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NEW CRITERIONS ON NONEXISTENCE OF PERIODIC ORBITS OF
PLANAR DYNAMICAL SYSTEMS AND THEIR APPLICATIONS

HEBAI CHEN'!, HAO YANG!, RUI ZHANG!', XIANG ZHANG?

ABSTRACT. Characterizing existence or not of periodic orbit is a classical problem and it has
both theoretical importance and many real applications. Here, several new criterions on nonex-
istence of periodic orbits of the planar dynamical system & = y, vy = —g(x) — f(z,y)y are
obtained in this paper, and by examples showing that these criterions are applicable, but the
known ones are invalid to them. Based on these criterions, we further characterize the local
topological structures of its equilibrium, which also show that one of the classical results by
AF. Andreev [Amer. Math. Soc. Transl. 8 (1958), 183-207] on local topological classification
of the degenerate equilibrium is incomplete. Finally, as another application of these results, we
classify the global phase portraits of a planar differential system, which comes from the third
question in the list of the 33 questions posed by A. Gasull and also from a mechanical oscillator
under suitable restriction to its parameters.

1. INTRODUCTION

As we all know, Hilbert’s 23 problems were posed by the famous mathematian D. Hilbert
at the International Congress of Mathematicians in 1900, see [13], where the second half of
Hilbert’s 16th problem is to study the maximum number and their relative position of limit
cycles of planar polynomial differential systems. Up to now, Hilbert’s 16th problem is still
unsolved. On the other hand, to study dynamics of a planar dynamical system, it is usually
very important to characterize existence of its limit cycles.

For the aforementioned reasons, the study of limit cycles of planar dynamical systems has
been attracting many famous mathematicians working on it, see for instance Dulac [10], Itenberg
and Shustin [15], Lins et al [I7], Roussaries [21], Smale [23], Ye [26]and Zhang et al [29], and
the references therein. Notice that most of the known results on nonlocal limit cycles are for
existence and uniqueness. In order to prove existence of limit cycles, one of the essential tools
is the Poincaré-Bendixson annulus theorem. On uniqueness of the limit cycle, most of the
results were limited to Liénard systems and generalized Liénard systems, such as Levinson et
al [16], Liou and Cheng [18], Wang and Kooij [24], Xiao and Zhang [25], Zeng [27], Zeng et
al [28] and Zhang et al [29], and so on. However, for nonexistence of the limit cycle of planar
differential equations, the theoretical results are far less than those for existence of limit cycles.
At present, Poincaré’s method of tangential curves [29, Theorem 1.6 of Chapter 4] and the Dulac
criterion [29, Theorem 1.7 of Chapter 4] are common tools to study nonexistence of limit cycles,
but it is not an easy task to find the Poincaré function F(z,y) or Dulac function B(z,y) in
applications. Besides, most of the results on nonexistence of limit cycles are focused on Liénard
and generalized Liénard systems, which can be found in [4, 5, @, 22] and their references. See
Appendix, where we list some known results for comparing with ours and their applications.
Besides, there are also a few theoretical results on nonexistence of limit cycles for general planar
differential systems.
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The goal of this paper is to provide certain new criterions on nonexistence of limit cycles of
the planar differential system

(1) {:” s

where z € (o, ), y € R, @« < 0, 8 > 0. Notice that system (Il) has been widely adopted to

model real world problems in applied science and engineering, see [Il, Bl 20] and the references
therein.

The organization of this paper is as follows. In section 2] we state our main results, which
are new criterions on nonexistence of periodic orbits of system (dI), and characterization on
local topological structures of the related system at its equilibrium. Here we complete the
local classification of a degenerate equilibrium (nilpotent one), which is a classical result but
incomplete as will be shown. It was initially proved by Andreev [2] in 1958, and then stated
and proved in [29] and so on. As we have seen, Andreev’s result was also repeatedly stated in
many monographs and papers for classifying topological structures of planar differential systems.
Section Blis the proofs of our main results. Section [ is partly an application of our theoretical
results, where we characterize all global topological phase portraits (Theorems and [I1)) of
a system under certain restriction of parameters, which comes from the first half of the third
question in the list of the 33 questions posed by Gasull [12] and also from a mechanical oscillator.

2. MAIN RESULTS

In this section, we state our main results of this paper. The first one provides a criterion on
nonexistence of periodic orbits.

Theorem 1. Assume that g(x) = —g(—x) for all 0 < z < min{—q, 8}, and that the following
conditions hold:

(i) zg(z) > 0 for all (o,0) U (0, );
(ii) g(x) is Lipschitzian continuous for x € (a,0) U (0,3), and f(x,y) is Lipschitzian con-
tinuous for (x,y) € (o, f) x R;
(iii) esther f(z,y) = —f(—=x,y) or f(x,y) < —f(—z,y) for all 0 < z < min{—a, 3} and
yeR;
(iv) f(z,y) # —f(—=x,y) for x € (0,() and y € R, where 0 < ( < 1.

Then, system () has no closed orbits in the strip a < x < 5.

The second one is another criterion on nonexistence of periodic orbits.

Theorem 2. Assume that the conditions (i), (ii), (iv) and the following one hold:

(iii/) either f(xay) 2 —f(l', _y) or f(x7y) < _f(xa _y) fOT’ all (.’L’,y) € (Oé,ﬂ) X R.
Then, system () has no closed orbits in the strip a < x < 3.

Remark 1. When g(x) = x and f(x,y) = f(y), after the change of variables (z,y,t) —
(y,x,—t), system (d) is transformed to

& =y+ f(z)z,

y = -,
which is in the Liénard form. By Theorem[2 one can directly obtain the results in [I7, Proposition

1] (see Theorem 4] in Appendix A). In this sense, Theorem [ is an extended version of [17,
Proposition 1].

The next is the third criterion on nonexistence of periodic orbits.
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Theorem 3. Assume that g(—z) #Z —g(x) for 0 < x < min{—a, £},
g(x) = z™h(x), if © € (—€¢€),

where h(0) >0, m=p/q > 1, p,q are odd and € > 0 is small. In addition to the conditions (i)
and (ii) of Theorem [II, suppose that for all & < 0 < x satisfying

) [ stsras = [ oo

the following hold

(v) eitZerf(ﬁ, y)/9(x) =2 f(2,9)/9(2) or f(z,y)/g(x) < f(Z,y)/9(2) for 0 < x < min{—a, 5}
ana y € Ky
(vi) f(z,y)/9(x) # f(&,y)/9(Z) for x € (0,¢) and y € R, where 0 < ( < 1.

Then, system () has no closed orbits in the strip a < x < 5.

Remark 2. In Theorem ], if g(x) = —g(—=x) then fo s)ds = fo s)ds holds with & = —x.

Consequently, f(x,y)/g(x) = f(&,y)/g(&) in (V) implies f(x y) = f( ,Y), which is (iii). In
this sense, Theorem [l is a special case of Theorem Bl Here, stating Theorem 0 separately has

two reasons: one is for its easy application, and second is for distributing the technical parts of
the proofs. As it is easy to see, system ({) is an extension of the Liénard system

=y, y=—g(x)— f(x)y,

in which g(x) is usually an odd function, like g(x) = x, or g(x) = x + 23, etc, and so Theorem
@ can be conveniently applied to it.

The fouth one is an extension of Theorem [Il which admits existence of other equilibria than
the origin.

Theorem 4. In case g(x) = —g(—x) for all 0 < z < min{—«, B}, suppose the conditions (ii),
(iii), (iv) of Theorem [l hold. Then, system (d) has no closed orbits surrounding the origin O
in the strip a < x < .

In Theorems [T 2land [B] system (II) has a unique equilibrium O and has no closed orbits when
the corresponding conditions hold. Naturally, we want to further characterize the qualitative
properties of O and the phase portrait of system (Il). To avoid much degeneracy, suppose that
both g(z) and f(x,y) are analytic functions in a small neighborhood Ss(O) of the origin O,
except a few exception.

If the condition (i) of Theorem [ holds, then ¢’(0) > 0. Otherwise, if ¢’(0) < 0, there
exists an z, > 0 such that g(z.) < ¢(0) = 0, which contradicts xzg(z) > 0 for = # 0. Set
a = ¢’(0), b := f(0,0). It is easy to check b > 0 for f(x, y)/g( ) = f(z, y)/g(A) b < 0 for

f(@,y)/g(x) < f(Z,y)/9(%), and a > 0, where & < 0 < x and [ g(s)ds = fo
In our next result, we characterize local phase portraits of system (Il with f (a:,y) /9(x) >

f(z, y)/g( and fo s)ds = fo s)ds for # < 0 < x. The case f(z,y)/g9(x) < f(Z,y)/9(%)

and fo s)ds = fo s)ds for & < 0 < z can be treated via the transformation (x,Z,y,t) —
(T, z,y,— ) So W1thout loss of generality, we consider only the case b > 0.

For our consideration, the region

G:={(a,b) €R*:a>0,b> 0}
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will be separated in the six subregions

Gy :={(a,b) €G:a>0,b>0,b*—4a > 0},

G2 :={(a,b) € G:a>0,b>0,b* — 4a < 0},
93 :={(a,b) 69:a>0,b>0,b2—4a:0},
G4 :={(a,b) €G:a>0,b=0},

95 :={(a,b) € G:a=0,b> 0},

96 :={(a,b) € G :a =0b=0}.

When a = b =0, in S5(0), g(x) and f(x,y) can be written in the forms
(3) g(x) = are® + O, f(z,y) = bpa" + O") +yp(z.y),

where ax, # 0, k > 1, b, € R, and p(x,y) is an analytic function in Ss(O). By the condition (i)
of Theorem [ we have

z(ape® + O 1) >0 ie a4+ 02 >0, z e S5(0),
which implies that
4) ar >0 and Kk is odd.

Without loss of generality, we only consider b,, > 0. The case b, < 0 can be done via the trans-
formation (x,y,t,b,) — (z,—y, —t, —b,). Next we further divide G¢ into the three subregions

961 :={(a,b) € 96 : b, =0} U{(a,b) € G6 : b, > 0,n > (k—1)/2}
U{(a,b) € G6:b, >0,n = (k—1)/2,b> — 2(k + 1)a, < 0},
Ge2 :={(a,b) € G6 : b, > 0,n < (k —1)/2,n even}
U{(a,b) € G6: b, > 0,n = (k—1)/2,b2 — 2(k 4+ 1)ag > 0,n even},
Ge63 :={(a,b) € G6 : b, > 0,n < (k —1)/2,n odd}
U{(a,b) € G6: b, > 0,n = (k—1)/2,b2 — 2(k + 1)ag > 0,n odd}.

Having the above preparation, we can state our next results on global structure of system ().

Theorem 5. For system (II), suppose that

e a=—00 and f = 400, g(x) is analytic in |x| < € (e > 0 is small ) and f(x,y) is analytic
in S5(0),
° xg(a:é) >0 for all x # 0, g(z) and f(x,y) are Lipschitzian continuous for (z,y) € R?,
o cither f(z,y) = —f(=2,y) for g(x) = —g(—x) in (2,y) € (0,+00) xR, or f(z,y)/9(x ) =
f(&,y)/9(z) for g(z) # —g(—x) in (z,y) € (0,400) x R, where & < 0 < x satisfying
equation ([2).

The following statements hold.

e The origin O of system (0l) is a center, or S5(O) consists of one elliptic sector and one
hyperbolic sector, or S5(O) consists of one elliptic sector, one hyperbolic sector and two
parabolic sectors. Figure [l illustrates these local structures at O.

o When the elliptic sector is bounded, there has no parabolic sectors at O. In other words,
two parabolic sectors appearing in a neighborhood of O happens only in the unbounded
case of the elliptic sector. These two situations can be realized by concrete examples.

Theorem 6. For system (), suppose that
e o= —00 and B = +oo, g(x) is analytic in || < € (e > 0 is small ), and f(z,y) is

analytic in Ss(O),
e xg(z) >0 for all x # 0, g(x) and f(x,y) are Lipschitzian continuous for (x,y) € R2,
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7 \\ '
(a) (a,b) € Ge3 (b) (a,b) € Ges

(c) (a,b) € Ses (d) (a,b) € G4 U G61

FIGURE 1. Phase portraits of system ({l) when f(z,vy)/g(x) = f(2Z,y)/9(z). (The
elliptic sector is bounded in (a), and unbounded in (b) and (c).)

o cither f(z,y) > —f(-w,y) for g(z) = —g(—2z) in (z,y) € (0,+00) xR, or f(z,y)/g(z) >
f(i,y)/g((ﬂél)) for g(x) £ —g(—x) in (z,y) € (0,400) x R, where & < 0 < x satisfying
equation ,

o f(z,y) # —f(—zy) as g(x) = —g(—z) for (z,y) € (0,() x R and f(z,y)/g9(x) #
f(@&,y)/9(2) as g(x) Z —g(—x) for (x,y) € (0,() x R, where 0 < { < 1.

Then, the qualitative property of the unique equilibrium O is as that shown in Table[l and system
(@) could have only possibly seven local phase portraits, as those shown in Figures[I(b) and (c)
and Figure [2.

Remark 3. For system (38) in Appendix B, Andreev [2] proved that when b, # 0 and n <
(k —1)/2, or b, # 0, n = (k—1)/2 and b> — 2(k + 1)ax > 0 with n and k odd, any small
neighborhood Ss(O) of system BY) at O consists of only one elliptic sector and one hyperbolic
sector. This result has also been collected in many Monographs and papers for their applications
on local classification of equilibria, see for instance [29, Theorem 7.2 of Chapter 2], [8, Theorem
3.5 of Chapter 3] and so on. However, as we show, this classification is incomplete. In fact,
beside the elliptic and hyperbolic sectors, there may include zero (see system (23)) with Figure[T),
or one (see Example 2] with Figure [)), or two parabolic sectors (see Example [l with Figure ) in
Ss(0).  Andreev [2] proved the existence of the elliptic sector without discussing its boundedness.
In fact, our results indicate that even in the bounded case, the existence of a parabolic sector
strongly depends on symmetry of the vector field with respect to some line passing the equilibrium
(no parabolic sector in symmetric case, and a unique one in nonsymmetric case).

Remark 4. If the elliptic sector is bounded and the vector field is not symmetry, Ss(O) includes
exactly one parabolic sector. However, when the elliptic sector is unbounded, we have only
proved that Ss(O) contains at most two parabolic sectors, and provide examples which do have
two parabolic sectors. But we cannot find examples with zero or one parabolic sector in Ss(0O),
and also cannot prove that S5(O) must have exactly two parabolic sectors. This will remain for
further study.
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TABLE 1. The qualitative property of O of system ().

(a,b) Type of O Geometric configurations

in Ss(O) except one pair of orbits approaching
G, U Gs stable node O in one of the directions 03 and 04,

all other orbits approaching O in one of
the directions 01 and 03, see Figure 2l(a).

GoUSG4UGe1| stable focus | in S5(O) all orbits rotate clockwise, see Figure 2Ib).

Gs U G stable in S5(0) all orbits approaching O
improper node| along one of the directions 65 and 6g, see Figure [2(c).

Ss(O) consist of one elliptic sector,
one hyperbolic sector and
one parabolic sector, see Figure 2(d).

elliptic sector
is bounded

Ss(O) consist of one elliptic sector,
one hyperbolic sector and

zero parabolic sector, see Figure [Ic).
Y63 a degenerate

one Ss(O) consist of one elliptic sector,

one hyperbolic sector and
one parabolic sector, see Figure 2(e).

elliptic sector
is unbounded

Ss(O) consist of one elliptic sector,
one hyperbolic sector and
two parabolic sectors, see Figure [Ii(b).

