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Abstract

This paper presents an application of mean field control to dynamic production optimization. Both noncooperative and cooperative solutions
are considered. We first introduce a market of a large number of agents (firms) with sticky prices and adjustment costs. By solving auxiliary
limiting optimal control problems subject to consistent mean field approximations, two sets of decentralized strategies are obtained and
further shown to asymptotically attain Nash equilibria and social optima, respectively. The performance estimate of the social optimum
strategies exploits a passivity property of the underlying model. A numerical example is given to compare market prices, firms’ outputs

and costs under two two solution frameworks.
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1 Introduction

Mean field game theory is effective to design decentralized
strategies in a system of many players which are individu-
ally negligible but collectively affect a particular player (see
e.g., [18], [19], [22], [31]). By identifying a consistency re-
lationship between the individual’s best response and the
mass (population macroscopic) behavior, one may obtain a
fixed-point equation to specify the mean field. This proce-
dure leads to a set of decentralized strategies as an &-Nash
equilibrium for the actual model with a large but finite pop-
ulation. By now, mean field games have been intensively
studied in the LQG (linear-quadratic-Gaussian) framework
[18], [19], [11], [39], [12]; there is also a large body of works
on nonlinear models [22], [32], [3], [14]. For further litera-
ture, readers are referred to [17], [43], [44] for mean field
models with a major player, [46] for oblivious equilibria pro-
posed for large-scale Markov decision processes of industry
dynamics, [42] for mean field games with Markov jump pa-
rameters. For a survey on mean field game theory, see [3],
[14], and [4]. Besides noncooperative games, social optima
in mean field control have been investigated in some liter-
ature [20], [45]. Mean field games and control have found
wide applications, including smart grids [34], [7], [26], fi-

* This paper was not presented at any IFAC meeting. Correspond-
ing author Bingchang Wang.

Email addresses: bcwang@sdu.edu.cn (Bingchang Wang),
mhuang@math.carleton.ca (Minyi Huang).

Preprint submitted to Automatica

nance, economics [46], [15], [6], [23], operation research
[28], [1], [33], [36], and social sciences [29], [21], [2], etc.

This paper aims to present an application of mean field con-
trol to production output adjustment in a large market with
many firms and sticky prices. Under the stickiness assump-
tion, the price of the underlying product does not adjust in-
stantaneously according to its demand function, but evolves
slowly and smoothly. Dynamic game models for duopolis-
tic competition with sticky prices were initially proposed by
Simaan and Takayama [38], and then extended to investi-
gate asymptotically stable steady-state equilibrium prices in
[13]. In [5], [47], the authors considered open and closed-
loop Nash equilibria for dynamic oligopoly with N firms and
compared prices’ behavior in and outside the steady-state
levels, respectively. Adjustment costs in production mod-
els have been addressed in the economic literature (see e.g.
[35]) and they have been taken into account in the study
of dynamic oligopoly [10], [37], [24]. The work [10] intro-
duces a duopoly where each firm has output level subject to
control according to a first-order integrator dynamics. How-
ever, when the number of firms is large (e.g. in a perfectly
competitive market) and the adjustment cost is considered,
the computational complexity of output adjustment is high.
In the mean field control framework, one can effectively ad-
dress the complexity issue.

Within our model, a large number of producers supply a

certain product with sticky prices, and the output adjustment
incurs a cost. The cost function of a firm is based on product
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cost, price, and adjustment cost. In [41], we combined the
price and firm’s output as a 2-dimensional system. Thus,
the cost function has indefinite state weights, which differs
from many existing LQG models of mean field games in the
literature [19], [42]. In this paper, the price in the mean field
limit model is taken as an exogenous signal without the need
of state space augmentation. This contributes to deriving a
simple condition that ensures the solvability of the resulting
equation system.

The Nash equilibrium and the social optimum are two fun-
damental solution notions to competitive markets with many
firms, where the former applies to the noncooperative model,
and the latter is for the cooperative model. In this paper, we
design Nash and social optimum strategies for the produc-
tion output control model based on the mean field control
methodology, respectively, and further compare two solu-
tions numerically. The Nash solution of our model starts by
solving a limiting optimal control problem and next applies
the consistency requirement for the mean field approxima-
tion. We then obtain a set of decentralized strategies and
show that the set of strategies is an €-Nash equilibrium. For
the social optimum solution, we first provide an auxiliary
optimal control problem by a person-by-person optimality
approach, and then design a set of decentralized strategies by
solving the limiting auxiliary problem subject to consistent
mean field approximations. The set of strategies is shown to
be asymptotically socially optimal by exploiting a passivity
property of the underlying model.

An illustrative numerical example is given to compare mar-
ket prices, firms outputs and optimal costs under the game
and social optimum frameworks. It is numerically shown
that the social optimum has a lower average output level than
that in the noncooperative case. This is similar to the behav-
ior in a duopoly model [48] where cooperation of the two
players results in a lower total output than in the Cournot
equilibrium.

The paper is organized as follows. Section II introduces the
game and social optimum problems with N players. In Sec-
tion III, we first design a set of decentralized strategies by the
mean field control methodology and then show its asymp-
totic Nash equilibrium property. In Section IV, we construct
a set of decentralized strategies, which is shown to be asymp-
totically socially optimal. In Section V, a comparison of two
solutions is demonstrated by a numerical example. Section
VI concludes the paper.

Notation: | - || denotes the Euclidean vector norm or matrix
spectral norm. For a matrix M, |M| denotes the determi-
nant of M. C([0,0),R") denotes the class of n-dimensional
continuous functions on [0,e); Cp([0,00),R") is the class
of bounded and continuous functions; Cp([0,00),R") =
{f1f € C([0,0),R"),sup, | f(t)]eP"" < oo for some p’ €
[0,p)}. For a family of R”"-values random variables
{x(A),A > 0}, o(x(A),A <1t) is the o-algebra gen-
erated by the collection of random variables; |x|, =

[E Ji7 e P x(t)Pee] 2 |lx]l = sup,oo x(1)]. For two se-
quences {a,,n="0,1,---}and {b,,n=0,1,---}, a, = O(by)
denotes limsup,,_,..|a,/bn| < C, and a, = o(b,) denotes
limsup,_,., |a,/bs| = 0. For convenience of presentation,
we use C,C1,(C,, -+ to denote generic positive constants,
which may vary from place to place.

