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Abstract

A triangle in a hypergraph is a collection of distinct vertices u, v, w and distinct
edges e, f,g with u,v € e, v,w € f, w,u € g and {u,v,w} Nen fNg = 0.
Johansson [10] proved that every triangle-free graph with maximum degree A has
list chromatic number O(Az/log Ag). Frieze and the second author [7] proved that
every linear (meaning that every two edges share at most one vertex) triangle-free
triple system with maximum degree A3 has chromatic number O(\/W).
The restriction to linear triple systems was crucial to their proof.

We provide a generalization of these results. The i-degree of a vertex in a
hypergraph is the number of edges of size ¢ containing it. We prove that every
triangle-free hypergraph of rank three (edges have size two or three) with maxi-

mum 3-degree Az and maximum 2-degree A, has list chromatic number at most

c ma Ag Ag %
X
log Ag ’ log Ag ’

for some absolute positive constant c.

Thus our result removes the linear restriction from [7] and applies to the
broader class of rank three hypergraphs, while reducing to the (best possible)
result [10] for graphs. As an application, we prove that if C3 is the collection of
3-uniform triangles, then the Ramsey number R(Cs, K}}) satisfies

at3/2 bt3/2
— < R(C3,K}) < ————
(gt = MO KD = ogym
for some positive constants a and b. The upper bound makes progress towards
the recent conjecture of Kostochka, the second author, and Verstraéte [13] that

R(C3, K}?) = o(t3/?) where Cs is the linear triangle.
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1 Introduction

A hypergraph H = (V, E) is a tuple consisting of a set of vertices V' and a set of edges
E, which are subsets of V. The hypergraph has rank k if every edge contains at most
k vertices and is called k-uniform if every edge contains exactly k vertices. A proper
coloring of H is an assignment of colors to the vertices so that no edge is monochromatic.
The chromatic number of H, y(H), is the minimum number of colors needed in a proper

coloring of H.

The chromatic number of graphs (2-uniform hypergraphs) has been studied extensively.
A greedy coloring algorithm can be used to show that for any graph G with maximum
degree A, x(G) < A+1; this bound is tight for complete graphs and odd cycles. Brooks
[4] extended this by showing that if G is not a complete graph or an odd cycle, then
X(G) <A

A natural question to ask is what other structural properties can be put on a graph
to decrease its chromatic number. One approach is to fix a graph K and consider the
family of graphs which contain no copy of K. For example, if K is a tree on e edges and
G contains no copy of K, then x(G) < e; this follows from the fact that if G contains
no copy of K, then G contains a vertex of degree at most e — 1 (see [19], pg. 70).

When K is a cycle, the problem becomes more difficult. Kim [I1] showed that if G
contains no 4-cycles or 3-cycles, then x(G) < (1 +0(1))A/log A as A — oo, which is
within a factor of 2 of the best possible bound. Shortly after, Johansson [10] showed
that if G' contains no 3-cycles, then x(G) < O(A/logA). Using Johansson’s result,
Alon, Krivelevich, and Sudakov [2] showed that if K is any graph containing a vertex x
such that K — x is bipartite, then x(G) < O(A/logA).

Some analogous results for hypergraphs are known. Using the local lemma, one can
show that x(H) < O(AY*=1) for any k-uniform hypergraph H. Bohman, Frieze, and
the second author [3] showed that if K is a fixed k-uniform hypertree on e edges and H
is a k-uniform hypergraph containing no copy of K, then xy(H) < 2(k —1)(e — 1) + 1;
Loh [14] improved this to x(H) < e, matching the result for graphs.

A hypergraph is linear (or contains no 2-cycles) if any two of its edges intersect in at
most one vertex. A triangle in a linear hypergraph is a set of three pairwise intersecting
edges with no common point. In [7], Frieze and the second author showed that if H
is a 3-uniform, linear, triangle-free hypergraph, then x(H) < O(v/A/y/logA). They
subsequently removed the triangle-free condition and generalized their result from 3 to
k, showing that x(H) < O((A/log A)Y/*=1) for any k-uniform, linear hypergraph H.

As shown in [3], these results are tight apart from the implied constants.



1.1 Our Result

Our contribution is to remove the linear condition from [7]. However, in doing so, we

also widen the definition of a triangle.

Definition 1. A triangle in a hypergraph H is a set of three distinct edges e, f,g € H
and three distinct vertices u,v,w € V(H) such that u,v € e, v,w € f, w,u € g and
{u,v,w}nNen fng.

For example, the three triangles in a 3-uniform hypergraph are the loose triangle C3 =
{abc, cde,efa}, Fs = {abc, bed, aed}, and K, = {abc, bed, abd}.

Given a set L(v) of colors for every vertex v € V(H), a proper list coloring of H is
a proper coloring where every vertex v receives a color from L(v). The list chromatic
number of H, x;(H), is the minimum [ so that if |L(v)| > [ for all v, then H has a proper
list coloring. It is not hard to see that x(H) < x;(H). As in [11] and [10], our main
theorem can be stated in terms of list chromatic number. If H is a rank k& hypergraph

and ¢ < k, the i-degree of a vertex v is the number of size ¢ edges containing v.

Theorem 2. Suppose H is a rank 3, triangle-free hypergraph with maximum 3-degree

A and mazimum 2-degree Ay. Then

k0t
log A7 "log Ay”’

Xi(H) < ¢; max{(
for some constant c;.

Theorem 2] generalizes the results of [10] and [7]. Additionally, it strengthens [7] by re-
moving the linear hypothesis, which was a crucial ingredient in the proof. As mentioned
above, for n-vertex 3-uniform hypergraphs H with maximum degree A, one can easily
show that the independence number of H is Q(n/v/A) and x(H) = O(v/A); however,
adding a local restriction to the hypergraph in order to significantly improve either of
these bounds appears to be a hard problem. There are two conjectures in this regard.
De Caen [5] conjectured that if we add the hypothesis that every vertex subset S spans
at most ¢|S|? edges (for some fixed constant c), and A = O(n), then the lower bound
on the independence number can be improved by a factor that tends to infinity with A.
More recently, [7] conjectured that if there is a fixed hypergraph F' with F' ¢ H, then
X(H) < cpy/A/log A. Guruswami and Sinop [8] showed that this conjecture implies

certain hardness results in computer science.

We prove Theorem 2] by using a semi-random algorithm to properly color the hypergraph.

Our algorithm is similar to the algorithm in [7], however, several new ideas are developed



to deal with the non-linear case. At each iteration, we randomly color a few of the
vertices. When a vertex in a 3-edge is colored ¢, we add a c-colored 2-edge between the
remaining two vertices to record the fact that those two vertices cannot both be colored
¢ in the future. [7] assumed the hypergraph was linear, which implied that at most one
such 2-edge could be added between two vertices. Here we maintain a 2-graph for every
color and allow two vertices to share an edge in multiple graphs. This allows us to extend
our algorithm to rank 3 hypergraphs: for each 2-edge in the original hypergraph, we
simply add a copy of that 2-edge to every color graph. After several iterations, we color
the remaining vertices with the asymmetric version of the local lemma. This prevents
the 3-edges from becoming monochromatic, while also enforcing the constraints from
the 2-graphs.

1.2 Application to Hypergraph Ramsey Numbers

Let C; be the collection of r-uniform hypergraph triangles. Notice that for graphs,
C? consists of only the 3-vertex cycle, and for triple systems, C3 = {Cj3, F5, K; }. The
hypergraph Ramsey number R(C%, K7) is the smallest n so that in every red-blue coloring
of the edges of the complete r-uniform hypergraph K, there exists a red triangle or a
blue K7. Ajtai-Komlés-Szemerédi [1] and Kim [12] proved that R(C2, K?) = ©(t*/ logt).

