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TIME-DEPENDENT HERMITE-GALERKIN SPECTRAL METHOD AND ITS
APPLICATIONS

XUE LUO, SHING-TUNG YAU, AND STEPHEN S.-T. YAU

ABSTRACT. A time-dependent Hermite-Galerkin spectral method (THGSM) is investigated in this
paper for the nonlinear convection-diffusion equations in the unbounded domains. The time-
dependent scaling factor and translating factor are introduced in the definition of the generalized
Hermite functions (GHF). As a consequence, the THGSM based on these GHF has many advan-
tages, not only in theorethical proofs, but also in numerical implementations. The stability and
spectral convergence of our proposed method have been established in this paper. The Korteweg-de
Vries-Burgers (KdVB) equation and its special cases, including the heat equation and the Burgers’
equation, as the examples, have been numerically solved by our method. The numerical results are
presented, and it surpasses the existing methods in accuracy. Our theoretical proof of the spectral
convergence has been supported by the numerical results.

1. INTRODUCTION

Many scientific and engineering problems are naturally modelled in the unbounded domains. One
way to numerically solve the problems is to restrict the model equation in some bounded domain and
artificially impose some boundary condition cleverly. Whereas this introduces errors even before the
implementation of the numerical scheme. Another more suitable way is to use the spectral approaches
employing orthogonal systems in unbounded domain, such as using Laguerre polynomials for the
problems in semi-bounded or exterior domains [9, 15], and using Hermite polynomials for those in
the whole space [1, 5, 6, 11, 18].

Although the freedom from artificial boundary condition is very attractive, the Hermite spectral
method (HSM) is only widely studied in the recent decade, due to its poor resolution without the
appropriate scaling factor. Gottlieb and Orszag [7] claim that to resolve M wavelength of sinz, it

o0
requires nearly M? Hermite polynomials. The Hermite functions, defined as {Hn(:t)e_””2} , have
n=0

the same deficiency as the polynomials {H,(z)} - ,. The importance of the scaling factor has been
discussed in [23, 21]. It has been shown in [2] that the scaling factor should be selected according
to the truncated modes N and the asymptotical behavior of the function f(z), as |z| — +o0o. The
optimal scaling factor is still an open problem, even in the case that f(z) is given explicitly, to
say nothing of the exact solution to a differential equation, which is in general unknown a-priorily.
Recently, during the study of using the HSM to solve the nonlinear filtering problems, Yau and the
author gave a practical strategy in [17] to pick the appropriate scaling factor and the corresponding
truncated mode for at least the most commonly used types of functions, i.e. the Gaussian type and
the super-Gaussian type. Thanks to this guideline, the Hermite-Galerkin spectral method (HGSM)
becomes implementable.

In the literature of solving partial differential equations in unbounded domains using HSM, nearly
all the schemes are not direct Galerkin ones. As far as the author knows, there are at least two
possible reasons:

(1) The lack of the practical guidelines of choosing appropriate scaling factor before [17] makes
the direct Galerkin method infeasible.

(2) When directly applying traditional definition of Hermite functions (i.e., { H, (az)e*mQ & o) to
second-order differential equations, it is found in [8] that the stiff matrix is of nonsymmetric
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bilinear form, which has no property of coercity. In other word, the stability can not be
established by using the classical energy method.

To overcome the obstacles above, Funaro and Kavian [6] first consider the use of the Hermite
polynomials to approximate the solutions of some diffusion evolution equations in unbounded do-
mains. The variable transformation technique is introduced to get better resolution. Later, Guo [8],
Guo and Xu [11] developed the Hermite polynomial spectral and pseudo-spectral methods, where
the transformation U = e~V is used, and then V is approximated by the Hermite polynomials.
Ma, Sun and Tang [18], Ma and Zhao [19] introduced a time-dependent parameter to stabilize the
scheme, which is based on the traditional defined Hermite functions. However, no discussion was
given on how to choose such parameter for the particular problems.

The aim of this paper is to develop a time-dependent Hermite-Galerkin spectral method (THGSM)
to approximate the solution to the nonlinear convection-diffusion equations with high accuracy. The
time-dependence is reflected in the definition of the generalized Hermite functions (GHF), where the
scaling factor and the translating factor are the functions of time. The choice of the time-dependent
scaling factor can follow the guidelines in [17], while the time-dependent translating factor mainly
deals with the time-shifting of the solution, see examples in section 4.3. The advantages of our
THGSM are the following:

(1) Ttis a direct Galerkin scheme, which can be implemented straight forward. And the resulting
stiffness matrix of the second-order differential equations are of nice properties. For example,
it is tri-diagonal, symmetric and diagonally dominant in the linear case, i.e. g(u) = 0 in
(3.1); it is symmetric for the Burgers’ equation, i.e. g(u) = % in (3.1).

(2) The proofs of stability and spectral convergence are greatly simplified, thanks to the defini-
tion of GHF. They are analyzed in the L? space, instead of the weighted one as in [18].

(3) From the numerical simulations in section 4, our scheme outperforms nearly all the existing
methods in accuracy.

An outline of the paper is as follows. In section 2, we give the definition of GHF and its properties.
For the readers’ convenience, we include the proof of the error estimate of the orthogonal projection.
Our TGHSM to solve the nonlinear convection-diffusion equations is introduced in section 3. The
stability analysis in the sense of [8] and the spectral convergence are shown there. Section 4 is
devoted to the numerical simulations, where we compared the numerical results with those obtained
by other methods in some benchmark equations.

