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Abstract

Several new spectral properties of the normalized Laplacian defined for ori-
ented hypergraphs are shown. The eigenvalue 1 and the case of duplicate
vertices are discussed; two Courant nodal domain theorems are established;
new quantities that bound the eigenvalues are introduced. In particular, the
Cheeger constant is generalized and it is shown that the classical Cheeger
bounds can be generalized for some classes of hypergraphs; it is shown that
a geometric quantity used to study zonotopes bounds the largest eigenvalue
from below, and that the notion of coloring number can be generalized and
used for proving a Hoffman-like bound. Finally, the spectrum of the unnor-
malized Laplacian for Cartesian products of hypergraphs is discussed.
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1. Introduction

The oriented hypergraphs introduced by Shi [1] are hypergraphs with the
additional structure that each vertex in a hyperedge is either an input or an
output. Such structure allows modeling many real networks, as for instance
chemical reaction networks, metabolic networks, neural networks, synchro-
nization networks. The adjacency and unnormalized Laplacian matrices of
oriented hypergraphs were introduced by Reff and Rusnak [2] and the study
of their spectral properties has received a lot of attention |[3-10]. The normal-
ized Laplacian has been established in |11], and various spectral properties,
as well as possible applications, have been studied in [11-13]. In this work,

LCorresponding author

Preprint submitted to Discrete Mathematics


http://arxiv.org/abs/2004.14671v3

we bring forward the study of the spectrum for both the normalized and
the unnormalized Laplacian in the context of oriented hypergraphs, with a
special focus on the first one.

The paper is structured as follows. Section [ provides an overview of
the preliminaries needed in order to discuss the main results. The next five
sections focus on the normalized Laplacian. In particular, in Section [3 we
discuss the eigenvalue 1 and the case of duplicate vertices; in Section [ we
prove two versions of the Courant nodal domain theorem and in Section
we discuss the problem of generalizing the Cheeger inequalities to the case
of the smallest non-zero eigenvalue of the normalized Laplacian. In Section
6l we prove some general bounds for both the smallest nonzero eigenvalue
and the largest eigenvalue, while in Section [7] we generalize the definition of
coloring number and we discuss some of its properties. Finally, in Section 8]
we study the spectrum of the unnormalized Laplacian when considering the
Cartesian product of oriented hypergraphs.

2. Preliminaries

We discuss the preliminaries needed in order to state the main results.
In particular, in Section 2.1] we present an overview of the basic definitions
regarding oriented hypergraphs; in Section we provide an overview of
the operators associated to such hypergraphs; in Section we characterize
the eigenvalues of the normalized Laplacian using the min-max principle.
Finally, in Section 2.4 we discuss two kinds of hypergraph transformations.

2.1. Oriented hypergraphs

Definition 2.1 ([2]). An oriented hypergraph is a pair I' = (V, H) such that
V' is a finite set of vertices and H is a set such that every element h in H is a
pair of disjoint elements (hjy,, hoy) (input and output) in P(V). The elements
of H are the oriented hyperedges. Changing the orientation of a hyperedge h
means exchanging its input and output, leading to the pair (hoy, hin). With
a little abuse of notation, we shall see h as h;, U hgy:.

Definition 2.2. Given h € H, two vertices ¢ and j are co-oriented in h if
they belong to the same orientation sets of h; they are anti-oriented in h if
they belong to different orientation sets of h.

Definition 2.3 ([12]). The degree of a vertex i is

deg(i) := # hyperedges containing 7.
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The cardinality of a hyperedge h is

#h = #(hm U hout)~

From now on, we fix an oriented hypergraph I' = (V, H) on n vertices
1,...,n and m hyperedges hy, ..., h,. We assume that [" has no vertices of
degree zero.

Definition 2.4. The oriented hypergraph I' is d—reqular if deg(i) = d for
each ¢ € V. I' is m—uniform if #h = m for each h € H.

Definition 2.5. The oriented hypergraph I' is c—complete for some ¢ > 1
if, forgetting about the additional structure of inputs and outputs, it has all
possible (Z) hyperedges of cardinality c.

Example 2.6. Every graph is 2—uniform. The complete graph is 2-complete
according to Definition

Definition 2.7 (|11]). The oriented hypergraph I is connected if, for every
pair of vertices v, w € V, there exists a path that connects v and w, i.e. there
exist vy,...,v. € V and hq,...,hy_1 € H such that v; = v, v, = w, and
{Uiavi—l—l} Q hl for each 7 = 1, .. .,]{? — 1.

Definition 2.8 ([11]). The oriented hypergraph I' = (V, H) has k connected
components if there exist I'y = (Vi, Hy),..., Ty = (Vi, Hy) such that:

1. For every i € {1,...,k}, I'; is a connected hypergraph with V; C V
and H; C H;

2. For every 4,5 € {1,...,k}, i # j, VinV; = 0 and therefore also
H; N Hj = @;

3. UVi=V, UH = H.

2.2. Operators on oriented hypergraphs

Definition 2.9 (|11]). The n x m incidence matriz of I' is T := (Zip)icv.nen,
where
Lin =< —1 ifi€hyy

0 otherwise.



Definition 2.10 ([2]). The n x n diagonal degree matrizx D := D(I") is

defined by
D, {deg(z') if = j

0 otherwise.

Definition 2.11 ([2]). The n x n adjacency matriz is A := A(T"), where
Ay =0foreachi=1,...,n and

A;; =#{hyperedges in which i and j are anti-oriented}
— #{hyperedges in which i and j are co-oriented}
for i # j.

Definition 2.12 ([11]). Let C(V) be the space of functions f : V — R,
endowed with the scalar product

(f,9) ==Y deg(i) f(i)g(i).

i€V
The (normalized) Laplacian associated to I' is the operator
L:C(V)—=C(V)
such that, given f:V — R and given i € V,
Zh:i input (Zz’ input of h f(zl) - Zj’ output of h f(.]/))

Lf(zi):=

F6) deg(i)

Zﬁz output (Zi input of R f(i> o Zj output of h f(j)>
- deg(i) '

Remark 2.13. Note that, as well as the graph normalized Laplacian, L can
be rewritten in a matrix form as

L=1Id—D'A,

where Id is the n x n identity matrix. To see this, observe that, given
f:V—-oRandi eV,

Zh:i input <Ez’ input of h f(zl) - Zj’ output of h f(.]/))
- deg(7)
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Zﬁz output (Zi input of h f@) - Zj output of h f(j))

deg(1)
deg(i)(0) ~ £ Au 1)
deg(i)
=f(i) — degl(z') ZAijf(j)-
J#i

L is not necessarily a symmetric matrix, but it is a symmetric operator
with respect to the scalar product that we use. Also, if we generalize the
symmetric normalized Laplacian introduced by Chung [14] as

L:=1d—D'?AD™/?,

it is easy to see that L = D~'/2£D'/2  therefore L and £ are similar. In
particular, they have the same eigenvalues counted with multiplicity. This
allows us to apply the theory of symmetric matrices in order to study the
eigenvalues of L.