Remark : 1 = m — arctan (b — Vb — 4(1)/2) ,0o = ™ — arctan (b + Vb2 — 4(1)/2) 03 =

21 — arctan (b — Vb — 4a)/2) ,04 = 27 — arctan (b+ Vb2 — 4a)/2) ,05 =
7w — arctan (b/2) , 0 = 2w — arctan (b/2).

When (a,b) € Ggs3, the next two examples illustrate existence of two parabolic sectors to-
gether with one unbounded elliptic and one hyperbolic sectors, and also of one parabolic sector
together with one bounded elliptic and one hyperbolic sectors in a neighborhood of a nilpotent
equilibrium.

Example 1. The planar differential system
(5) i=y, y=-22"—dxy+eg(r)a’y,
with € > 0 sufficiently small, r* = x> 4+ y2, and

_ 1, ifo<g<r<l,
9(r) = 0, ifr>2

9

decreasing and smooth for r > 0, has the global phase portrait as that shown in Figure 3l
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(b) (a,b) € G2 U G4 U Ge1
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(C) (a, b) € 93 U G2

i

(d) (a,b) € Ge3 (e) (a,b) € Se3

FIGURE 2. Phase portraits of system (1) when f(z,y)/g9(x) > f(Z,y)/9(Z) in
x >0 and y € R. (The elliptic sector is bounded in (d), and unbounded in (e).)

FIGURE 3. The global phase portraits for system (&) with £ > 0.

Notice that system (Bl satisfies all conditions of Theorem [6] and (a,b) € Gg3.
the conclusion in this example will be included in the proof of Theorem [Gl

The proof of

Example 2. Beside the elliptic sector (bounded by assumption) and hyperbolic sector system
) has only one parabolic sector in Ss(0). Figure M illustrates this asymmetric case with one
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parabolic sector for system & =y, 1 = —22° + 25 — 2y in a neighborhood of the origin by Matlab
with the initial points (0,0.31), (0,0.11), (0,—0.3).

FIGURE 4. Asymmetric case with only one elliptic, one hyperbolic sector and
one parabolic sectors near O.

As shown in Table [T of Theorem [G] the qualitative property of O is related to the boundedness
of the elliptic sector when (a, b) € Gg3. The following proposition provides a criterion on existence
of the bounded elliptic sector (if exists) for the Liénard differential system (Il with f(x,y) in x

only. Taking f(z,y) = f(z), with the transformation (z,y) — (z,y — F(x)), system (I can be
written in the classical Liénard system

(6) & =y—Fx), §=—g(@),
where F'(z) = f(x).
Proposition 7. For system (@), suppose that
e zg(z) >0 for all z # 0, and [~ g(z)dx = +o0,
e g(x) and F(x) are Lipschitzian continuous in R, and are analytic in |z| < € for some

small € > 0 is small,
e system (O)) has an elliptic sector at O, i.e. (a,b) € Gg3.

If there exists an xg # 0 such that F(xzg) = 0, the elliptic sector is bounded.

Notice that Ding [7] proved the boundedness of the maximal elliptic sector of the following
Liénard system

1 1
(7) T=y+ 5952 - §x37 y = —ka?,

for k € (0,1/8). Applying Proposition [7] one can conclude that the elliptic sector of system (7))
at the origin is bounded for all k£ > 0. This generalizes the result of Ding [7].

3. PROOFS OF MAIN RESULTS

This section is the proofs of our main results.

3.1. Proof of Theorem [Il We consider only the case f(z,y) > —f(—z,y) for x > 0 of the
condition (iii), since the case f(x,y) < —f(—=,y) for x > 0 can be transformed to the former
by (z,y,t) — (—z,y, —t). With the transformation (x,y) — (—x,y), system (IJ) is changed into

(®) {x 7

y=g(x) - f(-,9)y.
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It is clear that systems (Il) and () can be rewritten as

© ]
and

(10) Z—z :—?Jrf(—w,y),
respectively.

Assume by contrary that system (I]) has a closed orbit I' in the strip o < z < (. It is obvious
that I" must intersect the negative and positive y—axes, saying at A and B, respectively, and
the positive z—axis, saying at C'. Observe that the orbit arc, denoted by AB ,of Dinz >0
satisfies equation ([9)). Because of & = y there, the orbit arc AC can be represented as y = y1(x).
Consider the orbit arc AD of equation (I0) starting from A and ending at D a point on the
positive x—axis, and represent it by y = ya(z). See Figure

FI1GURE 5. Location of the orbit arcs for showing nonexistence of a closed orbit.

Let p(z) = y2(x) — y1(x). Direct calculations show that
p(z) = ya(r) — y1(2)

= (y2(s) — ())\o
AS y’; “san(e)) ds = [* (<2~ pon()) @
(11) :/0 (9 (5 ())> ds +/x (f(s,51(8)) + f(—s,v2(5))) ds
- /0 (9 ()S) + f(s,01(5)) — f(s,yz(s))> ds
* Ox (5,52(5)) + f(=5,12(5))) ds
/OxM y1(s)) ds + N(z),
where
V) — m(gng(ax) HEal) = JO ) i) # (o)
y2(g§2(:ﬂ)’ if y1(z) = yo(2),
and

- /0 " F(5,32(8)) + F(—5,ya(s))ds.
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By (), it follows that

(12) / M(s)p(s)ds + N(x).
Letting H(z) = [ M s)ds, we obtain
(13) d]ji 2) = M(z)p(x) = M(z)H (x) + M(z)N(z).

Using variation of constants formula to solve (I3)) yields

x) = exp (/01‘ M(s)ds) '/01‘ {M(S)N(S) exp (— /OS M(&)d&)} ds
= /01‘ M (s)N(s) exp </: M(§)d§> ds.

Combining the formulas (IIZI) through (I4), one has
p(x) = H(z) + N(z)

/ M(s)N(s)exp /M d£>d8+N()
= N(0) exp /M ds /N’ s) exp /M d£
/N s) exp / M(¢ df ds

—/ (f(s,92(s)) + f(=5,92(s5)) eXp(/M d&)ds

0

By the conditions f(z,y) > —f(—z,y) for 0 < z < min{—«, 5}, y € R, and f(z,y) Z —f(—x,y)
for x € (=(,(), y € R,V { > 0, it follows that

o= [ (sl + 1. a()) e / " M(€)de ) ds > 0.

Consequently, y2(x) > y1(x). That is, the point D must be located on the left hand—side of the
point C. Similar arguments verify that the orbit arc BE of equation (I0) starting from B and
ending at E on the positive z—axis will have E being on the right hand-side of C. This implies
that system (I0) does not have an orbit arc linking the points A and B, and so has no a closed
orbit in the strip a < = < .

(14)

It completes the proof of Theorem [Il O

Remark 5. In the proof of Theorem [, we cannot apply directly the comparison theorem (see
[14, Theorem 6.1 of Chapter 1]) to obtain ¢(x) > 0, since we only obtain ¢(x) > 0 by that
theorem. That is the reason why we need a more accurate estimate.

FIGURE 6. Location of the orbit arcs for showing nonexistence of a closed orbit.
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3.2. Proof of Theorem [2l We consider only the case f(x,y) > —f(x,—y) for y > 0 of the
condition (iii’), since the case f(z,y) < —f(x, —y) for z > 0 can be transformed to the former
by (z,y,t) = (x,—y, —t). With the transformation (z,y) — (z, —y), system () is changed into

(15) e
y=g(x) = flz,—y)y.
It is clear that systems () and (IH]) can be rewritten as (@) and
dy _ g(x)
16 = = 2 _

respectively.

Assume by contrary that system (II) has a closed orbit I' in the strip o < < . It is obvious
that I must intersect the negative and positive xz—axes, saying at A and B, respectively, and
the positive y—axis, saying at C'. Observe that the orbit arc, denoted by ZE, of 'iny >0
satisfies equation ([9)). Because of & = y there, the orbit arc AC can be represented as y = y1(x).
Consider the orbit arc AE of equation (I6) starting from A and ending at E a point on the
positive y—axis, and represent it by y = y2(x). See Figure

Let p(x) = y2(x) — y1(x). Then, we can show ¢(0) > 0. The remainder of the proof of this
result is quiet similar to that given earlier for Theorem [ and so is omitted.

3.3. Proof of Theorem [Bl With the transformation

(17) u=((m+ 1)G(m))% sgn(x), dr = Mdt,

um

system () is changed to

au _
a8 ar Y,

d_y — ™ — f(x(u),y) U™ y = —u™m— F(u y)y

dr g(x(w) R
where G(z) = [ g(s)ds. By ([Z) and zg(z) > 0 for z € (,0) U (0,5), it follows that

u=((m+ 1)G( ))1/(m+1) sgn(x) has the inverse function z = z(u) and x(0) = 0. Moreover,
x = x(u) is increasing.
It is easy to obtain that
. u™ 1
lim =

w0 g(x(u))  R/h(0)

One can check that F(u,y) is Lipschitzian continuous for u € (u(«),u(B)) and y € R, i.e., the
condition (ii) of Theorem [l holds. Furthermore,

f(z,y)
g()

implies
F(U y) Z (resp. <) - F(—U,y),
where & < 0 < z satisfies [ g(s)ds = fo s)ds. That is, the condition (iii) of Theorem [I]

holds. Moreover, it is easy to check that the condltions (i) and (iv) of Theorem [I] hold, too.
By Theorem [T], system ([I8]) has no a closed orbit surrounding the origin. O
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3.4. Proof of Theorem [l As proved in Theorem [I], by contrary assume that system (II) has
a closed orbit I surrounding the origin El\the striﬁg < x < 3. Let A’ be the intersection point
of I” with the negative y—axis, and let A’C’ and A’D’, represented by y = y3(z) and y = y4(x),
be the orbit arcs of systems (@) and (I0) starting from A" and ending at respectively C’ and D',
which are points on the z—axis. Set ;(z) = ya(x) — y3(x). By a similar calculation as that in
the proof of Theorem [Il, we can obtain that

(19) er(o) = [ o) + s e ([ a6 as

where
9(x) Fla, (@) — flz,ys(z)
_ y3(x)ya(x) a ya(x) — y3(x) , ifys(z) # ya(w),
M =1 gt
y3(x)ya(x)’ if y3(x) = ya(x).
y3(z)ya(z)

Our main goal is to obtain the sign of ¢j(z). Since exp (fsx M, (£)d£) > 0, the sign of
¢1(z) in ([I9) is only associated with f(x,y) + f(—=,y). Thus, ¢i(x) > (resp. <) 0 when
f(z,y) = (resp. <) — f(—=x,y) with the equality not identically satisfied. Hence, system (II) has
no a closed orbit surrounding the origin O. g

We remark that Theorem [ ensures that system ([I]) has no a closed orbit surrounding the origin
O, but does not provide any information on existence of closed orbits around other equilibria in
the strip o < « < 8. The next example is an illustration on nonexistence of closed orbit around
the origin and existence of closed orbit around other equilibrium.

Example 3. Consider the system

dx
==Y
(20) o
EZ—g(w)Jruleruznyrwzy,
where
1
-1 if ©> =,
T , if z 5
3r+1 if — < <1
— 3z if —<z< =
) 4 27
1 1
z) = if —-<2<->,
o) = it - <o<y
3 1 if 1< < L
T , i 5 T 7
1
T +1, ifx<—§,

with x,y € R, u1, o being parameters such that —py — s — 1 > 0 sufficiently small and py > 0.

We claim that system (20]) has no a closed orbit around O, but has one surrounding (1, 0) for
—p1 — p2 — 1 > 0 sufficiently small and g1 > 0. Indeed, one can check that system (20]) satisfies
(ii)—(iv) of Theorem [Il The first argument of the claim follows from Theorem [

To prove the second argument of the claim, we restrict to a small neighborhood of the equi-
librium (z,y) = (1,0), then system (20)) is of form
dx
dt
() a“
dt

=Y,

:1—x+u1y+,u2xy+a:2y.
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After the transformation (z,y) — (z + 1,y), system (2I]) is changed to

dz

dt
22 a

dt
When g1 + p2 +1 =0, it is easy to check that (0,0) of (22) is an unstable weak focus of order
one, see [0l p.203 |. Thus, by Hopf bifurcation an unstable limit cycle births from the origin of
system (22]) when —uq — pg — 1 > 0 is sufficiently small. The proof is done.

=Y

=~z + (u1 + po + Dy + (u2 + 2)zy + 2%y.

3.5. Proof of Theorem [5l We only consider the case g(z) = —g(—=x) for > 0 since the other
case g(z) # —g(—x) for z > 0 can be studied in the same way. In fact, the transformation
([I7) can sends system () in an equivalent way to system (I8]), which has the new g(u) an odd
function.

The condition f(z,y) = —f(—z,y) implies b = 0. Furthermore, the assumptions g(x) =
—g(—z) and f(z,y) = —f(—=,y) in (x,y) € (0,400) x R mean that the vector field associated
to system (J) is symmetric with respect to the y—axis.

If a =4'(0) > 0, ie., (a,b) € G4, by Lemma 8 O is a center or focus of system (Il). The
symmetry of the vector field forces that O must be a center, see Figure [Ii(c).

If a =0, ie., (a,b) € 96, Lemma [§ and its proof verify that O is a nilpotent equilibrium.
Again the condition f(x,y) = —f(—x,y) can be written as

—bpa" — O(«") — yp(z,y) — bu(—2)" — O((—2)"*!) — yp(—z,y) =0,
which means that n is odd. Consequently, G5 = G¢1 U Ge3.

When (a,b) € G¢1, by Theorem 20 of Appendix B and symmetry of the vector field it follows
that O is a nilpotent center, see Figure [Ilc).

When (a,b) € g3, it follows from Lemmas 7.3 and 7.4 of [29, Chapter 2] that system () has
infinitely many orbits approaching O along the negative x—axis as t — —oo, and also infinitely
many orbits approaching O along the positive z—axis as t — +0o but has no orbits approaching
O along other directions. Next we prove the existence of one elliptic and one hyperbolic sectors
under the assumptions of the theorem. As a first step, we consider g(x) and f(x,y) having only
the leading terms.

Taking g(x) = axz® and f(z,y) = bya™, with k and n odd, such that the assumptions of the
theorem hold. Let

2
a Yy
H(az,y) = k——ka+1 + ?,
implying that
dH($7y) — —b $ny2 <0
dt | "

in the first and fourth quadrants of the (x,y)-plane. Therefore, by symmetry of the vector
field with respect to the y—axis one can conclude that the positive semi—orbit with an initial
point (0,70) lies in the interior enclosed by the closed curve H(x,y) = yo?/2 except the initial
point, where yp > 0 is small. Let (0,y1) be the first intersection point of the semi-orbit with
the y—axis. Then, —yy < y1 < 0. Again by the symmetry of the vector field, the orbit passing
(0,7p) is a closed one if y; < 0, and is a homoclinic one if y; = 0. In conclusion, S5(O) includes
at least one elliptic sector and one hyperbolic sector.

Next we turn to the general g(z) = apz® + O(z**!) and f(z,y) = bz + O(z™!) + yp(z, y),
which satisfy the assumptions of the theorem. By symmetry of the vector field and the continuous
dependence of solutions with respect to initial values and parameters, it follows that S5(O) still
includes at least one elliptic sector and one hyperbolic sector, see Figures [I(a)—(c).
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Finally we study the number of parabolic sectors at O. By symmetry of the vector field with
respect to the y—axis, it follows clearly that the number of parabolic sectors at O is even. If
all orbits with their a-limit set at O have also their w-limit sets O, then S5(O) consists of
exactly one elliptic and one hyperbolic sectors, see Figure [[{a). If some orbits with their «
(resp. w)-limit set at O have their w (resp. «)-limit sets not at O, then Ss5(O) includes at
least two parabolic sectors. The previous proofs have shown that § = 0 and 6§ = 7 are the only
two exceptional directions, and that the orbits approaching O along 8 = 0 are in positive sense
and along 6§ = 7 are in negative sense. These imply that there do not have other hyperbolic
sections in S5(0). Consequently, there are exactly two parabolic sectors in S5(O), one repelling
and the other attracting. We claim that if the elliptic sector is bounded, then system ([II) cannot
have parabolic sectors in a neighborhood of O. Indeed, by contrary we assume that system
(@) has two parabolic sectors at O. Let v* be the maximal homoclinic orbit to O inside the
elliptic sector. By existence of the two parabolic sectors and continuity of solutions with respect
to initial values, it follows that there exist orbits inside each of the parabolic sectors which
intersect the positive y—axis and are outside . By symmetry of the vector fields associated to
system (I), such kinds of orbits inside the parabolic sectors must be homoclinic to O, and so
belong to the elliptic sector. This is in contradiction with the assumption that v* is the maximal
homoclinic orbit. The claim follows.

