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CHROMATIC THRESHOLDS IN DENSE RANDOM GRAPHS

PETER ALLEN, JULIA BOTTCHER, SIMON GRIFFITHS
YOSHIHARU KOHAYAKAWA AND ROBERT MORRIS

ABSTRACT. The chromatic threshold 4, (H,p) of a graph H with respect to the random
graph G(n, p) is the infimum over d > 0 such that the following holds with high probability:
the family of H-free graphs G C G(n,p) with minimum degree §(G) > dpn has bounded
chromatic number. The study of the parameter d,(H) := 6, (H, 1) was initiated in 1973
by Erdds and Simonovits, and was recently determined for all graphs H. In this paper we
show that 0, (H,p) = 0, (H) for all fixed p € (0,1), but that typically d, (H,p) # 0, (H) if
p = o(1). We also make significant progress towards determining ¢, (H, p) for all graphs H in
the range p = n~°(). In sparser random graphs the problem is somewhat more complicated,
and is studied in a separate paper.

1. INTRODUCTION

One of the most famous early applications of the probabilistic method is Erdés’ proof [13]
that there exist graphs with arbitrarily high girth and chromatic number. In 1973, Erdds
and Simonovits [15] asked whether such constructions are still possible under the additional
condition that the graph have high minimum degree. The chromatic threshold 6,(H) of a
graph H is defined to be the infimum over d > 0 such that there exists C' = C'(H, d) with the
following property: if G is an H-free graph on n vertices with minimum degree §(G) > dn,
then x(G) < C. For example, it is easy to see that 0, (H) = 0 for all bipartite H, and it was
proved by Thomassen [27, 28] that 6, (K3) = 1/3 and that 6, (Coxy1) = 0 for every k > 2.

Important breakthroughs in the study of chromatic thresholds of more general families of
graphs were obtained by Lyle [22] and Luczak and Thomassé [21]. Following [21], we say
that a graph H is near-acyclic if x(H) = 3 and H admits a partition into a forest F' and
an independent set I such that every odd cycle of H meets I in at least two vertices. The
family of near-acyclic graphs was introduced by Luczak and Thomassé [21], who conjectured
that they were exactly the 3-chromatic graphs with chromatic threshold zero. This was
proved in [3], where moreover the chromatic threshold of every graph H was determined: If
X(H) =17 > 3 then
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where the first possibility occurs exactly when it is possible to obtain a near-acyclic graph by
removing r — 3 independent sets from H, the third when H has no forest in its decomposition
family!, and the second otherwise.

In recent years, beginning with [16, 19], there has been a great deal of interest in sparse
random analogues of results in extremal graph theory. For example, it can be proved?®
using the general methods introduced in [6, 8, 25, 26] that if p > n~2/"+1) then, with high
probability, every K, i-free subgraph of G(n, p) with (1 -1/ 7’+0(1)) p(g) edges can be made
r-partite by removing o(pn?) edges. DeMarco and Kahn [11, 10] moreover proved that if
p > n~Y 0 (logn)?/+100=2) then with high probability the largest K, -free subgraph of
G(n,p) is r-partite. For an excellent introduction to the area, see the recent survey [23].

In this paper we will study a sparse random analogue of the chromatic threshold. The
following definition was first made in [3].

Definition 1.1. Given a graph H and a function p = p(n) € [0, 1], define
0y (H, p) = inf {d > 0 : there exists C' > 0 such that the following holds
with high probability: every H-free spanning subgraph
G C G(n,p) with §(G) > dpn satisfies x(G) < C’}.

We call 9, (H, p) the chromatic threshold of H with respect to p.

Note that d,(H) = 0,(H, 1), so this definition generalises that of the chromatic threshold.
We emphasise that the constant C' is allowed to depend on the graph H, the function p
and the number d, but not on the integer n. We also note that if, for some d, with high
probability there is no spanning H-free subgraph of G(n,p) whose average degree exceeds
dpn, then vacuously we have 0, (H,p) < d.

1.1. Our results. Our first theorem shows that if p € (0, 1] is constant, then the chromatic
threshold does not depend on its value.

Theorem 1.2. For each constant p > 0 and graph H, we have 6,(H,p) = d,(H).

For functions p = o(1), the situation is quite different. In this paper we will focus on the
‘dense’ regime, by which we mean the case in which p = n=°"). In this regime, it is still
trivially true that d,(H,p) = §,(H) = 0 for all bipartite H. We are also able to determine

0, (H,p) in the case x(H) > 4, even for somewhat smaller values of p. Recall that the
e(F)—1
v(F)—2

2-density mq(H) is the maximum of over subgraphs F' C H with at least 3 vertices.

Theorem 1.3. Let H be a graph with x(H) > 4, and let p = p(n) be any function satisfying
max {n~ /"2 n=12Y < p=o(1). Then

X(H) -2

X(H) -1

IRecall that the decomposition family of a graph H is the collection of bipartite graphs obtained from H
by removing x(H) — 2 independent sets.

2See [24] for a proof of this theorem using the method of [26].
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Recall that §,(H) = igggj if and only if there is no forest in the decomposition family of
H, so for all other graphs we have 6, (H,p) > 6, (H) whenever p — 0 sufficiently slowly. We
remark that the upper bound in Theorem 1.3 is an immediate consequence of a theorem of
Conlon and Gowers [8] and Schacht [26], while the lower bound is proved in [2].

Perhaps surprisingly, for graphs H with chromatic number y(H) = 3 the situation is sig-
nificantly more complicated. In order to state our main theorem, which determines d, (H, p)
for many (but not all) 3-chromatic graphs in the ‘dense’ range p = n=°"), we will need the

following definitions (see Figure 1.1).

Definition 1.4. A graph H is a cloud-forest graph if there is an independent set I C V(H)
(the cloud) such that V(H) \ I induces a forest F', the only edges from [ to F' go to leaves
or isolated vertices of F', and no two adjacent leaves in F' send edges to I.

Moreover, H is a thundercloud-forest graph if there is a cloud I C V(H), which witnesses
that H is a cloud-forest graph, such that every odd cycle in H uses at least two vertices of I.

FIGURE 1. A cloud-forest graph (left), and a forbidden odd cycle for a
thundercloud-forest graph (dashed, right).

An alternative definition of ‘cloud-forest’, which is used in our proofs, is the following:
The vertex set can be partitioned into independent sets I and .J, and a forest [, such that
there are no edges from V' (F") to I and each vertex of J has at most one neighbour in V' (F”).
To obtain this partition from that of Definition 1.4, let J be the neighbours of vertices in I,
as shown in Figure 1.1, and let F’ be obtained by removing J from F'.

For example, K3 is not a cloud-forest graph, C5 is a cloud-forest but not a thundercloud-
forest graph, and Cy,,; is a thundercloud-forest graph for every & > 3. Note that every
cloud-forest graph has a forest in its decomposition family, and similarly every thundercloud-
forest graphs is near-acyclic, but in both cases the reverse inclusion does not hold (as K3
and Cj respectively demonstrate).

Our main theorem is the following partial characterisation of 6,(H,p) for 3-chromatic
graphs in the dense regime, i.e., for functions p = p(n) that satisfy p = o(1) and p = n=°W.
Together with Theorem 1.3, it determines d,(H,p) in this range for every H that is not a

thundercloud forest graph.
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Theorem 1.5. Let H be a graph with x(H) = 3, and let p = p(n) be a function satisfying
p=o0(1) and p=n=—"Y. Then

= % if H is not a cloud-forest graph.
O (H,p){ = % if H is a cloud-forest graph but not a thundercloud-forest graph.
< % if H is a thundercloud-forest graph.

We consider this theorem (in particular, the upper bound 6, (H,p) < 1/3 for cloud-forest
graphs) to be the main contribution of this paper. It is possible that 6, (H,p) = 1/3 for
every function max {n_l/ ma(H) =1/ 2} < p < 1 whenever H is a cloud-forest graph but not
a thundercloud-forest graph, see [2, Question 6.3].

For thundercloud-forest graphs Theorem 1.5 only provides an upper bound on 4, (H, p),
which we do not believe to be sharp. We make the following conjecture, which would
complete the characterisation of d,(H,p) in dense random graphs.

Conjecture 1.6. If H is a thundercloud-forest graph, and p = p(n) is a function satisfying
p=o0(1) and p=n=°Y then 6,(H,p) = 0.

In [2, Theorem 1.5], we prove Conjecture 1.6 for odd cycles, that is, we prove that
9y (Copt1,p) = 0 for every k > 3.

1.2. Sparser random graphs. In a companion paper [2] we study 6, (H,p) for sparser
random graphs, i.e., when p = p(n) tends to zero faster than n=¢ for some ¢ > 0. For
example, in that paper we determine 6, (H, p) for almost all values of p whenever x(H) > 5:

O,(H) if p>0is constant,

(1) Su(H.p) = | M2 i e

1 if B p gt /me)

Note that if p < 1"% then G(n, p) is likely to have an isolated vertex, so trivially 6, (H,p) = 0.
In the range p = @(n_l/ ma (H )) we are not sure exactly what to expect, see [2, Problem 6.4].
As noted above, the situation is more complicated (and more interesting) for 3-chromatic
graphs. In [2] we are able to determine §, (K3, p) and d,(Cs,p) for most functions p, and
6y (Cops1, p) if either p > n=Y2 or 10% < p < n~@k=3)/Ck=2) for all k > 3. Perhaps most
interestingly, we show that 0, (C5, p) has (at least) four different non-trivial regimes:

(e}

if p >0 is constant
if n'?<p<1

if n < p<n/?
if 182« p <

5)((05,]9) =

— N W=

We also show that (1) holds for a large class of 4-chromatic graphs (those with my(H) > 2),
but we suspect (see [2, Conjecture 6.1]) that this is not the case for all 4-chromatic graphs.
All of the lower bound constructions in the range p = o(1) are given in [2], but in Section 3

we will briefly describe those that are used in the proofs of Theorems 1.3 and 1.5. As noted
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above, the main contribution of this paper is the proof (see Section 4) that d,(H,p) < 1/3
if H is a cloud-forest graph and p = p(n) satisfies p = o(1) and p = n=°W.

1.3. An approximate version of §,(H,p). In the definition of §,(H, p), the H-free graph
G C G(n,p) is required to be C-partite (rather than ‘close-to-C-partite’), and in this sense
the theorems stated above have more in common with the theorem of DeMarco and Kahn [11,
10], stated earlier, than those of Conlon and Gowers [8] and Schacht [26] (see the discussion
before Definition 1.1). The following ‘approximate’ random graph version of 6,(H) was
recently proposed by Conlon, Gowers, Samotij and Schacht [9].

Definition 1.7. For each graph H and function p = p(n) € (0, 1], define

0y (H, p) = inf {d > (0 : there exists C' > 0 such that, for all € > 0, the following holds
with high probability: every H-free spanning subgraph G' C G(n, p)
with 6(G) > dpn can be made C-colourable by removing epn? edges}.

Conlon, Gowers, Samotij and Schacht [9] used the so-called Kohayakawa-Luczak-Rodl
conjecture [19], which was recently proved in [6, 9, 25], to deduce the following theorem,
which determines 65 (H, p) in terms of 07 (H,1) for all H and essentially all p.

Theorem 1.8 (Conlon, Gowers, Samotij and Schacht [9]). For every graph H,
. S(H) if p>n7Ymel)
oy (H,p) = { *

1 if e gt mali),
where 03 (H ) := 6} (H,1).

