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Abstract

In this paper, we address the problem of constructing C? cubic spline functions on
a given arbitrary triangulation 7. To this end, we endow every triangle of 7 with a
Wang—Shi macro-structure. The C? cubic space on such a refined triangulation has a
stable dimension and optimal approximation power. Moreover, any spline function in
this space can be locally built on each of the macro-triangles independently via Hermite
interpolation. We provide a simplex spline basis for the space of C? cubics defined on a
single macro-triangle which behaves like a Bernstein/B-spline basis over the triangle.
The basis functions inherit recurrence relations and differentiation formulas from the
simplex spline construction, they form a nonnegative partition of unity, they admit
simple conditions for C? joins across the edges of neighboring triangles, and they
enjoy a Marsden-like identity. Also, there is a single control net to facilitate control
and early visualization of a spline function over the macro-triangle. Thanks to these
properties, the complex geometry of the Wang—Shi macro-structure is transparent to
the user. Stable global bases for the full space of C? cubics on the Wang—Shi refined
triangulation 7 are deduced from the local simplex spline basis by extending the
concept of minimal determining sets.
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1 Introduction

Piecewise polynomial spaces defined over polygonal partitions, usually triangulations,
have applications in several branches of the sciences including geometric modeling,
signal processing, data analysis, visualization, and numerical simulation; we refer the
readerto[11,12,26] and Sect. 5.2 for some examples. For many of these applications, a
smooth join between the different pieces is beneficial or even required; C? smoothness
is often preferred. Such spaces are commonly referred to as (bivariate) spline spaces.
According to [26, page 197], in general we would like to work with low degree splines:
They involve fewer coefficients and have less tendency to oscillate.

An indispensable feature for a spline space to be useful in practice is having a
stable dimension that only depends on the degree (d), the order of smoothness (r),
and combinatorial—or other easy to check—properties of the partition (7°). When 7
is a triangulation, the dimension can be expressed in terms of the above quantities
for spline spaces with d > 3r + 2; see [20] and [26, Chapter 9]. On the other hand,
instability in the dimension has been illustrated for d = 2r in [13]. We refer the
reader to [52] for recent results on the dimension of spline spaces on triangulations
with nonuniform degrees. Similar results are known for spline spaces over general
rectilinear partitions; see [7,31] and references therein.

Spline spaces with too low degree compared to the smoothness are also exposed
to several other shortcomings. In particular, they might lack optimal approximation
power, a property strongly related to the possibility of constructing stable bases with
local support for the considered spaces [26]. In this perspective, the bound d > 3r 42
plays again an important role in identifying the spline spaces with optimal approxi-
mation power on a given triangulation [26, Chapter 10]. Furthermore, the possibility
of constructing any function of the spline space locally on each of the elements of
7T is often seen as a desirable, if not imperative, property for practical purposes. On
a triangulation, a degree d > 4r + 1 is necessary to admit such a local construction
[8,26,56].

The above lower bounds on the degree can be alleviated by considering the so-
called macro-elements, where the partition 7 is further refined in a specific manner
(often referred to as splits). In case 7 is a triangulation, the most famous examples are
the Clough—Tocher (CT) split [8,9,26,40] and the Powell-Sabin (PS) 6 and 12 splits
[1,26,36,40,43]. They subdivide each triangle of 7 into 3, 6, and 12 subtriangles,
respectively. To achieve global C? smoothness, polynomial pieces of at least degree
d =T are necessary for the CT split, while at least degree d = 5 is required for both
PS splits of 7. All these spline spaces have a stable dimension and possess optimal
approximation power [24-26]. Other common macro-elements also require at least
degree d = 5 to realize C? splines with the above properties on a refined partition
only consisting of triangles [26, Section 7.7].

The Bernstein polynomial basis is the most common tool for the construction and
analysis of splines on a given triangulation 7 [26], as it helps in localizing imposition
of smoothness conditions across edges of (the refinement of) 7. Interesting alternatives
have been developed for CT and PS splits in [10,28-30], where a simplex spline basis
for the local spline space over a triangle of 7 has been considered. Such a basis behaves
like a Bernstein polynomial basis for imposing smoothness across edges of 7 and like
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a B-spline basis internal to each triangle of 7. Neither the Bernstein polynomial basis
nor the simplex spline basis provides a global basis for the full spline space on (the
refinement of) 7. To achieve a global basis, one may apply the general framework of
minimal determining sets via the local Bernstein basis; see [26]. Global B-spline bases
have been constructed for C!' PS spline spaces on triangulations [14,18,19,49], for PS
spline spaces with higher smoothness [17,45,47], and for CT spline spaces [46].

While in the univariate case C2 cubics are probably the best known and most used
splines, the above discussion shows that dealing with C? cubics in the bivariate setting
is an arduous task. In this paper, we address the problem of building and handling C>
cubic splines on a suitable refinement of any given triangulation 7. Our wish list for
the spline space consists of stable dimension, optimal approximation power, and local
construction on any (refined) triangle of 7. Moreover, we want a practical construction
of a stable global basis for the space at our disposal.

Despite the high smoothness and the minimum gap between degree and smooth-
ness, a C2 cubic space can be obtained by splitting any triangle A in 7 according
to a degree-dependent scheme introduced by Wang and Shi [55]. Contrarily to the
well-known splits mentioned above, the family of Wang—Shi (WS) splits generates a
very large number of polygonal pieces in each A; for cubics, we get a set of 75 poly-
gons which includes triangles, quadrilaterals, and pentagons. In practice, this complex
geometry hampers a piecewise treatment—in terms of a local polynomial basis—of
spline functions on WS splits and discourages the use of such an interesting space.

To overcome this issue, we propose a simplex spline basis for the local space of C2
cubics on the (cubic) WS split of any A in 7. The basis functions enjoy the following
properties:

— They form a nonnegative partition of unity.

They inherit recurrence relations and differentiation formulas from the simplex

spline structure.

— For each of them, the restriction to a boundary edge of A reduces to a classical C?
cubic univariate B-spline.

— They admit simple conditions for C? joins to neighboring triangles in 7.

— Cubic polynomials can be represented through a Marsden-like identity.

— They lead to well-conditioned collocation matrices for Lagrange and Hermite
interpolation using certain sites.

— A control net can be formed that mimics the shape of the spline function and
exhibits distance O (h2) to any one of its control points from its surface, where A
is the length of the longest edge.

Thanks to the characteristics of the simplex spline basis, one can avoid to consider sep-
arate polynomial representations on each of the polygonal subelements of A. Instead,
there is a single control net to facilitate control and early visualization of a spline
function over each element A in 7. This makes that the complex geometry of the
WS split is transparent to the user. However, the simplex spline basis is a local basis
and does not provide a global basis for the full space of C2 cubics on the (cubic) WS
refinement of 7. To this end, we extend the concept of minimal determining sets and
use the simplex spline basis as a stepping stone to the construction of a stable global
basis for the full space.
EOE';W
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The remainder of this paper is divided into four sections. In Sect. 2, we summarize
the definition and some properties of simplex splines and describe the family of WS
splits. In Sect. 3, we present a local simplex spline basis for the refinement of a
single triangle and discuss some of its properties. To simplify some computations,
an alternative basis is also provided. Smoothness conditions across the edges of the
given triangulation and stable global bases for the C? cubic space on the (cubic) WS
refinement of any triangulation are considered in Sect. 4. Section 5 collects some
concluding remarks about implementation aspects, possible application areas, and a
higher-order extension of the basis. Finally, the “Appendix” aggregates data related to
the presented simplex spline bases that might be useful for practical computations.

Throughout the paper, we use small boldface letters for vectors and capital boldface
letters for matrices. Calligraphic letters like 53 indicate sets, and we write #13 for the
cardinality of B. Function spaces are denoted by symbols like S. In particular, Py,
stands for the space of bivariate polynomials with real coefficients of total degree
< d. The partial derivatives in x and y are denoted by D, and D, respectively. Given
a vector u, the associated directional derivative is denoted by D,. The directional
derivative in the direction of the vector from point p; to p, is denoted by Dy, p,.

2 Preliminaries

This section contains some preliminary material about simplex splines and the splits
of interest in the rest of the paper.

2.1 A Short Summary of Simplex Splines

Fore e N,d € No,letn :=d+eand & := {§,...,§,,,} be a sequence of

possibly repeated points in R¢ called knots. The multiplicity of a knot is the number of

times it occurs in the sequence. Let () denote the convex hull of a sequence of points.

For the sake of simplicity, we assume (Z') is nondegenerate, i.e., vol,({(&)) > 0.