In [13], Kostochka, the second author, and Verstraéte proved a version of this result for
r = 3. In this setting, R(C3, K}) is the smallest n so that in every red-blue coloring of
the edges of the complete 3-uniform hypergraph K3, there exists a red C3 or a blue K3.
[13] showed that there exist constants a, b such that

at3/2

3 3/2
gyt < B D) <08,

and they conjectured that the upper bound could be reduced to o(t*?). We prove a
weaker form of this conjecture, namely that R(C3, K}) = O(t32/\/logt). Since the
Cs-free construction given in [I3] is also F; and K free, this implies that for some

constants a and b,
at3/2 t3/2
———— < R(C3, K}) < b—rps.
Togtprn = M ) = bgggym

1.3 Organization

In Section 2, we present the probabilistic tools we will need to analyze our algorithm.
In Section [3, we describe our algorithm. The presentation is similar to Vu’s description

in [I8] of Johansson’s algorithm. Section Ml contains an analysis of our algorithm. This
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analysis does not use triangle-free anywhere, but is instead based on parameters which
can be given to the algorithm. In Section [5 we show how triangle-free can be used to

set these parameters in a way that implies Theorem [2

2 Tools

2.1 Local Lemma

Asymmetric Local Lemma ([I7]). Consider a set £ = {Ay,..., An} of (typically bad)
events that such each A; is mutually independent of € — (D; U A;), for some D; C E. If
foreach 1 <i<n

e Pr[A;] <1/4, and
® > uep, PrlA;] < 1/4,

then with positive probability, none of the events in € occur.

2.2 Concentration Theorems

The first result is due to Hoeffding [9].

Theorem 3. Suppose that X = X1 + --- 4+ X,,,, where the X; are independent random
variables satisfying | X;| < a; for all i. Then for any t > 0,

2t2

Pr(X > E[X] 4+t <e ZieF,

and
22

Pr[X <E[X]—t] <e T,

We will also use the following theorem, which is Theorem 2.7 from [16].

Theorem 4. Suppose that X = X1 + --- 4+ X,,,, where the X; are independent random
variables satisfying X; < E[X;] + b for all i. Then for any t > 0,
t2

Pr[X > E[X] +t] < e 2VarlXTiet,

McDiarmid [15] proved the following generalization of Theorem [3l



Theorem 5. Let Zy,...,7Z, be independent random variables, with Z; taking values in
a set A; for each i. Suppose that the (measurable) function g : [[ Ax — R satisfies
lg(z) — g(2")| < d; whenever the vectors x and ' differ only in the i*" coordinate. Let
W be the random variable g(Zy, ..., Z,). Then for any t > 0,

Pr[W > E[W] +1t) < e 2 T d

Note that in the above theorem, we may view [[.A; as a probability space induced by
the random variables 7, ..., Z,. We will use the following corollary, which resembles
Theorem 7.2 from [6].

Corollary 6. Let X;,..., X, be independent random variables, with X; taking values
in a set B; for eachi. Let Ay,..., A, be events, where each A; C B;. Set A=1]]["_, A;.
Suppose that the (measurable) function f : [[Br — R is non-negative and satisfies
|f(x) — f(a")] < d; for any two vectors x,x' € A differing only in the i coordinate. Let
Y be the random variable f(X1,...,X,). Then

Pr[Y > E[Y]/ Pr[A] +t] < e 2/ @ 4 pr[A].

Proof. Define g : A — R by g(x) := f(x) (in other words, g = f|.A). For each i, let
Zi» X;7'(A;) — A; be the random variable with Z;(s) = X;(s) for all s € X, '(A;). Let
W be the random variable g(Z1, ..., Z,). Since the X; are independent, the Z; are also
independent, so we will be able to apply Theorem [ to bound Pr[WW > E[W] + t].

By total probability and the non-negativity of f,
E[Y] = E[Y|A] Pr[A] + E[Y|A] Pr[A4] > E[Y|A] Pr[A]

E[W] = E[Y]A4] < E[Y]/Pt[A.

Combining this with Theorem [l implies

PrlY > 1:]3)1”[[1;4]] +t] =PrlYy > % + t|A] Pr[A] + Pr[Y > % + t|.A] Pr[A]
< Prly > % + t|A] + Pr[A]

< Pr[Y > E[Y|A] + t|A] + Pr[A]

= Pr[W > E[W] +t] + Pr[A]
< e 2/ 4 4 prA].



3 Coloring Algorithm

The input to our algorithm is a rank 3 hypergraph with maximum 3-degree A and
maximum 2-degree A,. Let H denote the input hypergraph restricted to its size 3
edges, and let G denote the input hypergraph restricted to its size 2 edges. At the
beginning, each vertex u has a list C'(u) of acceptable colors. We assume |C'(u)| = C

for all vertices u. For each vertex u and color ¢, we set

1/C, if c € C(u)

PlY=V0 ed o

We define a parameter p, which will serve as an upper bound on the weights p’ (c).
Set Wo(u) = {p%(c) : ¢ € U,C(v)}. We start with the hypergraph H° = H and the
collection {W9(u)},. For each color ¢, we also construct a graph GY, which is initially

a copy of the 2-graph G. Finally, we assign to each vertex an empty set B%(u).

At the (i + 1) step, i = 0,1,...,7 — 1, our input to the algorithm is a quadruple,
(H', {G"}e, {Wit,,{B"(u)}.). We generate a small random set of colors at each vertex

u as follows: For each color ¢, we choose ¢ with probability p’ (c). Let

. 1,
YulC) = ,
0, otherwise.

if ¢ is chosen at wu,

Note that the v (c) are independent random variables.

Consider a vertex u. We define the set of colors lost at u as
L(u) = {c:3e € E(H") U E(G") such that u € e and ¥!(c) = 1 Vv € e — u}.
We say a color ¢ survives at u if ¢ ¢ B*(u) and ¢ ¢ L(u). For ¢ ¢ B'(u), we define

¢, (c) = Prlc survives at u] = Pr[ (] (7i(c) =0U~}(c) =0) [ 7i(c) =0]. (3.1)
uvweH? weGE
In other words, if ¢ ¢ B'(u), then ¢! (c) = Pr[c ¢ L(u)]. Note that at the (i 4+ 1) step,
¢’ (c) is a fixed number, which can be computed given H’, G%, and all of the p’(c); it
does not depend on the random variables i (c). In the analysis below, we will use the
bound

g(@)=1-Pr[ | ) (ie)=1n7,c)=1) |J w0 =1

uwvweH? weGE
21 Y O - Y o) (32
uwvweH? weGk

Let I[X] denote the 0, 1 indicator variable for the event X. Define pit*(c) as:

u
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o If p'(c)/q'(c) < p and ¢ ¢ B'(u), then

5H(e) = ph (o) Ilc survives at u] _ pi(c)/q (c), if cis survives at u, (33)
“ “*Prlc survives at u] 0, olse.

o If pi(c)/q(c) > p or ¢ € B'(u), then we toss a biased coin with Pr[Head] =
p,(c)/p. We then set
1 (c) = I[Head),
and
- I[Head| p, ifni(c)=1

i+1 %
PO = )y = (3.4)
Pr[Head] 0, else.

Crucially, (3.3) and (34) imply

E[p," (c)] = p,(c)- (3.5)

Color u with ¢ if ¢ survives at uw and 7’ (c) = 1 (if there are multiple such ¢, pick one
arbitrarily). Let U™ denote the set of uncolored vertices in H after the iteration i. Let
H! be the hypergraph induced from H by U™ let B (u) = {c: pitl(c) = p}, and
let Witl = {pitl(c)}. To form GEH, start with G%, and for each triple u,v,w € U* with

u,v € U™ uv ¢ G and w colored ¢, add an edge uv to GET'. Then delete any vertex

from Gt that is not in U™,

Observe that if uvw is an edge in H* and v and v are both colored ¢ in the current
round, then pitt(c) € {0, p}; in particular, ¢ is never considered for w in a future round.
Similarly, if vw € G and v is colored with ¢ in the current round, then c¢ is never
considered for w in the future. Thus the algorithm always maintains a proper partial

coloring of H.

