 =T =0, and t5 - e5 = t5 - e = 0 imply T = Th3 = 0. Hence T is
diagonal, and so by Lemma [4.2] ¢ and v are switching equivalent. O]

Lemma 4.4. Let ¢: 5(203) — F* be a gain function with B, containing no
2-cycle and let 5(203) — F* be another gain function. Then @ and 1) are
switching-and-scaling equivalent if and only if Ap(2Cs, @) and Ap(2Cs,1) are
projectively equivalent.

Proof. If ¢ and 9 are switching-and-scaling equivalent, then their associated
lift matrices are projectively equivalent by Proposition .1} Conversely, let
A = Ap(2Cs,¢) and B = Ap(2C5,1) be a pair of projectively equivalent
canonical lift matrices. Normalizing on spanning tree {ej, es}, and scaling if
necessary, we may assume that ¢ assigns gains to 2C5 as shown in Figure |10}
Then

€1 €2 €3 €4 €5 €
vo [ O 1 0 a b c
v | 1 1 o 0 -1 -1
vl -1 -1 1 1 0 0
v\ 0 0 -1 -1 1 1

(4.2)

Since ¢ has no balanced cycles of length 2, a # 0 and b # c¢. There is a
non-singular matrix 7" and a diagonal matrix S so that TA = BS. As with
©, by switching and scaling we may assume 1 assigns gains to E (2C5) as in
Figure [10] replacing a, b, and ¢ with z, y, and z, respectively. Then, denoting
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elements S;; of S by s;, we have

0 So 0  s4r S5y Sg%
S1 Sy 0 0 —s5 —sg
BS =
—S1 —S9  S3 Sa 0 0
0 0 —S83 —84 Sx Sg

This gives 24 relations among the members of T, one for each dot product
t;-e;, where t; is the ith column of 7" and e; is the jth column of A. The eight
relations tl c ey = 0 yleld T12 = T13 = T14, T21 = T31 = T41 = O, T23 = T24, and
Ty = Ty3. Now after establishing these relations, t3 - e5 = 0 yields T3y = T3y

and so
Ty Tiy T2 Tio

0 Ty Ty T
0 Ty T3 Txo
0 Tao Ty Tua

T —

Now the relations s =ty - €1, Sg =ty - €9, S3 =13 €3, S4 = t3- €4, S5 =ty - €5,
S¢ =14 - €5, —Sg = 13- €9, and —s3 = 14 - e3 yield s1 = s9 = s3 = 54 = S5 = Sg.
Hence the relation sy = t; - ey yields T7; = s1. Now the relations t; - e4 = sy,
ty-e5 = s1y, and ty - eg = s12 yield a = x, b = y and ¢ = z. This implies that
¢ and v are switching equivalent after scaling. O]

Lemma 4.5. Let ¢: 5(203) — F* and 9 5(203) — F* be gain functions,
neither of which yield a balanced 2-cycle. Then Ap(2Cs, ) and Ap(2Cs, 1)
are not projectively equivalent.

Proof. As in previous cases, without loss of generality we may assume that ¢
assigns gains to 2C3 as in Figure[0] and ¢ as in Figure replacing a with z, b
with y, and ¢ with z. Then Ap(2C3, ¢) is the matrix of ([£.1), and AL (2C5, )
is the matrix of with a, b, and ¢ replaced by x, y, and z respectively.
Recall (Section that Ay (2C5,1) is projectively equivalent to the matrix
A7Y(2C5,1) obtained by deleting the row indexed by any vertex v € V(2Cj3)
from Ap(2C5,9). Let B = A;"(2C5,1). Then B is a full-rank canonical lift
matrix projectively equivalent to Ay (G,); in particular, A and B both have
three rows. Now suppose for a contradiction that there exists a non-singular
matrix 7" and a diagonal matrix S so that TA = BS. Writing S;; = s;, and

denoting row ¢ of T by ¢; and column j of A by e;, we have ¢y - ey = s,
ty-e9 = Sg9, ty-e3 = 0, and ty-e4 = 0. Together these imply that Toy = Th3 =0
and that T, = s; = sy. Moreover, we have t3-e; = —sq, t3- ey = —59,

t3-e5 =0, and t3-eg = 0. Since s; = so, a # 0,1, and ¢ # d, these imply that
T3, = T3y =T33 = 0, which implies that T is singular, a contradiction. O
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Lemma 4.6. Let ¢: E(K4) — F* be a gain function with B, containing no
3-cycle, and let ¢: E(K4) — [ be another gain function. Then ¢ and i) are
switching equivalent if and only if Ap(Ky, ) and Ap(Ky, 1) are projectively

equivalent.

Proof. By switching we may assume that ¢ and v are both equal to the identity
on a I 3-subgraph Y. This allows us to consider ¢ and v as gain functions
on VyK4 == 203 Now VY<K4, Bgo) = (203, Bcp) and Vy(K4, Bw) = (203, Bd,)
Since ¢ has no balanced triangles in K, neither has it any balanced 2-cycles
in 2C3. Thus by Lemma [£.3] ¢ and ¢ are switching equivalent if and only if
Ar(2Cs5, p) and Ap(2Cs5, 1)) are projectively equivalent. Thus Propositions
and imply that ¢ and ¢ are switching equivalent if and only if Ag(Ky, @)
and Ap(Ky,1)) are projectively equivalent. O

Using Y-A exchanges as in the proof of Lemma [4.6] yields Lemmas [£.7 and
438

Lemma 4.7. Let ¢: E(K4) — F* be a gain function with B, containing no
3-cycle and let - E(K4) — F* be another gain function. Then ¢ and ) are
switching-and-scalaing equivalent if and only if Ap(Ky, ) and Ap(Ky, ) are
projectively equivalent.

Lemma 4.8. Let ¢: E(Ky) — F* and v: E(Ky) — Ft be gain functions
neither of which yield a balanced 3-cycle. Then Ap(Ky, ) and Ap(Ky, ) are
not projectively equivalent.

Lemma 4.9. Let ¢: E(QCZ) — F* be a gain function with B, containing no
2-cycle, and let - E(QC’Z) — X be another gain function. Then @ and v are
switching equivalent if and only if Ap(2CY, @) and Ap(2CY 1) are projectively
equivalent.

Proof. Let A = Ap(2CY,¢) and B = Ap(2CY,¢). If v and 1) are switching
equivalent, then A and B are projectively equivalent by Proposition 4.1, To
prove the converse, let T and S be matrices with TA = BS, where T is
nonsingular and S is a diagonal matrix scaling the columns of B. We may
assume without loss of generality that the edge orientations chosen to define
B are the same as those chosen to define A; by normalizing on the spanning
tree with edges es, ey, e5, we may assume without loss of generality that ¢
assigns gains to E(K,) as shown in Figure [11| where a # b and ¢ # 1. Thus
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U1 €3 U3
€1 €6
C

(%] €4 V4

Figure 11: Labelled 2C% with a normalized gain function.

€1 €2 €3 €4 €5 €Ce
U1 1 1 1 0 0 0
vo|l —a —=b 0 1 0 0
V3 0 0O -1 0 1 1
vg \ 0 0 o -1 -1 -—c

Now, each entry B;; of B is zero if and only if entry (T'A);; = 0. Now for a
fixed row ¢, there are three distinct j such that ¢;-e; = 0. It is a straightforward
check that for each 7, that these three relations yield T;; # 0 if and only if
1 = j. For i = 1, the relations are 0 = t; - e4, which implies Tis = Tiy;
0 =t - e5, which implies Ti3 = T14; and 0 = t; - e5, which implies T13 = ¢T}4.
Since ¢ # 1, this implies T3 = T3 = Ti4 = 0. Similarly, the entries of T off its
main diagonal in rows 2, 3, and 4 are all zero. Thus 7T is diagonal. By Lemma
[4.2] ¢ and v are switching equivalent. O

Lemma 4.10. Let ¢: E(2CY) — F* be a gain function with B, containing
no 2-cycle, and let - E(QCZ) — F* be another gain function. Then ¢ and v
are switching-and-scaling equivalent if and only if Ar(2CY, ) and AL (2CY, 1)

are projectively equivalent.