Leto = (El, RN §n+ 1) be any simplex in R"” with vol, (o) > 0, whose projection

7 : R" — R¢ onto the first e coordinates satisfies n(E,-) =§ fori=1,....,n+1.
The simplex spline Mz can be defined geometrically by

vol,—. (0 N~ 1(x))

vol, (o)

Mz R - R, Mzg(x):=

For d = 0, we have

Mz (x) = 1/ vol, ({&)), x € interior of (&),
0, ifx ¢ (&),
and the value of Mz on the boundary of (&) has to be dealt with separately. For
properties of Mz and proofs, we refer the reader to, e.g., [32,37]. Here, we mention:
Elol:;ﬂ
@ Springer Lﬁjog



Foundations of Computational Mathematics (2022) 22:1309-1350 1313

— Knot dependence: Mz only depends on &'; in particular, it is independent of the
choice of ¢ and the ordering of the knots.

— Support: Mg has support (Z).

— Normalization: Mz has unit integral.

— Nonnegativity: Mz is a nonnegative piecewise polynomial of total degree d.

— Differentiation formula (A-recurrence): For any u € R® and any ay, ..., dg4e+1
such that ), a;&; = u, ) ; a; = 0, we have

d+e+1
DyMz = (d +e) Z aiMiz\g,]-

i=1

— Recurrence relation (B-recurrence): Forany x € R®andany by, ..., bgye+1 such
that ), b;&; = x, ), b = 1, we have

d+e d+e+1
Mg (x) = — Z biMiz\g;1(x).
i=1
— Knot insertion formula (C-recurrence): For any y € R® and any cy, ..., Cite+t1

suchthat ) ", ¢;&, =y, ), ¢; = 1, we have

d+e+1
Mz = ) ciMizupg)-

i=1

If e = 1, then Mz is the univariate B-spline of degree d with knots =, normalized to
have its integral equal to one.

In the bivariate case, e = 2, the lines in the complete graph of = are called knot
lines. They provide a partition of (&) into polygonal elements. The simplex spline
Mz is a polynomial of degree d = #& — 3 in each region of this partition, and across
a knot line

ME c Cd+1—u’

where p is the number of knots on that knot line, including multiplicities.

2.2 The Wang-Shi Splits

Given three noncollinear points p;, p,, p5 in R?, the triangle A := (p,, p,, p3) with
vertices p;, p,, p3 will serve as our macro-triangle. Given a degree d € N, we divide
each edge of A into d equal segments, respectively, resulting into 3d boundary points.
Then, we refine A into a number of subelements delineated by the complete graph
connecting those boundary points. This is called the WS split of A as it was originally
proposed by Wang and Shi [55]. We denote by Aws, the obtained mesh structure and
by P, the set of polygons in Aws,. All the possible intersections of the various lines
EOE';W
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Fig.1 WSy splits ford =2,3,4

connecting the boundary points are called vertices of Aws,. In particular, the boundary
points are vertices of Aws,. The cases d = 2, 3, 4 are shown in Fig. 1. For d = 2,
we obtain the well-known PS-12 split [36], while for d = 1 we have P; = {A}. Note
that for d > 2 not all elements of P, are triangles. We consider the space

S9! (Aws,) i={s € C?71(A) 1 50 € Py, VT € Py (1)

When the degree increases, the complexity of the mesh grows quickly.
— There are 3d boundary points and 3d(d — 1) interior lines in the complete graph.
— The maximum number of lines intersecting at an interior vertex is 3, 3,4, 5,6, 7, 8

ford =2,3,...,8.
— The number of vertices of Aws, is 10, 58, 178, 558, 1255, 2532, 4786 for d =

2,3,...,8.

The dimension of Sg_l (Aws,) can be computed using the general dimension for-
mula for spline spaces over cross-cut partitions from [7, Theorem 3.1]. A partition 7,
of a domain §2 is called a cross-cut partition if it is obtained by drawing lines across
2. Let S};(7.) be the space of functions in C"(£2) which belong to IP; when restricted

to any polygon of 7.

Theorem 1 Let §2 be a simply connected domain in R?. Let T;. be a cross-cut partition

of §2, with m cross-cuts, n interior vertices v1, . . ., ¥, and my cross-cuts intersecting
atvg, k =1, ..., n. Then, the dimension of the spline space S;(7;),0 <r <d —1is
. d+2 d—r+1 -
dim(S})(7.)) = +m + Y sm), )
2 2
k=1
where

1 r+1 r+1
g(l)':Z(d_r_\J—1J>+<(l_1)d_(l+l)r+(l_3)+(l_D\J—lJ)

As usual, |x] denotes the largest integer smaller than or equal to x, and (x)4+ =
max{x, 0}.

FoC'T
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Theorem 2 Assuming at most d + 1 lines intersect at an interior vertex of Aws,, we
have

dim(S?™" (Aws,)) = dim By + m,

where m = 3d(d — 1) is the number of interior lines in the complete graph.

Proof We make use of the dimension formula (2) in Theorem 1. In our case, we have
r =d — 1, and it is easy to check that

c()=0, I=1,...,d+1.

Since at most d + 1 lines cross at each interior vertex, it immediately follows from (2)
that

. _ d+2
dim (S I(Awsd))=< 5 )+m,

which completes the proof. O

3 Simplex Spline Bases for S2(Aws,)

In this section, we focus on the case d = 3, provide two (scaled) simplex spline
bases for the space Sg(AWS3) in (1), and prove some properties of these bases. With a
slight abuse of notation, we also refer to the corresponding basis functions as simplex
splines.

3.1 A Simplex Spline Basis

For a given triangle A = (py, p,, p3), the WS3 split is shown in the middle plot of
Fig. 1. From Theorem 2, we know that the dimension of S%(Aws3) is 28. In order to
construct a basis for this space, we first specify nine points along the boundary of the
triangle (see Fig. 2): the three vertices p;, p,, p; and

. 2 n 1 . 1 n 2
P1p = 3P2 3173, Pi3= 3P2 3173,

S = ipi+2 3)
Py = 3I71 31737 Pr3 = 3171 3173,

. 2 n 1 . 1 n 2
P31 = 3171 3172, P32 = 3P1 3P2~

Note that these points are part of the WS3 split. We then consider the cubic simplex
splines M1, ..., M»g as schematically illustrated in Fig. 3, where each simplex spline
has six (including multiplicity) knots chosen among the nine points above. For instance,
My is defined by the sequence {&,, ..., &¢} = {p1, P1, P1- P3.1> P32, P2.1}- Each of
EOE';W
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Fig.2 Labeling of the knots on
the boundary of the triangle A

them can be computed using the B-recurrence relation. We define the following set of
28 (scaled) simplex splines:

B:: {Bl = wiMiv l:l,,28}, (4)

where, denoting by |A| the area of A, the scaling factors are given by

T 15

B N
6°6°673°3°373737372°2°2°2°2°2'3'3'3'6°6 6333737373
Note that the scaling factors sum up to |A|. There are seven different types of simplex
splines in . For each type, a representative B; is depicted in Figs. 10, 11, 12, 13,
14, 15, and 16 in the “Appendix.” Explicit expressions of their polynomial pieces are
given in Tables 1 and 2 in the “Appendix”; the remaining ones can be obtained by
symmetry.

On any edge of A, there are six basis functions nonzero. Their restrictions to
that edge are nothing but the set of univariate C> cubic B-splines defined on a uni-
form open-knot sequence with two interior knots. For instance, for the edge p p,.
they correspond to the univariate cubic B-splines on the knot sequence specified by

{P1, P1: D1, P1> P3.15 P32> P2> P2y P2s P2}

Theorem 3 The simplex splines {By, ..., Bag} in (4) form a nonnegative partition of
unity basis for the space S%(Aws3).

Proof Let B be one of the functions B;. We first prove that B € S%(Aws3). Since B
has six knots, it is a piecewise cubic polynomial. Moreover, the knots of B are a subset
of the knots shown in Fig. 2. Thus, the knot lines of B are a subset of the knot lines
in the complete graph; see Fig. 1. Since each interior knot line contains exactly two
knots, B has C? smoothness according to the smoothness property of simplex splines.
It follows that B € S3(Aws;,).