2 Problem Description
2.1 Dynamic oligopoly with sticky prices

Dynamic game models for oligopolistic competition with
sticky prices were initially proposed by Simaan and
Takayama [38], and then further investigated in [13], [5],
[47]. According to the model in [5], [47], the sticky price
evolves by

dp N .

S =aB=8Y q;=p), p(0) given,
j=1

where ¢; is the output of firm j, j=1,---,N, and has the

role of control. The payoff function of firm i is described by

o 1
Ki(q1,~~,qzv):/0 e ’”(pqﬁcqﬁiqlz)dﬁ

The constants o, 3,0 and c are positive, and c is the cost of
unit output.

2.2 Output adjustment in a mean field framework

The paper considers a large market of many firms. Based
on the formulation of sticky prices in [13], [47], we assume
that the price evolves by

dp(t) _ alB —p(t) — g™ (1)]

dt
=—ap(t)—ag™ (1) + ap, (1)

where o > 0 denotes the speed of adjustment to the level on
the demand function, and ¢ (r) = T XN gi(t) is the aver-
age of firms’ outputs. The output of each firm is described
by the stochastic differential equation (SDE)

dc],'(t) = —/.Lqi(t)dt-i-biu,-(t)dt + O'dwi(l), )

where {w;(¢),i=1,--- ,N} are independent standard Brow-
nian motions, which are also independent of initial outputs
of all firms {g;(0),i =1,--- ,N}. The constants @, 3, 1 and
b; are positive.

Adjustment costs in production models have been addressed
in the economic literature (see e.g. [35]) and they have been
taken into account in the study of dynamic oligopoly [10],
[91, [37], [24]. The work [10] introduces a duopoly where



each firm has output level g; subject to control u; according to
a first order integrator dynamics. In the resulting differential
game, the instantaneous payoff of each firm is determined
from its net profit minus quadratic penalty terms of ¢; and u;

Remark 1 Asin [13], B —q(N) is the price on the demand
function for the given level of firms’ outputs. In the static
case, the inverse demand function has a linear version p =
B —8q™); here for simplicity we set 8 as 1. The scaling
factor 1/N for q(N ) is standard in modelling and analysis
of large markets, and some closely related price modelling
in a large dynamic market can be found in [30], [40]. 1 is
used to indicate friction in adjusting the output, and w; is
random shocks in output.

The cost function of each firm is given by

5w =E [ e PL(p.gim)dr, ®
0

where
L= —p(t)qi(t) +cqi(t) +rui (1),
U= (uh... Uiy 7”N)7
r> 0 and 0 < ¢ < 3. Here, ¢ denotes the production cost,
and ru?(t) denotes the adjustment cost. The minimization
of J;(u) is equivalent to maximizing the payoff

K =E [ g 0)(p(0) -0 - ri 0)ldr.

We only consider the case 8 > ¢ to make the subsequent
optimization problems be of practical interest. Otherwise,
given a positive q(N ), the production cost already exceeds the
price, and the optimization problem is not too meaningful.

The social cost is defined as

(N) !
Jsoc (Lt) ==
Nj

Ji(u). @)

1=

Based on costs (3) and (4), one may formulate a standard
LQG game and an optimal control problem, respectively. A
limitation of this approach is that the control strategy will be
centralized. Our goal is to look for decentralized strategies
for the corresponding optimization criterion.

The basic objective of this paper is to seek Nash solutions
and social solutions to mean field production output control
with sticky prices. Specifically, we study the following two
problems:

Problem I: Find €-Nash equilibrium strategies for agents to

minimize the individual cost J; over the set of decentralized
strategies

Ui = {u; :u;(t) is adapted to ﬁti,E/ e P2 (t)dr < oo},
Jo

where .7 = 6{q;(0),wi(s),s <t},1>0,i=1,--- ,N.

Problem II: Find asymptotic social optimum strategies for

agents to minimize Jsgé? over the set of decentralized strate-

gies %, i=1,---,N.

For a large market, a natural way of modeling the sequence
of parameters by,--- ,by is to view them as being sampled
from a space such that this sequence exhibits certain sta-
tistical properties when N — oo. Define the associated em-
pirical distribution function Fy(60) = %Zﬁ\’:l Ijp,<0], Where
ljg,<o) = 1 if 6; < 0 and /jg, <) = O otherwise.

We introduce the assumptions.

A1) The initial price p(0) = po > 0 is a constant. The initial
outputs of all firms {¢;(0),i =1,--- ,N} are independent.
Eqi(0) = go >0 for all i =1,---,N; there exists ¢y < oo
independent of N such that maxizl_y...7NE\qi(0)|2 < ¢p.

A2) There exists a distribution function F(-) such that
the empirical distribution Fy converges weakly to F,
where Fy(b) = + ¥V, Ijp,<p)- Furthermore, each b; > 0 and
Jr 02dF(6) > 0.

A3) Forall N, {b;,i=1,--- N} is contained in a fixed com-
pact set ®, and [ 0dF(0) = 1.

3 Nash Solutions to Qutput Adjustment
3.1 Optimal control for the limiting problem

Assume that g € C, 5([0,0),R) is given for approximation
of ¢™). Replacing ¢™) in (1) by g, we introduce

dziy):a[ﬁ_ﬁ(’)_q(fﬁ p(0) = po. (5)

Accordingly, by replacing p in (3) with p we define the cost
function:

Ji(u) = E / e P[(c— p)gi + rulldr. ©)
0
The corresponding admissible control set is % ;.

We first take p as an exogenous signal and solve the problem
in (2), (5) and (6). For a general initial condition g;(¢) = ¢;
at time ¢, define the value function

Vit =, inf | ["e P gt —ai.
t

uie%d,i



We introduce the HIB equation:

. Vi 9V

pVi = u‘,‘;&{at T g (TRt baw)
o 9%V, _

+28qi21+(C—P)CIi+ru,'2}7 (7

where V; € Cp([0,0),R). Let Vj(t,qi) = k,q,-2 + 2si(t)q; +
gi(?). Then the optimal control law is

LoV b

% iafqi——7(ki61i+si)- ®)

U= —

Substituting the control (8) into (7), we obtain

b?
p(kig; +2siqi + gi) = (—2p1k; — 711%'2)%2
ds: 2 _
+2 7?+(_ — s+ = g
dgi b}
+% . S,'2+Gk1
This yields
b? ,
pki =— 2,lel‘ — 71/(1- s (9)
ds; b? c—p
psi=2 Ty 5L a0
dg; b?
pgi:%—fs%oki. (11)

Lemma 1 k; = 0 is the unique solution to the algebraic
2

Riccati equation (9) such that —p — bTiki - % <0.