After T iterations, some vertices will remain uncolored. We color these in one final step,
which is described in Section

3.1 Parameters and Notation

We summarize all of the variables used in the algorithm and its analysis in the two
tables below. The first table contains descriptions of the independent variables in our
algorithm. We set them for one family of hypergraphs in Section B, when we prove
that our algorithm works for triangle-free hypergraphs. The values of the remaining

parameters are defined in the second table.

Our algorithm requires that the parameter wy satisfy the following properties:
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e For any edge uvw in H* and any color c,
Prle ¢ L(u) U L(v) U L(w)] < g, (), (c)q,,(c) (1 + 1/wo). (3.6)
e For any color ¢ and any pair u, v with uvw € H* for some w,
Prle & L(u) U L(v)] < q,(c)q,(e)(1 + 1/wo). (3.7)
e For any color ¢ and any edge uv in G°,

Prle & L(u) U L(v)] < q,(c)q,(e)(1 + 1/wo). (3.8)

The parameters w; through wg are error terms used in the analysis of the algorithm.

Description

A Maximum degree of 3-graph

A,  Maximum degree of 2-graph

0  Maximum codegree

w  Color bound, tending to co with A
€ Small constant

wo Error term depending on H

p  Threshold probability

Value Description

C VAV Number of colors

T (5w/e)logw Number of iterations
6
m

€/w Activation probability
21 Used to control codegrees
wy TlogC Error term
wy  wo/16w Error term
wy  w? Error term
Wy w? Error term
ws  A19/20 Error term
we AlA Error term




We will use the following notation:

N}I(u
N}Q(

={veV(H") —u:Je € H with u,v € e}
={w € V(H") — {u,v} : {u,v,w} € H}
={w e V(G —u:Je € G with u,v € e}

={ec H :uc e}
=|{e€ H :u,v € e}
= H{v e G :uv e G}

At the beginning of iteration i of the algorithm, we also define the following parameters:
=> i)
file)=">_ pilo)

wveGE
o= pilc)pi(c)
¢ weGE
Chow = > Dh()pi(c)ph,(c)
c
€= D
uvwe H?

SICED ARG

Zpu Ylogp! (c), where xlogz :=0if =0 .

Our analysis assumes that the parameters of the algorithm satisfy the following relations.

All asymptotic notation assumes A — oo.

(R1) flog(pC)) > 85

(R2) 1wy = o(0)

(R3) 2/w?Cp? > 6log A

(R4) T/wi = o(1)

(R5) (TlogC)/wi < /0

(R6) 2/(4A2%2CH0) > 6log A
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(R7) 0T /wy = o(1)
(R8) wwa+ T < wy/2
(R9) 1/wy < (1—-6/4)Tw
(R10) 1/(4w2(6weTOp°A? + 4mp°> A2H1/2m 4 Cm?pS A2HY/™)) > Tlog A
(R11) 2/(4w2C(mAF/2mp3 1 §AL2HL2mp3)2) > Tlog A
(R12) 2/(wiC(—plogp)®) > Glog A
(R13) 1/wy <e(1—6/4)T
(R14) 2w2/(C(mAMY2mp 4 AV2H2m55)2) > Tlog A
(R15) ws < (6/6)(1 —6/3)TA
(R16) weAOp/(55) > 6log A
(R17) Ow(1 — /)T > 0T Jws + 1/ ws
(R18) 1 — 10 > 3/4
(R19) Ay < whAp
(R20) Ay < VAV
(R21) p > A~12
The analysis in Section [ only requires that ([8.6]), (3.7), (3.8), and (R1)-(R21) hold; the

parameters w, €, p, and wy depend on the structure of the hypergraph. For instance, we

will use the following bounds when applying the analysis to triangle-free hypergraphs.

Claim 7. The following inequalities are consistent, and if they hold, then (R1)-(R21)
also hold:

€< 1/40 Ay < VAV
w < (1/26)(e/86)log A § < A%/10
wo > 10w log w [ laVRYAVIN
p< A11/24
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Proof. The bounds on w and € imply

6860.)/5\/(;
< AV6-1/2 5 A6/13 < A1/
VA - 7

so the inequalities are consistent. Checking that they satisfy (R1)-(R21) (for A suffi-
ciently large) is straightforward. O]

4 Analysis of Algorithm

Theorem 8. If (3.6), (31), B8), and (R1)-(R21) hold and |C(u)| < C' for all vertices
u, then the algorithm produces a proper list coloring of HUG.

Proof. By Lemma [0 our algorithm proceeds for T iterations, coloring most of the ver-
tices. Since Lemmas [@ [0 and 2 hold after iteration 7', we may color the remaining
vertices as described in Section [4.5 O

Lemma 9 (Main Lemma). If 30), B.7), BS), and (R1)-(R21) hold, then for each
1=20,1,... T, the following properties hold:

(P1) |1 —w(pi)| < ifw.

(P2) e, < (1= 0/3)'w+i/w

(P3) fi < 8(1—0/4)w

(P4) by, > b — 21e3077(1 - 0/4)
(P5) diy(u) < (1-0/3)'A

(P6) di, (1) < BwgiOAp.

The proof of the Main Lemma relies on the next three lemmas.

Lemma 10. Forany:=0,1,... T —1, if B.0), 3.1), BI), and (R1)-(R21) hold and
|Bi(u)| < €/p for all u € U?, then there is an assignment of colors to the vertices in U’

so that the following properties hold:
(Q1) Jw(pi') — w(p,)| < 1/w

(Q2) ehn < €l +1/(Aws)

(Q3) [, < fu(1—6/2) + e, + 1w

12



(Q4) hi — hit <20(fi +€!) +1/wy
(Q5) dif'(u) < (1 —0/2)dy (u) + ws
(Q6) dif'(u) < di; (u) + 2wef Ap.

Lemma 11. If (Q1)-(Q6) hold for i and (P1)-(P6) hold for i, then (P1)-(P6) hold for
v+ 1.
Lemma 12. If (P1)-(P6) hold fori+1 and (R1) and (R5) hold, then |B™(u)| < €/p.

4.1 Proof of Main Lemma

The proof relies on Lemmas [I0] [1] and [2] Assuming these lemmas, we proceed induc-
tively as follows: properties (P1)-(P6) hold for i = 0 ((P3) holds by (R20)). Assume
(P1)-(P6) hold for i. By Lemma [I2] |B'(u)| < ¢/p, so by Lemma [I0, (Q1)-(Q6) hold
for i. Thus Lemma [[1l implies (P1)-(P6) hold for i + 1.

4.2 Proof of Lemma 11

Proof of (P1). By (P1) (for ) and (Q1),

11— w(pih) =1 —wp,) +wp,) —wp;)
<1 = w(p)| + [w(py™) —w(p,)]
< (i+1)/w.

Proof of (P5). Using (P5) (for i),
dit(w) ‘L (1= 0/2)dy(u) + ws 2 (1 —60/2)(1 — 0/3)"A + ws
=(1-6/3)"A -~ g(l —0/3)'A + ws

0

< (L 0/3)18 = L= 0/3)7A +ws

(Rlo) ( 9/3)@+1A

Proof of (P2). By (Q2),

ertl <€l o+ (i+1)/Awy < C(1/C%) + (i +1)/Aws = w/A + (i + 1)/ Aws.

uvw — uvw

So by (P5) (for i+ 1),
et = "el < (1—0/3) T A(w/A+ (i +1)/Aws) < (1= 0/3) T w+ (i + 1) Jw.

uvw
uvw

13



Proof of (P3). By (P3) and (P2) (for i),

[t @ (1 —0/2) + Oel, + 1/ws
8(1—0/4)'w(l—0/2) + be, + 1/wy
2 8(1—0/4)w(1—0/2) + 0w(l —0/3)" + 0T Jwy + 1 /w;y
=8(1—0/4)'w(1—0/4—0/4) +0w(l —0/3)" + 0T Jws + 1/w3
=8(1 —6/4)w —20w(1 — 0/4)" + 0w (1 — 0/3)" + 0T Jwy + 1/ w3
<8(1—0/4)"w —Ow(l —0/4)" + 0T Jwy + 1/ws
WD8(1—6/4) w.

