arXiv:1805.01922v4 [math.NA] 15 Nov 2020

ITERATIVELY REGULARIZED LANDWEBER ITERATION METHOD:
CONVERGENCE ANALYSIS VIA HOLDER STABILITY

Gaurav Mittal and Ankik Kumar Giri

Department of Mathematics, Indian Institute of Technology Roorkee, Roorkee, India, 247667.

gmittal@ma.iitr.ac.in, ankik.giri@ma.iitr.ac.in

ABSTRACT. In this paper, the local convergence of Iteratively regularized Landweber iteration
method is investigated for solving non-linear inverse problems in Banach spaces. Our analysis
mainly relies on the assumption that the inverse mapping satisfies the Holder stability estimate
locally. We consider both noisy as well as non-noisy data in our analysis. Under the a-priori
choice of stopping index for noisy data, we show that the iterates remain in a certain ball around
exact solution and obtain the convergence rates. The convergence of the Iteratively regularized
Landweber iterates to the exact solution is shown under certain assumptions in the case of
non-noisy data and as a by-product, under different conditions, two different convergence rates
are obtained.
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1. INTRODUCTION

Let F': D(F) C U — V : F(u) = v be a non-linear forward operator between the Banach
spaces U and V. The classical meaning of an inverse problem is the determination of u € U,
provided v or some approximation of v is given. For further details on inverse problems, see
[16] for Hilbert spaces settings, and [33] for Banach space settings. In general, due to the lack
of continuous dependence on the data, almost all the inverse problems are ill-posed in nature.
Thus, regularization methods are needed to find the stable approximate solutions of the ill-posed
inverse problems. Variational regularization methods are well known regularization methods for
finding the stable approximate solutions and are well studied, see, for instance, [16,26]. Never-
theless, iterative methods are often an appealing alternative to variational methods (specifically
for large-scale problems). Among all the iterative methods, Landweber iteration method is
one of the well known classical methods. For the convergence results of Landweber iteration
and its modifications in Hilbert spaces, an extensive research has been done in [21,23]. In the
case of monotone operators, there is an important role of duality mappings in iterative meth-
ods (see [5,8,9,36]). Using the duality mapping, non-linear generalization of the Landweber
method is given in [10] for Banach spaces. Scherzer, in [25], gave the modification of Landweber
iteration method and coined it as iteratively regularized Landweber iteration method. This

method is highly motivated from the iteratively regularized Gauss-Newton method introduced
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by Bakushinskii in [1]. In our study, the data space V can be any arbitrary Banach space
but the model space U needs to be uniformly convex and smooth (see next section for their
formal definitions). In the theory of Banach spaces, Bregman distances play an important role
because of their rich geometrical properties and are more convenient to employ rather than
Ljapunov functionals to prove the convergence of regularization schemes [31]. And hence, it is
more appropriate to derive the convergence rates with the help of Bregman distances.

Conceptually, convergence rates can be derived with two different approaches for non-linear
problems. First one is on the basis of source and non-linearity conditions, see, for instance,
[16, 26,27, 33| for variational regularization, and [2,3,4, 30, 33] for iterative regularization. The
second approach relies on the stability estimates which has been derived in [18] for Tikhonov’s
regularization method and in [24] for iterative regularization (Landweber iteration method) in
Banach spaces. The results regarding the rates of convergence using Holder stability estimates
and logarithmic stability estimates can also be found in [12,15] and [34, 35] respectively.

In our analysis, we consider the iteratively regularized Landweber iteration scheme which is
taken from [33]. The motivation for this paper comes from [24] in which the convergence rates for
Landweber iteration method have been obtained via Holder stability estimates, however, only
non-noisy data is considered there. The prime motive of this work is to study the convergence
of the iterates of Iteratively regularized Landweber iteration method (2.1)-(2.2) provided the
inverse mapping satisfies the Holder stability estimate (3.2) and hence find the convergence rates.
Since non-noisy data is taken in [24] for Landweber iteration method, we want to emphasize
that from our results, one can also deduce the convergence rates in the presence of noisy data
for Landweber iteration method. Novelty of this work is to determine the convergence rates for
both the noisy as well as non-noisy data without using the classical approach based on source
conditions as well as the contemporary smoothness concept known as variational inequalities.

The plan of this paper is the following: All the basic results and definitions required in our
framework are recapitulated in Section 2. In the third section, the main result on the convergence
and its rates is stated and proved in Theorem 3.1 along with the necessary assumptions. In
addition, a convergence rate is also established in Theorem 3.2 for the special case of Holder
stability estimates. In Section 4, we give an example where our results on the convergence can

be applied. At the end, a few conclusions are made.

2. PRELIMINARIES

Definition 2.1. Duality map: Let U be a Banach space and U* be its dual space. The mapping

Jp: U —2U" of the convex functional u — %Hu”p defined by
Jp(u) = {u” € U™ | {u,u*) = [[ull "], ]| = [lul"~"}

is known as the duality mapping of U with the gauge function t — tP~1, where p > 1.
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Example 2.1. Let a > 1. Then, for U = L%(R") (the space of measurable functions for which

the a-th power of the absolute value is Lebesgue integrable), we have
Jp : LYR") — LYRY)  defined by u(z) — Hu||1[’]_a|u(:6)|a72u(:v),
where a and b are conjugate indices.

In general, J, is a set valued mapping but we need it to be single-valued in the further
analysis. In order to fulfil this condition, we introduce the notions of uniform convexity and

uniform smoothness of Banach spaces.

Definition 2.2. Convexity modulus of U: It is a function § : [0,2] — [0,1] defined by

1
5U(6) = inf{§<2 — Hu1 —i—UgH) DU, ug €5, Hu1 - UQH > 6},
where S is the boundary of unit sphere in the Banach space U. Further, if éy(e) > 0 for any

€ € (0,2], then U is uniformly conves.

Definition 2.3. Smoothness modulus of U: It is a function p : [0,00) — [0,00) defined by

1
pu(T) = sup{§<Hu1 + Tugl| + |Jur — Tug|| — 2> DU, ug € S},

where S is the boundary of unit sphere in the Banach space U. Further, if lim,_, pu(7)

:07

then U 1is uniformly smooth.

Definition 2.4. A Banach space U is

(1) p convex or convex of power type p if dy(€) > YeP, where Y > 0 is a constant.
(2) q smooth if py (1) < Z719, where Z > 0 is a constant.

Example 2.2. The Banach space U = LP(X), where p > 1 and ¥ C R™ be an open domain, is

uniformly convex as well as uniformly smooth and

€2, 1<p<?2 TP, 1<p<?2

5u(€) = and  pu(r) =
P, 2<p< 72, 2 <p< o0

Next, we recall the definition of Bregman distance, see [33, Definition 2.56].