Proof. By solving (9), we have k; =0 or k; = — 5 (p +24).

_ b, p_ P ~
If ki =0, —p— -Lk; — § = —p — & < 0. Otherwise, when
r b;
ki=—5(p+20), —p— k-5 =5+u>0 U

Remark 2 The inequality in Lemma 1 specifies a stability
condition for the closed-loop system which must be satisfied
by the solution of k;.

Theorem 1 For the optimal control problem in (2), (5) and
(6), assume that G € Cp 5([0,0),R) is given. Then we have
1) there exists a unique solution s; € C, />([0,0),R) to0 (10);
2) the optimal control law is uniquely given by i; = —%si;
3) there exists a unique solution g; € Cp([0,%0),R) to (11),
and the optimal cost is given by

Vi(0,4i(0)) = 25;(0)qo + £i(0).

Proof. Note that by (5), § € Cp/5([0,%0),R) implies p €
Cp/2([0,0),R). We can prove parts 1) and 3) by show-
ing that 5;(0) and g;(0) are uniquely determined from the
fact 5; € Cp 2([0,0),R) and g; € Cp([0,0),R), respectively
(see e.g., [17], [19]). To show part 2) we first obtain a
prior integral estimate of ¢; (see (12)) and then use the
completion of squares technique (see e.g., [20], [45]). By
Lemma A.1, E [ e P'uldt < oo implies E [" e P'qdt < oo,
which further gives that J; is well defined to be finite since
P € Cp/2([0,00),R). By Proposition A.1, Ji(u;) < oo leads to
E |5 e Pluldt < o which further implies

E /0 e Plgdt < oo. (12)

3.2 Control synthesis and analysis

Following the standard approach in mean field games [18],
[19], we construct the equation system as follows:

dp o
ar =alf—p—ql (13)
_ds o =P
ps=—_ + (14)
dge _ 6>
- Mde— s (15)
a= [ dedr(e). (16)

In the above, 6 is a continuum parameter. gg is regarded
as the expectation of the state given the parameter 6 in
the individual dynamics. The last equation is due to the
consistency requirement for the mean field approximation.
p(0) = po,qe(0) = go and s(0) is to be determined. For
further analysis, we make the following assumption.

Ad) There exists a solution (s,Gg,0 € R) to (13)-(16) such
that for each 6 € R, both s and gg are within C,([0,0),R).

Some sufficient conditions for ensuring A4) may be obtained
by using the fixed-point methods similar to those in [18],
[19].

Proposition 1 If

1

— | 9%dF(6)< 1,
Zru(p+u)/® )

then A4) holds. O



Proof. By (13)-(15), we have

p(0) =p(0 *ﬂﬂ+/ “)[ap — ag(c)ldr,

o
+/ ezs(r)}dr.

a0 = [ 0(0)ar(6)+ | dr(e /O’e—w—m
2

oo

{ _ O[T et %q—)(mdﬁ}dﬁ
r Jr

where (7§)(72) = 1p(0)e %% + L1 [P e ®m=0)(qff —
aq(t3))dts — 5. It can be verified that 7 is a map
from the Banach space C,(]0,),R) to itself. For any
q1,92 € Cb([oaw)aR),

(Ta1—Tq)(t)]

<||q1 q2||w// u(t—mp) /;e(eru)(rlfrz)
1

.b/o e T3)adr3}d12}dT1dF(6)

2
4F ().

<l — @ | =———
<N =@l | 5o

It follows that 7 is a contraction and hence has a unique
fixed point G € Cp([0,0),R). O

3.2.1 The case of uniform agents
We now consider the case of uniform agents, i.e., b; = b,

i=1,---,N. In this case, (13)-(16) reduce to the following
equation:

J p —a—-a 0 p af
_— 7l g — _ﬁ 7
Kl (1) no—% qg|+ 0.
s 7 0 p+u s -%
Let
—o—a 0 af
M=| 0 —u —% , b=10
2 0 ptu -3
Then
p p
a1 =M |qg|+b (17
dt q - q
N S

By direct computations, we have

2
M| =ap(p+u)+—-

and the equation Mz+ b = 0 has the solution

_[2Bulp+p)+b*e b (B-c)

2ru(p +p)+b* " 2rp(p +p) + b2’

ru(c=pB) T

2ru(p +p)+021°

Note that
ab?
AT =M|=(A +e)A+u)[A = (p+p)] -~
=A>+(a—p)A% — (u*+pu+ap)A
—au(p+ )fo‘—b2 (18)
Hlp+u)———

In what follows, we use Routh’s stability criterion [8] to
determine the number of roots of |1/ — M| = 0 with negative
real parts. The first column of the Routh array for [A] — M| is
2r b?
—1, p—a, p?+pptap -+ LHBHILE oy (p 4 )+
“z—brz. It can be verified that the first column of the Routh array
always has a sign change. By Routh’s stability criterion,
(18) has a root with a positive real part, and two roots with
negative real parts.

Let A;,A; be two roots of (18) with negative real parts,
and &,& be the corresponding (generalized) complex
eigenvectors. Let [p,q,5]" = [ﬁ,q,s]T — z. The solution
to equation (17) given by z+ €M'[5(0),§(0),5(0)]” is in
Cp([0,0),R3) if and only if there exist constants a;,a; such
that [5(0),4(0),5(0)]" = a1 & + ax&,. Indeed, suppose

[5(0),4(0),5(0)]" = a1 & + a6 + az&s,

where A3 is a root of (18) with a positive real part and &3 is
the corresponding complex eigenvector. The solution

3

+e"[5(0),4(0),5(0))" =2+ Y hi(1)eH'&;

i=1

is in Cp([0,0),R3) if and only if a3 = 0, where h;(t) are
polynomials of ¢.