Remark 2.14. 1t is easy to see that the trace of L is equal to n. Therefore,
also the sum of its eigenvalues is equal to n.

Definition 2.15 (]2]). The unnormalized Laplacian associated to I' is the
operator
A:CWV)—=C(V)

such that, given f: V — R and given i € V,

Af@):= ) (Z IR f(j)>

h€H :hin>i \j'€h;n Jj€hout
- Y (Z GRS f(j)>~
heH : houtDt j’ehin jehout

Remark 2.16. The unnormalized Laplacian A can be written in a matrix
form as A =D — A.
Also, the Laplacian L is such that

1

~Af(i) forallielV.



Therefore, it is easy to see that, if I' is d-regular,

A
A is an eigenvalue for A <= y is an eigenvalue for L

<= d — )\ is an eigenvalue for A.

Definition 2.17 (|11]). Let C(H) be the space of functions v : H — R,
endowed with the scalar product

(v, 7w =Y y(h)r(h).

heH

The hyperedge-Laplacian associated to I' is the operator
" C(H)— C(H)

such that, given v: H — R and given h € H,

LH'Y(h) = Z Zh/:i input fy(h,) B Zh”:i output V(h'”)
¢ input of h deg(l)
N Z ZBI:j input ’Y(}AI,/) B Zﬁ”:j output 7(}3'”>
deg(j)

j output of h

2.3. Min-maz principle

We recall that L has n real, non-negative eigenvalues that we denote by
M <. <
Analogously, L¥ has m real, non-negative eigenvalues,

As shown in [11], the non-zero spectrum of L and L coincides. Also, the
multiplicity of the eigenvalue 0 for L, denoted my , and the multiplicity of 0
for L, denoted my, are such that

my —mg =mn—1m.



By the Courant-Fischer-Weyl min-max principle, we can characterize all
eigenvalues of L and L as follows. Given a function f € C(V), its Rayleigh
Quotient is

e (St ot FO) = 5 o S0
- > v Ao ()77

RQ(f)

and similarly, given v € C(H),

2
ZiGV de;(i) ) (Zh’:i input W(h,> - Zh”:i output V(h/,))
2 nen V(h)? .

By the min-max principle, for k =1,...,n,

RQ(v) =

A\ = min R
BT fecv), (f.4)=0 Q)
=1,k =1

= max R ,
fFecv), (f,f1)=0 )

l=k,....,n

where each f; is an eigenfunction of A;. Also, the functions fj realizing
such a minimum or maximum are the corresponding eigenfunctions of Aj.
Analogously, for k =1,...,m,

= min R
Hi yEC(H), (v,7j) =0 Q(V)
]:1,,k—1

= max RQ(7),
YEC(H), (vv) =0 ™
l=k,....m
where each «; is an eigenfunction of p;, and the functions v, realizing such
a minimum or maximum are the corresponding eigenfunctions of . In
particular,

A = in, RQ(f), m = Dnin_ RQ(7)

and

A = = .
[nax, RQ(f) nax, RQ(7)



2.4. Hypergraph transformations
Definition 2.18 ([4]). Given ¢ € V, we let I' — ¢ := (V, H), where:

o V=V\{0}, and
o H={h\{0}:heH}

I' — v is obtained from I' by a weak vertex deletion of v. T' is obtained from
I' — v by a weak vertex addition of v. We also allow empty hyperedges.

Lemma 2.19. If I is obtained from T' by weak-deleting r vertices,

Me(D) < M(D) < Mo (D) forall ke {1,...,n—r}.
Proof. By the Cauchy Interlacing Theorem [15, Theorem 4.3.17],
M(T) < M(T=0) < A\ () forall ke {1,...,n—1}.
By induction, one proves the claim. O

Definition 2.20 (]2]). Let I' = (V, H) be an oriented hypergraph with V' =
{vi,...,v,} and H = {hq,...,hy}. We construct the dual hypergraph of T’
as 'V := (V'  H'), where V' = {v},... v, }, H = {h},..., h} and

v; € h; as input (resp. output) <= v; € h; as input (resp. output).
Remark 2.21. Clearly, Z(I'") = Z(I')", my(T') = my(L'") and my((T) =

my (I'T). For some hypergraphs, as we shall see in Lemma 222 below, also
the non-zero eigenvalues of I' and I'T are related.

Lemma 2.22. Let I' be d—regular and m—uniform. Then,

d
A is an eigenvalue for T <= —\ is an eigenvalue for T'T.
m

Proof. The eigenvalues of I' are the min-max of the Rayleigh Quotient

2
ZheH (Zvineh input f(vin> - Zvouteh output f(UOUt))
RQ(f:V—)R):8~ S0P .




On the other hand, the eigenvalues of I'" are the min-max of

2
ZU’EV’ (Zh{n:v input V(h;n) - Zhgut:v’ output V(h;ut))
> wem V(W)?

RQ(v: H = R) =

Sl 3=

-RQ(f: V = R).
U

Remark 2.23. In the case of graphs, Lemma [2.22] is trivial because every
graph is 2—uniform, therefore if a d-regular graph has a dual graph it must
have d = m = 2.

3. Eigenvalue 1 and duplicate vertices

In the case of graphs, it is well-known that duplicate vertices, that is,
vertices that share the same neighbors, produce the eigenvalue A = 1 [16].
We show that this is true also for the more general case of hypergraphs.

Lemma 3.1. 1 is an eigenvalue for L with eigenfunction f if and only if O
is an eigenvalue for A with eigenfunction f. In particular, the multiplicity
of 1 for L equals the multiplicity of 0 for A.

Proof. Observe that
Lf=f < (Id-D'A)f=f < Idf -D'Af =f «— Af=0.
This proves the claim. O

Definition 3.2. Two vertices ¢ and j are duplicate vertices if the correspond-
ing rows/columns of the adjacency matrix are the same, that is, A; = A; and
therefore

Ay =Aj foreachleV.

In particular, A;; = A;; = 0.

Remark 3.3. In the case of graphs, Definition coincides with the usual
definition of duplicate vertices.

Lemma 3.4. Ifi and j are duplicate vertices, let f : V — R be such that
f@i) = —=f(j) # 0 and f = 0 otherwise. Then, Lf = f, that is, 1 is an
eigenvalue and f is a corresponding eigenfunction.
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Proof. 1t is easy to see that, by definition of f,
o Lf(i) = f(i),
o Lf(j)=f(j), and
e For each | # 1, 7,
1

Lf(l) = —m(/llif(i) + Aljf(j)) =0= f(l)

O

Corollary 3.5. If there are n duplicate vertices, then the multiplicity of 1 is
at least n — 1.

