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Nonclosedness of Sets of Neural Networks in
Sobolev Spaces
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Abstract

We examine the closedness of sets of realized neural networks of a fixed
architecture in Sobolev spaces. For an exactly m-times differentiable activation
function p, we construct a sequence of neural networks (®,),en whose real-
izations converge in order-(m — 1) Sobolev norm to a function that cannot be
realized exactly by a neural network. Thus, sets of realized neural networks are
not closed in order-(m — 1) Sobolev spaces W™~ 1P for p € [1,00]. We further
show that these sets are not closed in WP under slightly stronger conditions
on the m-th derivative of p. For a real analytic activation function, we show
that sets of realized neural networks are not closed in W*? for any k € N. The
nonclosedness allows for approximation of non-network target functions with
unbounded parameter growth. We partially characterize the rate of parameter
growth for most activation functions by showing that a specific sequence of
realized neural networks can approximate the activation function’s derivative
with weights increasing inversely proportional to the LP approximation error.
Finally, we present experimental results showing that networks are capable of
closely approximating non-network target functions with increasing parameters
via training.

Keywords— Fixed-architecture neural networks, Neural network expressivity, Closed-
ness, Sobolev space

1 Introduction

From an approximation theory perspective, neural networks use observed training data to
approximate an unknown target function. Studying topological properties of sets of neural
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networks will reveal what kinds of functions can be approximated by neural networks. In
particular, closedness of sets of networks is a topological property of interest. If these
sets are closed with respect to some norm, then one can construct a sequence of neural
networks converging to a target function in that norm if and only if that target function is
itself a network. On the other hand, nonclosedness would mean that neural networks can
approximate target functions that are not networks themselves. An up-to-date survey on
the approximation results for neural networks can be found in (Giihring et al., [2020).

To allow neural networks to approximate a wider class of functions, the number of nodes
in the network can be increased. As long as the number of hidden nodes is allowed to grow
without bound, Hornik’s Universal Approximation Theorem shows that neural networks
with only one hidden layer can approximate any p-integrable function to arbitrary accuracy
(Hornik, {1991)). Other approximation theorems show that neural networks are dense in
other function classes, depending on the properties of the activation function, but many
of these results allow the depth or width of the network to vary (Cybenko, [1989; Hornik
et al., 1989 |1990; Krizhevsky et al.,|2012]). These results suggest that sets of realized neural
networks are not closed in the corresponding function spaces, since not all of these functions
can be represented exactly by a neural network. However, these are results about sets of
networks of any width.

In practice, the architecture of a neural network is fixed before the learning process
begins. Hence, we consider properties of sets of neural networks with a fixed architecture.
Related to closedness is the best approximation property in LP spaces, which holds if every
f € LP has at least one realized neural network g such that ||f — g||z» is minimized over
all possible networks with the same architecture. In disproving the best approximation
property for sigmoidal neural networks of a fixed size, (Girosi and Poggio, [1990) show that
sets of realized neural networks with the sigmoid activation function are not closed in LP
spaces and claim that this should be true for all nonlinear activation functions. However,
(Kurkova, 1995) proves that sets of networks with the Heaviside activation function are
closed in LP spaces, and (Kainen et al.l 2020) proves a similar result for generalizations of
Heaviside-type networks. Moreover, (Kainen et al., 2000) shows that Heaviside perceptron
networks do have the best approximation property, but that best approximation maps with
these networks are not unique or continuous. More generally, no best approximation maps
using fixed-architecture neural networks are continuous (Kainen et al., [1999).

Petersen, Raslan, and Voigtlaender discuss the closedness and other topological proper-
ties of sets of realized neural networks (Petersen et al., 2019, |2020). Among other results,
they prove that for most commonly used activation functions, these sets are not closed with
respect to LP norms. However, sets of all neural networks with a fixed architecture and
uniformly bounded parameters are closed, indicating that learning a non-network target
function requires the parameters to grow without bound. For example, learning a target
function that has fewer derivatives than the activation function requires at least one net-
work parameter to tend to infinity even as the network width increases, as seen in (Mhaskar),
1997)). We partially investigate the relationship between LP approximation error and pa-
rameter size, finding that the two are approximately inversely proportional when learning
the derivative of the activation function.

In (Petersen et all [2019) (a shortened conference paper version of (Petersen et al.,
2020))), the authors speculate that sets of neural networks may be closed in Sobolev spaces,



where convergence is stronger. However, we show that this is not true, extending their non-
closedness results to convergence in Sobolev norm under additional smoothness assumptions
on the activation function using proof techniques similar to those in (Petersen et al., [2020).
Our results apply to the case p = oo after minor modifications, so sets of realized neural
networks are also not closed in W™,

In some cases, such as network compression or distillation, we have data about the
derivatives of the target function in addition to the training data. In these instances, one can
train a network to learn the target function and its derivatives. This approach, introduced
in (Czarnecki et al., [2017) as Sobolev training, often requires less training data and performs
better on testing data. Hence, it is natural to consider the theoretical properties of neural
networks in Sobolev spaces, as we do in this paper. We also provide some experimental
results using Sobolev training with activation functions of varying degrees of smoothness,
where we are able to approximate non-network target functions in Sobolev norm. This result
indicates that sets of realized neural networks are indeed not closed in Sobolev spaces, but
also that Sobolev training does not prevent parameter growth and allows us to approximate
functions on the boundary of these sets of realized networks. Our experiments exhibit slow
parameter growth relative to a fast decrease in approximation error, but there may be target
functions that require much faster parameter growth to approximate.

1.1 Contributions of this Work

Our work considers sets of realized neural networks with a fixed architecture and a fixed
activation function. In particular, we study the closedness of these sets of realized neural
networks in Sobolev spaces. Our main contributions are:

1) We establish in Theorem that for an m-times differentiable activation function
that is not (m+ 1)-times differentiable, sets of realized neural networks are not closed
in order-(m — 1) Sobolev spaces W™~LP for p € [1,00]. We prove this result by
constructing a sequence of neural networks that converges in Sobolev norm to a
target function that is not a neural network, which follows the approach in (Petersen
et al., [2020).

2) We extend the nonclosedness result of Theorem to W™P under an additional
assumption on the activation function.

3) For real analytic activation functions, Theorem shows that sets of realized neural
networks are not closed in any order Sobolev spaces.

4) We show analytically in Proposition that for most activation functions, the LP
approximation error decays inversely proportional to the growth of network parame-
ters for a given sequence of networks approximating the derivative of the activation
function. The relationship between approximation error and weight growth relates
to Theorem 1 in (Mhaskar] 1997)), although that result holds for L error of shallow
networks with increasing width.

5) We present some experiments in Section [4] demonstrating that neural networks can
approximate target functions that require increasingly large parameters. Our exam-



ple achieves a fast decay in approximation error with a relatively slow growth in the
network parameters, which may not be the case for other non-network target func-
tions. These results appear to be robust to varying degrees of smoothness of the
activation function and to certain classes of target functions.

Our nonclosedness results all indicate that neural networks can be trained to approxi-
mate non-network target functions in Sobolev norm. However, we will see that doing so will
necessarily cause unbounded growth of network parameters. Thus, the training process may
be difficult in practice, or regularization techniques may prevent a network from approxi-
mating a non-network target function. In our experiments, we train sequences of networks
to approximate non-network target functions in Sobolev norm. The networks are able to
closely approximate these target functions, providing further evidence that sets of realized
neural networks are not closed in Sobolev spaces. Moreover, the ability to numerically ap-
proximate functions on the boundary of these sets of realized neural networks speaks to the
expressiveness of neural networks in practice.