We now consider linear independence. Using the recurrence relation and differen-
tiation formula for simplex splines and the scaling factors w, we compute values and
derivatives of B corresponding to the following 28 operators: p1, ..., pig are related
to the vertices of A,

Elol:;ﬂ
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8 4284 ks
P Ahad head
AL rAaadhd
Lo e 2k OO

Fig.3 Sequences of knots for a set of simplex spline basis functions for S_%(Aws3 ). Each black disc shows
the position of a knot, and the number inside indicates its multiplicity

p1(f) = f(p1),

p4(f) = Dp,p, f (P1),
p1(f) == Dp,p, [ (),
p10(f) =Dy, F(PD),
p13(f) = Dy, f(P2),

p2(f) = f(p2),

ps5(f) = Dp,ps [ (P1),
ps(f) = Dpp, [(P3),
P (f) =Dy, f(PD),
p1a(f) =Dy, f(P3),

p3(f) == f(p3),

P6(f) == Dpyp; f(P2),
po(f) 1= Dp,p, f(P3).
p2(f) =Dy [ (P2),
p15(f) i= Dy, f(P3),

plé(f)3:Dp]p2Dp1p3f(Pl)a pl7(f‘)3:Dp2p3Dp2p]f(I’Z)s ﬂl8(f)::Dp3p]Dp3p2f(P3)§

(5)
P19, - . ., p27 are related to the edges of A,
p19(f) := Dy, p, f(q3), p20(f) := Dg,p, f(q1), 021(f) := Dg,p, [ (q2),
p0(f) =Dy f(p3D,  p() =Dy, F(P2),  p2a(f) =Dy, F(P12)
p25(f) =Dy p f(P32),  p26(f) =Dy, F(P23)s  P21(f) =Dy f(P13),
(6)
where
1 1 1 1 1 1
9= 5P + 5P3 42°= 5P + 5P3 43= 5P + 5 P2 (7
Fol T
I_I o
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and the final pyg is related to the triangle A,

1 1 1
p2s(f) = f(q), q:=Zp+ P2+ 5P3 ()

3 3 3

The computed values are shown in Tables 3, 4, and 5 in the “Appendix.” Since the
matrix [p;(B;)] € R?8>28 js block upper triangular with nonsingular 2 x 2 blocks,
linear independence of the set of functions {Bj, ..., Byg} follows. From Theorem 2,
we know that the dimension of S%(AW&) is 28, and thus the 28 linearly independent
functions in (4) form a basis of this space. At the same time, we may conclude linear
independence of the set of operators {py, ..., p23} defined on S%(AWSQ.

Simplex splines are nonnegative, so it only remains to prove that the functions in
(4) sum up to one on A. An inspection of Tables 3, 4, and 5 shows that

28 28

pj(ZBi> = ZPj(Bi) =pj), j=1,...,28
i—1

i=1

By linear independence of the operators p;, leil B; must be equal to the unity
function which belongs to S%(AWSQ. m]

From the proof of Theorem 3, it follows that we can formulate a Hermite interpo-
lation problem to characterize any spline in S%(AWSQ.

Corollary 1 For given data fi o.g, 8k 8k, and ho, there exists a unique spline s €
S%(Aws3) such that

D¢DIs(py) = frawp. 0<a+p=<2 k=123,
Duys(qp) = 8k. Dpos(prp) =ges. k. 1=1,2.3, k#1,
s(q) = ho,

where ny is the normal direction of the edge opposite to vertex py, and the points py ;,
q,, and q are defined in (3), (7), and (8), respectively.

The Hermite degrees of freedom specified in Corollary 1 are schematically visualized
in Fig. 4 using graphical symbols that are common in the finite element literature; see,

e.g., [8].

3.2 Domain Points and Condition Number

We now associate a special point in A with each basis function B; in (4) that plays an
important role in  geometric modeling. We solve the system

pj(zizil b} (f)B;) = p;(f) for the two functions fi(x, y) := x and f2(x,y) := y.
The points

by == (b} (f1), b} (), i=1,...,28, ©
Elol:;ﬂ
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Fig.4 Hermite degrees of
freedom on the WS3 split

are called the domain points of the basis (4). Together with the partition of unity, the
domain points provide an explicit representation of any affine function with respect to
the basis (4). The barycentric coordinates with respect to the triangle A of the domain
points (9) are given by

bt :(1,0,0), b} : (0,1,0), b%: (0,0, 1), b} (g, é,o),
God) meL) mGle sl
0L Gl w el el
G020 me(ed mel) me(Ld
Ol D (i) Be(hn D)
AR NPT )
SN TN T R

(10)

These points are visualized in Fig. 5 (top). When representing a spline s € S%(AWSB)
in the basis (4),

28
s=> biB; (a1

i=1

it is common to organize the coefficients in terms of control points (b;", b)), i =
1,...,28. There are several possibilities to connect these points into a control net.
Such a control net forms a caricatural approximation for the graph of the function
that is useful for geometric modeling. A viable option for connecting these points
is shown in Fig. 5 (top); the configuration consists of a small number of regions, but
both triangles and quadrilaterals are involved. As shown in Sect. 4.1, this choice allows
for a geometric interpretation of C! smoothness conditions analogous to the classical
Bernstein representation for polynomial triangular patches. An example spline and its
corresponding control net is illustrated in Fig. 6.
EOE';W
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Fig.5 A possible net
configuration for S% (Aws;,)-
Top: the domain points (10).
Bottom: the domain points (16)

Fig.6 A simplex spline surface
and its control net for the
domain points (10)

FoC'T
e,
@ Springer |03




Foundations of Computational Mathematics (2022) 22:1309-1350 1321

In many applications, it is of interest to have a bound on the condition number of
the basis we are dealing with. We consider the infinity norm, and we look for constants
K>, K% > Osuchthatforall b := (by, ..., big)T € R?,

Kollblloo = < KL 1blloo- 12)

28
ZbiBi
i=1

The condition number of the basis is then defined by

e¢]

Koo(B) := inf{K;;/Ko_o : K and Ko'g satisfy (12)}.

Proposition 1 The condition number of the simplex spline basis (4) is bounded by
Koo(B) < 37.
Proof Since the simplex spline basis (4) forms a nonnegative partition of unity, it is

clear that K}, = 1 satisfies (12). Let A be the matrix for any unisolvent Lagrange
interpolation problem with respect to the basis (4). Then,

28
Z b; B;

i=1

1Blloc < 1A oo

e¢]

Considering interpolation at the domain points (10), a direct computation gives
A"l < 37. This implies that K = 1/37 satisfies (12). m]

Note that the bound on the condition number in Proposition 1 is independent of the
shape of the triangle A. From the proof, we also deduce that the condition number of
B in (4) can be computed as

koo (B) = inf{1/K_ : K satisfies (12)}.

By means of this number, we can easily obtain the following distance result.

Proposition2 Let s € S%(AWSQ be given as in (11). Then,
b — s(b))| < 2k00(B)h* max_[D¥DEs|e, i=1,...,28,
a+p=2 ’

where h is the length of the largest edge of A.

Proof Let I1; € [Py be the linear Taylor approximation to s at the domain point b;".
Note that IT; (b]) = s(b}). Then, using the definition of domain points, we have
28
s =T =) (bj — ;b)) B;,
j=1

FolCT
H_ A
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so that from (12) we obtain

by = 5B = 1bi = TLGD] < max_ (b = B < keoB)ls = i o

Furthermore, since s € C2(A), Taylor approximation error analysis tells us that

— Hilleo < 2h> D® DBl oo,
s — Millo a@gzzll e DYslloo

which completes the proof. O

Proposition 2 implies that the control points of the spline s in (11) converge like O (h?)
to the graph of s.

3.3 A Marsden-Like Identity

In Sect. 3.2, we have provided the representation of any affine function with respect
to the basis (4). We now extend this result by providing a Marsden-like identity which
allows us to represent any cubic polynomial. In the univariate B-spline case, the Mars-
den identity is given by

j+d
G-0'=Y" [] c-&)Bjax),
j k=j+1

where Bj 4 is a normalized B-spline of degree d defined by the knots §;,&;.1, ...,
&j+a+1; see, e.g., [27, Theorem 2]. Dividing both sides by 74 and setting y := z7!,
we obtain a form more amenable to multivariate generalization

j+d
A=x)? =Y ¥aBjat), vjay):= [] A—y&). (13
J

k=j+1

The functions v; 4 are polynomials of degree d and are called dual polynomials. The
following result is obtained by a direct computation.