Proof. The “only if” statement again follows from Proposition 4.1 For the
converse, without loss of generality assume that ¢(e;) = ¥(e1) =1, p(es) = a,
U(e2) = x, ples) = dles) = 0, ples) = Y(es) = 0, p(es) = ¥(es) = 0,
v(eg) = b, and (eg) = y (where 2C] has edges and orientations as in Figure
11]) such that neither a nor x is 1 and neither b nor y is 0. Let A = A, (2CY, )
and B = Ar(2CY,1), and let T and S be matrices with TA = BS, where S is
diagonal (with s; = S;;) scaling the columns of B. Denoting row i of T' by t;
and column j of A by e; we have ¢; - e; = 0 for 15 pairs (7, 5), three pairs for
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U1 e U2 U1 1 U2
U, Us;

Figure 12: Labels and edge orientations for Us and Us.

each row. It is straightforward to deduce that these relations imply

Now each column e; has 7,k > 2 such that ¢; - e; = s; and t; - ¢; = —s;. These
12 relations yield s; = s9 = s3 = s4 = s5 = sg. The relation t; - e; = s; yields
T11 = s1. Now the relation t1-e5 = sy yields a = x and the relation t1-eg = s1y
yields b = y. Thus A and B are switching-and-scaling equivalent. O

Two biased graphic representations of U, 4 are Uy and Uz, shown in Figure
[7, where all cycles in each are unbalanced. Denote the underlying graphs of
U, and Uz by U, and Us, respectively.

Lemma 4.11. Let ¢ and ¢ be F*-realizations of Uy. Then Ap(Us, @) and
Ap(Uz, %) are projectively equivalent if and only if p(eszes) = 1(esey).

Proof. We may assume U, is labelled with edge orientations as in Figure [12]
Matrices Ap(Us, @) and Ap(Us, 1) are of the form

(614 (13)

up to scaling columns e; and e;. These are in standard form relative to the
basis {e1,e2} and so are projectively equivalent if and only if entry ¢ is the
same for both Ap(Us, @) and Ap(Us, ). The result follows. O

Lemma 4.12. Let ¢ and ¢ be Ft-realizations of Us. Then Ap(Us,¢) and
Ar(Us,v) are projectively equivalent if and only if ¢|(eyeseat 0A V| {eg.e5,04}
are switching-and-scaling equivalent.
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Proof. We may assume that Us is labelled as in Figure [12] If A = AL (Us, ¢)
and B = Ap(Us, 1) are projectively equivalent, then there is an invertible
matrix 7" and diagonal matrix S such that TA = BS. By switching and scaling
we may assume that p(e1) = ¥(e1) =1, p(es) = ¥(ex) =0, p(es) = P(es3) =1,
v(eq) = a, and P(eq) = x. Again writing s; for entry Sy;,

Tn T12 T13 1 0 1 a S1 0 S3 S4T
Tgl T22 T23 0 1 1 -1 = 0 S9 S3 —S84
T31 T32 T33 0 -1 -1 1 0 —S9 —S83 S4

This y1€ldS TH = 51, T21 = T31 = 0, and T12 = T13. That iS,

S1 T12 T12 1 0 1 a S1 0 S3 ST
0 TQQ T23 0 1 1 -1 = 0 S9 S3 —S4 1,
0 T32 T33 0 -1 -1 1 0 —S89 —S3 S4

which yields s; = sy = s3 = s4. Thus a = z, and so ¢ and v are switching-
and-scaling equivalent. O

4.2 All F-representations are canonical

Let F be a field. In this section we show that every F-matrix representation of a
frame or lift matroid arising from a biased graph in 7y is projectively equivalent
to a canonical representation particular to that biased graph. Recall that
when (G, B) is a biased graph with no two vertex-disjoint unbalanced cycles,
F(G,B) = L(G, B), and we denote this common matroid by M (G, B).

Lemma 4.13. Let (2C3, B) be a biased graph with no balanced 2-cycle and let
A be an F-matriz representing M(2C3,B). Then A is projectively equivalent
to a canonical lift matriz particular to (2Cs, B) or to a canonical frame matrix
particular to (2Cs, B), but not both.

Proof. We may assume that 2C} is labelled and has edge orientations as shown
in Figure[13] Let A be a matrix over F representing M (2C3, B). If (2C3, B) =
T, then M(2Cs,B) is isomorphic to the cycle matroid of K,, and so has a
projectively unique representation over every field. Thus if the characteristic
of F is two then A is projectively equivalent to the canonical lift matrix

[
—_— O
_ O =
O = = O
_= =0 O
_ O = O
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U1

Figure 13: Labels and edge orientations for 2C5.

and if the characteristic of F is not two then A is projectively equivalent to
the canonical frame matrix

1 01
c=1110 -1 1 0
011

We now claim that there is no canonical frame matrix particular to T, over
any field of characteristic two, and that neither is there a canonical lift matrix
particular to T4 in any field of characteristic different from two. For, toward
a contradiction, suppose D is a canonical frame matrix particular to T, over
a field F of characteristic two. Assume the collection of balanced cycles of Ty
is {e1eae6, e1e365, 626364, €46566}. We may assume

where a,b,c¢ € F* (and we omit the customary negative signs as redundent).
Since ejeqeq is balanced, ab = 1; since ejezes is balanced, ac = 1; and because
esezey is balanced, bc = 1. These relations imply that a = b = ¢ and so
that > = 1. But this implies a = 1, and so D does not represent M(T,), a
contradiction.

Similarly, suppose for a contradiction that D is a canonical lift matrix
particular to T4 over a field F of characteristic different from two. Then we
may assume
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for some nonzero elements a, b, ¢c € F, where the second and third rows are the
oriented incidence matrix of 2C3 with its row corresponding to vs removed.
Because e4eseq is balanced, a + b 4+ ¢ = 0. Since ejeseq is balanced, ¢ = 0;
since ejezes is balanced, 1+ b = 0; and because esesey is balanced, 1 + a = 0.
These relations imply that « = b = —1 and so that a +b+c¢c = -2 # 0, a
contradiction. This completes the proof in the case that (2C3, B) = Ty.

Now assume (2C3,B) 2 T,. By Proposition we may assume that the
triangles {ey, €2, e3} and {eq, €3, €4} are both unbalanced. Since the only form
a 3-circuit takes in (2C3, B) is a balanced triangle and neither e5 nor eg forms
a triangle with {e, e3}, A is projectively equivalent to the matrix

€1 €2 €3 €4 €5 E€Cg

o O =
O = O
_ o O
—_ = =
Q=
QO

Hence:

(i) Neither b nor ¢ is 0. If b = 0 then {e;,e9,e5} is a circuit; if ¢ = 0 then
{e1, e3, €6} is a circuit: both contradictions.

(ii) @ # b: If so then a # 1, as then e4 and e; would form a parallel pair, a
contradiction. But then {ey, eq, e5} is a circuit, also a contradiction.

(iii) b # 1: If so, then {eq,ey4,e5} is a circuit, a contradiction.

iv) ¢ d: If SO, then ¢ 1 as €4 and €g are not a parallel pair. But then
p
{61, €4, 66} is a CiI'Cllit, a contradiction.

(v) ¢# 1: If so, {es,eq,e6} is a circuit, a contradiction.

vi) a # c: If so, then d # b since e5 and eg are not a parallel pair. But then
{es, €5, €6} is a circuit, a contradiction.

(vii) b # d: If so, then a # ¢ since e5 and eg are not a parallel pair. But then
{ea, €5, €6} is a circuit, a contradiction.

Suppose there are nonsingular matrices 7" and S such that T AS is a canon-
ical frame matrix particular to (2C3, B), where S is diagonal column-scaling
matrix. Then we may assume

€1 €9 €3 €4 €5 €6
1 0 - 1 0 —o
TAS= [ -1 1 0 —g 1 0

0o -1 1 0 —-g3 1
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for some elements ¢,...,g4 € F — {0,1}. Let us denote row ¢ of T" by ¢; and
column j of A by e;. Consider the products t; - e; = (T'A);; for 1 < ¢ < 3,
1 < j <6. The products t3-e; =0, t; - e =0, and 5 - e3 = 0 imply T3; = 0,
Tis = 0, and Tys = 0, respectively. Since t; - ey = —(tg - 1), Toy = —T13.
Similarly, t5 - ea = —(t3 - e3) implies T3y = —T5e. Now t3 - e4 = 0 implies
T35 = —T39; ty - e5 = 0 implies T13 = —T}1/b; and finally, t5 - eg = 0 implies
that Toy = —T51/c. Thus T is the matrix

t0  —t/b 10 —1/b
-t t/ec 0 =t|-1 1/c 0
0 —t/c t/c 0 —1/c 1/c

for some nonzero ¢ € F. Since T has determinant t*(1/c¢* — 1/bc), T is non-
singular if and only if b # ¢. Assuming b # ¢, and taking ¢t = 1,

1 0 —=1/b (b—1)/b 0 (b—d)/b
TA=1| -1 1/c 0 (1—-¢)fe (a—c)/c 0
0 —1/c 1/c 0 (b—a)/c (d—c)/c

By claims 1-7 above T'A has exactly two nonzero entries in each column, so
scaling the columns of T'A appropriately yields a canonical frame matrix. Thus
A is projectively equivalent to a canonical frame matrix particular to (2C3, B)
if and only if b # c.