1.2 OQOutline of this Paper

Our work first provides background material on neural networks, then discusses the closed-
ness of realized neural networks in Sobolev spaces, and finally presents some related nu-
merical results. Section 2] lays out the definitions and notation required for the rest of the
paper. In Section [3| we begin with our main results that sets of realized neural networks
are not closed in Sobolev spaces under reasonable conditions on the activation function.
On the other hand, Section studies realizations of networks with bounded parameters,
and presents a result that these sets of realizations are closed in Sobolev spaces. Section
analyzes the relationship between LP approximation error and parameter growth for a
network learning its activation function’s derivative. We provide experimental results in
Section Ml that demonstrate the nonclosedness of sets of realized neural networks and show
that some classes of non-network target functions can indeed be approximated in Sobolev
norm by a sequence of networks with increasing parameters.

2 Notation and Definitions

We first define neural networks. Every network has an architecture which specifies the input
dimension, the number of layers, and the number of nodes in each layer. In addition, the
network consists of matrix-vector pairs that determine the affine transformation between
consecutive layers.

Definition 2.1. (Petersen et al., |2020) Let d,L € N. A neural network ® with input
dimension d and L layers is a sequence of matriz-vector pairs

® = ((A1,b1),..., (AL, br)),

where No = d and Ny,...,N;, € N, and where each Ay is an Ny x Ny_1 matriz, and
by € RN, We call (d,Ny,...,Nr) the architecture of . Ny, is the output dimension.
Define NN (d,Ny,...,N1) to be the set of all neural networks ® with architecture
(d,Ni,...,Np).



To emphasize the role of the activation function, we distinguish between a neural network
and a realized neural network. A realized network is a function defined by alternately
applying the affine transformations of the network and the activation function. We also
define the set of all realized neural networks with a fixed architecture and the same activation
function.

Definition 2.2. (Petersen et al.,|2020) Let ® be a neural network, Q C R?, and p: R — R.
The realization of ® with activation function p over () is the function Rf}((I)) Q-
RN defined by

Rff(@)(w) =Wr(p(Wr-1(--- p(W1(2)))))
where the affine transformation Wy : RNe-1 — RN¢ s defined by Wy(z) = Agx + by and p is
evaluated componentwise. Define Rg to be the realization map ¢ — Rf}(@), and let

RNNE)Z(d)Nla"WNL) = Rgp)(NN(d,Nl,,NL))

We call RNN?(d, Ni,...,Np) the set of p-realizations of networks with architecture
(d,N1,...,Nr) over (.

We will sometimes need to concatenate networks, which creates a new neural network
consisting of the matrix-vector pairs of the first network followed by the pairs of the second
network.

Definition 2.3. (Petersen et all 2020) Let &1 = ((A%, bh),..., (AlLl,blLl)) and ®y =
((A%, b, ..., (A%Q, b%Q)) be two neural networks such that the input dimension of ®1 equals
the output dimension of ®o. Then

P00y = ((Ai b%)? SRR (A%2717 b%271)7 (A%A%y A%b%g + b%)v (Aév b%)? R (Ailvbil))

defines a neural network with L1 + Lo — 1 layers. We call 1 @ @5 the concatenation of
®; and Os.
Note that for any activation function p : R — R and any  C R%, we have R?((I)l ody) =

Rfdl (®1)o Rg(q)g), where d; is the input dimension of ®;. That is, concatenation of neural
networks corresponds to function composition of the realizations of those networks.

For a fixed network architecture (d, Ny,..., Nr), we want to consider the closedness of
the set R/\/’/\/’f}(d, Ny, ..., Np) in Sobolev spaces. We define Sobolev spaces below.

Definition 2.4. Let k € N, let Q C R* be measurable with non-empty interior, and let
1 < p < oo. The Sobolev space W*P(Q) consists of all functions f on Q such that for all
multi-indices o with |a| < k, the mized partial derivative () = Df exists in the weak
sense and belongs to LP(Q). That is,

WEP(Q) = {f € LP(Q) : DVf € LP(Q) for all || < k}.

The number k is the order of the Sobolev space. The norm

1 llwen@ ==Y ID*fllor )

o<k

makes WFP(Q)) a Banach space for any k € N. Note that WOP(Q) = LP(Q).



3 (Non)closedness in Sobolev Spaces

In (Petersen et al., 2020) it is shown that R/\/’/\/’L_B’B]d(d, Ni,...,Np_1,1) is not closed in
LP([-B, B]?) for any p € (0,00), under mild assumptions satisfied by most commonly used
activation functions (including ReLU, the rectified linear unit). Moreover, these sets of
realized neural networks of a fixed architecture are not closed in C([—B, B]¢) with respect
to the L* norm for most commonly used activation functions. However, sets of ReLLU-
realizations of two-layer networks are closed in C([—B, B]?). These results are shown for
[~ B, B]¢, but generalize to any compact set  C R? with non-empty interior.

In this work, we investigate the closedness of sets of realized neural networks in Sobolev
spaces. Since convergence in Sobolev norm is stronger than LP convergence, Petersen,
Raslan, and Voigtlaender anticipate that RNNLﬁB’B]d(d, Ni,...,Np_1,1) may be closed in
Sobolev spaces (Petersen et al., |2019). We prove that this is often not the case. Provided
that the activation function p is m-times differentiable with bounded derivatives, these sets
are not closed in W™~ 1P ([—B, B]?) for any p € [1, o0].

Theorem 3.1. Let m,d € N, p € [1,00|, and B > 0. Define Q = [-B, B]%. Consider
a network architecture (d, N1,...,Np_1,1) with L > 2 and Np_1 > 2. Suppose that p €
C™(R)\C™(R) and all derivatives of p up to order m are locally p-integrable and bounded
on compact sets. Then:

o The set R./\/'./\/')?(d, Ni,...,Np_1,1) is not closed in W™~1P(Q).

o If additionally p(m) s absolutely continuous and the weak derivative p(m+1) exists and

is in LP(S2), then R/\/’J\/’?(d, Ni,...,Np_1,1) is not closed in W™P(Q).

Proof. See Appendix Similar to (Petersen et al., 2020), we construct a sequence of
networks whose p-realizations converge to a target function that is not a p-realization of
some network. In particular, we show order-(m — 1) (or order-m) Sobolev convergence to a
target function that is (m — 1)-times but not m-times differentiable, while (Petersen et al.),
2020|) show LP convergence to a discontinuous step function. O

Section lists several commonly used activation functions and whether they satisfy
the assumptions of Theorem for some value of m.

Of course, convergence in order-(m — 1) Sobolev norm is stronger than convergence
in lower-order Sobolev norm, so RN N g(d, Ni,...,Np_1,1) is not closed in lower-order
Sobolev spaces either.

Corollary 3.2. Let d € N and p € [1,00]. Suppose p € C™(R) \ C™TY(R) with bounded
derivatives up to order m. Then R/\/’/\/’f}(d, Ni,...,Np_1,1) is not closed in W*P(Q) for
any k € {0,...,m — 1}, where Q = [-B, B]?.