It is somewhat surprising that §,(H, p) and 65 (H, p) have such different behaviour. Indeed,
the threshold for an exact statement (such as that of DeMarco and Kahn) ‘usually’ differs
from that for the asymptotic statement (such as that proved by Conlon-Gowers and Schacht)
by only a poly-logarithmic factor. By contrast, for most graphs H there are at least two
thresholds at which the value of §, (H, p) changes, and in the case H = Cj there are (at least)
three such thresholds. It seems reasonable to believe that multiple thresholds also exist for
many other cloud-forest graphs.

Perhaps surprisingly, we do not have 07 (H) = d,(H) in general. However, we are able to
determine 05 (H ) in terms of §,(H) for every graph H.

Theorem 1.9. For every graph H,
0y (H) = min {5X(H’) . there exists a homomorphism from H to H’} .

For example if H is obtained from Cj by blowing up each vertex to a 2-vertex independent
set then we have 6, (H) = § but 6% (H) = 0. On the other hand, for some graphs H, such as
K3, we have 03 (H) = 6, (H).

Finally, let us note that is interesting to ask how many edges one really needs to delete

in order to obtain a graph with bounded chromatic number: perhaps one can replace epn?
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in the definition of 5;(H ,p) by some asymptotically smaller function of n and p? For the
specific case of K3, Allen, Bottcher, Kohayakawa and Roberts [5] have shown that epn? can
be replaced by any function f(n,p) > n/p, but there exists ¢ > 0 such that the function
cn/p does not suffice.

1.4. The structure of the paper. In Section 2 we state the extremal and probabilistic
tools we will use in the proofs of Theorems 1.2 and 1.5, together with the sparse random
Erdos-Stone Theorem, which implies some of the upper bounds for Theorems 1.2 and 1.5,
and the upper bound of Theorem 1.3. In Section 3 we describe the constructions that prove
the lower bounds in Theorems 1.2, 1.3 and 1.5, and in Section 4 we prove the upper bound
on 0, (H,p) for cloud-forest graphs, which is our main new result and which completes the
proof of Theorem 1.5. In Section 5 we show how to adapt the method of [3] in order to prove
that 0, (H,p) < 0,(H) for all fixed p > 0, and hence complete the proof of Theorem 1.2.
Finally, in Section 6, we give a brief sketch of the proof of Theorem 1.9.

2. PRELIMINARIES

In this section we state the sparse random Erdds-Stone theorem, which implies some of
our claimed upper bounds, some basic probabilistic and graph-theoretic tools, and a sparse
version of Szemerédi’s Regularity Lemma.

2.1. The sparse random Erdds-Stone theorem. The following theorem was originally
conjectured by Kohayakawa, Luczak and R6dl [19], and was recently proved by Conlon and
Gowers [8] (for strictly balanced graphs H) and Schacht [26] (in general), see also [6, 25].

—1/mo(H

Theorem 2.1. For every graph H, every v > 0, and every p > n ), the following

holds with high probability. For every H-free subgraph G C G(n,p), we have

R )

Theorem 2.1 has the following immediate corollary.

Corollary 2.2. For every graph H, and every p > n~t/m2(H)
1
0(H,p) <1 — —r—.

Proof. Let v > 0, and suppose that G C G(n,p) is a spanning subgraph with 0(G) >
(1- m + 7)pn. Since p > n~Hm2UD it follows from Theorem 2.1 that, with high

probability, H C G. Hence 6,(H,p) <1 — 7, as claimed. O

S
x(H)—
2.2. Probabilistic and graph-theoretic tools. We will frequently use the following con-
centration bounds. Let Bin(n,p) denote the Binomial distribution, and let Hyp(n,m, s)
denote the hypergeometric distribution, corresponding to respectively the number of ele-
ments of [n] chosen if each is selected independently with probability p, and the number of

elements of [m] chosen if a set of s elements of [n] is selected uniformly at random. The
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following relatively weak bounds on the large deviations of Bin(n,p) and Hyp(n,m,s), see
for example [18, Theorems 2.1 and 2.10], will suffice for our purposes.

Chernoff bound. Letn € N and p € [0, 1], and let X ~ Bin(n,p). Then
P(X —E[X]| > ) < ¢ 20
for every t = Q(E[X]).
Hoeffding’s inequality. Let n € N and m, s € [n|, and let Y ~ Hyp(n,m,s). Then
P(Y —EY]| > ) < e
for every t = Q(E[Y]).
We will also need the following supersaturation theorem of Erdés and Simonovits [12].

Theorem 2.3 (Erdés and Simonovits). For every s € N there exists § > 0 such that the
following holds. Let G be a graph on n vertices, with e(G) = on? > 3~'n?>"V/* edges, where
0= o(n). Then G contains at least Bo°° n? copies of K.

Finally, we will use the following straightforward and well-known fact.
Fact 2.4. Let F' be a forest and G be a graph on n vertices. If e(G) = v(F)n, then F C G.

2.3. Sparse regularity in G(n,p). One of our key tools in this paper will be the so-called
‘sparse minimum degree form’ of Szemerédi’s Regularity Lemma. In order to state this result
we need a little notation.

Definition 2.5 ((g, p)-regular pairs and partitions, the reduced graph). Given a graph G
and e,d,p > 0, a pair of disjoint vertex sets (A, B) is said to be (g, p)-regular if

(GlA.B)  e(GIX.Y)
plAl| B pI XY

for every X C A and Y C B with |X| > ¢|A| and |Y| > ¢|B|. We say that the pair
(A, B) is (g,d, p)-lower-regular if e(G[X,Y]) = (d — &)p| X||Y] for every X C Aand Y C B
with |X| > €|A| and |Y| > ¢|B|. Finally, we say that (A, B) is (e, d, p)-regular if it is both
(e, p)-regular and (¢, d, p)—lower regular.

A partition V(G) = Vo U... UV} is said to be (g, p)-reqular if |Vo| <en, |[Vi| = ... = |Vil,
and at most k? of the pairs (VZ, V;) with 1 < i < j < k are not (g, p)-regular.

The (g,d,p)-reduced graph of an (e, p)-regular partition is the graph R with vertex set
V(R)={1,...,k} and edge set

< e

{zg (Vi, V}) is an (e, d, p)-regular palr}

We will use the following form of the Regularity Lemma, see [7, Lemma 4.4] for a proof.
Note that although the statement there only guarantees lower-regularity of pairs in the

partition, the proof explicitly gives an (g, p)-regular partition.
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Szemerédi’s Regularity Lemma (sparse minimum degree form). Let §,d,e > 0,
ko € N and p = p(n) > (logn)*/n. There exists ky = ki(0,d,e,ko) € N such that the
following holds with high probability. If G C G(n,p) has minimum degree §(G) = dpn, then
there is an (g, p)-regular partition of G into k parts, where ky < k < ki, whose (g,d,p)-
reduced graph R has minimum degree at least (0 —d — €)k.

When p is constant, we will use an associated ‘Counting Lemma’ (see [20, Theorem 3.1],
for example) which says that if H C R then G contains a positive fraction of all copies of H.

Lemma 2.6 (Counting Lemma). Given p > 0 and d > 0, if € > 0 is sufficiently small the
following holds for each r1 € N when n € N s sufficiently large. If G is a graph on n vertices
with (g,d, p)-reduced graph R on r < ry vertices, such that H C R, then G contains at least
m(dp)e(m(n/r)”(m copies of H.

When p = o(1), the proof of the Counting Lemma breaks down, since large subsets of
an (e, d, p)-regular pair no longer necessarily have sufficiently strong regularity properties.
However, the following theorem shows that this desired ‘inheritance of regularity’ holds,
with high probability, for almost all neighbourhoods in G(n,p). This result follows with
some work from Gerke, Kohayakawa, Steger and Rodl [17], for the details see [4].

Theorem 2.7. For any €',d > 0 there exist g = go(e’,d) > 0 and C = C(€',d) such that,
for any 0 < & < g9 and any function p = p(n), the following holds with high probability for
the graph T' = G(n,p). For any disjoint sets of vertices X and Y with
11
min {|X|, |V} > Cmax{ ﬂ},
p

Pv
and any (g, d, p)-lower-reqular bipartite subgraph G C T'[X,Y], there are at most

Cmax{ L loﬁ},

p? p

vertices w € V(I') such that (Nr(w) N X, Np(w) NY) is not (¢/,d, p)-lower-regular in G.

Finally, let us state a useful (and straightforward) fact about regular pairs, known as the
‘Slicing Lemma’.

Lemma 2.8 (Slicing Lemma). Let (U, W) be an (e, d, p)-reqular (respectively, lower-regqular)
pair and U C U, W' C W satisfy |U'| = «|U| and |W'| = o|W|. Then (U, W') is
(e/a, d, p)-reqular (respectively, lower-regular). O

3. THE LOWER BOUNDS: CONSTRUCTIONS

The aim of this short section is to state or adapt constructions from [2, 3, 21] which imply
the lower bounds in Theorem 1.2, 1.3 and 1.5. We first state the lower bound construction

from [2] which, together with Corollary 2.2, proves Theorem 1.3.
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Theorem 3.1 ([2, Theorem 3.5]). Let H be a graph with x(H) > 4, and suppose p = p(n)
satisfies n™1/? < p < 1. Then

1

5X(Hap) > 1- m

The next two constructions together give the lower bounds for Theorem 1.5.

Proposition 3.2 ([2, Proposition 4.2]). Let H be a graph with x(H) = 3, and suppose that
n~Y2 < p(n) = o(1). If H is not a cloud-forest graph, then

1

Proposition 3.3 ([2, Proposition 4.3]). Let H be a graph with x(H) = 3, and suppose that
n~Y2 < p(n) = o(1). If H is not a thundercloud-forest graph, then

S(Hop) >
All three of these constructions use the fact, proved in [2, Proposition 2.1], that if n=1/2 <«
p = o(1), then G(n,p) contains (with high probability) a subgraph F' with o(1/p) vertices,
and arbitrarily high chromatic number and girth. This is not easy to prove for polynomially
sparse random graphs: but it is worth noting that in the dense regime, when p = n=°M),
we can use the fact that for each constant ¢, with high probability G(n,p) contains K, and
appeal to Erdés’ result [13] that there exist graphs with arbitrarily large girth and chromatic
number to obtain F' much more easily.
The first two constructions take the subgraph F', and (with high probability) find a parti-
tion of the remaining vertices of G(n,p) into x(H) — 1 roughly equal parts Vi,...,V,(m)-1,
such that each vertex of F' has about (1 — m) pn neighbours in V;. For Theorem 3.1 we

can then let G consist of F', together with the edges from F' to Vi, and all edges between V;
1

and Vj for ¢ # j. It is easy to check that this G has minimum degree close to (1 — W) n
and large chromatic number, while any v(H )-vertex subgraph of G intersects F' in a forest,
so that we can colour the vertices in each part V; with colour ¢ and the forest in F' with
colours 2 and 3. This gives a proper (X(H ) — 1)—colouring, so in particular H € G.

For Proposition 3.2 we modify this construction slightly, removing edges so that no two
vertices of F' have a common neighbour in V; in G. One can easily verify that this extra
deletion does not significantly decrease the minimum degree of G, and again it is easy to
check that any v(H )-vertex subgraph of G is a cloud-forest graph (the cloud consists of the
vertices in V3).

Finally, the proof of Proposition 3.3 is similar, but more complicated. In addition to the
ideas above, it makes use of a construction of Luczak and Thomassé [21], that was originally
used to show &, (H) > 1 for graphs H that are not near-acyclic. For the details, and for

proofs of all three statements, we refer the reader to [2].