In summary, the above arguments verify the next facts for system (1) at O. If the elliptic
sector is bounded, Ss(O) is composed of exactly one elliptic and one hyperbolic sectors provided
that the elliptic sector is bounded. Figure [T illustrates this case for system

(23) i=y, §y=—22"—uzy,
by Matlab with the initial points (0, —0.3), (0,—0.2), (0,—0.1), (0,0.1), (0,0.21), (0,0.41).

FIGURE 7. Symmetric case with only one elliptic and one hyperbolic sectors near O.

If the elliptic sector is unbounded, S5(O) consists of either exactly one elliptic and one hy-
perbolic sectors (see Figure[dlc)), or one elliptic, one hyperbolic and two parabolic sectors (see
Figure [Ii(b)). Example [ with € = 0 is in this symmetric case and it has two parabolic sectors
in a neighborhood of O, and an unbounded elliptic and a hyperbolic sectors. At the moment
we do not have an example without parabolic sectors, and also cannot prove its nonexistence.

3.6. Proof of Theorem [Bl To prove this theorem, we first analyse the equilibrium at the origin
of system ().

Lemma 8. Suppose that all conditions of Theorem [6] hold. The unique equilibrium O = (0,0)
has the following qualitative properties.

(F1) O is a stable node for (a,b) € G1 U Gs, and is a stable focus for (a,b) € Ga;
(F2) O is a center or focus for (a,b) € Gy;
(F3) O is a stable node for (a,b) € Gs;
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(F4) O is a degenerate equilibrium for (a,b) € Gg.

Proof. Tt is easy to check that system (IJ) has the unique equilibrium O = (0,0), at which the
Jacobian matrix of system () is
_ < 0 1 )
0o @ ~bN

L 0 1
Ti= <_g/(0) - fm(x7y)y _fy(x,y)y - f(:Evy))

The eigenvalues of J are

Obviously, the equilibrium O is a stable node when (a,b) € §; U G3, and is a stable focus when
(a,b) € 92. For (a,b) € G4, A1 2 is a pair of pure imaginary numbers, and so O is a center or
focus. For (a,b) € 95, one of A\j 2 is zero, and the other is nonzero. In Ss(0), g(z) and f(x,y)
can be rewritten as

g(x) = arz® + 0™, f(z,y) =b+ f(z,y),

where a;, > 0, k is odd, b > 0 and f(O, 0) = 0. With the transformation (z,y) — ((z —y)/b,y),
system (J) is changed into

oy immmo(50) s (S oo (5) 1 ()
By the implicit function theorem,

(5521 ()

has a unique root y = ¢(x) = —ay, /b* 1 xF + o(x*) for small |z| > 0. Thus, in system (24))

. a
T y—gp(z) = bO(2) = —b—:xk + o).

By Theorem of Appendix B, the equilibrium O is a stable node. Moreover, by calculation,
the origin of system ([]) has four exceptional directions

b— Vb2 —4a b+ Vb2 —4a
f1:=mm—arctan|{ ——— |, Oy ;=7 —arctan| ———— |,

2 2
b— Vb —4a b+ Vb2 —4a
03 := 2w — arctan — ) 04 := 27 — arctan —

when (a,b) € G1 U Gs, or has two exceptional directions 65 := m — arctan (b/2), 0 := 27 —
arctan (b/2) when (a,b) € 93. In the former the origin is a normal node, and in the latter the
origin is an improper node.

When (a,b) € 96, A1 = A2 = 0, and the linearization of system (Il) at O has its coefficient
matrix being nilpotent. This means that O is a nilpotent equilibrium. The proof is finished. [

Now we are back to the proof of Theorem [6] and focus on the case g(z) = —g(—=z) for z > 0.
The case g(x) #Z —g(—=x) for x > 0 can be handled by applying transformation (I7)), and so is
omitted. Since all conditions of Theorem [I] hold, system (I]) has no a closed orbit around the
origin.

Ifb>0 (ie. (a,b) € 53UGUG3UGs) , by Lemmalg] it is easy to get the local phase portraits
of system (d)) at O, as those in Figures 2(a)—(c).

For b = 0, to classify the local phase portraits of system (1) at O we distinguish two cases:
a>0and a=0.

Case 1. a >0 (i.e. (a,b) € G4). Since O is a center or a weak focus by (F2) of Lemma [§, and
there is no a closed orbit around it, the equilibrium O must be a weak focus of system ().
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To characterize the stability of O, let M be a point on the positive y—axis in S5(O), see Figure
Bl(a), and let (M, I) be the positive orbit of system (II) having the initial point M. Obviously
@(M,I") has to intersect the negative y—axis at a first time at a point P, and then return to
the positive y—axis again at a first time at a point N. Comparing both the positive orbit arc
and the negative one starting from N of system (Il) in the > 0 half plane, one gets from

V4 Va
M y
NN
T ’\
W K
v
\
- I| >
0 X o |I ||I X
)/
/
.-//
P PY

(a) The orbit arc starting from M (b) The orbit arc starting from P
for system () for equations (@) and (0]

F1GURE 8. The orbit arcs for showing the stability of O.

dy
This implies that p(NV,I)|@ must be strictly located on the right hand-side of »(N,I)|mm)
except at N, and so yy < yus, see Figure[B(b), where I is a suitable time interval corresponding
to the orbit arc. Thus, the origin O is a stable focus. As a result, we have the local phase
portrait of system (II), as shown in Figure 2I(b).

Case 2. a =0 (i.e. (a,b) € 9g). By (F4) of Lemma [§ the equilibrium O is a nilpotent one.
Recall that system ([I) has no a closed orbit around O, and that G5 = Gg1 U Gg2 U Gg3. According
to this decomposition on Gg, the next proof is divided in three subcases.

<Y
@ dx

Subcase 2.1. (a,b) € Gg1. The arguments adopted in the proof of Case 1 work here and show
that O is a weak focus. Hence, the local phase portrait of system (1) at O is also that as shown
in Figure 2(b).
Subcase 2.2. (a,b) € Ge2. In this case, n is even and b, # 0. With the polar transformation
(z,y) = (rcosf,rsinf), system ([I]) is changed to

1dr  H(0)+H(,r)

rdd  GO)+GO,r)’
where G(0) = —sin26, H(0,7),G(d,r) — 0 as r — 0. Clearly, G(f) = 0 has the two roots

0 = 0, w. Therefore, if an orbit approaches O in the positive or negative limit, it must be along

the x—axis. We now prove that O is stable. Indeed, set ANOAB = {(z,9) 10 <z <6, —2Pt! <
y < 2Pt} with 6 > 0 sufficiently small. Let

y2 T
B =%+ [ gls)ds
2 0
Then along system ()
dE

i —f(z,9)y” = — (bna™ + O™ ) + yp(z,y)) y* < 0.
T,y)€E
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This shows that when an orbit approaches O, it must be in the positive sense. Consequently, O
is a stable node and its local phase portrait is that as shown in Figure 2l(c).

Subcase 2.3. (a,b) € Gp3. From the assumption of the theorem, the expressions (3] and (4) hold.
Then we are in the conditions in the last row of Table Bl By Theorem 20l (i.e. [29] Theorem
7.2 of Chapter 2]) system (II) has a neighborhood of O which contains an elliptic sector and one
hyperbolic sector. Moreover, from the proofs of Andreev [2] or of Zhang et al [29], system ()
has no other elliptic sectors and hyperbolic sectors.

By the facts £ =y > 0 for y > 0 and & = y < 0 for y < 0, it follows that any homoclinic orbit
inside the elliptic sector of system ([II) at O must intersect both the negative and positive z—axes.
Then, the natural question is that Ss(O) includes any parabolic sectors or not. It is clear that
S5(0) has at most two parabolic sectors, since system ([II) has exactly two exceptional directions
6 = 0,7, along each of which there are infinitely many orbits approaching the origin, and all
orbits approaching O are only along § = 0 as t — 400, and only along §# = 7 as t — —o0.

In what follows, we distinguish boundedness or not of the elliptic sector in S5(O) to answer
the above question.

The elliptic sector is bounded. The similar arguments as those in the proof of Theorem
verify that Ss(O) cannot include two parabolic sectors. We next prove that in this asymmetric
case, S5(O) consists of one parabolic sector locally in the fourth quadrant, together with the
bounded elliptic sector and the hyperbolic sector. Recall that we have taken b, > 0 in @]). If
by, < 0 the location of the parabolic sector may vary locally from the fourth quadrant to some
other one.

To prove our results, we construct a new vector field
T =y,
25 .
(25) {y = B(z,y),
where .
_g($)_f(x7y)y7 lfﬂj‘<0,
B(‘Tv ) = :
—g(x) + f(=z,y)y, ifx>0.
Since systems ([Il) and (25]) are the same in the x < 0 half plane, in which if two orbits of the

two systems intersect, they must coincide there. Of course, they could be different in the z > 0
half plane.

FIGURE 9. Relative positions of the maximal homoclinic orbits.

Let the maximal homoclinic orbit for system (I]) intersect the positive z—axis at K, the
negative z—axis at S and the positive y—axis at N (the green one for x < 0 and the blue for
z > 0in Figire [). By contrary, we assume that S5(O) has no parabolic sectors. Then the
orbit arc OSN is the outermost orbit connecting O in x < 0. Note that the vector fields of
system (25]) are symmetric with respect to the y—axis. Since the vector fields of system (1) and
[23) are same in the region x < 0 and the elliptic sector of system (Il is bounded, it follows
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that the elliptic sector of system (25]) is also bounded, and its maximal homoclinic orbit has the
same intersection point N with the y—axis as that of the elliptic sector for system (). Let the
maximal homoclinic orbit for system (2] intersect the positive z—axis at @ (the green one for
x < 0 and the red for z > 0 in Figure [0)).

We claim that K lies on the left hand side of Q := (z¢,0), and that ¢(Q, ") for system ()
connects O as t — 4o00. For proving the first part, let the orbit arcs NK for system (II) and

@ for system (25]) have respectively the expressions y = y5(x) and y = yg(z). As shown in the
proof of Theorem [Il we can obtain that

o) — ys(x) = /0 " Ma(5)(ws(s) — ys(s))ds + Na(z),

where
9(117) _ f(ﬂf,yﬁ(a?)) — f($,y5(l‘)) , i )
My(z) = ys(x)ye(z) y6(z) — y5(x) , fys(z) # yo(z),
g($) : if y5(x) = yﬁ(a:)
ys(2)ys ()
and

Na(a) = /0 " F(s,u6(5)) + F(—s,y0(s))ds.

With a similar calculation as in the proof of Theorem [I it follows that the expression of
ye(r) — ys5(z) has the following form

w(z) — wsle) = | (£, 6(3)) + £ (s, unfe)) exp ( / M€y ) s

Since f(z,y) = —f(—z,y) for x > 0 and f(x,y) # —f(—=z,y) for x € (0,(), V ¢ > 0, ys(z) >
ys(x) for x € (0,2x), where zx is the abscissa of K. Thus, NK lies on the left hand side of

NQ. The first part of the claim follows. To prove the second part, let the orbit arcs ¢(Q, I™) for

system ([I]) and 6/25 for system (25)) have the expressions y = y7(x) and y = yg(x), respectively.
We can similarly obtain that

ys(x) — yr(x) = /

zQ

T

(£ (5. 08()) + F=5,ys(6))) exp ([ Ma(€)de) ds <0

for x € (0,z2¢), where

M) = A FOR@ @ R
_g@) if yr(z) = ys(2).
y7(x)ys(z)

Thus, the orbit arc ¢(Q, ™) for system (I)) lies above the orbit arc QO for system (5). Con-
sequently, the orbit arc ¢(Q,I") for system (I]) cannot intersect the negative y—axis and must
approach the origin as t — +00. This proves the second part and so the claim.

Since OSN KO is the maximal homoclinic orbit inside the elliptic sector of system (1) at O,
by this last claim all orbits of system (Il) with the initial points located in between K and
on the positive z—axis will positively approach the origin, and they form a part of a parabolic
sector at O locally in the fourth quadrant. This proves that system (1) has a parabolic sector
at O locally in the fourth quadrant. This is in contradiction with the contrary assumption.
Consequently, system (1) must have at least one parabolic sector in S5(O).

Because of the existence of the parabolic sector for system (I) at O locally in the fourth
quadrant, it forces that under the assumption of the theorem, system (I]) in this asymmetric
case cannot have a parabolic sector at O locally in the third quadrant. Otherwise we will be
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in contradiction with the fact that OSN KO is the maximal homoclinic orbit inside the elliptic
sector of system (Il at O.

In summary, we have proved that Ss5(O) of system (Il) contains one and only one parabolic
sector, which are locally in the fourth quadrant. Example [2] provides a concrete verification on
this case via Figure [l

The elliptic sector is unbounded. Beside the elliptic sector (unbounded by the assumption)
and the hyperbolic sector, Ss(O) for system (II) possibly contains also either zero, one, or two
parabolic sectors.

Example [l when € > 0 is in the asymmetric case, and its origin has a neighborhood consisting
of one elliptic, one hyperbolic and two parabolic sectors, where the elliptic sector is unbounded.
When an elliptic sector is unbounded, we cannot numerically simulate its existence. For com-
pleting the proof of the theorem, we now theoretically prove the conclusion in Example I and
so by a concrete example shows existence of a nilpotent equilibrium whose neighborhood can
contain two parabolic sectors besides one elliptic and one hyperbolic sectors.

System () when € = 0 can be reduced to
(26) T = Y- 3:27 y = —2$y,

by the transformation (z,y) — (z,y — 22). It is easy to check that system (28] is symmetry on
the y—axis, and has a unique equilibrium and two invariant orbits along the r—axis. Since system
([26]) can be written in a Bernoulli equation of z with respect to y, or in a linear homogeneous
equation via z = 22, by their solutions one can get the global phase portrait in the Poincaré
disc of system (20)), as shown in Figure [I0(a) [. Therefore, it follows from the transformation
that system (B]) when e = 0 has the global phase portrait as shown in Figure Bl We remark that
system (26]) has two pairs of equilibria at the infinity, whereas system (&) (when £ = 0 or not)
has a unique pair of equilibria, and that the two invariant lines on the z—axis of system (20])
have been deformed to two orbits connecting the origin and the equilibrium at infinity in the
negative y—axis of system (B]) when € = 0, see the red orbits in Figures [3] and [I0(a).

(a) for system (28] (b) for system (Bl with ¢ > 0

FiGURE 10. The global phase portraits and variations of orbits with e.