Proof. Note that convergence in W™~ 1?(Q) implies convergence in W*P(Q) for all k €
{0,...,m — 1}. So we still have f, — f in W"P(Q) in the proof of Theorem but
f ¢ RNN(d, Ny, ..., Np_1,1). O



In Theorem we show that R./\/'./\/'g(d, Ni,...,Np_1,1) is not closed in order-(m — 1)
Sobolev spaces for p € C™(R). For an analytic, bounded, and non-constant activation
function p, we extend this result and prove that RNN g(d, Ni,...,Np_1,1) is not closed
in any order Sobolev spaces.

Theorem 3.3. Let d € N, p € [1,00|, and B > 0. Suppose that p : R — R is real analytic,
bounded, and not constant, and that all derwatives p™ of p are bounded. Then for all
possible neural network architectures (d, Ni,...,Np_1,1) with L > 2 and Ny_1 > 2 and all
k e N, the set R./\/‘N‘[;B’B]d(d, Ni,...,Np_1,1) is not closed in W*P([—B, B]9).

Proof. See Appendix Using arguments similar to those in (Petersen et al., 2020)),
we construct a sequence of networks whose p-realizations converge in any order Sobolev
norm to an unbounded function, which cannot be a p-realization of some network since
p is bounded. Lemma in the proof is interesting in its own right, as it states that
realized neural networks with analytic activation functions can approximate the coordinate
projection maps to arbitrary accuracy in Sobolev norm. OJ

Theoremsandshow that RNNL_B’B]d(d, Ni,...,Np_1,1) isnot closed in Sobolev
spaces, although the smoothness of the activation function dictates the order of the Sobolev
space in question. In particular, for p € C™(R) \ C™*1(R), Theorem shows nonclosed-
ness in order-(m — 1) or order-m Sobolev spaces, while Theorem [3.3| gives nonclosedness
in all orders of Sobolev spaces for analytic activation functions. Both results apply to the
p = oo case, indicating that sets of realized neural networks are not closed with respect to
uniform convergence of a network and its derivatives.

3.1 Closedness of Sets of Networks with Bounded Weights

The nonclosedness of sets of realized neural networks is undesirable if we only want to learn
network target functions or if we want to prevent unbounded growth of network parameters.
If we desire closedness, then we must modify the set of neural networks under consideration
in some way. However, requiring closedness will necessarily constrain the set of target
functions that we can approximate.

Modifications to enforce closedness of sets of realized neural networks may include relax-
ing some assumptions on the activation function or placing restrictions on the network pa-
rameters. In this section, we discuss the closedness of sets of realized neural networks whose
parameters are all bounded by the same constant. We define a norm on NN (d, Ny, ..., Np)
and sets of realized neural networks with bounded norm.

Definition 3.4. (Petersen et al., |2020) Let C > 0. Define
NNC(d,Ny,...,Np) ={® € NN(d,N1,...,N) : ||®||sotar < C},
as a set of neural networks with uniformly bounded weights, where

||(I)Htotal = KilllaXL HAEHmaa: +£inaX HbZHmax

e 3ty



and || - ||max equals the absolute value of the entry of largest magnitude from a matriz or
vector. For Q C R? and p: R — R, also define

RNNPC(d, Ni,...,Np) := RY(NNC(d, Ny,..., Np))

as a set of realized neural networks with uniformly bounded weights and biases.

_ d
Petersen, Raslan, and Voigtlaender show that R/\/’/\/’L BBl (d,Ny,...,Np_1,1) is not

closed in LP([-B, B]¢) or in C([—B, B]¢) with respect to the L> norm. However, sets of
realized neural networks with uniformly bounded parameters are closed (in fact, compact)
in these spaces by Proposition 3.5 in (Petersen et al., 2020).

Since Sobolev convergence is stronger than LP convergence, RN N g’c(d, Ny,...,Np)is
also closed in Sobolev spaces.

Corollary 3.5. Let Q C R? be compact, C > 0, p € [1,00], k € N, and p : R — R be
continuous. Then RNN?’C(d, Ni,...,Np) is closed in WkP(Q).

Proof. If (fn)nen C RNN;Z’C(d, Ni, ..., Np) satisfies || fn, — fllwr.r(q) — 0 for some f, then
fn — fin L? norm. Thus, f € ’R,J\/'J\/'g’c(d, Ni,...,Np) because this set is closed in LP(2)
by Proposition 3.5 in (Petersen et al., [2020)). O]

The nonclosedness of RNN f} in Sobolev spaces has significant consequences for ap-
proximating functions using neural networks. Indeed, it says that for any architecture
S =(d,Ny,...,Np_1,1) with L > 2 and N;_; > 2, there is a non-network target function
fe RNN?(S) \RNN?(S), where the closure can be taken with respect to Sobolev norm
of the appropriate order. Combined with the closedness of the set RANN f}’C(S ) with uni-
formly bounded weights, this means that if [|[R,(€2)(®n) — f[lws»(q) — 0 for some sequence
of networks (®,),en with architecture S, then ||®,||tota; — 00. This may explain the phe-
nomenon of weights growing without bound that sometimes occurs when training neural
networks, and it indicates that using Sobolev training for neural networks can still lead to
such a growth of parameters for some target functions.

3.2 Network Parameter Growth Rates

We have seen that convergence of a neural network to a non-network target function requires
infinite growth of at least one network weight, but we would like to know how quickly the
weights must grow relative to the decreasing approximation error. An interesting area
of further research would be to describe this relationship for fixed architectures in full
generality based on characteristics of the activation function, target function, and network
architecture. We describe the approximation error decay for most activation functions in
the case of a certain sequence of networks learning the derivative of the activation function.

Proposition 3.6. Let p € C™(R) for some m > 2, the softsign function, or ELU (cf. Table
. Let (hp)22, = (Rﬂs(@n))%’zl be the sequence of realized neural networks in RNN(1,2,1)
from the proof of Theorem . Further let p € [1,00] and let  C R be a compact, mea-
surable set with nonempty interior. Then ||hy, — o[ r) < Cp/|®nlltotar for a constant C,
depending on p but not n.



Proof. See Appendix O

In other words, Proposition [3.6]shows that the LP approximation error is approximately
inversely proportional to the networks’ total norms for a sequence of networks learning the
activation function derivative. Note that when the activation function is not analytic, its
derivative is a non-network target function.

3.3 Commonly Used Activation Functions

Though some of the assumptions on the activation function required by Theorems [3.1] and
B-3] seem strong, they are satisfied by many commonly used activation functions. Thus, the
results of these theorems apply, and sets of neural networks are not closed in various orders
of Sobolev spaces for Q compact and p > 1. Table [I] summarizes which results apply to
several common activation functions.

Q
Name o(x) Smoothness/ RNN,
Boundedness not closed in
Rectified Linear max{0, z} C(R), abs. cont., Wor(Q) [1]
Unit (ReLU) p € LP(Q)

Exponential Linear C(R), p/ abs. cont.,

T Xz>0 + (€ — 1) - Xa<o Whe(Q
Unit (ELU) 20+ ) e p’ € LP(Q) )
1 /
Softsign Hﬁ:cl C*(R), p/ abs. cont., W (Q)
p' e LP(Q)
Inverse Square Root Z - X0 + ﬁ e C?(R), p" abs. cont., W2e(Q)

Linear Unit (a > 0) p" e LP(Q)

Inverse Square Root . fm2 real analytic, all Wk (©) for all k
Unit (a > 0) derivatives bounded
Sigmoid e real analytic, all WH2(Q) for all k
derivatives bounded [2]
tanh e real analytic, all Whe(Q) for all k
e derivatives bounded [2]
arctan arctan(x) real analytic, all WkP(Q) for all k

derivatives bounded [3]

Table 1: Many activation functions used in practice satisfy some smooth-
ness and boundedness properties so that Theorems and apply.
Thus, RNN 2 is not closed in various orders of Sobolev spaces for §2
compact and p € [1,00]. Some results in the table are found in the
following references: [1] (Petersen et al., [2020) [2] (Minai and Williams|
1993) [3] (Adegoke and Layeni, 2010).