It remains to prove the lower bound in Theorem 1.2, which is an immediate consequence

of the following proposition.
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Proposition 3.4. Fiz a graph H and a constant p > 0. Then 6,(H,p) > 6,(H). That is,
for each C' > 0 and v > 0, with high probability G(n,p) contains a spanning H -free subgraph
with minimum degree at least (0,(H) — ~)pn and chromatic number at least C.

Proposition 3.4 follows by adapting the constructions from [3], which themselves are minor
adaptations of constructions originally due to Luczak and Thomassé [21]. We state only the
features of these constructions we require in order to prove Proposition 3.4, and refer the
reader to [3, 21] for further details. The following lemma was proved in [3] as Proposition 5,
Theorem 16 or Proposition 35, depending on the value of 4, (H).

Lemma 3.5. For every graph H and constants C,~v > 0, there exists K = K(H,~v,C) > 0
such that the following holds. For all sufficiently large n, there exists an H-free graph G on
n vertices with the following properties:

(a) 5(G) > (5,(H) — ).

(b) There exist disjoint sets X, Y C V(G), with | X| = K and |Y| =n/K, such that

x(G[X]) =C and  e(G[X,Y]) =e(G[Y]) =0.

Note that for the application in [3] the important points are the high minimum degree and
the subgraph G[X] whose chromatic number is large. However for this paper we require in
addition the existence of the set Y. It is easy to check that each of the constructions in [3]
permits us to find such a set. For the constructions given there as Propositions 5 and 35, we
need to choose in the construction not just any ‘Erdés graph’, that is, a graph with chromatic
number at least C' and girth at least v(H) + 1, but specifically one in which all but a fixed
number K of vertices are independent; this is possible since graphs with chromatic number
C and girth v(H) + 1 exist. We then let X be the K vertices which are not independent.
For the construction given as Theorem 16, we always obtain the desired sets, taking X to
be the vertex set of the Borsuk subgraph in that construction.

The next lemma allows us to find in G(n,p) a graph corresponding to that described in
Lemma 3.5.

Lemma 3.6. Let d,p,v, K >0, and let G be a graph on n vertices satisfying:
(a) 0(G) = dn.
(b) There exist disjoint sets X, Y C V(G), with | X| = K and |Y| =n/K, such that

e(GIX,Y]) = e(G[Y]) = 0.

Then, with high probability, G(n,p) contains as a spanning subgraph a subgraph of G with
minimum degree at least (d — v)pn which includes all edges of G[X].

Proof. We expose the edges of G(n,p) in two rounds. First, we expose all the edges among
the first K 4+ n/K vertices. It is easy to see that, with high probability, we will find a
K-vertex clique in this set. Fix any injective map ¢: V(G) — [n] which takes X to the
K-vertex clique and Y to the remaining n/K initial (i.e., already exposed) vertices.

We next expose the remaining edges, and claim that, with high probability, the intersection

of ¢(G) and G(n, p) has minimum degree at least (d —v)pn. Indeed, since 6(G) > dn and d,
10



p and ~ are fixed, this follows easily by Chernoft’s inequality and the union bound. Thus,
by construction, we have found the desired subgraph of G. U

Proposition 3.4 now follows immediately.

Proof of Proposition 3.4. Given H, C', p and ~, let n be sufficiently large, and let K =
K(H,~,C) > 0 and G be given by Lemma 3.5, so in particular G is H-free. Now, applying
Lemma 3.6 with d = §,(H) — ~, it follows that, with high probability, G(n,p) contains a
spanning subgraph G’ C G with minimum degree at least (5X(H ) — 27) pn which includes
all edges of G[X], so x(G’") > C. Since 7 > 0 was arbitrary, this proves the proposition. [J

4. THE UPPER BOUND FOR CLOUD-FOREST GRAPHS

In this section we will prove the following proposition, which is our main new result.

Proposition 4.1. If H is a cloud-forest graph, and p = p(n) satisfies p = o(1) and p =
n=°M then
1

This proposition, together with Corollary 2.2 and Propositions 3.2 and 3.3, proves Theo-
rem 1.5. We begin by giving an outline of the proof of Proposition 4.1.

Let us fix a cloud-forest graph H with s vertices, and a function p = p(n) such that
p=o0(1) and p = n=°W. Fix also a (small) constant v > 0 and (with foresight) set d = /6.
We will use the following definitions.

Definition 4.2. We define the (d, p)-robust second neighbourhood Nj(v) of a vertex v in
a graph G to be the set of vertices w of G such that v and w have at least dp?n common
neighbours in G. (Since d and p were fixed above, we suppress them from the notation.)

Given u,v € V(G), let us say that a set Z of size s is (u,v)-completable if Z has at least
s common neighbours in each of N(u) and N(v).

Let G be an H-free spanning subgraph of G(n,p) with 6(G) = (5 + 2v)pn. Applying the
sparse minimum degree form of Szemerédi’s Regularity Lemma to G, we obtain a partition
V(G) =VoUViU--- UV, such that the (e, d, p)-reduced graph R satisfies 6(R) > (3 +7)k-
For each i € [k], we let X; be the set of vertices v € V(G) such that Nj(v) covers at
least a (% + 7)-fraction of Vi, and set Xy := V(G) \ (X1 U---u Xk). We will show that
x(G[Xi]) = O(1) for each 1 < < k, and that Xy = 0.

We will bound the chromatic number of G[X;| in three steps, as follows. First, we show
(see Claim 2, below) that for every pair u,v € X;, there are Q(n®) sets Z C V; of size s that
are (u,v)-completable. Second (see Claim 3), we show that if x(G[X,]) > 1, then there
exists a subgraph E’ C G[X;] with arbitrarily large minimum degree. Using the pigeonhole
principle, we can show that there exists a subgraph F C E’ with large average degree and
an s-set Z C V; such that Z is (u,v)-completable for each uv € E. Third (see Claim 4),

a graph with large enough average degree contains all small forests, by Fact 2.4. Using the
11



alternative definition of a cloud-forest graph, it follows that there exists a forest F” that is
contained in £ and which we can extend to a copy of H.

In order to complete the proof, we will show that X, = (, as follows. Suppose for a
contradiction that there exists a vertex u € Xy. Since the vertices of X spread out their
second neighbourhoods relatively evenly over the clusters of the regular partition, we will
be able to find (see Claim 5) a pair (V;,V;) of clusters which form an (e, d, p)-regular pair
in G, and furthermore are such that there are at least 2dpn/3 vertices in N(u) with at least
dp|V;i|/3 neighbours in each of V; and V;. We will then (see Claim 6) use Theorem 2.7 to show
that for at least dpn/3 of those vertices v € N(u), the density of (N (v)NV;, N(v)NV;) is at
least dp/2 (this is ‘inherited’ from the (e, d, p)-regular pair (V;,V;)). Now, by Theorem 2.3,
any such bipartite graph contains many copies of Kj 5, which together with v gives us many
copies of K7 ,s. By an application of the pigeonhole principle we find a copy of K, in G.
Since H C K 4 5, we thus obtain the desired contradiction.

In order to perform the first step (Claim 2) in the above sketch, we need the following
lemma. It implies that if (W;,Y) and (W3, Y) are two ‘sufficiently dense’ pairs in a subgraph
G C G(n,p), and p is not too small, then we can find ‘many’ copies of K o5 with the smaller
part in Y, and the other part split equally between W; and W5.

Lemma 4.3. For every e > 0 and s € N, there exists a > 0 such that the following holds
for all sufficiently large n € N. Let G be a graph on n vertices, and let p = n=°M . Let
Wi, Wa, Y C V(G) be disjoint sets with |Y| = 2pn, with epn < |W;| < 2pn, and with

IN() Wi = ep®n and ’ NN W,
veS

for each i€ {1,2}, y €Y and S CY of size s. Then there exist at least o|Y|* sets Z CY
of size s such that

< 2ps+1n

> S

’ﬂN(v)ﬁWi

veZ

for each i € {1,2}.

Proof. Fix e > 0 and s € N, let 8 > 0 be the constant returned by Theorem 2.3, and set

D16
o= —|— - .
2\ 6s 32

Let us assume without loss of generality that [IW;| > |[Ws], and say that a copy of Kj o in
the bipartite graph with parts Y and W7 U W5 is balanced if it has s vertices in each of W,
and W,. Our aim is to show that at least a|Y'|* sets Z C Y of size s extend to a balanced
copy of K, 9,. We will do so in two steps: we will prove a lower bound on the total number
of balanced copies of K95, and an upper bound on the number rooted at a given s-set in
Y. By the pigeonhole principle, this will be enough to give the result.

To prove a lower bound on the number of balanced copies of K, o5, we will apply Theo-

rem 2.3 to the following random bipartite graph H. Let ¢: W5 — W) be a uniformly chosen
12



random injective map, and let Y’ C Y be a uniformly chosen random subset of size 2pn. Let
H be the bipartite graph with parts Y’ and W7, and edge set

EMH) = {yw € G[Y', W] : y¢~'(w) € G[Y',Wy]}.

(If ¢~ *(w) is not defined, we say the pair y¢~'(w) is not in G.) Note that each copy of K
in H corresponds to a balanced copy of K os.
We claim first that, with high probability,
£2pn?2 . £2p2
2 32
To prove this, let y € Y’, and recall that y has at least ep?n neighbours in each of W, and
W,, and that |Ws| < [W;| < 2pn. Since ¢ is a random map, the degree dg(y) of y in H is
hypergeometrically distributed with mean at least (ep/2)-ep?n, and it follows (by Hoeffding’s
inequality, and the fact that p = n=°(")) that

(2) e(H) > -o(H)™

2,3

e“p’n 1
P( du(y) < -
() < =5 ) < 2

By the union bound, and recalling that |Y’| = 2pn, the claimed bound on e(H) follows.
Let K denote the number of copies of K, in H. We claim that

s2

3) EK] > g(i—f) (2pn)*.

To prove this, observe that if (2) holds then Theorem 2.3, applied with ¢ = £2p*/32, implies
that K > S0*v(H)?. Since (2) holds with probability greater than 1/2, and v(H) > |Y’| =
2pn, the bound (3) follows immediately.

We will next show that the number of balanced copies of K o, is at least

(B ()

To see this, simply note that for a given balanced copy K of K o, the s-set is contained in
the randomly chosen Y’ with probability

-1 s s
Y| =35\ /Y] < 2pn < 3pn ‘
2pn — s/ \2pn Y| —s Y|

If this event occurs, then K yields a copy of K, in H with probability

st (a2 (Wl = )1 51y | — s)! P (ﬁ)
(e 2! WAl T (epn—s)*  \epn)

where the first inequality uses the condition |W;| > epn of the lemma, and the second uses
the facts that p = n™°() and n is sufficiently large. Thus E[K] is at most the product of
these two probabilities, times the number of choices for K, as claimed in (4).

Finally observe that, since no s-set of vertices of ¥ has more than 2p*™!n neighbours in

either W or W, each s-set of vertices of Y extends to at most (2p**1n)?* balanced copies
13



of K os. It follows from (3) and (4) that the number of s-sets in Y which extend to at least
one balanced copy of Kj o is at least

2
|Y| ° Epn ° 5 €2p2 ° S S — 48 S
(—3pn 5 ) 2l (2pn)* - (2p*T'n) ™ = V)",

as required. O

Before proving Proposition 4.1, let us note several properties of I' = G(n,p) that hold
with high probability if p = n=°("). In the proof we will assume that all of these properties
hold:

(A1) For each |S| = O(1) we have ‘ m Np(u)‘ = (1+ 0(1))p\5|n.

u€eS
logn
2

(A2) For each |U| = Q(pn) there are at most p|U|? edges in U, and there are at most -
vertices outside U with more than 2p|U| neighbours in U.