Theorem 4 We have

28
A+y"x) =) " vi(Bi(x), yeR’, xeA,
i=1
FoCT
R
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where the dual polynomials Vi, i = 1, ..., 28 are defined as follows. Recalling the
points in (3) and (8),

1) = A+y"p) v = +y"p)? Y3 =1+ p3)’,
Ya(y) =L+ y p)?A+y"ps). ¥s) =0+ ¥y pD*A+y py ),
Ye(y) = (L+ ¥y p)* A+ 3" p1o). ¥y =+ y" p)*A+y" p3),
Ys(y) == (1+ ¥ p)> A+ ¥  pr3). Yoy ==+ y"p)*(1+y"py3),

and
Yio(y) ==+ y" pDU+y"p3 DA+ 3" p3y).
Yi(y) = A+ y" p)+y" py )0+ y" py ),
Yia(y) ==+ y" p)(+y pi )+ y" py3).
Yi3(y) == 0+ y" p)(+y"p3 DA+ 3" p3y).
Yia(y) =1+ y" p)(L+y" pr3) A+ ¥ py ),
Yis(») =1+ y" p)(L+y" pr A+ y" by 2),
Vi6(y) == A+ ¥y p)A+y"ps DA+ ¥ py ),
Yi7(y) == L+ ¥y p)(1+y p3 )+ y" py ).
Yis(y) == L+ y" p)(1+y"p )0+ 3" pr3).
Yio(y) := (L+y" p3 DL+ y" p3 )1+ y'my),
Y20(y) = 1+ y" p1 )1+ y pi )1+ y'm),
V21(y) = 1+ 3" py )1+ 3" py N + 3" m3),
Yo(y) = 1+ y ps DA+ ¥ p3 )1+ y by ),
Yo3(y) ==L+ y p3 DA+ y pa3)A+ 3" pyy).
Yoa(y) =L+ ¥ p3 )0+ y pr )0+ 3" pi3).
Yos(y) == A+ y p3s DA+ y" p3 )1+ y" py o),
Yos(») =1+ y" p1 )0 +y pr)A+y" pry).
Yar(y) = A+ y" pi o)A+ 3" pr )+ y" py3).
and

1
Vo) = A+ 20+ 379 = 30 +5 P A+ P )

1 T T 1 T T
- 5(1 +y p3)d+y pio)— 5(1 +y ' p3)d+y Pz,l)]y
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8 4284 ks
P Ahad head
AL rAadhd
ab&roandads 3O

Fig.7 Sequences of knots for an alternative set of simplex spline basis functions for S_% (Aws;). Each black
disc shows the position of a knot, and the number inside indicates its multiplicity

where
2 n 2 n 1
mp = — - - p3,
1 3 D1 5 ) ) 5 pP3
1 n 2 n 2
my = — - - pa,
2 3 Py 3 ) ) 5 pP3
2 n 1 n 2
msz = — - - Ps.
3 3 P 3 ) ) 5 ]
Itis remarkable that the dual polynomials v;,i = 1, ..., 27, can be written as products

of three linear polynomials and mimic the classical univariate Marsden identity (13).
It is worth noting that these functions are the polar forms (or blossoms) of (1 + yTx)3
evaluated at appropriate points [38]. Similarly, polar forms were used in [33] for the
representation of polynomials in terms of simplex splines whose knots are in generic
position. This is not the case for the knots in Figs. 3 and 7.

3.4 An Alternative Simplex Spline Basis

An alternative basis for the space S% (Aws,) is provided by the simplex splines identi-
fied by the knot sequences in Fig. 7 and scaled to form a partition of unity. We denote
this basis by

B={§],...,§28}. (14)
Elol:;ﬂ
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It can be checked that
Bi=B;i, i=1,...,21,
~ 1 ~ 1
By, = 2By — Bys + §st, B3 =2By3 — By + 5328’
~ 1 ~ 1
By = 2Bo4 — Bys + 5328, Bys = 2Bjs — Bys + 3328, (15)

~ 1 ~ 1
Byg = 2B — By7 + 5328, By7 =2By7 — By + 5328,

Bog = —Bog.

From (15), we deduce that the domain points i): associated with the set of functions
in (14) are

Bf:b’f i=1,... 21
1

~% 5 7 5 ~% 2 . 15 5 7

by, = bzz"‘ b23 (ﬁ Eﬁ) b23—§ 23+§b22 : (Eﬁﬁ>
5 15 7 ~x 2 1 7 15 5

b= b by (2 2 Y B = e Ly, (L B2,

24 3 2t 3bs (27 27 27) 25 = 30+ 3% (27 27 27)
7 5 15 5 7 15

b26=§b§6+§b37 (ﬁﬁﬁ) by; = Zb3; + b ﬁﬁﬁ)

~% 1 111

b, = — (b3 bR — S (P

28 3( »nt++b5y) 8 <3,3,3)

(16)

These points are depicted in Fig. 5 (bottom). Note that Theorem 3 in combination
with (15) confirms that the functions B Lyvvns Ezg are linearly independent and form a
partition of unity. On the other hand, they are not all nonnegative. For subsequent use,
some Hermite data of these basis functions are collected in the “Appendix” (Tables 5
and 6).

Any spline s € S%(Aws3) can be represented in terms of this alternative basis, so

28 28
SZZb,‘B,‘ZZbiBi. (17)
i=1 i=l1

Note that b = Cb, where C is the conversion matrix already used to obtain (16). It
can be easily checked that ||C||oc = || c! llsc = 3. Therefore, from (12) and (17) we
immediately deduce

— b
111|| oo <

28 .
> biB; H < 311l co, (18)
i=1 0

FoE'ﬂ
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and the condition number can be bounded as ko (E) < 333. We can also formulate
the analogue of Proposition 2 as well as a Marsden-like identity for the basis (14). We
omit the details for the sake of brevity.

The simplex spline basis (4) forms a convex partition of unity, and so it is particularly
useful for geometric modeling. On the other hand, as we will show in Sect. 4.1,
the simplex spline basis (14) is more suited to handle C? smoothness conditions
between spline functions on adjacent macro-triangles. Of course, there are many more
alternative sets of simplex spline basis functions. One could, for instance, take the 10
cubic Bernstein polynomials defined on A (they are special simplex splines; see [37])
and enrich them with 18 more simplex splines that are linearly independent.

4 C? Cubic Splines on the WS3 Refinement of a Triangulation

In the previous section, we have provided simplex spline bases for the spline space
S%(Aws3) of cubic C? splines on the WS3 split of a given triangle A. Let 7 be a
triangulation of a polygonal domain §2, and let Zws, denote its refinement obtained
by taking the WS35 split of each of its triangles. In this section, we consider the spline
space of C? cubic splines on Tws;, i.e.,

S%(TW&) = {s € C*(2), ) € P3, 7 is polygon in Zws,}.

The unisolvency of the Hermite interpolation problem stated in Corollary 1 implies
that the dimension of the space only depends on combinatorial properties of the tri-
angulation, and so it is stable. From the corollary, we directly deduce that (see also

(55D
dim(S3(Zws,)) = 6ny + 3ng +nr, (19)

where ny, ng, ny are the number of vertices, edges, and triangles of 7, respectively.
Moreover, any spline function of Sg (Tws;) can be locally constructed on each (macro)
triangle A of 7 via the Hermite data, and the corresponding spline piece on A can be
represented in the form (17). Conversely, any function, which is represented locally
in the form (17) on each A of 7, is C? smooth over each A of 7 but not necessary
C? smooth across the edges of 7. First, we derive conditions on the local spline
coefficients to ensure global C> smoothness, and then we describe a stable global
basis with local support for S%(TWSS).

4.1 Smoothness Conditions

Let 7 be a triangulation of a polygonal domain £2 C R?. We seek conditions on the
local spline coefficients in (17) to guarantee C” smoothness across a common edge of
two adjacent triangles of 7 forr =0, 1, 2.

FoC'T
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Theorem 5 Suppose the triangles A™ := (py, py, p3) and AR := (p|, p,, py) share
the common edge with vertices py, p,, and let

Py =mpy+mpy+n3ps, nm+n+n=1L (20)

Let {Bl.L, i=1,...,28} and {BiR, i =1,...,28} be the scaled simplex spline basis
defined by the knot sequences in Fig. 3 on AL and AR, respectively. We assume the
numbering of the basis functions in agreement with Fig. 3. Let us consider the spline
functions

28 28
sb o= SThEBE, K= 3 BRBR
i=1 i=1

We have

— 5L, s® join C° across the common edge if and only if

bR =pL, i=1,2,4,7,10,13; (1)

i Yo

— st s® join C! across the common edge if and only if they join C° and in addition

bX = b} + mabf + nabtk,
n2 n2
b = ('71 + —>b£ + fblLo + n3big,

2
3 2 2 3
bfy = (gm + gnz)bfo + (gm + §n2>blL3 + n3bly, (22)
m n1
by = (? + 772>b7L + 5171L3 + n3biy,

bE = bk + nabk 4 n3bk.