We next show that system (&) when ¢ > 0 sufficiently small has the same topological phase
portrait as that shown in Figure Bl Indeed, on the one hand, we can check that the vector
fields of system () in the region r > 2 are independent of € > 0 or not, as shown in Figure
I0I(b), and that when € > 0 is sufficiently small, the origin of system (Gl still has only two

1System 6] and its global phase portrait in the Poincaré disc were originally obtained by professor Feng Li.
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exceptional directions # = 0 and 6 = 7, infinitely many orbits connect the origin along 8 = 0 as
t — 400 and infinitely many orbits connect the origin along § = 7 as t — —oo. On the other
hand, the vector field associated to system (Bl) rotates counterclockwise in the disc r < 2 for
€ > increasing, Figure [I0(b) illustrates this variation by the representative orbits 71, ...,~y7 and
their positive and negative limits. This fact together with dependence of solutions with respect
to parameters shows that the elliptic and hyperbolic sectors of system (Bl at O will both persist
for € > 0 sufficiently small. In addition, parabolic sectors are structurally stable. These verify
that system (Bl when ¢ > 0 sufficiently small has still the global phase portrait in the Poincaré
disc as that shown in Figure Bl

Since system () cannot have more than two parabolic sectors, we can finish the proof of the
theorem. 0

As commented in Remark d] at the moment we could not find examples in this asymmetric
case with an unbounded elliptic sector and either zero or one parabolic sector, and also cannot
prove nonexistence of systems of form (II) which are in asymmetric case and have an unbounded
elliptic sector and zero or one parabolic sector.

3.7. Proof of Proposition [7. It suffices to consider the case xg > 0. The case xy < 0 can be
handled in a similar way via the transformation (z,t) — (—xz,—t). Without loss of generality,
we consider zg > 0 to be the minimal one satisfying F'(z¢) = 0.

Set A := (x,0), and let p(A,I") and ¢(A, ") be respectively the positive and negative
semi—orbits with their initial points at A. We claim that ¢(A, ™) and p(A, ") must intersect
the positive and negative y—axes respectively, see Figure [Tl Indeed, since dz/dt = 0 on y =
F(z) and dy/dt = —g(z) < 0 for z > 0, it follows that when the orbit arc of p(A,17) is
in the first quadrant, it must be located above the curve y = F(z), and that @(A, 1) either
intersects the positive y—axis, or always keep in the first quadrant and its a—limit set is the
equilibrium at infinity in the positive y-axis. We now prove that the latter cannot happen. Set
E(z,y) :==y?/2+ [ g(s)ds, then

dE
—|  =-g@)F(z).
dt @®
Let y = y(x) be the expression of ¢(A,I7), and & = Z(y) be its inverse. One can check that
" —g@)F () /W” ;
27 E:E,O—EO,—I—OO:/ ————dr + F(z(y))dy
(27) (@0,0) = B0, +00) = [ 20T o+ [T paty)

for any fixed x1 € (0,z0). Note that the left hand of (27) is equal to —oo, whereas the right
hand of (27)) is finite, a contradiction. Hence ¢(A, I~ ) must intersect the positive y—axis, denote
by B := (0,y;) this intersection point. The same arguments verify also that o(A,I") must
intersect the negative y—axis, saying at C := (0,y2). This proves the claim.

We claim that any homoclinic orbit inside the elliptic sector at the origin must positively
approach the origin from the first quadrant and negatively approach the origin from the second
quadrant. Since the condition (a,b) € Ggs implies that b, > 0, n is odd, F(z) > 0 in
(—€,0)U(0,€) for some small € > 0 and F(z) = b,z" ™! /(n+1)+O(z"2) for small |z|, dy/dz =
g(z)/(F(z)—y) > 0 near the origin and in the fourth quadrant, and dy/dx = g(z)/(F(z)—y) <0
near the origin and in the third quadrant. Indeed, by contrary, assume that there is an orbit
connecting the origin in the third quadrant. Let (—¢,y(—¢)) be a point on the orbit and be
closed to the origin. It implies dy/dx > 0 at this point, a contradiction. The claim hold. Hence,
all orbits connecting O in a small neighborhood of the origin lie in either the first or the second
quadrants and are tangent to the x—axis at the origin.

We claim that ¢(A, I) cannot form a homoclinic orbit to the origin O. Otherwise, p(A,IT)
must positively pass the segment of y = F(z) in between z = 0 and = = xy, and approach the
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= F(x)

y=F(x)

FIGURE 11. Location of the orbit arcs for showing boundedness of elliptic sector.

origin in between the positive z—axis and y = F(z). Then ¢(A,1~) will cannot connect O, a
contradiction. The claim follows.

Finally we prove that the elliptic sector (if exists) at O must be bounded. By contrary, we
assume that the elliptic sector is unbounded. Notice that z = 0 is the horizontal isoclinic and
y = F(z) is the vertical isoclinic, and that dy/dt < 0 for z > 0 and dy/dt > 0 for x < 0. These
facts imply that any homoclinic orbit inside the elliptic sector at O has its highest point located
on the positive y—axis, and its leftmost point and rightmost point on y = F(z). By the existence
of p(A,I) and its properties, it is clear that the highest point and the rightmost point of the
elliptic sector are bounded. By the contrary assumption, it is only possible that the leftmost
point of the elliptic sector is unbounded. We claim that if it is the case, then F(xz) > 0 for
x < 0. Otherwise, there is a largest negative value xo satisfying F'(z2) = 0. Then, ¢((x2,0),17)
and o((22,0), ") must intersect the positive and the negative y—axes respectively, denote these
intersection pomts by C’ and B’. Thus, the elliptic sector lies inside of the region limited by
CBUBB'UB'C'UCC C, implying that the elliptic sector is bounded, a contradiction. The claim
is proved.

Let P := (0,y0) be a point on the positive y—axis for which ¢(P, I) is a homoclinic orbit inside
the elliptic sector, and let @) := (zQ,yqg) be the leftmost point of ¢(P,I™), see Figure [[T[b).

Since the leftmost point of the elliptic sector is unbounded, when the homoclinic orbit ap-
proaches the outer boundary of the elliptic sector, one has xg — —o0o. On the one hand,

zQ yg?
EQ) = / g(x)dx + 5 +o0, as g — —00
0
and E(P) = y2/2 is a finite value. On the other hand,
E(P) - E(Q) = /A dE = | —g(@)F(a)dt >0,
QP QP

where we have used the fact that dE/dt|@g = —g(z)F(x) > 0 in the second quadrant. Again a
contradiction happens. Hence, the elliptic sector must be bounded.

It completes the proof of the proposition.
4. APPLICATIONS

This section provides an application of our aforementioned theoretic results to a concrete
planar differential system for obtaining its global phase portraits.
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For the cubic family

T = ax + by,
28
(28) g = cx® + da’y + exy® + fy°,
where a, . .., f are real parameters, Gasull [12] posed an open question: Is 2 its mazimum number

of limit cycles of system ([28)? This is the first half of the third problem of his list of 33 open
problems in [12]. Here we characterize its global phase portraits under the conditions such that
system (28]) has no a limit cycle.

If b = 0, system (28]) has an invariant line = 0, and its dynamics is simple. The details are
omitted. For b # 0, the linear change of variables

)= (252)

sends system (28] to
T =y,

(29) . 3 2ae  3a’f\ o e 3af s f 3

Yy=ay +rvx +(d—T+ b2 >l‘ y+<g—b—2)xy +b—2y 5
where v = bc — ad + a®e/b — a®f /b*>. When v > 0, system (29) has a unique equilibrium, which
is a saddle. When v = 0, system (29]) has an invariant line y = 0 and its dynamics is simple.
The next focuses on v < 0.

Related to system (29) is the next system
T =y,
30 . ~ 1)
(30) § = —wiz + 2oy <1 — Ba® — —ay — —2y2> :
which is obtained from the equation

iy 6) — 2pni(0) (1= Bu3(6) = Ly (g (6) — 50200 ) + whuy 1) =0,
wo wo

by Erlicher et al. [I1] for modelling a hybrid Van der Pol-Rayleigh oscillator with an additional
v-term (see [I1], Section 4.2]).

Notice that both system (29) with v < 0 and system (30) are a sub-family of the system

dr
dt
dy
dt

We now apply our main results to system (BII) for obtaining its global phase portraits in the
Poincaré disc when the parameters A, u, K, a, ¢ are non—negative. Note that when b = 0, the
divergence of the system is non—positive, and so the Dulac criterion can be applied directly. For
b # 0, when A = k = 0, system (BI]) has the invariant line y = 0, and its dynamics is simple. In
what follows, our study is under the conditions: b # 0, and A + x # 0.
When x > 0, the scaling (z,y,t) — (z//k,y/\/k,t) sends system (3] to

dx
dt
dy
dt
with the parameters belonging to the region

Ry = {(\ pm,a,b,¢) ER®:A>0,u>0,a>0,¢>0,b#0}.

=Y,
(31)

3

= -z — py — ke — axy — bay? — ¢y,

= y7
(32)

= -z — py — x° — ax’y — bry® — ¢y,
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The global topological phase portraits of system (B2]) will be summarized in Theorem [0 via
Figure
When k£ = 0 and A > 0, the rescaling (z,y,t) — (2, vV y,t/v/)) sends system (BI]) to
dx

i@
(33) a

dt
with the parameters belonging to the region
Ry = {(p,a,b,¢) eR*: p>0,a > 0,¢>0,b # 0}.

The global topological phase portraits of system (B3]) will be summarized in Theorem [1] via
Figure [4

=Y,

= —x — py — az’y — bry® — ¢y,

4.1. Global dynamics of system (32)).

4.1.1. Nonezistence of closed orbits of system (B2]). In this subsection, we study the nonexistence
of closed orbits of system (32]).

Lemma 9. When p, a, ¢ are non-negative and p? + a® + ¢ # 0, system [B2) has no closed
orbit.

Proof. Set g(x) = Az +2% and f(x,y) = p+ ax® + bry + cy?. Obviously g(z) is an odd function.
One can check that the conditions (i) and (ii) of Theorem [ hold for (z,y) € R? and A > 0.
Besides, f(z,y) + f(—z,y) = 2u + 2az? + 2cy? > 0 when pu, a, ¢ are non-negative. Then the
condition (iii) of Theorem [ holds, and so does the condition (iv), because u? + a? + ¢ # 0.
By Theorem [I] system (32]) has no a closed orbit around the origin. O

Remark 6. Lemma [Q indicates that our criterion in Theorem [1 is more applicable than the
classical Dulac one for system [B2)). The divergence of system ([B2) is

div(X,Y) = —p — ax?® — 2bzy — 3cy?.

If 1, a and c are of the same sign and b> — 3ac < 0, the Dulac criterion shows that system (B1])
has no a closed orbit around O. However, the Dulac criterion is invalid for b —3ac > 0. While,
the application of the criterion in Theorem [ is independent on b.

4.1.2. Equilibria of system ([B2). Applying Lemma [§ and Theorem [ to system (B2) directly
provides the qualitative properties of the unique equilibrium O, which are shown in Table Bl

TABLE 2. The qualitative property of O of system (31I).

Cases of parameters Type of O
a=c= center
p=20
a?+c2#0 stable focus
A= stable improper node
2 —4x >0 stable node
uw>0
A>0 pu?— 4 = stable improper node
p?—4x <0 stable focus

On the qualitative properties of the equilibria at infinity, the proof is not difficult but is too
long to give here, see Appendix C.



24 H. CHEN ET AL.

4.1.3. Global phase portraits in the Poincaré disc of system (32)). By the nonexistence of closed
orbits, qualitative properties of equilibria (including at infinity) of system (B2), we can obtain
all global phase portraits in the Poincaré disc in the following theorem.

Theorem 10. All global phase portraits in the Poincaré disc are shown in Figure 12 for system

B2), where

Sy ={(\ p,a,b,c) €ERy:a=p=c=0,b<0},

Sy ={(\, ,a,b,c) ERy:a=p=c=0,b>0},
Ss={(\,p,a,b,c) € Ry :c=0,a*+ pu® #0,b > a?/4},
Sy={(\,p,a,b,c) €Ry:c=0,0<b<a’/4},

S5 ={(\, p,a,b,¢) € Ry :ec=0,a% + % #0,b < 0},

Se = {(\, p,a,b,¢) € Ry : C=0,b=a2/4,ug+,uuo—|—)\ < 0},
St ={(\ p,a,b,c) € Ry : c=0,b=a’/4,uf + pug + A = 0},
Ss ={(\ ,a,b,¢) € Ry 1 e=0,b=a®/4,uf + pug + A > 0},
Sy = {(A 11, a,b,¢) € Ry : ¢ > 0,—v3ac < b < V3ac}

U{(\, p,a,b,¢) € Ry e > 0,b < —V3ac, ®(gz) > 0}

U{(\ pya,b,¢) € Ry = e>0,b>V3ac, ®(p1) < 0}

U{(\ p,a,b,¢) € Ry e >0,b>V3ac,®(01) > 0,2(02) > 0},
S10={(A,,0,b,¢) € Ry 2 ¢ > 0,b > V3ac, ®(e1) = 0, ¢F + pe1 + A < 0},
Si1={(\ pya,b,¢) € Ry e > 0,b>V3ac, ®(01) =0, 07 + po1 + A = 0},
S12={(\ p,a,b,¢) € Ry e > 0,b > V3ac, ®(e1) = 0,01 + po1 + A > 0},
Siz = {(\ ptya,b,¢) € Ry = ¢ > 0,b < —V3ac, ®(g) = 0},

S1a = {( ) € Ry :e>0,b>V3ac, ®(p1) > 0,D(02) =0, 03 + poa + A < 0},
S5 = {(\ p,a,b,¢) € Ry :e>0,b>V3ac,®(p1) > 0,P(02) =0, 03 + pos + X = 0},
Si6 = {(\, pya,b,¢) € Ry i e>0,b > V3ac,®(01) > 0, D(02) = 0, 03 + pos + A > 0},
Si7={(\ p,a,b,¢) € Ry = ¢ > 0,b> V3ac, ®(py) > 0,P(02) < 0},

Sis = {(\ pt,a,b,¢) € Ry e > 0,b < —V3ac, ®(p) < 0},

®(u) := cud+bu®+au+1, ug = —a/2b, and 01 = (—b—+/b2 — 3ac)/3c, 02 = (—b+Vb? — 3ac)/3c
forc¢>0.

A?l’L?a?b?c

Proof. When p = a = ¢ = 0, the unique equilibrium O is a center for system (B2]) by Table 2
When y, a, ¢ are non-negative and u? + a? + ¢® # 0, systems (32)) has no closed orbits and O is
a sink by Lemma [0 and Table 21

Combining Lemmas of Appendix C, we can obtain all global phase portraits of systems
B2). It is worth to notice that the aquirment of Figure [I2(e, 1, r) need more derivation. In fact,
consider the region Ss. Incorporated with Figure [7(b) and Figure 23(b) of Appendix C, it is
easy to obtain that the w-limit sets of 8 is probably O, Ip+, I4+, which can be seen in Figure
I3, where € stands for the orbit leaving I5-.

We claim that the w-limit sets of 6 is O. In fact, if the w—limit sets of 6 is Ip+. Because of

the stability of O and a orbit approaching I 4+, Ig-Ip-Ip+ and O can be used as the inner and
outer boundaries. Thus, there is a limit cycle surrounding O which contradicts the nonexistence
of closed orbits. If the w-limit sets of € is I4+. The fixed b and a (resp. p) make it easy to
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(a) Si7 (r) Sis

FIGURE 12. Global phase portraits of system (32]).

check that system (B2)) is a generalized rotated vector field on p (resp. a). When u (resp. a)
decreases, in Figure [[3[(b) will happen which is a conflict. Thus, the global portrait of system
B2) for ¢ =0, b < 0 and a® + p? # 0 is shown in Figure I2(e).

Next, we can give similarly the rest of global phase portraits in the Poincaré disc of system

B2 . O

25
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(b) Qo = I+

FIGURE 13. The possibilities of the w—limit sets of 6.