(A3) For any disjoint sets U and V of size Q(pn) there are (1+ o(1))p|U||V| edges between
U and V.

In each case, the probability of failure can easily be shown to tend to zero using the Chernoff
bound.

Proof of Proposition 4.1. Let H be a cloud-forest graph with s vertices, and let v > 0. We
claim that there exists C' = C'(H,~y) such that the following holds with high probability:
if G is a H-free spanning subgraph of G(n,p) with 0(G) > (% + 27)pn, then y(G) < C.
Let kg = 1/, let d = /6, and let &' > 0 be sufficiently small. Let ¢y < & and C’ be the
constants returned by Theorem 2.7 with inputs ¢’ and d, and choose ¢ < g¢/4 sufficiently
small.

Suppose that I' = G(n, p) satisfies assumptions (A1), (A2) and (A3), and the high proba-
bility events of Theorem 2.7 and of the sparse minimum degree form of Szemerédi’s Regularity
Lemma. Let G C T' be an H-free graph with minimum degree (% + 27) pn. We will write
N(u) for the neighbourhood of u in G, and Np(u) for the neighbourhood in I'.

We begin by applying the sparse minimum degree form of Szemerédi’s Regularity Lemma,
with input 0 = % + 27, d, € and ko, to G. This gives us a partition of V(&) into parts
Vo, Vi, ..., Vi, where kg < k < ky and k; = k1(0,d, e, ko) does not depend on n, and a
reduced graph R with

(5) 5(R) > G + v) k.

We now define sets X1,..., Xy by
1
Q Xi={veviey: wn > (5+a)vi

and let Xo = V(G) \ (X1 U---UX}). Let o/ > 0 be the constant returned by Lemma 4.3

with input € > 0 and s, and set a = d*¢’.
14



Our first goal is to show that for each i we have y(G[X;]) = O(1). We break the proof
up into a series of claims, the first of which gives us the set W; that we will use in our
application of Lemma 4.3.

Claim 1. For every u € V(G), there exists Wi C N(u) of size d*pn/6 such that
(7) IN(w) N Wh| = d°p*n/24

for every w € Ny (u), and

(8) [N (w) N Wi | < 2d°p*n

for every w € V(G).

Proof of Claim 1. Choose a set Wi C N(u) of size d*pn/6 uniformly at random. By the
definition of Nj(u), we have |N(u) N N(w)| > dp*n for every w € Nj(u). Moreover, by
assumption (A1), and our bound on 6(G), we have pn/3 < |N(u)| < 2pn and |N(u)NN(w)| <
2p°n for every w € V(G). It follows that |N(w) N W[ is a hypergeometrically distributed
random variable with expected value at least d®p®n/12 for every w € Nj(u), and at most
d*p?*n for every w € V(G).

Since p = n=°M), Hoeffding’s inequality and the union bound tell us that with high prob-
ability |N(w) N W;| satisfies (7) for every w € Nj(u), and (8) for every w € V(G). Thus
there must exist some such set Wi C N(u), as claimed. 0

We now show that for each ¢ and pair u,v € X;, there are many sets in V; which are
(u, v)-completable.

Claim 2. For every i € [k]|, and every pair u,v € X;, there exist at least o|V;|® subsets
Z CV; of size s that are (u,v)-completable.

Proof of Claim 2. Let W7 C N(u) be given by Claim 1, and set
Wy = N(v) \ W, and Y = Nj(u) NNy (v) NV, \ (W UWa U {u,v}).

We will use Lemma 4.3 to show that there exist at least o|Y|® sets Z C Y of size s whose
common neighbourhoods intersect each of W; and W5 in at least s vertices, and which are
therefore (u,v)-completable.

In order to apply Lemma 4.3, we need to check that Wy, W5 and Y satisfy the various
conditions of the lemma. To do so, note first that

6 3 6
by Claim 1, our lower bound on §(G), and assumption (Al). Thus we have epn < |W;| < 2pn
for i € {1,2}, as required.
Next, to bound |Y'|, note that since u,v € X;, by inclusion-exclusion and (6) we have

d? 12
(Wil = o and (_ - —)pn < |Wa| < [N(v)| < 2pn

1
N30 1 8500 1V > 25+ )1 - V] = 2410

Since |Wi|+ |Wa| + 2 < 4pn + 2 < d|V;| and p = o(1), we obtain |Y| > d|V;| > 2pn.
15



To bound |N(y) N W;|, we use Claim 1 and the fact that Y C Nj(u) N Nj(v). Indeed,
by (7) we have |N(y) N Wy| > d®p?n/24 > ep®n for every y € Y C N;(u), and by (8),
together with the fact Wy = N(v) \ Wy, we have

IN(y) " Wa| = [N(y) N N(v)] = [N(y) " Wi| > dp*n — 2d°p*n > ep’n
for every y € Y C Nj(v). Finally, since W7 C N(u), Wy € N(v) and u,v ¢ Y, it follows
from assumption (A1) that
() N(w)nWw;
wesS
for i € {1,2} and every set S CY of size s, as required.

Therefore, by Lemma 4.3, there exist at least o/ |Y]* > o/(d|V;])® = a|Vi|® sets Z C Y C V;
of size s that are (u,v)-completable, as claimed. O

< 2p8+1n

We now show that if G[X;| has large chromatic number then there is a single set Z C V;
which is (u, v)-completable for many edges uv € G[X;].

Claim 3. For eachi € [k], ifx(G[X,-]) > 2s/a then there ezists a set of edges E C G[X;] of
average degree at least 2s, and an s-set Z C V; which is (u,v)-completable for every uv € E.

Proof of Claim 3. Since G[X;] is not 2s/a-colourable, it is not (2s/o — 1)-degenerate, and
so contains a subgraph of minimum degree, and hence also average degree, at least 2s/a.
Let E' be the edges of such a subgraph, and note that, by Claim 2, for each edge uv € E’
there exist at least «|V;|® sets Z C V; of size s that are (u, v)-completable. Therefore, by the
pigeonhole principle, there exists a subset £ C E’ and a set Z C Vj of size s, such that Z is
(u,v)-completable for every uv € E, and

alViJ*

|E| > ( ) ) |E' > alE.

Since E’ has average degree at least 2s/a it follows that F has average degree at least 2s,
ge deg ge deg

as claimed. o

We can now bound y (G[X;]) for each i € [k].

Claim 4. X(G[XZ-]) < 2s/a for each 1 < i < k.

Proof of Claim 4. Suppose that x(G[X;]) > 2s/a for some i € [k], and let E C G[X;] and
Z C V; be given by Claim 3. Thus E has average degree at least 2s, and for each uv € F the
set Z is (u,v)-completable. Letting W be the set of vertices in edges of FE, it follows that
Z has at least s common neighbours in N(u) for every vertex u € W. We will show that
H C G, which will contradict our assumption that G is H-free, and hence prove the claim.

Recall first that since H is a cloud-forest graph (using the alternative definition), its vertex
set can be partitioned into independent sets I and J, and a forest F’, such that there are no
edges from V(F") to I and each vertex of J has at most one neighbour in V' (F”).

By Fact 2.4, E contains F’. We now construct an embedding of H into G as follows. We

embed the copy of F’ in H into that in £. We then embed I into vertices of Z outside the
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copy of I’ and finally embed the vertices of J greedily, preserving the property of having a
graph embedding. We can embed I to Z because Z has s = v(H) vertices and there are no
edges of H from V(F') to I. Finally, each vertex of J has at most one neighbour in V(F")
and the rest of its neighbours are in I, so, since Z has at least v(H) common neighbours in
N (u) for each u in the copy of F’, the greedy embedding of J succeeds. O

It remains to prove that X, = (). We start by showing that if this is false, then there is a
dense regular pair (V;,V;) in G and a substantial number of vertices with many neighbours
in each of V; and V.

Claim 5. If Xy # 0, then there exists an (e, d, p)-reqular pair (V;,V;) and at least 2dpn/3
vertices with at least dp|V;|/3 neighbours in each of V; and V.

Proof of Claim 5. Suppose that u € X, and recall that therefore
1
N3 vl < (5+ )W

for every j € [k]. Since 6(G) = pn/3, we can fix a set U C N(u) of size pn/3, and for each
j € [k], choose a subset V! C V; \ U of size (5 + d)|V;| containing N3 (u) N V; \ U.
We will first show (via some simple counting) that there exists ij € F(R) such that

(9) e(GIUV]]) +e(GIU,V]]) > (1+5d)p|U||V]].

Indeed, let i be such that e(G[U, V/]) is maximised, and consider j € V(R), not necessarily
adjacent to i. Note that if there exist 2k/3 indices j such that the inequality (9) holds, then
by (5), which bounds the minimum degree of R, at least one among them satisfies ij € F(R)
and we are done. So let us suppose (for a contradiction) that there exist k/3 indices j such
that (9) fails to hold. Then, by the maximality of e(G[U, V/]), we have

10) Y@ v) < 5 (L sdplulv] - (@) ) + 5 e(GlU V),

J=1

We now establish a lower bound on the same sum. We have §(G) > (% + 27) pn, and

e(GIU.V(G)\ N5 (u)]) < dp*n® = %W

by the definition of Nj(u) and since |U| = pn/3 and d = /6. Moreover,
e(G[U]) <plUP < pn|U|  and  e(G[U, Vi]) < 2p|U||Vo| < 2epn|U]|
by our assumptions (A2) and (A3), and since p = o(1). Now, since N3 (u) N'V;\ U C V] for

every j € [k], it follows from the above inequalities that

(11) ' e(G[U,V]]) > e(G[U, N5(u) \ U]) — e(G[U,Vq]) > <%+7)pn\U\.
o~ 17



Now, combining (10) and (11), we have

(%+v)pn|U| < 2 (@ + sV + oG V) ) < (%Hd)pnlw

where the second inequality follows as e(G[U, V/]) < (1 + d)p|U||V/], by assumption (A3),

and since |V/| = (3 + d)|Vi| < (3 + d)n/k. But recalling that d = ~/6, we see that this is a

contradiction, and thus we have proved that there is a pair ij € F(R) for which (9) holds.
Let us fix such a pair, and set

U = {w € U :min {|N(w) N V/|,|N(w)nV/|} > M}

J 3

In order to prove the claim, it will suffice to show that |U’| > 2d|U| = 2dpn/3. Set
A
p-UIIVYT

and observe that ¢ < 1+ d by assumption (A3). We claim that
(12) {wet: Nw) NV > dplV/I}| > (c—20)U]
and
(13) [{weU: Nw)nV/| = dplV/|}| = (1-c+4d)|U],

from which it will follow (by inclusion-exclusion, and since |V/| > |[V;|/3) that we have
|U’| = 2d|U]|, as required. Suppose first that (12) fails to hold, and observe that therefore

e(GIU V) < (e—2d)|U|- (1 +d)p|V]| + (1 — ¢+ 2d)|U| - dp|V]| < ep|U||V/]|
by assumption (A3), which contradicts the definition of ¢. Similarly, if (13) fails to hold,
then
e(GIUV]]) < (1—c+4d)|U|- (1 +d)p|V/| + (c — 4d)|U| - dp|V]| = (1 — ¢ + 5d)p|U||V]],
again using assumption (A3), which contradicts (9). Hence, both (12) and (13) hold, and so

the claim follows. O

We now use Claim 5 to show that if X, # () then there exist a substantial number of
vertices each of whose neighbourhoods is dense.