Now let T' be a nonsingular matrix such that T'AS is a canonical lift matrix
particular to (2Cj3, B), for some diagonal column-scaling matrix S. We may
assume that T'AS is of the form

0 0 1 g1 92 93
TAS = 1 0 -1 1 0 -1
-11 0 -1 1 O

for some nonzero gy, g2, g3 € F, where row 1 is indexed by vy and rows 2 and
3 are the oriented incidence matrix of 2C5 with its row corresponding to v3
removed. Consider the products ¢; - e; = (T'A);;. The products t; - e; = 0,
t1'€2 = 0, t2'€2 = 0, and t3'€3 =0 anly T11 = 0, T12 = 0, T22 = 0, and T33 = 0,
respectively. Thus tg el = —(tg . 61) 1mphes T21 = —T31 and tl €3 = —<t2 . 63)
implies T3 = —Tb3; tg - e5 = 0 implies Th; = —bT53 and t3 - eg = 0 implies
T31 = —cT35. Now to - ey = —(t3 - e4) yields Tog = —T35, which the preceding
relations imply is equivalent to the statement T3, /b = T31/c. This holds if and
only if either T3; = 0 or b = ¢. Hence if b # ¢, T3; = 0. Then the preceding
relations imply that T3, = 0. Since T33 = 0, this implies 7' is singular, a
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contradiction. Thus in the case that b # ¢, A is not projectively equivalent to
a canonical lift matrix particular to (2Cs, B).

So assume T3 is nonzero and b = c¢. Then the relations above imply 7' is
the matrix

0 0 ¢ 0 0 1
bt 0 —t| =t b 0 -1
bt t O -b 1 0

for some nonzero ¢t € F. Matrix 7" is non-singular; taking ¢ = 1 we have

0 0 1 1 b d
TA=|-b 0 -1 b—1 0 0b—d
b 1 0 1-b a—b O

By claims 1, 2, 3, and 7, none of b, b — 1, a — b, nor b — d is zero. By scaling
columns so that all nonzero entries in rows 2 and 3 are £1 (and appending a
fourth row obtained by negating the sum of rows 2 and 3 if desired), we obtain
a canonical lift matrix particular to (2C5, B). Thus A is projectively equivalent
to a canonical lift matrix particular to (2C3, B) if and only if b = c. [

Recall that P is the triangular prism with just its two triangles balanced,
and that P; and Py are obtained from P by contracting 2 and 1 of the edges
of the matching between the two triangles, respectively (Figure [5)).

Lemma 4.14. Let Q € {P,Py,Py} and let A be an F-matriz representing
M(Q). Then A is projectively equivalent to a canonical lift matriz particular
to € or to a canonical frame matrixz particular to €2, but not both.

Proof. First, consider P;. Let A be an F-representation of M (Py). Let Y be
a K s-subgraph of P;. Then VP, is obtained from T, by the addition of an
edge e that creates a balanced 2-cycle. Hence e is parallel with an element of
M (VyPy). By Proposition 2.8 M(VyP;) = VyM(P;). Thus by Lemma [4.13]
every F-representation of Vy M (P1) is projectively equivalent to a canonical
representation particular to VyP;. In particular, Vy A is projectively equiv-
alent to a canonical representation particular to VyP;. Thus by Proposition
A is projectively equivalent to a canonical representation particular to P;.

Now consider Py. Since Vy Py is obtained from P; by the addition of an
edge that creates a balanced 2-cycle, by the argument analogous to that of the
previous paragraph every F-representation of M (P5) is projectively equivalent
to a canonical representation particular to P,. Finally, the observation that
VyP is obtained from Ps by the addition of an edge that creates a balanced
2-cycle, along with the argument analogous to that of the previous paragraph,
establishes the statement for M (P).
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U1 €3 U3
e1 €6
Vo €4 Uy

Figure 14: Labels and edge orientations for 2CY.

By Proposition and Lemma in no case may A be projectively
equivalent to both a canonical lift and a canonical frame matrix. O

Lemma 4.15. Let (K4, B) be a biased graph with no balanced 3-cycle and let
A be an F-matriz representing M (K4, B). Then A is projectively equivalent
to a canonical lift matriz particular to (K4, B) or to a canonical frame matrix
particular to (K4, B), but not both.

Proof. The biased graph (Kj, B) is isomorphic to Dy; for some i € {0,1,2,3}.
There is a Kj g-subgraph Y of (K4, B) so that Vy(Ky,B) = T,1;. Since
VyM(Ky, B) = M(Vy(Ky, B)), the result follows by Lemma [4.13] and Propo-
sition 2. 171 n

Lemma 4.16. Let (2CY, B) be a biased graph with no balanced 2-cycle and let
A be an F-matriz representing F(2CY,B). Then A is projectively equivalent to
a canonical frame matrixz particular to (2CY, B).

Proof. Without loss of generality we may assume that 2C} is labelled as shown
in Figure[14] There are three possibilities for B: |B| € {0, 1, 2}.

Assume first that |[B| is 0 or 1; i.e. either B = () or, without loss of generality,
B = {ejeseses}. Then A is projectively equivalent to the matrix

== =
QO o Q =

where a, b, ¢ € F are distinct, neither of b nor ¢ is 0, and none of a, b, or ¢ are
1; in the case that B = (), a # 0, while if B = {ejezeqes} then a = 0. Let

b—a 1—-b a-—1 0
a—c c—1 0 1—a
0 0 1—a 0
0 0 0 a—1

T —
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Then det(T) = (a — 1)3(c — b) so T is nonsingular, and

b—a 1—-b a—1 0 0 0
a—c c—1 0 1l—a 0 0
0 0 1—a 0 1—a (1-a)
0 0 0 a—1 a—-1 (a—1)c

TA =

which has the desired canonical form after column scaling.
So assume |B| = 2. Without loss of generality, B = {ejeseqeq, eaeseses}.
Then A is projectively equivalent to

o= OO
_ o O O
—_ == O
o o O =

where b and ¢ are nonzero, distinct, and not equal to 1. Let

-5 -1 1 0
c 1 0 -1
= 0O 0 -1 0
0 0 0 1

The determinant of T is b — ¢, so T' is nonsingular. Now

- -1 1 0 0 0

;o c 1 0 -1 0 0
ra = o 0 -1 0 -1 -b
o 0 0 1 1 ¢
which has the desired canonical form after column scaling. O]

Lemma 4.17. Let (2CY, B) be a biased graph with no balanced 2-cycle and let
A be an F-matriz representing L(2CY,B). Then A is projectively equivalent to
a canonical lift matriz particular to (2CY, B).

Proof. We may assume the edges of 2CY are labelled as in Figure[14] If |B| = 2,
then there is a GF(2)"-gain function v realizing (2C7, B). Thus L(2CY}, B) is
binary, represented by Ay (2CY,~), so L(2CY,B) has a projectively unique
representation over every field, and the result follows. So now assume that
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either B = () or, without loss of generality, B = {ejeseqeq}. Since {eq, ea, €5, €6}
is a circuit, A is projectively equivalent to the matrix

€1 €2 €3 €4 €5 €6

O = O O
_ o O O
— = =
Q=

for some a,b € F, where a and b are distinct, neither a nor b is 1, b # 0, and
a =0 if and only if |B| = 1. Let

0 1-b6 0 0
b—a 1—-b a-—1 0
a—b b—1 0 1—a

0 0 1—a 0

T =

Then det(T) = (a — 1)*(a — b)(b— 1) # 0, so T is nonsingular, and

0 1-0 0 0 1—b a—ab
b—a 1—-0 a-—1 0 0 0
a—b b—1 0 1—a 0 0

0 0 1—a 0 1—a b—ab

TA =

After scaling columns appropriately (and appending a fifth row obtained by
negating the sum of rows 2, 3, and 4, if desired) this is a canonical lift matrix
particular to (2C7, B). O

For the almost-balanced case of Theorem [2| we need the result analogous
to the previous lemmas for one more biased graph. Recall that we denote the
graph obtained from 2C3 by deleting an edge by 2Cj5\e.

Lemma 4.18. Let (2C5\e, B) be a biased graph with no balanced 2-cycle and
let A be an F-matriz representing M (2Cs\e, B). Then A is projectively equiv-
alent to a canonical lift matriz particular to (2C3\e, B) and A is projectively
equivalent to a canonical frame matrixz particular to (2C3\e, B) or to a roll-up

of (2C5\e, B).