Proof of (P4). We have
T/ws "7 w(1 —0/4)" < w(l—6/4)". (4.1)

Therefore, using € = wf and (P4) (for i),

R Ry, = 20(f, +e) — 1/wa
i, —20(8(1 — 0/4)'w +€,) — 1/wy
D hi —208(1—0/4)'w+ (1—0/3)'w+T/wy) — 1/wy
> hi —20(9(1 — 0/4)'w + T/ws) — 1/wy
B0 Rl —20(10(1 — 0/4)'w) — 1w,y
=h! —20e(1 —0/4)" —1/w,
Y Rl —21e(1 — 6/4)

i—1

OO RhY — 21y (1 —6/4) — 21e(1 — 6/4)'
j=0

=hl —21e» (1-0/4).
j=0

Proof of (P6). By (Q6) and (R19),

dt ! (u) ‘L Do + 2w6(i + 1)0AP " 3w (i + 1)0Ap.
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4.3 Proof of Lemma

First,

B (w)|plog(pC) = Y plog(pC) = > pi(e)log(piH(c)C)

cEBit1(y) ceEBit1(y)

< 37 P () log(p (0)0)

ceC(u)

= Z P (e)log pitt(c) Z P (c) log C

ceC(u) ceC(u

—hit 4+ log C Z p(e) (4.2)
ceC(u)

Using p%(c) = 1/C for all ¢ € C(u),
hoy ==Y plc)logp)(c)

ceC(u)

= logC Z (e

ceC(u

=logC Z po(c) =i (e) +log C Y pif(e)

ceC(u) ceC(u)

=log C(1 — w(pi™)) +1ogC > pi(c)
ceC(u)

) — (Tlog C)/wy +log C Z p-(c)
ceC(u)

@ — ¢/ 4+ log C Z p(e)

ceC(u)
Using 2320(1 —60/4)7 < 4/6, the above inequality, and inequality (£.2]),

Pt D 0 2162(1 —0/4) > hY —84¢/0 > log C Z Pl (c) — 85e/0
j=0 ceC(u)

Rt 1 | B (w)[plog(pC) — 85¢/6.

So
85¢ (m)

Bi-i—l w)| < S
501 < Gy <

¢/p-

4.4 Proof of Lemma

We are going to apply the Local Lemma. Our probability space is determined by coin

flips at each vertex which determine the random variables ~,(¢) and 7,(c). The random
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variable p,(c) is determined by the coin flips in N(u). The events “(Q1) fails to hold
for v” and “(Q4) fails to hold for u” are therefore determined by these coin flips. The
events “(Q3) fails to hold for w” and “(Q5) fails to hold for u” are determined by the
coin flips in N(N(u)). The event “(Q2) fails to hold for edge uvw” is determined by
the coin flips in N(N(u)) + N(N(v)) + N(N(w)). The event “(Q6) fails to hold for u
and ¢” is determined by the coin flips in N(N(u)). Each event is therefore mutually
independent of at most 5(A + Az)* (Q1), (Q3), (Q4), (Q5), or (Q6) events and at most
A(3A + 3A2)* (Q3) events. By (R20), Ay < A, so each event is mutually independent
of at most 7*A® other events.

It therefore suffices to show that the probability that (Qi) fails is less than 4(74)A™5.
We prove this for (Q1), (Q2), (Q4), and (Q6) first, and then move on to (Q3) and (Q5).
Throughout the proof, we drop the notation i+ 1 and ¢, and use, for instance, p/ (¢) and

pu(c) to denote values in iterations ¢ + 1 and ¢, respectively.

Proof of (Q1). By (B3), E[p,(c)] = pu(c) for each color c¢. By linearity of expectation,

Elw(p,)] = w(pu)-

Since w(p),) is the sum of C' independent non-negative random variables, each bounded
by p, Theorem [l and (R3) imply

Pr(lw(p) — w(pe)| > 1/w,] < 26 2/(CPD) < 9=6losA,

Proof of (Q2). Suppose uvw € H. We first prove

E[p,(c)p, (0)p,(0)] < pul(c)pu(e)pu(e)(1 + 1/wo). (4.3)

Assume that p/ (c), pl(c), and p! (c) are determined by [B.3). If ¢ € L(u) U L(v) U L(w),
then pj, (c)p, (c)pl,(¢) = 0, so by (B.0),

NN pu(c) pu(c) pu(c)
E[p,(c)p,(c)p,(c)] < (0 () 210 Pric ¢ L(u) U L(v) U L(w)]

< pule)po(c)pu(c)(1 + 1/wo).
Suppose p!,(¢) and p) (c) are determined by ([B.3]), and p/,(c) is determined by (3.4]). Then
P, (c) is independent of p (c¢) and p/(c), so by B.1),
E[p, (c)p,(c)pi,(0)] = Elp, (c)p, ()] Ep,, ()]

pu(c) pu(c)
< LA prle ¢ 1) UL




If at least two of p(c), p,(c), and p.,(c) are determined by (B.4]), then all three are
independent of each other, and

E[p,(0)p, (0)pi,(0)] = pu(c)ps(c)pu(c),
finishing the proof of (L3).
By definition, €2 < C/C? = w/A. So by (Q2) (for i) and (RS),

1 T |1 T 1
em}w/wo (%2) (eng + L)_ < ﬁ + ) S i

A(A)Q wo A Aw2 Wo N Wo A W2
So by (£.3),

uvw Z E pu pv pw < Zpu pv pw (1 + 1/W0)

)1 /(2Aws).

= euvw(l + ]_/(,UQ)
< Cyvw T 1/(2Aw2)

Now €/, is the sum of C' independent random variables, each bounded by p*. Thus
Theorem Bl and (R6) yield

Prlel v = Cuww + 1/(Aws)] < Prlel,n = €uw + 1/(2Aws) + 1/(2Aw,)]

< Prlel,, > Ele,,.] +1/(2Aw,)]

< 6—2/(4A2w20p )

< e—6logA.

Proof of (Q4). By (B3) and [B4), p!,(c) = pu(c) I[A]/ Pr[A] for some event A. Thus,
using xlogz = 0 for = € {0, 1},

Blp, () lox 2, (0] = Blpu(e) T[4]/ Pr{A] log(p.(c) 114}/ Pr{A])
Elpa(c) TAJ/ Pr{A]log pu(c) + pu(0)TLAl/ PrA] og (ILA)/ Pr{A])
- p—“(cij"[%’“( L BIAY + £ BIA log (ILA)/ PrA])
= (€ 0 pule) + 2l BILA g 1A ~ 220 Bin{ ] og Prl 4]
= ()10 (€) + e BIO] = () og Prl|
= Du (C) lngu(C) — Du (C) lOg PI[A]

Recall that



Also, 1 —rx > (1 — x)" for r,z € (0,1). Finally, the event 7,(c) = 0 is monotone
decreasing, so by the FKG inequality,

c) '5¢ H Prlv,(c) = 0U (e H Pr[v,(c) = 0]
wvweH uveGe
= JI =pu(epule) J] (1 —bpulc))
uwvweH weG,
> H g)0Po(pu(e) H (1— )@
uwvweH weG,

By the algorithm, Pr[A] > g,(c). Also, log(1 —x) > —z —2? for z € [0,1/3]. Combining
these inequalities with the previous inequality, we obtain

log Pr[A] > log ¢, (c) > log ( H (1 — 6)fPe(©Pule) H (1—0)©)

uvweH uveGe

= 3 Op(@)pulc)log(l— 8) + Y pu(c)log(1 - 0)

uvweH uveGe
> Y 0p()pu(e)(=0 =67+ D pu(e)(=0 -6
uvweH uveG,
= (=0*=6%) D> pule)pulc) + (=0 —6%) > pu(0)
uvweH uwveGe

—(0% + 6%)eu(c) — (0 + 6%) fu(c).
Therefore, using the definition of h, and 6 < 1/2,

= ha +Zpu ) log pulc Zpu ) log Pr[A])
:—Zpu ) log Pr[A

<Zpu (0 4 6%) fule) + (6° + 6%)eu(c))

= (9 +02) fu + (62 + 0%)e,
< 20(fu + eu).