2. GENERALIZED HERMITE FUNCTIONS (GHF)

We introduce the GHF and derive some properties which are inherited from the physical Hermite
polynomials. For the sake of completeness, we give the proof of the convergence rate of the orthogonal
approximation.

2.1. Notations and Preliminaries. Let L?(R) be the Lebesgue space, which equips with the norm
-1 =gl |2dz)z and the scalar product (-, -).

Let H,(z) be the physical Hermite polynomials given by H,(z) = (—=1)"e* 8%¢~*", n > 0. More
practically, the three-term recurrence

(2.1) Ho=1; Hi(z)=2z; and Huyp1(z) =22H,(z) — 2nH,—1(2).

is more handy in implementation. One of the well-known and useful fact of Hermite polynomials

is that they are mutually orthogonal with the weight w(z) = e=*". We define the time-dependent
GHF as

()
2nply/m
for n > 0, where a(t) > 0, 8(t), for t € [0, T], are functions of time. For the conciseness of notation,
let us denote d(n) = \/%. And if no confusion will arise, in the sequel we omit the ¢ in a(t) and

B(t). It is readily to derive the following properties for the GHF (2.2):
2
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Time-dependent Hermite-Galerkin spectral method

B At each time t > 0, {H®P(-,t)},ez+ form the orthogonal basis of L(R), i.e.
(2.3) / HYP (2, ) HEP (2, t)dx = Spm,
R

where 6,,,,, is the Kronecker function.
B H2P(-,t) is the n'! eigenfunction of the following Strum-Liouville problem
‘Caﬁu(xa t) = (t)u('rv t)a

where
L (o) = —e2°” (@B g (¢=o"(@=B) g (30" (2=F)% o))

with the corresponding eigenvalue A, (t) = 2a2(t)n.
B By convention, H;f'ﬂ =0, for n < 0. For n > 0, the three-term recurrence is inherited from
the Hermite polynomials:

din+1) d(n) .
e (o) =2 s o0y 4 g+ D )

(2.4) or oz — B)HP (x,t) =d(n + 1)Hgf1 (z,t) 4+ d(n)HP (x,1).

B The derivative of H#(x,t) with respect to = and ¢

O HP (x,t) = — %\/THHS‘E (x,t) + = \/_Ho"ﬂ (x,1)
(2.5) = —d(n +1)aHX (x,t) + d(n)aHg;ﬂl (2, 1).
B The “orthogonality” of {9, H3 (-, )}nez+
o [P(n+1)+d*(n)], ifm=mn
(2.6) /Rang’ﬂazHﬁl’ﬂdx = —a?d(l +1)d(1+2), | =min{n,m}, if |n —m|=2;

0, otherwise.

Lemma 2.1 (Derivative with respect to t).
al
O HEP (,1) = — —d(n + 1)d(n + 2)Hy Ly (w,t) + af'd(n + 1) Hl)
o
/ a ﬁ o o,
(2.7) — o dm)H (1) + Cd(m)d(n — 1) HE 1),

where d(n \/— and «, B are the functions of t.

Proof. Through direct computations, we have

(2.2 2)a

OH P () "= Hi P, t) + V2 (2, )] (2~ B) — afF]

- [a (z = B) — afla(z — B)HF P (z,t)
(2 4) o
200

—2— n(n — 1)H "% (x, t) + af’ \/>H (2n+1)H (33 t)

1
+af’ n—2l- H) (=, \/n—i—l n+2HZ‘f2wt

:2— n(n—1)H "% (x,t) ozﬁ\/>Haﬁxt

n+1

/ /
& HoB () + /n(n — 1)1113;@(1:, £) — aﬂ’\/2an:;ﬁ1 (2,8) +n S HOP (2, 1)
[0

+ o’ Hn+1 (n+1)(n+ 2>Hg+62(33 t).



Remark 2.1. The simple fact follows immediately from (2.7) and (2.1). For N > 1 sufficiently
large, fort € [0,T], then
2 12
HatHj;ﬁ(x,t)H S LN+ a/B'NE + 62BN
We follow the convection in the asymptotic analysis, a ~ b means that there exists some constants
C1,Cs > 0 such that Cra < b < Cya; a < b means that there exists some constant C3 > 0 such that

a S Ogb
Any function u(-,t) € L*(R) can be written in the form

(2.8) u(,t) = Zﬁn(t)H,‘f’B(~,t), Un(t) = / u(z, ) HOP (2, t)dx = <u,Hﬁ"B> .
n=0 R

In particular, we have
2

2
8tH]°\‘,’5(x,t)H < 2—21\]2.

where {a,},>, are the Fourier-Hermite coefficients defined similarly as Fourier coefficients with
HB(x,t) taking the place of harmonic oscillators.
For N >0, let

R (t) = span {Hg"ﬁ(x, £), - ,H;ﬁ(x,t)} :
At each time ¢ € [0, 77, it is a linear subspace of L*(R).
Lemma 2.2. For any function p(z,t) € Ry (t), we have
10| S aNZ gl

Proof. For any function ¢(z,t) € Ry (t), we can write it as

N
p(z,t) = @k(t)H,?"ﬁ(:v,t).
k=0
Thus,
Xl :<3zs@,8x<p>
N
=a’ Z P < d(k + DHE, +dR)HD @ [—d(l +1)HE + d(z)H;gﬂ >
=0
N N N
=" @R (k +1) + d*(k)] — 202 d(k — 1)d(k) @2 Z < a2 N2,
k=0 P =