Proof. Assume 2C3\e is labelled as in Figure [15] Then {eq, ez, 3} is a basis,
so we may assume the first three columns of A are labelled ey, es, e3, and that
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U1

V2 és U3

Figure 15: 2C5\e.

these columns form an identity matrix. Hence A is projectively equivalent to
the matrix

for some a,b € F. Since {ey, e, €5} is not a circuit, b # 0, and since {es, e4, €5}
is not a circuit, a # 1. Choose an element ¢ # —1 and let

t 1 —(a+1t)/b
T=|[1 -1 0
0 0 (a—1)/b

The determinant of 7" is (1 — a)(t 4+ 1)/b, so T is nonsingular, and

t 1 —(a+t)/b (b—a+tb—-1))/b 0
TA =11 -1 0 0 1—a
0 0 (a—1)/b (a—1)/b a—1

After scaling columns so that every entry in rows 2 and 3 is +1, this is a
canonical lift matrix particular to (2Cs\e, B), where the first row is the “gains
row” indexed by vy and rows 2 and 3 are indexed by vertices v, and v3, respec-
tively. Now re-index the first row as v;. Taking ¢t = 0 yields a canonical frame
matrix particular to a roll-up of (2C5\e, B). If F — {0, -1, —a, (b—a)/(1 —b)}
is nonempty, then choosing an element from this set for ¢ yields a canonical
frame matrix particular to (2C5\e, B). O
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5 DMatrix representations correspond to gain
graphs

5.1 Projectively equivalent canonical representations arise
from switching equivalent gain graphs

A biased graph representing a 3-connected matroid is 2-connected and has no
2-separation with one side inducing a balanced subgraph. Thus Theorem
follows immediately from Theorems [5.1] and [5.4] below.

5.1.1 Properly unbalanced representations

Theorem 5.1. Let (G, B) be a loopless, 2-connected, properly unbalanced bi-
ased graph. Let F be a field.

(i) The canonical frame matrices given by two F*-gain functions ¢ and ¢
realizing (G, B) are projectively equivalent if and only if ¢ and v are switching
equivalent.

(ii) The canonical lift matrices given by two FT-gain functions ¢ and
realizing (G, B) are projectively equivalent if and only if ¢ and ¢ are switching-
and-scaling equivalent.

(iii) Let ¢ be an F*-realization of (G,B) and let v be an FT-realization of
(G,B). Then Ap(G,¢) and AL(G,v) are not projectively equivalent.

Proof. For statement (i) (respectively, statement (ii)), if ¢ and v are switching
(resp., switching-and-scaling) equivalent then Ap(G, ) and Ap(G,1)) (resp.,
AL(G, ) and AL(G, 1)) are projectively equivalent by Proposition 4.1}

For the converse of statement (i) (resp., statement (ii)) assume that ¢ and
Y are F*-realizations (resp., F'-realizations) that are not switching (resp.,
switching-and-scaling) equivalent. By Theorem [6] there is a minor (H,S) of
(G, B) such that either (H,S) € Gy with ¢|g and ¥| g switching inequivalent or
(H,S) = Uy (resp., (H,S) = U;) with ¢|g and 9|y switching (resp., switching-
and-scaling) inequivalent on the 2-cycle of Uy (resp., on the theta subgraph of
Us). By Lemmas 1.9, and [1.11] Ap(H, ¢|y) and Ap(H,¢|n) are not
projectively equivalent (resp., by Lemmas [4.4] [4.7, [£.10} and [£.12] A, (H, ¢|n)
and Ay (H,1|y) are not projectively equivalent). Thus Ar(G, ¢) and Ap(G, )
(resp., AL(G, ) and AL(G,)) are not projectively equivalent.

For statement (iii), first observe that if (G, B) is not tangled, then F/(G, B) #
L(G,B) so Ar(G, ¢) and AL(G, 1) are certainly not projectively equivalent. So
assume (G, B) is tangled. Then by Corollary[3.6|(G, B) has a minor (H,S) € G,
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where H is either 2C3 or K;. Thus by Lemmas and Ar(G, ) and
Ap(G, 1) are not projectively equivalent. ]

5.1.2 Almost balanced representations

Derived gain functions. Recall that when (G, B) has no two vertex-disjoint
unbalanced cycles, F(G,B) = L(G, B), and we write M (G, B) to denote this
matroid. Recall also that for an F*-gain function ¢, in the case that G is
connected, the matrix Az (G, ¢) is projectively equivalent to the full-rank ma-
trix A;"(G,¢), for any vertex v € V(G) (as described in Section 2.6). In
particular, if (G, B,) is connected and has a balancing vertex u after deleting
all joints, then AL (G, ) is projectively equivalent to A;“(G, ). Recall also
that for every almost-balanced biased graph (G, B), there is a family of biased
graphs R (¢ ), each member of which represents M (G, B) as a frame matroid,
and there is a uniquely chosen member (@, g) of Ry such that all other
members of R g g) are obtained from (G, B) as roll-ups (Section .

Let (G, B) be a biased graph with a joint. No GF(2)*-gain function can
realize (G,B), for the trivial reason that GF(2)* has no non-identity ele-
ment. Aside from those over GF(2), there is a very close relationship between
gain functions from the additive and multiplicative groups of a field realizing
almost-balanced biased graphs. Let (G,B) be a connected almost-balanced
biased graph, with balancing vertex u after deleting its set J of joints. Ev-
ery gain function realizing (G, B) is switching equivalent to a gain function
assigning the group identity element to each link not incident u, obtained by
normalizing on a spanning tree of G —u. So let T" be a spanning tree of G —u,
and let ¢ be a T-normalized F*-gain function realizing (G, B). Then there is
a T-normalized F'-gain function ¢ realizing (@, l?) obtained from ¢ up to
loops by simply replacing the multiplicative identity with the additive identity.
That is, set ™ (e) = 0 if e is a link not incident to u and ¢*(e) = p(e) if e is
a link incident to u. To complete the definition of ¢, simply set p*(e) = 0 if
e is a joint not incident to u or a balanced loop, and ¢*(e) = —1 if e is a joint
incident to u. Call ¢ the Ft-gain function derived from .

For each unbalancing class U of ¥(u), we denote by (G, By) the roll-up of
(G B) in which U is a set of joints. Let Ty be a spanning tree of G containing
an edge in U, and let T" be the spanning tree of G — u obtained from 7 by
deleting its edge incident to u. Let ¢ be a Ty-normalized F*-gain function
realizing (G, B). Assume F is not GF(2), and choose an element a € F* that
is not 1. Then there is a T-normalized F*-gain function ¢* realizing (G, By)
obtained from 1 up to loops by simply replacing the additive identity with
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the multiplicative identity. That is, set ©)*(e) = 1 if e is a link not incident to
uw and ¥ (e) = ¢(e) if e is a link incident to u. Every link e incident to u in
Gy satisfies ¥(e) # 0, and so satisfies ¥(e) € F*. Complete the definition of
™ by simply setting ¥ (e) = 1 if e is a balanced loop and )*(e) = a if e is a
joint. Call ™ the F*-gain function derived from 1.

Lemma 5.2. Let (G, B) be a 2-connected almost-balanced biased graph and let
F be a field other than GF(2). Let J be the set of joints of (G,B). Assume
(G,B)\J has a unique balancing vertex u, and let T be a spanning tree of
G —u.

(i) Let ¢ be a T-normalized F*-gain function realizing a roll-up (Gy, By)
of (@,g) Then AZ“(@, ©T) is obtained from Ap(Gy, @) by scaling columns.

(i) Let ¢ be a T-normalized F*-gain function realizing (@,g) Let U be
the (possibly empty) unbalancing class of ¥(u) for which (U) = {0}. Then
Ap(Gy,v™) is obtained from AZ“(@,LD) by scaling columns.

Proof. (i) Since ¢ is T-normalized, p(e) = 1 for each link e that is not incident
to u. We may assume that all edges incident to u are directed into u. Let A be
the matrix obtained from Ap(Gyp, ) by re-indexing row u as vy (the “gains”
row) and scaling columns so that each column that is nonzero in just one row
has that nonzero entry equal to —1, and columns with a nonzero entry in row
vp have either all other entries 0 or have other nonzero entry equal to —1.
Because ¢ assigns 1 to every link not incident to u, A is a full-rank canonical
lift matrix (with row u removed) particular to (G, B), where each edge in 3(u)
is a link directed out from u. Moreover, for each edge e € E(G), the entry in
row g, column e of A is equal to ¢t (e), so A = A74(G, o).