Claim 6. If X, # 0, then there exists an (e,d,p)-regular pair (V;,V;) and a set W of
size dpn/3 with the following property. For every w € W, there exists a graph G, C
G[N(w) N Vi, N(w) NV;] with dp|Vi|/2 vertices and at least 2~ 5d*p®|V;|* edges.

Proof of Claim 6. By Claim 5 there is an (e, d, p)-regular pair (V;, V;) and a set U’ of 2dpn/3

vertices, each of which has at least dp|V;|/3 neighbours in each of V; and V;. We first prove
that there exists a subset W C U’ of size dpn/3 such that the following hold for every w € W:

(a) |Nr(w) N Vi| < 2p|Vil and |Np(w) 0 V] < 2p|Vjl,

the pair rlw) NV, Np(w) N V,) 1s (€, d, p)-lower-regular,
b) th ir (V Vi, N, V;)is (¢/,d 1 1
18



where ¢/ = &'(d) > 0 was chosen earlier to be sufficiently small. This will be sufficient
to prove the claim, because it follows, by the Slicing Lemma applied with o = d/6, that
(N(w)NV;, N(w)N'V;) is (6¢'/d, d/2, p)-lower-regular, and hence
3,311/[2
(eix.v)) > T2VE
for every X C N(w)NV; and Y C N(w) NV, with | X| = |Y| = dp|V;|/4.

We will obtain the set W by removing from U’ those vertices which fail either condition (a )
or (b), and then taking an arbitrary subset of the correct size. We claim that there are only
n°1) such ‘bad’ vertices in U’. To see that there are only n°!) vertices w € U’ such that
|Nr(w) NV;| > 2p|V;| or |[Np(w)NV;| > 2p|Vj|, simply observe that assumption (A2) implies
that the number of such vertices is at most 21;# = n°M. To prove the corresponding
statement for condition (b), we apply Theorem 2.7 with X = V; and Y = V;. Recall that
the pair (V;,V;) is (e, d, p)-lower-regular, and therefore, by Theorem 2.7, there are at most
C’ max{lo%,p”} = n°Y vertices w € V(G) such that (Np(w) N V;, Np(w) N'V;) is not
(¢/,d, p)-lower-regular, as required. This completes the proof of the claim. a]

We are finally ready to show that Xy = ().
Claim 7. X, = 0.

Proof of Claim 7. Suppose for a contradiction that X, # ), and let (V;,V;) and W be given
by Claim 6. We will use Theorem 2.3 to find many copies of K, in G,, for each w € W,
which gives a lower bound on the number of copies of K,  with parts in (respectively) W,
Vi and V. This bound will be sufficiently large that, via an application of the pigeonhole
principle, we can find a copy of K s, in G. But H C K, so this gives the desired
contradiction.

To spell out the details, let 5 > 0 be the constant returned by Theorem 2.3 with input
s, and recall that, for every w € W, the graph G,, € G[N(w) NV;, N(w) NV;] has dp|V;|/2
vertices and dp?|V;|?/2° edges. By Theorem 2.3, it follows that G, contains at least

dp 52 dp‘VZ‘ 2s
(%) (%)

copies of Ky, and hence, recalling that |W| = dpn/3, it follows that the number of pairs
(w, K), where w € W and K C G[N(w) NV;, N(w) NV;] is a copy of K, is at least

dpn dp 52 dp“/z| 2s dp (s+1)2 ) ,
(11 o(8) () = a(E) Wl s

3 2
since p = n=°W,
Finally, note that there are at most |V;|** choices for the graph K, and so there must exist

some K which is in the neighbourhood of at least s distinct v € W. In particular, we have
a copy of K, in G, and hence a copy of H. This contradiction proves the claim. O

|2s

By Claims 4 and 7, it follows that y(G) < 2sk/«, which completes the proof of the
proposition. 0
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5. UPPER BOUNDS FOR p CONSTANT

In this section we will prove the upper bound 0, (H,p) < d,(H) for all p > 0 constant.
Together with the matching lower bound from Proposition 3.4, this completes the proof of
Theorem 1.2. Recall that the bound 6, (H,p) < 1— m for all H and any constant p was
proved in Corollary 2.2, so that it remains to prove the following two propositions.

Recall that the decomposition family of a graph H is the collection of bipartite graphs
obtained from H by removing y(H) — 2 independent sets. The following proposition gener-

alises [3, Theorem 7|, which proved it for p = 1.

Proposition 5.1. Let H be a graph with x(H) =r > 3, and let 0 < p < 1 be a constant. If
H has a forest in its decomposition family, then

2r — 5

H < H) = .

5)(( ?p) 6X( ) 2T _ 3
That is, for every v > 0, there exists C' = C(H,p,~v) > 0 such that, with high probability,

every H-free spanning subgraph G C G(n,p) with §(G) > (;Z:g + fy)pn satisfies x(G) < C.

Recall that a graph H is near-acyclic if x(H) = 3 and H admits a partition into a forest F’
and an independent set I such that every odd cycle of H meets [ in at least two vertices.
It is r-near-acyclic if it is possible to obtain a near-acyclic graph by removing x(H) — 3
independent sets from H. The following proposition generalises [3, Theorem 34].

Proposition 5.2. Let H be an r-near-acyclic graph with x(H) =r > 3, and let 0 < p < 1
be a constant. Then we have

r—3
r—2

ox(H,p) < 0y (H) =

That is, for every ~v > 0, there exists C = C(H,p,7y) > 0 such that, with high probability,
every H-free spanning subgraph G C G(n,p) with §(G) = (=2 + v)pn satisfies x(G) < C.

We emphasise that, in both propositions, the bound on the chromatic number is allowed
to depend on p. Indeed, the construction used to prove [2, Theorem 1.3] shows that, for
every v > 0 and C, if x(H) =7 > 4 and p = p(H,~) > 0 is sufficiently small, then with
high probability G(n,p) contains spanning H-free subgraphs with minimum degree at least
(% — 7) pn and chromatic number at least C'.

The proofs of both propositions are, with the exception of one key step in both proofs,
relatively straightforward modifications of the proofs in [3] of the corresponding bounds in
the case p = 1. For this reason we will emphasise the new ideas required in the random
setting, and refer the reader to [3] for motivation of the lemmas we quote from [3]. We will
first (in Section 5.1) state and prove a lemma which is the main new tool we will require;
then (in Sections 5.2 and 5.3) we will describe how we combine this lemma with the method

of [3] in order to prove the propositions.
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5.1. A bound on the number of pairs with few common neighbours. Let G be a
subgraph of G(n,p), and suppose that U and W are sets of vertices with the property that
every u € U has more than (% + ”y)p|W| neighbours in W. If p = 1, then this implies that
every pair of vertices has many common neighbours in W, but for p < 1 there may exist
some exceptional pairs with small common neighbourhood, even if W is quite large.

The following lemma, which is the key new step in the proof of both of the propositions
above, says that (with high probability) few pairs in U have small common neighbourhood
in W for every such pair (U, W) with |W| = Q(n). As in the previous section, we will write
Nr(u) for the neighbourhood of u in I' = G(n, p) and N(u) for the neighbourhood in G.

Lemma 5.3. Given p,v,a € (0,1] there exists C > 0 such that, with high probability, the
following holds. For every subgraph G C G(n,p), and every pair of vertex sets U and W
satisfying |W| = an and

(15) @I (5+9)olW1

for every u € U, we have
IN(u) N N(v) N W] < yp?|W]
for at most C|U| pairs u,v € U.

The first step to proving this lemma is to find a bounded-size subset X C U such that
the I'-neighbourhoods in W of subsets of U \ X are all well-behaved. The following lemma
is quite a bit more general (though no harder to prove) than the result we need. Note that
for this lemma we require p < 1.

Lemma 5.4. Given p € (0,1) and § € (0,1], there exists C > 0 such that, with high
probability, the following holds. For every set of vertices W C V = V(G(n,p)), there exists
a set of vertices Xy CV with |Xw| < C such that

(16) ) () Nr(v) N W) e PSIW| + on

veS

forall S CV \ Xy.

Proof. Define ¢ = {(p,d) to be the least positive integer such that p* < §/2. Given W, let X
be a maximal family of disjoint vertex sets satisfying |S| < ¢ and

o
(17) [ Ne(w) 0w ¢ plw) =2

2

vesS

for each S € X. We claim that Xy = (g S satisfies the required conditions. Indeed, for
any subset S C V \ Xy with |S] < /£ it is immediate from the maximality of X that (16)
holds. On the other hand, if |S| > ¢ then let Sy be an arbitrary subset of S of cardinality ¢,
and observe that

0 < )ﬂNp(v)mwj < ‘ ) Ne(w) N W <pf|W|+%” < on,

veES vESH
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as required.
To show that, with high probability, | Xy | < C for every set W, note first that, by the
Chernoff bound,

P() () Nr(v) N W) ¢ plSI|W| + %”) < e,

veES
These events are moreover independent for disjoint sets S, so if X’ contains t sets for some

sufficiently large constant ¢, the probability that all of them satisfy (17) is at most e™™. Any
X with t sets gives Xy with at most C' = ¢/ vertices. The number of ways to choose such
an X is at most n°1), and the number of ways to choose W is at most 27, so by the union
bound we conclude that with high probability, for all W we have | Xy | < C as desired. [

We can now prove Lemma 5.3.

Proof of Lemma 5.3. For p = 1, if U and W satisfy the conditions of the lemma, then for
any u,v € U we have |N(u) " N(v)NW| > 2y|[W| -2 > 4p?|[W], so the lemma statement is
true. We thus assume from now on that p < 1.

Fix § = §(a, 7y, p) > 0 sufficiently small, choose C' sufficiently large for Lemma 5.4 to hold,
and suppose that I' = G(n, p) has the property described in that lemma. Let us assume also
that there do not exists sets S,7° C V(I') such that

anypn Y
SI= T mzC ad e(TS.T]) < (1- 15 ) pISIITI,

and note that this also holds with high probability, by Chernoft’s inequality.

Now let G C I' and let U and W satisfy the conditions of the lemma. Let Xy, be the set
given by Lemma 5.4. Recall that for each u € U we have |N(u) N W| > (3 + 7)p|W|. For
each u € U we define a set X, of all vertices v € U \ Xy (so Np(u) N Np(v) N W has about
the expected size) such that N(u) N Np(v) N W is a bit smaller than expected:

(18) X, = {v e U\ Xw : [N(u) N Nr(v) N W| < (%+ 357) 2|W|}

Claim 1. Ifue U\ (XwUX,) andv € U\ (Xw U X,), then
[N(u) N N(v) NW] > yp*[W].

Proof of Claim 1. Since u,v € Xy, and assuming we chose § < ayp*/5, we have
|Np(uw) N Np(v) "W < p?[W|+dn < ( %)p2|W|

Also, since u ¢ X, and v € X, it follows that

2 5
Moreover, both are subsets of Np(u) N Np(v) N W, and so, by inclusion-exclusion,
37 i
+ = ) P W] - ( g)pz\W\ = ' |W],

as claimed. 0
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min {[N(u) O Ne(w) N W], [N(0) 0 Ne(a) AW} > (1+37) P,

IN(u) N N(w) W] > 2(
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Claim 2. |X,| < C for everyu € U\ Xw.