Definition 2.5. Bregman distance: Let U be a uniformly smooth Banach space and J, is the

duality mapping from U to U* with the gauge function t — tP~1. Then the functional
1 1
Ap(ur, ug) = EHual = EHMHP — (Jp(ug),ur —uz), w1 €U,
is the Bregman distance of the convex functional u — %Hqu at ug € U.

The following identity in Lemma 2.1 is known as three point identity for Bregman distances,

for proof see [33, Lemma 2.62].
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Lemma 2.1. For uy,us and ug in the Banach space U, we have
Ap(ur, ug) = Ap(ur,uz) + Ap(us, ug) + (Jp(us) — Jp(uz), ur — us).

2.1. Iteratively Regularized Landweber Iteration Method. In Banach spaces, we con-

sider the following iteratively regularized Landweber iteration method given in [33]:
Tp(uf 1 — o) = (1= Br)Jp(uf, — wo) — uF" ()" jp(F(u}) — o°), (2.1)

uiﬂ = ug + J;(Jp(uiﬂ —ug)), where 0< Bk < Bmax <1, k=0,1,2,--- (2.2)

Here J, : U — U*, J; : U = U, jp : V. — V* are duality mappings, u is a positive constant,
ug = uf is the initial guess of the solution, v° € V be such that |[v° —v|| < § and p,q > 1 are
conjugate indices. This iterative scheme is a Gradient type method resulting from the application

of gradient descent to the misfit ||F'(u) — v||P.

Remark 2.1. For Hilbert space settings, convergence of Iteratively reqularized Landweber iter-
ation scheme (2.1)-(2.2) has been shown in [25] for the noisy data and the appropriate choice of
Bi’s in [0,1]. Also convergence rates have been obtained in [15] provided the exact solution sat-
isfies the source conditions [16]. In [33, Theorem 7.5], convergence rates have been obtained for

the method (2.1)-(2.2) in Banach spaces by incorporating the following variational inequalities
(ol — o), 1 — ul)] < BAL (uh 1) = || F' (uh) (w — )",
and the non-linearity estimate
I(F' (uf +v) = F'(uh))ol| < K|F' (uh)o| Ap° (ul, 0+ ul)e2,
where v € U and u,u’ + v are in some ball of positive radius around the exact solution u',
€ (0,1], 8 > 0,K > 0, Ago(uT,u) = A,(ul — up,u — ug) and c1, ca are properly chosen
constants. Here, we study both the convergence and convergence rates by incorporating an al-

ternative condition, namely Hélder type stability (3.2) replacing the variational inequalities and

the non-linearity estimate.

Remark 2.2. For solving F(u) = v, suppose v° is known to us such that ||v® —v|| < § for some

0 > 0. Then, consider the following iteration scheme:
Tp(u1) = () = uF' (u)) G (F(ug) — o) + BrJp(uo — uf),

. 1
uiqtl = Jq (‘]p(ungl)), where 0 < Bk < /Bmax < 5

This is another version of Iteratively regularized Landweber Iteration method. In Hilbert spaces,

this method reduces to the method discussed in [4] with p = 1.

Remark 2.3. If By = 0 for each k in (2.1), then the resulting method is nothing but the

Landweber iteration method discussed in [24] with ug =6 = 0.
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Now, we recall the properties of duality mappings through which one get to know about the

conditions under which the duality mapping J, is single valued, invertible etc., see [10,17].

Theorem 2.1. For p > 1, the following holds:

(1) For every u € U, the set J,(u) is non empty.

(2) The set Jy(u) is single valued for each w € U provided the Banach space U is uniformly
smooth.

(3) If a Banach space is uniformly convex and uniformly smooth, then Jy(u) is one-one and
onto and its inverse is J;l = Jy, with J is the duality mapping of U*, where p,q > 1
with % + % =1 and the associated gauge function ist — t97 .

(4) Uniform smoothness (uniform convezity) of a Banach space U is equivalent to the uni-

form convexity (uniform smoothness) of the dual space U*.

Next result recapitulates the main facts of Bregman distance and its relationship with the

norm. See [33, Theorem 2.60] for proof of parts (1) and (4) in the following theorem.

Theorem 2.2. Let U be a uniformly convex and uniformly smooth Banach space. Then, for all
ui,ug € U, following result holds:

(1) Ap(ur,uz) >0 and Ap(ur,uz) =0 if and only if uy = ug.

(2) If U is p convez, then we have

C
Ap(uy, ug) = ?”Ilm — ug|/?, (2.3)

where Cp > 0 s some constant.
(8) If U* is q smooth, then we have

Gy

Aq(u; us) < FHUT —ull?,  Vul,up €U, (2.4)

where Gy > 0 is some constant.

(4) Following are equivalent:

(a) im0 [|un —ul| =0,
(b) limy, 00 Ap(upn,u) =0 and
() Voo ltnll = 1l 0 T () ) = (p(00) )

Proof of parts (2) and (3) of Theorem 2.2 are discussed after the Remark 2.4. In [24, Theorem 2.5],
results of the type (2) and (3) are discussed with the following Bregman distance

1 1
A (ur,ug) = EHMHP - EHual — (Jp(u1),ug —ur), uy,ug €U.

Note that the definitions of Bregman distance employed in [24] and in this paper are different,

because of the interchange of arguments.
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Remark 2.4. [38, Theorem 1] Let dx (€) represents the convezity modulus of a uniformly convex

real Banach space X. Then, there exists a function ¢, € A such that

o1+ 22ll? 2 el + plip(@r), 22) + op(er,22), @122 € X, (2.5)
where
V(s o+t V )P ts]
= dt 2.6
or(@1,22) p/o : ¢p<\\w1+mzuvuxlu> ’ (26)

(see Remark 2.5) and
A={¢:R" - R":$(0) =0, ¢(t) is strictly increasing and K is a positive

constant such that ¢(t) > Kox(t/2)}.

Here x Ay = min(z,y) and x Vy = max(z,y) for arbitrarily real numbers x and y. Since,

op € A, (2.6) can be written as

Uy 4t V | ]])P tl|z2ll
op(x1,29) > pK / 5)(( >dt,
plo1,m2) 2 K, 0 t 2([lz1 + taa || V [|z1]])

with

K, = 4(2 4+ V/3) min {%p(p —1) AL, <%p/\ 1> (p—1),

Elf%rp} (2.7)

(p— 11— (V3-1)9),1- [1+( |

where the value of K, is obtained from Lemma 3 in [38]. Also if X is p convez, then last

inequality can be written as

R
t 21+t V )

YK 1
=p EVlaollP [ P71 dt = Cpllaa P,
2P 0

or some positive constants Y and C, = Y& Above inequality and (2.5) imply that
P 2P

1
op(z1,x2) szKp/ (‘
0

1 1 1 C
“lz1 + 22| — ||z ||P = (Jp(x1), 22) > —0p(x1,22) > —L|2a||P. 2.8
pH | pH 17 = (Jp(@1), 22) , p( ) ) |2 (2.8)

Now we come to the proof of part (2) of Theorem 2.2. In our notations, if we consider X = U,

x1 = ug and 9 = u; — ug, then (2.8) implies that
1 1 C
Ap(ur,uz) = ];Hual - Z—)HUZHP — (Jp(uz),ur —ug) > ?pHul — uglf?,

which is the desired inequality. Here C), is a constant depending on p. Part (3) can be proved

similarly by using Theorem 2 in [38].
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Remark 2.5. In [38, equation 2.2], value of o, given in the statement is

Ll x||)P
o) =p [ QEEIVIDP (A,

t [l + tyl| v [lyll

But the actual value s

Sy . T Ty TR
o) = | o O\l VI

which can be easily verified from the proof given there.