Denote & = [(§))7,&F17, & = [(§)7,&]" and z =
(217,257, where &7, &}, zF € R. Then we have
ar&f +ax8] = [5(0),4(0)]". (19)



Note that [5(0),3(0)]” = [po,qo]” —z" is given. There exists
a unique solution (aj,az) to (19) if and only if éf and é;
are linearly independent.

From the analysis above, we have the following result.

Proposition 2 (17) admits a unique solution (s, cjg) such

that s and Gg are in Cp([0,),R) if and only tf§1 and 52
are linearly independent. In this case, A4) holds.

Example 1 Take parameters as [ B U b ¢ p r] =
[1 10 0.15 1 0.2 0.6 1]. Ler p(0) = 1, ¢;(0) ~ N(2,0.2).
In this case, M has only two eigenvalues with negative
real parts —0.6875 4 0.3944i and —0.6875 — 0.3944i.
The corresponding eigenvectors are [—0.8557, 0.2674 +
0.3375i, 0.2768 + 0.0759i]7 and [-0.8557, 0.2674 —
0.3375i, 0.2768 —0.0759i]”, respectively. By (19), we have
a; = 1.4429 4 7.8552i and ay = 1.4429 — 7.8552i. Then
(17) admits a unique solution in Cy(]0,),R3). However,
Wiﬂ) =4.444 > 1. The parameters in this example sat-
isfy the condition of Proposition 2, but not of Proposition 1.

3.3 €&-Nash equilibrium

Consider the system of N firms. Let the control strategy of
firm i be given by

fj=——s, i=1,-- N, (20)

where s € Cp([0,0),R) is determined by the equation system
(13)-(16). After the strategy (20) is applied, the closed-loop
dynamics for firm i may be written as follows:

~o = b)) —ad™M)+ap, @1
b?
dgi(t) = —ugi(t)dr — 7ls(t)dI+ odw;, i=1,--- N. (22)

Denote ey = ’ Jo 02dFy(8) — [ ezdF(G)‘.

Theorem 2 For the system (1)-(2), if assumptions Al)-A4)
hold, then the closed-loop system (21)-(22) satisfies

sup {E|p()P+E|GM ()P} <Co,  (23)
t>0,N>1
fggE{lﬁ(f)—ﬁ(f)|2+\C?(N)(l)—é(f)\z}
=0(&y +1/N). (24)

Proof. By (22), it follows that

dg™(e) = [ - ug™ (@) - L f‘, b s()]dr + s i odwi(r)
N | N=

From this together with (21), we have

db o o
po|_|-a-a p it
dg™) 0 —pul|qg™

of
ey # dt+ . (25
N izl 7S NZ lcdwl()
By s € Cp(]0,0),IR) and elementary linear SDE estimates,
we have
sup {E|p(1)|* +EIq™ 1)’} < Co.
t>0,N>1
Denote 1 = [p — p,4™ —g]”. By (13), (15) and (25), we
have
dn = Gndt + dt + )
X N Z 1 del ]
where
—-a —a
G= (26)
0 —u
6? 1 & p?
Ay 7/ —de(G)fNZfs

By solving this linear SDE and using the fact that G is
Hurwitz, we can show

1

sup E[|n (1)||* = O(e + ),
>0

which leads to (24). O
By the above theorem, we can obtain the next corollary.

Corollary 1 For the system (1)-(2), if assumptions Al)-A4)
hold, then the closed-loop system (21)-(22) satisfies

sup E [ e {50 +1a™ (0 }ar < Co,
t>0,N>1

E [ {150~ p(0)P+1a () o) Py
=0(g% +1/N).

We are now in a position to show an asymptotic Nash equi-
librium property. Denote

U, :{ui s u;(t) is adapted to G{Uj WF,

E/O e Pl (t)dt <oo}.

A =(dy,- - li—1,lip1,- - 0N).



Theorem 3 For the problem (1)-(2), assume that Al)-A4)
hold. Then the set of strategies (41, ,iin) given by (20) is
an &-Nash equilibrium, i.e.,

Ji(dj,ii-;) — € < 1ng/J(u,, i) <Ji(di,a-;), (27)
u €%
where € = O(ey + ﬁ)
Proof. See Appendix A. O

4 Social Solutions to Output Adjustment

We first construct an auxiliary optimal control problem by
examining the social cost variation due to the control pertur-
bation of a single agent. Then, by mean field approximations
we design a set of decentralized strategies which is shown
to have asymptotic social optimality.

4.1 An auxiliary optimal control problem

We now provide a property of the social optimum problem
which implies that JS%\Q has a minimizer.

(V)

Lemma 2 Jgo (1) is coercive with respect to (uy,--- ,uy),
i.e., there exist constants Cy > 0 and C3 > 0 such that

C ) N
JS(QQ(M) > WZE/ e P! Zu,-zdt —Cs.
0 i=1

Proof. From Lemma B.2, we can get the lemma immediately.
O

This lemma ensures the existence of a centralized optimal
solution to the social optimum problem in (1)-(2) and (4)
(see [27]).

We now derive an auxiliary optimal control problem from the
original social optimum problem by perturbing the strategy
of a fixed agent. Denote the control problem (P1):

dp o A(N)

5 =P i g +op,
dq; = — 1qidt + bju;dt + odw;,
dv,'

—ow; — ag;, vi(0) =0,
l

E/ e pt vi@(j\{)—kru% dt,

W)

where ¢, = %Z?ZL#i g; and fi_; is given.

Lemma 3 If & = (41,...,4y) minimizes Js<(])\? where each
i; € U, then ii; is necessarily the optimal strategy of Prob-
lem (PI).

Proof. Tt follows from (3) that

N
s(oc) —N; Mh N/ lvulaul+l7 "7’2/\’)
i / e P'(Yi+Y/)dr,
N
where
N
Yi=(c—plgi—p Y, 4j+ru,
J=Lj#i
N N
Y =c Z gj+ Z rﬁ?.
J=Lj#i J=Lj#i

By (1),

) (af — aq( ))d

p(t) +/
Ry

Thus, Y; = Z; + Z] where

ot
Zi= (C—P)CIH-OC/ e’“(””qidr-qﬂ’viumg,
Jo
(V) -
a(=%) (ff — g, )d} Z gj.