Proof of Claim 2. We will count the paths of length two from u to X, with first edge in G,
second edge in G(n,p), and middle vertex in W. By (18), the number of such paths is at
most

(19) <%+3;) P - X

On the other hand, defining

W, = {we W |Np(w) N X,| < <1——) X, |}

we obtain a lower bound on the number of such paths of

M@ )] (1= ool 2 (54 )l = ) (1= 5 ol

Now if |[W,| < vp|W|/5, then using (19) and (20), we obtain

1 4y 1 37\,
- 1— L "
(2 )|W|( 1O)m < (2+5) W] 1X.,

which is a contradiction. We conclude that |[W,| > ~p|W|/5, so by definition of W, and by
our assumption on I' (with S = W, and T' = X,), we have |X,| < C, as claimed. O

The lemma follows easily from the claims. Indeed, by Claim 1 the only pairs u,v € U
with |N(u) N N(v) N W] < yp?|[W] are those with v € Xy U X, or v € Xy U X,. Since
| Xw|+|X.| = O(1) for every u € U, by Lemma 5.4 and Claim 2 , it follows that the number
of such pairs is at most O(|U|), as required. O

5.2. The proof of Proposition 5.1. We need the following two lemmas from [3]. Let
K,(t) be the t-blow-up of Ky, that is, the graph obtained from K, by replacing each vertex
with an independent set of size ¢, and each edge with a complete bipartite graph K;,. We
write F'+ H for the join of F' and H, that is, the graph obtained from a disjoint union of F
and H by adding all edges between F' and H.

Lemma 5.5 (Lemma 9 of [3]). Let « > 0 and 3 < r,t € N, let F' be a forest, and let H C
F+ K,_5(t). Let G be a graph on n vertices, and X C V(G). If G[N(u)] contains at least
anr=YvH) copies of K,_1(v(H)) for every u € X, then either H C G or | X| < v(H)/a.

Lemma 5.6 (Lemma 10 of [3]). For every a > 0 and 3 < r,t € N, there exists C = C(a,1,t)
such that for every graph H C F + K,_5(t), the following holds. Let G be an H-free graph
on n vertices, and let X C V(G) be such that every edge of G|X| is contained in at least
an™? copies of K, in G. Then G[X] is Cv(F)-degenerate.

We can now give the proof.
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Proof of Proposition 5.1. Let F' be a forest in the decomposition family of H, so in particular
HCF+K, , (U(H)) Let v > 0, and let G be an H-free spanning subgraph of G(n, p) with
2r —5
2r —3

(6) > (3=5 +3 )

Applying the sparse minimum degree form of Szemerédi’s Regularity Lemma, with kg = /7,
d = ~ and ¢ sufficiently small, to G, we obtain a partition V(G) = Vo UV U --- UV, with
ko < k < k; = O(1) such that the (g, d, p)-reduced graph R satisfies

2r—>5
> .
(R) > <2T_3+7)k

We now partition the vertices of V(G) according to the sets V; to which they send ‘many’

edges. More precisely, define for each I, C I C [k],
X = {0 e V(@) : L= {ick]: IN@NVIZwlVil},

(21)
L= {i €[} IN@) Vil > (2 +)plVil}}

We remark that this is a refinement of the partition used in the proof of [3, Theorem 7].
Since the number of parts in this partition is at most 3%, the following claim completes the
proof of Proposition 5.1.

Claim. x(G[Xy, 1)) = O(1) for every I, C I C [k].

Proof of Claim. We partition the edges of G[X/, 1,] into graphs J = Jy, j, and L = Ly, p,,
where J consists of those edges whose endpoints have at least yp?|V;| common neighbours
in each of the clusters {V; : i € I} and the remaining edges are in L. We will show that
J and L are both O(1)-degenerate, which implies both are O(1)-colourable and hence that
G[ X1, 1,] is O(1)-colourable, as desired.

We start with L. For each U C Xy, ;, and i € Iy, consider the graph L;[U] C L[U] on
vertex set U formed by the edges of G that have fewer than vp?|V;| common neighbours
in V;. Setting W = V;, note that the pair (U, W) satisfies (15), by the definition of X7, j,
and since i € I,. By Lemma 5.3, it follows that L;[U] has at most C|U| edges (for some
constant C'= C(H, p,7)) and hence has bounded average degree. Since L[U] C (J;;, Li[U],
and |lo| < k, it follows that the graph L[U] has bounded average degree. Since this holds
for every U C X}, 1,, it follows that L is O(1)-degenerate, as claimed.

The proof that J is O(1)-degenerate is almost the same as in [3, Theorem 7], and so we
shall only sketch the proof, skipping most of the details. Suppose first that

2r — 4
L] > k
14 (27“—3)

In this case we shall show that | X}, 1,| = O(1), and thus J is trivially O(1)-degenerate. We

first claim that R[[;] contains a copy of K,_;. Indeed, by our minimum degree condition on
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R, we have

S(RA]) > 8(R) = (k= I1l) > 10 (525 =)k > (F=5 ) 0l
so R[I;] contains a copy of K,_1, as claimed. Let {Wy,..., W, 1} C{V;:i € I} be the set
of parts corresponding to this copy of K, .

Now let v € X, ,, and recall that |N(u) N W;| > ~p|Vi| for each i € [r — 1], by the
definition of Xy, ;,. By the (dense) Slicing and Counting Lemmas, it follows that G[N(u)]
contains at least Q(n"="U) copies of K,_1(v(H)). Since H € G, by Lemma 5.5 we have
| X1, 1| = O(1), as claimed.

So let us assume from now on that

2r —4
1 k
|1|<<27’—3) ’

and that G(n,p) has the following property: for each vertex set S of size at least n/(2k;),
the number of vertices that have more than (1++)p|S| neighbours in S is at most a constant

depending on p, v and k; (for constant p this holds with high probability by the Chernoff
bound). In particular this applies for S = V; for each 1 < i < k. Now if there is no vertex of
X1, 1, which has at most (1+7)p|V;| neighbours in each V;, then this implies | X, ;,| = O(1),
in which case J is trivially O(1)-degenerate. So suppose u € Xy, , is a vertex with at most
(14 v)p|Vi| neighbours in V; for every 0 < i < k.

We claim that R[[] contains a copy of K,_5. Indeed, since §(G) > (g::g + 37)pn, and
since |V;| < n/k for each i € [k] and |Vy| < en < yn/2, it follows that

(27"_ > —|—3'y)pn < d(u) < ((1 +7)| L] + (1 +v) (1] = 1) +27k‘)p—l?-

2r —3 2

Hence, using our bound on |I], it follows that || > (2:=3)k. Thus

S(RIE]) > 6(R) ~ (k1)) > 16 (525 =)k > (E=g )l

so R[I5] contains a copy of K, 5, as claimed.

Finally, recall that the endpoints of each edge of J have at least vp?|V;| common neighbours
in V; for every i € I5. By the (dense) Slicing and Counting Lemmas, it follows that each
edge of J is contained in 2(n"~?) copies of K,. Since H ¢ G, Lemma 5.6 tells us that J
is O(1)-degenerate. We have thus proved that both J and L are O(1)-degenerate, which
implies that x (G[X;, ,]) = O(1), as claimed. 0

As noted earlier, the sets X, 7, partition the vertex set of G into at most 3" parts, and
hence the claim implies that x(G) = O(1), as required. O

5.3. The proof of Proposition 5.2. We need the following lemma, which was essentially
proved in [3, Section 7]. The difference here is that we have to explicitly assume (d) rather

than deducing it from a degree condition.
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Lemma 5.7. For each r > 3 and v > 0, and each r-near-acyclic graph H with x(H) = r,
there exist ¢ > 0, C' > 0 and mg € N such that the following holds for every m = mq. If
G is a graph containing pairwise disjoint vertex sets X,Y, Zy, ..., Z._3 with the following
properties:
(a) x(GIX
(b)) W=z =---=|Zs|=m
(¢) |[N(v)N |>7mf0reveryv€X
(d) IN(u) N N(v)N Z;| = ym for every uv € E(G[X]) and every i € [r — 3],
(e) each pair from Y, Zy, ..., Z._3 forms an e-reqular pair in G of density at least -y,
then H C G.

) >
|Z|

The proof of Lemma 5.7 is roughly as follows. We proceed as in the proof of [3, Theo-
rem 34]: We apply [3, Proposition 26] (the so-called ‘paired VC-dimension’ argument), [3,
Lemma 24] (an inductive double counting argument) and [3, Proposition 36] (which uses
the Counting Lemma and the pigeonhole principle), followed by [3, Lemma 25| (which uses
the fact that high degree graphs contain all trees). The only point where some extra care is
needed is in the application of [3, Proposition 36|, since this proposition requires that every
vertex of the set X has at least (% + 7)m neighbours in each set Z;. However, the only use
made of this condition is to deduce that each edge of G[X] has a common neighbourhood
of size at least ym in each Z;, which is assumption (d) above, so the conclusion we need
follows from exactly the same proof. For a complete proof of Lemma 5.7, see Appendix A.

The deduction of Proposition 5.2 from Lemma 5.7 follows the same outline as the proof
of Proposition 5.1 above.

Proof of Proposition 5.2. Let H be r-near-acyclic, let v > 0, and let G be an H-free spanning
subgraph of G(n,p) with

(22) (G) > (T_Q +2”y)pn.

Applying the sparse minimum degree form of Szemerédi’s Regularity Lemma to G, with
ko = r/7v, d = v and ¢ sufficiently small, we obtain a partition V(G) = Vo UV, U--- UV,
with ky < k < k; = O(1) such that the reduced graph R satisfies

We define sets Xy, 5, for each Io C I; C [k] exactly as in (21). Since, again, the number of
parts X7, 7, is at most 31, the following claim completes the proof of the proposition.

Claim. x(G[X}, 1)) = O(1) for every I, C I; C [k].

Proof of Claim. We partition the edges of G[X/, 1,] into graphs J = Jy, j, and L = Ly, p,,
exactly as in the proof of Proposition 5.1. That is, we let J consist of those edges whose
endpoints have at least yp?|V;| common neighbours in each of the clusters {V; : i € I,}. The
proof that L is O(1)-degenerate (using Lemma 5.3) is exactly the same as before, since it

does not use the minimum degree condition on G (and thus R), and we omit it.
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The proof that J is O(1)-chromatic is somewhat different to that in Section 5.2, so let
us give the details. As before, with high probability for each S of size at least n/(2k;), the
number of vertices in G(n,p) with more than (1 4+ 7)p|S| neighbours in S is O(1) and in
particular the number of vertices with more than (1 + v)p|Vi| neighbours in any V; with
0 < i< kis O(1). Again, this implies that either | Xy, ;,| = O(1) and thus J is trivially
O(1)-degenerate, or there exists u € Xy, 7, with at most (1 + ~)p|V;| neighbours in V; for
every 0 < ¢ < k. In this latter case we claim that R[];] contains a pair of disjoint copies of
K,_5, each with at least r — 3 vertices in Is.

Indeed, counting neighbours of u, we obtain
-3
((1 + NG|+ (k=L + 2»31{;)]9—; > d(u) > (:

and hence || > (2=2)k. Similarly,

1 —3
(@ inl+ (540) (-1 +20) 20 > (F=2 427 )

which implies that |I5| > (“=5)k. By our minimum degree condition on R, it follows that

+ 2v)pn,

we can choose (greedily) two disjoint cliques in R[[;] as claimed.
Let the clusters corresponding to the vertices of our two cliques be respectively Y € I;
and Zy,...,Z,_3 € I, (for one), and Y' € I and Z1,...,Z/ _5 € I, (for the other). Set

Xi=X,,\(YUZ U---UZ _3),

and X, = Xp, 7, \ X1, and suppose first that x(J[X;]) > C, where C = C(r,vp?) is the
constant in Lemma 5.7. Note that X; is disjoint from Y, Zy,..., Z,_3, by definition, and
moreover we have

(a) x(J[X1]) > C, by assumption,

(b) |Y|=|Z1| ="+ =|Z-—3] = n/2k, since each is a part of the Szemerédi partition,

(¢) INw)NY| > 7p|V| for every v € Xy, by the definition of X7, 1,

(d) |N(u) N N(v) N Z| = vp?|V;| for every uv € E(J[X]), by the definition of J, and

(e) each pair from Y, Zy, ..., Z,_3 forms an e-regular pair in G of density at least vp, since
Zyy...,Zr_3and Y form a clique in R, and d = 7.