Proof. Assume, up to reordering, that 1,...,7n are duplicate vertices. For
eachi=1,...,7—1,1let f; : V — R be such that f;(i) =1, fi(i+1) = —1
and f; = 0 otherwise. Then, by Lemma [B.4] the f;’s are eigenfunctions

corresponding to the eigenvalue 1. Also, dim(span(f,..., fa_1)) = n — 1,
therefore the multiplicity of 1 is at least n — 1. O

Also, [17, Lemma 10] for duplicate vertices can be generalized as follows.

Lemma 3.6. If i and j are duplicate vertices and f is an eigenfunction for
an eigenvalue X # 1 of L, then

_ deg(j)
deg(i)

Proof. An eigenvalue A of L with eigenfunction f satisfies, for each vertex [,

() = LEW) = £(1) ﬁn S Al (k).
k£l

f(@) fG)-

that is, .
m ;Alkf(m = f(l)(l - >‘)-

Therefore, since this is true, in particular, for ¢ and j and by assumption
these are duplicate vertices,

ST Awf(R) = £)(1 = N)

deg(i) =

_ deg(j)
deg(i)

FG)A=A).
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Since by assumption A # 1, this implies that

_ deg(y)
deg(i)

(@) fG)-

4. Courant nodal domain theorems

We establish two Courant nodal domain theorems for oriented hyper-
graphs. In particular, in Section [£.]] we prove a signless nodal theorem that
holds for all oriented hypergraphs; in Section we define positive and neg-
ative domains and we establish the corresponding Courant nodal domain
theorem for hypergraphs that have only inputs. We refer the reader to [18§]
for nodal domain theorems on graphs.

4.1. Signless nodal domain theorem

Definition 4.1. Given a function f : V — R, we let supp(f) := {i € V :
f(i) # 0} be the support set of f. A nodal domain of f is a connected
component of the hypergraph that has vertex set V' and hyperedge set

H Nsupp(f) :=={hNsupp(f): h e H}.

Theorem 4.2. If f is an eigenfunction of the k-th eigenvalue A, and this
has multiplicity r, then the number of nodal domains of f is smaller than or
equal to k+r — 1.

Remark 4.3. For graphs, the above definition of nodal domain does not co-
incide with the classical one. The reason why we made this choice is that, if
we generalize the classical definitions using the positive and negative nodal
domains, then Theorem cannot hold. In fact, the usual nodal domain
in graph theory is a connected component of the graph that has edge set
H Nsupp, (f) or H Nsupp_(f), where

suppy (f) :=={i € V : £f(i) > 0}.

But using this definition for hypergraphs, the number of nodal domains might
be too large to satisfy Theorem A counterexample is shown below.
Let I' := (V, H), where V :={1,...,8}, and

H :={{1,2,3,4},{3,4,5,6},{5,6,7,8},{7,8,1,2},{1,3},{1,4},{3,5},
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{3,6},{5,7}, {5, 8}},

with the assumption that all vertices are inputs for all hyperedges in
which they are contained. Then, one can check that my = 1. However, the
corresponding eigenfunction f of A\; = 0 defined by f(1) = f(2) = f(5) =
f(6) =1and f(3) = f(4) = f(7) = f(8) = —1 has 2 positive nodal domains
and 2 negative nodal domains. Thus, the total number of nodal domains of
f is 4, which is larger than k+r —1 =1+ 1—1 = 1. Definition [4.1] can
overcome this problem.

Proof of Theorem [].3. Suppose the contrary, that is, f is an eigenfunction of
Ar with multiplicity r, and f has at least k£ 4+ r nodal domains whose vertex

sets are denoted by Vi, ..., Viy,.. For simplicity, we assume that
)\k = )\k—i-l =...= )\k-i—r—l < )‘k-i-?“'
Consider a linear function-space X spanned by flv,,..., f|y,,,, where the

restriction f|y, is defined by

-
f|w<j>={g(])’ o,

Since Vi,. .., Viki, are pairwise disjoint, dim X = k +r. Given g € X \ 0,
there exists (t1,...,tkr) # 0 such that

k+r

g:Ztif

Vi+

S ”Z g(i)—‘ > g(j))
p o J outp . )
_ SN uflul) = > thf\vl(j)>

heH 1€, 1=1 jE€hout 1=1
k+r 2
=> (> n (Z MOESYS f|w(j)>>
heH \li=1 i€hin J€hout
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=3"Y# (Z flu(@ =Y f\w(j))

heH =1 i€hin J€hout
(.- Vh, Z flvi(9) Z flvi(j) # 0 for at most one {)
1€Rin J€hout

k+r 2
-y ey (Z flw@ = > flw(j)>

=1 heH i€hin J€hout

k+r 2
B S (zmm— zﬂm)
I=1  heH:hnVj£0 \i€hin j€hout

Yy <Zf(i)—2f(j)>2

=1 heH: hNV;#D \i€h;, J€Rout

_kiftlz:f (Z (Z GRS f(j)> -y <Z -y f(j)))

= i€V hEH j'€hin j€hout hEH:' 7' €hin J€hout
hin 31 hout D1

k+r

= Z t? Z f(@) A deg(i) f(7)
=1 i€V
k+r
=\ Z t? Z deg(1)
= 1€V
k+r 2
=k Z Z deg (i (tlf‘vz
=1 i€V
k+r 2
=\ Z deg(2) Z <t1f|vl(i)
i€V =1
k+r 2
=\ Z deg(i (Z tof v (7) (- Vi,..., Vky, are pairwise disjoint)
eV
=Ai Y deg(i)
i€V

Therefore, RQ(g) = Ax. Now, let Xy, be the family of all (k + r)-
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dimensional subspaces of C'(V'). By the min-max principle,

2
A\ X ZhEH (Zz input of h g/(l) - Zj output of h g/(]))
, = min max T
T XX geX N0 >y deg(5)g'(1)?
2
ZheH (Zz input of h g,(Z) - Zj output of h g/(j)>
< max

= gex\0 > iy deg(d)g'(i)?
- )\ka

which leads to a contradiction. O

4.2. Positive and negative nodal domain theorem

Definition 4.4. Given a function f : V — R, a positive nodal domain of
f is a connected component of the hypergraph that has vertex set V and
hyperedge set

H nysupp, (f) == {hNsupp(f): h € H},

where the notion supp, (f) is already used in Remark B3l Analogously, a
negative nodal domain of f is a connected component of the hypergraph that
has vertex set V' and hyperedge set H Nsupp_(f).