O

2.2. Orthogonal projection and approximations. Let us define the norm of the space H,.(R)
as below:

Definition 2.1. For any integer r > 0,
(2.9) Hya(R) = {u € LA(R) s [lull, < oo, Jull? i= Zmlﬁi, M= 2a2k} -

It is readily shown in [26] and [27] that when 8 = 0 the norm defined in (2.9) is equivalent to the
following Sobolev-like norm

T

lullBra =

k=0
in the sense that for any u € H, o(R), with » > 0

(044502 + )T;k 9 i
xT

lull7 ~ allullp,. o
4



Time-dependent Hermite-Galerkin spectral method

This equivalence can be extended trivially to where 5 # 0, by mimicking the proof of Lemma 2.2-2.3
in [26] with x replaced by (x — B).

From the definition of || - || p,r.«, it is clear to see that the larger r is, the smaller space H, 4 is,
and the smoother the functions are. The index r can be viewed as the indicator of the regularity of
the functions.

Next we need some estimates on ||z79%u(z)||?, for any integer 7, s > 0:

Lemma 2.3. For any function u € H, o (R), with some integer s > 0, we have
(2.10) 07ull < [lulls,a-

Proof. For any integer s > 0,
2

|o2u|]? = ZunasHo‘ﬁ
where for each n fixed, a, i is a product of s factors of /A,4; with —s < j < s. Notice that

Antj ~ Ang1 for n 435 >0 and Hz‘fj =0 for n +j < 0. Hence, we have

Zun Z an anfk

n=0 k=—s

)

||3SUI| ZAnHu = [Jull% q

for any integer s > 0. O
In the spectral method, a function in L?(R) is approximated by the partial sum of the first

N frequency modes. We define the L2-orthogonal projection Pg‘,’ﬁ : L*(R) — Rn(t), for some
t €10,T]. Given v € L*(R),

<u - P]‘i‘,”@v,¢> =0, VéeRn(D).

More precisely,

Pyo(z Z O (t (z,1),

for some ¢ € [0,T], where ¥, are the Fourier-Hermite coefficients defined in (2.8).

And the truncated error ||u — Pyu||pr.q, for any integer » > 0, has been estimated readily in
Theorem 2.3, [10] for « = 1, 8 = 0, and in Theorem 2.1 , [26] for arbitrary o > 0 and 8 = 0. For
arbitrary 8 # 0, the estimate is still valid. The proof is extremely similar to that of Theorem 2.1,
[26], except that we interpret the functions in the space H, ,. For the sake of completeness, we
include the proof here.

Theorem 2.1. For any u € Hy o(R) and any integer 0 < u < r, we have
o Ap BT

(2.11) lu— Pyul, <" "N |[ullrq,

where |ul|, := ||0¥ul|| are the seminorms.

Proof. By induction, we first show that for 4 = 0. For any integer r > 0,

(2.12) lu— Pyul = ) a Z Adn iy S a7 Nl o
n=N+1 n=N+1

Suppose for 1 < p < r, (2.11) holds for ; — 1. We need to show that (2.11) is also valid for u. It is
clear that

(2.13) |u — PNu|M < |0yu — PN8IU|M_1 + |PyOyu — 81PNU|M_1

On the one hand, due to the assumption for pu — 1, we apply (2.11) to d,u and replace p and r
with u — 1 and r — 1, respectively:

(2.14) 10,1 — PyOyul—1 < " "NZ [|0pullr—1.0 S @ TTNE u)lra;
)



where the last inequality holds with the observation that

10aull} 1 0 = Z/\Z+11 0.1,

and

. vV )\n , VvV An )\n a
(8 u), /8 uHPde = —/u@me;’Bd;v (25) TH/ anldx e /an’_Bldx,
R R
VA VAn

5 Unt+1— —lp—1-

On the other hand, we have

oo N
PyOyu— 0, Pyu =Py (Z anamHgvﬂ> - Z i O H P

n=0
N+1

RS ST RS s
S Az ZHW]
1

=5V AN+1 |:ﬁNHJO\‘[7+1 + N1 Hy } .
This yields that

(2.15) |PrOsu — 0, Pyul’_| S Awn <uN’HN+1 ) +uN+1’H ] )

due to the property of seminorms. Moreover, we estimate @ and ’H;:’Q‘ ,for k=N,N+1:
p—1
0 (2.12)
(216) <Y @<l Pyl £ o Nl
n=N
Similarly, 4% ,; < o * N™"||ul|2. And

210

oy @ S || =k,

2
(2.17) ’H;‘,’ﬁ’ - ’
pn—1 p—1,a

—

since (H]O\‘,’B)k = 0kn, for k € ZT. Similarly,
into (2.15), we get

(2.18) |PnOpu — Op Pyul’_y S o2 NP2,

by the fact that Ay = 2Na?. Combine (2.13), (2.14) and (2.18), we arrive the conclusion. O

Hﬁfl - < a” I\, Substitute (2.16) and (2.17)

