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Abstract

We study a bimodal nonmonotonic logic MBNF
suggested in [Lifschitz, 1994] as a generalization
of a number of nonmonotonic formalisms We
show first that it is equivalent to a certain non-
modal system involving rules of a special kind
Next, it is shown that the latter admits a modal
representation that uses only one modal opera
tor the operator of belief Moreover, under this
translation the models of MBNF correspond to
"expansions of the associated modal nonmono-
tonic logic Finally we show that, as far as such
models are concerned, MBNF is redunhle to
nonmodal default consequence relations from
[Bochman, 1994] These results have general
consequences concerning relationship between
different formalizations of nonmonotonic rea-
soning

Introduction

In many respects the logic of belief and negation as fail
ure (MBNF) suggested in [Lifschitz 1994] can be seen
as a most general formalism for nonmonotonic reasoning
that provides a unifying framework both for logic pro-
gramming and for such honmonotonic systems as default
and autoepistemic logic In this paper WE consider the
relation of MBNF to other nonmonotonic formalisms
Our main results are twofold On the one hand, MBNF
is shown to be reducible to usual unimodal nonmono
tonic logics On the other hand we also show that it
can be reduced to nonmodal default consequence rela-
tions from [Boohman, 1993 1994]

J he paper is organized as follows We show first that
MBNF is equivalent to a certain nonmodal system called
A BNF-consequence relation that involves rules or se-
quents of a special kind In this framework we define
a counterpart of Lifschitz models and the notion of an
L-expansion that can be cor odered as their 'core' In
addition we introduce the notion of _in L-extension that
also turns out to correspond to well known objects from
other nonmonotonic formalisms NExt we show that
BNF-consequence relations admit a modal representa-
tion that uses only one modal operator the operator of
belief Moreover under this translation, L-expansions
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correspond to S-expansions (1n Lhe sense of {Marek ef
al 1993)) of the associated modal nonmonotome logic
Fmally we show that as far as Lifschitz models arc con
cerned, MBNF is reducible to nonmodal defaull conse-
guence relations from [Bochman, 1994]

These results have immportanit tmphications for a gen
eral theory of nonmonolonic reasomng  Chey show
i effect, thal meny apparently different nonmonetonic
formalisms are actually different representations of the
same hasie constructions and reasoning, principles

1 MBNF and 1ts reductions

The language of MBNF 1nvolves two independent modal
vperators, B for belief and not for negation as flail-
ure  As the majonty of nonmonotonic systems MBNTD
involves two components  One 1s a (monotonic) host
logical system  thc other s the notion of a modd
that generates the corresponding nonmonotonic infer-
ence The system 15 characterized semantically MBNE

nterptetations are triples of the form (I &% S™) whir
I 15 an ordinary interpretation {a set of atomie propos-
tsons) and 5%, §7 are sets of such interpretations Such
triples are used to define the notion of truth as fellows

() If F1s an atom £ 18 teue m (7, 5%, ") T e

(n) =F 1 true 1 (J, 5% S?) ol I° 15 not true o
(1,8 <)

(m) FAG s truen (£ ° S*)aff F and G are hoth
truc 1 (I, 5% %)

(1v) BF 15 true v (7,8%, 571 forall J € S F s
true in (J, S*, S™)

(v} not F 15 true i (F,5% S7).ff forsome J € 5 F
1s not trye 1 {J §%, §7)

Note that there 1s nothing nonmonotonic in the above
condiijong, they can be seen as a semantic description
of the host monotonic logical gystem for MBNF The
nonmonotonic component of MBNF 18 embadied 1n the
notion of & mode] A mede! of a theory T 16 defined by
Lifschitz as a pair ([, ) such that T 15 tzue in {1, 5 5)
and there nre no J, 8’ such that §’ properly includes 5
and 7 15 true 1n (J, 5", 9) This notion of a model gives
rse Lo a corresponding notion of entailment, which 1s
already nonmonotlonic

To begin with, note thal the semantic characteriza
tion of MBNF gives riee o natural monefenic notions of



semantic entailment and equivalence Thus, we will say
that a set of propositions u semanfically enfails a propo-
siticn 4 1f A 18 true 1n all MBNF-interpretations in which
u 15 tree Semarly, two sets of propositions ¢ and v will
be called semanitcaily equivalent \f they are Lrue in the
same MBNF-interpretations These notions of entail-
ment and equmvalence are stronger than similar notions
defined m [Lifschitz, 1994], because they are defined wn
terms of al! interprelationa’ It should he clear, how-
ever, thatl sets of propasitions that are equivalent in our
sense are tmiterchangeable m all contexls and construc-
tions that are definable on the basis of MBNF-<emantics,
mcluding 1n particular Lifechitz models