4.2. Global dynamics of system (33]). As proven in subsectionsL.T.Tland [L.1.2] we can obtain
similarly that system (B3] has no closed orbits when j, a, ¢ are non-negative and p?+a?+c? # 0,
and the qualitative properties of the unique equilibrium O is also as shown in Table[2l Similarly,
on the qualitative properties of the equilibria at infinity of system (B3]), the proof is also not
difficult but is too long to give here, see Appendix D. Then, we obtain all global phase portraits
in the Poincaré disc in the following theorem.

Theorem 11. All global phase portraits in the Poincaré disc are shown in Figure [I4] for system
B3), where

(u,a,b,¢) €Rg:p=a=c=0,b>0},

(u,a,b,¢) €Rg:p=a=c=0,b<0},

(u,a,b,¢) € Ro i p>0,a=c=0,b<0},

(uya,b,¢) € Ro i p>0,a=c=0,b> 0},

(u,a,b,¢) € Ro:a>0,b>0,c=0},

(u,a,b,¢) € Ro:a>0,b<0,c=0},

(u,a,b,¢) € Ro:a=0,b>0,¢c >0},

(u,a,b,¢) € Ry :a=0,b<0,¢ >0},

(g,a,b,¢) € Ry:a>0,¢>0,—2vac < b < 2vac},
(g,a,b,c) € Ry:a>0,¢>0,b>2vac},

(g,a,b,¢) € Ry:a>0,c>0,b<—2vac},

(g,a,b,c) € Ry :a>0,c>0,b=2vac,a — uy/ac+ c < 0},
Gz = {(p,a,b,¢) € Ry :a>0,c > 0,b = —2/ac},

(u, YERy:a>0,¢>0,b=2vac,a— uyac+ c=0},
= {(u, YERy:a>0,c>0,b=2vac,a— uyac+c > 0},

APPENDIX A

We will recall here the classical results on nonexistence of closed orbits of planar dynamical
systems, which are used for comparing with our criterions.
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In+

(m) Gis (n) G1a (0) G1s
FIGURE 14. Global phase portraits of system (33]).

Consider the following planar dynamical system
dx dy
4 — =X ==Y
(3 ) dt (':E’y)’ dt (':E’y))

where X (z,y), Y(x,y) are defined on R%2. We first state the Poincaré’s method of tangential

curves.
Theorem 12. [29, Theorem 1.6 of Chapter 4] Let F(x,y) = C be a family of curves, where

F(z,y) € CYG). Suppose that
dF OF OF

has a fized sign on G (i.e., = 0 or < 0), and the equality
oF oF

xZ o vZ& —o
8:E+ oy

cannot be satisfied on an entire orbit of [B4l). Then system (B4) has no closed orbits in G.
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Secondly, we recall the Bendixson-Dulac criterion.

Theorem 13. [29) Theorem 1.7 of Chapter 4] Suppose that in the simply connected region G,
the vector field (X (x,y),Y (x,y)) associated to system [B4) is C*(G). Further, there is a function
B(z,y) € CY(G) such that

Jd(BX) O(BY)
ox + dy

is of the fized sign, and is never identically zero in any subregion. Then system ([B4) has no a
closed orbit in G.

Thirdly, we recall the result by Lins et al [I7] on nonexistence of closed orbits of the classical
Liénard system.

Theorem 14. [I7, Proposition 1] Consider the Liénard differential system

dx dy
where F(x) = agz? + - -+ + ayz. Set F(x) = c(x) + e(x), with c(x) even and e(x) odd functions.
If 0 is the unique zero of e(x), then system (B5l) has no closed orbits around the origin.

= —[1;‘7

Fourthly, we recall the result by Dumortier and Rousseau [9] on nonexistence of closed orbits
of the generalized Liénard system.

Theorem 15. [9, Proposition 2.3] Consider the generalized Liénard differential system

dx dy
= y—F -7 =
T =y Fl@), —

with F of class C? and g of class C' on (a, B) (o, B can be £00), and satisfying

(36) —g(x),

(i) f(z) = F'(x) has a unique zero xg < 0; f(x) <0 (resp. > 0) as o < x < xq (resp. xg <
x < f);
(il) F(0) =0, F(&) =0 for a < & < xo;
(iii) zg(x) >0 for x € (a, B) and x # 0.

Then system (B8] has no a limit cycle in the strip § < x < f3.

Fifthly, we recall the result by Sugie [22] on nonexistence of closed orbits of the generalized
Liénard system.

Theorem 16. [22, Theorems 3.1 and 3.2] Consider system (36)), with F(z) and g(x) being
continuous functions in R and satisfying F(0) = 0 and xg(x) > 0 for © # 0. Assume that the
initial value problem for system ([B8) has always a unique solution. Let M™T = f0+°O g(z)dz,

M~ = [ " g(z)dz and M = min{M T ,M~}. Define
w=G(x) ::/0 lg(s)| ds.
(a) If
F(G Y (~w)) # F (G (w), 0<w< M,
then system (3G has no periodic solutions except for the origin.
(b) Define
H(w)=F (G_l(—w)) - F (G_l(w)) for 0<w< M.
Suppose that
H(w)>0 or H(w)<0 for 0<w< M,
and that there exists a sequence {wy} such that

wy, =07 as n—4oo and H(w,) #0.
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Then system (B6l) has no periodic solutions except for the origin.

Sixthly, we recall the result from [4] on nonexistence of closed orbits of the Liénard system
(36).

Theorem 17. [4, Proposition 2.1] Consider system ([B6) with g continuous and F smooth on
(a1,b1) for some given a1 < 0 < by, and F(0) = 0. Assume that

e g(x) has n +1 zeros 0, x1, ---, xy, in (a1,b1) such that xg(x) > 0 for all x € (a1,b1) \
{073317"' 7$n}-

Set z(x) == [y g(s)ds, z1 = z(b1) > 0 and 2o := z(a1) > 0 and x1(z), and let x5(z) be the
branches of the inverse of z(x) for x > 0 and x < 0, respectively. Set

Fi(z) := F(z1(2)), Fy(z) := F(x2(2)).
If

(i) Fi(z) # Fa(z) for all0 < z < 1, and
(ii) either Fi(z) = Fy(z) or Fi(z) < Fa(z) for all z € (0,min{z1, 22}),

then system (36) has no closed orbits in the strip a; < x < by.

Seventhly, we recall the result by Chen and Tang [5] on nonexistence of closed orbits of the
generalized Liénard system (B0]).

Theorem 18. [5, Theorem 2.1] Consider system B6) with F and g of class C* in (81, B2), where
B1 <0 and B2 > 0 (B1, P2 could be £00). Assume that F(x) and g(x) satisfy the conditions:

(i) zg(z) > 0 for x € (p1,0) U (0, B2);
(ii) F(z) has at most three zeros xi, x2, 0 € (B1,02) with 1 < x2 < 0, and F(z) >
0 (resp. <0) for xz € (x1,22) U (0,400) (resp. x € (B1,21) U (z2,0));
(iii) f(xz) = F'(z) has a unique zero & in (x1,22), and f(x) < 0 (resp. > 0) for z €
(€0, 2) (resp. x € (z1,0) U (0, B2));
(iv) the simultaneous equations

= F(z an a(z1) = o)
F(z1) = F(22) d f(z1)  f(22)

have no common solutions in (1, B2) satisfying 1 < z1 < 3 < 0 < z3.

Then system ([B8) has no closed orbits in the strip /1 < x < [a.

APPENDIX B

In this part we recall Theorems 7.1 and 7.2 of [29, Chapter 2] for reader’s convenience, which
are frequently used to characterize local topological structure of the equilibrium having at least
one eigenvalue vanishing and its linearization nonvanishing.

Consider the planar differential system

dx dy

(37) E :PQ(xay)v % :y+Q2(‘rvy)‘

Theorem 19. [29] Theorem 7.1 of Chapter 2] Suppose that O = (0,0) is an isolated equilibrium
of system BT) and that P> and Q2 are analytic functions in a small neighborhood Ss(O) of O
without constant and linear terms. Let y = ¢(x), |x| < I, be the unique analytic solution of the
equation

y+Q2($7y) =0, n S(S(O)v
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TABLE 3.
Relations between azpm41,bn, A,m,n Type of equilibrium O
agm+1 > 0 saddle
b, =0 center or focus
n>m;orm=nand A <0 center or focus
. {n <m, or J
azm+1 < 0 b £0 n s even n=mand A\>0 node
, n<m, or Ss(O) consists of one hyperbolic
n s odd _ dN>0
n=man z sector and one elliptic sector

and set
V() = Po(z, 9(2)) = amz™ +o(z™), |z <4,
with ay, #0,m = 2. Then the following properties are satisfied.

(1) If m is odd and a,, > 0, then O is an unstable node.
(ii) If m is odd and a,, <0, then O is a saddle with its four separatrices tending to O(0,0)
along the directions 6 = 0,7/2, 7 and 3mw/2, respectively.
(iii) If m is even, then O is a saddle-node, and Ss(O) is divided by two separatrices, tangent
to respectively the positive and negative y—axes at O, into two parts: one is a parabolic
sector, and the other consists of two hyperbolic sectors.

A system with the nilpotent equilibrium at the origin can be transformed to

d d
(38) d—f =Y, d—i = apz® (14 h(z)) + bpa"y (1 + g(2)) + y°p(2,y),
where h(x), g(x), p(z,y) are analytic functions in Ss(O). Moreover, h(O) = g(O) = 0, ay #
0, k > 2; b, can be zero, and when b, £ 0, n > 1.

Theorem 20. [29, Theorem 7.2 of Chapter 2] For system (B8)) with k = 2m + 1,m > 1, the
equilibrium O has the local property as that in Table B, where A = b2 + 4(m + 1)agm11.

Notice that the results of Theorem [[9 were initially obtained by Lyapunov in [19, p. 301] and
the results of Theorem 20] were initially obtained by Andreev in [2].

APPENDIX C

By a Poincaré transformation

system (B2]) is changed to

Z—u = —22(u® + pu + N) — (cu® + bu? + au + 1),
(39) g

&= _ —2u

dr ’

where dr = dt/z?. Notice that the abscissaes of the equilibria of system ([39) on z = 0 are the
zeros of the polynomial ®(u) := cu® + bu? + au + 1.

Lemma 21. If ¢ = 0, system (B9) has two equilibria A = ((—a —Va? — 4b)/2b,0) and B =
((—a + Va2 — 4b) /20, 0) for a®> — 4b > 0, only one equilibrium C = (—a/2b,0) for a®> —4b =0,
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and no an equilibrium for a®> — 4b < 0. Moreover, A is an unstable node for b > 0, a saddle for
b<0; B is a saddle and C is a degenerate equilibrium.

Proof. The number of equilibria follows directly from the roots of ®(u) = 0. On the properties
of these equilibria, computing the Jacobian matrices of the system at A, B and C gives

J. <\/a2—4b 0> T <—\/a2—4b 0) T <0 0)
A= 0 0/’ B -— 0 0/’ c = 0 0/’

respectively. Thus, A and B are semi-hyperbolic equilibria and C' is a degenerate equilibrium.

Set u; = —a — va? —4b)/2b and us = (—a + va? — 4b)/2b. By the transformation (u,z) —
(u+ uy, z) system (B9) is changed to

% =22 (u2 + (14 2up )u 4+ ud 4 g + A) — bu? — (2buy + a)u =: Pi(u, 2),
% = —2u— w2 = Qi(u, 2).

The implicit function theorem shows that Pj(u,z) = 0 has a unique root u = ¢;(z) for small
|z|. Thus,

Q1(01(2), 2) = —u12® + o(23).

Notice that u; < ug < 0 for b > 0 and ug < 0 < uy for b < 0. By Theorem [I9in Appendix B, it
follows that A is an unstable node for b > 0, and is a saddle for b < 0. Similarly, B is a saddle
of system (B9). The proof is finished. O

Next we give the qualitative property of C.

Lemma 22. The qualitative property of C is shown in Tables dH6

TABLE 4. Numbers of orbits connecting C' for v > 0.

Ezxceptional directions | Numbers of orbits

0=0 one (+)

0=m one (—)

(=) (resp.(+)) means that the orbits approaching C' as T — —oo(resp. T — +00).

TABLE 5. Numbers of orbits connecting C' for v = 0.

Ezxceptional directions | Numbers of orbits

=0 one (+)
o1 o (-)
0=m one (—)
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TABLE 6. Numbers of orbits connecting C for v < 0.

Ezceptional directions | Numbers of orbits
=0 one (+)
6 = arctan Tb one (—)
- =b _
= m — arctan /= oo (—)
0=m one (—)
0 = 7+ arctan /= oo (—)
6 = 2w — arctan _Tb one (—)
Proof. In this case, one has b = a?/4 > 0 and ug := —a/2b < 0. With the transformation

(u,z) = (u+ ug, 2), system (B9)) becomes

d

d_u = —2% (U + (b + 2uo)u + uf + pug + A) — bu?,
(40) g

dz 3 3

— = —z’u—upz".

dr

With a polar transformation (u, z) = (rcos,rsin@), system ([@0) can be written as

Ldr _ Hy(6)+ Hi(6,1)

— 3

rd0 Gy (0) +Gi(6,r)

where G1 () = sin 0((u2+pug+A) sin? 0+bcos? 0), Hi(0) = — cos O((ud+pug+X) sin® +b cos? §),
and /Hvl(H, ), Gy (0,7) = 0asr — 0. A necessary condition on existence of exceptional directions
is G1(0) = 0 by [29, Chapter 2]. Whereas, the zeros of G1(0) is strongly related to the sign of
v = ud + pug + A

For v > 0, it is easy to check that G1(f) = 0 has exactly two roots 0, 7 in 6 € [0,2m).
Moreover, easy calculation gives G (0)H,(0) = G)(m)Hi(7r) = —b> < 0. By H;(0) < 0,
Hy(m) > 0 and [29, Theorem 3.7 of Chapter 2|, system ({0) has a unique orbit approaching
(0,0) in the direction § = m as 7 — —oo, and a unique orbit approaching (0,0) in the direction
0 =0as 17— +oo. Sois C.

For v < 0, it is easy to check that G;(f) has six zeros § = 0, arctan (\/—b/’y), T —

arctan (\/—b/y), 7, T+arctan (\/—b/y), 2w —arctan (\/—b/v) in @ € [0,2m). Since G (0)H1(0) =
G (m)Hy(7) = —b% < 0, it follows from H;(0) < 0, Hy(w) > 0 and [29, Theorem 3.7 of Chapter
2] that system (40]) has a unique orbit approaching (0,0) in the direction § = 7 as 7 — —o0, and
a unique orbit approaching (0,0) in the direction § = 0 as 7 — +oo. So is C. Since the other
four zeros of G1(6) are also those of H;(6), one cannot apply the normal sector method (see [29]

Chapter 2]) to analyze the four exceptional directions § = arctan (\ /—b/ 7), m—arctan (\ /—b/ 7),

T+ arctan( —b/’y), 2m — arctan( —b/’y) of the origin for system (40)). Instead, we adopt
Briot—-Bouquet transformations to blow up the four directions.
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With the Briot—-Bouquet transformation z = zZu, system (@0) is changed to

d

M _ 2y, (v + (1 + 2uo)u +7) — bu,
(41) do

dz ~3 ~3 ~

5 (p +uo)z’u + vz + bz,

where dd = udr. System (4I]) has three equilibria (0,0), (0, \/—b/v) and (0, —\/—b/y). The

equilibrium (0,0) is a saddle. For the other two equilibria, taking transformation (u,z) —

(u,z + 2z1) with z; = \/—b/~, system (@I becomes

d
d_:; =— (% +2212) (u® + (p + 2u0)u® + yu) — 27 (u® + (1 + 2uo)u?)
dz - .