(ii) Since ¢ is T-normalized, 1(e) = 0 for each edge e that is not incident
to u. We may assume that all links incident to u in G are directed out from
u. Since the rows of A7“(G,v) are indexed by vy (the “gains row”) and
V(G) — u, every column of AZ“(CAJ, ) has at most two nonzero entries. Let
A be the matrix obtained from AZ“(@ ,¥) by re-indexing row vy as row u and
scaling columns so that each column that has exactly two nonzero entries with
a nonzero entry in row wu has its other nonzero entry equal to 1, and every
column with just one nonzero entry has its nonzero entry equal to 1 —a, where
a is the chosen element of F* different than 1 that ¢ assigns to joints. Since
(G, B) has u as a balancing vertex, each column e of A with 0 in row u has
either exactly two nonzero entries, which are 1 and —1, and these appear in
rows v,w when e has endpoints v,w and neither v nor w is equal to u, or
column e at most one nonzero entry, which is 1 — a, appearing in row v when
e € U with endpoints u, v in G. Thus A is a canonical frame matrix particular



Matrix representations correspond to gain graphs 49

to (Gu, By) where each edge in ¥(u) — U is a link directed into u and each
element in U is a joint. Moreover, by definition the gain function ¢* realizes

(GU,BU) and A:AF(GU,¢X) O

Let (G,B) be a connected almost-balanced biased graph with a unique
balancing vertex u after deleting its joints. Since we may always assume that
all links incident to u are directed either into or out from u, and every gain
function realizing (G, B) is switching equivalent to a gain function assigning
the identity element to each link not incident to u, we may define a derived gain
function from any F*- or F*-gain function, by first switching appropriately.
Further, for each F*-gain function realizing (G, B) and each unbalancing class
U e E( ), we may always switch to obtain an F*-gain function ¢ realizing
(G, B) with the property that for each edge e € U, o(e) = 0. Thus, with this
extension of the notion of a derived gain function, Proposition and Lemma
immediately yield the following.

Corollary 5.3. Let (G, B) be a 2-connected almost-balanced biased graph with
a unique balancing vertex u after deleting its set of joints, and let F be a field
other than GF(2).

(i) For every FT-gain function ¢ realizing (é, g), and every unbalancing
class U C X(u), there is a derived F*-gain function ¢* realizing the roll-
up (Gu,By) of (G,B) such that AL(G,¢) and Ap(Gy,*) are projectively
equivalent.

(ii) For every F*-gain function ¥ realizing a roll-up (Gy,By) of (G, B),
there is a derived F-gain function ™ realizing (é,z?) for which Ap(Gy, 1)
and AL(é, Y1) are projectively equivalent.

(iii) There is an F*-gain function realizing (@, E) if and only if there is an
F*-gain function ¢ realizing (@, [3\) for which p(e) # 0 for each edge in X(u).

Equipped with the above tool, we can now state and prove a result analo-
gous to Theorem [5.1] for almost-balanced biased graphs.

Theorem 5.4. Let (G, B) be a 2-connected, almost-balanced biased graph with
a unique balancing vertex u after deleting its joints, with no joint incident to
u, and with no vertical 2-separation with one side balanced. Let F be a field.

(i) The canonical lift matrices given by two Ft-gain functions ¢ and
realizing (G B) are projectively equivalent if and only if p and i are switching-
and-scaling equivalent.

(ii) Let U and W be unbalancing classes of ¥(u). Let ¢ and ¢ be F*-gain
functions realizing (Gy, By) and (Gw, Bw), respectively. The canonical frame
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matrices given by ¢ and 1 are projectively equivalent if and only if their derived
gain functions ot and Y are switching-and-scaling equivalent.

(iii) Let U be an unbalancing class of ¥(u). The canonical lift matriz given
by an F*-gain function  realizing (é, g) and the canonical frame matriz given
by an F*-gain function 1 realizing (Gy, By) are projectively equivalent if and
only if ¢ and the derived gain function 1" are switching-and-scaling equivalent.

(iv) Let ¢ and ¢ be Ft- and F*-gain functions, respectively, realizing
(CA;,Z/S’\) The canonical lift matrix given by ¢ and the canonical frame ma-
trixz given by 1 are projectively equivalent if and only if ¢ and the derived gain
function ¥t are switching-and-scaling equivalent.

~

Proof. (i) Let ¢ and v be F'-gain functions realizing (G’,g . If v and ¥
are switching-and-scaling equivalent then by Proposition AL(CAJ, ¢) and
A L(CAJ, 1) are projectively equivalent.

Conversely, suppose for a contradiction that AL(@, ¢) and AL(@, ) are
projectively equivalent but that ¢ and ¢ are not switching-and-scaling equiv-
alent. We may assume that all edges incident to v have u as their tail. By
switching we may assume that ¢(e) = ¥(e) = 0 for each edge e not incident
to u. Consider the full-rank canonical lift matrices AZ“(@, ¢) and AZ“(CA}, V)
with rows indexed by vy U (V(G) — u), where vy ¢ V(G) is the “gains row”.
Put A = AZ“(@, ¢) and B = AZ“(@, ), and suppose T' is a nonsingular ma-
trix such that TAS = B, where S is a nonsingular diagonal column-scaling
matrix. Let the rows and columns of 7" be indexed by voU(V (G) —u) according
to the rows of A. By statement (ii) of Lemma [4.2| either T" has an entry on its
main diagonal that is not 1 or 7" has a nonzero entry off its main diagonal, in
either case in a row other than vg. Suppose first T" has all entries off its main
diagonal equal to 0, aside from those in row vy. Let U be the |V (G)| x |V (G)|
diagonal matrix with rows and columns indexed by vy U V(G) — u in which
entry Uy, = 1 and entry U, = a~! if entry T, = a. Since T is non-singular
no such entry is 0. Removing the row and column of U7 indexed by v, leaves
an identity matrix and (UT)AR = B, where R is an appropriate diagonal ma-
trix scaling the columns of (UT)A. Thus ¢ and 1 are switching-and-scaling
equivalent by statement (ii) of Lemma , contrary to assumption.

So assume there is a nonzero element off the main diagonal of 7" in a row
other than vy. Suppose the entry in row x, column y is nonzero, where x # y
and x # vg. Since G is 2-connected and has no vertical 2-separation with one
side balanced, there is an unbalanced cycle C' avoiding x while containing y.
Let f, f" be the edges of C incident to u. Then ¢(f) # ¢(f’). Denote by T,
row z of T and by A, column e of A. Consider the equations T}, - A, = By,
given by each of the dot products of row x of T" with column e of A, for each
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e € E(C). Since C avoids z, for each edge e € E(C) entry B, is zero. There
are precisely two nonzero entries in each column e of A with e € E(C), and
other than columns f and f’ one of these two entries is 1 and the other is —1.
Thus the system of equations {7, - A, =0:e € E(C)} imply o(f) = ¢(f'), a
contradiction.

(ii) If ot and T are switching-and-scaling equivalent, then by Propo-
sition 4.1 Az (G, ") and AL(G yt) are projectively equivalent. Hence by
Corollary - AF (Gu,p) and Ap(Gw,v) are projectively equivalent. Con-
versely, suppose A F(GU, ¢) and Ap(Gyw,1)) are projectively equivalent. Then
by Corollary |5.3] AL(G, ") and AL(@, Y1) are projectively equivalent, and
so by statement ( ), and T are switching-and-scaling equivalent.

The proofs of statements (iii) and (iv) are straightforward modifications of
the proof of (ii). O

5.2 Matrix representations arise from biased graph rep-
resentations

Theorem [2|is an immediate consequence of Theorem below (together with
a straightforward check for the case of rank 2).

Theorem 5.5. Let M be a 3-connected matroid of rank greater than two, and
let F be a field. Let A be a matriz over F representing M and let (G, B) be a
biased graph representing M. If (G, B) is properly unbalanced then exactly one
of the following holds.

(i) A is projectively equivalent to a canonical lift matriz particular to (G, B),
or

(ii) A is projectively equivalent to a canonical frame matriz particular to

(G, B).

If (G, B) is almost-balanced then each of the following hold, unless F is GF(2),
in which case (i) holds.

-~

(i) A is projectively equivalent to a canonical lift matriz particular to (@, ),
and

(ii) A is projectively equivalent to a canonical frame matriz particular to each
roll-up of (G, B).

