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Frequency characteristics of
dissipative and generative fractional RLC' circuits

Kristian Haska* Dugan Zorica'* Stevan M. Cveti¢anin®

October 21, 2021

Abstract

Equations governing the transient and steady-state regimes of the fractional series RLC' circuits
containing dissipative and/or generative capacitor and inductor are posed by considering the electric
current as a response to electromotive force. Further, fractional RLC' circuits are analyzed in the
steady-state regime and their energy consumption/production properties are established depending on
the angular frequency of electromotive force. Frequency characteristics of the modulus and argument
of transfer function, i.e., of circuit’s equivalent admittance, are analyzed through the Bode diagrams
for the whole frequency range, as well as for low and high frequencies as the asymptotic expansions
of transfer function modulus and argument.

Key words: dissipative and generative capacitor and inductor, fractional series RLC' circuits, fre-
quency characteristics of transfer function modulus and argument

1 Introduction

Electric elements made of materials having history dependent polarization and magnetization processes
rather than only instantaneous ones, can be constitutively modeled by adding a hereditary type term in
a classical counstitutive equation, as proposed in [14], so that in the case of capacitor one may express
either charge ¢ at the time-instant ¢ > 0 in terms of history of capacitor voltage uc, or vice versa, as

q(t) = Cuc(t) + Co oI} “uc(t), «a € (0,1), (1)
uclt) = Salt) + - oltalt), pe(00) )

where ()If denotes the Riemann-Liouville fractional integral of order £ > 0, defined as in [23] by

3 _ E % _ 1 k f(t/) /
9510 = £ SO~ g [, ey

where I is the Euler gamma function, with * denoting the convolution and C[F], Ca[=], and C,,[F s#]
being classical and fractional capacitances, while for the inductor, the same type of equations express
either magnetic flux ¢ in terms of history of inductor current iy, or vice versa, reading

o(t) = Lip(t) + Lgoli Pig(t), Be(0,1), (3)
() = 7 6(0) + 7 olio(), v e (0,1), (4)

where L[H], Lg[4%5], and L, [Hs"] are classical and fractional inductances. Although constitutive mod-
els (1) - (4) share the same mathematical form, they describe different elements regarding the energy
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consumption and production properties, since models (1) and (3) correspond to the dissipative capacitor
and inductor, while models (2) and (4) represent elements’ generative counterparts, according to the
thermodynamic analysis of elements’ steady state regime conducted in [14]. Fractional electric elements
modeled by (2) and (3) can be viewed as a series connection of either classical and generative fractional
capacitor, or classical and dissipative fractional inductor, while models (1) and (4) represent a parallel
connection of either classical and dissipative fractional capacitor, or classical and generative fractional
inductor.

The aim is to analyze thermodynamic properties and frequency characteristics of the fractional RLC'
circuit formed by the series connection of dissipative capacitor and inductor, modeled by (1) and (3),
already considered in [15] in transient and steady state regimes, along with three other combinations
of dissipative/generative capacitor and inductor forming series RLC' circuits. Governing equation cor-
responding to the dissipative-dissipative RLC' circuit, formed as a series connection of resistor with
dissipative capacitor and inductor, is obtained in Section 2 as

d2
R(TLTC e + TrTa OD —|—Tc7'ﬂ OD,%'Ha
a+f g ey . _ d
+7amp oD 4 To 2+ Ta oD +1)ill) = (To g 4 TaoDf E(t), (5)

by coupling constitutive equations (1) and (3) with the second Kirchhoff’s and Ohm'’s laws. Analogously,
using constitutive equations of generative capacitor and inductor (2) and (4), equation

Ty v Ty —v
R(n oD} 4 - oDY + 1+ P ol
1 14p— [ ETAY Tv
S | e = i) i) = (L2 oDY + 1) (), 6
+7_00t+7_L7_M0t +7_M0t i(t) el ¢ T (t) (6)

governing the behavior of generative-generative RLC' circuit is obtained, while dissipative-generative and
generative-dissipative RLC circuits are described by
TCTy

R(TcTV OD?'W + TaTy OD%'HH'” + OD%—W

TL

d v
+ 70— 4 22T Dt 47 oD "’ ODV - 1) )
dt TI,
v d o'V
_ (TCT D1+u + TaT Da+”+7‘a OD?>5(t)7 (7)
TL dt TL
and
d 1 I 14w
R(7p— +750D} +1+*01t+*01 it) = &), )
det TC Tu

respectively, former by employing constitutive equations of dissipative capacitor and generative inductor
(1) and (4), and latter by the use of generative capacitor and dissipative inductor models (2) and (3).
Governing equations (5) - (8) share the same notation: (D", with n € Ny and ¢ € (0, 1), denotes the
operator of Riemann-Liouville fractional differentiation, defined as in [23] by

qn+t drt1 t—¢
Dyt t
D0 = Srralt 10 = S (g T 0).
& is the electromotive force, R denotes resistor’s resistance, 7c = RC [s] and 77, = £ [s] are classical time
constants, while 7, = RC, [s®], 7, = RC,, [s'"™"], 75 = fﬁ [s], and 7, = Z¢ [s'¥] are fractional time

constants.

Modeling electrical devices utilized for storing energy, like supercapacitors, ultracapacitors, and elec-
trochemical double-layer capacitors (EDLC), require the use of nonclassical constitutive models and the
application of fractional calculus proved to be useful in formulating constitutive equations for such de-
vices. In particular, the soundness of fractional order models of electric elements is discussed in [51]
regarding their physical properties. The review of supercapacitor’s models involving fractional calculus
along with their application is presented in [2], while [43] reviews the characteristics of electric elements of



fractional order, as well as the possibilities of their modeling, realizations, and applications. Mathemati-
cally, the behavior of supercapacitors and ultracapacitors is described either by linear constitutive models,
see [8, 33, 34], or by the nonlinear constitutive equations, see [10]. Moreover, the constitutive equation
of fractional capacitor may also involve fractional differentiation orders higher than one, as in [20]. The
experimental work includes testing of supercapacitors at various frequencies and comparison of obtained
results with the theoretical models, see [1, 22], or even manufacturing electric elements of fractional order,
see [21, 24, 28], as well as their realizations by the use of constant phase element, as demonstrated in
[5, 6]. The modeling of electrochemical double-layer capacitors also includes the fractional calculus, that
is investigated in [19] through the frequency characteristics, in [26, 35] through the time domain analysis,
and in [27] by the analysis of capacitor’s quality properties. The experiments conducted in [3] aimed to
test the presence of hereditariness effects in electric double-layer capacitors. Fractional order models of
the memory effects in inductor are discussed in [25, 42, 48], while [41, 53] investigate the complex electric
networks containing electric elements of fractional order. Derivation of elements’ constitutive models
from Maxwell’s equations and models of material can be found in [29, 46, 47].

The equations describing time domain behavior of RLC and RC circuits are generalized in [12, 13]
by the simple replacement of the integer order derivatives by the fractional ones, while the transient
response investigations of the series RC,, circuit, as well of the series and parallel RLzC, are conducted in
[16, 17, 18], where the fractional models of capacitor and inductor are taken into account. The analytical
tools in obtaining the time domain response of electrical circuits containing fractional capacitor and
inductor are applied in [4], while [7, 44, 45] use numerical tools for the same purpose. The analysis of
RLgC, and fractional RC, RL, and LC circuits in the frequency domain is performed in [37, 38, 39],
while [9, 40] investigate the Wien bridge oscillators. Fractional order filters, like the Kalman filter, and
filter realizations are studied in [30, 49], while [36, 50| deal with the resonance phenomena in fractional
electric circuits.