Theorem 4.5. Let I' = (V, H) be an oriented hypergraph with only inputs.
If f is an eigenfunction of the k-th eigenvalue N\, and this has multiplicity r,
then the number of positive and negative nodal domains of f is smaller than
or equal ton — k + 1.

Proof. Since I' has only inputs, A;; < 0 whenever there is a hyperedge h € H
that contains both ¢ and j, and A;; = 0 otherwise. Thus, the connectivity in
the hypergraph I' is equivalent to the connectivity in the weighted graph that
has adjacency matrix —A. Now, the symmetric matrix —£ = D 3AD i —] ,
which is isospectral to —L, is a Schrodinger operator on this weighted graph
in the sense of [18], and thus the nodal domain theorem for graphs in [18] can
be applied to derive that the number of nodal domains of an eigenfunction
of \e(L) = =Ap—k41(—L) does not exceed (n—k+1)+r—1=n—k+r. O

Remark 4.6. The upper bound n—k+r in Theorem is non-increasing with
respect to the eigenvalues, while to the best of our knowledge, all existing
Courant nodal domain theorems in literature regarding positive and negative
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domains have non-decreasing upper bounds with respect to the eigenvalues
(i.e., larger eigenvalues usually have more nodal domains). The reason might
be that, in the graph case, the Courant nodal domain theorem of the signless
Laplacian can be derived by that of the Laplacian directly, and the signless
Laplacian has no geometric and PDE analogs, thus no author investigated
such a peculiar “reversed version”. To some extent, Theorem can be
seen as the first Courant nodal domain theorem for the signless Laplacian on
hypergraphs.

Remark 4.7. In the first version of this manuscript, the proof of Theorem
was longer and more complicated. One of the anonymous referees noticed
that the results on Schrodinger operators for weighted graphs in [18] could
have been applied, and this allowed to prove Theorem in a short and
elegant way. It is worth noting that the results in [18] can also be used in
order to recover the nodal domain theorem in its usual form, since for graphs
A;; = 1 if there is an edge between ¢ and j, and A;; = 0 otherwise.

Remark 4.8. The Courant nodal domain theorems and also hold for

the unnormalized Laplacian. In order to see it, it is enough to remove the
vertex degrees in the proofs of theorems and [4.5]

5. Generalized Cheeger problem

We propose a generalization of the classical Cheeger constant and we
prove that, for some classes of hypergraphs, the Cheeger inequalities involv-
ing the smallest non-zero eigenvalue of L, that we denote by A, can be
generalized.

Recall that, for a connected graph G, as shown in [14],

1. Amin = A2 and the harmonic functions, i.e. the eigenfunctions of 0, are
exactly the constant functions.
2. The Cheeger constant is

) #E(S,S)
h:= min 7
0£SCV, Vol(S)
Vol(5)< YelV)

where, given ) # S C V, S =V \ S, #E(S,9) denotes the number
of edges with one endpoint in S and the other in S, and Vol(S) :=
> icsdeg(i). The Cheeger inequalities hold:

1
5h2 < Ay < 2h. (1)
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In particular, (1) is proved using the fact that, by the min-max prin-
ciple, knowing that the harmonic functions are exactly the constants,
one can write

Ao = min R .
2 ;i Q(f)
ey deg(i) f(i)=0
Also, in this case, the orthogonality to the constants allows us to say
that an eigenfunction f for Ay has to achieve both positive and negative

values and therefore we can partition the vertex set as

Vi={i: f(i) 20y ud{j: f(j) <0},
and the proof of () is also based on this.

For an oriented hypergraph I', things change because:

1. While for graphs we know that my equals the number of connected
components of the graph, this is no longer true for hypergraphs. In
particular, a connected hypergraph might have my = 0 and, on the
other hand, a hypergraph with one single connected component might
have my > 1, as shown in [11]. Therefore, even if we assume connec-
tivity, we cannot infer that A\, = As.

2. The constants are eigenfunctions for 0 if and only if, for each hyperedge
h,

#hzn = #hout>
as shown in [11]. Therefore, in general, we cannot use the orthogonality

to the constants, Furthermore, if we assume this condition and we
restrict to a smaller class of hypergraphs, we can state that

Ay = min R ’
? 2 iev f(3) deg(i)=0 Q('f)
but we still cannot infer that Ay = Amn. If my > 1, we need to

consider also the orthogonality to the other eigenfunctions of 0, and
these eigenfunctions are not known a priori.

Therefore, the problem of generalizing (II) to the case of oriented hypergraphs
is very challenging. Here we generalize the Cheeger constant and we prove
that, for some classes of hypergraphs, either the lower bound or the upper
bound in () can be generalized.
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Definition 5.1. Given ) # S C V, we let
Vol(S) := Y _ deg(i),

ieS
we let
2
é(s) := Z (#inputs of hin S — #outputs of h in S)
heH
and we let (5
e
v(S) = .
05) = 1)
We define a generalization of the Cheeger constant as
h:= min (9).
0£SCV .

Vol S<1 Vol V

Remark 5.2. In the case of graphs, each edge e has exactly one input and
exactly one output, therefore

(#inputs of e in S — #outputs of e in S) € {0,1},

which implies that

2
é(s) = Z <#inputs of h in S — #outputs of h in S)

ecE

= Z (#inputs of h in § — #outputs of h in S)
ecl

— Z 1

e€ E with exactly
one endpoint in S

= #{e € F with exactly one endpoint in S}
=#E(S,S).

Hence, h coincides with the classical Cheeger constant when I' is a graph.
The geometrical meaning of 71, in particular, is the same as h: we want to
divide the vertex set into two disjoint sets that are as big as possible (in
terms of the volume) and so that there is as little flow as possible from one
to the other.
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Remark 5.3. If #V > 2, let i be a vertex of minimum degree. Then deg(i) <
Vol V/2 and
_ deg(i) _

75) = Gea( = !

Therefore, for #V > 2, the generalized Cheeger constant is well-defined and
h <1.

Remark 5.4. We have that

) 1
F—0 «=35CV.S£0:Vol§ < YoV

Vh, #inputs of h in S = #outputs of h in S.

and

Remark 5.5. Given S C V,let fg:V — R be 1on S and 0 on S. Then, the
Rayleigh Quotient of fg is given by

2
ZheH <#inputs of h in S — #outputs of h in S)
Zies deg(7)

RQ(fs) =
— 5(S).

In particular,

An 2 RQ(fs) = (5). (2)

5.1. Cheeger upper bounds
Lemma 5.6. If my = 1 and #h;, = #how for each h,

)\min S 2}~l

Proof. We generalize the proof of the upper Cheeger-bound in [1_9] Given
SCV,let f:V — R besuch that f:=1on S and f := —a on S, where «
is such that )., deg(i) f(i) = 0, i.e.