The terms in ), —p! (c)logp!,(c) are independent and, since —xlogz is increasing for
0 < x < p, bounded by —plogp. Thus, by Theorem [3 and (R12),

Prlhy — By > 20(fu + €u) + 1/wy] < =2/ @009 o o=6loga
Proof of (Q6). Fix ¢ € C(u). For each v € Ny (u), set
Xy = dy(u,v)y,(c),
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and set

= > X,

UENH(U
Then
EX]= Y duuv)p, (0 <pf > dy(u,v) < 2Ap0.

vEN (u) vENg (u)
Since the X, are independent from each other (because the 7, (c) are independent), and

x(1 — z) is increasing for x < 1/2,

Var[X] = Z Var[X,] = Z (E[X?] - E[X,]?)

vENE (u) vENH (u)

= Y (du(u,0)’pu(c)f — dp(u,v)’p,(c)*6%)
vEN (u)

< Z dp(u,v)*po(1 — po)
vENg (u)

=pO(1—p0) Y du(u,v)?

vEN (u)
<pO(L—p0)5 > du(u,v)
vENH (u)
= pO(1 — pO)2AS
< PO2AS.

If uv ¢ G, and uv € G, then there exists an edge uvw € H such that 7,(c) = 1. Hence
dg, () = do.(u) < Y (@) () = D dulu,v)p(c) = X.
uvweH vE N (u)

Applying Theorem @l (with b = ) and (R16),

Prldg (u) — dg, (u) > 2ws Apb] < Pr[X > weApd + weApb)]
P

r[X > E[X]| 4+ ws Apb]
—w2A25202 /(4p0 AS+5we Apo)

IN

e
e—wg A2p202 /56we Aph

IN A

6—w6Ap9/56

A\

(R16) ,—6log A
< € .

We now prove (Q3) and (Q5). The following two claims will be used in both proofs.

Claim 13. For any v € U and ¢ € C(v),
Prlv ¢ U'lc ¢ L(v)] > Prv ¢ U'] > 30/4,
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and if wv € G, then
Prjv ¢ U'|lc ¢ L(u)] > Prlv ¢ U'] — 0p >
Prlv ¢ U'lc ¢ L(u) U L(v)] > Prlv ¢ U'] — 6p > 56/8.

Proof of claim. The vertex v is colored (i.e., v ¢ U’) if and only if for some color
d ¢ B(v), 7(d) = 1 and d ¢ L(v). Let R; denote the event that v,(d) = 1 and
d ¢ L(v). If ¢ € B(v), then v cannot be colored ¢, so the event v ¢ U’ is independent of
the events ¢ ¢ L(v) and ¢ ¢ L(u); hence

Prlv ¢ U] =Prlv ¢ U'|lc ¢ L(v)] = Pr[v ¢ U'|c ¢ L(u)] = Pr[v ¢ U'|c ¢ L(u) U L(v)].

Otherwise,

Prjv ¢ U, c ¢ L(v)]

Priv ¢ U'le ¢ L(v)] =

Prlc ¢ L(v)]
_ PrlUagpq Ra, ¢ ¢ L(v)]
Prlc ¢ L(v)]
_br [(Ud¢B<u reflaUR.),c ¢ L(v)]
Prlc & L(v)]

_ Pri(Usgs) +cRd Ur(c) =1),c ¢ L(v)]
Pric & L(v)]

_ Pri(UagsaeRa U yo(c) = 1) Prie ¢ L(v)]
Prlc & L(v)]

Pr[(Uagp()+cRa) U (1(c) = 1)]
> Pr[(ud¢B(v)+cRd) U Rc]
=Prlv ¢ U'].

Suppose uv € G.. If ¢ € L(u), then v,(c) = 0 for all w € Ng, (u), so in particular,
v (c) = 0. Consequently,

Pr{Re|c ¢ L(u) U L(v)] = Priy,(c) = 1Ne & L(v)|c ¢ L(u) U L(v)] = 0.
So by the independence of colors and the inequality
Pr{Usecv)-Bw) Ral < PrUsec(w)-Bw)—c Ra) + Pr[R],
we obtain

Priv ¢ U'lc ¢ L(u) U L(v)] = Pr[Uagpw) Ralc ¢ L(u) U L(v)]

r|Udec (v)—B(v) Rd] — Pr[Rc]

[

[
1[Ugec(v)—Bw)—c R
[

rlv ¢ U'] — 0p.



Since we only used the condition ¢ ¢ L(u), this also implies
Prlv ¢ U'le ¢ L(u)] = Pr[v ¢ U'] - 0p.
To finish the proof of the claim, we now show Pr[v ¢ U’] > 360/4. First,
Prfo ¢ U') = PrlUags R
> Z Pr(Ry— > Pr[RgPr[Ry]

d¢B(v d,d'¢B(v)
Z Opo(d)gu(d) — > 0*pu(d)pu(d)gu(d)gs(d)
d¢ B(v) d,d'¢B(v)
>0 Z pv QU —0 Z pv QU Z pv(d)pv(d/)
deC(v deB(v) d,d'¢ B(v)
>0 Z po(d)gu(d) = 0| B)|p— 6 > pu(d)pu(d).
deC(v) d,d'¢B(v)
By (8.2),
d)21= Y pudpu(d) = Y Opu(d)
uvw€eH uveGy
uvweH uwveGy

=1—60%,(d) — 0f,(d).
Since ey Polc) < V2 (by (P1) and (R4)),
6* > poldp(d) < 92 > > (i (d) < 92 (D puld)* < 6.
d,d'¢B(v) deC(v) d'eC(v)— deC
By our lemma’s assumption, |B(v)| < €¢/p. By (P3), f, < 8w, so 0f, < 8. By

(P2), e, < w + T/wy, so (R7) implies 0%, < €/3. Using these three inequalities,
> dec( Po(c) = (1 —¢€/3), and (R18), we finally obtain

Prlo ¢ U] 26 ) pu(d)(1—6%e,(d) — 0f,(d) — 6| B(v)[p — 67

deC(v)
=0 Z po(d) = 6* " pu(d)es(d) = 6° > pu(d)fu(d) — 8] B(v)|p — 67
deC(v deC(v) deC(v)
>0 Z po(d) = 6° > po(d)es(d) — 0> Y pu(d)fo(d) — e — 67
deC(v) deC(v) deC(v)
—Qva Ge, — 62 f, — O — 02
deC(v
>0(1 — 6/3) — 0e/3 — 80e — Oe — Oe/3
= 0(1 — 10¢)
> 30/4.
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Recall that m is a fixed constant.

Claim 14. For eachl =10,...,m — 2, let
N(u,l) = {v € N%(u) — No(u) : A < d% (u,v) < ALFD/2mY
and forl =m — 1, let
NO(u,1) = {v € NY(u) : d%(u,v) > AYV*™} U NS (u).