Comprehensive material regarding the modeling of classical and fractional systems, signal propagation,
and fractional order circuits is contained in [31, 32, 52].

2  Model formulation
In order to derive governing equations (5) - (8), the second Kirchhoff’s law, combined with Ohm’s law,
E(t) = Ri(t) +ur(t) +uc(t) (9)

is coupled with constitutive models of dissipative/generative capacitor and inductor, that rewritten in
terms of current and voltage for dissipative elements modeled by (1) and (3) are obtained as

i(t) =C %uc(t) + C oD uc (1), (10)
up(t) = L%i(t) + Lz oDi(t), (11)

by differentiation and use of defining relation of current i(¢) = %q(t) and Faraday’s law of electromagnetic

induction ur,(t) = $é(t), while constitutive equations (2) and (4) of generative elements are rewritten as

o (t) = éItz‘(t) + Ci T, (12)
i(t) = %ItuL(t) + Li I (t), (13)

by the use of ¢(t) = fot i(t')dt = olti(t) and ¢(t) = fg ur(t")dt' = ol}ur(t), provided that ¢(0) = 0 and
#(0) = 0, along with the semi-group property for fractional integrals, i.c., oI$ oI$ = oI oIS = I <.

Governing equation of the dissipative-dissipative RLC circuit in the complex domain takes the form
R(tores® +T1omas' ™ + Tt P 4 ToTps TP £ o8 4 Tas® + 1) i(s) = (Tes 4 Tas®) E(s),
implying the transfer function

i(s) 178+ 748"

A(dd) oy _
9; () é(s) R q’dd(S) s

with (14)



Baa(s) = 70708% + TLTas T+ 1o TP 4 1o £ o8+ Tas® 41,

and it is obtained by coupling the Laplace transforms of the second Kirchhoft’s law (9) and constitutive
models of dissipative capacitor (10) and inductor (11), yielding

E(s) = Ri(s) +ar(s) + ic(s) (15)

and
i(s) = (C's+ Cys¥) ic(s), (16)
ar(s) = (Ls+ Lg SB) i(s), (17)

respectively, where the Laplace transform, defined as

f(s)=L[f)](s) = / f(t)e *'dt, for Res >0,
0
is used along with the Laplace transforms of Riemann-Liouville fractional derivative and fractional integral

L[5 (0] (5) = 1)~ [o1} 7 (0] = 57(s) and £ [oF ()] (5) = £ (o)

holding for f bounded at zero, and by taking into account defining relations for classical and fractional
time constants as well. Analogously, by taking the Laplace transform of constitutive equations (12) for
generative capacitor and (13) for generative inductor, one has

e = (g + gy ) i) (19)
i) = (75 + o) 266 (19)

that coupled with the second Kirchhoft’s law in complex domain (15) and by the use of defining relations
for time constants yields the governing equation of generative-generative RLC' circuit in the form

t=

Ty 1

R(TV81+V + v i1
TL TLTC

11 T 1 1 1 A T A
z 4+ ———)i(s) = £ +1])E(s),
+TC’5+7—LTM31+“_V+TM31+“)Z(S) (TLS - ) ®)

so as the transfer function

Slfv

~(gg) i(s) 1 14uTvS” + 7L .
g, S) = — = —ToTuS ———, with 20
) E(s) R ! Dyg(s) (20)
Pyp(s) = TLTCTMTV82+IL+V + TCTMTVSH‘”” + TLTCTH31+“ + 7Tt + TTps" +7eTus” +TLTC.

Equations in complex domain governing the dissipative-generative and generative-dissipative RLC' cir-
cuits

TCT
R(TCTU52+” + 7Ty sttety 4 YA
TL

+T1es+ TaTv satv Tas" + Tvgr 4 1)2(5)

TL TL
= <m31+” tros+ ol gaty Tasa> E(s), (21)
TL TL
and
11 1 1 A 5
/8 = - o j—
R(TLS+TBS +1+Tgs+m sl+u>l(s)—5(5)v (22)

along with the transfer functions

i(s) 1 TeTySY Y + 70708 + TaTu sV + Tr7Tos
i) R Pyg(s)

g;dg) (s) = ,  with (23)



STtV 4 ror st 4 TS + TaT s T LTS + TS + 7L

2+
@dg(s) LTCT vS v LTaTy
and

55 () = i(s) _ 17orystte
: CE(s) R Pga(s)

Doa(s) = o7, + ToTpT s PP L ror s T 4 st T,

with (24)

)

corresponding to governing equations (21) and (22) respectively, are obtained as a consequence of the
second Kirchhoff’s law (15) combined either with the constitutive equations of dissipative capacitor (16)
and generative inductor (19), or with the models of generative capacitor (18) and dissipative inductor
(17), where the definitions of classical and fractional time constants are used as well.

3 Thermodynamical considerations in the steady state regime

In order to analyze energy consumption/production properties of fractional RLC circuits containing dis-
sipative and/or generative elements, the steady state regime of circuits is assumed, i.e., the electromotive
force, circuits’ current, and voltages of dissipative/generative capacitor and inductor are assumed as
harmonic functions of angular frequency w as

Et) =& et i(t) =1 el Wite:) uc(t) = uco eWitoc)  and u; () = uro elWitor) (25)

where &y, io, uco, and urg are amplitudes and ¢, ¢, and ¢; are phase angles. Electromotive force and
current, assumed as (25); and (25)2, when plugged into governing equations (5) - (8) of fractional RLC
circuits, lead to the sine and cosine of current’s phase angle ¢,, expressed in terms of ratio of current and
electromotive force amplitudes 2—%, due to the linearity of governing equations, properties of integer order
derivatives, and large time asymptotics of Riemann-Liouville fractional derivative and fractional integral,
being given by

oDE D) = (ju) el (WiO) = (¢ ot 5) a5t 00, (26)
Olfe,i(th) — (.1)ej(wt+¢) _ i& ol Wtto—5) oo ¢ 0, (27)
Jw w

see [11]. The same result would be achieved by substituting s = jw into the transfer functions (14),
(20), (23), and (24), followed by the separation of real and imaginary parts in such obtained expressions,
assuming i(jw) = ig @) and € (jw) = & @i+,

The sign of current’s phase angle cosine determines whether circuit dissipates or generates energy,
since the energy consumed/produced by the fractional RLC circuit during one period T' of harmonic
functions (25) is determined by

(n+1)T (n+1)T 1
W = / E(t)i(t)dt = 502'0/ cos(wt) cos(wt + ¢;) dt = ié’oioT oS @, (28)
nT nT
where
£ =Ref and i=Rei,

while the sign of phase angle sine determines whether the circuit has capacitive or inductive character,
so that if cos¢, > 0 (cos ¢, < 0), then circuit dissipates (generates) energy and if sin ¢, > 0 (sin¢,; < 0),
then circuit has capacitive (inductive) character, since current leads (lags) the electromotive force.