(42) % =(p 4+ uo)Ziu + 2237 + (4 o) (uz® + 321uz? + 322uZ)

+ 2% + 3y21 22

A further transformation (u,z) — (u, (2 — (4 + ug)ziu) /272%) sends system ([@2) to

1
d—u e —’L[,Ou2 — —’LLE—I— hOt =: PQ(U, %I),
do zZ1
(43) £
d_(z5 = 2y23Z + h.ot. =: Qa(u, 2).

By the implicit function theorem, Q2(u,2) = 0 has a unique root z = ¢y (u) for small |u|. Thus,
Py(u, da(u) = —ugu® + o(u?).

Theorem [[9in Appendix B together with v < 0 and up < 0 verifies that the origin of system (43])
is a saddle-node, so is (O, \/—b/’y) of system (4I)). Similarly, (O, —\/—b/’y) is also a saddle—
node. Figure [[5[a) illustrates the qualitative properties of the equilibria (0,0), (0, —b/v)

and (0, —/ —b/v) of system (1)) in the (u,z) plane. In fact, when u # 0, the Briot—-Bouquet
transformation z = Zu is a topological transformation from (u, z) plane to (u, 2) plane, mapping
the first, second, third and fourth quadrants respectively into the first, third, second and fourth
quadrants. Moreover, when u = 0, the transformation makes the whole z—axis shrinking to the
origin in the (u, z) plane. In other words, all orbit segments in first, second, third and fourth
quadrants in the (u,z) plane correspond first, third, second and fourth quadrants in the (u,Z)
plane, respectively. Further, an orbit with the initial point (0, Zy) in the (u,2) plane becomes
an orbit connecting O along 6 = 0 in the (u, z) plane.

Therefore, blowing down these equilibria to C' yields that system (B9) has infinitely many or-
bits approaching C' in respectively the directions # = m—arctan (\ /—b/ ’y) and m+arctan (\ /—b/ ’y)
as T — —o00, a unique orbit approaching C' in respectively the directions § = arctan (\/ —b/v)

and 27 — arctan (\/—b/v) as 7 — —oo. Figure [[5l(b) exhibits the local structure of C' in the
(u, z) plane.

For v = 0, the equation G1(#) = 0 has four roots § = 0,7/2, 7, 37/2 in 6 € [0, 27). Moreover,
G1(0)H1(0) = Gy(m)Hy(m) = —b* < 0. By Hyi(0) < 0, Hi(w) > 0 and [29, Theorem 3.7 of
Chapter 2|, system (40]) has a unique orbit approaching (0, 0) in the direction § = 7 as 7 — —o0,
and a unique orbit approaching (0,0) in the direction § = 0 as 7 — 4o00. So is C. However,
Hy(7/2) = H1(37/2) = 0. We need Briot-Bouquet transformations to blow up the directions
0 =7/2 and 0 = 37/2.
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FIGURE 15. Orbits changing under the Briot—-Bouquet transformation for v < 0.

With the Briot—Bouquet transformation v = uz, system (40) becomes

D (g — iz — b,
ds
(44)
dz ~ 3 2
— = —uz’ — upz”,
ds

where ds = zdr. The polar change of variables (u, z) = (r cos 6, rsin ) sends system (@) to
Ldr  Hy(9) + Hy(6,7)
rdd Gy(6) + Ga(6,r)

where
G2(0) = sinf cos(bcos b + psin )
and
Hy(0) = —ugsin® 0 4 (—ug — p) sin 0 cos® 6 — bcos® .

The condition v = 0 implies > 0, and so Ga(6) has six zeros § = 0, 7/2, m — arctan(b/pu),
7, 31/2, 2m — arctan(b/p) in [0,27). Moreover, G5(0)H(0) = GhH(m)Ha(m) = —b* < 0,
G/Q(F/Q)HQ(F/Q) = G/Q(37T/2)H2(37T/2) = uop < O, Gé(@o)Hg(eo) = G/Q(ﬂ' + 90)H2(7T + 90) =
—pugsin® @y > 0, where 6y = 7 — arctan(b/p). By [29, Theorems 3.7 and 3.8 of Chapter 2],
system (44]) has a unique orbit approaching (0,0) in respectively the directions # = 0 and 37/2
as s — 400, a unique orbit approaching (0,0) in respectively the directions § = 7w and 7/2 as
s — —o0, infinitely many orbits approaching (0, 0) in the direction 2w —arctan(b/u) as s — +oo,
and infinitely many orbits approaching (0,0) in the direction § = m — arctan(b/u) as s — —oo.
Figure [I6)(a) illustrates the local structure of (0,0) for system (44]) in the (u, z) plane. It follows
that system (B9]) has infinitely many orbits approaching C' in respectively the directions 7 /2 and
3w/2 as T — —oo. Figure [I6(b) exhibits the local qualitative structure of system (39) at C in
the (u, z) plane. O

By Lemmas 21l and 22] we obtain the local phase portraits of system (32)) at infinity of the
Poincaré disc, as those shown Figure [Tl where [4+, Ig+ and I-+ correspond respectively to
equilibria A, B and C of system (B9)).

Lemma 23. When ¢ > 0, the equilibria of system [B9)) is shown in the following Table[7.

Proof. When b € [—\/3ac, 0) U (O, vV 3ac], '(u) = 3cu? + 2bu + a > 0 holds identically. Thus,
®(u) is increasing and has a unique zero. When b € (—oo,—\/ ac) (\/3ac, —I—oo), d'(u) =
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FIGURE 16. Orbits changing under the Briot—-Bouquet transformation for v = 0.

(b) 0 <b<a?/4

I

(e) b=a*/4,v=0

(c) b=a%/4,7>0 (d) b=a%/4,v<0
FiGURE 17. Locally qualitative property of equilibria at infinity /4+, Ig+ and
Ic+ in the Poincaré disc for ¢ = 0.

3cu? 4 2bu 4 a = 0 has two roots
—b—Vb?% — 3ac —b+ Vb? — 3ac
01 = y 02 = .
3c 3c
Therefore, ®(u) is increasing in (—oo, 01), (02,+00) and decreasing in (g1, 02). The zeros of
®(u) are determined by discussing the signs of ®(p1) and ®(g2). The proof is finished. O

We study further the qualitative properties of the equilibria in Lemma
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TABLE 7. The equilibria of system (B9) for ¢ > 0.

Cases of parameters Equilibria
b€ [—/3ac,0) U (0,3ac] E : (us,0)
P(02) <0 Fy: (u4,0), Fo i (us,0), Fs: (us,0)
b e (—o0, —v3ac) ®(gy) =0 F: (ur,0), Q: (02,0)
®(02) >0 E: (us,0)
®(01) <0 E : (us3,0)
®(01) =0 K:(01,0), F : (u7,0)
b€ (V3ac, +0) D(02) > 0 E: (us,0)
®(01) >0 ®(02) =0 F i (u7,0), Q1 (02,0)
D(02) <0 Fy : (ug,0), Fy: (us,0), F3: (ug,0)
Remark : o1 := (—b — v/b? — 3ac)/3c, 02 := (—b+ Vb2 — 3ac)/3c, and us,--- ,uy are probable

zeros of ®(u) = cu® + bu® + au + 1.

Lemma 24. When b € [—v/3ac,0) U (0,v/3ac|, E is a saddle.

Proof. Clearly, the Jacobian matrix at F is

—3cu? — 2bus —a 0
JE::< 3 0 3 0).

When 3cu§ + 2bug + a > 0, E is a semi-hyperbolic equilibrium. With a transformation (u,z) —
(u + us, z), system (39) is changed into

d
d_u =22 (u2 + (0 + 2uz)u + u3 + pus + A) — cu® — (3cus + b)u®
—
(45) — (3cu? + 2bus + a)u =: Py(u, 2),
d
ﬁ = — 23U —u32® = Qs(u, 2).
By the implicit function theorem, Ps(u,z) = 0 has a unique root u = ¢3(2) = —(u2 + pus +

)/ (3cu? + 2buz + a)2? + o(2?) for small |z|. Thus,
Q3(¢3(2), 2) = —uzz> + o(23).
By Theorem [19] of Appendix B and u3 < 0, E is a saddle.

When 3cu§ + 2busz +a = 0, E is a degenerate equilibrium and system (43]) can be simplified
as

du

= —22(u? + (p + 2u3)u + ud + puz + N) — cud,
(46) g

dz 3 3

— = —2%u — ugz".

dr

Firstly, consider u§ + pus + A = 0. Then, system (46]) is simplified as

d
a_ —22(u? 4 (u + 2u3)u) — cud,
dz 3 3

— = —z°u —u3z°.
dr
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Using a polar coordinate (u,z) = (rcos 6,z = rsinf), system (A7) is transformed into the polar
form

—

Ldr  Hy(0) + Ha(6,7)
rdf  Gs(0) + Gs(0,7)

where
G3(6) = sin 6 cos 0 ((u + uz) sin? @ + ccos® §)

and

Hs(0) = —ussin® 0 — (u + 2us) cos? #sin® 6 — ccos? 6.
It follows from u2 + pug + A = 0 that g +u3z > 0 (resp. = 0) if A > 0 (vesp. = 0). Thus,
G3(#) has four zeros 0 = 0, /2, 7w, 3w/2 in [0,27), where 0,7 are simple zeros, 7/2,3mw/2 are
simple zeros (resp. zeros of three-multiple) for p + ug > 0 (resp. = 0). We can check that
G4(0)H3(0) = G4(m)Hs(m) = —c® < 0. Moreover, we can obtain

GY4(m/2)Hs(m/2) = G5(37/2)H3(37/2) = us(p +uz) <0

for p+ uz > 0 and

G4 (m/2)Hs(m/2) = G4 (37 /2)H3(37/2) = 6cuz < 0
for p+ uz = 0. By [29, Theorem 3.7 of Chapter 2 |, there is a unique orbit approaching (0, 0)
in respectively the directions 6 = 7/2, 37/2 as 7 — —o0, and a unique orbit approaching (0, 0)

in respectively the directions § = 0, 7 as 7 — +o0 in system (4@). In other words, F is a
degenerate saddle of system (39).

Secondly, consider u3 + pug + A # 0. Then, applying the polar transformation (u,z) =
(rcos@,rsinf) to system (0], we still get

lﬁ . H4(9) + E(e,’f’)
rdf  Gu0)+ Ga(0,7)

where G4(0) = (u2 + pug + \)sin®@ and Hy(0) = —(u2 + pug + ) cos@sin? 0. It is easy to
check that G4(6) has two zeros § = 0, 7 in [0,27) and H4(0) = Hy(w) = 0. Therefore, we need
to desingularize further the degenerate equilibrium. With the Briot—-Bouquet transformation
z = zu, system (46]) becomes

d

d_g = —Z2u(u® + (p 4 2us)u + uj + pug + ) — cu?,
48 ~
(48) dz =3 2 3, =

5= (b +ug)z°u+ (uz + pug + X)Z° + czu,

where dd = udr. Since the origin of system ({8]) is still degenerate, we repeat the aforementioned
analysis steps. With a polar transformation (u,z) = (rcos,rsinf), system ({48 is written as

lﬁ _ H5(9) + /I—i‘;(evr)

rdf G5(0) +Gs(0,7)
where G5(6) = 2csin 6 cos?§ and Hs(0) = csin? 6 cos § — ccos? 0. It is easy to check that 6 = 0,
7/2, m, 3w/2 are four roots of G5(f) = 0 in [0,27). Moreover, G5(0)H5(0) = Gi(m)Hs(n) =
—2¢? < 0. Thus, there is a unique orbit approaching (0,0) in respectively the direction § = 0,
m as § — 400, and a unique orbit approaching (0,0) in respectively the direction § = 7 as
d — —oo in system (48)) by applying [29, Theorem 3.7 of Chapter 2 |. For § = 7/2, 37/2, we
need to do more desingularisations because Hs(7/2) = H5(37/2) = 0.

With the second Briot—-Bouquet transformation u = uz , system ([48)]) is rewritten as
du

do
(49) dz

do

= 02 — (2u + 3uz)u?Z? — 2(ul + pus + N\)uz — 2cu’,

= (p +uz)Z3U + (uf + pus + N2 + czu,
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where do = Zd. Similarly, transforming system (@9) into equation
Ldr _ He(0) + Ho(0,7)
rdf  Gg(0) + Gs(0,r)

by a polar transformation (u,z) = (r cosf,rsinf), we obtain that

Ge(0) = 3sinf cos 0 ((uj + pug + A) sin  + ccos §)
and
Hg(0) = (u? + pus + \) sin® 0 + csin? 6 cos 6 — 2(u3 + puz + ) sin @ cos? § — 2ccos® 6.

Thus, G¢(0) = 0 has six roots 6 = 0, /2, 7, 37 /2, arctan(—c/(uZ+puz+A)) , T+arctan(—c/(u3+
pug + ) for u2 + pus + A < 0 and six roots 8 = 0, 7/2, m, 37/2, ® — arctan(c/(u3 + pug + \)),
2m—arctan(c/(ui+pug+N)) for ud+puz+X > 0in [0,27). Then, we can check that G§(0)Hg(0) =
Gi(m)Hg(m) = —6c2 < 0, Gi(m/2)Hg(n/2) = G4(3n/2)Hs(31/2) = —3(u2 + puz + \)? < 0.

However,

C c
H, (arctan (-—)) = H <7T + arctan (——>> =0
6 uj + pug + A 0 uj + pug + A

for u3 + pusz + A < 0 and

c c
H, <7T — arctan (—)) = H, (277 — arctan (—)) =0
0 uf + pug + A 0 uf + pug + A

for u3 + pus + A > 0. Therefore, we need to desingularize further the degenerate equilibrium.

Using the third transformation z = (§ - ZQ) @ with zo = ¢/(u3 + pug + \), we change system

([#9)) into

d~ ~ = ~ = ~ ~ =
ﬁ = —2(u3 + pus + N)uz — (Z — 20)%0° — (2u + 3u3)(Z — 22)%0° =: Py(4, 2),
(50) ~
z = 2 2 T N32 (B A Ly e T
7o = 3¢z + 3(uz + pug + N)z° + (Bu + 4uz)(Z — 22)°u” + (Z — z2) 0" =: Qu(w, 2),

where dv = udo. On the one hand, By the implicit function theorem, Q4 (%, g) = 0 has a unique
root Z = ¢4(t1) = — (3 + 4uz)23 /(3c)u? + o(u?) for small |u|. Thus,

Pi(i 64(0) = —5' 50 + o(i).

By Theorem [I9] of Appendix B, the orgin of system (B0) is a saddle. On the other hand, it is
easy to check (0, z2) of system (B0) is a hyperbolic saddle. Thus, we can obtain the qualitative
properties of system (50), as shown in Figure[I8] (a) (resp. Figure[IJl (a)) when u3 + pug+ A > 0
(resp. u2 + puz + A < 0). Further, we obtain the qualitative properties of (0,0) in the (u,?)
plane for system (49) and in the (u,Zz) plane for system (48]), respectively. See Figures [I8] (b)
and (c) and Figures[I9] (b) and (c¢). Finally, E of system (39) is a degenerate saddle, as shown
in Figures I8 (d) and 19 (d). O

By Lemma 24] when b € [—/3ac, 0) U (0, v3ac], the qualitative properties of equilibria 1=
at infinity in the Poincaré disc of system (B2), which correspond the equilibrium E of system
[B9), are as shown in Figure 20] (which illustrate only the local topological structure at Ip+ and
I, there have other equilibria between them, without marked there).

Lemma 25. Consider b € (—oo, — 3ac). Then, F1 and Fy are saddles, and Fj3 is a stable node
for ®(02) < 0; F is a saddle, and Q is a degenerate equilibrium for ®(o2) = 0; E is a saddle for
®(02) > 0. Moreover, there is a unique orbit approaching @Q along 6 =0 as T — +00, a unique

orbit approaching Q along 0 = m as T — —o0, and no orbit connecting QQ along other directions
when ®(g2) = 0.
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FIGURE 19. Orbits changing under Briot-Bouquet transformations when u3 +
puz + A < 0.