For each | and color ¢, let A.; be the event that v,(c) = 1 for at most AY=1/*™p vertices
v € N%u,l). Let A denote the event that A.; holds for alll and c. Then

PI“[/I] S 6—1010gA‘

Proof of claim. Suppose [ < m — 1. Since each v € N°(u,[) contributes at least AY/?™

edges to d%(u), and each edge is counted at most twice,
INO(u, 1) < 2A/AVZm = g A1=U/2m,
fl=m-1,
|N0(u, 0| < 2A/Al/2m A, = QAL2Zm Ay 720 3AL-l2m

Thus |N%(u,1)| < 3A™/2™ for each .
Since Pr[y,(c) = 1] < pf and 3ef < 1/e,
- |N0(u, l)| AMAL—L/2mp 3A1_l/2m A~ AL—L/2m g
PriA.] < <A1_l/2m]5 (p9) P < N (ph) P

3 — m a4 — m A
S (Te)Al 1/2 p(ﬁ@)Al L/2mg

_ (369)A17l/2mﬁ

_Al-l/2m 3
<e B P

(R21) _A(m+1)/2m A —1/2
< €

_Al/2m
=€ A .

So by the union bound,

Pr[A] < Cme 2" < ¢ 10log A
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Proof of (Q3). Observe that

=" Pl

= wecy
-y ; el (e) Tuw € G+ % p(e)p,(c)
wweGh
DIPIFACTACL Iy
+ Z “i (Pu()pu(c) Ivw(c) = 1] + pL(e)py () Ivu(c) = 1))
bt
where
Dy = Zu;; pu(e)p,(c) I[v € U],
and

Dy=Y" Y (0(c)ph(c) Iyule) = 1] + pl, ()i () I[v(c) = 1]).

c uvweH

To bound D7, we first prove that for uv € G,

E[p,(c)p,(c)I[v € U']] < pu(c)ps(c)(1 — 96/16).

(4.4)

First assume that p/ (c) and p/(c) are determined by [B.3). If ¢ € L(u) U L(v), then

P, (c)pl,(c) =0, so using (B.8)), Claim [I3] and then (R2),
Efp,(c)p,(c) I[v € U']] = E[p,(c)p,(c)lv € U Pr[v € U]

< Puld)pole) Prlc ¢ L(u) U L(v)|v € U] Pr[v € U']

|/\@
s
S5
&
s
<
9
—~
—_
+
—
~
&
N
g
=
=
m
S
o
NS
b{
—~
<
~
C
=
<
P

Suppose p.,(c) is determined by ([B.3) and p/ (c¢) is determined by (3.4]). Then p! (c) and

23



P, (c) are independent of each other, and p(c) is independent of the event v € U’, so
E[p,(c)p,(c) I[v € U']] = E[p,(c)p,(c)lv € U Pr[v € U]

E[p,(c)lv € U] E[p,(c)] Prlv € U']

E[p,(c)|v € U'lpy(c) Prlv € U]

I/\a

Prlc ¢ L(u)lv € U] Pr[v € U'lp,(c)

= Priv € Ule ¢ L(u)] Pric ¢ L(u)]p.(c)

= pu(C)Pv(C) Prjv € U'le ¢ L(u)]
(c)pv(c)(l + 1/wp)(1 —56/8)
po(c)(1 —96/16).

Similarly, if p,(c) is determined by ([B.4) and p/(c) is determined by (B3),
E[p,,(c)p,(c) I[v € U’]] < pu( Jpo(c) Prlv € U'le ¢ L(v)]

pulc)po(c) (L +1/wo)(1 —56/8)
“é”pu( )po(c)(1 — 96/16).

If p! (¢) and p (c) are both determined by (3.4)),

E[p,(c)p,(c)Ifv € U] = E[p

(C)(l —30/4)
< pulc)py(c)(1 —960/16),
concluding the proof of (£.4).

By (4.4),
=> Z VI[v e U']]
<> pule)pu(e)(1 - 96/16)

= fu(1—96/16).
For ¢ € C(u), let
T. = {m(e) ;v e N(N(u))} U {m(c) : v € N(N(u))}.

Then each T, is a (vector valued) random variable, and the set of random variables
{T, : ¢ € C(u)} are mutually independent and determine the variable D;. We will now
apply Corollary [6] with parameters:
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Independent random variables T, : {c} — {0, 1}2VNW@II for each ¢ € C(u)

Events A, = N;*,A.,, for each ¢ € C(u) (where A, is from Claim [14])

A =T1l.cc(m Ae: for each ¢ € C(u) (this is the same A as in Claim [14)

e D; (which is non-negative) in the role of Y’

o dg,(uwp* + mp>AM/2™ in the role of d..

Our goal is thus to bound the effect of T, on D; given that A holds. Note first that

Di= Y plopic) veU’JrZ > IweU] Y pd)p,d).

uveG, =0 UENO(ul d;ﬁé
uveGy

The total effect of T, on the left hand sum is at most dg, (u)p?, so consider the right hand
sum. The p! (d)p(d) terms are always independent of T.. Observe that if ,(c) = 0,
then Ifv € U’] is also independent of T¢; this is because if 7,(c) = 0, then v can not be
colored ¢ in the current round, so T, has no impact on whether or not v € U’. Thus T,
only affects the term

IveU] ) p,(d)p,(d)

d#c
uveGy

if 7,(c) = 1. So given the event A.; from Claim [[4] 7, affects at most A'~/2™p such
terms for each . If v € N%(u,l), where [ < m — 2, the effect is at most d% (u,v)p* <
AWED/2mp2 Tf [ = m — 1, the effect is at most Cp? < AY/2p%. Therefore, given A, the
effect of T, on the right hand sum is at most

3
w

(AI l/2m )A(l—l-l /2m ~2 (Al_(m_l)/2m]§>A1/2p2 _ mp3A1+1/2m
l

Given A, T, thus affects D; by at most

Il
o

de, (u)p? + mp* AT/,
Since Y dg, (u) < A+ Ay < 2A and, by (P6), dg, (u) < 3wsTOAP,
> (e (w)p® + mp* AT
30154 Z da, (w)? + 4mp° ATTV2mA 4 CmPpP AZTY™
< 3p°wgTHA Z dg,(u) + 4mﬁ5A1+1/2mA +Cm ﬁ6A2+1/m

< 6M6T¢9p5A2 + 4mp5A2+1/2m +Cm ﬁ6A2+1/m
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Together with Claim [I4] and (R10), Corollary [6l now implies

Pr[D; > fu(1 — 0/2) + 1/2ws] < Pr[D; > fu(1 — 96/16)/ Pr[A] + 1/2w;]
< Pr[D; > E[D,]/ Pr[A] 4+ 1/2ws]
CS 6—1/4w§(6w6T€ﬁ5A2+4mﬁ5A2+1/2m+0m2f)6A2+1/m) + Pr[ﬂ]
0 ¢~Tlog A 1 pr[J]
O ,—Tlog A | ,~10logA
~6log A

<e

We now bound D,. We first prove that for any edge wvw,

E[p, (c)p,(c)|7w(c) = 1] < pu(e)pu(c) (1 + 1/wp). (4.5)

Assume that both p! (¢) and p/(c) are determined by ([B.3). If ¢ € L(u) or ¢ € L(v), then
p.(c)p,(c) = 0, so by (B.8),

pu(c) pu(c)
qu(c

pulc
qu(c) gu(c)

Pu(C)pu(e)(1 4+ 1/wy).