Rather than plugging harmonic electromotive force and current into governing equations, harmonic
current and appropriate harmonic voltage are inserted into constitutive equations for dissipative elements
(10) and (11) yielding dissipative capacitor’s admittance and dissipative inductor’s impedance as

@) i(?) i o jox
YN (w)= —F~=Cwe2 +C w2,
C ( ) HC(t)

t By . B
Zéd)(w) = 1, () =Lwe? +L5wﬁej%,

i(2)

by the large time asymptotics of Riemann-Liouville fractional derivative (26), so that

1 B Caw® cos - —j (Cw + Cpw® sin %) (29)
yéd)(w) ~ C2w% 4 20C,wl o sin &F 4 C2w2e




Zéd) (w) = Lgw” cos B—; +]j (LW + Law” sin ﬁ;) ’ (30)

while generative capacitor’s impedance and generative inductor’s admittance

H o1 1 1 1

248 (o) — Lol = —

¢ ) i(t) Cwat C, lpeit’
i) 1 1 1 1

Y(g) [ — — i —
L (@) u(t) L wez + L, yi4veitH2m’

are obtained using large time asymptotics of the fractional integral (27) in generative capacitor’s and
inductor’s models (12) and (13), so that

Z§><w>:—%—j(¢+%), (31)
1 _ —LLl,wH”LSin == (Ll,w” + Lcos ”7”) . (32)
YL(g) (w) L2w? + 2LL,w" cos 5F + L2

The second Kirchhoff’s law (9) in the steady state regime
E(t) = Ri(t) +up(t) +uc(t), le, &)= Zei(t), (33)

with Z, = R+ Z¢c + Z, being the equivalent impedance of the fractional RLC circuit, using (25)1 2 yields

& . Re Z, Im Z,
Z, = D eits implying cos¢, = ° and sing; = —L, (34)
o | Ze| | Ze|
so that in the case of dissipative-dissipative RLC circuit the equivalent impedance
2 (w) = R+ —g— + 7 (w) (35)
Yo (w)
gives
. 4(dd) _ L Caw® cos 5 L aw? cos pr 36
cos; ' (w) 29 ) ( t a2 20 C 0wt sin 5F + C2ute + Lgw® cos - |, (36)
Lddy ) 1 Cw + Cow® sin e Lo s pr 37
S ¢7, (w) - |Z£dd) (w)‘ <02w2 + QCCalera sin 047# + C’nga w gw" S 2 ’ ( )

using (34) along with capacitor’s and inductor’s impedances (29) and (30). Clearly, the circuit is dissi-
pative for all frequencies since cos ¢; > 0, see (36), having the asymptotics
Lg 1 B

7 1_ﬁcos7%0+ as w — o0, (38)
w

cos gf)gdd) (w) ~ cos %T as w—0 and cos ¢,§dd) (w)

while its character changes from capacitive for low frequencies to inductive for high frequencies, due to
the low and high frequency asymptotics of phase angle sine

sin (bgdd) (w) ~ sin O%T >0 as w—0 and sin qﬁgdd) (w)y~—1 as w— 0. (39)

The phase angle cosine and sine as functions of the angular frequency, obtained by (36) and (37),
are depicted in Figure 1, illustrating that the dissipative-dissipative RLC circuit consumes energy for
all frequencies, with the possibility that the phase angle cosine may even have an additional minimum,
compare Figures la and 1b, nevertheless slowly tending to zero from above, as predicted by the asymp-
totics (38), while the phase angle sine either monotonically or non-monotonically changes from positive
to negative values inferring the change of circuit’s character from capacitive to inductive, as predicted by
the asymptotics (39).

The equivalent impedance of the generative-generative fractional RLC' circuit

788 (w) = R+ 2 (w) + (40)
Y,
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(a) Curves obtained for model parameters as below and (b) Curves obtained for model parameters as below and
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Figure 1: Energy consumption/production properties and capacitive/inductive character of the

dissipative-dissipative RLC circuit: cos qi)z(.dd) and sin ¢§dd) as functions of angular frequency w, obtained
for model parameters: o = 0.4, 8 = 0.8, 7¢ = 0.5, 7, = 0.5, and 78 = 1.5.

using (34) together with capacitor’s and inductor’s impedances (31) and (32) yields

: HT : vT
@, L (po ST Lsin 5 1
cos ¢ (w) |Zégg)(w)| < Cpwlth v L2w? +2LL,wY cos 4 + L? ’ (41)
o (88) _ 1 L % — LL o'tV Lyw” + Lcos 5 492
sin ;™ (w) 1289 ()| (Cw C witr ve L2w? 4+ 2L L,wY cos G+ + L2 )’ (42)

inferring that circuit is generative for both low and high frequencies and may be dissipative for mid-range
frequencies, due to

in 2% — 0~ —
Ll,w” Sin B as w o0,
(43)

and, as for the dissipative-dissipative RLC' circuit, capacitive properties prevail for low frequencies, while
the circuit is inductive for high frequencies, since

cos qﬁggg)(w) ~ —sin % <0 as w—0 and cos ¢§gg) (W) ~ —

sin qﬁggg) (w) ~ cos %r >0 as w—0 and sin ¢§gg)(w) ~—1 as w—o0. (44)

Figure 2 depicts the phase angle cosine and sine versus the angular frequency for the generative-
generative RLC' circuit, obtained according to (41) and (42), where the energy is produced for all fre-
quencies in the case of model parameters used to obtain the plot from Figure 2c¢, while in the other
two cases, the energy is produced for both low and high frequencies, see Figures 2a and 2b, that is in
accordance with the asymptotics (43), while the circuit consumes energy for the mid-range frequencies,
with the possibility of the abrupt change in energy consumption/production properties, as illustrated
in Figure 2b. The change of circuit’s predominant character from capacitive to inductive, see also the
asymptotics (44), is non-monotonic for all depicted cases of model parameters, again with the possibility
of the abrupt character change.

The equivalent impedances corresponding to the dissipative-generative and generative-dissipative
RLC circuits are

219 (W) = R + and  Z8V(w) = R+ 28 (w) + 2" (w), (45)

d
YW w) v (w)

so that for the dissipative-generative RLC circuit the equivalent impedance Z((zdg), given by (45)1, with
capacitor’s and inductor’s impedances (29) and (32), according to (34) gives
1

(dg) _
cosd; (W) = —a5——
|288) (w)|
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(a) Curves obtained for model parameters as below and
Ty = 2.5.
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(c) Curves obtained for model parameters as below and

(b) Curves obtained for model parameters as below and
T, = 0.055.
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Figure 2: Energy consumption/production properties and capacitive/inductive character of the
generative-generative RLC' circuit: cos ¢§gg) and sin ¢§gg) as functions of angular frequency w, obtained
for model parameters: = 0.7, v =0.9, 7¢ = 0.75, 7, = 0.75, and 7,, = 0.025.

Cow® cos 5 1+ Lsin ©F
x | R+ - — LL,w ™" ,
C2w? + 20C witesin &F + C2w2 L2w? + 2LL,w" cos % + L?
(46)
o 5(d8) 1
sing; ~(w) = —=———
|28 (w)]
" Cw + Cw® 'sin ar LIt L,w” + Lcos 5 ,
C?w? 4 2CCwtesin G + CZw?™ L2w? + 2L L,wY cos 4F + L?
(47)
along with their asymptotics
cos qﬁgdg) (w) ~ cos a77r >0 as w—0 and cos gbgdg) (w) ~ 7 sin g =07 as w— o0, (48)
pw”
sin ¢§dg)(w) ~ sin % >0 as w—0 and sin (bgdg) (w)~—-1 as w— oo, (49)

while for the generative-dissipative RLC circuit, the equivalent impedance Zégd), see (45)2, employing

capacitor’s and inductor’s impedances (30) and (31), by (34) yields

(ed) 1 sin &% 5 pm
cos ;" (w) = 7| £gd)(w)\ (R — 7C,M1+" + Lgw” cos 5 ) (50)
. (gd) 1 1 cos b- 5. BT
sin ¢,;>" (w) = 7| ) o) <C’w + Gt Lw — Lgw” sin 5 ) (51)



having the asymptotics

L 1
cos ¢Egd)(w) ~ —sin% <0 as w—0 and cos ¢Egd)(w) ~ TB 7 008677T =0t as w— oo,
w

(52)
(53)

Regarding the energy consumption/production properties, one concludes that the dissipative-generative
RLC circuit dissipates energy for low frequencies and generates it for high frequencies, see (48), while
generative-dissipative circuit behaves exactly in the opposite way, see (52). Capacitive and inductive
character of both circuits remains same as in all previous cases, compare (49) and (53) with (39) and
(44).

sin(/)l(-gd)(w) ~eosPl >0 as w—0 and sin (bl(-gd) (w)~—-1 as w— oo.
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(b) Curves obtained for model parameters as below and (c) Curves obtained for model parameters as below and
T, =0.23329. .. 7y = 0.09.