The smoothness and boundedness assumptions for the ReLU, exponential linear unit,
softsign, and inverse square root linear unit can be checked by hand. The real analyticity of
the other activation functions is established by properties from (Krantz and Parks, [2002).

For these activation functions, sets of realized neural networks are not closed in Sobolev
spaces of certain orders. Thus, using Sobolev training still allows these networks to learn
non-network target functions, although doing so will cause unbounded growth of parameters,
which follows from Corollary [3.5]

4 Experimental Results

We now show some experimental results that demonstrate the nonclosedness of sets of
realized neural networks in Sobolev spaces and examine the rate of parameter growth.
Specifically, we use Sobolev training with an Adam optimizer (Kingma and Bal [2017) to
produce sequences of neural networks that approximate non-network target functions.

For activation functions that are m-times but not (m + 1)-times differentiable, we know
from the proof of Theorem that there is a sequence of networks that converges in
Sobolev norm to the derivative of the activation function. The derivative is not a realized
neural network because it is only (m — 1)-times differentiable. With this as motivation,
each trial of our experiment trains a network to learn a randomly generated (m — 1)-times
differentiable target function in Sobolev norm. We consistently observe a rapidly decreasing
approximation error and a fairly steady growth of network weights.

Approximation Error — ELU Sobolev Training Total Norm of @, — ELU Sobolev Training Target Function — ELU Sobolev Training

— [Zloss 051 8 = Target
Sobolev Loss .‘.-’ Network

0 1000 2000 3000 4000 5000 0 1000 2000 3000 2000 5000 -4 -2 0 2 4
Epoch Epoch

(a) Training error. (b) The network norm. (c¢) The target function.

Figure 1: For each of 100 target functions f, we train_an ELU network
® in N'N(1,10,1) to minimize |[R5 (@) = fllyr2. (a) The best W12
training loss achieved thus far is plotted at each epoch and averaged over
all 100 experiments. @ The total network norm is averaged over all 100
experiments with 95% confidence bands. An example target function
is plotted along with the realized neural network after training.

Figure [I] shows the results of 100 trails of ELU networks learning non-network target
functions in Sobolev norm. Since ELU is C! but not C?, we train the networks to learn
randomly generated piecewise linear (CY but not C!) functions in order-1 Sobolev space.
We see that the L? and Sobolev approximation errors decrease rather quickly, while the
total network norm increases quickly at first and then at a fairly steady rate.
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These results are consistent with Theorem We see that networks are able to closely
approximate non-network target functions, which is evidence of the nonclosedness of sets
of realized neural networks in Sobolev spaces. Appendix [B] provides similar results for the
ISRLU activation function. Since ISRLU is C? and not C3, we train these networks to learn
randomly generated piecewise quadratic target functions in order-2 Sobolev norm.

For real analytic activation functions, Lemmal[A-3|indicates that realized neural networks
can approximate coordinate projection maps to arbitrary accuracy. We trained a sigmoid
neural network to learn the projection map P : R2 5 R given by Pj(x1,x2) = x1 in order-2
Sobolev norm. We reset the network weights and repeat the training process 100 times to
assess whether sigmoid networks consistently learn P, which is a non-network function.

Approximation Error — Sigmoid Sebolev Training Total Norm of ©, — Sigmoid Sabolev Training Target Function — Sigmeid Sebolev Training

— L% Loss
Sobolev Loss

0 r=] 50 = 100 125 150 173 200 0 r=] 50 b 100 125 150 175 200 —4 -2 0 2 4
Epoch Epoch
(a) Training error. (b) The network norm. (¢) The target function.

Figure 2: 1In 100 repetitions, we train a sigmoid network & in
NN(1,10,1) to minimize ||RL_5’5P(CI>) — Piljw2e. @) The best W22
training loss achieved thus far is plotted at each epoch and averaged
over all 100 experiments. (]ED The total network norm is averaged over
all 100 experiments with 95% confidence bands. The target function
(blue) is plotted along with the realized neural network (orange) after
training.

Figure [2] shows the results of 100 trials of sigmoid networks learning P; in order-2
Sobolev norm. Note that P; is a non-network target function because it is unbounded, as
discussed in the proof of Theorem (3.3 As in Figure [I, we see that the L? and Sobolev
approximation errors decrease rather quickly, while the total network norm increases at a
fairly steady rate.

These results are consistent with Theorem We see that networks with analytic
activation functions are able to closely approximate non-network target functions, which is
further evidence of the nonclosedness of sets of realized neural networks in Sobolev spaces.
Our experiments were done with shallow networks, but we expect the same nonclosedness
to be demonstrated with deep networks since they are necessarily more expressive.

4.1 Network Parameter Growth Rates

The results in Figures [I] and [2] show that realized neural networks are able to approximate
non-network target functions in Sobolev norm with growing parameters, but the relationship
between the approximation error and parameter growth is not clear. In this section, we
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provide numerical evidence for one case of Propositionby showing that L? approximation
error and the network’s total norm are approximately inversely proportional for a softsign
network learning the softsign derivative. We analyze the relationship by making a scatter
plot of approximation error against the total norm. We do the same for the Sobolev error,
even though we do not have a theoretical result for this case.

Loss vs. Norm — Softsign L Training Loss vs. Norm — Softsign Scbolev Training

0.25 0.05/]|@]| 0.2/]|9]|

@ Observed 04 e Observed

0.20

03
015

Loss (L#]

0z
0.10

005 \

0.00 T T T T T T T 00 T T T T
00 02 04 0.6 08 10 12 14 0.0 05 10 15 20

1] ot 1] eaa

Less (Sobolev)

01

(a) L? error vs. network norm. (b) Sobolev error vs. network norm.

Figure 3: We train a softsign network ® in NN (1,2, 1) to learn the soft-
sign derivative and scatter approximation error against the total norm of
. Training error vs. network norm using L? training. Training
error vs. network norm using order-1 Sobolev training.

Figure @) shows that the relationship between L? approximation error and the total
norm is approximately inversely proportional, as stated in Proposition [3.6] Note that our
networks are trained using an Adam optimizer (Kingma and Bay |2017) and thus do not follow
the sequence (hy,)52, from Proposition but we still observe the expected relationship
between approximation error and weights. The relationship for Sobolev error in Figure
(]ED is not as clear. An interesting question of further research is how the relationship
between error and norm generalizes to other target functions, sequences of networks, network
architectures, and higher-order Sobolev norms.
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A Proofs of Results from Section [3

A.1 Proof of Theorem [3.1]
The proof of Theorem [3.1] uses the following lemma.