Ficure 20. Locally qualitative property of equilibria at infinity I+ in the

Poincaré disc for b € [—v/3ac,0) U (0, v3ac] (other equilibria between them are
not marked here).

Proof. Firstly, consider ®(g2) < 0. With the transformation (u,z) — (u + w4, z), system (B9 is
changed into

d
d_:f =— 2% (u® + (p+ 2ug)u + uf + pug + X) — cu® — (3euq + b)u?
- (3cui + 2buy + a)u =: Ps(u, 2),

(51)

d
2 B ugz® =: Qs(u, 2).
dr

39
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It is easy to obtain 3cui+2bU4+c > 0 by ug < p1. By the implicit function theorem, Ps(u, z) = 0
has a unique root u = ¢5(2) = —(u? + pug + \)/(3cu? + 2buy + a)z% + o(2?) for small |z|. Thus,

Qs5(p5(2),2) = —ug2 + 0(23).

By Theorem [I9] of Appendix B and uy < 0, F} is a saddle. It is similar to prove that F5 is a
saddle and F3 is a stable node.

Secondly, consider ®(p3) > 0. It is easy to check uz < 0 and 3cu§ + 2bug +a > 0. Considering
system (45]), by the implicit function theorem, P3(u,z) = 0 has a unique root u = ¢3(z) for
small |z|. Thus,

Qs(¢3(2), 2) = —uzz’® + o(2°).
By Theorem [19] of Appendix B, FE is a saddle.

Finally, consider ®(g2) = 0. It is obvious that u7 < 0 < g1 < g2 and the Jacobian matrices
at F' and @Q are

_ (—3cu? —2bu; —a O> o <—3CQ§ —2boz —a 0>

respectively. Since 3cu2 + 2buy +a > 0 and 3co3 + 2bgs + a = 0 by Lemma 23] F is a semi-
hyperbolic equilibrium and @ is a degenerate equilibrium. For F', taking the transformation
(u, z) = (u+ ur, z), system (B9) becomes

d
d_u =22 (u2 + (1 + 2ur)u 4 ud + pug + A) — cu® — (3cuy + b)u?
-
(52) — (3cu? + 2buy + a)u =: Ps(u, 2),
d
ﬁ = — 23U —ur2® = Qg(u, 2).
By the implicit function theorem, Ps(u,z) = 0 has a unique root u = ¢g(2) = —(u2 + puy +

)/ (3cu? + 2buz + a)z? + o(2?) for small |z|. Thus,
Qs(¢6(2), 2) = —uzz® + o(2%).
By Theorem [19] of Appendix B and u; < 0, we can check that F'is a saddle.

Concerning the equilibrium @, a transformation (u, z) — (u + g2, z) sends system (B9]) to

d

d—z = —2%(u® + (4 202)u + 05 + pos + N) — cu® — (\/52 _ 3ac) u2,
(53) i . )

— = —z2"u— 022".

dr

With a polar transformation (u, z) = (rcos,rsin@), system (53) is rewritten as

1dr  Hy(0) + H:(0,7)

54 - AL
>4 rdf  Gr(0)+ Gr(0,7)
where
Gr7(0) =siné ((g% + 1109 + N)sin? 6 + (\/ b2 — 3ac) cos? 9)
and

H7(0) = —cosf ((g% + 1109 + N)sin? 0 + (\/ b2 — 3ac) cos? 9) .
It follows from g2 > 0 that 03 + pos + A > 0. Then, we can check that G7(f) has two zeros
0 =0, min [0,27) and
GL(0)H7(0) = GL(m)Hy () = 3ac — b < 0.
Therefore, there is a unique orbit approaching ) in the direction # = 0 as 7 — 400, and a

unique orbit approaching @ in the direction § = 7 as 7 — —oo in system (B9) by [29, Theorem
3.7 of Chapter 2 ], H7(0) < 0 and Hz(mw) > 0. O



NONEXISTENCE OF PERIODIC ORBITS OF PLANAR DYNAMICAL SYSTEMS 41

By Lemma 25 when b € (—o0, —v/3ac), the qualitative properties of equilibria at infinity I FE
IFQi and IFSi for ®(02) < 0, Ip+ and I+ for ®(02) = 0, or I+ for ®(g2) > 0 in the Poincaré

disc of system (B2)), which correspond respectively the equilibria Fy, Fy, F3, F, Q, E of system
[B9), are as shown in Figure 21 (there may probably other equilibria at the infinity, which are
not marked there).

(a) ®(02) <0 (b) ®(g2) =0 (c) ®(02) >0

F1GURE 21. Locally qualitative property of equilibria at infinity I P 1 o and

[ng, or Ip+ and Ig+, or Ip+ in the Poincaré disc for b € (—oo, —\/3ac) (not
including all equilibria at infinity).

Lemma 26. Consider b € (\/ 3ac, +oo). Then, E is a saddle for ®(o1) < 0; F is a saddle and

K is a degenerate equilibrium for ®(o1) = 0. When ®(p1) > 0, E is a saddle for ®(o2) > 0; Fy
and F3 are saddles, Fy is an unstable node for ®(o2) < 0; F is a saddle and Q is a degenerate
equilibrium for ®(02) = 0. Moreover, the qualitative properties of K or @ are shown in Tables

BHIO or TTHI3

TABLE 8. Numbers of orbits connecting K for o2 + po1 + A < 0.

Ezxceptional directions | Numbers of orbits

=0 one (—)

0=m one (+)

TABLE 9. Numbers of orbits connecting K for o2 + po1 + A = 0.

Ezceptional directions | Numbers of orbits

=0 one (—)
o1 o (-)
0=m one (+)
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TABLE 10. Numbers of orbits connecting K for ¢? + po1 + A > 0.

Ezxceptional directions Numbers of orbits
0=0 one (—)
- Vb2 —3ac_
6 = arctan < g%+ugl+>\> one (+)
o Vb%—3ac
6 = m — arctan (1 / 7@%+u91+>\) oo (+)
0= one (+)
_ b2 —3ac
§ = 7 + arctan (\/ 91+M91+A) oo (+)
_ _ 3ac
6 = 27 — arctan (, / 91+u01+>\) one (+)

TABLE 11. Numbers of orbits connecting Q for 03 + po2 + A > 0.

Ezxceptional directions | Numbers of orbits

=0 one (+)

0=m one (—)

TABLE 12. Numbers of orbits connecting Q for 03 + po2 + A = 0.

Ezxceptional directions | Numbers of orbits
0=0 one (+)
0=3 o ()
0=m one (—)
0=% © ()

Proof. Firstly, consider ®(p1) < 0. It is easy to check g3 < uz < 0 and 3cu§ + 2bug +a > 0. For
E, considering system (43]), by the implicit function theorem, P;(u,z) = 0 has a unique root
u= ¢3(2) = —(u3 + pug + \)/(3cu? + 2buz + a)2? + o(2?) for small |z|. Thus,

Q3(03(2), 2) = —uz2® + o(23).
By Theorem [19] of Appendix B, E is a saddle.

Secondly, consider ®(p;) = 0. Notice that g2 < u7 < 0 and 3cu% + 2buz 4+ a > 0. Considering
system (52)), by the implicit function theorem, Ps(u,z) = 0 has a unique root u = ¢g(2) =
—(u? + pur + N)/(3cu2 + 2buz + a)z? + o(2?) for small |z|. Thus,

Qo(d6(2), 2) = —urz> + 0(23).
Thus, F is a saddle by Theorem [19] of Appendix B.
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TABLE 13. Numbers of orbits connecting Q for 03 + po2 + A < 0.

Ezxceptional directions Numbers of orbits
6=0 one (+)
— —+v/b2—3ac —
6 = arctan ( Q%J,-y,gg-i-)\) one (—)
o —v/b2—3ac _
6 = m — arctan < Q§+“92+A> oo (—)
0= one (—)
_ vV 3ac .
) = m + arctan <’/92+u92+>\> oo (—)
_ _ —vb2—3ac _
6 = 27 — arctan ( 92+,ugz+)\> one (—)

Concerning the degenerate equilibrium K, we can rewrite system (B5]) by the transformation
(u,2) = (u+ 01,2) as

d

d_:_b = —22(u® + (p+ 201)u+ 0] + po1 + A) — cu® + (\/ b2 — 3ac) u?,
(55) il . )

— = —2"u—012°.

dr

Considering a polar transformation (u,z) = (7 cosf,rsin@), system (53] is changed into
Ldr _ Hy(6) + Hs(0,7)
rd - Gs(0) + Ga(6.7)

where Gg(6) = sin[(0? + por + \)sin? 6 — (Vb2 — 3ac) cos? 6], Hg(0) = —cosO[(0? + po1 +
M) sin? @ — (v/b2 — 3ac) cos? 0]. As a similar progress by discussing the sign of ¢? + o1 + A in
Lemma 22] we can obtain that there is a unique orbit approaching K in the direction 6 = 7 as
T — 400, and a unique orbit approaching K in the direction § = 0 as 7 — —oo for g2 + o1+ <
0; there is a unique orbit approaching K in the direction § = m as 7 — 400, a unique orbit
approaching K in the direction # = 0 as 7 — —oo, infinitely many orbits approaching K in
respectively the directions 7/2 and 37/2 as 7 — —oo for o2 + o1 + A = 0; there is a unique
orbit approaching K in respectively the directions

Vb2 — 3ac Vb2 — 3ac

@ = m, arctan - |, 2w — arctan —_
o1 + por + A o1 + por + A

as T — 400, a unique orbit approaching K in the direction # = 0 as 7 — —oo, infinitely many
orbits approaching K in respectively the directions

b2 — 3ac b2 — 3ac
0 = m — arctan ———— |, ™ +arctan -
o1 + por + A 01 +por + A

as T — 400 for o3 + 1 + A > 0, see Tables BHIO

Finally, consider ®(p;) > 0. Then, we need to discuss the sign of ®(g,), which makes our
study divided in three subcases. When ®(p3) > 0, considering system ([@3]), F is a saddle by
Theorem [ of Appendix B, us < 0 and 3cu3 + 2buz + a > 0. When ®(g3) < 0, considering
system (BI), F} is a saddle by Theorem of Appendix B, us < 0 and 3cu? + 2bug + a > 0.
Similarly, F5 is an unstable node and Fj is a saddle.
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When ®(p3) = 0, it is easy to check that u; < g1 < g2 < 0 and 3cu% + 2buy +a > 0.
Considering system (52]), F is a saddle by Theorem [[9of Appendix B. Concerning the degenerate
equilibrium @, we consider system (53)) and equation (B4]). By the expression of G7(0) =
sin 0[(0% + po2 + A) sin? @ + (v/b2 — 3ac) cos? 6], the sign of 03 + po2 + A determines the zeros of
G7(0). As asimilar progress in Lemma[22] we can obtain that there is a unique orbit approaching
Q@ in the direction § = m as 7 — —o0, and a unique orbit approaching () in the direction 8 = 0
as T — +oo for g3+ po2 + A > 0; there is a unique orbit approaching @ in the direction § = 7 as
T — —00, a unique orbit approaching @) in the direction # = 0 as 7 — 400, infinitely many orbits
approaching @ in the respectively directions 7/2 and 37/2 as 7 — —oo for 02 + po2 + A = 0;
there is a unique orbit approaching () in respectively the directions

—/b? — 3ac —/b? — 3ac

0 =m, arctan — |, 27— arctan -
05 + 1102 + A 05 + 1102 + A

as T — —o0, a unique orbit approaching @ in the direction § = 0 as 7 — 400, infinitely many
orbits approaching @) in the respectively directions

—vb?% —3ac —Vb% —3ac

0 = m — arctan ————— |, ™ +arctan -~
03 + po2 + A 05 + po2 + A

as T — —oo for 3 + po2 + A < 0, see Tables [[THI3 O

By Lemma 26, when b € (v/3ac, +00), the qualitative properties of equilibria at infinity I+
for ®(01) < 0, or ®(01) > 0 and ®(g2) > 0, I+ and Ip+ for ®(o1) = 0, Ig+ and Ip+ for
®(p1) > 0 and P(p2) =0, Iz, Ips and Ing for ®(p1) > 0 and ®(p2) < 0 in the Poincaré disc
of system (B2]), which correspond respectively the equilibria E, K, F', Q, F1, Fy, F3 of system
[39), are as shown in Figure

With the other Poincaré transformation
1
z

v
= —, y=—-
¥4

system (B2]) is written as

d
d_v = 22\ + v + 1) + v(©® + av? + bu +¢),
(56) g
% = 23\ 4 p) + 2(v3 + av?® +bv +¢),
-

where dr = dt/2%. By [29, Chapter 5], we only need to study the equilibrium D = (0,0) of
system ([56]).

Lemma 27. D is an unstable star node for ¢ > 0, and a degenerate equilibrium for ¢ = 0.
Moreover, the qualitative properties of D is shown in Tables 14HI3 for ¢ = 0.

TABLE 14. Numbers of orbits connecting D for b > 0.

Ezceptional directions | Numbers of orbits

=0 one (—)

0=m one (+)
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¢

(a) ®(01) =0, of + po1 + A <0 (b) ®(01) =0, 0 + o1 + A =0

(d) ®(01) > 0, ®(02) = 0, 03 + (e) ®(o1) > 0, ®(g2) = 0, 02 + (f) ®(01) > 0, P(02) = 0, 05 +

pno2 +A>0 pno2+A=0 po2 +A <0

fFl—

(8) (01

) < 0, or ®(01) > 0 and (h) ®(01) >0, ®(02) <0
®(02) >0

FiGURE 22. Locally qualitative property of equilibria at infinity I+, [x+
and Ip+, or Ig+ and Ip+, or IF;_L, IFQi and IF:;_L in the Poincaré disc for b €

(\/ 3ac, +oo) (some equilibria at infinity are not marked here).

TABLE 15. Numbers of orbits connecting D for b < 0.

Ezxceptional directions | Numbers of orbits
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(¢)e>0

FicUrRE 23. Locally qualitative property of equilibria at infinity Ip+ in the
Poincaré disc (some equilibria at infinity are not marked here).

Proof. 1t is easy to prove that D is an unstable star node for ¢ > 0.

Consider ¢ = 0. In the polar coordinate (v, z) = (rcosf,rsinf), system (56) is transformated
into
Ldr  Ho(0)+ Hy(0,r)
rdd Go(0) +Go(6,7)
where Gy() = —sin®0, Hy(d) = (b + 1)sin®fcosf + bcos®d. 6§ = 0, 7 are zeros of three-
multiple of Gy(f). It is easy to check Gy (0)Hg(0) = G§'(m)Hg(m) = —6b < 0 for b > 0, and
Gy (0)Hy(0) = Gy (m)Hg(w) = —6b > 0 for b < 0. By [29, Theorems 3.7 and 3.8 of Chapter
2], H9(0) = b and Hgy(m) = —b, system (B0) has a unique orbit approaching D in the direction
0 =0 as 7 — —o0, and a unique orbit approaching D in the direction § = m as 7 — +oo for
b > 0; infinitely many orbits approaching D in the direction § = 0 as 7 — 400, and infinitely
many orbits approaching D in the direction § = 7 as 7 — —oo for b < 0. g

By Lemma 27 the qualitative properties of equilibria Ip+ at infinity in the Poincaré disc of
system (B2]), which correspond the equilibrium D of system (56l), are as shown in Figure 23]

APPENDIX D

By a Poincaré transformation

1 U
r= -, y=—-,
z z
system (B3]) is changed into
Z—u = —22(u® 4 pu + 1) — u(cu® + bu + a) =: Pr(u, 2),
-
o d_z = —2u=:Q (u, z)
dr - —- 7\, <),

where dr = dt/z?. The equilibria of system (57 at z = 0 are shown in Table

Lemma 28. Consider a = ¢ = 0. G is a degenerate equilibrium. Moreover, the qualitative
properties of G is shown in Tables [[THIS]

Proof. Considering a polar transformation (u, z) = (r cos @, rsin#), system (57) can be rewritten
as

Ldr _ Hio(6) + Hio(6,7)
rdf  Gip(0) + Gro(0,7)

(58)

)
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TABLE 16. Equilibria of system (57) at z =0

Relations between a and ¢ Equilibria
a=0 G :(0,0)
c=0
a>0 G:(0,0), R: (—%,0)
a=0 G:(0,0), S: (-2,0)
b?> —dac < 0 G :(0,0)
c>0
a>0 | b>—4ac=0 G:(0,0),T:(—%,O)
b2 —dac>0 | G:(0,0), P : (=by=tac o), py: (Sbidec )

TABLE 17. Numbers of orbits connecting G for b > 0 when a = ¢ = 0.