3. TIME-DEPENDENT GALERKIN HERMITE SPECTRAL METHOD (TGHSM) TO NONLINEAR
CONVECTION-DIFFUSION EQUATIONS

Let us consider the following nonlinear convection-diffusion equation
up + a1g(u)uy — Golgy + a3ty = f(z,t), for (z,t) € R x [0,T)
{ u(z,0) = uo(x),
where ag > 0, a1, az are arbitrary real parameters, and g(-) € C'(R) has the primitive function G(-).
The weak formulation of (3.1) is
(3.2)
(Oru, @) — a1 (G (u) , 0z p) + a2(0zu, Ozp) — a3(Ouzts, Oxp) = (f, ), for (z,t) € R x [0,T]
{ u(,0) = uo(a),

(3.1)
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The THGSM of solving (3.1) is to find uy € Ry (t) such that

(3.3)
{ (Orun, ) — a1 (G (un) , 02¢) + a2(0zun, Opp) — a3(Opaun, Do) = (f ), for (z,t) € R x [0,T]

un(x,0) = Pﬁ(o)’ﬁ(o)uo(x) = UN,0,

for any ¢ € R (t).
We shall investigate the stability and convergence analysis under the following assumption

Assumption 1: G(-) has the primitive function G(-), and G(0) = 0.

Assumption 2: |g(x)| <1+ |z]%,and |G(z)] <1+ |z|*T1, Vo € R, for some s > 1.

These two assumptions are not limited in the sense that they are satisfied by many important
physical model equations, for example, the heat equation, the Burgers’ equation and the Korteweg-
de Vries Burger’s (KdVB) equation. The first two equations are well-known and have been studied
widely for a long time; while the last one is the model equation derived by Su and Gardner [22],
and first studied by [20], which describes a wide class of nonlinear systems in the weak nonlinearity
and long wavelength approximations, since it contains both damping and dispersion. This model
equation also has been used in the study of wave propagation through a liquid-filled elastic tube [13]
and for a description of shallow water waves on a viscous fluid [14]. The existence and uniqueness
of the global smooth solution of KdVB equation have been established in [12].

3.1. A-priori estimates.

Lemma 3.4. If ug € L*(R) and f € L? ([0,T]; L*(R)), and Assumption 1 holds, then

t t

B0l @)+ 20" [ ol s < e (Il + [ A s
0 0

Proof. Take the test function ¢ = 2uy in (3.3), we have

2 <8tuN,uN) —2a1 <G(’U,N), 6muN) + 2ao ((%uN, 6muN> — 2as <(9MCUN, 6muN) =2 <f, uN> .

Under Assumption 1, we have

oo

(G (ux) Dpun) = Gluy)| =0,

— 00

due to the fact that hrf un(z,t) =0, for all t € [0,T]. And we also obtain that
T—r 100

(3.5) (Duatin, Datin) = % /R 0. [(Dun)2]dz = 0,

since uy € Ry, i.e., 1irin run(z,t) =0, for any r € N and ¢ € [0,T]. That is,
T—rL 00

d
T llun||* + 2az ||0,un[* = 2/ fundz < || fII” + Junl*,
R

The Gronwall’s inequality yields that

t t
| (£) + 2a2 / e ||0un|[? (s)ds < ¢ [un][? (0) + / e |11 (s)ds,

which implies (3.4). O



3.2. Stability. We shall consider the stability of (3.3) in the sense of Guo [8], since it is impossible
to prove the stability of (3.3) in the sense of Courant et al. [3]. Let us assume that f and un o
have the errors f and Uy, respectively. They will introduce error in uy, denoted as @y. The error
satisfies the following equation

(Ortin, @) — a1 (G(un) — G(un + 0N ), Ozp) + a2 (OxUnN, Opp) — a3 (Ozzln, Ozp) = <JF7 <P>

an(x,0) =tn,o,

(3.6)

where (x,t) € R x [0,T7], for all ¢ € Ry. By taking ¢ = 2y in (3.6), it yields that

d . o~ - - 5. =12 -
(3.7) Sl = 2a1 (gluy +0an)in, i) + 2aalluiin P = 2 (Fran ) < || F]]” + awl?,

due to the similar argument as in (3.5). The second term on the left-hand side of (3.7) can be easily
estimated as

- _ 1 . _
[{g(un +0un)an, Oztn)| S llg(un + un)an|* + e[|z an|®
1 S ~ S ~ ~
S7 (A llunllee + llanls) lan]? + el|dzan]|
(38) 50(65 S, ||UN||L°°(O,T;L°°(]R))5 ||ﬂ’N||L°°(0,T;L°°(R)))||’ELN||2 =+ 6||a$ﬁN||27

where

1 -
C(E’ ) ||uN||L°O(07T;L°O(R)))"ﬁNIIL“’(O,T;LOO(R))) = p (”uNHiOO(O,T;LOO(R)) + ||uN||i°°(O,T;L°°(R))) :

This constant is finite, due to the fact that un, an € Ry, Le., ||[un]||oo(t), ||Gn]]s0(t) < o0, for any
t € [0, T]. Therefore, we arrive the following stability result:

Theorem 3.2. Let uy be the solution of (3.3) and Uy be error induced by the error of the source
term f and that of the initial condition iy . Then for any t < T, we have

t
i |P+C (a1, az, ) / Buiin(s)|ds
0

t
<p (ﬂ/N,Ou fat) + Clax, s, [lun||Le= (0,7 ®))s [|GN]| Lo (0,70 (R)) » 6)/ \|in(s)|*ds,
0

where
C(al, ag, 6) :2((12 — ale) > O,
Cl(a, s, ||un||Loe 0,115 (®))s|[Un || Loe (0,150 () €)
2ay 2 - s
T (||UN||L°°(O,T;L°°(R)) + ||uN||L°°(O,T;L°°(]R))) +1,
and

p (@N,O,fa t) = ||an,ol)* + /Ot Hf(S)H2dS

In particular, for allt < T,

t
||,aN||2+/ ||5I&N(s)||2dsSp(ﬁN,o,ﬁt) ec(al,uN,T,E)t'
0

This theorem implies that the error of the numerical solution is controlled by the errors of the
initial data @y 0 and the source term f . Tt means that (3.3) is of generalized stability in the sense
of Guo [8].