Figure 3: Energy consumption/production properties and capacitive/inductive character of the

dissipative-generative RLC' circuit: cos qbl(-dg) and sin (bl(dg) as functions of angular frequency w, obtained
for model parameters: o = 0.25, v = 0.85, 7¢ = 0.25, 7, = 0.005, and 7, = 0.75.

Plots of the cosine and sine of phase angle as functions of the angular frequency, shown in Figures

3 and 4, are obtained according to (46) and (47) for dissipative-generative and according to (50) and

(51) for generative-dissipative RLC' circuits, respectively. Figures 3a and 4c illustrate that the energy

is consumed, respectively produced, for quite a large frequency range, changing the energy consump-

tion/production properties for high frequencies in accordance with the high frequency asypmtotics (48)
and (52), respectively. One notices from Figure 3a that the circuit changed its character from capacitive
(capacitor is the dissipative element) to inductive (inductor is the generative element) and still being
energy consuming, contrary to the case depicted in Figure 3c, where the circuit started to produce energy
while still being of predominantly capacitive (dissipative) character. Figures 4a and 4c illustrate the sim-
ilar behavior of the generative-dissipative RLC circuit as well, since the circuit became energy consuming
while still being of predominantly capacitive character (capacitor is the generative element), see Figure
4a, contrary to the case depicted in Figure 4c, where the circuit changed its character to predominantly




inductive (inductor is the dissipative element), while still producing energy. The possibility that both
types of RLC circuits suddenly change their energy consumption/production properties and predominant
character is illustrated in Figures 3b and 4b.
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(b) Curves obtained for model parameters as below and (c) Curves obtained for model parameters as below and
75 = 0.46607 . .. 75 = 0.01.

Figure 4: Energy consumption/production properties and capacitive/inductive character of the

generative-dissipative RLC' circuit: cos qﬁggd) and sin (bggd) as functions of angular frequency w, obtained
for model parameters: ¢ = 0.2, 3 = 0.6, 7¢ = 0.025, 7, = 0.01, and 71 = 0.95.

4 Frequency characteristics and their asymptotics

Traditionally, frequency characteristics of the transfer function modulus and argument are obtained by
substituting s = jw into the transfer function and subsequently by determining its modulus and argument,
where, in this particular case, the transfer function g; takes the forms respectively given by (14), (20),
(23), and (24) for the dissipative-dissipative, generative-generative, dissipative-generative, and generative-
dissipative fractional RLC' circuits, respectively.

However, the approach of considering the second Kirchhoff’s law (33), corresponding to the fractional
RLC circuit in the steady state regime, is adopted, so that the transfer function is equivalently defined

by
it .
g =R-—= yielding ¢=
g () y g g
and implying that the transfer function g is physically the equivalent admittance of the RLC circuit
multiplied by resistor’s resistance R. Hence, the transfer function modulus and argument, along with
their asymptotics, are determined using (54) as

Ze Ze
19 (@)]yp = 201og [§(w)| = —101og <Re2 ](%“) + Im? ](;’)

7 = W(Re Ze _JIm Ze) (54)
€ &

Ze
) and arg § (w) = arccot Re Ze(w)

—Im Z,(w)’ (55)

10



with the equivalent impedance Z,. given by (35) in the case of dissipative-dissipative fractional RLC cir-
cuit, expression (40) for generative-generative circuit, and by (45) for dissipative-generative and generative-
dissipative circuits. Note that the definition of transfer function (54), using i and £ given by (25), also
implies

§=R2ei% vyielding |§|,s = 20log|g| = 20log Rio ond

& & arg g = ;.

4.1 Dissipative-dissipative fractional RLC' circuit

Considering the dissipative-dissipative fractional RLC' circuit and by rewriting the real and imaginary
parts of circuit’s equivalent impedance (35) in terms of the classical and fractional time constants, one
has

Taw® cos - B
ReZ{WD (W) =R (1 = 2 F cos — 56
020 (w) + TEw? 4 27T ! T sin &F 4 7202 +Tpw" cos 2 )’ (56)
ToW + Tow® sin & B
Im 24 (w) = =R 2 - — 1pwlsin = |, 57
m Z; (w) 7202 4 27T qw T sin an | 2% Trw — Tgw" sin 5 (57)

yielding the transfer function modulus and argument according to (55).

Figure 5 presents frequency characteristics of the transfer function modulus and argument, i.e., Bode
diagrams, for same two sets of model parameters as in the case of plots from Figure 1. The transfer
function modulus, shown in Figure 5a, is a non-monotonic function of the angular frequency, tending to
the negative infinity for low frequencies, implying that it has a zero of non-integer order at the origin,
as obvious from the form (14) of the transfer function (49, Further, the transfer function modulus
attains a maximum and tends to the negative infinity for high frequencies, suggesting that the transfer
function (99 has a pair of complex conjugated poles, that is exactly the case for the model parameters
used to produce dashed-line plot, while the parameters used for the solid-line plot yield no poles of the
transfer function. The shape of the transfer function modulus suggests that the dissipative-dissipative
RLC circuit behaves as the band-pass filter with different band-widths.

The transfer function argument, so as its sine, either monotonically or non-monotonically changes from
positive to negative values as the angular frequency increases, as obvious from Figure 5b, implying the
change of circuit’s behavior from predominantly capacitive to predominantly inductive, with argument’s
span between —7 and 5 implying dissipativity of the circuit for the whole range of frequencies, since

2
argument’s cosine is positive.

1299 (w)lgn

|
©w
S

arg §99(w)

&N

=35

-40
0.001 0.010

0.100 1 10 10-5 0.001 0.100 10

w 2

(a) Modulus of the transfer function g(dd). (b) Argument of the transfer function §(dd),

Figure 5: Frequency characteristics of transfer function modulus and argument for dissipative-dissipative
RLC circuit, obtained for model parameters: o =0.4, 8 =0.8, 7¢ = 0.5, 7, = 0.5, 73 = 1.5, and 7o = 3
- solid line and 7, = 0.2 - dashed line.