E[p,(c)p,(0)lu(c) = 1] < Prie ¢ L(u) U L(v)|yw(c) = 1]
<

Pric ¢ L(u) U L(v)]

I/\g

Suppose pl,(c) is determined by (B3] and p) (c) is determined by (3.4). Then p! (c¢) and
pl,(c) are independent of each other, and p/ (c) is independent of the event v, (c) =1, so

E[p,(c)p,(0)w(c) = 1] = Elp,(c)w(c) = 1] E[p,(c)]
E[p,,(c)yuw(c) = 1pu(c)

Prle ¢ L(u)|yw(e) = 1]pu(c)

If p! (¢) and p! (c) are both determined by (3.4]), then

E[p, (c)p,(0)l(c) = 1] = E[p,(c)p, ()] = Elpi,(0)] E[pi,(c)] = pu(c)py(c),

which establishes (4.5]).
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Now, by (@3],

=> D (E[ ) T (e) = 1] + Elpl,(e)pl, () Tiu(e) = 1]])
= Z Z E[p, ()} (¢)lyu(c) = 1] Prly(c) = 1]
+ Z %E[p;(C)pZU(C)I%(C) = 1] Prly,(c) = 1]
i N Ulw/wo ) DD pul@pu(e) Privu(e) = 1] + pu(c)pulc) Priu(e) = 1))
= (1+1/w) Z §§<pu<c>pv<c>epw<c> + pu(O)pu(c)py ()

= (1 + 1/wp)20e,.

Again, let
T. = {7(c) :v e N(N(u))} U{nu(c) : v € N(N(u))}.

Then D, is determined by the set of random variables {T. : ¢ € C'(u)} . Observe that

m—1
D= % > In@=1 >  ppe)
¢ 1=0 veNgy (u)NNO(u,l) wENg (u,)
The random variable T;. does not affect terms of the form I[y,(d) = 1] 32, c .0y Pu(d)P(d),
where d # c. T, affects the term I[v,(c) = 1] 32, c v Pu(€)Pl,(c) only if () = 1; in
this case, the effect is at most dy(u,v)p?. Thus, given the event A from Claim [I4] the
total effect of T, on Dy is bounded by

3
1\3

Al l/2mpA(l+1 /2m A2_|_A1 m— 1/2mp5p < mA1+1/2m A3+5A1/2+1/2mﬁ3
l

By Corollary [6] (R11), and Claim [14]

I
o

PI'[DQ > 39€u + 1/2&]3] S PI'[DQ > (1 + 1/(4)0)296“/ PI‘[ ] + 1/2&]3]
OB =2/ (WAC(mATH/AM P LSANF S | pyr

(RSM) e—?logA 4 PI“[A]
CSIEIG—ﬂogA + 6—1010gA

< e—6logA.
Therefore, with probability at least 1 — 2A7°,

[l < fu(1—=0/2) 4+ 1/2ws + 30e, + 1/2w3
< fu(1=0/2) 4+ 30e, + 1/ws.
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Proof of (Q5). Since

d}{(u):% Y Y Iwet)<: Y du(wo)lve U],

vENg (u) weENy (u,v) vENE (u)

N —

Claim [I3] implies

Bl ()] < 22 S ) = (1 36/4) ).

vENg (u)

We prove concentration in the same way as in the proof of (Q3). Let
T.={m(e) ;v e N(N(u))} U {m(c) : v e N(N(u))}.

The random variable d; (u) is determined by the set of random variables {7, : ¢ € C'(u)}.
For v € N(u), T, affects the term dg(u,v)I[v € V'] only if v,(c) = 1, and in this case,
the effect is at most dy(u,v). Thus, given the event A from Claim [I4] 7. affects d;(u)
by at most

m—2
Al—l/2mﬁA(l+1)/2m +A1—(m—1)/2mﬁ5 < mA1+1/2m]§+A1/2+1/2m]§5.
=

By Corollary [6] (R14), and Claim [14]

Pr[dy(u) > (1 —6/2)dy(u) + ws] < Prldy(u) > (1 —360/4)dy(u)/ Pr[A] + ws]
CSe—2w§/C(mAlH/2’"13+A1/2+1/2m136)2 + Pr[fl]
10 ~TlogA 4 py[ ]
COT,~TlogA | ,~10log A

S e—610gA.

4.5 Final Step

After the iterative portion of the algorithm, some vertices will still be uncolored. Assum-
ing (R1)-(R21) and Lemmas [0 10, and 2 hold, we color them using the Asymmetric
Local Lemma as follows. Suppose u has not been colored. By (P1), (R4), Lemma [I2]
and (R18),

dYooopke)= > Pl = > pi(0) P 1=T/w — B (u)|p
ceC(u)—BT (u) ceC(u) ceBT (u)
1 -o(1) — B (u)|p
M —o(1) — €

19 1/9,

28



For each ¢ ¢ BT (u), define

P (0) = Py (0)
‘ ZcEC’(u)—BT(u) Py (c)

For each uncolored vertex u, randomly assign u one color from the distribution given by
py. For an edge e = vvw € H T let Ay denote the event that u, v, and w receive the
same color. By (R7) and deﬁmtlon of 0, T'/ws = o(w/e€); in particular, T'/wy = o(w). So
by (Q2),

< 2pl(e).

efvw e w+T/Awy =1/C% 4 o(w/A) = w/A +o(w/A).
Therefore

Avnd] Zpu APy (e)p(c) <8 pl(e)ph (c)pn(c) = 8el,, < Iw/A.

For each ¢ and each pair uv € GT, let By, denote the event that v and v both receive
color ¢. By (P3), for each u,

> PrBud <4 ) D pl(opl(e)=4f1 <32(1-6/4)"w

ceC(u) uxeGT ceC(u) uxeGT

The event A, depends on any event A, or By 4, where u, v, or w is in the edge e or
the edge f. Using (P5),

> OPrA]+ > PrlA]+ > Pr[Al]

ecHT:uee ecHT:wce ecHT :wee
+ E E Pl" uzx c E E Pl" VT c E E Pr[Bw:mc]
ceC(u) uzeGT cEC’(v ) vzeGT ceC(w) wzeGT

< 3(9w/A)(1—0/3)"A+3(32)(1 — 0/4)Tw
<123(1 —0/4)"w

< 1239774,

= 123~ loew/1y,

1
= 123(—)"/*
(=) w

< 1/4.

The event B, . depends on any event A, or By g, where u or v is in e or f. Since

Yo o PAl+ Do PrA+ D> Y PrBud+ ) Y Pr(Bu

ecHT :uce ecHT:wee ceC(u) uxeGT ceC(v) veeGT
<18(1—6/3)Tw+64(1—-0/4)"w
<1/4,
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the Asymmetric Local Lemma implies that there exists a coloring where none of the
events Ayy, OF By, occur. Since no color in BY(u) and no color with pI'(u) = 0 was
assigned to u, this coloring, combined with the partial coloring from the algorithm, is a

proper list coloring of H U G.

5 Triangle-free hypergraphs

We will derive Theorem [2 as a corollary of the following theorem:

Theorem 15. Set ¢y = 1/86,000. Suppose H is a rank 3, triangle-free hypergraph with

1/2

mazximum 3-degree at most A, mazximum 2-degree at most (coAlog A)'/2, and mazimum

codegree at most A%/10. Then

A 1/2

H) < (——
X )_(cologA

To prove this using Theorem B, we need to find values for the parameters w, €, wy, and
p which satisfy (R1)-(R21), (8]), (317), and (B:8), and w = ¢ylog A. We will show that

the following values satisfy these criteria:

e=1/40 w = (1/25)(¢/86) log A p=ATH/2A wo = 1/196p.

By Claim [7], these parameters satisfy (R1)-(R21), so all that remains is to show that
inequalities (3.6), (8.7), and (B.8]) hold. Fix a color ¢. In Claim [I6 we first show that
that hypergraph H UG, remains triangle-free throughout the algorithm. The next three
claims then show that if the hypergraph remains triangle-free, we will have enough
independence to derive (3:6), (B.7), and (B.8). Throughout the rest of this section, we
will be taking intersections and unions over edges; when we do this, we use the notation
e in place of e € E(H) U E(G,).

Claim 16. For iteration i, if H' U G" is triangle-free, then H™1 UG is triangle-free.