8
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3.3. Convergence analysis.

Theorem 3.3. Ifuo € H,(R), and Assumption 1-2 are satisfied, then for anyu € L>(0,T; H, o) (R))N
LQ(O,T;Hrﬁa(t)(R)) with r > max{2, §} and N > 1, we have
(1) If s <8, then

t
(39) - unlP(t) S NNl Beori, oo ) + ON>" / ()] 2 oy

(2) If s > 8, then

t
B10) [l = ux|*0) S0~ Nl o, o+ V37 [ 0 )]

where s is the growth rate of g(-) in Assumption 2 and C in (3.9) may depend on «, o, s, r,
un|zeeo,7:2@®))s ullzoe 0,70, o0 @)) and [|[ullL20.1:0, o0 @), €te

Proof. Let Uy = Py Pu for simpler notation. By the weak formulation (3.2) of the nonlinear
convection-diffusion equation (3.1), Uy satisfies
(OUn, p)—a1 (G (Un), 02p) + a2(0:Un, 020) — a3(00aUn, On¢p)
=— (0 (u—=Un),9) + a1 (G(u) — G (Un),0z¢)
— a2 0z (u—UN),0z) + a3 (Oa (u — Un) , Ouip) + (f, )
Un(z,t) =P3 POy ().

(3.11)

Let ny = uny — Un. It satisfies the following equation, which is the difference of (3.3) and (3.11):

<6t77N7 90> + az <6:E77N7 8190> —as <6:E:E77Nu 8190>
= (0 (u—=Un),¢) + a1 (G (un),0:¢) — ar(G(u) — G (UN) 9up)

(3.12)
+az (0 (u—Up),0z0) — a3 {0z (u — Un), ZG
nN ((E, t) :Oa
for any (-, t) € Ry (t). Let us take the test function ¢ = 27y, then
(3.13)

3.5) d
L.H.S. of (3.12) =2(8inx, 1) + 2a2(0atins Outin) — 2a3(Duanins atiny) =) o lnw || + 2az [|9enn |2

Next, we estimate the right-hand side of (3.12) term by term:

1 2.7 . a . a
§G1(277N) =0 (u—Un),nn) @D <5t [UN+1HN7£1 + UN+2HN7_€2} 777N>

= <ﬁN+1atH§/£1777N> + <3tﬁN+1Hﬁ/_€1,77N>
+ <ﬁN+2atH§ffga 77N> + <5tﬁN+2H§ffga 77N>
= <ﬁN+1atH]0\‘[7£17 77N> + <ﬁN+28tH]O\‘[7527 77N> ;
where the second and the last equalities are due to the fact that ny € Ry (t). Hence,

(314) |Gy (2w)] <2yl -

(2'7)|O/| A A
S FN(|UN+1| + [an+2]) [ ]]-

OuHRy S ()| - 1l + 2 o] - || Ly, )| - [

Note the fact that

1

1 1
e’} 2 e} 2 2
|ﬁN+1|§< > u§> :( > Ak;IAkHuk) < Ay2lo ( > Ao ) S a T (ONTE [ul]a-

k=N+1 k=N+1
9



Similarly, we have |any2| S " (£)N~2]|[ul| 4. We obtain the estimate of |Gy (2ny)]:
(3.15)
|G 203)| S 1o/ ()la T ONE ull, a0 - llnwl] S llnwl* + o/ (6)Pa™72 (@ N2 Jul2 o -

The second term G2(2ny) on the right hand side of (3.12) can be estimated similarly as in (3.8):
(3.16) G2 (2nw)| = 2a1 [(Gun), D] S 2 1|0snw]|? + Cllun||f 0 0,7522(r)) + C:
due to Assumption 2. The third term G5(2ny) on the right hand side of (3.12) yields:
Gs(2nn)| S (G(u) = GUN), Oanin)| = [(9(Un + 0(u — Un))(u — Un), Oann )|
SCO+ulls + 1UNI3)lu = Un|? + a-;llaac??zvll2
By the interpolation inequality (cf. [4]), we have
[UN]loo S UNII*10:Unl1 S 0% N3 |[Un]|| < 0% N¥ Jul],

by Lemma 2.2, where || - ||c is the L® norm with respect to . With this fact, we continue to
estimate G3(2ny):

|G3(2nn) <%||6m77N||2 +Ca " (N (|lull% + aZ ()N T |ul]*) ||u||72",a(t)

(3.17) —||5z77N|| +CaZ 2 (NI Julf?