As already noted in Section 3, the capacitive character of the fractional RLC circuit prevails for low
frequencies and therefore the corresponding asymptotics of Re 7899 and Im Zédd), given by (56) and (57),
is

if a € (0,%),
if € [3,1),

as w—0, (58)

ar Taw™ 11—«
Re Z{) (w) = R 2 {1 ot + 0@,

Tow? |14 O@w'™),

11



sin &*

Im 249 (w) = —R (1 +0w'™™), as w—0, (59)

Taw®
where only the leading terms of real and imaginary parts of dissipative capacitor’s impedance (d> , given

by (29), are taken into account, since they are of the order —«, which is certainly smaller than the order

B > 0 of the leading terms of dissipative inductor’s impedance Re Z'Y and Im Z(d), see (30), so that, by
L L
(55)1, (58), and (59), for the transfer function modulus one has

1+ 274w cos G + 72w + O(w'™®), ifa e (0,1),
gD (w)’dB = 20log (Tow®) —101log { 1 + 27,w® cos %= + O(w!™®), ifoe [3,1), asw— 0,
1+ 0wt~ ), if v € [4,1),
(60)
while the transfer function argument, by (55)2, (58), and (59), is
1+ﬂ%ﬂ+0 . ifae(0,1),
cot arg §99 (w) = cot - cos ) (0.3) as w — 0. (61)
2 1+ 0(w'™®), if € [3,1),

On the other hand, the inductive properties of the fractional RLC circuits are more prominent for
the high frequencies and therefore Re 799 and Tm Zédd), given by (56) and (57), are of the form

-B
Re 2\ (w) = R7pw” cos b (4 + wiﬁﬂ +OW )], as w— oo, (62)
2 T3 COS &5
Im Z9(w) = Rrpw (1 + 18148 gy %ﬁ + O(W_2)> ;a8 w00, (63)
TL

due to the leading terms of dissipative capacitor’s impedance (29), that are

1 o 1 1
Re— ~R T—zw_2+0‘ cos L and Tm—— o~ —R —wl as w— oo, (64)
yé ) T2 2 ( ) TC

so that (62) and (63), by (55), yield the high frequency asymptotics of transfer function modulus and
argument in the respective forms

G4 (w)‘dB = —201log (Trw)

2
.
— 10log (1 +228 B gin %T + —gc‘fz*zﬂ + QT—gw*%B cos %T + O(w2)> ,
T

TL L TL
(65)
T T T T
cot arg §149 (w) = B B cos 8 p ( — BymHs sinﬁ—
TL TL
-8 _ i .
et L an & 0@ ), 5 0.1,
76 2 . B M
775“;05 5w — 7w tan br 4 %w‘“w sin? &8 + O(w=177), if e (L,1],
-8 _ . _ _ .
+ M?T%ﬂ—f—:—gw 2428 sin* BT — L=t tan 57 + O(w™3+%0), if e (4,2),
2
78,2428 gin2 87 —3+3 ; 2 3
%(}J /33111 7_‘_736055” +O( ﬂ), lfﬁe [g,z),
2
:—in’ﬂw sin? 67” + O(w™3+38), if Be[3,1),
(66)

as w — 00, since (62) and (63) used in (55)3 yield

w P
cot arg G4 (w) = :—Bw_HB cos % (1 +— t O(w_l_ﬁ)>
L T COS 5
72 O(w™2 if 8¢ (0,
x|1- Tiw—l-‘rﬂ sin ﬁl + 75&)_2—"_2’3 Sil’l2 @ + (w 3)’3 1 B (1’ 3]’
L T 2 O(w™338), if B e (3,1),

12



as w — 00, according to the series expansion H—% =1l—a+22+0(3) asx — 0.

Transfer function modulus and argument versus the angular frequency for different values of fractional
order of dissipative capacitor are depicted in Figure 6, along with their asymptotics. The transfer function
modulus, see Figure 6a, is a linear function of logw, for both low and high frequencies, with the slope
either determined by the fractional order « for low frequencies, or with the slope equal to one for high
frequencies, as predicted by the asymptotics formulae (60) and (65). The transfer function argument,

depicted in Figure 6b, agrees very well with the low and high frequency asymptotics (61) and (66).

|
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-40
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w w
(a) Modulus of the transfer function §(dd), (b) Argument of the transfer function §(dd),

Figure 6: Comparison of frequency characteristics of transfer function modulus and argument (solid
line) with their asymptotics (dashed line) for dissipative-dissipative RLC' circuit, obtained for model
parameters: §=0.2, 7¢ =0.1, 7, = 2.5, 7, = 0.75, and 74 = 0.25.

Note that the leading term in the low frequency asymptotics of the transfer function modulus (60)
provides the possibility of determining the model parameters o and 7, since they respectively represent
the slope and intercept of the function linear in logw, while the leading term of the high frequency
asymptotics (65) yields 75, as the intercept of the linear function in logw. Further, by considering the
logarithm of the absolute value of transfer function argument’s cotangent, see the first term in high
frequency asymptotics (66), one determines the remaining model parameters 5 and 74, since

log |cot arg §4Y (w)| ~ (=1 + ) logw + log (:_f cos 6;) as w — oo.

4.2 Generative-generative fractional RLC' circuit

The real and imaginary parts of the equivalent impedance Zégg)7 given by (40) and corresponding to the

generative-generative fractional RLC' circuit, rewritten in terms of classical and fractional time constants
read

s o s U
sin &% T sin 4F

ReZE) (W) =R(1- —2— W —— 2 ———— ), (67)
Tpwlite TZW2Y + 27T WY cos G- + T

1 cos £ 1
ImZégg)(w) =—R (TCLU + Wiliu — TLT, W v

Tyw” + T cos 5 ) (68)

T2W + 2T T WY cos B 4+ T3

yielding the transfer function modulus and argument according to (55).

The frequency characteristics of transfer function modulus and argument, presented in Figure 7 and
obtained for the same model parameters as in the case of plots from Figure 2, illustrate the possibility
that the transfer function modulus has a vertical asymptote, while the argument abruptly changes by
m, see the solid-line plots from Figures 7a and 7b, which is the property of transfer function having
purely imaginary poles, that is exactly the case for the selected set of model parameters. In addition
to non-integer zeros of the transfer function - its modulus tends to negative infinity as the frequency
tends to zero, see also the form of transfer function §(8) given by (20) - the occurrence of a maximum
followed by modulus’ tendency to negative infinity as the frequency tends to infinity, see dashed- and
dot-dashed-line plots from Figure 7a, is a consequence of the existence of complex conjugated poles of
the transfer function, as it is the case for the selected sets of model parameters.

13



The transfer function argument in the case of dashed-line plot from Figure 7b decreases, which un-
derlines the similarity with the integer order case, since the complex conjugated poles for selected model
parameters have negative real part, contrary to the case of transfer function argument represented by
dot-dashed line, that actually increases over 7, although in Figure 7b drops by 27 due to the codomain of
arcus tangent function being (—, 7], again underlining the similarity with the integer order case, since
the complex conjugated poles for this set of model parameters have positive real part.

Again, the transfer function argument illustrates the transition from the capacitive to inductive charac-
ter of the circuit with the increase of the angular frequency, as well as its energy consumption/production
properties, that in the case of solid- and dashed-line plots change with frequency from generative to
dissipative, since the argument drops below 7, and again to generative when the argument further drops
below —7, while for the dot-dashed-line plot circuit’s character is generative for the whole frequency
range, since the argument has values either higher than 7, or lower than —% in the whole frequency
range.
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-40
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(a) Modulus of the transfer function §(&2). (b) Argument of the transfer function §(€).

Figure 7: Frequency characteristics of transfer function modulus and argument for generative-generative
RLC circuit, obtained for model parameters: p = 0.7, v = 0.9, 7¢ = 0.75, 7, = 0.75, 7, = 0.025, and
T, = 2.5 - dot-dashed line, 7, = 0.20980. .. - solid line, and 7, = 0.055 - dashed line.