3. CONVERGENCE AND CONVERGENCE RATES

In the present section, we analyze the convergence and its rates for the iteratively regularized

Landweber iteration method (2.1)-(2.2). Here, we consider the notation
B= BPA(uT) ={uelU: Ag“(uT,u) < p?},

where AJ0 (uf,u) = Ay (ul —ug, u—1up), p > 0 is some constant and u! is the solution of F(u) = v
which may not be unique. We assume B C D(F). To prove the main results of the paper, we

need to have certain assumptions accumulated below.

Assumption 3.1.

(1) U is q smooth and p convexr with % + % =1, where p,q > 1.
(2) F has a Fréchet derivative F'(-) and it satisfies the following local estimate

|F' () = F'(us)|| < Llluy —uall, ¥ ur,uz € B, (3.1)

where L > 0 s a constant.

(8) F'(-) satisfies the boundedness condition, i.e. |[F'(u)|| < L for allu € B for some positive
constant L.

(4) F is weakly sequentially closed.

(5) Elements in B satisfy the following Hélder stability estimate

14e
AP (ur,up) < CLl|F(ur) — Fu2)| 2P, wi,uz € B, e €(0,1], (3.2)

where Cg > 0 is a constant.
(6) ug lies in B and there exists a sequence {y }renugoy such that Ap° (ul,ut) > T (A0 (ul, ug))

for each k. For example in Hilbert spaces, we have
1
é 512 d
AP () = S llut — w2 = A (uf uh),

which means v, = 1 for each k.
(7) The sequence {f} satisfies (2.2), > 1 Br < 00 and Pmax 5 sufficiently small.
(8) w is chosen such that

q
214G,

pit < (3.3)
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(9) p? satisfies

. (O
p2:Lp(LC%)e<?p> . (3.4)

(10) a-priori choice of the stopping index k, is
kio(0) = min{k € N: B <70},
with T > 0 sufficiently large.

Remark 3.1. The Hoélder type stability estimate (3.2) for the special case p =2 can be obtained

by a lower bound on the Fréchet derivative F'. Let there exists a constant K > 0 such that

_ oyt
HF’(u) (ﬁ) H > Kllu—ul|'" vue D(F)N B, (u),

where B, (u') is some ball of radius r (sufficiently small) around u' and ¢, € (0,1]. The last

inequality and the estimate
|E() ~ P(u) ~ /() — )| < £l —ul® ¥, € DF),
imply that
Kllu—uf >~ < ||F(u) = Fuh) = F'(u)(u = u")|| + | F(u) = F(uh)]

< g\lu —ul > + | F(u) = F(u")||, Vue D(F)N B, (ul).

Since v is small, last inequality can also be written as
Kllu —af|*~ < g\lu —ul 27 | F(u) — F(uh)]|

which immediately leads to the estimate

lu—ulll < C'|F(w) - Fh)|™F  Vue D(F)n B, (),

where C' is a constant depending on K and L. Since, in the case of Hilbert spaces, p = 2
and AY (u,u’) = %||u — u||? where u € U, an estimate of the type (3.2) can be obtained. In
general, it 1s 1mpossible to obtain a lower bound for F' due to ill-posedness of almost all the
inverse problems. This lower bound has been studied for many inverse problems under various
assumptions, see, for instance, [7,13]. The key fact used in [7,13] to obtain the lower bounds is

that the forward operator has been projected properly.

Remark 3.2. Fore =1 and uy = 0 in (3.2) (observe that (3.2) with e = 1 is the Lipschitz-type

stability estimate), we have

[un

_ p\? _ 1
R e Y L W T R
p

< K||F(u) — F(u')| Vu e B,
1
where above holds by using (2.3) and K = CFHUTHP_l(C%);. In [26], it is shown that the last

inequality implies the source condition Jy(u') = F'(u')*v for some v such that ||Jv|| < 1.
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Now, we are ready to state our main result in which we obtain the convergence and its rates

with some additional assumptions on the sequence {3 }.

Theorem 3.1. Let F' be a non-linear operator between the Banach spaces U, V and the operator
equation F(u) = v,v € V, has a solution u'. Suppose that the Assumption 3.1 holds, v € V be
such that |[v® —v| < 8. Then all the iterates u 1 of iteratively regularized Landweber iteration
method (2.1)-(2.2) remain in B for all k < k,(5) — 1 provided Bumax 1s sufficiently small (see

Lemma 3.2 for exact estimate of Bmax). Moreover, iterates satisfy the recurrence relation
W1 <AL+ K0P + Ko6 + K37t + Ku8 — Kp?,

for some constants K;,1 < i < 4, and Kg > 0, where vy, = Ago(u*,ui). We also obtain the

convergence rates

Ago(uT,uk*) —(1- K(;)p2 =0(06%), as § — 0.
For 6 = 0, iterates ugy1 of iteratively regularized Landweber iteration method (2.1)-(2.2) not
only remain in B but also converge to the solution u'. Further, we get the following rates:

(1) Iterates v, = AL° (u',uy) satisfy the recursion formula

2

Yrr1 < —Kgy, ™ 4 v + K11 B, (3.5)

for some positive constants Kg, K11 and {ar} is a sequence converges to 1. Further,
if {Br} satisfies B < Ci (smoothness condition) for some constant C > 0, then the

convergence rate, for e € (0,1), is given by

_ 14
C1-e -
AL (uf ) < ((gkﬂz) e+ hk> s k=12,
where
k-1 k-1 ke
Ik = H di, k>1, and hy, = Z <djdj+1 . --dk—1> fi—=1+ fr—1, E>2, h1 = fo,
i=0 =1

with fr = tekd,;t, dp = ap + CKq1, ¢, = 2(—: and t = %—:LE
Fore =1, we get
k—1
A (ul ug) < [[(-Ks + s + KnC)p?, k=1,2,...
i=0

(2) we also obtain the rate

A;O(UT’UK) = O(ﬁgil)’ as k — oo,

provided

q—1
Kz + ;! [Oék - <5g:1> ] <0,

for some constants n, K12, and a sequence {ayx} converging to 1.
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Instead of giving a single proof of Theorem 3.1, we discuss it in parts in the form of a

series of lemmas to have a better understanding. In the first lemma, we obtain an estimate of