FExceptional directions

Numbers of orbits

one (+)

one (—)

TABLE 18. Numbers of orbits connecting G for b < 0 when a = ¢ = 0.

FExceptional directions

Numbers of orbits

47

=0 one (—)

6 = arctan (v/—b) one (+)

6 = 1 — arctan (v/—D) one (—)
0=mn one (+)

6 = 7 + arctan (v/—D) one (—)
6 = 2 — arctan (v/—0) one (+)

where G1o(#) = sin@(bcos? 0 + sin? §) and Hyo(f) = — cos 8(bcos? 6 + sin? §). Clearly, the zeros
of G19(0) is related to the sign of b.

When b > 0, Gi9(0) has two zeros § = 0, m in [0,27). It is clear that G',(0)H10(0) =
Go(m)H1o(m) = —b? < 0. By [29, Theorem 3.7 of Chapter 2], Hio(0) = —b < 0 and Hyo(7) =
b > 0, system (57)) has a unique orbit approaching G in the direction § = 7w as 7 — —o0, and a
unique orbit approaching G in the direction 8 = 0 as 7 — +oo.
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(a) u-z plane for system (B9) (b) w-z plane for system (B7])

FIGURE 24. Orbits changing under Briot—Bouquet transformations when a =
c=0and b<0.

When b < 0, G19(6) has six zeros 6 = 0, arctan (\/—_b), T —arctan (\/—_b), m, T+arctan (\/—_b),
2m — arctan (v/—=b) in [0,2m). It is easy to get G((0)H10(0) = G (m)Hyo(m) = —b* < 0. Sim-
ilarly by [29, Theorem 3.7 of Chapter 2|, Hjp(0) > 0 and Hip(w) < 0, system (57)) has a
unique orbit approaching G in the direction # = 7 as 7 — 400, and a unique orbit approach-
ing G in the direction § = 0 as 7 — —oo. However, we need to blow up the other four
directions because Hyg (arctan (\/—_b)) = Hyg (7T — arctan (\/—_b)) = Hyo (7r + arctan (\/—_b)) =
Hy (27T — arctan (\/—_b)) =0.

With the Briot—Bouquet transformation z = Zu, system (B7)) is changed into

du _ —Z2u(u® + pu + 1) — bu,
do
(59) 0
& =2 (pu+ 1) + bz
d5 /‘I/ )

where dd = udr. System (B9) has three equilibria (0, 0), (O, Vi —b) and (O, -V —b). It is sure that
(0,0) is a saddle and the other two are semi—degenerate equilibria of system (59). Moreover, a
transformation (u,z) = (u,z + v/—b) yields that system (59) is changed into

) Z_Z = —Z2u(u® + pu + 1) — 2v/=bZu(u® + pu + 1) + b(u® + pu?),
z—? = — bV —bu — 2b7 — 3ubZu + (2 + 3vV/—02°) (pu + 1).
A further transformation (u,z) — (u, (Z + pbv/—bu) /(—2b)) sends system (60) to
du = (_3/1_21) + b) ud + \/__bzu + h.o.t. =: Ps(u, 2),
(61) d(i 4 . b
% = —2b7 — Mzﬂ + h.ot. =: Qs(u, 2)

By the implicit function theorem, Qg(u,z) = 0 has a unique root
2bv/—b
z=¢s(u) = —?)MTUQ +o(u?)

for small |u|. Thus, Ps(u, ¢g(u)) = bu® + o(u?). By Theorem I3 of Appendix B and b < 0, the
orgin of system (6I]) is a saddle. So is (0, \/—_b) for system (B9). Similarly, (0, —\/—_b) is a saddle
of system (B9)), see Figure 24[(a). Further, we obtain the qualitative properties of G in the (u, z)
plane for system (57)), as shown in Figure 24[(b). The proof is finished. d
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By Lemma 28] when a = ¢ = 0, the qualitative properties of equilibria I+ at infinity in the
Poincaré disc of system (33]), which correspond the equilibrium G of system (57), are as shown
in Figure

(a) b>0 (b) b<0

FiGURE 25. Locally qualitative property of equilibria at infinity I5+ in the
Poincaré disc when a = ¢ = 0.

Lemma 29. Consider c =0 and a > 0. G is a saddle. R is a saddle for b <0, and an unstable
node for b > 0.

Proof. The Jacobian matrices at G, R are

—a 0 0
o= (0 = (3))

respectively. Considering system (&7)), by the implicit function theorem, Pr(u,z) = 0 has a
unique root u = ¢7(z) = —1/az? + o(z?) for small |z|. Thus,
1
Qrlor(2), ) = -2° + of=").

By Theorem [[9of Appendix B, G is a saddle. For R, with a transformation (u, z) — (u—a/b, z),
system (57)) is changed into

d 2 2
d_zz_z2(u2+<u—?a>u+2—2—%+l>—bu2+au::Pg(u,z),

dz a3 3
gt T Au= Qo(u, 2).

By the implicit function theorem, Py(u,z) = 0 has a unique root u = ¢g(z) = (a?® — pab +
v?)/(ab?)2? + o(2?) for small |z|. Thus,
a
Qo(p9(2),2) = 523 + 0(2%).
By Theorem [19] of Appendix B, R is a saddle for b < 0, and an unstable node for b > 0. d

By Lemma 29, when ¢ = 0 and a > 0, the qualitative properties of equilibria I5+ and Ip+
at infinity in the Poincaré disc of system (B3]), which correspond the equilibria G, R of system
(BT, are as shown in Figure

Lemma 30. Consider ¢ > 0 and a = 0. S is a saddle for b > 0, and a stable node for b < 0. G
s a degenerate equilibrium and its qualitative properties is also shown in Tables [[THIS]
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(a) b>0 (b) b< 0

FI1GURE 26. Locally qualitative property of equilibria at infinity I+ and Ip+ in
the Poincaré disc when ¢ = 0 and a > 0.

Proof. Applying a transformation (u,z) — (u — b/c,0), system (57)) is changed into

9 2 2
du = 22 <u2+<u——b>u+b—2—b—#+l> —cu3+2bu2—b—u::P9(u,z),
c c c c

(62) ZT .
2
i Ez?’ — 23u = Qo(u, 2).

By the implicit function theorem, Pio(u,2) = 0 has a unique root u = ¢19(2) = (b — ubc +
c?)/(b*c)z% + o(2?) for small |z|. Thus,

Q10(P10(2), 2) = gz?’ + o(2%).

By Theorem [19in Appendix B, the orgin of system (62)) is a saddle for b > 0, and a stable node
for b < 0. Sois S.

Concerning the equilibrium G, it is easy to check that G is a degenerate equilibrium. To
obtain the qualitative properties of G, we need to similarly consider a polar transformation
(u,z) = (rcos@,rsinf). Then, system (B7) is changed into equation (B8)), where G1p(0) =
sin @(bcos? 0 + sin? 0) and Hyo(#) = — cos O(bcos? § + sin? #). Thus, as studied in Lemma 28] we
can get the results. The proof is finished. O

By Lemma B0l when a = 0 and ¢ > 0, the qualitative properties of equilibria Io+ and Ig+
at infinity in the Poincaré disc of system (B3]), which correspond the equilibria G, S of system
(ET), are as shown in Figure

Lemma 31. Consider ¢ > 0 and a > 0. G is a saddle. Py is a saddle, and Py is an (resp. a)
unstable (resp. stable) node for b < 0 (resp. b > 0) when b* — dac > 0. When b> —4ac =0, T is
a degenerate equilibrium. Moreover, the qualitative properties of T is as shown in Tables T9H2T],

where w := +/cy/ac/(a — py/ac + c).

TABLE 19. Numbers of orbits connecting T for b = —2y/ac (resp. b = 2 /ac
and a — py/ac + ¢ < 0) when a > 0 and ¢ > 0.

Ezxceptional directions Numbers of orbits

0 =0 one (+) (resp. (—))

i one (=) (resp. (+))
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(a) b>0

FiGUuRrE 27.

(b) b<0

Locally qualitative property of equilibria at infinity I+ and Igx

in the Poincaré disc when a = 0 and ¢ > 0 (some equilibria at infinity are not

marked here).

TABLE 20. Numbers of orbits connecting T for b = 2y/ac and a — pu\/ac+c¢ =0

when ¢ > 0 and ¢ > 0.

Ezxceptional directions | Numbers of orbits
0=0 one (+) (resp. (—))
=1 oo (=) (resp. (+))
9= one (=) (resp. (+))
6=31 oo (=) (resp. (+))

TABLE 21.
when ¢ > 0 and ¢ > 0.

Numbers of orbits connecting T for b = 2y/ac and a — p~/ac+c > 0

FExceptional directions

Numbers of orbits

0=0

one (—)

0 = arctan w

0 =7 — arctanw

0=m

0 =7+ arctanw

0 = 27 — arctan w

Proof. As proved in Lemma 29, G is a saddle of system (57]).

Consider b? — 4ac > 0 (i.e. b < —2y/ac or b > 2v/ac ). Let ug := (—b + Vb2 — 4ac) /2¢ and
Ug 1= (—b — Vb2 - 4ac) /2¢. Notice that ug < ug < 0 for b > 0 and 0 < ug < ug for b < 0. The
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(a) b= —2/ac (b) b= 2/ac, a — py/ac+c <0

i

-

(c) b=2y/ac, a — py/ac+c=0 (d) b=2+v/ac, a — puy/ac+c >0
FIGURE 28. The qualitative properties of T' of system (57 for a > 0, ¢ > 0 and
b? — 4dac = 0.

Jacobian matrices at Py, P, are

\/b2—4ac(b—\/b2—4ac) \/b2—4ac(—b—\/b2—4ac)
Jp, = 2c 0 s Jp, = 2c 0

respectively. With a transformation (u,z) — (u + usg, z), system (57)) is changed into

Z—u =— 2% (u® + (u+ 2ug)u + uj + pus + 1) — cu®

-

(63) — (3cud + b)u® — (3cud + 2bug + a)u =: Py (u, 2),
dz 3

I —ugz® — 23u =: Q11(u, 2),
-

where —(3cu? +2bug+a) = (\/ b? — dac (b — Vb — 4ac)) /2¢. By the implicit function theorem,
Pi1(u,z) = 0 has a unique root u = ¢11(2) = —(u + pus + 1)/(3cu? + 2bug + a)z* + o(z?) for
small |z|. Thus,

Q11(p11(2), 2) = ugz® + o(2%).

By Theorem [[9 in Appendix B, the origin of system (G3)) is a saddle. So is P;. Similarly, P is
a stable node for b > 0 and an unstable node for b < 0.
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Consider b? — dac = 0 (i.e. b= —2\/ac or b = 2y/ac ). For T, considering a transformation
(u,z) = (u—"0/(2¢), z), system (B7)) can be rewritten as

2
du:—z2<u2+<u—g)u+b——b—ﬂ+1)—cu3+9u2,

- 2
(64) dT 4C 26 2
dz b 5 3
— = —2" — zu.
dr  2c

In the polar coordinate (u,z) = (rcos@,rsin@), system (64) is transformated into
1dr  Hu(0)+ Hu(9,r)
rdf G11(0) +G11(9,7’)7

where

2_2 42
b bep + 4c sin20>

. b 5
G11(0) = siné <—§ cos” 0 + 12

and

2 2 4 2

Pt id )
c

Obviously, the zeros of G1(0) is strongly related to the sign of b(b? — 2bcu + 4c?).

Firstly, if b(b?—2bcu+4c?) < 0 (i.e. b= —2+y/ac, or b = 2y/ac and a—p/ac+c < 0), G11(0) = 0
has two roots 6§ = 0, 7 in § € [0, 27). It is clear that Gj;(0)H11(0) = Gy (7)Hy1(7) = —b%/4 < 0.
Thus, by [29, Theorem 3.7 of Chapter 2], H11(0) = b/2 and H11(0) = —b/2, there is a unique
orbit approaching the orgin in the direction § = 7 as 7 — —oo (resp. 7 — +00), and a unique
orbit approaching the orgin in the direction § = 0 as 7 — +o00 (resp. 7 — —0o0) in system ([64])
for b = —2y/ac (resp. b = 2 /ac). T of system (57)) has the same qualitative properties as the
orgin of system (64]), see Figures 2§ (a) and (b).

Secondly, if b? —2bcu+4c? = 0 (i.e. b = 2\/ac and a— p/ac+c = 0), G11(6) = 0 has four roots
0 =0, /2, 7 3r/2in 0 € [0,27r). Compute that G, (0)H(0) = G4, (7)Hy1(7) = —b?/4 < 0 and
Hy1(m/2) = H11(37/2) = 0. As studied the case v = 0 of Lemma 22] we can obtain that there
are infinitely many orbits approaching 7" in respectively the directions 7 /2 and 37 /2 respectively
as T — —o00, a unique orbit approaching T in the direction § = w as 7 — —o0, and a unique
orbit approaching 7" in the direction § = 0 as 7 — 400 in system (57)), see Figure 28{c).

Thirdly, if b(b? — 2bcp + 4¢?) > 0 (i.e. b = 2y/ac and a — py/ac + ¢ > 0), G11(f) = 0 has
six roots § = 0, arctanw, ™ — arctanw, 7, 7 + arctanw, 27 — arctanw in 6 € [0,27), where
w = v/ey/ac/(a — py/ac + ¢). Compute that G4, (0)H11(0) = Gy (m)Hyi(m) = —b%/4 < 0 and
the other roots satisfy Hy1(f) = 0. As studied the case v < 0 of Lemma 22, we can obtain
that the qualitative properties of T of system (57]), as shown in Figure 28(d). The proof is
finished. ]

Hq1(0) = —cos (—gCOS29+

By Lemma 31, when a > 0 and ¢ > 0, the qualitative properties of equilibria I+ for b? —4ac <
0, Ig= and Ip+ for b2 — dac = 0, I+, Ipli and IP;[ for b2 — 4ac > 0 at infinity in the Poincaré
disc of system (33)), which correspond the equilibria G, T, P;, P, of system (7)), are as shown
in Figure

With the other Poincaré transformation

system (B3]) is written as

— = 22(0® + v + 1) + v(av?® + bv + ¢),
(65)
— =2+ p) + z(av® + v +c),
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(f) b=2v/ac, a — p/ac+c=0 (g) b=2vac, a— py/ac+c>0

FI1GURE 29. Locally qualitative property of equilibria at infinity I+, Ip+, [ P*
and [ Py in the Poincaré disc when a > 0 and ¢ > 0 (some equilibria at infinity
are not marked here).

where dr = dt/z?. We only need to study the equilibrium D = (0,0) of system (B5]). Moreover,
the qualitative properties of D can be seen in Lemma
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