As for the dissipative-dissipative fractional RLC circuit, the capacitive character is dominant for low
frequencies, so that the asymptotics of expressions (67) and (68), corresponding to Re Z{#¢) and Im Z{#%,
takes the following forms

in && I4+p
(82) () — _p M3 _ TuW 2
Re Z88) (w) = Rruwlﬂ‘ 1 sin IF +O0OW ™)), as w—0, (69)
cos £ T wH
Im Z(8%) (w) = —R 2_(1 K O(w*t -0 70
m Z09(w) = —R 2t (14 TS 0 ) s v (70)

since the leading terms of real and imaginary parts of generative inductor’s impedance ﬁ, given by
L

(32), are

1 1
Re —— ~ —R7,w' " sin YT and Tm—— ~ R7,w' " cos I%T as w—0, (71)

Yég) YL(g)
so that the low frequency asymptotics of transfer function modulus, by (55)1, (69), and (70), reads

2
.
g% (w)‘dB = 20log (1,0 ") — 10log <1 2Tl ok cos % + LW — 27,0 sin % + 0w ™) |,

TC T
(72)
as w — 0, while the transfer function argument, by (55)2, (69), and (70), is

wH 72021 73 W3H
cot arg %8 (w) = — tan %r (1 S b K
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O(w™), if u e (0,3],
T+ O™, if e (53],
+ o witre 7—2w1+2“ . 1 2 (73)
- s‘iLn% chln*”rcos‘“r +O( ) lf,LLE (5’5]’
T w1+“ 7'2wl+2“ 2 . 2
- sl;n% —i_'r051;;”7r cos & +O(w +H), lf'u’e (5’1)’
as w — 0, since
14+p
222 () — _tan P (1 Tu 2+
cot arg §'8% (w) = —tan 5 <1 in X + O(w*™)
. T Wt 2w B 73w O(w™), if pe(0,2],
Tocos it TEcos? BE 13 cos? AT O™, ifpe (3,1),
due to the series expansion sz: =l—a+22—23+0(2*) as v — 0.

Generative-generative fractional RLC circuit displays inductive properties for high frequencies as
already noted, see (43)2 and (44)s, therefore the corresponding asymptotics of Re 758 and Im Zégg),
given by (67) and (68), reads

, O(w=2), if v e (0, 1],
Re 7(22) :—RT—L 1— v 1_27 VT ’ 3
e 788 (w) Tyw Y sin 5 Tyw Y cos 5 + :ucgmljw +OwW ), ifve (i),
L
(74)
2
B TIL _ vTm TL —2u —3v
Im Z88) (w) = R7Tw (1 - —Tuw co8 - — T—aw (1 2 cos® 7) +O(w )) : (75)

as w — 00, since for the generative inductor, according to (32), the high frequency asymptotics of Re —

is

1 2 1
Re ﬁ(&)) =—R TiLCUliV Sinyj 3
Yt Tv 2 1427w cos & + Thw
2
=—-R %w sin % (1 - 2;(4) cos % + O(w_Q”)> , (76)
due to the series expansion lev =1—212+ O(2?) as * — 0, while according to (32), the high frequency

asymptotics of Im Y(g) is

TL,,~V v
1+ -w™ " cos 5

1
Im —g(w) =R7Trw

YL( ) 1+27kw™" cos 5 + :—%w*m’
2
=R7rw <1 + T—iw*” cos V;) (1 - 2%0.)*” cos I%T - %w (1 — 4 cos? 7) + O(w 3”))
2
=R7rw <1 - %w‘” cos ]%T - %w‘Q” (1 — 2cos? 7) +O(w _3”)) , (77)
due to the series expansion ? =1—2+ 2%+ 0(3) as  — 0, taking into account that the leading
terms of generative capacitor’s impedance (31) are
1 1
Re Zég) ~—R—w " sin 2T and Im Zgg) ~—-R—w as w-— oo, (78)
Tu 2 TC

so that (74) and (75), by (55), yield the high frequency asymptotics of transfer function modulus and
argument in the respective forms

2
’g@g) (w)‘dB = —20log (Trw) — 101log <1 — Q%w cos %T - %wfz” (1 — 4cos? Vg)
O(w™%), if v e (0,3],
+{ 22w sin 5+ O(w™), if v e (

’%}’ )
1

1),

SIS

-2t w7l "sm% +w P+ O0W™), ifve(
v L
(79)
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T 17 T 1Zis
cot arg §®8) (w) = —Zw ™ sin -5 (1 — LW cos —

Ty Ty 2
O(w=2"), if v e (0,4],
Wt _on .
+ *m‘i’o(w 2 )ﬂ ifve (%’%]’ (80)
w1t _ v —2v :
—Tusin%—%w Leot 25 + O(w™2), ifve (3,1),

as w — 00, since (74) and (75) used in (55)y yield

targ 559 (w) TLvin YT (1= 97l cos YT 4 O(w™?"), if v e (0, 3],
cot ar w)=—w Vsin— |1 —-2—=w ¥ cos — 14y
&9 Ty 2 Ty 2 77T_Zu;in:ri +O(w72u)7 if v € (%’1)’
L 2

2

v v

s (14 ZLw 7 cos = + Tl gin2 27 Ow™)),
Ty 2 72 2

as w — 00, according to the series expansion H% =1l—a+22+0(3) asx — 0.

Figure 8 presents the plots of transfer function modulus and argument versus the angular frequency
for different values of fractional order of generative capacitor, together with their asymptotics. According
to the low frequency asymptotics (72), the transfer function modulus is a linear function of logw, with
the slope and intercept respectively determined by the model parameters p and 7, see also Figure 8a,
while the low frequency asymptotics of transfer function argument (73) implies the dependence on the
parameter pu, as obvious from Figure 8b. On the other hand, the high frequency asymptotics of transfer
function modulus (79) yields 7, as the intercept of the linear function in logw, see Figure 8a, while the
remaining model parameters v and 7, are determined by the logarithm of the absolute value of transfer
function argument’s cotangent for high frequencies, see the asymptotics (80) and agreement between the

asymptotic curve and the frequency characteristics in Figure 8b.
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(a) Modulus of the transfer function (&), (b) Argument of the transfer function §(€2).

Figure 8: Comparison of frequency characteristics of transfer function modulus and argument (solid
line) with their asymptotics (dashed line) for generative-generative RLC' circuit, obtained for model
parameters: v = 0.9, ¢ = 0.75, 7, = 0.15, 71, = 0.75, and 7, = 0.025.

4.3 Dissipative-generative fractional RLC circuit

Rewriting the real and imaginary parts of the equivalent impedance Zédg), given by (45);, of the

dissipative-generative fractional RLC circuit using classical and fractional time constants yields

« T M vT
Tow® cos <& T sin £°
ReZ¥®(w)=R(1+ - 2 — Wt L 2
e 2 2 T+a gy OF 2, 20 L7v 2, 2v v v 2 )
Tow? + 2ToTow sin 5F + Tow Tow? + 2T T,WY cos 5+ T
(81)
agip an v vm
I Z(dg)( ) _ Tow + Tow™ sin 5 _ TLTl,wH'” TywW" + T COS 5 ’
€ TEw? 4 27T qw! T sin &F 4 7202 T2W + 27 TywY cos BT 4 79
(82)

giving the transfer function modulus and argument according to (55).
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Figure 9 presents the Bode diagrams of transfer function modulus and argument, obtained for the
same set of model parameters as the plots in Figure 3, corresponding to the band-pass filter. The
transfer function §(48) given by (23) has a non-integer zero at the origin, that can be recognized from the
plots of transfer function modulus from Figure 9a, as well as complex conjugated poles, obtained as a
consequence of the chosen sets of model parameters, either with nonzero real part, that correspond to the
plots of transfer function modulus depicted by dot-dashed and dashed lines, or purely imaginary ones,
corresponding to the solid-line plot. Plots of the transfer function argument versus the angular frequency
support the statement regarding the type of poles and their real part, since if poles have nonzero real
part, the argument decreases if pole’s real part is obtained to be negative and increases over 7 if pole’s
real part is obtained to be positive, while in the case of purely imaginary poles, the value of argument
drops by .