B > ics deg(i) ~ VolS
> jegdeg(j)  VolS

We also assume that Vol.S < Vol S, so that a < 1. Since we are assuming
that my = 1, Anin = Ao. Also, since we are assuming that #h;, = #hou
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for each h, the constants are the harmonic functions. By construction, f is
orthogonal to the constants, therefore

Amin < RQ(f)
(1+a)- (ZheH (#inputs of h in S — #outputs of h in S) 2)
> ics deg(i) + 3 cgdeg(y) - a2
(14 ) (ZheH (#inputs of h in S — #outputs of h in S) 2)
> ics deg(i) + > cgdeg(y) - 2

2
(1+a)- (ZheH (#inputs of h in S — #outputs of h in S) )

Vol S
2
2. (ZheH (#inputs of h in S — #outputs of h in S) )
<
- Vol S
=2-7(9).

Since this is true for all such S, and since Vol S < Vol S if and only if
Vol S < VolV/2,
Amin <2+ min  p(S) = 2h.
P#£SCV:
Vol S<Vol §

Lemma 5.7. If my =0, .
)\min S h.

Proof. Fix S that minimizes v(S) and let fs : V. — R be 1 on S and 0
otherwise. Then,

)\min = )\1 < RQ(fs) = ﬂ(S) = h.
0

Remark 5.8. If we compare Lemma and Lemma [5.71 we can observe the
following. The upper bound 2h in Lemma has a multiplication by 2
coming from the fact that A\; = 0 and, in particular, coming from the fact
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that we must impose orthogonality to the constants. When we don’t need to
impose any orthogonality, i.e. in the case my = 0, the upper bound can be
simply h. We can therefore expect that, if A\, = A, the orthogonality to
k — 1 different harmonic functions brings to k& — 1 constrains on f: V — R
and therefore we may have something like A\, = A, < F(k) - h.

5.2. Cheeger lower bounds

Remark 5.9. Let S C V be a minimizer for #(S) and consider a weak vertex
addition I' U {0}. Then,

1 1
Vol S(I'U {0}) = Vol S(I') < 5 VolV < 5 Vol(V U )
and . )
h(I) = v(S)I) = w(S)(TU{o}) > h(I'U{0}). (3)
Therefore, a weak vertex addition brings to a non-increasing h.

Lemma 5.10. If A\,in = A\p and there exists a graph G that can be obtained
from I by a weak deletion of r vertices, where r < k — 2, then

1-

_h'2 < )\mirr

5 <
Proof. By @), () and Lemma 219,

1-, 1.
§h2 < §h(G)2 < )\2(G) < )\k—r(G) < )\k(r) = )\min-

O

We now prove a generalization of the Cheeger lower bound for a particular
class of oriented hypergraphs. Namely, we fix a hypergraph I' = (V, H) such
that, for each h € H,

#hzn = #h'out =:C
is constant and does not depend on h. Since the number of inputs equals the
number of outputs, in each hyperedge we can couple each input with exactly

one output. In this way we get a graph G that we call a underlying graph of
.
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Lemma 5.11. If \,ijn = A\ and

#hzn = #h’out =.C
is constant for each h € H, then \y_1(G) = 0 for each underlying graph G of
[. Furthermore, if there exists an underlying graph G with A\,(G) > 0, then

iy > 2%%2. (4)

Proof. Fix any underlying graph G = (V, E) of I'. Observe that
degp(i) = degg (i) for each 1 € V

and, for each hyperedge h of I', G has ¢ edges. Therefore #FE = c-#H. Also,
we can see a function v : H — R as a function v : £ — R that is equal to
v(h) on each edge e coming from h. If 7: H — R is an harmonic function

for I,
oorw)y= ) w1 =0

h’ :4 input h'" ;i output

for each i € V. Therefore, 7 is an harmonic function for G as well. Also,
if v : H — R is orthogonal to such an harmonic function in I', then

> nen V(R)T(h) = 0. Therefore, also

Y aere) = c-y(h)r(h) =0

ecE heH

and 7 is also orthogonal to 7 in G. This implies that A\y_1(G) = 0.
Now, let v : H — R be an eigenfunction for A\, = Apnin(I"). By the

remarks above, 7 is orthogonal to the constants also in G. Also, assume that
A (G) > 0, so that A\pin(G) = A\e(G). Then,

2

Zie\/ ﬁ(i) : (Zhin:i input Y(hin) — Zhout:v output V(hout))
> onen V(h)? 2

Ziev @ : (Zhin:i input Y(hin) — Zhoum’ output V(hout))

> onen € V(h)?

)\k - )\min(r) -

= C-
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> c- h(G)2

Also, given S that minimizes v(S)(G), let E C E be the set of edges e such
that

#inputs of e in S — #outputs of e in S > 0

and let 4 C H be the set of hyperedges corresponding to the edges in E.
Then,

2
Y oheH <#inputs of h in S — #outputs of h in S)

() < o(S)(T) =

B Vol S
#HH - #E c
Vols ¢ Vorg — ¢ v9NG) = 5h(G)
Therefore,
AuinlD) > SH(G)? > Zh(I)?
2 2c

O

Remark 5.12. Lemma [5.11] can be applied to the case where I' is a graph,
by taking as underlying graph I' itself. In this case, ¢ = 1, therefore ()
coincides with the usual Cheeger lower bound.

6. General bounds

We prove some general characterizations and bounds for A, and A, that
do not involve h.

Lemma 6.1. Giveni € V and h € H, letZ; : H - R and " : V. — R be
defined by T;(h) := I"(i) := T;,. Then,

) W min ZZEV @(L‘ﬁ)%{ = min Zh€H<D_%Ih7f>2
M espan{Zisiev) (v, 7)u fespan{D~ 3T he H} (f: 1)
(5)
and
\ = max Ziev m(l—ia 7)%{ _ max ZheH<D_%Ih> f>2
" sespan{Z;:iev) (v, V)m fespan{D~3Th : heH} (£, ) ’

(6)
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where, for functions on the vertex set, (-, -) is the scalar product in Definition
213 and (-,-) is the scalar product without the weight (deg(1),...,deg(n)).
For functions on the hyperedge set, (-,-)g is the scalar product in Definition

2.17
Proof. We prove (), the proof of (@) being similar. Observe that

EheH (Ziehm f(Z) B Zieh(mt f(z))2 _ ZheH(Ihv f>2
> iev deg(i) f(2)? .