ra(t):
Other than the estimate of ||Un||oo, by Theorem 2.1, we have

1—

) il S 0 % Ol o,

The rest two terms G;(2ny), ¢ = 4,5, on the right-hand side of (3.12) can be easily bounded as
follows:

a a —2r r
(319)  1Ganw)| SN0+ ClIu(u = Un)IP < 210> + Ca> > (ON[Jull ooy

(318)  [[Unlle S IUNIIFI2UN]IF S ™5 (1) (1+ N5

and

a a —2r —r
(3.20)  [G5(2nw)| S S 10enw|* + Cll0sw (u — Un)|* S fllawzvll2 +Ca T (ONT |7 o)

Substituting (3.15)-(3.17), (3.19) and (3.20) into the right-hand side of (3.12) and combining (3.13),
we obtain that

d 2 —r s—2r I-r
Z [Ill” Sllaw | + (CN*77 + a2 72 (@ N [Jull7 o),

where C'is the function of ¢ dependent of a, o, s, 7, |[un||L=(0,7;22(r)), etc. The results (3.9) and
(3.9) are obtained by the Gronwall’s inequality and Theorem 2.1. O

4. NUMERICAL RESULTS

In this section, we shall use our THGSM (3.2) to numerically solve three benchmark equations all
with g(u) = ¥ in (3.1), including the heat equation, the Burgers’ equation and the KdVB equation
with different coefficients a;, ¢ = 1,2,3 in (3.1). To illustrate the high accuracy of our method,
we shall compare our numerical results of the first two equations with the ones obtained by using
the similarity transformation technique [6] and by using the stabilized Hermite spectral method
developed in [18].

In our scheme (3.3), we choose the test function ¢ = H%#(x,t) € Ry(t), form =0,1,--- | N. It
yields a system of ordinary differential equations (ODE) for @, (t), m = 0,1,--- , N. The second term
on the left-hand side and the one on the right-hand side of (3.3) need to be computed numerically;
while all the other terms can be explicitly written as sparse matrices, which are followed from the
properties of the GHF. To be more precise, the first term gives

Ly i
10
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where i = [Glg, U1, - -+ ,an]T, the superscript T' means the transpose, where the matrix A; is explicitly
given by (2.7) as:

Oé/
~Ld)d 1), i i=j+2
«
aﬁ’d(i), if i=j+1
(4.1) Aq(iyj) = —aﬁ’d(j), if i=4—-1,

/

Cd(jdj—1), i i=j -2
(0%

0, otherwise
d(n) = /% as before. The third term on the left-hand side of (3.3) gives ayAsii, where
) [d* (i + 1)+ d*(i)], ifi=j
(4.2) Az(i,j) = § —a?(t)d(l+1)d(l+2), [ =min{i,j}, if [i —j| =2,
0, otherwise

by (2.6). And the last term on the left-hand side of (3.3) yields —asA4@, where

a®(t)d(j +1)d(j +2)d(j +3), ifi=j+3
—a?(t) [+ 1)+ d*()d(+ 1) +d(j+1)d*(j +2)], ifi=j+1
(4.3) Ay(iyj) = () [d* (i + 1)+ d?(i)d(i + 1) + d(i + 1)d*(i + 2)], ifi=j—1
—a?(t)d(i +1)d(i +2)d(i +3), ifi=j—3

0, otherwise

At last, the THGSM (3.3) yields the ODE system for the Fourier-Hermite coefficients a:

(4.4) %+A5+B(ﬁ)=ﬁ

-

where B (ﬁ) is given by the second term %-(9, (u?),¢) of the left-hand side of (3.3), f is the

Fourier-Hermite coefficients of the source term f(x,t) and A = A; + A3 + A4, A1, A3 and A4 are
given in (4.1)-(4.3), respectively. f and B (5) need to be computed numerically. The equation (4.4)

will be solved by using the Crank-Nicolson/Euler forward scheme in all the following examples. In
particular, the Crank-Nicolson scheme is applied to all the linear terms, while the Euler forward

scheme is applied to the nonlinear term B (5)

In all the numerical experiments below, we shall use the L?-norm and the relative L*-norm to
measure the accuracy. In our context, let us denote the L? error and the relative L™ error as

EN(t) = ||UN(t) - uexact(t)H
and

maxo<; <N [UN(Yj;t) = Uezact (Y, )]

EN t) =
’OO( ) maxo<;j<nN |uezact(yjat)|

)

respectively, where {y; }o<;<n are the Hermite-Gauss points. For comparison purpose, the examples
in section 4.1 and 4.2 are taken from [6], [11] and [18]. The definitions of En(t) and En (t) are
slightly different in various schemes. For example, the errors of scheme in [6] are in the weighted
L?-norm after the transformation, see definition on pp. 615, [6]; those of scheme in [18] are in the
weighted L?-norm, see details on pp. 71, [18].

4.1. Heat equation with source term. We consider (3.1) with a1 = a3 =0, a2 = 1, g(u) = 3

and the following source term:

22
fla,t) = [xcosa + (t+ 1)sina](t + 1) 7e WD,
11



22
which yields the heat equation.This equation with the initial condition u(z,0) = sin(z)e™ 1 has

been investigated in [6]. And its exact solution is

sinr __=?
e 4@+1)

Uezact (Ia t) =

It is easy to see from the exact solution that it concentrates near the origin, so the translating factor
B can be chosen to be zero. Moreover, the choice of the scaling factor « is extremely important of
improving the accuracy of our scheme (3.3). We refer the readers to [17] for the guidelines to pick
appropriate scaling factor. In this example, we shall investigate our scheme with the time-invariant
scaling factor & = ¥2 and the time-dependent one at) = —=~——. The HSM with time-invariant

2 V2(t+1)

scaling factor is essentially developed in [26, 17] and can be viewed as a special case of our THGSM.
The accuracy of the numerical results obtained by our THGSM and the time-invariant scheme are
compared with some previous results, including the ones in [6], [18].