Clearly, the fractional RLC circuit is dissipative for relatively low frequencies, since arguments’ values
belong to interval (-7, 7), and eventually becomes generative: abruptly for the model parameters cor-
responding to the solid-line plot when the circuit simultaneously becomes of inductive type as well, since
the argument drops below —7, and gradually either for mid-range frequencies in the case of dashed-line
plots, or for high frequencies in the case of dot-dashed-line plots.
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(a) Modulus of the transfer function §(42). (b) Argument of the transfer function §(12).

Figure 9: Frequency characteristics of transfer function modulus and argument for dissipative-generative
RLC circuit, obtained for model parameters: a = 0.25, v = 0.85, 7¢ = 0.25, 7, = 0.005, 7, = 0.75, and
7, = 5 - dot-dashed line, 7, = 0.23329... - solid line, and 7,, = 0.09 - dashed line.

Although the dissipative-generative RLC circuit contains dissipative capacitor so as the dissipative-
dissipative circuit, due to the different orders of the leading terms corresponding to the generative and
dissipative inductor, compare (71) with (30), the low frequency asymptotics of real and imaginary parts

of dissipative capacitor’s impedance Re ﬁ and Im ﬁ, according to (29), is calculated as
C C
1 cos & 1
Re =y = 2 ) 72
Yo (w) TaW™ 1 4 2:—20.)1*0‘ sin 9F + %w%za

cos &L
=R 2 <1 TG jlmagin 2T 4 O(wQQQ)) , as w—0,

T oW Ta 2

. TC,,l—« 1
I 1 RSIH% 1+ Taw sin%
m-—— = —

Y9 () TaW® | 4 9TCl-agip o 4 T&,2-2a
C Ta 2 T2
: [ %%
sin ¢ T .aTm 1 _
:—Rii 1-2-C%ul2gin = l— ——— +O(w2 2O‘) , as w—0,
T oW Ta 2 2sin o

by the series expansion H% =1—2+0(2?), as ¢ — 0, transforming the real and imaginary parts of

circuit’s equivalent impedance Re 7! and ITm Zédg), given by (81) and (82), into

T Tt + 0w ), ifae(0,2),
Re Z00)(w) = RS (170 ta gy 07 Jesisy T O (0.5) (83)
Tao.)a Ta 2 O((UQ_QOC)’ if o c [%, 1)7
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T 2099 () = —R S22 (1 _ 270 e g %W (1 - 12M> + O(w““)) : (84)

Tawa Ta 2sin” 4F

as w — 0, so that, by (55)1, (83), and (84), for the transfer function modulus one has

gl (w)’ — 20log (Taw™) — 10log (1 - 2T—Cw sin -
dB
27 W™ cos G- + TQwQO‘ drcwsin &G cos G + O(w?™2%), if a € (0, 3),
4 27 qw® cos & + O(w 2-2a)y ifae [%7%)7
O(w?=2%), ifae [%, 1),
(85)
as w — 0, while the transfer function argument, by (55)2, (83), and (84), is
1
cot arg '8 (w) = cot an (1 — Ot s
2 T sin 5~
Zas 4 2rowtan 5 (1 - gobar ) + 020, ifac (0,),
] e o), faelg3), | (80
O(w?™2), ifa € [%71),

as w — 0, since

T L O(W2 29, if a € (0,2),
cot arg §'*8) (w )_C°t2<1_2w sino”mr{cow | ) o)

Ta 2 O(w?729), ifae [%, 1),
1
s [14+258 o sin 28 (1o —— | +0(w?™2) | as w—0,
Ta 2 2sin” &F
according to 4= =1 —2+ O(2?), as © — 0.

In the case of dissipative-generative fractional RLC' circuit, as for all previously considered circuits,
the inductive properties are dominant for high frequencies and therefore one uses already calculated

asymptotics (76) and (77) of the real and imaginary parts of generative inductor’s impedance ﬁ,
L

given by (32), since the upper limits of orders of leading terms of dissipative and generative capacitors’

impedances are equal, compare (64) with (78), which implies that the high frequency asymptotics of the

real and imaginary parts of circuit’s equivalent impedance Re Zédg) and Im Zé

48) are the same as the real
and imaginary parts of equivalent impedance of the generative-generative circuit Re Zégg) and Im Zégg),
ie., Re 7898 = Re 7{#®) and Tm 2! = Im Z{#®) as w — 00, thus being given by (74) and (75), yielding
the transfer function modulus and argument in the same forms as for the generative-generative circuit,
i.e., given by the expression (79) for the transfer function modulus and (80) for the transfer function
argument.

Frequency characteristics of transfer function modulus and argument, together with their asymptotics,
are presented in Figure 10. The discussion about the low frequency asymtotic behavior of the dissipative-
generative RLC circuit is the same as for the dissipative-dissipative RLC circuit, since the capacitive
character of circuit prevails, compare also the leading terms in the low frequency asymptotics of transfer
function modulus and argument (60) with (85) and (61) with (86), respectively. On the other hand, the
discussion about the high frequency asymtotic behavior of the dissipative-generative circuit is the same
as for the generative-generative circuit, since the inductive character of circuit prevails, see the leading
terms in the high frequency asymptotics of transfer function modulus and argument (79) and (80).

4.4 Generative-dissipative fractional RLC' circuit

Equivalent impedance Zégd) of the generative-dissipative fractional RLC' circuit, given by (45)9, implies

sin &
Re 79 (w) = R (1 - T;ljiliu + 75w" cos ﬁ;) 7 (87)
1 cos X . B
Im Zégd) (W) =-R <TC’UJ Wiliu —TLW — Tﬁwﬂ sin 2) > (88)
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Figure 10: Comparison of frequency characteristics of transfer function modulus and argument (solid
line) with their asymptotics (dashed line) for dissipative-generative RLC' circuit, obtained for model
parameters: v = 0.75, 1¢ = 0.2, 7, = 0.5, 7, = 0.75, and 7, = 0.5.

when its real and imaginary parts are rewritten in terms of classical and fractional time constants, yielding
the transfer function modulus and argument according to (55).

Frequency characteristics of transfer function modulus and argument corresponding to the generative-
dissipative RLC circuit, presented in Figure 11 and obtained for the same set of model parameters as the
plots in Figure 4, are of the same shape as the frequency characteristics corresponding to the dissipative-
generative circuit, see Figure 9, since the transfer function §(&Y, given by (24), for selected sets of
model parameters also has either complex conjugated poles with positive or negative real parts, or purely
imaginary poles.

Although, the plots of transfer function argument from Figure 11b are qualitatively the same as the
ones from Figure 9b, they quantitatively correspond to the generative circuit for relatively low frequencies,
since arguments’ values are above 7, while the circuit eventually becomes dissipative: abruptly for
the model parameters corresponding to the solid-line plot when the circuit simultaneously becomes of
inductive type as well, since the argument drops to interval (—7,0), and gradually either for mid-range
frequencies in the case of dashed-line plots, or for high frequencies in the case of dot-dashed-line plots.
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Figure 11: Frequency characteristics of transfer function modulus and argument for generative-dissipative
RLC circuit, obtained for model parameters: u = 0.2, 8 = 0.6, 7¢ = 0.025, 7, = 0.01, 7, = 0.95, and
T8 = 5.5 - dot-dashed line, 74 = 0.46607 ... - solid line, and 73 = 0.01 - dashed line.