Therefore, f is an eigenfunction corresponding to the eigenvalue 0 if and only
if (Z", f) =0 for all h € H. Hence, the linear space of all harmonic functions
is the orthogonal complement of the set of functions Z": (span{Z" : h €
H})*. By the min-max principle,

o . ZheH(Ihaf>2
Anin = o 0.7

Vg€ (span{Zh:heH})+

ZheHCZh’ f>2

= min
fespan{D~1Zh:heH} (f, f)
D—%Ih 2
— IIllIl ZhEH< Y f) ]
fEspan{Dfélh:heH} <f7 f)

O

Corollary 6.2. The following quantities are all no less than A\ni, and no
larger than \,:

(C1)
1
1+ — A2
jezv deg(i) deg(j)
foranyieV;
(C2)
1 1
14— —Alz
n ]EZV ; deg(j) deg(i)
(C3)

1
ZjEV deg(y) ZiEV A22]
Zjev deg(j)
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Moreover, Amin equals (C2) or (C3) if and only if

1
14+) ———— A%,
jezvdeg@)deg(]) ’

= >\min

for alli € V. The same holds for \,.

Proof. In order to prove (C1), for each i € V' we consider the Rayleigh Quo-
tient v = Z; and we apply Lemma [6.1l Furthermore, (C2) is the arithmetic
mean of the constants in (C1) over i € V, while (C3) is the weighted arith-
metic mean of the constants in (C1) with the weights deg(1),...,deg(n).
This proves (C2) and (C3). O

Definition 6.3. Given n,d € N with n > d > 1, let

Chd:= min max ||e1t + ... + €nty||2,
Uy, 0n€S9—1 €1,...ene{—1,1}

where S?71 is the unit sphere of dimension (d — 1) in R? and || - || is the
standard Euclidean norm in R

The quantity C,, 4 is a known geometric constant [20-23] that charac-
terizes the best lower bound of the diameter of the d-dimensional zonotope
[—%271, %171] +...+ [—%Un, %@L] generated by n unit vectors, where the sum-
mation here is the Minkowski sum of a finite number of segments. Since
zonotopes have many interesting geometric properties in the theory of poly-
hedron [24], the constant C,, 4 is studied in discrete geometry. Interestingly,
the unconstrained quadratic maximization in zero-one variables has been

equivalently transformed into

max |le1th + ... + atnl3
€1,..,en€{—1,1}

for certain vy, ...,%,, bridging mathematical optimizations with zonotopes
[23]. Also, it is known that

Cn,n = \/ﬁ < Cn,d

for all d < n.

The following proposition shows a relation between this constant and the
largest eigenvalue of the normalized Laplacian. To the best of our knowledge,
this result is new also for graphs.
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Proposition 6.4.

L
Ap > o oy
Proof. The proof is based on Lemma Given i € V, let 7; := \/@L

and let q,...,e, € {—1,1} such that

lewdi o rentully =, max e e
€15 en€{—1,

Let also . .
o V1 + ...+ EQU,

H81171 + ...+ €n6n||2.

Then, by Lemma [6.1] and by the fact that dim(span(vy,...,7,)) =n — my,
n n 1
)\n > _»i 2= i 2 _»i 2 > — i\Vi
_;w,w ;\ﬂ(v,w >~ 6v,
1 [~ S 1
T ((; Eivi,7>) = EHglvl +...+ EnvnHz n

C2

nn—my "

O

We conclude this section by proving a general upper bound for A, and
lower bound for A, that only involves the multiplicity of 0.

Theorem 6.5.

A< Moy

min = — n

n—my

and one of them is an equality if and only if Apin = An-

Proof. By Remark 214, Y —my1 N = n. Hence, since there are exactly
n — my non-zero eigenvalues \; Wlth )\min <\,

(n - mV))\min < Z )\z =n,

i=my+1

that is, Amin < n/(n —my ), with equality if and only if Ay, = A,. Similarly,
one can see that A, > n/(n—my), with equality if and only if A\, = A\,. O
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Example 6.6. A hypergraph I is such that the inequalities in Theorem
are equalities with my = 0 if and only if

M=..=\ =1,

therefore if and only if L = Id, which happens if and only if A;; = 0 for all
1# j €V, ie. if and only if, for all ¢ # j,

#{hyperedges in which i and j are anti-oriented}
= #{hyperedges in which i and j are co-oriented}.

This is the case, for instance, if I' is a hypergraph on n vertices and n
hyperedges such that each hyperedge contains exactly one vertex.

Example 6.7. Let I' be a hypergraph for which the inequalities in Theorem
are equalities, with my = n — 1. Then,

M=...=X_1=0 and M\, =n. (7)

Since we always have > | A\; = n, A, = n implies (7). By [12, Corollary 2],
this happens if and only if each hyperedge contains all vertices.

Example 6.8. If I" is given by the union of r copies of the complete graph
K, ., then my = r and all non-zero eigenvalues are

n/r n

)

- n/r—1 T -7
with multiplicity n — r.

Remark 6.9. By [12, Lemma 4.2], A, < max |h|. Together with Theorem [6.5]
S

this implies that
n

< max |h|.
n—my ~ heH
Therefore,
1
my <n|l-—
max |h|
heH

In the case of graphs, this says that my < n/2 and it is immediate to check,
since we are assuming that there are no isolated vertices.
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7. Coloring number

We now generalize the notion of coloring number and we show that it is
related to the eigenvalues of L.

Definition 7.1. A proper k-coloring of the vertices is a function f : V —
{1,...,k} such that f(i) # f(j) for all i # j € h and for all h € H. The
vertez coloring number of ', denoted x(I'), is the minimal &k such that there
exists a proper k-coloring.

Remark 7.2. Observe that the coloring number of an oriented hypergraph
I' = (V. H) equals the coloring number of a graph G = (V,E) that has
the same vertices as I' and has, instead of each hyperedge h, a complete
sub-graph K\,;. Hence, the problem of computing the coloring number of a
hypergraph reduces to the graph case.

Remark 7.3. If T is obtained from T by deleting vertices, then y(I') < x(I).
Theorem 7.4. For any oriented hypergraph T,

é(5)

Vol(S) ) x(S)—1

An21+(1— >\, VYSCV,S 0.

In particular,

A> XD Ev) >\ and A L Xl
"= @M —=1 Vol(V) x(I)—-1~" "=y -1
7 . é(s

where h' := @;rglélv Vo(l(;).

Proof. Let x := x(I') and let V4, ...,V be the coloring classes of V. Given
ke {l,...,x}, define a function f: V — R by

, t ifi eV,
IOESR SEE,
1 ifig V.

Since Vi N h has at most one element for all h € H,

= (t + #hout - 1 - #hzn)2 1f Vk N h’out 7& @,

)2 (t + #hzn - ]- - #hout)2 1f Vk N hzn 7& ®a
(Fhour — #hin)? otherwise.