Proof. Tt suffices to show that when the algorithm creates GE™ from G° by adding an
edge uv to G, no triangle is created. Toward a contradiction, suppose that a triangle
is created with distinct edges uv, e, f € H™ U GiT! and distinct vertices u, v, w such
that u € e,v € f,weenf,and u & f, v ¢ e. Note that u,v,w € V(H"UG?) and
e,f € HUG". Since w € V(H"UG?), w has not been colored. Thus there exists a
vertex z € V(H") —w and an edge uvxr € H' which gave rise to the edge uv. The edges

uvz, e, and f form a triangle with vertices u, v, and w in H' 4+ G*, a contradiction. [
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In the rest of this section, we define
d(u,v) =|{e € HUG,. : u,v € e}|.
In addition, we drop the superscript from H*® and G-.

Claim 17. Suppose vow € H, d(u,v) > 2, and d(w,v) > 2. Then d(u,w) = 1.

Proof. Since d(u,v) > 2 and d(w,v) > 2, there exist distinct edges e, f # uvw such that
u,v € e and w,v € f. If there exists x # v such that uwz € H, then e, f, and uzxw form
a triangle with corresponding vertices u, v, and w. If uw € G, then e, f, and uw form

a triangle with vertices u, v, and w. O

Claim 18. If uvw is an edge and d(u,w) = 1, then

(U e—wn( Y e-w=0 (5.1)

e:u€ejvde ewee;vée
(U e—wn( | e-v)=0, (5.2)
eu€e;véde ev€Ee;uée

and

( J e—wn( | e-v)=0 (5.3)

eweEe;vie evEe;wie

Proof. Let x € U, and let e be an edge such that u € e, v ¢ e, and * € ¢ — u. Then
e # wvw, and since d(u,w) =1, = ¢ {u,v,w}.

Suppose f is an edge such that w € f, v ¢ f, and © € f —w. Then, since z € f,
f # wow. Using d(u,w) =1, u € e, w € f and e, f # uvw, we get e # f, u ¢ f, and
w ¢ e. Since x ¢ uvw, we obtain a triangle with edges e, f, and wvw and vertices u, w,
and .

Now suppose that v,z € f and u ¢ f. Again, f # uvw. Because u € e and u ¢ f,
e# f.Sinceu & f,v ¢ e and x ¢ {u,v,w}, e, f, and uvw form a triangle with vertices

u, v, and x. By symmetry, this also gives (5.3]). O

Claim 19. If uv € G, then

( U e—u)N( U e—v)=10. (5.4)

e:u€e;vde ev€Ee;uée

Proof. 1f there exist edges e and f and a vertex = such that u € e, v e, v € f,u ¢ f,

and x € e —u N f —wv, then e, f, and uv form a triangle with vertices u, v, and x in
HUG.. O
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For a set of vertices S, let v5(c) = 1 denote the event that ~,(c) = 1 for all v € S, and
let v5(c) # 1 denote the event that v,(c) = 0 for some v € S.

Claim 20. For any three vertices x, y, and z,

Prl () Yewl@ZU<Prl [ Yeale) # 1] < () (1 + 36p).

e:x€e;yde e:x€e;y,zde

Proof. Note first that

Pr m Ye—z(c) # 1] = Pr[yy(c) = 0] > 1 —6p.

exrceyce

Similarly,
Pl"[ ﬂ Ve—x(c> Z 1-— ‘925

e:xce;ze€e
Since the events (), ¢, Ye—z(¢) # 1 and (.. e, Ye-z(c) # 1 are monotone decreasing,

the FKG inequality and then the previous two inequalities yield

z(c) = Prf ﬂ Ye—z(c) # 1 ﬂ Ye—z(c) # 1 ﬂ Ye—a(c) # 1]

e:er;y,zgﬁe e:x,yce e:xr,zee
> Pr| ﬂ Ye—a(c) # 1] Pr| ﬂ Ye—a(c) # 1] Pr| m Ye—a(c) # 1]
e:er;y,zgﬁe exee,yce e:xce,zce
>Prl () yesal0) # 11— 05)°
exx€e;y,zde
>Pr[ () Yesle) # 1)(1— 20p).
exx€e;y,zde

Thus
Prl () esal() # 1 < :(0)/(1 = 205) < qu(c)(1 + 305).

e:x€e;y,zde

O

We can now prove ([3.0), (37), and (3.8). Suppose uvw is an edge. By Claim [I7, we

may assume d(u,w) = 1. The events (,c...g. Ve-u(€) # L, Nyecernge Ve-w(c) # 1, and
ﬂv@;u’w%e Ye—v(c) # 1 depend only on the sets of random variables

fue):ve |J e-ul

e:u€e;vde

(@ :re |J e-wh

eweEe;vge
and

fulize |J e—ub

eweeu,wee
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respectively. By (B.1), (5.2), and (5.3)), these sets are pairwise disjoint, so the three
events are independent of each other. Therefore, applying Claim 20

Pric ¢ L(u)U L(v) U L(w)]

= Prf m Ye—u(c) # 1 m Ye—u(C) # 1 ﬂ Ye—w(c) # 1]

emuce evee e:wee

< Prf n Ye—u(c) # 1 n Ye—u(C) # 1 ﬂ Ye—w(c) # 1]
eu€e;vée evEe;u,wie ewee;ve

= Pr| n Ye—u(c) # 1] Pr| m Ye—u(C) # 1] Pr] n Ye—w(c) # 1]
eu€ejvée evEe;u,wie ewee;vée

“Bu(c)qu(¢)qu(c) (1 + 30p)°
< qu(€)qu(€)quw(c)(1 + 196p)
= qu(€)¢u(¢)qu () (1 + 1/wp).
This proves ([B.6]). The proof of (8.7)) is the same, except we start with any two vertices

in wvw instead of all three.

Suppose now that uv € G, for some color ¢. By (5.4]) and Claim 20,

Prfe ¢ L(u) U L(v)] = Pr[ [ %eule) £ 1 () 7eale) # 1]

exuce evee
ﬂ Ye—u(c) # 1 ﬂ Ye—u(C) # 1]
e:u€ejvde evEe;ude
@Pr[ ﬂ ’Ve—u )751P1" ﬂ ’Vev 7£1]
eu€e;vde evEe;ude

“Equ(c)qu(c)(1 + 30p)”

< qu(€)qy(c)(1 4 76p)
< Qu(C)QU(C)(l + 1/"‘jO)a

completing the proof of (3.8) and Theorem [I5
Proof of Theorem Recall that ¢ = 1/86,000. Let H be a rank 3, triangle-

free hypergraph with maximum 3-degree A and maximum 2-degree A,. The original
hypergraph H may have some pairs of vertices with codegree too large to apply Theorem
3], so we will work on a modified hypergraph instead. Let

K(u) = {v € N(u) : d(u,v) > A%},

Define a new hypergraph H' with V(H') = V(H) and

E(H') = (U UAfewveeh+( | U {uwod

ueV (H)veK (u) ueV (H) veK (u)
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Let A’; A, and 0" denote the maximum 3-degree, maximum 2-degree, and maximum
codegree of H', respectively. Note that H' is still triangle-free, x;(H) < x;(H'), §' <
AS10 and A’ < A.

Suppose A} < VAy/cologA. Since A’ < A and § < A%1° Theorem [ implies

A
H) < v, (H) < (——\V/2,
xi(H) < xi( )_(cologA)

On the other hand, suppose A}, > VAV log A. Then, since

1 1
A2 dy(u) > 5 > dp(uv) > > du(u,v) > K (u)|AY10)2,
vENF (u) vENg (u)
dy (u,v)>A6/10

we have
A/2 S Ag + 2A4/10 < Ag + A/2/2

Choose A” so that A = VA"\/colog A7. Since A} > v/ Ay/colog A, A” > A. Then the
maximum 3-degree of H' is at most A < A" the maximum 2-degree of H' is at most
A, < V/A"\/cylog A7, and the maximum codegree of H' is at most A%10 < A"6/10 g
Theorem [15] implies

A" Al Al 2A
Xi(H) < xi(H') < (——)"% = TV ~ < .
colog A" colog A" colog AL colog2A,
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