Ajo (ul, ugﬂ) —Ap° (ul, ug)

Lemma 3.1. Let F' be a non-linear operator between the Banach spaces U, V and the operator

equation F(u) = v,v € V, has a solution ul. Suppose that Assumption 3.1 holds and v° € V

be such that ||v® — v|| < 8. Then the iterates ul, of iteratively reqularized Landweber iteration

method (2.1)-(2.2) satisfy the following inequality

Auo(uT ud )_Auo(u’[ us) < 2q—1ﬁ afa_ IF 5y _Ssyp Mr2f P 2/ 5\, 3y pte
o) -apGtad) < (20 St ) r) - P Ik (&) e )

_p_

—1)e2! 6"
OV it — ol + ) - o1+ (B2

G
2p+q72 q nq
+< q 5/§ + ,Bk Cp

G
(L4 7)8k + 2p+q2ﬁg_qcﬁ>vg, where eg > 0.
qa Cp

Proof. From Lemma 2.1 and (2.1), we can write
0 0 6 .0 0 4 4
AR (ulyup ) = Ap°(ul, ug) = AR (uf, up 1) + (Jp(ug = uo) = Jp(ufyy — o), ul —ug)

= A (1) — plp(F@f) — o), P ) (]~ uh) + Bl — ug).ut — )
—ﬂk(Jp(uT —up) — Jp(ui — uo),uJr — ui>

Now, we estimate each of the four terms of the right side to (3.6) individually. For the first

(3.6)

term, using Definitions 2.5 and 2.1, we have
1 1
6 .0 1) 13 3 1) 13
Ago(ukauk+1) = ]—QHUIC —upl[” — EHU;CH — ugl[” — <Jp(uk+1 — up), up — Uk+1>

1.5 L5 5 5 6 5 5
= 6Huk+1 —ug|l” - ;Huk — upl” = (Jp(upq1 — o), uy — upiq) + llug — woll” — llugyq — uoll”

1.5 1.5 5 5 5
= 5”“]94—1 —ugl” — 5”% —ugl” — <Jp(uk+1 — up), (Uk —ug) — (Uk+1 — up))

+(uf, — uo, Jp(ug —up)) — <Ui+1 — Uo, Jp(ugﬂ — ug))
1 1
= gHuiH — uo[” — gHui —upl” + (g, — wo, Jp(uf, — uo) — Jy(ug 4y — o))
1 1
= 5\\Jp(ui+1 —uo)||? - 5HJp(ui —up)[|” — (uf — o, Jy(ug 41 — o) = Jp(u} — uo))
= Aq(Jp(Ungl — o), Jp(ui — up))-
Use (2.4) and then (2.1) in above to obtain

u G
ApO(Ui,UiH) < _qHJp(ugH —up) — Jp(uz — up)||?
é (3.7)
= Sy~ wo) + ) F ) — S

10
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Now using the estimate
lur + ol < 27 ([l "+ fluz|"), 21, wiuz €U
see [26, Lemma 3.20], twice into (3.7), we have
Aot ) < 2 E (B0 - wl + W P ) — o))
= qu% (5;3““2 — woll” + p| F' (wg) " jp (F () — U5)||q>

1 G _ *
<21 %(21” LBl — o P + [t — wug|P) + w2 F' (uf)* jip(F (uf) — v5>||q>

4G _ p 7
<2 S (gl = ol + Z Al ) W LE ) - P). 35)
p

where the last inequality is obtained by incorporating (2.3) and (3) of Assumption 3.1 provided
uf satisfies the estimate (3.2) which will be shown later.

Next, let us estimate the second term on the right side to (3.6) as
—1{Gp(F(up) = v°), F (ug) (ug — u'))
—pljp(F(ug) — %), F(ug) — 0°) + p{jp(F(uf) — v°), F(u}) — v° — F'(uf) (ug, —u'))

= || F () = v IP + u(Gp(F () = v°), F(ug) = v° — F'(uf) (ug — u')).

By employing fundamental theorem of calculus for F'(-), i.e.
L
1 (i) —v° = F(ug) (up —u)| < Sl —ut* +56,
and (3.1) in the last equality to obtain
—1{Gp(F(u}) = %), F'(ug) (uf — 1))
< —pl| F(ud) — |7 + £2 ||F( 2) = NP g — w4l F () — o[
Using (2.3) and then (3.2), we further estimate

—pjp(F(ug) — %), F' (ug) (w, — u))

2/p
K p _
< ) - P+ 5203 (L) TIEGd) - PPl Fd) - P 39)
P
Now, let us turn to estimate the third term of the right side to (3.6) as

Br(Jp(ul — o), ul — ) < Bi|(Jp (! — ug), ul —up)]
< BellJp (' = wo) |||’ — ul|

= Brllu’ — uol P~ [lu — wg .

11
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Thanks to Young’s inequality ab < % + 2 with Holder conjugates r,s for a = eo|jul — ug|[P71,

b= ey ul —ul|], r = s =p, €2 >0, and (2.3) to further yield

_p_
p—1’
_p

(p—Des™!

_p
ﬁkup(u*—uo),u*—u@sm( Juf ~ o+ Ll - iup)

(3.10)

p

(p—Des™ €& 5
< m(%w —ulP + Z A )
Finally, using Lemma 2.1 in the fourth term on the right hand side to (3.6) to obtain
— BT’ = o) = Jp(ug —uo),ul —ug) = =BAR (ul, w]) = By (ul, ul) + BrAp (uf, uf)

—BrAy’ (uT,ui) — BrAy° (ui,u*) < —Be(1 + 1) AL° (uT,ui), (3.11)

where the last inequality holds because of (6) of Assumption 3.1. Inserting all the estimates

(3.8)-(3.11) into (3.6) and use the notation 7§ = Ago(zﬁ,uz), we have

4G _ p ;
i =k <2 (28wl + Eof) + W LNE ) = 7P ) - P - o)
p

P

2/p p— —p
H 2( P 6\ _ ,0(|pte ( 1)2 _ D BkEQ 6
Bt (&) 1P — o (Ll <) + By

—Br(L+ )R+ ull Fug) — P16

_p_
G R G _1 p—1 2/p
= (207 2L ) || F(ud)—o? [P+ 2p+q*2—qﬂg+ﬂkw luf—uo P+ LCE( 2
q q p 2 Cp

€o _

1) o (B2 s 22 Yo ulpl) - s 312
P

O

Remark 3.3. We have intentionally introduced the parameter ez in (3.10). Rationale behind

the introduction of this ey is discussed in Remark 3.5.

In the next lemma, we show that all the iterates of our iteration scheme remain in B using

Lemma 3.1 under certain assumptions.