<Z OB NIt

jehin j’ehout
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Hence,

Z(Z f(])_ Z f(]/)) = Z (t+#hzn_1_#hout)2

heH \j€hin j'€hout hin NV #0
+ )t Hhow — 1 — #hi)?
houtﬁvk#w
+ Z (#hout - #hzn)2
hNV=0
and
> deg(i)f(i)* =2 deg(i) + » _ deg(i).
i€V ieVy iZVi
Since

ZhEH (Z]ehzn .f(]) - Zj’ehout ‘f(‘]/))2
>icv deg(i) f(i)?

by taking the summation of the above inequalities over all k’s we obtain

Ay (t? > deg(i) + Y deg(z‘)) >N > (b Hhin — L= F#how)’
k=1

1€V 1€ Vi k=1 hznﬂVk;ﬁ@

2 )\19

X
+ Z Z (t + #hout —-1- #hzn)2

k=1 houiNVi#0

+ Z (#hout - #hzn)2

X
k=1 hNV,=0

This can be simplified as

An (Z deg(i)(t® = 1)+ x> deg(z’))

i€V eV
> Hhin(t+ #hin — 1 — #how)’
heH
+ Z #hout(t + #h’out - 1 - #hzn)2
heH
+ Z(X - #hzn - #hout)(#hout - #hzn)2
heH

28



= (t - 1>2 Z(#h’m + #hout>

heH

Q= 1) 420 S Fhous — Hhin)

heH
Since Vol(V') = >, c g (#hin + #how) and e(V) = 37,y (Fhou — #hin)?,
A VOI(V)(#2 — 1+ x) > (t — 1) Vol(V) + (2(t — 1) + x)é(V),
hence

\> (t—1)2Vol(V) + (2(t — 1) + x)e(V) 1+é(V) — Vol(V)_Q(t —-1)+x

- Vol(V) (2 — 1 + ) B Vol(V) 22— 14y

Now, using the fact that

2t — 1)+ x 20— +x _ —1

I&%&szlatt:1 and It%l]l? t2—1—|—X X—latt:l_x’
it follows that
é(V) ep ~
A\, > Vol(V) V) ) 1f f(V) > VOI(V)v (8)
% — Vol(V) . ﬁ lf €(V) < VOI(V)

In summary,

X e(V) 1 &(V)
{x —1 Vol(V) x—1’ VOW)} C A1, Aal.

Now, given V' C V, let H := {hNV’': h € H}. Then, I := (V' H') is
the restricted sub-hypergraph of H on V’. By Lemma 2.19

An(T) = A (T) = A () > A (D).

Consequently,
(5 S s 1
{VOI(S)’ (S =1 VoI(S) x(S)—1 ‘ ScV.5# @} C (D), A (D)].

This completes the proof. O
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Corollary 7.5. Let I' be an oriented hypergraph such that |#hi, — #how| = ¢
for all h € H, for some ¢ > 0. Then,

(V) — .
Vol(V) —¢*-m > AL (9)

A > 1 .
SIS ) —1°

where m = #H. If we further assume that I is r—uniform (where r = ¢+ 2l
for some l € Z>y), then
2
X c 1
Ay > —— — — - ——— >\ 10
“x—-1 r x—-17 ! (10)
Proof. Since |#hi, — #how| = ¢ for all h € H, é(V) = ¢ - m. By Theorem
T4 we get ([@). The further assumption that I' is r—uniform implies r - m =
Vol(V'). Thus,
e(V) c?

Vol(V) r
and we immediately obtain (I0). O

Corollary 7.6. Let ' = (V, H) be an oriented hypergraph such that #h, = ¢
and #hyw = 0 for all h € H, for some ¢ € N. Then,

x(I) —c¢
BRRGES!

If, in addition, T is c—complete, then x(I') = n and

and \, =c. (11)

n—=c

Proof. By construction, I' is a c—uniform, bipartite hypergraph. Therefore,
by [12, Lemma 4.2], A,, = ¢. Also, by Corollary [[.H with r = ¢, we get that

AN < X6
x—1

If, in addition, I' is c—complete, clearly x(I') = n and each vertex has degree
("_1) Now, for each vertex k, let fi : V' — R be defined by fi(k) :=n—1

c—1/"

and fi(i) := —1 for ¢ # k. Then,

LS -1+ (c—1)(-1) =n—c=2"¢

Lfik) = deg(k) ~ n—1

- fr(k)
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and for i # k,

h3i,hZk ho{i,k}
. 1 n—2
_C —_— . . n
(25) \e—2
n—c _
T n—-1 Jil@):

Therefore Lfy, = fi - ((n — ¢)/(n — 1)), which proves that (n —¢)/(n — 1) is
an eigenvalue and the functions f; are corresponding eigenfunctions. Now,
since

dim(span(fi,..., fn)) =n—1

and since )\, = ¢, the multiplicity of (n —¢)/(n — 1) is n — 1. Hence,

>\1:...:)\n_1:n_c

n—1

Corollary 7.7. If #h;, = #how for allh € H,

x()
M-

where K, is the complete graph on x vertices.

An (K,

Proof. Tt follows directly by taking ¢ = 0 in Corollary [Z.5l It is known that a
complete graph Ky on N vertices has the maximal eigenvalue N/(N—1). O

Corollary 7.8. If there exists a hypergraph I obtained from I' by weak-vertex
deletion of some vertices, such that

#hzn(f) = #hout(f) fOT each h € H>

then
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Proof. Assume that [ is obtained from I by weak-vertex deletion of r ver-
tices. By Lemma 2.19 and Corollary [7.7],

M) > A, () = 0, (F) > M

A

Now, since x(I") < x(T),

Hence,

O

Remark 7.9. The results on the chromatic number above closely relate to the
Hoffman’s bound for graph, which states that, for a graph G,

)\max(A)
>\min(A> ’

X(G)>1-—

where Apax(A) and Ay (A) are the largest and the smallest eigenvalues of
the adjacency matrix [25, 26].

In the setting of Corollary [7.7, when does A, = x(I')/(x(I") — 1) hold?
The next proposition answers this question.