Proof Let us first discuss C° smoothness. Along the common edge p,p, the two
functions s* and s® are univariate cubic C? splines with (interior) knots at the points
P31 and ps . Considering the restriction onto the edge of the basis functions {BF,i=
1,...,28} and {BiR, i =1,...,28}, we obtain that the only nonzero elements are

(BiR)\plpz = (BiL)|I71p2’ i=1,2,4,7,10,13.

Since they are linearly independent, C° smoothness is equivalent to agreement of the
corresponding coefficients. This proves (21).

We now discuss C! smoothness across the common edge. It suffices to prove that
along the edge p,p, the functions Dg,,,s" and Dy, p,s® agree. These functions
are univariate C! quadratic splines with (interior) knots at the points P31 and ps ;.
Therefore, each of them is uniquely determined by its value and first derivative at the
two endpoints of the edge and by the value at the midpoint 5. From (20), we obtain

EOE';W
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1
p3 = —(Ps—MmP; —mp2),
n3

and so

1 1 n3 + 2m

q3P3 = P\P3 — ;P1P2= —P1Ps— —__—_P1P2-
2 n3 2n3

Then, by employing the C? smoothness conditions and the values in Tables 3, 4, and
5 (see the “Appendix”), we get

1
Dgyp,s™(p)) = —9b} + 9% — 5(—919{ +9b%),

n3 +2m

1
Dyg,pss®(p)) = %(—%IL + 9%y — (—9bf +9b5).

Equating the above expressions results in the first condition of (22). With the same
line of arguments, we deduce the remaining four conditions. O

From the relations in (15), it is clear that the conditions in (21) and (22) also ensure
€0 and C! smoothness, respectively, for local spline representations in the alternative
basis (14).

Corollary 2 Consider the same assumptions as in Theorem 5. The C° smoothness
conditions for the control points can be written as

bR bF) = brF.bF). i=1.2,4,7,10,13;
and the C' smoothness conditions for the control points can be written as

BER, bEY = i (BFE, bE) + ma(B3E, bE) 4+ n3(BEE, b,
@18 bf) = (m+ 5 ) @3 b5) + T @15 bfo) + nabiE . b,

2
il ol = (T + 5m) @1k bl + (Sm1 + 2m2) @7k b + w0k by,

@7 bl = (5 +m) @35 b5) + T iF. bl + ns w7 by,
BER, bE) = ni (35, bE) + ma(B3E, bE) + 3 (BEE, bE).

Proof The statements follow by direct computation from (22) and from the expressions
of the domain points in (10). O

The C! smoothness conditions in Corollary 2 have a nice geometric interpretation.
There are five sets of four control points that need to be coplanar. In terms of our
control net configuration in Fig. 5 (top), that means that the five triangles in both
control nets along the common edge must be all pairwise coplanar. This is illustrated
in Fig. 8.
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Fig.8 AC 1 spline surface on two adjacent domain triangles. The five pairs of triangles in the control nets
that must be coplanar according to the smoothness conditions are colored

Theorem 6 Consider the same assumptions as in Theorem 5. Let {§lL, i=1,...,28}

and {giR, i =1,...,28) be the spline bases defined by (15) on A" and AR, respec-
tively. Then, the spline functions

28 21 27
skti=>"bFBF =Y bEBF+ > bFBF + bk Bk
i=1

i=1 i=22
and
28 21 27
K= 3 BFBE =S RBF 3 BB+ bBh
i=1 i=1 =22

join C? across the common edge if and only if they join C' and in addition

bR = m(n — m2 — n3)bE + na(mi — m3)bk + n3 (31 — )bk
+ m3bly + 3Ty + 4mamabi.

bY = m(m — i — 13)b5 +m1Gn2 — m)bE + 3Gy — nbE
+nibly + n3bly + 4mnsbly,

1 5 7 2 2
b, = <O =) + m)bk + (ﬁﬂz + ﬁnzz +3m gnzm)bfo

1 1
+5@m +3m)(n2 — 2m3)bty + 31 Gm + m)bl

10 -
+ §n3(2'72 + )by + n3b5,,
EOEZ-I
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] 5 7 2 2
bX = &2 = m) (22 + n)b% + (18171 + Em +3m 3172711)191%

1
+ 5 Gm +2m)n — 2m3)bty + §n3(3n2 + )bty

lO
_773 @2 + 772)b19 + 773b25 (23)

Proof Assume s’ and s® join C! across the common edge p, p,. To prove C2 smooth-
ness across the same edge, it suffices to prove that along p, p, the functions Df,l pzsL

and D2 p1psS R agree. Along the edge p, p,, these functions are univariate C° linear
splines with (interior) knots at the points p3 | and pj ,. Therefore, each of them is
uniquely determined by its value at the two endpoints of the edge and by the value at
the points p3 | and p; ;. From (20), we know that

1 m
P1P3= —P1Ps— —DP1P2
n3 n3

so that

1 m 2
D> (—D ——=D ) .
P1DP3 m P1P4 m PP

Then, by employing the values in Tables 3, 4, and 5 (see the “Appendix”), we get

D, st (py) = 54bL — 81b% +27b;,

D, p,s" (1) = 7 . (54bF — 8165+ 270f,) - - 212 (S4pR — 54bF — 54bE + 54bF,)

2
(54bR — 818 4 27b%)).
n

By equating the above expressions and taking into account the C! smoothness condi-
tions, we obtain the first condition of (23). With the same line of arguments, taking
into account (15) and the additional values in Table 6 (see the “Appendix”), we deduce
the remaining three conditions. O

Corollary 3 Consider the same assumptions as in Theorem 6. The C* smoothness
conditions for the control points can be written as

bR, bR)
=i — 2 — m3) (B, bY) + 2By — n3)(B5E, bE) + 13y — ) (B, bE)
+n§(lf{é, bio) + iR (BiT, by + 4nan3 (b5 bi).
B, b))
= 772(172 — 1 — ) (B3E, bé) + 1332 — n)BEE, bE) + m1(3na — n3) (B3E, bE)
+3(bE, bE) + 3 bTE, bE) + 4mins (T bE),
FoE'ﬂ
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~%xR ~
(b, . b5
1 5 7 2 2
— (i —n2) (2 bl L (_ o2, = < )b*L’bL
6(m n3) 2n1+n2)(by~, by )+ 18n2+18n2 +3m+3n2m (bios b1o)

1 1
5 2m + 3m) (2 — 2m3) (B35, bly) + 31 Gm + m) (b, bh)

10 il -
+3n3(2n2 + )BT, bl + nd by, by,

~%xR ~
(bss . b55)
1 5 7 2 2
= 22 = m) @A) G b))+ (S sgm® + Sma + Smam ) G675 by)

1 1

5 Gm + 2n2)(n1 — 2m3)(b15, bhy) + 313G + )%, bl
10 sl ~

g 131+ ) (b5 by) + M (bss , bks).

Proof The statements follow by direct computation from (23) and from the expressions
of the domain points in (10) and (16). O

Using the relations between the domain points b7 and b; in (16), we canimmediately
rewrite the C2 smoothness conditions solely in terms of the control points of the basis
(4). For instance, the third condition in Corollary 3 reads as

2 1
5(”;5» b3 + g(biée, b53)

1 5 7 2 2
= 20 = m) @i+ B3 b5+ (Tomet g 4+ S+ Snam ) 15 o)

+ é(Zm +3m2) (2 — 2m3) (B35, bTy) + §n3<3m +m2)(big. bly)
+ 19—0773(2772 + )15, bro) + n%(%(bzé, by) + %(bﬁg, b)),
and the fourth condition as
%(b*R bR)+ l(b*R bR)
3 25> 725 3 24 > Y24
= 20m = ) @mE G5 B+ (e 2+ 2 ) Bk, bl

1 1
+5Gm +2m)(m — 2m3)(b35, bhy) + 373G + )%, bl

10 2 1
+ 5 1@+ )15 bly) +nd(5B3E . bl) + S B3k b ).

The smoothness conditions in Corollary 3 show a structural similarity with the C?
join of two adjacent triangular Bernstein—Bézier patches. We refer to [23, Example 2]
for a geometric interpretation.

EOE';W
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4.2 Stable Bases for S2(Zws,)

In Sects. 3.1 and 3.4, we have constructed two simplex spline bases for the space of
C? cubic splines on the WS3 split of a given triangle A. We have also shown that these
bases enjoy similar properties to the Bernstein polynomial basis defined on a triangle.
Here, we consider the space S% (Tws,) and we take the similarity between these bases
one step further: We extend the concept of minimal determining sets developed for
the Bernstein polynomial basis [26] to our simplex spline bases, with the aim of
constructing stable bases with local support for the space S% (Tws;). For the sake of
simplicity, we focus on the simplex spline basis (14).