Zl/ 7(1[ + /
=Lt

Note that Js‘é? — LE [ e P! (Z;+Z]+Y/)dt, where neither
N)

Z] nor Y/ changes with ;. Thus, for agent i minimizing JS(Oc
is equivalent to minimizing E [;” e P'Z;dt, which in turn is

equal to J; (u;). O
4.2  Mean field approximation

To approximate Problem (P1) for large N, we construct the
auxiliary limiting optimal control problem (P2):

dp —-a 0 0 p 0
dgi | =1 0 —u 0 gi | dt+ | b; | widt
dv; 0 - —a V; |
aff —ag 0 p(0) Do
+ 0 dt+ | 1| dwi, | qi(0) | = | qi(0) | (28)
0 0 v;(0) | 0
with cost function
E/ e P(c— Pp)gi — qvi+ ru?)dt. (29)



Here g € C)5([0,0),R) is a deterministic function, which

()

is an approximation of ¢\ for large N.

For the system (28)-(29), we take p as an exogenous signal.
Lemma 4 J: (u;) is strictly convex and coercive.

Proof. For the system (28)-(29), the state is (g;,v;); p and g
are not dependent on the control #;. We can directly show
that J;(u;) is strictly convex in u;. Following the proof of

Proposition A.1, we can show that J;(u;) is coercive. O

Let

By Theorem 1, Lemma 4 and [27], Problem (P2) has the
unique optimal control given by

1
U= —fBl-Ts,

where § € C,/5([0,%0),R?) is determined from

Let Bg =[60,0]”. When 6 = b;, we have By = B;, and yg = y;.
yg is regarded as the expectation of (gg,ve)” given the pa-
rameter 6 in the individual dynamics. Following the stan-
dard approach in mean field control [19], [20], we construct
the equation system as follows:

dp
L al-p+B—3 30
5 al-p+pB—4l, (30)
V_dS‘/ T 1 _ T
PS—dt-i-A S+2[c p.—q", (31)
d 1
4%?:w®@-—73935i (32)
r
QZEWAWMWL (33)

where yg(0) = [g0,0]” . For further analysis, we assume

AS5) There exists a solution (s,yg, 0 € @) to (30)-(33) such
that for any 8 € @, both § and yg are within Cj,([0,0), R?).

For the case of uniform agents (b; = b), the equation system
(30)-(33) reduces to

dp

L _alp-p—g 34

o —¢lB-p—dl, (34
ds 1

s =B ATs Zie 5 T

pi=—r+ATS+ S [c—p.~q". (35)

dy 1 r

— =Ay— -BB'§ 36

o BB, (36)

where p(0) = po, ¥(0) = [g0,0]” and B = [b,0]. Let

—a 0 0 —a O
L p+tu a 0 0
Mi=| 0 0 p+a 5 0 |, (37)
bZ
0 -Z 0 —puo
L 0O O 0 —a-—aj
5]
_% p
BS: 0 ) o= |5
0 y
L 0 .
Then d
S —Mp+hy. (38)

By straightforward computation, we can show M@ +bs = 0
has a unique solution, denoted as z;. Furthermore, we have

AL —M,| = (A +a)x [2* —2pA3
+ (P> — (a4 p)p — o — u*)A> +pl(a+p)p + o” + u?]A

ab?
+ap(p+a)(p+p)+——~(p+2a)).

By Routh’s stability criterion [8], we obtain that |A] — M| =
0 has two roots with positive real parts, and three roots with
negative real parts.

Let 11,12,13 be two roots of |A1 — M| = 0 with negative
real parts, and {1, {5, {3 be the corresponding (generalized)
complex eigenvectors. Let ¢(0) = [ (0),57 (0),57 (0)]T =
¢©(0) — z;. The solution to equation (38) given by
75+ M1 P(0) is in Cp(]0,00),R3) if and only if there exist
constants d,da,d3 such that ¢(0) = 1 &) + 2 + d3 6.

Denote Cf = [(Ci-r)Ta (Cii)Ta (Ci§)T]T and 0; = [(g—)T: (§i§)T]Ts
where ' € R and Cl-i, CI-§ € R?,i=1,2,3. Then we have

a1 + da By + a3 = [5(0),5(0)]7. (39)

Note that [5(0),5(0)]7is given. There exists a unique so-
lution (dy,dp,d3) to (39) if and only if ¥, ¥ and 5 are
linearly independent.

From the analysis above, we have the following result.

Proposition 3 A5) holds if (39) admits a solution. In par-
ticular, (34)-(36) admits a unique solution (5,yg) such that
§ and yg are within Cy,([0,%),R?) if and only if ¥, ¥, and
U3 are linearly independent. |



4.3 Asymptotic optimality

Consider the system of N firms. Let the control strategy of
firm i be given by

1
aiz—;B,.Tf, i=1,---,N, (40)

where § € Cp([0,0),R?) is determined by the equation sys-
tem (30)-(33). After the strategy (40) is applied, the closed-
loop dynamics for firm i may be written as follows:

s
L= ap—ag™ +ap, (41)
dt

b2
dgi =—Hgi— [7’,0} §dt + odw;, (42)
dv;
= di— o, (43)

where p(0) = po, ¢i(0) = ¢;(0), and v;(0) = 0.

Theorem 4 Assume that A1)-A3) and AS) hold. The set of
strategies {ii; = —%BiTsﬂi =1,--+,N} has asymptotic social
optimality, i.e.,

N) (V) 1

T (i) — Jnf el ()| = O(W +ey).
Proof. See Appendix B. O

We now give a closed-form expression of the asymptotic
social cost.

Theorem 5 Assume that AI1)-A3) and AS5) hold. Then the
asymptotic optimal social cost is given by

lim inf J (u) =25,(0)go + /R 36(0)dF (0)

N—oo M,‘E%p
+ [ ePawia,
0

where §; 2 [1,0)5, #(1) = —a fye *""g(t)dt and §; €
Cy([0,00),R) satisfies

_dg b,

s 481 bio
P& dr rsl

Proof. From Lemma B.1 and Schwarz’s inequality, it follows
that

max
1<i<N

VN

0 1
Hy [~ e py+ridlar| = Ofe+ ).