Lemma A.1. Let d € N, L > 2, B >0, and D > 0. Set Q = [-B
p € C™(R)\ C™(R) for some m € N. Then there exists ® € NN (d, 1,..
layers such that R[?((I))(Q) O [-D,D].

,B]4.  Suppose
1) with L — 1

Proof of Lemma[A.d] Since p € C™(R) \ C™"Y(R) for some m € N, p is not a constant
function. Moreover, since p € C'(R), there exists an open interval U C R such that
0 ¢ p/(U). Hence, p(U) is not a single point and must be an interval with non-empty
interior. Next, choose A; € R™? such that

AQDU.
Since U has non-empty interior, we can iteratively choose A; € R such that
Ajp(Aj—1p(-- - p(A12)---)) DU

for j = 2,...,L — 2. Again since U has non-empty interior, we can choose Aj_; € R*!
and br,_1 € R such that

Ap—1p(Ap—2p(--- p(A1Q)--+)) + br—1 O [=D, D].

Finally, if we let
d = ((Ala 0)7 DI (AL—27 0)7 (AL—17 bL—l))

then Rg(@)(ﬂ) O [-D, D] by construction. O
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We will also use a lemma about the existence of strong LP derivatives on bounded sets,
which is similar to Exercise 8.9 in (Folland}, [1999)).

Lemma A.2. Let p € [1,00] and let K C R be compact with f € LP(K). If f is absolutely
continuous on every bounded interval and its pointwise derivative f' is in LP(K), then

fe+y) =10
)

=0.
LP(K)

lim
y—0

—f'C)

In this case, we call f' the strong LP derivative of f on K.

Proof of Lemma[A.9 Let K C R be compact with f € LP(K). Suppose f is absolutely
continuous on every bounded interval and its pointwise derivative f’ is in LP(K). Since f
is absolutely continuous on every bounded interval, we can write

flz+y) = flz) R Y —
. —f(x)—/ 76yt — f(x)

Y Jz

]‘ Y / /
-~ [ r@+na - re

1 Y / !/
[+ - e

For p < 0o, Minkowski’s inequality for integrals gives

LP(K) - [/K (; /Oy[f’(a:ﬂ) _f,(x)]dt>pd$:| 1/p

< [ ( JIECERE f’(x)]pdfﬁ>l/p dt

Yy Jo
1 Y / !
= [0 = £ O sy

- 1'()

Hf('ﬂ/)—f(')
y

For p = 0o, we can similarly write

Hf(~+y)—f(-)
y

L[ - i

- /() y

= sup
Lo(K) weK

< 1/1/ sup | f(z +¢) — f'(x)|dt

0 zeK

Ty
1 Y / /
= [ 0= O

(We do not have to consider the essential supremum over K because f is absolutely con-
tinuous on K. Moreover, if y < 0 then the negative sign can be absorbed by switching the
limits of integration, which still allows us to move the supremum inside without flipping
the inequality.) Now let € > 0. Since f’ € LP(K), there exists § > 0 such that

Hf,(' 1) - f/(')HLP(K) <e

15



whenever |t| < 4. If |y| < J so we are only integrating over ¢ with |¢| < J, we have

. — f(- 1 [
LESSIC Ry
Y e(x)  YJo
Thus, limy—o ||y (f(- +y) = f() — f'(-)HLp(K) = 0 as desired. O
Proof of Theorem[3.1. Given p € [1,00] and p € C™(R) \ C™(R) as in the statement of
the theorem, we will construct a sequence of functions (f,)° ; in Rf}(d, 1,...,1,2,1) whose

Wm=Le(Q)-limit f is not in C™(Q). Since p € C™(R) implies
RNNJ(d,1,...,1,2,1) € C™(9),

we have f ¢ RNNg(d,l,...,l,Z,l) and hence R/\/'Ng(d,l,...,l,Zl) is not closed in
Wm=1P(Q). Since Ny > Ny for ¢ =1,...,L — 1 implies

RNN(d,Ny,...,Np_1,N) C RNN(d,Ny,...,Np_1,Np)
by Lemma 2.5 in (Petersen et al., 2020), the nonclosedness of R./\/'./\/'g(d, Ny,...,Np_1,1)
holds for any architecture (d, N1,...,Nr_1,1) with L > 2 and N1 > 2.

To construct (f,)%,, first note that p ¢ C™TY(R) implies p ¢ C™TY([-C,C]) for
some C' > 0. Let ® € NN(d,1,...,1) have L — 1 layers such that J(z) := R}(®)(x)
satisfies J(Q2) D [-C,(C] as in Lemma Define a sequence of neural networks ®,, =
((AT,01), (A3,0)) € NN(1,2,1) by

Al = G) eR¥™ b} = <1é"> €R’  Af=(n —n)eRV? bp=0ecR.

Next define h,, : R — R by

pla+1/n) — p(a)
1/n

hul) = RE(®,)(2) = npla + 1/n) — np(a) =

and let f, = hp,oJ = Rf}(q)n e @) so that

p(J(z) +1/n) = p(J(x))
1/n

falz) =

for n € N. Notice that f, € C™(R?) for all n € N, and for any indices i1,...,i; (not
necessarily distinct) with [ < m, we have

o P I) + 1/m) o)y 9P
Ox;, -+ Ox; fn(ﬂt)ZZ( 1/n HH 0z
" U well Ber 11j€B J
by Faa di Bruno’s formula (here the sum is taken over all set partitions 7 of the set {1,...,[}

and the product is taken over all blocks B in the partition 7). We then have

! 1B 7 (4 !
tim @)= 3 () - [T e - T ) )

n—00 83@1 s axil rell Ber HjeB 6$j axil e 81’1'1
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pointwise for I < m. For | = 0,...,m — 1, p*Y is continuous and bounded on every
bounded interval, so p(l) is Lipschitz continuous and therefore absolutely continuous on
every bounded interval. Moreover, p(t1) e LY .(R) by assumption. Hence, by Lemma,
the pointwise derivative of p) agrees with its strong L? derivative on .J (©). Thus, we have

pV(J() +1/n) = pD(J())
1/n

=0
LP(Q)

=D I)

lim
n—0o0

forl=1,...,m — 1. Since all terms in Equation are bounded on ), it follows that

A= AT wmsoy = Jlimm, 2, D% (fa = PTON ey =0
|| <m—1

That is, the sequence (f,)S°; converges in W™ LP(Q) to the function Q@ — R given
by z — f(x) = p/(J(x)). Since [-C,C] C J(2), we have f ¢ C™(2) and therefore
fé Rf}(d, 1,...,1,2,1). Hence, Rf}(d, 1,...,1,2,1) is not closed in W™= 1P(Q).

If in addition p(™ is absolutely continuous and the weak derivative p(™t1) exists and is

in Lj .(R), then Lemma gives

=0
LP(Q)

lim
n—oo

(M (T 4 1/m) — o™ ( (-
p (J( ) + 11//71 p (J( )) _ p(m+l)(J())

and therefore

i [ = 0T ey = Jtm, 2 10 = TNl ooy =0
|a|<m

Hence, Rf} (d,1,...,1,2,1) is not closed in W"™P(Q) under this further assumption on p. [

A.2 Proof of Theorem [3.3

The proof of Theorem uses an intermediate result which states that neural networks
can approximate coordinate projection maps in Sobolev norm under certain conditions on
the activation function.