Lemma 3.2. Suppose that all the assumptions of Lemma 3.1 hold. Then, all the iterates of
(2.1)-(2.2) remain in B for all k < k() — 1 provided T defined in (10) of Assumption 3.1 is
sufficiently large and Bmax s such that

41 C
g G (1 0L
wta1 p G, C, C,

Bmax <

12
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Proof. Let us assume that ug € B, and then applying (3.3) in the first term on the right side to
(3.12), we get

N =

_p_
(p—1)ej ™"
p

G _
Yoo = < —SlIFuR) =P + (2”” zfﬁfﬁﬁk >||uT — ||+ pl| F () = |IP~15

2/p —p
Koo P 5 51 1pte /81662 +q—2 g q p 5
+Prea( L Fud) — 0 |pre o (2K2 g (1 4 pp) + 2PFa- . 1
2 CF(CP> 1 (wg) = < Cp B ( 0 B q Cp>7k (3.13)

From the mean value inequality, (3) of Assumption 3.1, (2.3) and (3.4), we get

1/p
N N p u
1P @) — o] = |F @) — P +6 < Ljjud - ]| +5 < L(;p) A ()P 4§

L/p e _
< L<ﬁ> pr+6 < <§> ezt (3.14)
Cp D
Above with the inequality
(r+s)<r+sforr,s>0, eel0,1],
implies that

1F(uf) — o) < [(%) " (e +a} < (%)’2’<Lc%>1 o

This inequality further leads to the estimate

MHF( é d||p :U'LCQ P 2/ F 1) & ||pte
~SIr) o+ SECE( ) IRl )

2/p 2/p
poop p u p )
—IF) -1 | -+ 5ECE (&) IPad) 1] < Suck (L) ored) -1
p

Cp 2
(3.15)
Employing the estimate
(r1 + s1)N <2271 () + 57) for 71,51 >0, A > 1,
in (3.15) after incorporating (3.14) in it to obtain
H 5 5 woo( 2\ s §||p+
SBIEa) — o+ SR (Z) ) - o
P
2(p—¢) 2/
_ C pe —(p=¢) iy D P
<o 1B (s (=2 LC? 1o (L) g, 3.16
< 2( ) » (LCF) + 2 P\ T, (3.16)

Thus, (3.13) and (3.16) imply that
e 2(p=e)

1)eX™ C pe —(p—e)
NI <2p+q2 qﬁqwk%)nu ol + 2 1“66(]9) (Lo~

—p 2/p
(—% Bl +re) + 20He-2p0 7 £>%+MHF( e v5\|p16+2p1§Lc%(§> ove.
p

Cp
(3.17)

13
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Because of the assumption ug € B and (2.3), estimate (3.17) can be rewritten as

b2

G —1)ed! €7 G
A< | & (2 s B+ (B pe g gl )]

Cy Cyp q Cp
o, 5 ~(p=) 2/p
| Fd) — P ts o e (Z2) T (nep) T B (L) et
2 P 2 Cp
G ( 1) ﬁ —p C 2(p—¢)
— |opte-1 qYq P Ww=Ye & 1 2 2p—1H65 ) LC? #
{ gl (TG ) |2 (2) 7 ach)

5\ 8 p—1 p—1Hr ~2 P 2/p pte
+pl| F(ug) —v°||P~70 4 2 LC5% oPTe,
2 Cp
(3.18)

Now we know that p > 1 which means either 0 < p—1<lorp—1>1. If p—1 <1, then
employ the estimate (r + s)P~! < 7P=! 4+ sP~! for 7,5 > 0, otherwise estimate (r + s)P~1 <
2P=2(pP=1 4 sP=1) for 7,5 > 0 in (3.14) to obtain (we find a single estimate for both the cases)

2(p—1)
HF(ui)—v‘SH”‘lSmax{2p‘2,1}[<%> B <Lc%>“l”+5p—1}

Employing this estimate in (3.18) to get

P 2(p—e)

1.,dGq D (p—1eb™ &7 i[Oy e
) _ 1 < 2p+q 1 q—-q9 2 -2 1 2 2p 1_ el P
Vi1 — Ve = [ By, ; Cp—i—ﬂk o, + c, (I4+rg) | |p°+ 25 ) X
o 2(1’21) o 2/p
(LC2)~% )+K15<%> "oz +K15p+2p1gw§<cﬁ> sobe, (3.19)
p

where K| = pmax{2°~2 1}. Using the stopping rule discussed in (10) of Assumption 3.1 in
(3.19) to obtain

p

G -1 EF e P
Yor1 =M < [2”+q162—q£ + By <u + 2 - (1+ Tk)>],02 + K7 PaP

q Cp Cp Cp (3.20)
Ko By + Ky PTIBT 4+ Kyr T By,
where the constants Ko, K3 and K4 are as follows:
2(p—e) 2/
B C,\ e —(p—o) i p\ '
Ky =or—1E(Zp K5~ e, Ky=21Eg (L K5 = LO2
2 5 ( p > (Ks) , K3 215\ & , K fal
C 2(p—1)
pe —(p—1
and Ky = K1<—”> (K5~
p
=1 _-»p
Observe that under the conditions, 2p+q_1ﬁg%c% + 5/&% + Eé—p -1+ Tk)) < 0, Bmax

sufficiently small and 7 sufficiently large, right side of (3.20) can be less than 0 (see Remark

3.5). Since 7 can be taken arbitrary large, for right side of (3.20) to be negative, we must have

P
_ 1 C (p—1Des™  €?
q—1 p 4 _\p 2 _ %
koS prgT » G, (1 Tk : (3.21)

14
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Therefore, by taking fx’s sufficiently smaller than the one’s satisfying (3.21), we get
M1 —M<0 = N <N<p = uy €8
O

Deducing the negativity of the right side of (3.20) is not an easy task because of the involve-
ment of so many constants. We will analyze this condition in a better way by computing some of
the constants appearing in it for Banach spaces such as £LP(X) (Lebesgue integrable functions),
£P spaces for p > 2 etc. in Remark 3.5. In the next lemma, we obtain the convergence rates for

the iterates of (2.1)-(2.2).

Lemma 3.3. Let the assumptions of Lemma 3.2 hold. Then, we have the following convergence

rates for the iterates of (2.1)-(2.2):
A% (uf,uf ) — (1 - Kg)p? = O(6), as § — 0.
Proof. From (3.20) and (3.21), we get the estimate

o1 <)+ Ki0P + Kob + K36PT + K46 — Kgp®

P
-p

T
with K¢ = —2p+q_1ﬁg%c‘% - ﬁk(% + Eé—p - (14 T’k)) > 0. Therefore, for 0 < e < 1, we

have
Ag“(uf,ui*) — (1= Kg)p*> =0(5°), as § — 0.
U

Till now, we have proved the results of Theorem 3.1 for noisy data. Now, in the coming

lemmas we discuss results for non-noisy data.