Time step | Funaro and Kavian’s | Ma, Sun and Tang’s HSM our scheme (3.3)
dt scheme [6] scheme [18] scheme [26, 17] | with «a(t) = 2(1t+1)

with (50, 5) = (1, 1) with o = @

25071 2.478E-03 2.958E-04 9.0032E-07 2.4045E-07
10001 6.203E-04 1.189E-06 7.6286E-07 4.8534E-08
40001 1.550E-04 1.177E-06 7.6213E-07 4.6247E-08
160001 3.886E-05 1.177E-06 7.6212E-07 4.6238E-08

TABLE 1. Errors of the heat equation at T'= 1 with N = 20 using different methods.

The results are list in Table 1. It is clear to see that our scheme is superior to the schemes in [6]
and [18] in accuracy. And it is as we expected that the time-dependent scaling factor yields better
resolution than the constant one, i.e. the scheme in [26, 17]. From the viewpoint of computational
complexity, our scheme can be implemented straight-forward without any variable transformation.
And the matrix A in (4.4) is tri-diagonal, symmetric, and diagonally dominant, which can be accu-
rately and effectively inversed (part of the computation in Crank-Nicolson scheme).

To show the rate of convergence of (3.3), we list in Table 2 the numerical errors at T = 1 with
various time steps dt and the truncation modes N. It confirms the theoretical prediction that the
scheme (3.3) is of second-order accuracy in time and spectral accuracy in space.

4.2. Viscous Burger’s equation. Besides the linear problems, our scheme is also effective in
nonlinear problems. Let us take the viscous Burgers’ equation as an example. The inviscid Burgers’
equation suffers from the Gibbs’ phenomenon, due to the lack of the diffusion term, i.e. as = 0.
The vanishing viscosity method combined with the spectral method, and the post-pocessing of the
numerical solution are expected, see discussion in [24, 25, 16] and reference therein. The viscous
Burgers’ equation (3.1) with a; = a2 = 1, a3 = 0 and g(u) = %, has been studied in [11] by the
variable transformation technique

x

= =In(t+1
V=g ° n(t+1)
that a soliton-like solution

axr
2(1+1)

1_2
s 2
Uegact (T, 1) = € 70D gech (

12
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Time step dt | N En(1) En (1) Order
1E-1 1.7439E-04 | 1.2773E-04
1E-2 10 1.7473E-06 | 1.2757E-06 | dt>-000°
1E-3 1.7473E-08 | 1.2757E-08 | dt?-0002
1E-4 1.7478E-10 | 1.2759E-10 | dt2:0001

Time step dt | N | Ey(1) | Enoo(1) | Order
8 7.4E-03 9E-03
1E-4 16 | 4.2446E-06 | 4.7275E-06 | N—10-77
32 | 1.6540E-10 | 1.3012E-10 | N~1271

TABLE 2. Error of the heat equation by using the proposed scheme (3.3) with different
time steps dt and truncation mode N.

is obtained with a = 0.3, b = 0.5 and ¢ = —3, where the source term is
22 ht
f(x, t) = —¢ 20+D 78613_’_(5) [g + atanhg}
__22 sech®(€) [1+1t+a? 2 3a?
D 2btanh(£) — tanh
te 1+t {2(1+t) + 2btanh(§) — tanh (&) 5775 |

&= %—bln(l—i—t)—c.
In this example, the second term on the left-hand side of (3.3) is computed numerically. By
taking ¢ = H2? m =0,--- , N, the key component of this term

(0a (W) ) = = (kO H?) = —ad(m + 1) (uky, HiZ, ) + ad(m) (udy, HP, )
follows immediately with the numerical integral
[ e,
R

l,n,m=20,---, N. We shall use the Gauss-Hermite quadrature rule to perform this integration.

In Table 3, we compare our time-dependent scheme with Guo-Xu’s scheme in [11] and the time-
dependent scheme in [18]. In this numerical experiment, we choose the same time step dt = (e —
1) x 1072 and the total experimental time 7' = e — 1 as in [11] and [18] for comparison. It is clear to
see that our scheme is at least as good as the one in [18], and is more accurate than the one in [11].

Moreover, in Table 4 we compare our scheme with the one in [18] with different time steps dt. We
choose the total experimental time 7' = 1, and the truncation modes N = 40 and 20, for the scheme
in [18] and our THGSM, respectively. It is shown that they are almost as the same accuracy. In
this table, we have also verified the first-order accuracy in time, due to the Euler forward scheme

used in the nonlinear term B (ﬁ) In Table 5, we illustrate the spectral accuracy of our scheme in
space as we showed in Theorem 3.3.