Let J;(2;) be the optimal cost of Problem (P2). By Theorem
1, we have

e P(c— p)gi+ ricd]dt

=
s
ﬁ

Il
R

<

i 1 N ') ot
Ji( i)JrNi:ZiE/O e Plgvdt

25(0)[g0,0]" + i(0)

Il
—_

[
2= 2= ==
=T

=

Il
—_

o t
—aE [ e Pq(r) / e PRgi()d s}
0

S—

1 N o0
~251(0)qo+ L HO)+E [ e gl 1)dr, (44)
N = 0

where .
(0 = —a [ e P ().
and g; € Cp([0,00),R) satisfies
. dgi b}
=g
By Schwarz’s inequality and Lemma B.1,
2

’E /0 e P g ) (1) — 5(0)|dt

<E / e P \q(t) Pdr - E / e P M) (1) — o(1) |2t
0 0

<C(— +&}). (45)

1
N
Notice that gg(0) is continuous in 6. By the weak conver-
gence of Fy to F, we obtain

N—yoo

1 N
lim — “-0:/VOdF9,
im v L&) = [ 20(0)dr(®)
which together with (44) and (45) completes the proof. O

5 Numerical Simulation

In this section, we provide a numerical example to illustrate
the evolution of firms’ outputs and compare prices, aver-
age outputs and optimal costs under two different solution
frameworks: the mean field game and social optimization.

Take [a, B, U, b;, o, p r]=|1, 10, 0.15, 1, 0.2, 0.6 1].
Let p(0) =1, and ¢;(0) ~ N(2,0.2). By (19), we have a; =
1.4429 +7.8552i and ap; = 1.4429 — 7.8552i; by (39), we
get d; =9, dp = —3.5906 — 6.5046i and d3 = —3.5906 +
6.5046i. Thus, we can write the exact expressions of s and §.

It can be verified that A1)-AS) hold. Figs. 1 and 2 show the
curves of output levels of firms within the two frameworks,



respectively. They remain positive, although random fluctu-
ations appear and there are greater fluctuations in the social
optimum framework. After the transient phase, the output
levels of the firms behave similarly.

1,..N

1 . . . .
0 10 20 30 40 50
t

Fig. 1: Curves of g;,i =1,---,20 in the game solution

1 . . . .
0 10 20 30 40 50
t

Fig. 2: Curves of g;,i =1,---,20 in the social optimum solution

Fig. 3 depicts the curves of p and p within game and social
frameworks, when the total number of agents is 50. Fig. 4
shows the curves of ¢g©% and ¢(*) within two frameworks,
where q("") = ¢ is the average output of firms in the infinite
population case. It can be seen that the curves of p and p
as well as q(so) and q(°°) coincide well, which illustrates the
accuracy of the mean field approximation. From the game
framework to the social framework, the price gets a signifi-
cant increase, and the average of outputs becomes lower.
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- —p in social framework
p in social framework

+  p in game framework

- - —p in game framework

1 L L L L
0 5 10 15 20 25 30 35
t

Fig. 3: Curves of p and p in the game and social optimum,
respectively

40 45 50

¢ in social framework
i - - in social framework
2F o0 -

< ¢® in game framework

in game framework
n n n

45

-]
T

1 L
25 30 35 40 50

t
Fig. 4: Curves of q(50>, q(“’) in the game and social optimum,
respectively

By Theorem 1, we get that the asymptotic Nash cost is given
by

) A

Ty & lim Ji(ai,2-1) = 25(0)g0 + g(0),

where g(0) = — [o" e P's?dr. Note that s = zF +ajeM’E] +
are! ézi . Then

(=) b* [ i
Ky =25(0)0 == [ e P20y
=2q0(z* + a1 & + &)
2 oo
—b7 A e_p’(zi+a1el”§f+a2e12’§§)2dt
P ()2 d(E)?
(s t yy_ Do) ails)”
g0(z" +ar§y +ady) —— [ o T p—2i
G(E)?  2aitE 2ax7tE} 2a1a2€f€§]
pP—2% p-MA& p-h p-A—A



e JorJo2]os| 1 [ 5 |
I 1031 | 200 | 547 | <795 | -1L11
J& 078 | 332 | 859 | 1272 | -18.02

Tab. 1: Optimal costs under game and social solutions

By Theorem 5,

-15(00) hm Js(oc) ( V) =25 (O)CIO + gv(())

+ /O e P g(n)e()d,

where § = [1,0]§ and g(0) =

EE e i R S

Ci = [Ci(l)a Ci(2)7 Cl‘(S)v Ci<4)7 Ci(5>}T, i= 1323 3.

= —qand §; =10,0,0,0,1)7
=0, ¢ = 1. Thus,

— Jy e Pis3dt. Let z, =

and

From (37), we obtain 11

)—o, ¢

, which
implies { 1<2

(=)

soc

B

bZ
:mMA”+@Q”+ang—7{( i

P p 212
RGP 2G| 2G| di g@
P 243 P—/lz p—As P—M—M
[ZE“)ZES > avz C aZCz Zs)+Z zCz Ci
S P—Ai p—h Hp-d—k
a4V @@Q)dﬂ
***Zi’ﬂ-

P*/vla i:IP*ZS*

The comparison of the two costs is shown in Tab. 1 and
Fig. 5. It can be seen that the asymptotic Nash cost Jﬁ;gh is
greater than the optimal social cost J£;>, and more so when
a increases. This illustrates that the collusion of firms leads
to rise in the price and drop in outputs and costs [48, p. 467].

0
()
Nash cost JN <h
! - i ()
Social cost JSOC
_5,
_10,
~
_157 T~ ~. 4
2 . . . .
0 1 2 3 4 5

)

Fig. 5: Curves of Jlgzsh and Jg:é) with respect to o
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6 Concluding Remarks

This paper studies dynamic production output optimization
with sticky prices and adjustment costs based on the mean
field control methodology. By consistent mean field approx-
imations, we first present the Nash solution for noncooper-
ative firms, and then give the social solution, where agents
cooperate to optimize the social cost. The two sets of decen-
tralized strategies are shown to approximate Nash equilib-
ria and social optima, respectively. For future work, it is of
interest to consider dynamic production output competition
with noisy sticky prices.
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Appendix A: Proof of Theorem 3

Proposition A.1 Under Al1)-A3), J;(u;) is coercive in u;,
i.e., there exists a constant C depending on po, qo and a
constant & > 0 such that

i) > &o|uil|; - C, (A1)
where ||ui||5 = E [5>e P |u;(1)[*dt.