Lemma A.3. Let p: R — R be real analytic, bounded, and not constant. Suppose that all
derivatives p™ of p are bounded. Then for every d,L,k € N, p € [1,00], € >0, B>0, and
every i € {1,...,d}, one can construct a neural network &)fi,k,p e NN(d,1,...,1) with L
layers such that

<e
Wk ([-B,B]4) —

67l7k7p ’

|REPP (@5, - P

where Pi(z) = x;.

Proof of Lemma[A.3 Without loss of generality, we only consider the case e < 1. Set
Q:=[-B,B]? and ¢ := ¢/ ((k+1)(2B)¥?L) (in particular, ¢ = ¢/(k + 1)L for p = ).
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Since p is in C*°(R) and is not constant, there exists zp € R such that p'(z) # 0. For each
C > 0, define CI)C ((Al, bl) (AQ, bg)) S NN(d, 1, 1) by

C
— e R by=——7" eR!
p'(20) p'(z0)

Alz(% 0 --- Q)GRIXd7 b=z €R!, Ay=

R0 ) = s (5 +20) = SR

where x = (z1,...,24). Notice that

1 zo+x1/C) — p(z
QGO T , pz0 +21/C) — p(20)
ClgnooR ((I) )( ) - Clgnoo 1 p/(ZO) SCl/C N

pointwise. In fact, there exists some Cy > 0 such that |Rf}(<i>?)(1:) —x1| < € for all
€ (=B — Le, B+ Le)? and all C > Cy. To see why, notice that by the definition of the
derivative there exists 0 > 0 such that

plzo +1t) —plz0) ' (20)] - €
d r U p(z0)] < H—gﬁ (2)

for all ¢t € R with |¢t| < §. Set Cy := (B + L)/ and let C' > Cj be arbitrary. Since € < 1,
every o € (—B — Le, B + Le)? satisfies |z1| < B + L. If we set t = x1/C, then

t| = |21]/C < (B+L)/C < (B+L)/Co = 5.

It follows that

b _|_¢ L1 Cp(20)
D@ —al = ey (@) =) _“’
|| (0= )~ =
= p,(CZO) |p (20 +t) — p(20) — o' (20)t]
<|7Ga| Bz M by @)
1 C ] 1P (z0)- € ‘
T |p(z0)| 1+B+L

for all € (—B — Le, B + Le)? and all C' > Cy. We also have

0
o FEE0)@) =

C—oo

NES! )
(2 Loy
”(C”O

' (20)
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pointwise. Note that p’ is Lipschitz because p” is bounded. Hence, if we define Cy :=
B -Lip(p')/(|p'(z0)| - €1) (where €& > 0 will be chosen later) then

9 rogC L _
8x1R (@) (@) - 1’_ 0 (20) P (C’ +ZO> 1‘
_ 1 ’ Ty
= | () p <20+ C) P(Zo)’
1 . I
< L —
= |7y | P
B-Lip(s) 1
[/'(z0)]  Ch
—&

for all x € Q and all C > C;. We also have

o" 1 1 C—o0

5 0@ = o s o™ (G o+ 20) S0

pointwise for n > 2. In fact, if we define C,, := max(1, ||p||oo/(|¢'(20)| - €,)) (Where &, > 0
will be chosen later) then

S REEO@) ~ 0| = [ s 0 (B +0) =0
= e 1P (G + )
<& oy 10l
<o 1ol

for all x € Q and all C' > C,,. Set C* = max(Cy,C1,...,Ck). Then

RO ) (@) - | < €'
0

—RI®T)(z) — 1] < &y,
ox1
’Rﬁcbc* z) — 0] < ép, n=2,...k
for all z € Q). Furthermore, any partial derivatives involving xs, ..., x, are identically zero.

Next define a network ®§" = ((A7, b)), (A5, b4)) € NN(1,1,1) by

C*
1x1 1 1x1 /
A/ C*GRX bll_ZOGR, A/2— /(ZO)GRX’ b2_—

19



and define ®¢" = 0" e- - 0 DS D" € NN (d, 1,...,1), where we take L—2 concatenations
to get L layers. Then

R} (®7)(x) = (pc+ 0 -+ 0 pc+)(21)

where po«(2) = p’%’go) p (& +20) — C;/()Z())) is applied L times. Inductively, we have

YN @) — | < 1 = G ©)

by applying pc L times. Working with the derivatives a—(pc 0.0 pc) (z1) is not as
simple because the derivatives of this composition of functlons will involve applications of
the chain rule and product rule. However, we only apply the chain rule and product rule

finitely many times, so Equation and the boundedness of all derivatives of p guarantee
that €1, ..., €, can be chosen so that

8 Q/5C* €
— P —-1| <
8SC1R ( /@) ‘_ (k+1)(2B)d/p
Q c* _ € _
’R (®~ )(z) Olg(k—kl)(QB)d/P n=2,...,k
For p < o0, it follows that
Q5C* _ ap §5C* «
) = 3 [y
k
8” Q ’"‘C* 8
= —R)(®Y ) — P
= oz} * ozt )
k n n 1/p
" _a, zc 0 P )
= — — —Pi(x)| dx
S (g - ggh
k ¢ P 1/p
< d
—2(/9 (k+ 1)(2B)d/» ‘””)
k 1/p
_ d il
_,Z%((QB) wrvaEy)
Foe
n:0k+1
=e.
For p = oo, we have
QraC*y _ apQ HFCTY _ Do
|22@) =Py = 2 PRI DR
o<k
| om o
_Z 7RQ((DC*) 711]:)1
Oz} Ot |l oo ()
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IA
o3
M-
N
+ |
—_

For i = 2,...,n we can just permute the columns of A; accordingly. O

We will also need to consider Sobolev convergence of compositions of functions, for
which the following lemma will be useful.

Lemma A.4. Let k € N and p € [1,00], and let Q C R? be bounded and compact. Suppose
(gn)nen C C°(Q) is a sequence of functions such that ||gn — h|lyrr — 0 for some h €
C®(Q). If (fn)neny C C(Q) is a sequence of functions whose derivatives are all bounded
independent of n, then

nlggo [fnogn— fno hHkaP(Q) = 0.
That is, if g, — h in Sobolev norm, then f, o g, — fn o h in Sobolev norm.

Proof of Lemma[A.] For any ¢ < k, we have

8l 9!Bl
axl . (fTL o gn fn gn HJGB a.’E]

well Benm
and l ]
0 0'""lh(x
(o b)) = 3 S (h
Ory---0x 7;[ El;[ﬂ HyeB 695]

by Faa di Bruno’s formula, where the sum is taken over all set partitions 7w of the set
{1,...,1} and the product is taken over all blocks B in the partition 7. Subtracting these
two expressions, we get a sum over 7 € II of terms of the form

oI Bl OB h(x
Iﬂ\) gn(@ _ Iﬂ\
H H]EB axa fa H H B@x]

Bern Ber

:fn|7r| H o8 |gn . n|7r| H O‘B|h (4)

Ber H]EB 835] Ber H]GB ax]

10 (ga() - TT 0P h(x F1D (B(z)) - HM (5)

Ber HJEB ax] Ber HjGB aajj

(note that we added and subtracted a cross term). For the first term (4]), we have

| B . |B|p (.
£ () T 20 ptimb g, ) T bl

Bex LLjeB Oz; Ber [ljep97;

Plgn() _r OP)

Ben HjGB 858]' Ber HjEB 8$j

Lr(Q)