4.3. KdVB equation. In this subsection, we shall reveal the effect of the time-dependent trans-
lating factor, which has been concealed in the theoretical proof of the convergence analysis. Let us
consider the 1D KdVB equation (3.1) with a1 = az =1, ag = —1=, g(u) = % and the source term

f(z,t) = —8sech?¢ (2- 3sech?¢ 4 2tanhé sechzf) )
where £ = 2(x +t). It is easy to verify that

Uezact(T, 1) = sech? &)
13



N | Guo and Xu’s result [11] | Ma, Sun and Tang’s scheme [18] | our scheme (3.3)

8 1.381E-06 1.563E-05 1.7669E-06
16 1.381E-06 6.337E-07 1.1516E-07
32 1.381E-06 1.031E-07 1.3400E-07

TABLE 3. Errors of viscous Burger’s equation at T' = e — 1 with time step dt = T % 10~3.
The error of scheme in [11] and that in [18] are En(T') in their contexts, see details on pp.
869, [11] and on pp. 71, [18], respectively. The one in our scheme (3.3) is En(T).

. Ma, Sun and Tang’s scheme [18] time-dependent HSM (3.3)
Time step dt

Ey(1) E40,00(1) Order Es(1) FE2,00(1) | Order
1E-1 5.101E-04 | 4.677E-03 4.8044E-06 | 1.4264E-04
1E-2 4.508E-06 | 4.548E-05 | dt?% | 4.1512E-07 | 1.0680E-05 | dt' %6
1E-3 4.454E-08 | 4.530E-07 | dt>0! 4.1065E-08 | 1.0324E-06 | dt'-%3
1E-4 4.467E-10 | 4.372E-09 | dt2%0 | 4.1771E-09 | 9.7699E-08 | dt!:02

TABLE 4. Errors of viscous Burger’s equation by using scheme in [18] and our scheme
(3.3) with different time steps. The errors En(t) and En,oo(t) in the scheme [18] and our
scheme are defined slightly different.

Time step dt | N En(1) En (1) | Order
5 | 2.4254E-06 | 9.4692E-05
1E-5 15 | 1.1291E-08 | 4.5015E-07 | N —4-88
25 | 4.3637E-10 | 1.0527E-08 | N 528

TABLE 5. Errors of viscous Burger’s equation by using our scheme (3.3) with different
truncation modes N.

is the exact solution to the above KAVB equation. The Crank-Nicolson/Euler forward scheme is
used as in the case of the viscous Burgers’ equation.

In Table 6, we list the errors of numerical solutions to the KdVB equation with various time
steps. The total experimental time is T = 1, and the truncation mode is N = 40. The scaling factor
is chosen to be a constant o = 2v/2 and the translating factor is f = 0. It is shown that we can
achieve almost the first-order accuracy in time. However, the approximate solution is less accurate
than the one we obtained in the viscous Burgers’ equation. The possible reason for this may be the
drifting to the left of the exact solution.

To tackle this problem, we move our GHF accordingly by setting a time-dependent translating
factor B = —t. We compare the results with those obtained without translating factor, i.e. 8 = 0.
In Table 7, we display the errors of the scheme (3.3) with and without translating factor. The total
experimental time is 7 = 1, and the scaling factor is chosen to be a constant a = 2v/2. Various
truncation modes N = 10,20, - - - , 50 are numerically experimented. It is shown in Table 7 that the
time-dependent translating factor yields better resolution. The spectral accuracy is verified in the
scheme (3.3) for the KdVB equation in both with/without translating factor cases.

14
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Time step dt E4 (1) E40,00(1) | Order

1E-2 3.11E-02 1.6E-02
1E-3 4.4076E-04 | 2.83E-04 | dt!8°
1E-4 3.474TE-04 | 2.9070E-04 | dt9-98

TABLE 6. Errors of KAVB equation with different time steps.

. No translating factor 8 =0 Time-dependent translating factor g = —t
Time step dt | N
EN(l) EN,oo(l) Order EN(l) EN,oo(l) Order
10| 9.35E-02 7.54E-02 5.7E-03 2.6E-03
20 9.6E-03 8.2E-03 N—328 | 2 .8944E-04 | 1.2570E-04
1E-4 30 1.6E-03 1.4E-03 N—3:66 | 6.8894E-05 | 2.5007E-05 N—405
40 | 3.4747E-04 | 2.9070E-04 | N~*17 | 1.3225E-05 | 4.5626E-06 N2
50 | 9.0630E-05 | 7.1222E-05 | N~%36 | 3.5135E-06 | 1.1749E-06 N—449

TABLE 7. Errors of the KAVB equation by using the proposed scheme (3.3) without
translating factor and with time-dependent translating factor 5 = —t. Different truncation
modes N are numerically experimented.

5. CONCLUSIONS

In this paper, we investigate a time-dependent Hermite-Galerkin spectral method (THGSM) to
solve the nonlinear convection-diffusion equations in the whole line. Many important physical model
equations are within the framework in this paper. Our THGSM is formulated under the basis of
the generalized Hermite functions (GHF), which includes the time-dependent scaling factor and
translating factor in the definition. The advantages of this formulation are at least two folds: on
the one hand, the proof of the stability and convergence analysis are much easier than the previous
Hermite spectral method, say in [6] and [18], where they analyze in the weighted L? space. On
the other hand, the implementation of our method is straight-forward. No variable transformation
techinique is required. Furthermore, the derived ODE system in the linear equation is with extremely
low computational cost, since the stiffness matrix is symmetric. The numerical experiments are
carried out in some benchmark examples, including the heat equation, the viscous Burgers’ equation
and the KdVB equation. It is clear to see that our method surpasses nearly all the existing methods
in accuracy.
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