Proof. From (2),

qi(t) =qi(0)e ™M + /0 L enl=1) [biui(T)dT + odwi(7)].



Thus, by Cauchys inequality and A3),

E / ¢ P \gir)\d

t
<C+E/ p+“)/e’”\bu,( )\drdt

—C+E/ o |bu, |/

—c+—E [P bu(o))dr
p+u

<C+8E / Py (7) P,
0

—(Pt1) grat

(A2)

where O; is a sufficiently small positive number. Note
G € Cp([0,00),IR). By (5), it follows that p € C,([0,%0),R).
From this together with (A.2) and (6), we obtain that
there exists a constant & > 0 such that (A.1) holds.

O

Lemma A.1 Foranyi=1,---
C such that

,N, there exists a constant

lgill5 < Cllus|5 +C- (A3)

p p
Proof. Denote gjp = e~ 2q; and u;p = e~ 2u;. By Ito’s for-
mula, we have

dgip = —(u+ %)Cli,pdt +ujpdt + efgdwi.

From this it follows that

2

- 2 | e
E/ i p(1)] dt§C+E/ e \WFa
JO JO

By the argument in the proof of Lemma A.1 in [17], we get
(A.3). |

Lemma A.2 For the problem (1)-(2), assume that A1)-A4)

hold. For u; € %, if J(u;,ii_;) < Cy, then there exist an
integer No and a constant Cy such that for all N > Ny,
luillp < Co.

Proof. For u; € %, we have

)= [ e ()~ plo)aitra
> Ji(w) - [E | et )—ﬁ<r>|2dr

Ji(ui, 0

- 1/2
E / e P! gi(r) P
0
A =
=Ji(ui) =1, (A4)
By Proposition A.1, J;(u;) is coercive, i.e.,
Jiui) > €o|uil|5 — (A.5)

uip(t)dt| dt.
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We now estimate ;. Notice p(t) — p(r) = p(t) — p(t) +
p(t) — p(r). We have
p—p p—p
d =G i+ | . ,
[q(l\’) —gW™) g™ — W) b (uy — ";S)d[]

where G is defined in (26). Noticing that G is Hurwitz, by
basic estimates as in the proof of in Lemma A.1, we obtain

C

| e p - poPar < 15+

< (A6)

2
5l

From this together with Theorem 2, it follows that

E [ e lplo)

which with Lemma A.1 implies

_ C
plo) Pt < C+ 5 3,

C
Ih| <C+ ﬁH”inr

Combining this together with (A.4) and (A.5) yields

. C

Cr > Ji(ui, i) > (& — N)””i”,za —2C.

Let No = inf{m € Z|m > C/&}. From this inequality, we
obtain that there exists a constant C, such that for all N > N,

N(C;+2C)
luilly < ————~ < Ca.
Ney—C
O
Lemma A.3 Under Al)-A4),
. R 1
|Ji(d;) — Ji(d,6—;)| = O(en + ﬁ)
Proof. By Schwarz’s inequality,
i) —Ji (ﬁ i)l
= [ e a0 - roaar
| - !
<[ [ emaPar [ e pe) - po)Pa]
0 0
1
<O(ey + —=),
> ( N \/N)
where the last inequality follows from Theorem 2. O

Proof of Theorem 3. 1t suffices to show the first inequality in
(27) under J;(u;,d_;) < C. By Lemma A.2, J;(u;,2—;) < C)
implies

uill, < Ca. (A7)



It follows from (A.4) that
Jilwi,a—i) = Ji(u;) — 1, (A.8)

where

n=[e / e P |p(t) — p(t)Pdr - E / e P |gi(r) Pt
0 0

By (A.6), (A.7) and Theorem 2,

* 1
E [ e Ip(0) - plo)Pdr < O(eR + ).
0

which with Lemma A.1 further implies |I;| < O(ey + LN)

) VN
Thus, by (A.8) it follows that
. - 1
Ji(ui,u,i) ZJ[(M,') — O(EN + ﬁ)
_ 1
> Ji(d;) — O(en + ﬁ) (A9)
On the other hand, by Lemma A.3 we have
_ 1
Ji(dy) > Ji(d, ;) —O(SN‘FW)' (A.10)
Thus, the first inequality in (27) follows from (A.9) and
(A.10). O

Appendix B: Proof of Theorem 4

Lemma B.1 Assume that A1)-A3) and A5) hold. For the
set of strategies {ii;,i=1,--- N}, we have

sup  E{|p(6)> + i () >+ g™ (1) + |i(e) *}
t>0,N>1
< Cy, (B.1)

supE {|5(1) — p(t)* +1d™ (1) = G(0) P + V™ (1) — (1)}

>0

= 0(e}t +1/N), (B.2)

where [§,7]T = [gyedF (0) is given by (30)-(33), and V) =
IyN
ﬁzizl Vi.

Proof. Tt follows from (42) and (43) that

dgi i dwi
gi | _ A q w .
dv; Vi 0
Notice that A is Hurwitz and § € C,([0,),R?). By elemen-

tary linear estimates and A3) we can show that there exists
a constant Cy independent of (i, N) such that

1
dt — —B;BY sdt +
r

SggE{|qvi(f)|2 +Wi(0)]*} < Co,
>
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which further gives sup,~. E{|¢™ (¢)|?} < Co. This together
with (41) leads to (B.1). By (42) and (43), we have

dg™) g 1y
=A dt — — ) B;B; §dt
[d\?(N) 5 Nr ; i 5
SyN .
L | KR (B.3)
0
Denote & = [§™) — g,v™) —5]7" 1t follows from (30) and
(B.3) that
dé =A&dr + 1/B BTsVdF(e)—iiB-BTsV dt
B rJe 076 Nr = i
+ ¥ Ly dwi 7
0

where £ (0) = [§™¥)(0) — o,0]”. Since A is Hurwitz,

E|§™ () = g(6)? + EF™N (1) = 5(1)