To stress their dependence on a specific triangle A, from now on we denote the
simplex spline basis (14) by {E,;A, i=1,...,28}. Any spline s € S% (Tws;) can be
identified by its coefficients {l;,', A, I =1,...,28} with respect to the above basis over
any triangle A of 7, i.e.,

sia= Y _bi.aBi . (24)

where the coefficients in (24) must satisfy the smoothness conditions derived in
Sect. 4.1 to ensure the C? joins across the edges of 7. Following [26, Chapter 5],
for any triangle A of 7 we denote by D 4 the set of domain points specified in (16).
Then, we define a (minimal) determining set as follows.

Definition 1 Assume a set D C (UAGTDA) is such that if s € SQ(TWSQ has all the
coefficients correspondmg to elements in D equal to zero, then s = 0. Then, Disa
determining set for S? (TWS3)- A determining set is a minimal determining set in case
it has the smallest possible cardinality.

By using the same line of arguments as the proof of [26, Theorem 5.13], we infer that
the cardinality of a minimal determining set for S%(TWS3) equals the dimension of the
space. With the aim of specifying such a minimal determining set, let us first introduce
some terminology regarding the domain points in a triangle A = (p;, p,, p3) of 7

— The domain points associated with the vertex p, are the six points in (16) with
the ith barycentric coordlnate > 2/ 3,i=1, 2 3 (for instance, the domain points
associated with p| are bl, b4, b5, blo, bll, b16)

— The domain points associated with the edge p p, are the three points ng, 5;2, 5;5
in (16).

— The domain points associated with the edge p| p5 are the three points i’; , I;;, 5;6
in (16).

— The domain points associated with the edge p, p5 are the three points I;;O, I;;, I;;
in (16).

— The domain point associated with the triangle A is the point I;;S in (16).

We can construct a minimal determining set for S%(TW&) as follows; see also Fig. 9.
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Fig.9 A minimal determining
set for S% (Tws;)- Filled circles:
the domain points associated
with a vertex. Filled squares: the
domain points associated with
an edge. Filled triangle: the
domain points associated with a
triangle. Empty circles: the
domain points associated with
coefficients obtained from those
in the minimal determining set
by imposing the smoothness
conditions

Theorem 7 For a given triangulation T, let M be the set consisting of the following
domain points:

— For eachvertex p of T, choose a triangle A of T such that p is a vertex of A and
select the six domain points in A associated with p.

— For each edge of T, choose a triangle A of T sharing this edge and select the
three domain points in A associated with the edge.

— For each triangle A of T, select the domain point associated with it.

Then, M is a minimal determining set for Sg (Tws;)-

Proof Lets € S_% (Tws;). Assume that all its coefficients associated with the domain
points in M are set equal to 0. Let p be any vertex of 7. All the coefficients of s
corresponding to the domain points associated with p (in any triangle of 7" surrounding
p) are zero because either they belong to M or they are uniquely determined by the
conditions in (21), the first two conditions in (22) and the first condition in (23) for
C? smoothness across the edges emanating from p. Let pq be any edge of 7. All the
coefficients of s corresponding to the domain points associated with the edge (in any
of the two triangles of 7" sharing the edge pq) are zero because either they belong to
M or they are uniquely determined by the third condition in (22) and the third and
fourth conditions in (23) for C? smoothness across the edge. Finally, the domain point
associated with any triangle in 7 belongs to M and so the corresponding coefficient
iip‘ Hence, for any triangle A of 7 all the coefficients in (24)are 0 andsos =0, i.e.,
M is a determining set. Moreover, the cardinality of M clearly equals the dimension
of the space, see (19), and so M is a minimal determining set. O

Given a minimal determining set M for Sg (Tws;), suppose we assign values to all
the coefficients corresponding to the domain points in it. The proof of Theorem 7 shows
that these coefficients uniquely identify a spline function of S% (Tws;) because all the
remaining coefficients in the representation (24) can be deduced from the smoothness
conditions. Therefore, any minimal determining set enables us to built a basis for
Sg (Tws;)- Let us consider the set of functions
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(Bjr. b e M}, (25)

where B BT is the unique function of S_% (Tws,) obtained by zeroing all the coefficients

corresponding to the domain points in M except the one related to b"which s set equal
to 1. By construction, the functions in (25) are clearly linearly independent (see also
[26, Theorem 5.20]) and their number agrees with the dimension of the space because
M is a minimal determining set. Thus, (25) is a basis for S? 5(Tws;). The following
proposition ensures that the elements of the above basis are umformly bounded and
have local support.

Proposition 3 For a given triangulation T, let M be a minimal determining set for

S% (Tws;) as specified in Theorem 7. For all b e M, the support of Biz*,T is contained

in

(a) the union of the triangles of T sharing the vertex p, if b"is a domain point in M
associated with the vertex p;

(b) the union of the two triangles of T sharing the edge pq, if b"is a domain point in
M associated with the edge pq;

(c) the triangle A of T, if b"is the domain pointin M associated with the triangle A.

Moreover, there exists a constant K only depending on the minimal angle of T such
that

1B K, b eM. (26)

oo <

Proof Let b be fixed. A direct inspection of the smoothness conditions in Theorems 5
and 6 immediately gives that the coefficients in (24) for By - are 0 whenever A is not a
triangle listed in the items (a)—(b)—(c) and so B vamshes outside the union of those
triangles. In order to prove (26), we first note that the number of triangles surrounding
a vertex of 7 and the (absolute value of the) barycentric coordinates of a point of a
triangle with respect to an adjacent triangle are bounded in terms of the minimum
angle of 7 (see [26, proof of Lemma 2.29]). Let A be a triangle of 7 belonging to the
support of Bi;*,T' We have that (BI;*’ 7.)| A can be represented in the form (24) where

the coefficients b; 4 are obtained from the value 1 corresponding to the domain point

beM by applying the smoothness conditions in Theorems 5 and 6; these conditions
consist of linear or quadratic relations involving barycentric coordinates of points in
adjacent triangles. Therefore, denoting by b the vector of these 28 coefficients, we
get ||ballo < K', where K’ is a constant only depending on the minimum angle of
7T . Hence, from (18) we get

(B Pialloo < 3llballoc < 3K,
Taking the maximum over all the triangles of 7', we arrive at (26) with K =3K'. O
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A basis with properties as in Proposition 3 is called a stable basis with local support.
For such a basis, using the same line of arguments as the proof of [26, Theorem 5.22],

we can show that for all ¢ := (513* eR:be /\A/T)T,

K¢l = < KT )€lloo, 27)

HOO

Z By
beM

where K~ and K are positive constants depending only on the smallest angle of 7.
The inequalities in (27) extend the local stability result in (18) to the full spline space
S% (7wss)- Similar stability results in any L,-norm for (a properly scaled version of)
the basis can also be achieved; see again the proof of [26, Theorem 5.22]. Furthermore,
from the partition of unity property of the local basis in (14), we directly deduce that
the global basis in (25) forms a partition of unity as well.

Note that the determining set in Theorem 7 is a stable local determining set in the
sense of [26, Definition 5.16]. This feature is, roughly speaking, the key ingredient in
the proof of Proposition 3. Similar to [26, Section 5.7], it also ensures that the full spline
space S% (Tws;) has optimal approximation power. More precisely, Theorems 5.18
and 5.19 in [26] hold true for S3(Zws;).

The global basis in (25) can be easily expressed over any triangle A with respect to
the local basis (4) through the conversion (15). Contrarily to this local basis, the func-
tions in (25) are in general not nonnegative. However, paraphrasing [26, Section 5.8],
we observe that the explicit basis in (25) has mainly a theoretical interest. For compu-
tation with splines belonging to S%(TWSQ, it is more convenient to work directly with
the local representations provided by the bases (4) or (14), rather than with the basis
for the full spline space.

5 Concluding Remarks

In [10], a simplex spline basis was described for the C! quadratic spline space on the
Powell-Sabin 12 split, which is the quadratic member of the Wang—Shi split family.
In this paper, we have addressed the C? cubic case and constructed two simplex spline
bases for the WS3 split. The characteristics of the C? cubic simplex spline bases
make it unnecessary to consider separate polynomial representations on each of the
numerous polygonal regions of the partitioned macro-triangle. This paves the path for
a practical construction of globally C? cubic splines on any triangulation by extending
the concept of minimal determining sets.