<C

Lr(Q)
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for some constant C' since fT(L‘WD is bounded independent of n. Note that for each factor in
the product over B € 7, we have

0P gu() _ 9PIn()

=0
HjEB Ox; HjeB Ox;

Lr(Q)

lim
n—oo

since limy—o0 [|gn — Pllwrr = 0 and |B| < £ < k. It follows that the entire product
converges to 0 in LP norm as n — oo. Indeed, for ¢1, ¢2, 11,12 bounded and p < oo,

6162~ brvallpey = [ 101(2)62(a) = 1 (@)l P
Q
- /Q 161(2)da(x) — 1 (2)pa(z) + 1 (2)da(z) — 1 (@)a(e)Pda

< ovt (/ﬂ |¢1(@)p2(x) — 1 () d2(x)[Pdw + /Q |h1(2) P2 () — wl(w)lﬁz(ﬂfﬂpdw)
<2y, (101 = 01l uq + 162 = Ul )
by Minkowski’s inequality, where Cy, 4, bounds both 4|7 and |¢s|? on ©2. For p = oo,
P12 — Y192l o) = sup [91(2)pa () — Y1 (@) h2(z)]
= sup |¢1(2)d2(x) — P1(x)da(z) + 1 () Pa(x) — b1 (@) ()]
< sup (Ip2(2)l|01(2) — Yr ()] + |1 (2)l|p2(x) — ha()])

< Cyrpn (;gg 61(2) — 1 ()] + sup | da(z) — wz<x>\)

€

= Cyy.o (|01 = 1l oo () + 162 = P2ll ()

where Cy, ¢, bounds both [¢1]| and |¢2| on €. Thus, if ¢1, — 91 and ¢2,, — P2 in LP
norm as n — oo with Cy, 4, independent of n, then ¢1 ,¢2, — Y192 in LP norm. For the
second term , we have

olB ‘h 3IB|h
ITrI _ \ﬂl
H H]EB 8373 fa H H]GB

Ber Ber

Lr(Q)

<G Hfé‘“”(gn(o) - fé'”“(h(-))\

LP(Q)

for some constant Cj, since all derivatives of h are bounded because h € C*°(Q2) with 2

compact. Since all derivatives of f, are bounded independent of n, f, () s Lipschitz with
constant M independent of n. Thus, for p < oo, we have

|74 ga ) = £ () |

- / 0 (g (@) — £ (h(a) P da
<M [ Jgula) ~ )P
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= M?||gn — |7,
For p = 0o, we have
= SUP!f' ™ (gn(@)) = £ (h(2)))|
< M sup |gn () — h(z)]

zeN
= M|\ gn — hllr~ (o)

| £0 (gn()) = £ () |

Lo (Q)

In either case, the second term converges to 0 as n — oco. It follows that

lim HD (fnogn anh)HLP(Q) =0

n—oo
for any multi-index o with |a| <k, s0 limp—e0 || fn © gn — fn © hllyrpq) = 0. O
Proof of Theorem[3.3. Set Q := [-B, B]¢. Since p € C*°(R) is not constant, there exists

2o € R such that p'(29) # 0. For eachn € N, define ®;, := ((A},b}), (A%,0%)) € NN (1,2,1)
by

n __ 1 2x1 n __ 0 2 n 19 no .
so that

plo+3/m) — plz0)
x/n

Ry (@p)(x) = p(x) + np(w/n + 20) = np(z0) = p(a) +

for all x € R. By Lemma [A.3] m there exists a sequence of neural networks (®2),cn C
NN(d,1,...,1) with L — 1 layers such that

<

(ACHES| (6)

1
Wke(Q) = o,
for each n € N. Define ®,, = ®. e ®2 € NN (d,1,...,1,2,1). Consider the map F : R? — R
defined by F(z) = p(z1) + p'(20)z1. We have

IR (@, - HRQ — RE(®L) o P + RE(@L) 0 Py — FH

FHWICP( —B,B)d Wk (Q

HRR ) o RY(®2) — RE(®) oP1H

e n=r
Wk:p(Q)

Since %RE(@%)@) pO(z) + p(x/n 4 2)/n’"1, each derivative of RR(<1>1) is bounded
independent of n. Combmed with equation @ and the boundedness of all derivatives of p,
this implies that

]R Q 2 R n— 00
HR )o RY(®2) — R%(a} oPlHWw o 0
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by Lemma [A:4] Next note that

p(z0 +x1/n) — p(20) n—oo
x1/n

Ry (®y,) 0 Pi(z) = p(a1) + 21 - p(a1) + p'(z0)21 = F(2)

pointwise. An argument similar to the one in the proof of Theorem [3.1] shows that

|RE@L) o P - F| o 0
Wkp(
since the pointwise derivative agrees with the strong LP derivative. In total, we have

n—oo

Q
HRP (@n) — Flec,p(Q) A
However, Flo ¢ RNN(d,1,...,1,2,1). To see why suppose we had F|q = Rg(\ll) for some
neural network W. Since p is analytic, F' and RIEd(\IJ) are both analytic and coincide on 2 =
[~ B, B]¢. Hence, we must have F = Rﬂfd(\ll) on all of R%. Note that F(z) = p(z1)+p'(20)x1
is unbounded because p is bounded and p/(zy) # 0. However, Rﬂfd(‘ll) is bounded because

p is. This contradicts F' = REd(\I’), so Flg # Rg(\ll). Since

n—o0

HR;?((I)”) - FHwk,p((_B,B)d) —0
with RY(®,) € RNN(d,1,...,1,2,1) but Flog ¢ RNN(d,1,...,1,2,1), we have shown
)

that R./\/./\/(d, s, 1,2.1) s not closed. O

A.3 Proof of Proposition

Let p : R — R be arbitrary, and define (hy,)32; = (Rf(@n));o:l to be the realized networks
in RNN(1,2,1) as in the proof of Theorem (even if p does not satisfy the hypotheses
of the theorem). Then

1Pl o1 = max{1l,n} + max{0,1/n} =n+ (1/n) < 2n.

Thus, our goal will be to prove for compact, measurable {2 C R with non-empty interior
and various p that there exists C),, dependent on p, p, and possibly €2 but independent of n
such that

[ = PlHiv(Q) < Cpn?
For p = 0o, we will show directly that
[ = pIHLOO(Q) <Cn”!

for some C' independent of n. For some of the p, the bound will be over all of R rather than
over §2.
Let p € C™(R) for some m > 2. Since ) is compact, HPHHLOO(Q) is finite, where

Q={z:z or z—(1/n) € Q}. Let 2 € Q. It follows from a first order Taylor approximation
that there exists £ € (z,x 4 (1/n)) such that

’ ’ _ plx+(1/n)) —plz) 1

" Loy
1/n p(x)| = %}p (5)‘ < %Hp HLoo(ﬁ)~
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Thus, for p < co, we have

1 P _
I = ey = (36" ) 191 = G
where || is the measure of © and C), is independent of n. For p = oo, we have

1 -
1 = Pl oy < 3 16" ooy =2 O™

where C' is independent of n.

Now let p be the softsign function p(z) = x/(1 + |z|) from Table Then p'(z) =
1/(1 + |z])2. Tt follows that

| ()

- ‘ (1 + |Z+1/?/)n>| e m) e +1|x\>2

TGV E=E 20

. 2na34-2(1—n)z?—4z—(1/n)
=3 | et /n)(1=2)2 | —1/n<x <0
n(l—a:—(l}n))(l—a:)Q z < —1/n.