Proposition 7.10. For a hypergraph U with #h;, = #how for each h and
chromatic number x, the following are equivalent:

L A= x/(x — 1),

2. The vertex set can be partitioned as V = Vi U ... UV, such that:
o #(hNVy) €{0,1}, for all h and for all k,
o (x —1)|deg(i) for alli €V, and
e For all k and for all i & Vi,

#{h € H :i and hNVy anti-or.} —#{h € H : i and h NV} co-or.}
_ deg(i)
=1
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Proof. We first show a direct proof of Corollary [[.7, which states that A, <
x/(x—1). Let V4,...,V, be the coloring classes of V. Given k € {1,..., x},
define a function f; : V — R by

. —1, ifieV
fi(@) = X Lok
—1 if 1 V.
Since #h;, = #how and Vi, N A has at most one element for all h € H,

(Z fe(d) — Z fk(j,)> :{f i Vinh 70,

: . otherwise.
J Ehin ]lehout

Hence,

Sen (Sien 10) = Sy D))
Ap > : .
DETIOTAGE

XQZ heH: 1

a > ey, deg(D)(x — 1)2 + 3.y, deg(i)

That is, for all k,

Ay (Z deg(i)(x —1*— 1)+ Y deg(z'>> > 2 deg(i). (13)

1€V eV 1€V

Summing up the above inequalities for all &,

An <Z deg(i)((x = 1)* = 1) +x ) | deg(@')) > X deg(i),

eV eV eV

and thus A\,(y — 1) > x.

Now, it is clear that A, = x/(x —1) if and only if (I3)) (equivalently (I2))
is an equality for all k. Therefore, A\, = x/(x — 1) if and only if f; is an
eigenfunction for A, for each k =1,..., . This is the case if and only if

X

Lf. —
fo= g

fk, ]{?:1,...,)(
that is,
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460 = s ( Zx- T 0] =x= 2

'Ln o1 hout i

for all k and for all ¢ € Vi. Thus, A, = x/(x — 1) is equivalent to

Lfi(i) = 1fk(z'), for all k£ and for all i & V.
That is,
DN G L G R
deg(i)  _ . . _ y—1
h>i, \NVE#£0 \i and hNV}, co-or. ¢ and hNV}, anti-or.
which is equivalent to
: : : deg(i)
#{h € H:iand hNVj anti-or.} —#{h € H : 7 and hNV}, co-or.} = 1
In particular, (x — 1)| deg(i) for all i. O

Corollary 7.11. Given two natural numbers n > 2 and ¢ > 1, let ' :=
(V, H) be the 2c—complete hypergraph defined by V :={1,...,n} and

H = {(hzna hout) : #hzn = #hout =C, hzn N hout = ®}
Then, \y =0 and Ay = ... =\, =n/(n—1).
Proof. Clearly, x(I') = n. Now, for each k = 1,...,n, let V} := {k}. Then,

for all 7 and k: (2 )
, n—1Y\ (7
e = (51 )5

-2
#{h € H : i and h NV} anti-oriented} = <n )

(5)_«c

2 2c—1’

2c -2
—9 2c —1
#{h € H : 1 and h NV}, co-oriented} = (2nc B 2) %h
Thus, (n — 1)| deg(é) for all 4, and

#{h € H :iand hNVj anti-or.} — #{h € H : i and h NV}, co-or.}
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=2\ C) 11 n=1\ (%) deg(d)
S \2c—-2) 2 2¢—1 n—-1\2c—-1) 2  n-1"
By Proposition [T.I0, A\, =n/(n —1).

Now, observe that f = 1 is such that Lf = 0, which means that \; =0
and f is a corresponding eigenfunction. Therefore,

n:zn:)\i:zn:)\ig(n—l))\n:n,
i=1 =2

which implies that A\ = ... =\, =n/(n —1). O
Remark 7.12. For ¢ = 1, Corollary [T.11] gives a complete graph of order n.
For ¢ > 2, Corollary [[. Tl gives a 2c—uniform and %(;‘c__ll) (2cc)fregular oriented
hypergraph.

8. Cartesian product of hypergraphs

In this last section, we define the Cartesian product of hypergraphs and
we study the spectrum of the unnormalized Laplacian in this case.

Definition 8.1. Given two oriented hypergraphs I'y = (V4, H;) and 'y =
(Va, Hy), their Cartesian product I :== (V, H), denoted I'y Ty, is defined by
letting V :=V; x V5 and

H :={h:hy ={v} x b} , how = {v} x h2,, or hy, = h} x {u},

m?

hout = ht,. x {u}, for some v € Vi,u € Vo, h' € H;}.
Proposition 8.2. Let
Moo Ay oand g <<

be the spectra of the unnormalized Laplacians for T'y = (Vi, Hy) and T'y =
(Va, Hy), respectively, where ny = #Vi and ny = #V,. Then, the spectrum of
the unnormalized Laplacian of the Cartesian product I'y 1Ty is given by

)\i—l—,llj, fO’f’i:].,...,nl Cl’fldj:]_,...,ng.
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Proof. Denote by A(I';) the unnormalized Laplacian of I';, for i = 1,2. Let
f be an eigenfunction of A(I'y) with eigenvalue A, that is, A(T'1)f = Af.
Similarly, fix g and g such that A(T's)g = pg. According to Definition 215

> (Z HOEEY f(i”)) -y (Z HOEEY f(i”)) = A\f(i)

h'}nai ileh}n i”eh¢17ut h})utai ileh}n i”eh})ut
and

./ -1/ -/ -1/ _ .
> > gG) = D e =D > 9() = Y 9(") | = ng(h)
h?naj jleh?n j”ehgut h?)utaj jleh?n j”ehgut

foralli =1,...,nyand 7 =1,...,ns. Now, let f®g: V3 x Vs = R be
defined by

f®gli,jg)=f()-g().
Then, for all (z,75) € V; x Va,

A(f®g)(3,7)

=y ( Yo fegdd) - Y f®g<z",j’>)

hin3(i.3) \(3')€hin (@3 €hout
_ ( Yoo fegli) - D f®g(i’,j’))
hout3(i,5) \(i',3")Ehin (i",3")€hout
= (Z HANOEEY f(i’)g(j))
hl >i \i'ehl i €hgu
+ 3 (Z F@gGh - Y, f(i)g(j'))
h2 35 \j'eh2, 7'€hZ
- (Z F(@)g(G) = f(i’)g(j))
hl,.>i \i'€hl, i E€hg
+ > (Z Fig) = Y f(i)g(j’))
h2,.3j \j'eh, J'€hG
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=9(j) (Z (Z GO f(i”)) - (Z GO f(i”)))

1 ; i’ 1 i1 1 1 ; ;1 1 i1 1
hinaz g Ehin v ehout out92 v Ehin v 6hout

+ f(i) (Z (Z g - > g(j”)) - > (Z g — > g(j”)))

h2 35 \j'eh?, " €h? 2 35 \jen2, " €h?

out out

=g (@) + f(Dug(G) = A+ w)(f @ 9)( 7).

Hence, A + p is an eigenvalue of A(I'; OT'y), with eigenfunction f® g. Since
this is true for all such f, A, g and p, this proves the claim. O
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