In the following, we outline some implementation aspects and we identify few
problems where the provided simplex spline bases may be prosperous, in order to
complement the theoretical interest of our investigation with an application-oriented
perspective. We end with a discussion on a higher-order extension of the construction.
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5.1 Implementation Aspects

For computation with splines belonging to S% (Tws,), it is convenient to work directly
with the local representations provided by the bases (4) or (14). On the one hand,
evaluation of the simplex spline basis functions can be achieved by applying the
recurrence relation (B-recurrence) of simplex splines; see Sect. 2.1. On the other
hand, it might be more convenient to use the explicit expressions of the simplex spline
basis functions (4) given in Tables 1 and 2 in the “Appendix.” The alternative basis
functions (14) can be immediately deduced from the previous ones by means of the
linear relation (15).

Having at our disposal such tables, evaluation of any spline in S%(AWSQ can be
efficiently performed by combining a lookup table process with a search algorithm
based on Boolean vectors. Given (the barycentric coordinates of) any point p in A,
the values of the simplex spline basis functions (4) at p can be directly obtained
from Tables 1 and 2 once we have figured out which polygonal region of the macro-
triangle the evaluation point belongs to. Since the WSs split is a cross-cut partition, any
polygonal region in Aws, is uniquely identified by the sign of the linear expressions
of the 18 interior lines in the split. These signs can be interpreted as binary digits
of an integer belonging to the range [0, 2'8 — 1]. Therefore, in order to detect which
polygonal region of the macro-triangle a given point p belongs to, it suffices to evaluate
all the 18 interior lines at p, to collect the resulting signs in a Boolean vector, and to
interpret such a vector as binary digits of an integer. A similar search algorithm has
been described in [10, Algorithm 1.1].

It is important to remark that the selection of the different polynomial pieces is just
an implementation aspect. Thanks to the characteristics of the simplex spline repre-
sentation, there is a single control net to facilitate control and early visualization of
a spline function over each element A in 7. This single control net makes that the
complex geometry of the WS3 split (consisting of 75 polygons including triangles,
quadrilaterals, and pentagons) is transparent to the user. In this perspective, an interest-
ing topic of possible future research is to investigate whether the control net introduced
in the paper can give rise to a de Casteljau/de Boor-type algorithm for evaluation of
splines in S%(Aws3).

5.2 Application Areas

Splines on (refined) triangulations are valuable in several application areas. When
dealing with bivariate/multivariate problems, the straightforward approach is to rely
on tensor product structures, and in particular tensor product splines. Tensor product
structures offer several advantages, mainly the simplicity of their use and the inher-
itance of univariate properties. Major drawbacks, however, are the lack of adequate
local refinement and the struggle to represent geometries with complicated shapes.
Although there are several appealing extensions of tensor product splines toward local
refinement (see, e.g., [15,16,44]) and complex geometries (see, e.g., [2,34,39]), splines
on triangulations emerge as the natural tool to efficiently deal with problems where
local features has to be detected, modeled, or simulated.
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As mentioned in the Introduction, low degree splines are preferable due to their
stable behavior and their low computational complexity. In particular, univariate C>
cubic splines are one of the most used tools in modeling, approximation, and sim-
ulation. Constructing C? splines of low degree on triangulations is a difficult task,
but their interest remains unquestionable in the bivariate setting. We limit ourselves
to mention two important application areas: computer-aided surface modeling and
numerical simulation.

In computer-aided design/manufacturing (CAD/CAM), high-quality free-form sur-
faces are of utmost importance. The quality of the surfaces can be checked by different
techniques, such as the well-established isophotes [35], to detect irregularities of intrin-
sic measures of surface smoothness like the Gaussian curvature or the distribution of
the surface normals. For milling surfaces by five axis machines, second derivatives
should not jump too much across edges and C? smoothness is desirable. In this context,
our C? cubic simplex spline representations on triangulations could be beneficial. The
spline surfaces could be constructed by direct (interactive) modeling via the control net
or by data fitting using quasi-interpolation schemes based on the Marsden-like iden-
tity, similar to [48]. In CAD/CAM systems, it is common to rely on general parametric
surfaces; in our case, such surfaces are specified on each macro-triangle by a control
net consisting of triangles and quadrilaterals. See also [57] for the use of simplex
splines in the context of parametric surface reconstruction. As a possible future work,
it is of interest to investigate the interplay with tensor product (piecewise) bicubic
parametric surfaces in Bernstein—Bézier (or B-spline) form, which are ubiquitous in
industrial applications. In particular, an important question is whether one can blend
standard bicubic Bernstein—Bézier patches with parametric triangular patches whose
components are C2 cubic splines represented in terms of the simplex spline bases
introduced in the paper.

Isogeometric analysis (IgA) is a numerical simulation paradigm that extends finite
element analysis (FEA) by providing a true design-through-analysis methodology
[12]. The isogeometric paradigm has some important advantages over traditional
FEA. The geometry of the physical domain is exactly described, so the interaction
with the CAD system during any further refinement process in the analysis phase is
eliminated. Moreover, the discretization spaces possess an inherent higher smooth-
ness (with respect to the polynomial degree) than classical FEA spaces, leading to a
higher accuracy per degree of freedom [4,41]. The success of IgA roots in the above
two properties, the latter being even more relevant. Besides the use of spline spaces
based on (local) tensor product structures and rather involved multipatch constructions
(see, e.g., [3,6,22,42,53]), a powerful IgA formulation has been obtained by consid-
ering spline spaces on triangulations (see, e.g., [5,21,50,51,54]). In particular, spline
representations obtained from local Bernstein representations by means of minimal
determining sets have been profitably applied and efficiently implemented via Bézier
extraction [21]. In this context, the space of C? cubic splines defined on the WS3
refinement of a given triangulation is appealing because it combines low degree and
high smoothness. Our simplex spline bases are the natural counterpart of Bernstein
polynomials to define stable global bases by means of minimal determining sets (see
Sect. 4) and allow for a straightforward extension of the Bézier extraction procedure
for practical implementation. Of course, in order to efficiently exploit the potential
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of the space S%(Tws3) and its local representations in terms of simplex spline bases
in the context of IgA, several steps are still missing, for instance, there is a need for
tailored quadrature rules.

5.3 Higher-Order Extension of the Basis

Besides the application-oriented investigations mentioned in the previous subsection,
an interesting follow-up work would be the generalization of the simplex spline con-
struction to C4~! spline spaces Sj_l (Aws,) on the general WS, split of a triangle
A = (py, py, p3) for degree d > 3. Under the assumption of Theorem 2, the dimen-
sion can be written as

d+2)d+1)

dim(S5 ™ (Aws,)) = ————— +3d(d — )
_3d+Dd  3dd—1)  (d—1(d-2)
2 + 2 + 2 '

Then, similar to Corollary 1, we may formulate the following Hermite interpolation
problem to characterize the space ijl (Aws,): For givendata fi « g, gk,«,1» and hy g,

there is a unique spline s € Sg_l (Aws,) such that

D¢DIs(py) = frwp.  O<a+p=<d-1 k=123,
Dy s@.0.1) = 8kl a=1,....d—1, I=1,...,a k=123,
DYDPs(q) = ha.p. O<a+B<d-3,

where
_pitpt+p3 P Gmod3)r1 T (@ =1+ D P i1y mod 3)+1
= f’ 9i,al = o+ 1 ’

and ny is the normal direction of the edge opposite to vertex p,. Given a general
triangulation 7', this scheme can be used to construct a globally C4~! spline of degree
d on T where every triangle is refined with the WS split. Such a construction is local,
in the sense that the spline can be built on each macro-triangle A of 7 separately, and
the simplex spline basis would then be useful to represent the corresponding spline
piece on A, without considering explicitly the complicated geometry in the WS, split.
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A Appendix

In this appendix, we collect data related to the spline basis functions By, ..., Bg in
(4) that might be useful for practical computations. We also provide few data for the
alternative spline basis functions By, ..., Bog in (14).

A.1 Visualization of Basis Functions

Each simplex spline basis function B; is a piecewise polynomial of degree 3 on the
partition formed by the complete graph of its knots. The different types of basis
functions are depicted in Figs. 10, 11, 12, 13, 14, 15, and 16. For each basis function,
its support is indicated in the figure and all polynomial pieces are marked by different
colors.