For p < 0o, we have

[ = p,HZP(Q)
Y 1 P . 0 |2nx3+2(1—n):c2—4x—(1/n)‘ P .
[ Gareramasae) ° */1/n< A to+ 1m0 —a) ) !

" /o:/n (n(l —z— (11/n))(1 — x)2>pdx
=:A+B+C.

We begin by bounding n” A:

p _ o0 1 x [ee] 1 x_ 1
"A‘/o v ot mp s 5" </0 x5t (7)

Similarly,

o —1/n 1 —1/n 1 B 1
o= /_oo 0=z /mpa o™= /_oo T o™ "1

We now seek to bound B. Let g(z) = 2na® + 2(1 — n)2? — 4z — (1/n) so that |g(x)[P is the
numerator of the integrand of B. We would like to bound |¢(x)| over [—1/n,0]. Note that
q(0) = —1/n and ¢(—1/n) = 1/n. Also,

¢ (z) = 6nz? +4(1 — n)z — 4,
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and thus ¢'(x) is zero when

n—1++vV1+4n + n?
3n '

Since (n — 14+ v1+4n+n?)/(3n) > 2/3 > 0, we only care about the case g = (n — 1 —
V1+4n+n?)/(3n). We claim that g(zp) > 0 and thus an upper bound on ¢(zo) is an
upper bound on |¢(zp)|. To that end, we note that

-1 n—1—+vV4+4+4n+n? n—1—+v1+2n+n?2 =2
— = <z < = —,
n 3n 3n 3n

where ¢(—1/n) = 1/n and q(—2/(3n)) = 2/(9n?) + 7/(9n). Since ¢” is negative over the
interval [—1/n,0), this implies that ¢ is positive over the interval [—1/n,—2/(3n)], which
includes zg. So we now bound ¢(xo):

27n%q(xg) = —4n® — 24n% —3n 4+ 4+ (4n® +16n +4)\V/n2 +4n + 1

< —4n? —24n* — 3n + 44 (4n® + 16n + 4)V/n2 + 4n + 4
= 32n + 14.

61 _ 32 (14 _3mild 1
27n ~ 27n? 32n)  27n? n’
it is an upper bound for |¢(x)| over [—1/n,0]. We now bound B:

<267f)p b= /Ol/n (1+a+t (1/1n))(1 o

/l/(Qn) 1 4 0 1 J
< m—l—/ _ 1 &
i (I+z+(1/n))% —1/(2n) (1 —)3P

_2/1+1/(2n)1d— 2 (1 (14— o
T a:3px_3p—1 a +2n

2
< .
“3p-1

Putting together , , and @, we obtain for any measurable 2 C R

1 11 64 \? _
= iy < o = ey < s (s 5 +2 () ) = Con™

where C), does not depend on n. For p = oo, we can use the piecewise expression for
|hn(z) — p'(z)| and the bound for |¢(z)| to see that

% x>0
() = p'(@)| < ¢ o5y —1/n < <0
1 x < —1/n.
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Thus, we have

64 _
[ = p,HLOO(Q) = i Cn™!

where C' is independent of n.
Finally, let p be the ELU function p(z) = xxz>0 + (¢ — 1)xz<o from Table [Il Then

P (%) = Xa>0 + €"Xu<o and for all z # 0, p"(z) = e®xa<o-
We first compute for x > 0:

pla+ (Ufn) —pla) |
=) | -

z+(A/n)—z

m 11=0.  (10)

[on2) — o/ ()] = '

For # < —1/n, we may use Taylor approximation to prove the existence of a { €
(x,z + (1/n)) such that

‘hn(x) —pl($)| — ‘P($+ (11/771) —p(:c) _p/(x)‘ _ 1 Il(f)‘ _ 1 ¢ < e =

where for p < oo,

1/n p —1/n 1/n p 1/n Poi/n 1/n p 1
¢ ¢ :/ ) de=|(6 / ePrdr = | & Ze P/
2n oo 2n 2n oo 2n P
Lp((—o0,—1/n])
11

What remains is to analyze |hy,(z) — p/(z)| for —1/n < x < 0. To this end, we compute

p(z + (1/n)) — plx) (@+dA/n) = (=1
1/n 1/n

i) = 0) = | o) -

=lnx+1-—ne®*+n—¢€"=|(n+1)(1-¢€")+ nx|
=: |g(z)]-
We will use Taylor’s theorem over [—1/n,0) both to show that g(x) is non-negative and to

give an upper bound. To this end, for each = € [—1/n,0), there exists an £ € (z,0) such
that

g(z) = (n+1) (—x — e;ﬁ) +nr=—z—(n+ 1)65932 = (1 +(n+ 1)62635) .

Since * < 0, —x > 0 and 1+ (n + 1)efz/2 < 1. Thus —z is an upper bound of g over
[~1/n,0). All that is left to show is 1 + (n + 1)efz/2 > 0. As ef < e’ =1,

014l g (ot DeE
n 2
as desired. This yields
0 0 1 1
1901/ = | | o@ P < / = e < (1)
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Putting , , and together, we obtain

1 11

P . _
th — p,HLP(Q) < m + %ﬁ = Cpn p’

where C), does not depend on n. For p = oo, we have seen that |hy,(z) — p/(z)| < L for all
x, and therefore ||h, — PIHLOO(Q) < n~! as desired.

B More Experimental Results

In this section, we include experimental results using the ISRLU activation function. Since
ISRLU is C? but not C3, we train the networks to learn randomly generated piecewise
quadratic (C! but not C?) functions in order-2 Sobolev space.

w0 Approximation Error — ISRLU Sobolev Training Total Norm of @, — ISRLU Sobolev Training Target Function — ISRLU Sobolev Training

L7 loss x5 m— Target

Sobolev Loss = Network
400

300

Erro
orm
¥

200 10 0

100 5 :

] 1000 000 3000 4000 5000 ] 1000 000 3000 4000 5000 -4 -2 0 2 4
Epoch Epoch

(a) Training error. (b) The network norm. (c) The target function.

Figure 4: For each of 100 target functions f, we train an ISRLU network
® in N'A(1,10,1) to minimize | RS >*(®) — f|lwe2. (a) The best W22
training loss achieved thus far is plotted at each epoch and averaged over
all 100 experiments. (]ED The total network norm is averaged over all 100
experiments with 95% confidence bands. An example target function
is plotted along with the realized neural network after training.

Figure [4] shows the results of 100 trails of ISRLU networks learning non-network target
functions in Sobolev norm. We see that the L? and Sobolev approximation errors decrease
rather quickly, though the Sobolev error is still decreasing, indicating that the networks are
still learning the target functions. As with the ELU experiments, the total network norm
increases quickly at first and then at a fairly steady rate. In this case, however, the 95%
confidence bands are wider because the norm grew fairly large in a few cases and did not
grow much in some other cases.

These results are again consistent with Theorem We see that networks are able to
closely approximate non-network target functions, which is evidence of the nonclosedness
of sets of realized neural networks in Sobolev spaces. These experiments demonstrate non-
closedness for a C? activation function in order-2 Sobolev space. Combining this with the
ELU and sigmoid results, we see that these numerical observations of nonclosedness and
parameter growth hold for varying degrees of smoothness of the activation function.
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