Lemma 3.4. Suppose that § = 0 and the assumptions of Lemma 3.2 are satisfied. Then, all
the iterates of (2.1)-(2.2) remain in B and converge to the exact solution u'. Moreover, iterates
satisfy the recurrence relation
_2
Vi1 < =Ky, ™ + gy + K11 B,

where Kg, K11 are positive constants and {ay} is a sequence converging to 1.

Proof. From Lemma 3.2 via (3.19) and (3.21), it is easy to see that all the iterates of (2.1)-(2.2)
remain in B, sequence {7} is monotonically decreasing and bounded below by 0 for § = 0,
where AJ0 (u',up) = 4 for each k. This means that the limit of the sequence {7} exists. Let
lim 7, = a. We show that the sequence {7x} converges to 0. Putting (3.16) with § = 0 into

k—o0

(3.12) yields
_p_
_1Gy - G p— 1)l
Yorr = < (207120t — D) P () — olfP + (2022050 4 5k7( )} [
q 2 q p

Bres” 0 oG P
1 2p+q 2099 )
+< c, (L4 re)Be + 5k—q o, )

15
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We rewrite the above equation as

_p

G p—1)el™"
Vi1 — Ve < — K7 || F(ug) —vl|P + <2p+q 24l 4 5k%> [[ut — uollP
4 p (3.22)

51662_ 2 P
1 2p+q q q
+< c, — (L +7%)Be + B . G Vi

where K7 = —2q_1%pqﬁq—|—% > (0 because of (3.3). Taking limit & — oo and then incorporating
>k Bk < oo and (3.2) in (3.22), we get

K 2 2
a—a<—Ky7lim | F(ug) —v||P+0 < —77213 lim 7, = Kg hm *y“e, (3.23)
k—o0 (CF) Tte k—o0
where Kg = K72p is a positive constant. Now, using the continuity of the function x — x¢
(CF) I+e€

for any a > 1, (3.23) implies that
2 2
0 < —Kgalte = al+e < 0.

But as 7% > 0, we must have a > 0 and thus above implies that a = 0. Hence, by (4) in Theorem
2.2, up — ul, i.e. iterates of (2.1)-(2.2) converges to the exact solution for non-noisy data. Next,

we find the recursion formula satisfied by the sequence {v;}. Using (3.2) and uy € B in (3.22)

to reach at
_p
oG —1ed™!
Vet < KS'YH_E <2p+q 2_qﬂg+/8k (p ) 2 >£p2+
q p Cp
Bres” ¥
<1 + = — (L) By 2770 Bt &l L)
p p
2 2
= —Kgv ™ + apyp + Ko+ K108, < —Ksv, ™ + awyi, + K115y, (3.24)

where constants Ko, K19 and «;, are as follows:

b

Gy p (p—Des™’ Brey” p
K 2p+q 2Yq 2 Ko = 2 2 -1 2 1 2p+q 2 nq q
9= . —=p°, 10="F = P, o +—Cp Br(141y) + By, . Gy

and the last term in (3.24) is written because 8 < 1 and ¢ > 1, where K11 = Kg + Kj9. We

can easily see that oy — 1. So, (3.24) is the required recurrence relation. O

In the next lemma, we obtain the convergence rates for noise-free iterates in terms of radius

p of B.

Lemma 3.5. Let the assumptions of Lemma 3.4 hold and there exists a constant C > 0 such

that By, < Ck for each k. Then, for € € (0,1) we have the following convergence rate

_ 1de

1—¢ 1—e
st < (o) Fom) T k=120
For e =1, we have
k—1
A;O(UT’UK) < H(_K8+ai+Kllc)p2’ k= 152,---
=0

16
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(see proof for the meaning of constants gy, hy for k > 1).

Proof. With the given condition S < Cv, (3.24) can be written as

2 2

Yip1 < —Kgv, v + oy + KB < — Ky ™ + diye

- (3.25)
= drVk (1 — ek’Ylire)’

where d, = o, + CKq1 and e, = 5—: for every k. Let t = . Then, (3.25) yields

Le
(Wea1) ™" > (i) (1 — ) - (3.26)
Applying the estimate (1 —y)~% > 1+ ty, Vy € (0,1) into (3.26) for k > 0, we get
(Ye+1) ™" = (dev) ™"+ fs

where f = tekdlzt. Thus, we have

1—e T 11—
AL (uf ug) < ((ngQ)l“ +hk> , k=1,2,...

where
k—1
g =[] di for k=1,
i=0
and

k—1 —
hy, = Z (djdj+1 : --dk1> fi-1+ fy-1, k22, b1 = fo.
j=1

For € = 1, (3.25) with S8y < Cy implies that

k—1
w < [[(~Ks + i + KnC)p?, k=1,2,...
i=0
So, we get the convergence rates via in terms of radius p of B. O

Remark 3.4. The condition Br, < C~vi assumed in Lemma 3.5 is an abstract smoothness con-
dition for obtaining the convergence rates and is similar to other smoothness concepts (e.qg.
source conditions, variational inequalities) already available in the literature [4,16,26,27,33] in

the sense that all these incorporate some a-priori knowledge of the exact solution.

For the noise free iterates of (2.1)-(2.2), we also obtain convergence rates in terms of fSi’s

where . satisfy (2.2) for each k.

Lemma 3.6. In addition to the rates obtained in Lemma 3.5, we also obtain the rates
A;O(UT,uk) = O(ﬂgfl) as k — oo,

provided the assumptions of Lemma 3.4 hold and

q—1
K12+775k_1[ k— <%> ] <0,

17
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where n, K15 are positive constants and {ax} is a sequence converging to 1.

Proof. The inequality (3.24) leads to the estimate

2

Yh1 < —Kgy, ™ + apve + K126, (3.27)

where K15 is such that Kuﬁg > K110 for every k (such a condition is possible as Spax < 00).

g—1"

Now, let us define n, = ﬁi Then from (3.27), we have
k

Bk

Br+1

q—1 q—1
b ) [— Ksni“ﬁ,(f’”t + apni + Klzﬁk] < < > [ + K128k,

N1 < (
* Br+1

where t = 1—2 For the uniform boundedness of {n;} by some 7, sufficient condition is

1+

q—1 q—1
apn + K128k En(%) - K12—|-77ﬁ];1 |:ak— (5;:1) :| <0.

Thus, we have Ago(uf,uk) = = O(ﬁg_l) as k — oo. O

On combining Lemmata 3.1-3.6, one can see that proof of the Theorem 3.1 is complete.
Observe that, for 0 < ¢ < 1, in the case of non-noisy data we have obtained the sub-linear
convergence rates in Lemma 3.5 and as € — 1, speed of the convergence increases because it
switches to the linear convergence. Further, in Lemma 3.6 we have obtained the rates in terms
of B;’s and rates are sub-linear or super-linear accordingly as 1 < ¢ < 2 or ¢ > 2 respectively.