Therefore, by Lemma 5.7, it follows that H C G, which is a contradiction. On the other hand,
if X(J[X2]) > (), then the same argument (with Y, Zy, ..., Z,_3 replaced by Y', Z, ..., Z! _,)
gives the same contradiction. Hence x(.J) < 2C, as required. O

As noted earlier, this completes the proof of Proposition 5.2, and hence of Theorem 1.2. [

6. DETERMINING 07 (H)
In this section we sketch the proof of Theorem 1.9, which states that
(23) 0y (H) = min {5X(H’) . there exists a homomorphism from H to H’}

for every graph H. We begin with the upper bound.
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Proposition 6.1. If H is any graph homomorphic to H', then 6 (H) < 6,(H').

We will use the following lemma, which follows from the result of Erdds [14] that the
Turan density of any k-partite k-uniform hypergraph is zero.

Lemma 6.2. For any graph H' and anyt € N and ¢ > 0, if n = v(G) is large enough and
G contains en®™") copies of H', then G contains the t-blow-up of H'.

Proof. Take a uniform random partition of V(G) into v(H') parts, and let F' be a v(H’)-
uniform hypergraph on V(G) whose edges correspond to copies of H' in G with the ith
vertex of H' in the ith part of the partition for each i. In expectation, F' contains at least
v(H") 7 ) ent M) edges, and by the result of Erdds [14] any F with so many edges contains
a copy of the complete v(H’)-partite hypergraph with parts of size ¢, giving the desired
t-blow-up of H' in G. O

Proof of Proposition 6.1. Note that H is contained in the v(H)-blow-up of H'. Recall that,
by the definition of 6, (H"), for each v > 0 there exists C' = C(7) such that any H'-free graph
G’ with minimum degree at least (6, (H’) + v)v(G’) has chromatic number at most C. We
claim that, for any € > 0, every sufficiently large H-free graph G’ with minimum degree at
least (6, (H') + 2v)v(G) can be made C-partite by deleting at most ev(G)? edges.

To see this, fix € > 0 and choose p > 0 sufficiently small. By the Graph Removal Lemma
(see, e.g., [20]), there exists ¢ > 0 such that any n-vertex graph G either contains at least
en*™") copies of H', or can be made H'-free by deleting at most pn? edges. By Lemma 6.2,
we conclude that for all sufficiently large n, the graph G can be made H'-free by deleting at
most un? edges.

Let G’ be obtained from G by deleting un? edges in order to destroy all copies of H’, and
then sequentially vertices of degree less than (5X(H )+ 7)n until no more remain. Since p
was chosen sufficiently small, this process terminates having deleted fewer than en/2 vertices.
Thus G’ is an H'-free graph with minimum degree at least (d,(H’) +~)v(G’), and hence it
has chromatic number at most C. Moreover, the total number of edges deleted from G to
obtain G’ is at most un? + en?/2 < en?, as required. O

To complete the proof of (23), we will show that a simple modification of the constructions
from [3] suffices to prove the claimed lower bound on 6} (H). We will use the following variant
of Lemma 3.5, which also follows from Propositions 5 and 35 and Theorem 16 of [3].

Lemma 6.3. For every graph H', integer s € N and constants C,~v > 0, there ezists K =
K(H',s,v,C) > 0 such that the following holds. For all sufficiently large n, there exists a
graph G on n vertices with the following properties:

(a) 6(G) = (6 (H') —7)n.

(b) There exists a set X C V(G), with | X| = K, such that x(G[X]) > C.

(c) 6, (H*) < 6,(H') for every subgraph of H* C G with at most s vertices.

Given H, let H' be a graph which minimises 6, (H’) such that there exists a homomorphism

from H to H'. We claim that 63 (H) > 0,(H'), i.e., that for every v > 0 and C' > 0, there
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exists ¢ > 0 and infinitely many H-free graphs G with 6(G) > (6,(H') — 2v)v(G) which
cannot be made C-colourable by removing at most en? edges.

To prove this, first let G’ be the graph (on n vertices) given by Lemma 6.3 with inputs
H'S s=wv(H), C and 7. We construct a graph G by blowing up each vertex of X to size un
for some constant g > 0. Now, if u < /K, then

5(G) > 8(C") > (5,(H) = 7)n > (5,(H) — 27)u(0).

since v(G) < (14 pK)n, and if 4 > /e then the chromatic number of G cannot be decreased
by removing fewer than p?n? > en? edges. Thus it only remains to show that G is H-free.

Suppose that G is not H-free, and fix a copy of H in G. We can construct a subgraph
H* C G’ by taking all vertices of this copy of H lying outside the blow-up of X in G, and
each vertex of X in G’ whose blow-up in GG contains one or more vertices of H. Note that H
is homomorphic to H*, by construction. But H* has at most v(H) vertices, and therefore
0 (H*) < 6, (H"), by Lemma 6.3(c), which contradicts our choice of H'. Hence G is H-free,
and this completes the proof of Theorem 1.9.

APPENDIX A. THE PROOF OF LEMMA 5.7

Before beginning, we should stress that the proof consists only of small and obvious modi-
fications to the argument in [3]: in fact, the only changes are a modification to the statement
and proof of Proposition A.7 below, and the proof of Lemma 5.7 itself which is essentially
contained in the proof of ‘Theorem 34’ there. Most of this appendix is copied unchanged
from [3], and it exists only to facilitate the sceptical reader’s verification of Lemma 5.7.

Definition A.1 (Definition 19 of [3], Modified Zykov graphs). Let T3,...,7; be (disjoint)
trees, and let 7 have bipartition A;UB;. We define Z,(11,...,1;) to be the graph on vertex
set
V(Z(Th,.... T)) = ( U A UB]-) U {ur: 1€ [0))
j€ld
and with edge set

E(Z(Th,...,Ty) Q( U |J K(un,4A)u | K(u,B )

jeICiy F2IC[l]
For each » > 3 and t € N, the modified Zykov graph Zé’ (Ty,...,Ty) is the graph obtained
from Z,(Ty,...,T;) by performing the following two operations:
(a) Add vertices W = {wy,...,w,_3}, and all edges with an endpoint in W.
(b) Blow up each vertex u; with I C [{] and each vertex w; in W to a set S; or S,
respectively, of size t.

Finally, we shall write Z," for the modified Zykov graph obtained when each tree T}, i € [(],
is a single edge; that is, Z;" = Z,"(e1, ..., e0).

Observation A.2 (Observation 20 of [3]). Let x(H) = r. Then H is r-near-acyclic if and

only if there exist trees T, ..., T, and t € N such that H is a subgraph of Z?t(Tl, LT,
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It will be convenient for us to provide a compact piece of notation for the adjacencies in
Zg’t. For this purpose, given a graph G and a set Y C V(G), and integers ¢,t € N and r > 3,
define G;*(Y") to be the collection of functions

S Ur—3] - C/)

It is natural to think of S as a family {S; : I C [(]} U{S] : j € [r — 3]} of subsets of ¥
of size t. We say that S € G,'(Y) is proper if these sets are pairwise disjoint and E(G)
contains all edges zy with z € S; U S} and y € S),, whenever j # j. We shall write
F,H(Y) for the collection of proper functions in G;*(Y). The idea behind this definition is
that we will later want to consider a vertex set Y C V(G) and a family of disjoint subsets
{Sr: T C ]} U{S): j€[r—3]}of size t in Y that we want to extend to a copy of zt.

For an ordered pair (z,y) of vertices of G, a function S € F,"(Y), and i € [{], we write
(z,y) = S, it SF C N(x,y) for every j € [r — 3] and

U SiSN@)  and U Sic ).

I:iel I:igl
For an edge e = zy € E(G), we write e —; S if either (z,y) —; S or (y,z) —; S. Recall
that e’ denotes the (-tuple (eq, ..., ¢e.), with e® the empty tuple. Define

et > S = e; —; S for each i € [(].

Observe that the graph Zg’t consists of a set of pairwise disjoint edges eq,...,e, and an
S € F/'(Y) such that e — S. An advantage of this notation is that we can write e’ — S

! are not pairwise disjoint.

even if the edges in e

We shall show how to find a well-structured set of many copies of Z;’t inside a graph with
high minimum degree and high chromatic number. The following definition (in which we
shall make use of the compact notation just defined) makes the concept of ‘well-structured’
precise. Given X C V(G), we write E(X) for the edge set of G[X], and if D C E(G), then
d(D) denotes the minimum degree of the graph G[D].

In the following definition, the reader should think of the sets D(e’) as a ‘hierarchy’ of
graphs: we have a different graph D(e’™!) associated to each edge of D(e’). Note that if
the vector € and the edge e;,1 are contained in the same statement, then e/ is assumed

to be their concatenation.

Definition A.3 (Definition 21 of [3], (C, a)-rich in copies of Z,*). Let X and Y be disjoint
vertex sets in a graph G, let C' € N and a > 0, and let s := (2°+7 —3)t. We say that (X,Y)
is (C, )-rich in copies of Z," if
ID = D(e°) C B(X) Ve, € DID(e!) C B(X) Ve, € D(e)
Ve, € D) IADE™) C E(X) Ve, € D(e™)

the following properties hold:
(a) 6(D),0(D(e")),...,6(D(e" 1)) > C, and

(b) [{SeF(Y):e =S} =alY].
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The point of this definition is that since Z,(3,t) is quite a simple graph, we require only
quite weak properties of (X,Y') in order to show that (X,Y") is (C, «)-rich in copies of Z?’t.
This is the content of the following proposition, whose proof is a ‘paired VC-dimension’
argument.

Proposition A.4 (Proposition 26 of [3]). For every ¢,t € N and d > 0, there exists a > 0
such that, for every C € N, there exists C' € N such that the following holds. Let G be a
graph and let X and Y be disjoint subsets of V(G), such that |[N(x) NY| = d|Y| for every
r e X.

Then either X(G[X]) < or (X,Y) is (C,a)-rich in copies of Z?’t.

Unfortunately, it is not easy to work with the concept of (C, «)-richness. The reason for
this is the quantifier alternation in the definition: we would like to construct a tree 77 in
D, but different edges e; of D may give us entirely different sets D(e!), and we need to
construct a tree Ty which is in D(e!) for each e; € Ty. The next definition eliminates this
quantifier alternation. We write d(E) for the average degree of E, i.e. 2|E| divided by the
number of vertices contained in some edge of E.

Definition A.5 (Definition 23 of [3], Good function, (C,a)-dense). A function S € F,"(Y)
is (r,¢,t,C, a)-good for (X,Y) if there exist sets

Ey,...,BE, C E(X), with d(E;)>2"C foreach1<j </,

such that for every e; € Ey,...,e; € By, we have e’ — S.
The pair (X,Y) is (C, a)-dense in copies of Z," if there exist at least 2 ‘a|Y|* families
S € F(Y) which are (r,¢,t,C, a)-good for (X,Y).

To go with this definition we have the following lemma, whose proof is an inductive double
counting argument, which converts richness into the more useable denseness.

Lemma A.6 (Lemma 24 of [3]). If (X,Y) is (C,«)-rich in copies of Z}"', then (X,Y) is
(O, a)-dense in copies of Z;".