=0(ey +1/N). (B.4)

By (30) and (41) we have

WD —afp-p)-aly

which leads to
p(t)—pt) =
This together with (B.4) gives (B.2). O

Lemma B.2 There exist constants C; > 0,C > 0 and C3 >
0 such that

roo C "0 N
0w > / e P pPdi + — / e Py updt —Cs.
0 N Jo b
Proof. By A3), assume |b;| <b, i=1,--- ,N. From (2), we

compute
t
+ / o H=7)
0

o L.
NZ/O e M=% i (1)
i=1

4% (1)] <[g™ ()

1 i
— bu»(r)‘dr
Nl:] [Add]

_|_




Thus, by Cauchy’s inequality,
E/ e P!|g™|dr

<C+E/

t 1 N
P+#)/ 1 =V b ‘d d
e N; ui(T)|dTdt
)
— Y biu;(t)
Nl:1 1
1 N
N;biu;(r)‘dr
=
1 Y 2
beiui(T)’ drt
8,02

<C+—E/ —Pqu

where ) is a sufficiently small positive number. Note

0 fje

=C+E/ P e P grar
0

1 00
=C+——E| e
p+u Jo

—pT

<C+ 51E/ e PT

(B.5)

p(t)=e“p ¥+ ap)d

From (B.5) we have
E / P! p(r)|dt
0
SE/me—pt e 0)_~_/te7a(t T
0

t

<C+aE/ ~(ptay / ¢** g™ (1)|dds
0

E —pt|,(N) d
SEE [ el e
065117 E/ _pTZu

N(p+a)
where the fourth line is obtained by an exchange of order of
the integration.

N + af)dt|dr

=C+

<C+ (B.6)

Consider the system

dp

— =—op—au, p(0)=

i p—aii, p(0) = po

y=-p

i =qg™ —B. (B.7)

By verifying the conditions in the positive real lemma (see
e.g., [25, Lemma 6.2]), we obtain that the transfer function of
the system (B.7) is positive real, which leads to the passivity
of (B.7). This implies that there exists a constant [ > 0 such

that iy > V(p) where V(p) 2 p?, which further gives

E[ P =p)a™ ~pyn=E [ e a(ip?)

—IE [p /0 " e Plar - pz(O)} . (B.8)
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From this together with (B.5) and (B.6), we have

¢ ()
g [ e LTy 2(1) | dt
= /0 e {(C—P)C] +ﬁ;”z()}

£ [ e [(=)a"

>IE [p /O 1!72(06_’"0”*192

'~ B)—Bp+cq™ +

(0)]

+5 - ot — %) E/ P Zu 1)dt —C
This completes the proof of the lemma. O

Proof of Theorem 4. Notice inf,,c4, I ) < g™ )(i1) < C.
It suffices to consider all u; € %, satisfying

I W) <I™@) < c.

By Lemma B.2,

oo 1 N
E/ P (P L P )dr <. ®9)
0 N =
Letgi=qi—q¢i, p=p—p, Vi=v;—V; and
_ . 1 .
= u; — U = u; + ;[bi,O]s.
By (1), (2) and (41)-(43) we have
W g+ b (B.10)
dt ’
dp 5— ad™
— =—ap—a B.11
7 p—ag’, (B.11)
dav, ~
d—t’ —ob; — og;, (B.12)
where q< = LYY i, and G;(0) = 5(0) = %(0) = 0. De-
note 3V =y Z —1 V. It follows from (B.12) that
dv™)




From this together with (B.11) we get #¥) = j. We have

o ()
:E/me_pt (c—p)q(N)—|—i§:m»2 dt
0 NE
1 N
=100 (@) +E / =Y vt - pg™) | dt
N,’:1
| LA
——Y 2Bl s| i
Ni:]

(B.13)

+E/)“[(—mﬁm—ﬁfm
0
2500 Gty + ) (i) + 1™,

To complete the proof of the theorem, we will show

Jgoe)( 7) >0 and |[IV)| = O(ﬁ + &y). For the system
dp
—=—ap—o p(0) =0
i p—ou, p(0)
y=-p
u=q",

by verifying conditions in the positive real lemma (see e.g.,
[25]), we get that the system is passive. This implies there
exists a constant [ > 0 such that

E/ep’ p)

which with (B.13) leads to J{ (i) > 0. We have

N gy >1pE[/ PRl >0, B14)

) 1 N
W) — =t | (c— 5™ — pg— — 787
I /0 e [(c P)g Pa— ZZu,Bl s} dt

= ol
+/0€ [(p
éCH—Cz-

(B.15)

Applying 1td’s formula to e P"[G;, 7;]§ and using (31) and
(32), we obtain

= 9)a™ + p(g— ™) ar

—e_pTE{ 5
—E/ e P [(c—p)d

Noting )

T),%(T)|5(T)}
— Vig — 20;B,; s] dt.

= p, we get

= — lim
T~>oo

Ze PTE{[gi( T)X(T)}.

By (40) and (B.9), it follows that E|if;(t)|> =
gether with (B.10) and (B.12) leads to E|g;(¢)|> = O
further gives E|7;(t)|*> = O(eP"). Noticing § € Cy([0,

O(eP"). This to-
(eP') and
),R?),
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we have {; = 0. As in the proof of Lemma A.1 in [17], we
use Jenson’s inequality to get that

E/ e P g™ ar
0

0 f 1 N 2
<cice [ e[| e”“‘(”f)|—2biui(r)|d7} dr
1 0 4

C
<& / e Py |ui(t)2dr. (B.16)
UN(p+u) /i Z el
This together with (B.9) and (B.1) implies
E/ e PGW™) Pdt < .
0
By Schwarz’s inequality and Lemma B.1, we have
= 1
e P (p—p)gNdt = O(—= +ev). B.17
| e o-patar=o( ey, ®17

Furthermore, it follows from Schwarz’s inequality, (B.9) and
Lemma B.1 that

o 1
P 5(g—gM))dt = O(— + ew).
/Oe pGg—q") (\/N N)

Thus, by (B.15) and (B.17) we have

+8N).

1) = \§2|:0(%

This completes the proof. O
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