For proving Theorem 3.1 (especially Lemma 3.2), we require the condition 2p+q_1ﬁg%c% +
p

=T
ﬁk(% + % - (14 ’I“k)) < 0. We discuss about this condition in the following remark.

Remark 3.5. For (3.21) to be satisfied, we must have the following:

P
—T1 _
(1) 2p+q*1ﬁ,‘§_1%c% <l+r,— 7(1)_2;5 - %, for each k.
_P_
(ii) %—i—ﬁ <1+, for each k
Cp Cp k> .
Observe that (i) can be easily handled by taking Bmax sufficiently small provided (ii) holds. For
11), first, we find the values o or different p. Using (2.7), we get the following table (values
fi find the val f Cp for diff: U. 7 he foll bl [

of K, can be obtained by writing a simple program in MATLAB, C4+ etc.):

Value of p | Value of K, (approx.)
1.5 3.8132

2 5.2086

3 7.3326

4 8.9576

) 10.2274

10 13.4980

18
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TABLE 1. Relationship between p and K,

From Remark 2.4, we know that C), = %, where the constant Y is same as appearing in the

Definition 2.4. Now, if U = LP(X), where p > 2 and ¥ C R™ is an open domain, then from
Ezample 2.2 we know that 0y (€) = €P for any € € (0,2]. In other words, U is p convex for any
p > 2 with Y = 1. Therefore,
Cp= %, for U= LP(Y).

So, (ii) holds provided
(14 ) Kp

2p
For instance, take p =2 and eo = 1. Then the last inequality becomes
(1+1)(5.2086)
4

which is true since 1, = 1 for each k (see (6) of Assumption 3.1). This means our assumption

_Db_
(p—1ed ' + 6P <
e§+652:2<

of Lemma 3.2 related to By is satisfied. The rationale behind introducing €z in (3.10) is to make
the estimate (ii) more flexible so that it holds for a range of values of v, or €3. In other words
one can see that (ii) also holds for p =2 and ea = 0.9. Further, from [38, Equation 1.2] we can
see that the Banach spaces (P, Wk, (Sobolev space) are max{2,p} convex and one can verify the

condition (i1) provided exact bound for'Y is known as in the case of LP spaces.

Next result is for the crucial case when e = 0 in (3.2). We need to do this case separately as
we can not take € = 0 in the proof of Theorem 3.1 (see (3.16), which contains a term having e
in the denominator). For the case ¢ = 0, we need to have a different bound on x than what is

assumed in Theorem 3.1 ((8) of Assumption 3.1).

Theorem 3.2. Let F' be a non-linear operator between the Banach spaces U, V' and the operator
equation F(u) = v,v € V, has a solution u'. Let the conditions (1)-(7), (10) of Assumption 3.1
hold with e = 0 in (5), and u satisfies

S AP S PR Y Y o (3.28)
a 20-1G, L 27 F\¢c, ' '

Suppose that v° € V' be such that ||v® —v|| < 8. Then all the iterates ungl of iteratively reqularized

Landweber iteration method (2.1)-(2.2) remain in B for all k < k,(6) — 1 provided (3.21) holds.

Moreover, iterates satisfy the following recurrence relation
V1 <AL+ MyS 4 Mad? — Kep?,
and we obtain the following convergence rate
A (ul,ug,) — (1 — Kg)p® = O(5), as 6 — 0,

for some constants M;,1 < i < 2, where v = A}° (uT,ui) and constant Kg has same meaning

as it Theorem 3.1.
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Proof. It can be observed that Lemma 3.1 is valid with our assumptions. So, put € = 0 in (3.12)

and employ the condition (3.28) in it to obtain

P

_ e p—1)e™
ﬁH—J@guwa@—UWP1+(W*1%fﬂﬁ+m3—7}i—)mﬁ—ww

(3.29)
Brey” tg-240Ga P\ s
+| == — (1 +7)Be + 2PT9I72l L — |;.
< Cp ( ) k q Cp k
Let us assume that u$ € B, then (3.29) with (2.3) leads to
_p_
_ 1.0Ga D p—1ek™t P
s = < polFG) — 0t |t ety g (P2DE G )2
q Cp Cp Cp
(3.30)

From (3.14) we know that

. 1/p
Mw@ﬂMSLGQ or 13
Cp

As p— 1 is either <1 or > 1, above with the estimate
(r1 + 31))‘ < 2)‘*1(7{‘ + s{‘) for r1,81 > 0and A > 1,

or

(7‘1+51)>‘§Ti‘—|—5{‘ for r1,81 > 0and 0 < A <1,

accordingly as p—1 <1 or p—1>1 with (3.30) imply that

1.0Ga D p—1ek™ P
Yo — 7 < |27 lﬂ,‘i?qFJrﬁk(%Jré——(ler) PP+ Ko
P P P
p=1
~ 2(p—1)
+K1/L5Lp_1<0£> ’ 1) B ,
P

where K7 = max{1,2P~2}. Use the stopping rule discussed in (10) of Assumption 3.1 in above

to obtain

G ~Ded &?
'yiﬂ—vié [2p+q—15g7q0£ _i_ﬁk(u_i_%__(1+rk)>}p2+M15+M25p
P

p

G ~ e &?
< [2”+q‘1ﬁ,‘§—qcﬂ + B <% + 662,— —(1+ rk)>]p2 + My Byt + MapETP,
q “p P P

p=1 2(p-1)

where M, = Kluf/pfl(c%)Tp P

and My = Kyp. Now if (3.21) holds and 7 is sufficiently
large, then we can see that ug 41 € B as in Lemma 3.2. Rest part of the proof follows on the

lines of Lemma 3.3. O

Remark 3.6. In Theorem 3.2, we have obtained the convergence rates only for noisy data.
However, convergence rates can also be obtained for non-noisy data, in the case when e =0 in

(3.2), exactly on the lines of Lemmata 3.4-3.6 as in Theorem 3.1.
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In the following remark, we discuss about the special case when {f;} = {0}. Observe that in
this case, (2.1)-(2.2) reduces to Landweber iteration method (non-noisy version) as discussed in

Remark 2.3.

Remark 3.7. (i) If B = 0 for each k, then one can reproduce Lemmata 3.1, 3.2, 3.3 to obtain
the convergence rates for Landweber iteration method in the case of noisy data which are
missing from [24].

(ii) If Br = 0 for each k and § = 0, then observe that the right hand side of (3.19) is trivially
satisfied and oy, = 0 (see Lemma 3.4). Also, take C = 0 in Lemma 3.5 which means dj, = 1,
er = Kg and fi = tKg for each k. Therefore, one can see that the rates obtained in Lemma
3.5 and the rates obtained in [24] for Landweber iteration method are of the same order.