Fig. 10 The simplex spline basis function B and its support

Fig. 11 The simplex spline basis function By and its support
FolCT
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Fig. 15 The simplex spline basis function B3> and its support
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Fig. 16 The simplex spline basis function Bg and its support

A.2 Explicit Expressions of Basis Functions

Here, we provide the polynomial expressions of the basis functions B;,i =1, ..., 28,
up to symmetries. These polynomials can be expressed in terms of the barycentric
coordinates (B1, B2, f3) with respect to the macro-triangle A. To this end, we define
the following polynomials:

lio = B3, L= B3, li6 = Q2B — B)°,

L3 = p;, ho:= (1 —2B3)°, lug:=(Bp2—3B— 1),
lag =GB =3B — 1> Lo:=0CB—27  Ise:=03p—2),
Is7:=3B—3p1— 1P, Isg:=0p1—17  Is0:=0Cp 38— 1),
log:=(3B3—3B1— 1),  loo:=0B—10°,  ILg:=03p-2)°,

19 := (383 — 36— 1)°.
(28)

Let vy be the vertices of Aws, numbered as shown in Fig. 17. The equation /; ; = 0
represents the cubic power of the straight line connecting the points v; and v ;. Then,
the polynomial pieces of the basis functions are described in Tables 1 and 2, up to
symmetries. The corresponding regions are specified as the convex hull of the points
Vk.
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Table 1 Explicit expressions of the polynomial pieces of the basis functions B; in terms of the functions
defined in (28)—PART A

Basis Region Expression
B 1,4,9 I4.9
By 4,5,9 159
1,4,9 159 =249
Bie 5,8,53 s
4,5,53 Ysg—dis o
8,9,53 Ysg—tlasg
1,49 I B2B3(9B1 - 5)
9,4,53 L B2B309B1 —5) —4la 9
Bog 4,5,55 81,
6,7,57 83
8,9, 54 8114
5,6,56 —3ls6
7,8.58 —3i8
4,53,9 ~3l49
4,55,23 8L o+ Sae
5,32,55 8o+ 3lso
5,56, 32 356+ 357
6,57, 40 s+ iss
8,54, 50 8+ tlsg
9, 14, 54 8+ 40
4,23,53 340+ tas
6, 40, 56 —3is.6+ Slug
7,58, 45 35+ 19
8, 50, 58 338+ dles
7,45,57 8hs+4ls7
9,53, 14 39+ Jisg
14,53, 23, 10 ~3la0+ Sag+1s09)
23,55,32, 10 8L o+ $lag +159)
32, 56, 40, 10 —3ls6+ 5Us7+1a6)
40, 57, 45, 10 83+ Lo +157)
45, 58, 50, 10 ~3l8+ 3Ues +170)
50, 54, 14, 10 8L+ dUag +17,9)

The regions of the polynomial pieces are specified as the convex hull of the points v; numbered in Fig. 17
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Table 2 Explicit expressions of the polynomial pieces of the basis functions B; in terms of the functions
defined in (28)—PART B

Basis Region Expression
N 1.4,9 183681 — 52 — 1283)
4,5,9 3ho— 3s0
5,2,9 39
Bio 1,20,9 B4
2,6,35 Bhs
6,9,24 —3l69
1,4,20 Lis+1e)
5,2,35 Bhs—ho)
6,24, 32 3o+ Bl 6
9,23,24 3169 — Bl
9,20, 23 B3+ 3o
6,32,35 Blhs+ 356
4,55,23,20 Bs+06 + 30
5,35,32,55 B3 —ho)+3lse
4,5,55 L B3B3 + 618 — 1)
55,32, 24,23 39+ Bli6—1h9)
B 5,6,32 ~Lise
5,32,55 —3ls6—1Isg
4,5,55 27231 — 1)
4,55,23,21 272381 — 1) + 3lae
1,4,20 272 (32 — 2P3)
4,21,20 273 (32 —2P3) + 240
6,32,25 —$is6+ 3lae
55,32, 25,23 ~1GB =23 + }la6—1Iss
6,8, 10 —t5le8
8, 14, 10 —5les —lss
8,9, 14 ZLB2(11 + B3 — 3)
9,53, 14 ZLB2(1B1 + B3 — 3) +2l6 9
1,20,9 2182683 — o)
9,20, 21, 53,9 ZLB2(6B3 — B2) + 2o
6, 10,25 —5l6,8 + 2069
23,25, 10, 14, 53 —les +269 —Isg
21,23,53 TB3(6Bs — B2) +2la9 — Ylag

The regions of the polynomial pieces are specified as the convex hull of the points v; numbered in Fig. 17
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Fig. 17 Numbering of the 58
intersection points vy in the |
WS35 split

A.3 Hermite Data of Basis Functions

With the aim of showing linear independence of the spline functions By,

» Bag, we
have set up a Hermite interpolation problem in the proof of Theorem 3. The Hermite

data are computed through the operators py, ..., p2g; they are defined in (5), (6), and
(8). The values of these operators applied to the B;’s are collected in Tables 3, 4, and 5.

The last table also provides those values for the spline functions Bzz, Bzg that are
nonzero. The other values are obtained through the identity B = B;, i =1 ,21.

Finally, we collect some additional second derivative values of the E’s in Table 6
where

p29(f) =Dy, f(P3D),  p30(f) =Dy (P31,

p31(f) = Dy, p, Dplpzf(pS_l),
p32(f) =Dy, f(P32),  p33(f) =Dy f(P32),

p34(f) = DP1P3 DP]I’zf(p3,2)'
(29)

These are useful to prove Theorem 6.

Fo C 'ﬂ
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Table3 Values of p; (B;) for
i=1,...,9andj=1,...,9,

>
)
N1
A~
o
2
>
G

06 PT P8 P9

where p; is defined in (5) B 1 0 0 9 9 0 0 0 0
By 0 1 0 0 0 -9 -9 0 0
B3 0 0 1 0 0 0 0 -9 -9
By 0 0 0 9 0 0 0 0 0
Bs 0 0 0 0 9 0 0 0 0
Bg 0 0 0 0 0 9 0 0 0
B7 0 0 0 0 0 0 9 0 0
Bg 0 0 0 0 0 0 0 9 0
Bg 0 0 0 0 0 0 0 0 9
Notethatpj(B,-) =0fori=10,...,28and j =1,...,9
Table 4 Values ofpj(B,-) fori =1,...,18and j = 10, ..., 18, where pj is defined in (5)
£10 P11 P12 P13 P14 P15 P16 P17 P18
B 54 54 0 0 0 0 54 0 0
B 0 0 54 54 0 0 0 54 0
B3 0 0 0 0 54 54 0 0 54
By —81 0 0 0 0 0 —54 0 0
Bs 0 —81 0 0 —54 0 0
Bg 0 0 —81 0 0 0 —54 0
B7 0 0 0 —81 0 0 0 —54 0
Bg 0 0 0 0 —81 0 0 0 —54
By 0 0 0 0 0 —81 0 0 —54
Bjg 27 0 0 0 0 0 0 0 0
Bip 0 27 0 0 0 0 0 0 0
By 0 0 27 0 0 0 0 0 0
B3 0 0 0 27 0 0 0 0 0
B14 0 0 0 0 27 0 0 0 0
Bis 0 0 0 0 0 27 0 0 0
Big 0 0 0 0 0 54 0 0
By7 0 0 0 0 0 54 0
Big 0 0 0 0 0 0 0 0 54
Notethatpj(B,-) =0fori=19,...,28and j =10,...,18
EoE;ﬂ
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Table 5 Values of p;(B;) and p;(B;) fori = 1,..

1346
and (8)
By

By

B3

By
Bo3
By
Bys
Bae
By7
Bag
B2
Bo3
Boy
Bys
Bae
By7
Bag

.21
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Table 6 Values of p; (E,-) for

i=1,...,28and £29 P30 P31 P32 P33 P34
ey B0 0000
B, 0 0 0 0
B3 0 0 0 0 0
By z 54 27 0 0 0
Bs 0 0 0 0 0 0
By 0 0 0 0 0 0
B; 0 0 0 Z z -z
Bg 0 0 0 0 0 0
By 0 0 0 0 0 0
By -%¥ o -27 9 81 27
B 0 0 0 0 0 0
Bia 0 0 0 0 0 0
Bz 9 36 -8 - & 3
By 0 0 0 0 0 0
B)s 0 0 0 0 0 0
Bie 0 -8l —27 0 0 0
B17 0 0 0 0 —27 27
Big 0 0 0 0 0 0
Bo 0 —90 45 0 — 180 —45
By 0 0 0 0 0 0
By 0 0 0 0 0 0
By 0 81 0 0 0 0
B3 0 0 0 0 0 0
Boa 0 0 0 0 0 0
Bos 0 0 0 0 81 0
B 0 0 0 0 0 0
By 0 0 0 0 0
Bog 0 0 0 0 0
FoC
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