Theorem [5.5] follows immediately from Theorems [5.6] and [5.9] below.
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Theorem 5.6. Let M be a matroid represented by a 2-connected, properly
unbalanced biased graph (G,B). Let F be a field and let A be a matriz over F
representing M. Ezactly one of the following holds:

(i) A is projectively equivalent to a canonical lift matriz particular to (G, B),
or

(ii) A is projectively equivalent to a canonical frame matriz particular to

(G, B).

We will require the following fact on several occasions. It follows immedi-
ately from the fact that a pair of edges incident to a vertex of degree two form
a series pair in the matroid.

Lemma 5.7. Let (H,S) be a subdivision of (G,B). Let F be a field and let
e {F* F"}.

(i) The F-matriz representations of F'(H,S) are in one-to-one correspon-
dence with the F-matriz representations of F(G,B) up to projective equiva-
lence.

(ii) The F-matriz representations of L(H,S) are in one-to-one correspon-
dence with the F-matriz representations of L(G, B) up to projective equivalence.

(iii) The I'-realizations of (H,S) are in one-to-one correspondence with the
[-realizations of (G, B) up to switching (resp., switching-and-scaling).

We also need the following more technical fact to prove Theorem [5.6]

Lemma 5.8. Let (G, B) be a connected biased graph with a joint e such that
(G,B)\e is a biased 2C5 with no balanced 2-cycle or a biased K4y with no
balanced triangle. Let F be a field, and let ¢ be an F*- or F-gain function on
G.

(i) If Ap(G\e, p) represents M ((G,B)\e) then Ap(G\e, p) does not extend
to an F-representation of L(G,B).

(ii) If AL(G\e, @) represents M ((G, B)\e) then AL(G\e, ) does not extend
to an F-representation of F(G,B).

Proof. We give a detailed proof for the case in which (G, B)\e is a biased
2C5. The case for which (G, B)\e is a biased K, follows from A-Y and Y-A
exchanges, by Propositions 2.8 and

(i) Suppose for a contradiction that there is a matrix A over F representing
L(G, B) such that removing column e from A yields the matrix Ap(G\e, ¢).
We may assume that A has full rank, and so has three rows. Since e is
not a loop of L(G,B), column e of A is nonzero. If column e has just one
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nonzero entry, then A is an F-representation of a matroid F'(£2) where Q is
obtained from (G, B)\e by adding a joint to a vertex. But comparing circuits
we see that F/(2) # L(G,B), a contradiction. If column e has exactly two
nonzero entries, then A is an F-representation of a matroid F'(f2), where Q
is obtained from (G, B)\e by adding a link. But again comparing circuits we
see that FI(Q) # L(G, B), a contradiction. So finally suppose column e has
three nonzero entries. Let X be an unbalanced 2-cycle of 2. Then X U e is
a circuit of L(G, B) but the columns of A corresponding to X U e are linearly
independent, a contradiction.

(ii) Suppose for a contradiction that there is a matrix A representing
F(G, B) such that removing column e from A yields Ay (G\e, ¢). Let V(G) =
{v1,v9,v3} where e is incident to v;. Then A\e = AL(G\e, ¢) has rows in-
dexed by v UV (G) where vy ¢ V(G) is the “gains row” and removing row vy
from Ap(G\e, ) leaves the oriented incidence matrix of G'\e. Since F(G, B)
has rank three while A has four rows, A is not of full rank. Since in A\e
row vp is not in the span of {vy,vq,v3}, neither is row vy in the span of rows
{v1,v9,v3} in A. Thus in A row v3 is in the span of rows v; and v,. Since any
linear combination of rows vy, v9, and v3 in A yields a corresponding linear
combination in A\e, this implies that the entries of A in rows vy, v9, and v of
column e sum to zero. Put A, . = a, A, = b; then A,,c = —(a+ ).

First suppose that a = b = 0. As e is not a loop of F(G, B), column e is
nonzero. Thus A, # 0. Let X be the unbalanced 2-cycle consisting of the
pair of edges linking v, and v3. Then X U e is independent in F(G,B) but
the columns of A representing X U e are linearly dependent, a contradiction.
Next suppose a = —b. Let X be the unbalanced 2-cycle consisting of the
edges linking vy and vs. The set X Ue is a circuit in F'(G, B) but has columns
linearly independent in A, a contradiction. Finally, suppose none of a, b, nor
—(a + b) are zero. Let X be the unbalanced 2-cycle consisting of the edges
linking v; and vo. Then X Ue is a circuit of F'(G, B) but has columns linearly
independent in A, a contradiction. n

Proof of Theorem[5.6. We show that if M = F(G,B) then there is an F*-
gain function ¢ such that A is projectively equivalent to Ap(G,¢), that if
M = L(G, B) then there is an F*-gain function 1) such that A is projectively
equivalent to A (G,1), and that if (G, B) is tangled, so F(G,B) = L(G,B),
then A is not projectively equivalent to both Ap(G, ) and AL (G, ).

By Theorem |5, (G, B) contains a subgraph {2y that is a subdivision of a
biased graph in To. Let (Go, By) be the biased subgraph of (G, B) induced
by E(€y), with V(Go) = V(G). Let Ay be the submatrix of A consisting of
the columns whose elements are in E(€). By Lemmas [4.13] 4.14] |4.15| [4.16]
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or and Lemma , there exists an F*-gain function ¢ such that A is
projectively equivalent to Ap(Gy, o), or there exists an F-gain function vy
such that Ag is projectively equivalent to Az (G, ), but not both.

Let J be the set of joints of (G, B). Since both 0 and G are 2-connected,
there is a sequence of 2-connected biased subgraphs Qg C Q; C --- C Q,
where Q,, = (G, B)\J such that for each ¢ € {0,...,n — 1} there is a path
P; in G internally disjoint from §2; so that , U P, = €;,;. For each 7 €
{0,...,n}, let (Gy, B;) be the biased subgraph of (G,B) induced by E(£;)
with V(G;) = V(G). Let A; be the submatrix of A consisting of all rows of
A and precisely those columns representing FE(€2;). Thus for each i, in the
case that M = F(G, B), A; represents F'();); in the case that M = L(G, B),
A; represents L(€2;). Inductively assume that for some i > 0 there exist
nonsingular matrices Ty, ..., T;, nonsingular diagonal matrices Sy, ..., S;, and
gain functions ¢y, . .., p;, such that either

(1) T;A;S; = Ap(Gj, p;) for each j € {0, ... i}, or
(2) EAJSJ = AL(Gj,l/Jj) for each j S {0, o e ,Z}

We will show the same projective equivalence for A;,,. We first obtain this
conclusion in the case that P; consists of a single edge. Then if P; has length
greater than one, the conclusion follows from Lemma [5.7 So suppose P,
consists of a single edge e; linking vertices u;, v; € V(€);). We consider cases
(1) and (2) above separately.

(1) Consider the matrix T;A;;1. Matrix A;y; has rows indexed by V(G),
according to the indexing of the corresponding rows of T;A;S;, and columns
indexed by E(G;y1). We first show that column e; of T;A;; is zero in every
row aside from wu; and v;. Suppose for a contradiction that e; is nonzero in a
row x of T;A;, differing from w; and v;. Since )y does not have a balancing
vertex, neither does 2;. Thus 2; —z is unbalanced and connected. Hence there
is a subset U; C E(£; — x) that induces a subgraph of €2; that is a spanning
tree of {); — x along with one additional edge whose fundamental cycle with
respect to this tree is unbalanced. Contained in U; Ue; is a biased subgraph C'
whose edge set is a circuit of F(€2;11). The subgraph C' contains e; and does
not contain z. Since T;A;S; = Ar(G;, ¢;), the columns of T;A;,1 representing
E(C) — ¢; are all zero in row z. Hence while C' is a circuit of F(€;1) the
columns of T;A;,, representing C' are linearly independent, a contradiction.

We now show that both rows u; and v; in column e; of T;A;,, are nonzero.
Since e; is not a loop of M, at least one entry of column e is nonzero; without
loss of generality assume its entry in row w; is not zero. For a contradiction,
suppose its entry in row v; is zero. Let ) be a subgraph of {2; — v; consisting of
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an unbalanced cycle and a path (possibly trivial) connecting this cycle to u;.
In F(Q;11), E(Q) Ue; is independent, but the columns of T;A;,1 representing
E(Q) Ue; are linearly dependent, a contradiction. Thus column e; of T;A;44
is nonzero in precisely its rows u;, v; corresponding to the endpoints of edge e;
in ;. Let T;,1 = T; and let S;;; be the diagonal matrix obtained from S; by
adding a column to scale column e; of T;,1 A;,1 so that its entry in row w; is 1.
Extend the F*-gain function ¢; by defining ¢;11(e;) to be —(Ti11A4i11Si41)vse-
Now T;11A; 115541 is the canonical frame matrix Ar(G;y1, @ir1). By induction,
there is a nonsingular matrix 7,,, a diagonal matrix S,, and a gain function
¢n such that T, A, S, = Ar(G,, ¢n).