In the low frequency limit, the impedance Zég) of dissipative capacitor, given by (31), dominates the
equivalent impedance and therefore expressions (87) and (88) become

in && 14+p
@)/ o SinE | Tuw Tt
Re Z8V(w) = —R e 1 in X + O(w )], as w—0, (89)
KT I
Im 28V (w) = —R COSHQ_ (1 e o+ O(w1+“+5)> , as w—0, (90)
Tuw - TH T COS 5~
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where 0 is chosen to be smaller than 3, i.e., smaller than the order of the leading terms of the real and
imaginary parts of dissipative inductor’s impedance Re Zéd) and Im Zéd), see (30), implying by (55)1,
(89), and (90) the low frequency asymptotics of the transfer function modulus as

2
~(gd _ 1+p o o BT T o Thp o HT 14445
gy (w)‘dB = 20log (1w ") —101log <1 + 2%0}‘ cos =~ + %w B —2r,w “Sm7 + O(w ™ )) )
(1)
as w — 0, while the transfer function argument, by (55)2, (89), and (90), is
n T2w2u
cot arg §8Y (w) = —tan &5 {1 T T3 o 2 LT
2 TC COs 5 Tgcos® -
O(w™), if € (0, 5],
T 14+p .
- 0w, ifpe (5,42, (92)
14p
— S 0w, i pe (5,1),
as w — 0, since
™ T wlTH
cotarg 98V (w) = — tan % (1 - sulni“?” + O(w1+"+5))
o1 T uwh Tow O(w3r), if € (0, 2],
Tocos bt TE cos? BE O(WH+d), if pe (H2,1).

In the case of generative-dissipative fractional RLC circuit, as for all previously considered circuits, the
inductive properties are dominant for high frequencies and since the upper limits of orders of leading terms
of generative and dissipative capacitors’ impedances are equal, compare (78) with (64), the high frequency
asymptotics of the real and imaginary parts of circuit’s equivalent impedance Re Zégd) and Im Zégd) are
the same as the real and imaginary parts of equivalent impedance of the dissipative-dissipative circuit
Re Zédd) and Im Zédd), i.e., Re Zégd) = Re Zédd) and Im Zégd) =Im Zédd) as w — 0o, and therefore given
by (62) and (63), yielding the transfer function modulus and argument in the same forms as for the
dissipative-dissipative circuit, i.e., given by the expression (65) for the transfer function modulus and

(66) for the transfer function argument.

L pu=06 pu=04
20 Tlu=08 . |/ /
- r———.—_/
u=02 |+ J
0 z
o[ =02
2 3
3 -20 s
> g
3 & 0
2 =
= 0 5
-
2 r / -
—60
_al
_80 I I I I I I
0.1 0.5 1 5 10 50 100 1 5 10 50 100
w w
(a) Modulus of the transfer function §(&4). (b) Argument of the transfer function §(&d).

Figure 12: Comparison of frequency characteristics of transfer function modulus and argument (solid
line) with their asymptotics (dashed line) for generative-dissipative RLC' circuit, obtained for model
parameters: § = 0.5, 7¢ = 0.07, 7, = 0.01, 7 = 0.75, and 753 = 0.5.

Frequency characteristics of transfer function modulus and argument, together with their asymptotics,
are presented in Figure 12. The discussion about the low frequency asymtotic behavior of the generative-
dissipative RLC' circuit is the same as for the generative-generative RLC' circuit, since the capacitive
character of circuit prevails, compare also the leading terms in the low frequency asymptotics of transfer
function modulus and argument (72) with (91) and (73) with (92), respectively. On the other hand, the
discussion about the high frequency asymtotic behavior of the generative-dissipative circuit is the same
as for the dissipative-dissipative circuit, since the inductive character of circuit prevails, see the leading
terms in the high frequency asymptotics of transfer function modulus and argument (65) and (66).
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5 Conclusion

Constitutive equations of dissipative and generative capacitor (1) and (2), along with the constitutive
models (3) and (4) corresponding to the dissipative and generative inductor are employed to model:
dissipative-dissipative fractional series RLC' circuit, consisting of dissipative electric elements, by the
governing equation (5); generative-generative circuit, consisting of generative elements, using the govern-
ing equation (6); as well as to model dissipative-generative and generative-dissipative circuits, consisting
of dissipative capacitor and generative inductor for the former and generative capacitor and dissipative
inductor for the latter, by the governing equations (7) and (8).

Constitutive models of dissipative and generative electric elements, expressed in terms of current and
voltage, are used in the steady-state regime to define the corresponding impedances and admittances,
further to be used in equivalent impedances of the aforementioned RLC circuits. Through the phase angle,
the equivalent impedance determines the energy consumption/production properties of the circuit as well
as its predominant behavior, see (28) and (34). It is concluded that for each of the circuits capacitive
properties prevail for low frequencies, while for the high frequencies inductive properties are dominant,
see (39), (44), (49), and (53). As far as the energy consumption/production properties of the fractional
RLC circuits are concerned, the dissipative-dissipative circuit consumes energy for all frequencies, see
expression (36) and Figure 1, since its constituents are dissipative elements, while all other RLC circuits
may both consume and generate energy, depending on the frequency range, see Figures 2, 3, and 4.
Since capacitive (inductive) properties are dominant for low (high) frequencies, whether the capacitor
(inductor) is dissipative or generative determines the energy consumption/production properties of the
circuit itself for low (high) frequencies.

The equivalent impedance of the fractional RLC circuit also determines the explicit form of transfer
function modulus and argument, see (55), governing the frequency characteristics. The Bode diagrams,
presented in Figures 5, 7, 9, and 11 underline the similarities of the transfer functions corresponding to
the fractional RLC' circuits with the integer-order transfer functions. Namely, aforementioned figures
illustrate that if the transfer function has complex conjugated poles, then the corresponding frequency
characteristics of its modulus attains a maximum and then tend to the negative infinity as the frequency
tends to infinity, while the occurrence of purely imaginary poles imply that modulus’ characteristics has
a vertical asymptote. Also, modulus’ frequency characteristics illustrate the fact that transfer function
has a zero of non-integer order at the origin and indicate that all considered RLC' circuits behave as
the band-pass filter. Whether the complex conjugated poles of the transfer function have negative or
positive real part, determine whether the frequency characteristics of the transfer function argument
decreases or increases with the increase of frequency, while if poles are purely imaginary, then argument’s
characteristics display a sudden drop by w. Predominant character of the fractional RLC circuit, as
well as its energy consumption/production properties are discussed by the use of argument’s frequency
characteristics.

The leading terms in the low and high frequency asymptotics of transfer function modulus and ar-
gument are useful in determining model parameters, since for low frequencies, the transfer function
modulus is a linear function in logw, with the slope « and intercept 7, in cases of dissipative-dissipative
and dissipative-generative RLC circuits, see (60) and (85), while the slope is determined by 1+ p and
intercept by 7, in cases of generative-generative and generative-dissipative RLC' circuits, see (72) and
(91). For high frequencies, the transfer function modulus is a linear function in logw, with the inter-
cept being 7, for all fractional RLC' circuits, while log|cot arg g(w)| proves to be a linear function in
logw, with the slopes —1 + 8 and —v and intercepts proportional to 74 and 7, see (66) and (80), in
cases of dissipative/generative-dissipative RLC' circuit and generative/dissipative-generative RLC circuit,
respectively. Figures 6, 8, 10, and 12 vividly illustrate these statements.
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