Hence, we can say that the results of [24] can be deduced from our results in a special case.

4. ELECTRICAL IMPEDANCE TOMOGRAPHY (EIT)

In this section, we discuss an example related to Calderén’s inverse problem which satisfies
the Holder stability estimate (3.2) under some assumptions on the electrical conductivity. This
problem has been also considered in [24] to obtain the convergence and convergence rates of non-
linear Landweber iteration scheme in Banach spaces. Our results on covergence can be applied
on the Calderén’s inverse problem which is the mathematical bedrock of EIT. It is well known
that this Calderén’s inverse problem is severely ill-posed [11]. Ulhmann, in [14] has recently
studied the EIT and Calderén’s problem and further, we refer to [19, 20, 28, 29] for some of the
literature in this context. In [6,11], two results on the Lipschitz-type stability estimates have
been obtained for the Calderdén’s inverse conductivity problem provided the a-priori information
about the conductivity is known, i.e. it is piecewise constant with a bounded number of unknown
values. The difference between these two results is that, in [11] a real valued case is discussed
whereas a complex valued case is discussed in [6]. In our work, we consider the real valued case

which involves the determination of v € H'(Q) where v satisfies

div(yVv) =0, in ©
v(yVv) (4.1)

v =g, on Jf).

Here g € Hl/Q(aQ), Q C R",n > 2 is a bounded domain having smooth boundary and -y
is the positive and bounded function representing the electrical conductivity of €. If ~ is a
complex valued function in (4.1), then on subjecting to Dirichlet boundary conditions, (4.1) also
appears as the asymptotic limit of an elliptic equation with memory in the study of electrical
conduction in biological tissues [6]. Further, Calderén’s inverse problem has many applications,
for instance, in the fields of nondestructive testing of materials, medical imaging, and therefore,

it is an important problem to study.

21



G. Mittal and A. K. Giri Iteratively Regularized Landweber Method

The inverse problem associated with EIT is the determination of electrical conductivity -y
from the information of A,, i.e. the Dirichlet to Neumann map which is defined as
1/2 —1/2 v
A, H/Z(0Q) = H/2(09) : g— v+ ,
o) |sa

where the vector v is the outward normal to 9€). The operator F associated with the inverse

problem is defined by
F:UCL2(Q) — LHY*(0Q), HY2(09)) : F(y) = A, (4.2)
where L(HY2(09), H=1/2(92)) is the space of all bounded linear operators from H2(9Q) to
H=12(99Q). Further, F’, the Fréchet derivative of F at v =4/ is given by
F'(7/): U C £2(9) — L(H'?(0), HV2(09)) : 67 — F'(7/)(67),
where F’(v')(87) is defined by the sesquilinear form

(F () E)g1, g2) = /Q 51 - Vosde, g1, € HY2(0),

where v; and v9 are the weak solutions of
div(y'Vu1) = 0 = div(y'Vug), in
V1 =(0g1, V2 = g2 on 39

Under the assumption that v € L*°(2), for the case n = 2, uniqueness of the solution to the
inverse problem (4.2) is discussed in [20] and for n > 3, it is considered in [22] provided 7 is in
the Sobolev space W3/2°(Q).

Remaining discussion of this section is mainly based on the results of [11]. So, we refer this
article whenever needed instead of recalling all the results. Next theorem presents the Lipschitz

estimate established in [11].

Theorem 4.1. Let 1,72 be two real piecewise constant functions such that
N

%i(@) =D Ai@)xp,(x), T €Q, A< y@) <A, i=1,2
j=1

where A € (0,1], 7} is an unknown real number for each i,j, D;’s are known open sets, xp, s
characteristics function of the set D; and N € N. Then under some assumptions on €2, D;’s

(see section 2.2 in [11]), we have

71 = 2llLee (@) < CllAy = Ml iz o0y, m-172(00))
where C' is a constant.
Now, we verify that the assumptions of Theorem 3.1 are satisfied. Before that, observe that

the Banach space L>°({2) is not a uniformly convex space, so defining the space U in accodance

with Theorem 4.1 as
U= Span{XD17XD27 cee 7XDN}
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fitted with LP norm where p > 1, D;’s, X’Dis are same as in Theorem 4.1. Then, with the help
of basis {XDy, XDy, - -5 XDy }, One can show the Lipschitz continuity of F’ and its boundedness
[24, subsection 5.3], i.e. (2),(3) in Assumption 3.1.

Further, assume that v = F(y') where 47 € U. Then (5) of Assumption 3.1 holds (see
Theorem 4.1). As the notion of weak and strong topology is equivalent for the finite dimensional
spaces, F' defined in (4.2) is weakly sequentially closed which means (4) of Assumption 3.1 holds.
And let ug, {Br}, 1, p* and k. are chosen in accordance with Theorem 3.1, then iteratively
regularized Landweber iteration method converges in accordance with Theorem 3.1 and we also

get the said convergence rates.

Remark 4.1. It is of possible impression that the inverse problem (4.2) becomes well posed by
considering the unknown conductivities in a finite dimensional space in Theorem 4.1. Howewver,
a counter example to discomfort such an impression is discussed in [11]. We recall that ezample

in our work for the sake of completeness. Let F: R — R3 be such that
F(t) = ((2 + cos 3mat) cos 2t (2 + cos 3rat) sin 2wt, sin 2rat), t € R,

where a is a parameter. It can be shown that F' is smoothly locally invertible. For « rational, F
is periodic whereas for « irrational, it is globally one-to-one but F~1 is discontinuous at every
point. Further, if a is irrational and F is restricted to interval [—1,1] for some I > 0, then F~!

1s globally Lipschitz, but Lipschitz constant may blow up as o tends to any rational number.

5. CONCLUSION

We have implemented the iteratively regularized Landweber iteration scheme for non-linear
inverse problems in Banach spaces to obtain the convergence rates. Under the condition that
non-linear operator satisfies Holder stability estimate, we proved the convergence for non-noisy
iterates and obtained the sublinear convergence rates under some additional assumptions. To
the best of our knowledge, this paper is the first advancement to find the explicit reconstruc-
tions for Iteratively regularized landweber iteration method by employing the Holder stability
estimates after the reconstructions in [24]. An important thing to note is that while obtaining
the convergence rates for iteratively regularized Landweber iteration method (2.1)-(2.2), com-
plementary, we also get the convergence rates for Landweber scheme (see Remark 3.7) in the
presence of noisy data which are missing from the literature.

An important future work in this direction is to come up with a situation where the assump-
tions of Theorem 3.1 are satisfied in an infinite dimensional Banach space, for instance, one can
think of fitting L>°(€2) in some infinite dimensional space in Example 4.1. Further, one can also
think about the application of results of Theorem 3.1 in option pricing theory (OPT), see e.g.
[37]. The inverse problem associated with OPT is addressed in [32].
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