If (G, B) has no joints we are done. So assume J is nonempty. We now claim
that M # L(G,B). For suppose contrarily that M = L(G, B). Since T,,A,S,,
is a canonical frame representation of M\/J, it must be the case that Q, is
tangled. By Theorem [3.3)(2, contains a link minor (H, S) that is either a biased
2C'5 with no balanced 2-cycle or a biased K4 with no balanced triangle. Since
J is nonempty (G, B) has a link minor (H’,S’) where (H',S’) is obtained by
adding a joint e incident to a vertex of (H,S). Since T,,AS,, is a representation
over IF for L(G, B) that agrees with T}, A,,S,, on all elements aside from possibly
those in J, and since (H',§’) is a link minor of (G, B), by Lemma there
is a matrix B over F representing L(H',S") with the property that B\e is a
canonical frame matrix particular to (H,S). But this is impossible by Lemma
5.8 Thus M # L(G, B).

Finally, we show that each column e of T},,A for which e € J has exactly
one nonzero entry. Suppose e € J has endpoint v and that column e of T}, A
is nonzero in row v # u. Let C be the edge set of an unbalanced cycle in
), — v together with a path linking this cycle and u. Then C' is a circuit
of F(G, B) but its corresponding columns in 7, A are linearly independent, a
contradiction. Thus there is a diagonal matrix S scaling the columns of T, A
such that 7,,AS is a canonical frame matrix particular to (G, B).

(2) We proceed as in case (1), considering the matrix T;A; 1. Matrix A;4q
has rows indexed by V(G)Uwy, according to the indexing of the corresponding
rows of T;A;S; where vy ¢ V(G) corresponds to the “gains row” of T; A;S;, and
columns indexed by E(G;y1). We first show that column e; of T;A;,; is zero
in every row aside from wu;, v;, and vy. Suppose for a contradiction that e; is
nonzero in a row « ¢ {u;, v;,vo} of T;A;11. As in case (1), let U; C E(Q; — x)
be a set of edges inducing a subgraph of €2; that is a spanning tree of €, — x
along with one additional edge whose fundamental cycle with respect to this
tree is unbalanced. Contained in U; Ue; is a biased subgraph C' whose edge set
is a circuit of L(£2;41). The subgraph C' contains e; and does not contain z.
Since T; A;S; = AL(Gy, 1), the columns of T;A; ;1 representing F(C') — e; are
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all zero in row x. Hence while C' is a circuit of L(2;41) the columns of T;A;,4
representing C' are linearly independent, a contradiction.

Since €2; is unbalanced and 2-connected and ;1 is obtained from §2; by
adding a single edge, r(L(€;11)) = r(L(€2;)). Thus A; and A;;; have the same
rank. Since row vy of T;A;S; is not in the span of the rows V(G) neither is
row vy of T;A;11 in the span of the rows in V(G). But the sum of the rows in
V(G) of T;A; is zero, so likewise the sum of the rows in V(G) of T; A; 1 must
be zero: otherwise the rank of T;A;,; would be greater than that of T;A;, a
contradiction.

Suppose first that both entries of column e in rows u; and v; are zero.
Element e; is not a loop of M, so then its entry in row v is nonzero. Let C' be
an unbalanced cycle in €; — u;. Then C'Ue is independent in L(€2;1;) but the
columns of T;A;,, representing C' U e are linearly dependent, a contradiction.
Thus column e; has entries a and —a in rows u; and v;, where a # 0. Take
T;11 = T; and let S;;1 be the diagonal matrix obtained by adding a column
to S; to scale column e; of Tj,1A;11 by a~'. Extend the F'-gain function 1;
to E(Git1) by defining ¥(e;) to be the entry in row vy of column e;. Now
Tiv1A;41S;41 is the canonical lift matrix Ay (Gii1,%i11). By induction, there
is a nonsingular matrix 7},, a diagonal matrix 5, and a gain function v, such
that T, A,,S, = Ar(Gpn, V).

If (G, B) has no joints we are done. So assume J is nonempty. Analogous
to the situation in case (1), we now claim that M # F(G, B). Suppose to the
contrary that M = F(G,B). Since T, A, S, is a canonical lift representation
of M\ J, it must be the case that 2, is tangled. By Theorem ), contains
a link minor (H,S) that is either a biased 2C5 with no balanced 2-cycle or
a biased K4 with no balanced triangle. Since J is nonempty (G,B) has a
link minor (H',S’") where (H’,S’) is obtained by adding a joint e incident to
a vertex of (H,S). Since T,,AS,, is a representation over [F for F/(G, B) that
agrees with T, A, S, on all elements aside from possibly those in J, and since
(H',S’) is a link minor of (G, B), by Lemma there is a matrix B over F
representing F'(H',S’) with the property that B\e is a canonical lift matrix
particular to (H,S). This violates Lemma 5.8, so M # F(G, B).

Finally, we show that each column e of T;, A for which e € J has a nonzero
entry only in row vg. Suppose for a contradiction that e € J with column e of
T, A nonzero in row v # vg. Let C be the edge set of an unbalanced cycle in
Q, —v. Then C' Ue is a circuit of L(G,B) but its corresponding columns in
T, A are linearly independent, a contradiction. Thus T}, AS,, is a canonical lift
matrix particular to (G, B).

This completes the proof that at least one of statements (i) or (ii) of the
theorem hold. But Ay is not projectively equivalent to both a canonical frame
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matrix and a canonical lift matrix particular to (Go, By). Thus neither is A
projectively equivalent to both a canonical frame matrix and a canonical lift
matrix particular to (G, B). O

The first statement of Theorem [5.5 follows immediately from Theorem [5.6]
For the second statement of Theorem [5.5, we would like to show that for
each 3-connected matroid M represented by an almost-balanced biased graph
(G, B), given any matrix A representing M, A is projectively equivalent to a
canonical lift matrix particular to (@, g) Unfortunately, this can fail in the
case that M has rank 2. Let M be a 3-connected rank-2 matroid represented
by the biased graph (G,0) consisting of E(M) — 1 links between a pair of
vertices and a single joint. Let I be a field and let A be a matrix over F
representing M. Then A is projectively equivalent to the matrix

/101 1 - 1
A_(O 1 a; asg - an_2>
where n = |E(M)|, for each i, a; ¢ {0,1}, and the a; are distinct. The matrix
A’ is a canonical frame representation particular to a roll-up of (G,0), and
A" is a full-rank canonical lift matrix particular to (G, () (with its second
row as the “gains row” indexed by vy, and "missing” its row indexed by one
of the vertices of G). It is straightforward to see that by elementary row
operations and column scaling we may obtain from A’ a canonical frame matrix
particular to (G,0). However, (CA}, () is the loopless contrabalanced biased
graph obtained from (G, () by unrolling its joint, and there is no guarantee
that A need be pArojectively equivalent to a canonical matrix representation
particular to (@, (). Indeed, there is no guarantee that such a representation
exists. For instance, if n = 6 and F is GF(5), then the above argument shows
that A is projectively equivalent to a canonical frame matrix particular to
a roll-up of (G,0), and to a canonical lift matrix particular to (G, ), but a

canonical lift representation particular to (@,@) requires six distinct elements
of F™, so no such matrix exists. The problem is that the field is just too small
by one element to permit a canonical lift representation of a such a rank-2
matroid, Fortunately, this is the only problem that may occur:

Theorem 5.9. Let M be a matroid of rank greater than two represented by a
2-connected almost-balanced biased graph (G,B) having no 2-separation with
one side balanced. Let F be a field and let A be an F-matriz representing M .
Then

-~

(i) A is projectively equivalent to a canonical lift matriz particular to (@, B),
and
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(ii) A is projectively equivalent to a canonical frame matriz particular to each
roll-up of (G, B), unless F is GF(2).

Furthermore, A is projectively equivalent to a canonical frame matriz partic-
ular to (G B) if and only if whenever ¢ is an F*-gain function for which A
and AL(G7 @) are projectively equivalent, ¢ is switching equivalent to a gain

function assigning 0 to e if and only if e is a link not incident to u or e is a
loop of M.

We will need the following straightforward fact.

Lemma 5.10. Let C' be the balanced triangle of Dio and let Y be a K 3-
subgraph of Do meeting C in exactly two edges. Then the simplification of
VyDi is isomorphic to Bj.