Since we only obtain richness in copies of Zg ' from Proposition A.4, but the conclusion
of Lemma 5.7 which we want to prove speaks of Zg’t for all » > 3, if r > 4 we need at some
point to ‘upgrade’ the structure we have. The lemma which permits us to do this is the
following. It is a small modification of Proposition 36 in [3].

Proposition A.7. For everyr > 3, {,t € N and d,v > 0 there exist (*,t* € N such that for
every a > 0 and C' € N, there exist e > 0 and C* € N, such that for every 0 < € < €, the
following holds.

Let G be a graph, and let X, Y and Zy, . .., Z,_3 be disjoint subsets of V(G), with |Y| = | Z;|
for each j € [r —3|. Let Z := Zy U---U Z,_3. Suppose that (Y, Z;) and (Z;, Z;) are (e,d)-
reqular for each i # j, and that for each e € G[X] and j € [r — 3|, the edge e has at least
v|Z;| common neighbours in Z;.

If (X,Y) is (C*, a0)-dense in copies of Z5', then there is some S € F;''(Y U Z) such that

S is (r, 0, t,C,a)-good for (X, Y UZ).
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The change here, as compared to [3], is that we insist that each edge e € G[X] has common
neighbourhood v|Z;| in each Z;, as opposed to that each vertex of X has neighbourhood at
least (% + 7) |Z;| in Z;, which latter obviously implies the former. The change in the proof
is similarly trivial: the only use made of the stronger condition in [3] is to imply the weaker
condition. Nevertheless, we give the details.

For the proof, we combine an application of the Counting Lemma and two uses of the
pigeonhole principle. As a preparation for these steps we need to show that there exists a
family S* € Fg’;t* which is (3, ¢*,t*, C*, a)-good for (X, Y') and ‘well-behaved’ in the following
sense. For each of the sets S7 C Y given by S; only a small positive fraction of the (r — 3)t-
element sets in Z has a common neighbourhood in S} of less than ¢ vertices. To this end we
shall use the following lemma.

Recall that for a set T of vertices in a graph G, we write

N(T): = N(x).

zeT

Lemma A.8 (Lemma 37 of [3]). For allr,t € N and u,d > 0, there exist t* = t*(r,t, u,d) €
N and g9 = eo(r, t, p, d) > 0 such that for all 0 < € < gq the following holds.

Let G be a graph, and suppose that Y and Zy, ..., Z._5 are disjoint subsets of V(G) such
that (Y, Z;) is (e, d)-regular for each j € [r —3]. Let Z := Zy U...U Z,_3, and define

B(S) := {T c ((T _Zg),) L IN(T) N 8] < t}

for each S CY. Then we have

Y
S = {SE (t) L 1B(S)] >M\Z\(“‘3)t} < Vel

t*

We shall now prove Proposition A.7.

Proof of Proposition A.7. We start by defining the constants. Given r > 3, /,t € N and
v,d > 0, we set

2

oy ‘

(24) o= 8((r — 3)t)!(r ~ 3o and (* = —

20
Let t* and gy be given by Lemma A.8 with input r,¢, i/ := 2= 11, d. Given a > 0 and C, we
choose

a? dry 20°C
246417 Ay 4+ 1) (r — 3)t ap

Now let 0 < € < g1, let G be a graph, and let X, Y and Zy,..., Z,_3 be disjoint subsets
of V(G) as described in the statement, so in particular, (X,Y) is (C*, a)-dense in copies of
Z3" . The goal is to show that there exists S € F,"(Y U Z) such that S is (r, ¢, t, C, a)-good
for (X, Y UZ).

Our first step is to show that there is a ‘well-behaved’ function S* € Fg’;t*(Y).
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Claim 3. There is a function S* € ff’;t*(Y) which is (3,05, t*,C*, a)-good for (X,Y) and
has the property that for every I C [(*], the set

B(SY) = {T e <(T _Zg)t); IN(T) N S;| <t

in ((TZ3 \) has size at most 27 | 2|

Proof of Claim 3. By Lemma A.8 (with input r, ¢,/ = 27 1, d), the total number of ‘bad’
t*-subsets S’ of Y, i.e., those for which B(S’) > 27 1| Z|"=3)* is at most /e|Y|". Let S be
the set of functions S* in f3 t*( ) which do not have the property that for every I C [¢*]
we have B(S) < 27 u| 2|~ 3 . We can obtain any function S* in § by taking a set [ C [¢*]
and one of the at most \/z|Y|"" ‘bad’ t*-sets to be S}, and choosing the 2 — 1 remaining
sets of S* in any way from (ty) It follows that

* 0% %
S| < 2 VAV Y| = 0t Ry

Since (X,Y) is (C*, a)-dense in copies of Za:' | there are at least 2_£*a|Y|2l*t* functions in
FuU(Y) which are (3, 0%, t*,C*, a)-good for (X,Y). Since by (25) we have 2% a > 2°\/¢,
at least one of these functions is not in S, as required. u]

t*

For the remainder of the proof, S* will be a fixed function satisfying the conclusion of
Claim 3. Since S* is (3, ¢*,t*, C*, a)-good for (X,Y), there exist sets

Ef,...,Ej. CE(X), with d(E})>2"aC* foreach 1<j</",

such that for every e; € Ej,... ex € E}., we have e” — S*.
Our next claim comprises two applications of the pigeonhole principle to find a copy of
Kr_g(t) in Z.

Claim 4. There exists a copy T of K,_3(t) with t vertices in Z; for each j € [r — 3], and a
set L C [(*] of size |L| = ¢ such that:

(i) IN(T)N S5| =t for every I C [¢¥],

(1) N(T) contains at least p|EY| edges of £, for each j € L.
Proof of Claim 4. By assumption, each edge e € Ef U...U E}. has at least v|Z;| common
neighbours in Z;. By the Slicing Lemma, the common neighbours of e in Z; and Z; form an
(¢/7, d)-regular pair for each 1 <i < j < r—3. By (25) we have d —e — (r — 3)te/y > d/2.
Hence, applying the Counting Lemma with ¢ replaced by /v to the graph H = K, _3(t), it
follows that there are at least

s (4 o) ()
> () )T S sz

copies of K,_3(t) in N(e) N Z, each with ¢ vertices in each Z;.
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There are therefore, for each j € [¢*], at least 8,u|Z|(T‘3)t|E]’-*| pairs (e, T), where e € E}
and T is a copy of K,_3(t) as described, such that 7" C N(e), or equivalently e C N(T).
Since we have

Syl 2] 7] = 4p| 21 25|+ 4p| 7] 210

by the pigeonhole principle, it follows that there are at least 4u|Z|" =3 copies of K,_5(t) in Z
each of which has at least 4u| £ | edges of £ in its common neighbourhood. Let us denote by
7; the collection of such copies of K,_3(t). For a copy T" of K,_3(t), let L(T) = {j : T € T;}.

We claim that there is a set 7 containing at least 2u|Z|"=®" copies T of K,_3(t) in Z,
each with |L(T')| > ¢. Indeed, this follows once again by the pigeonhole principle, since there
are at least

t (2) €|Z|(T_3)t 4. 2,[L|Z|(T_3)t

r* '4,U|Z|(T_3)
pairs (T, 5) with T" € T;.

Now, recall that S* satisfies the conclusion of Claim 3, i.e., for each I C [¢*], there are
at most 27 u| Z| =3 sets T € ((T_Zg)t) such that |N(T) N Sj| < t. Since |T| = 2u|Z|"=,
there is a copy T" of K,_3(t) € T such that for each I C [¢*], we have |[N(T') N S;| > t. If we
let L be any subset of L(T) of size ¢, then T and L satisfy the conclusions of the claim. o

Let T'and L be as given by Claim 4 and for each j € L let E; C X be a set of u|E;| edges
of Ej contained in N(T') as promised by Claim 4(i7). We construct a function S € F HY)
by choosing, for each I C L, a subset S; C S} of size ¢t in N(T) NY (which is possible by
Claim 4(¢)), and letting the sets S;, i € [r — 3], be the parts of T'.

Claim 5. S is (r,¢,t,C, «)-good for (X, Y U Z).

Proof of Claim 5. Recall that |L| = ¢, and assume without loss of generality that L =
{1,...,¢}. By the choice of T" and the definition of the sets S; with / C L and the sets S;
with ¢ € [r — 3], we have that S; is completely adjacent to each Sy with i # ¢, to each S,
and to each edge e € (J;,, F;. Since e’ — S* for each e € E} x ... x E}., it follows that
e’ — S for each e’ € Ey x ... x E,. Finally, for each j € L, since |E;| > pu|E}|, we have

d(E;) > pd(E7) > 2~ ac* 2 ¢,
as required. 0

Thus there exists a function S € F,"(Y) which is (r, ¢, ¢, C, a)-good for (X,Y U Z), as
required. 0

Our final lemma states that the existence of a good function as provided by the previous
proposition indeed implies the existence of the desired r-near-acyclic graph.

Lemma A.9 (Lemma 25 of [3]). Let X and Y be disjoint vertez sets in G. Givenr,l,t € N,
a >0, and trees Ty, ..., T,, if C > 27371 Zle T3] and S € F;'(Y) is (r,4,t,C, a)-good
for (X,Y), then Z;"(Ty,...,T,) C G.

We can now complete the proof of Lemma 5.7.
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Proof of Lemma 5.7. Let H be an r-near-acyclic graph, with » > 3, and let v > 0. We set
d = v = . Because H is r-near-acyclic, by Observation A.2 there exist trees T1,...,7T, and
a number ¢ € N such that H C Z;Y(T,...,T;). We now set constants as follows. First,
we choose d = 7. Given r, ¢, t, d and -y, Proposition A.7 returns integers ¢* and t*. Now
Proposition A.4, with input ¢*,t* and d, returns a > 0. Next, consistent with Lemma A.9
we set C':= 243713 |Tj|. Feeding o and C' into Proposition A.7 yields ¢ > 0 and C*.
Putting C* into Proposition A.4 yields a constant D = C".

Now suppose we are given a graph G containing pairwise disjoint vertex sets X, Y,
2y .., Zr—g such that G[X] has chromatic number at least D + 1, and such that |Y| =

|Z1| = -+ = |Z,—2| = m, such that each vertex of X has at least ym neighbours in Y and
each edge of G[X] has at least ym common neighbour in each Zi,..., Z,_5, and such that
each pair from Y, 7y, ..., Z,_5 forms an e-regular pair in G of density at least . Our aim is

to prove H C G.

We apply Proposition A.4, with input ¢*, t*, d and C*, to (X,Y). By assumption, we
have |N(z) N Y| > d|Y]| for each z € X. Since x(G[X]) = D +1, so (X,Y) is (C*, o)-rich
in copies of Zg’;t*.

By Lemma A.6 the pair (X,Y) is (C*, a)-dense in copies of Zg’;t*. We now apply Proposi-
tion A.7, with input r, ¢, t, d, v, a, C', and ¢ to X, Y, Z1, ..., Z._3. By assumption, each edge
of G[X] has at least v|Z;| common neighbours in each Z;, and any pair of Y, Zy,..., Z,_3 is
(¢, d)-regular. By Proposition A.7, there exists a function S € F,"(YUZ,U---UZ,_3) which
is (r,4,t,C, a)-good for (X, Y UZ;U---UZ,_3). Finally, we apply Lemma A.9, with input
rl,t,aand Ty, ..., Ty, to X and Y U Z; U ---U Z,_3 with the function S. By the definition
of C', this lemma gives that Zz’t(T 1., 1y) is contained in G, and so H C G as desired. [
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