Proof of Theorem[5.9. Suppose first that (CAJ, g) does not contain a contra-
balanced theta subgraph. The only biased graph representing U, 4 without a
contrabalanced theta is shown at right in Figure [} Moreover, F; is neither
frame nor lifted-graphic, and the only biased graphs representing F, M*(K3),
and M*(K33) are all properly unbalanced [15] ﬂ Since none of these biased
graphs can occur as a minor of (G, B) and (G, B) represents M, M contains
none of Usy, Fy, Ff, M*(K5), nor M*(Ks3) as a minor. Thus M is graphic.
The first two statements follow. The third statement follows from Corollary
b3l

So assume now that (G, B) contains a contrabalanced theta subgraph. Let
v be a balancing vertex of (@,g) and let J be the set of joints of (@,B\)
Since the set of joints not incident to v form an unbalancing class of ¥(v)
n (G,B), and all of the unbalancing classes of %(v) are unrolled in (G, B),
every joint of (G, B) is incident to v. We claim that (G, B)\.J does not have
another balancing vertex u # v. For suppose to the contrary that (G, B)\.J
has a balancing vertex u # v. Then (CAJ, g)\J has the structure described in
Proposition there are graphs Gy, ..., G, such that Q =G U---UGy,
and G; NGy, = {u, v} for each pair j # k and a cycle is in B if and only if it is
contained in a single graph G;. Since (CA; , E) contains a contrabalanced theta,
m > 3. If there is a subgraph G; with E(G;) > 2, then (E(G;), E(G)\E(G;)) is
a 2-separation of (G, B) with one side balanced, contrary to assumption. Thus
for each i, |[E(G;)| = 1. Thus G = mK, and B is empty. But M(mKs,0) is
isomorphic to the m-point line Us,,, so (M) = 2, contrary to assumption.

!The mistake in [I5], corrected at http://people.math.binghamton.edu/zaslav/
Tpapers/index.html| does not affect this claim.


http://people.math.binghamton.edu/zaslav/Tpapers/index.html
http://people.math.binghamton.edu/zaslav/Tpapers/index.html
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Thus v is the unique balancing vertex of (G, B)\J. Since G is 2-connected,
so is G. Thus by Proposition (CAJ, g) contains a biased subgraph €y that
is a subdivision of Dy, By, B}, or B),. Since both 2y and G are 2-connected,
there is a sequence of 2-connected biased subgraphs g C --- C {2, where
Q, = (G,B)\J, and for each i € {0,...,n — 1} there is a path P, in G
internally disjoint from 2; so that ;1 = Q; U P,. For each i € {0,...,n}, let
(G:, B;) be the biased subgraph of (G, B) induced by E(£2;) with V(G;) = V(G)
and let A; be the submatrix of A consisting of all rows of A and precisely
those columns representing E(Q;). Thus for each i, A; represents M (£2;). By
Lemmas and | Proposition [2.9] and Lemma [5.10, Ay is projectively
equivalent to a canonlcal lift matrix partlcular to g. Inductively assume that
there are sequences Ty, ..., T; and Sy, ...,S; of F-matrices such that for each
k€ {0,...,i} each matrix Ty AySy is a canonical lift matrix particular to €.
We may assume that A is of full rank, and so that for each k& € {0,...,i} the
rows of T}, Ay Sy are indexed by vy U (V(Gy) — v) (as described in Section [2.6)).
Since for each k, V(Gy) = V(@), for each k the rows of T}, A S, are indexed
by v U (V(G) — ).

Consider ;1 = Q; U P; and the matrix T;A; ;1 representing M (€2;,1). Let
us assume P; consists of a single edge e; whose endpoints are x;,y; € V(€;).
Let z € V(G;) —{x;,y;}. Since ; is 2-connected, there is a spanning tree 7" of
Q; —x. If x is not v, then there is an edge f such that the fundamental cycle in
T U f is unbalanced in €;: set W = E(T') U f; otherwise set W = E(T'). The
subgraph W Ue; C €);,; contains a subgraph C' that is either a balanced cycle,
a pair of unbalanced cycles sharing just vertex v, or a contrabalanced theta.
Since F(C) is a circuit of M (€2;41), this implies that in column e; of T;A;41, the
entry in row x is 0. As long as neither endpoint of e; is v, this also implies that
the entries in rows z; and y; are nonzero. If e; has endpoints v, y;, for some
vertex y; # v, then the form of C' in ;.1 implies that the entry in matrix
T;A;+1 in column e;, row y; must be nonzero. Thus T;A;.1S;11, with rows

indexed by vg U (V(a) — v), is a canonical lift matrix for some appropriate

column scaling matrix S;;;. Hence by induction, there are matrices T, and S,
such that 7,,A,.S, is a canonical lift matrix particular to €2, (G B)\J

Finally, consider the set of joints J. Let e be a joint. By assumption e is
incident to v and every other joint is in parallel with e. Since v is the unique
balancing vertex of (G, B), for every vertex x # v, there is an unbalanced cycle
C, in G — z of length > 1. Since C, U e is a circuit of M, row x of column e
of T,,A is zero. Thus every row of column e aside from row v is zero. Since
e is not a loop of M, the entry in row vy of column e must be nonzero. Since
all joints of (G B) are in parallel with e, every column of A representing a
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joint is zero in all rows but vg. Thus there is a diagonal matrix S scaling the
columns of T,,A so that T,,AS is a canonical lift matrix particular to (G, B).
This completes the proof of statement (i).

(ii) Let (H,S) be a roll-up of (@,g), and let U C X(v) be the unique
unbalancing class of edges in X (v) that are joints in (H,S). By statement
(i) there is a F*-gain function ¢ on G realizing B for which A = AL(G, ).
Let T be a spanning tree of G containing exactly one edge in U. Then the
T-normalized gain function ¢’ obtained by switching on ¢ satisfies ¢'(e) = 0
for all edges e not incident to v and ¢’(e) = 0 for each edge in U. By Corollary
5.3 the derived F*-gain function ¢'* realizes (H,S). By Lemma[5.2] A and
Ap(H, ¢'™) are projectively equivalent.

The final statement follows immediately from Corollary O

5.3 Projective equivalence classes are in 1-1 correspon-
dence with switching classes

Finally, we can prove Theorem [3]

Proof of Theorem[3 By Proposition every switching class of gain func-
tions is contained in a projective equivalence class of matrix representations.
Thus we just need show that if A and B are projectively equivalent repre-
sentations of M, then A and B are each projectively equivalent to canonical
representations whose gain functions are contained in the same switching class.
Because M is 3-connected, (G, B) is 2-connected and has no 2-separation with
one side balanced.

Assume first that (G, B) is properly unbalanced and not tangled. Then ei-
ther M = F(G,B) or M = L(G, B), but not both. Assume that M = F(G, B).
Let A and B be projectively equivalent F-matrices representing M. By The-
orem [5.5(1), each of A and B are projectively equivalent to a canonical frame
matrix particular to (G,B). Let ¢ and ¢ be F*-gain functions such that
A is projectively equivalent to Ap(G,¢) and B is projectively equivalent to
Ap(G, ). By Theorem [5.1)(1), ¢ and ¢ are switching equivalent. Similarly, if
M = L(G,B) and A and B are projectively equivalent F-matrices representing
M, then by Theorem [5.5(1), each of A and B are projectively equivalent to a
canonical lift matrix particular to (G, B). Let ¢ and ¢ be FT-gain functions
such that A is projectively equivalent to Ay (G, ¢) and B is projectively equiv-
alent to Ar(G, ). By Theorem [.1[(ii), ¢ and ¢ are switching-and-scaling
equivalent.

Now assume that (G, B) is properly unbalanced but tangled. Then L(G, B)
and F'(G, B) coincide: M = L(G,B) = F(G,B). Let A and B be projectively
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equivalent F-matrices representing M. By Theorem [5.5 each of A and B is
projectively equivalent to a canonical lift matrix particular to (G, B), or to a
canonical frame matrix particular to (G, B), but not both. By Theorem 5.1(iii),
either A and B are both projectively equivalent to canonical lift matrices or
both are projectively equivalent to canonical frame matrices. In either case,
by statement (i) or (ii) of Theorem [5.1] the gain functions from which these
canonical representations arise belong to the same switching class.

Finally, assume that (G, B) is almost-balanced, and let A and B be pro-
jectively equivalent F-matrices representing M. By Proposition , (G, B)
has a unique balancing vertex. By Theorem A and B are each projec-
tively equivalent to a canonical lift matrix particular to (G, B), say, given by
F*-gain functions ¢ and ¢ respectively. By Theorem [5.4]i), ¢ and ¢ belong
to the same switching class. O]
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