Now an important feature of MBNF js that any for
mule turns out Lo be strongly cquivalent Lo 4 formula
without nested occurrences of the moddl operators [we
will call such formulas flat ones), and the correspand-
ing reduction can be accomphshed using a simple and
efficient procedure Moriover we have

Proposition 1 1 Any sef of MBNF-formulas 1s scman-
tweally equivalend io a set of fal MBNF clause,

(1) B4;A ABAg A BB A A-BH A
AmotC 1A AnnotC Anot DA Anot D, — 4

where all 4. B, (. D, and 4 are objective formulas

An objective representation of MBNF described be-
low 1s based on en identification of the above flat clauses
with rules of the {form alb  e|ld Ik 4, where @ b . d are
fimts sets of objective propositions To he more exact,
& clause of the above form can be 1dentihed with a rule

4| ‘h;lB], ,Br (] leDl Dn IF "'l

We will call such rules BNF sequents Thus a scquent
alt e|dIF A corresponds to a rule saying that if propo-
sitions from @ are believed propositions from b are not
believed propositions from ¢ are not rejecied hy farlure
and propositions from d are rejected hy fallure then we
can nfer that 4 15 true  The following defimtion gives
a characlernigation of such sequernits correspornding to flat
MBNF-clauses  below denotes the ordinary classical
consequende, 1 the proposition falsc

Defimtion 1 1 A BNF-conscquence relatron 15 a sel of
ANF-sequents satisfying the following conditions

(Monotomicily)

a]b Cld“"l ; /
g providede C &’ 6 CH, e C ¢ dC d

{ Deductive Closure)

et 4 {alb cjdir E,]) YL, €
alb cdiF A
{B-Factoning)
Balb cldIF 4 a|b,B e|dIF 4
alb dir A

18101 these stronger potigns are unphcil i [L:fachltz
1994] 1n the form of the first-order entadment and equiv-
alence between nonmodal reductione of MBNF-formules ob-
tained by replacing the two modal operators with quanufiers

{N Factoring)
alt B,eldit 4 alb cjd,BiF A
alt c|dIF 4

at A a,Alp cldiF F

{ B-Closure )

eip cldir

rHC alb e, CldIFE
(N-Closure) alé cldit £
{B-Constsicncy) Al4 |IFL
(N Consistency) | 4141 L

Despite the number of conditions, BNF-consequence
relation 15 a conceptually simple sysiern Nole first Lhal
the above defimlion can be emsily cxtended (o mnfinite
prenmuse gebs using the following compaciness require-
ment for any sets of proposilions u 1+ w and ¢

ulv wlrikr A 1f and onlvf alb cldIF 4,

for some fintte a berdsuch that e Cuw $Cr ¢ C o
and d C 2

In what follows we will denole by Un the (four
argument) provabihly operator corresponding 1o b Let
# denote the complement of a set « Now BNF
conscquence rclations can be characterized mn Lerms of
Lhe {ollowmg nolion of a model

Defimtion 1 2 A triple (2, u, ») of sets of propositions
will be called a model of I 1f 2 15 a maximal consisicni
set {a world } and Cnjultd »T)C:

Note that 1 15 a deductively closed sel  Moreoyer
{B-Closure) and (N-Closure) imply that of (2,2 ¢} 15 a
mode] then u and + must also be deductively closed
sels TIhe following representation theorem gives a chiar-
aclerization of BNF-congequenre relatione 1n terrme of
their models

Theorem 12 ajp cld - 4 off 4 €1 for any mode!
(znwv)surhthata Cu, bCd rCoenddCT

It 16 easy Lo see that eny set of triples {2 u »} of de-
ductrvely cloved sets generates a BNF-consequence rela
tion 1n accordance with Lhe abuve represeniation Note
also that models 1n our sense can bLe seen as syntactic
counterparts of MBNF-interpreiations 1nstead of sets
of worlde our models include scis of propositions that
are true in them In vicw of thi« fact, the above theorem
can be used to show the correaponderice between MBNF
theories and BNF-consequence relations

Recall that any MBNF theory T 1s semanlically equiv
alent to some sel Ty of flat MBNF-clausis  Lel IF; de-
note the least BNF-consequence relation contaming all
sequenis corfesponding to clauses from 77 and lcl £,
denote a flal MBNF-clause corresponding to o BNF-
pequent § The following theorem shows that k7 15 ade-
guate for representing the flat content’ of T

Theorem 13 s €l off T entails I,

Given the correspondence between models and
MBNF-nterpretations, the following corollary 18 an 1ro-
mediate consequence of the theorem
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Corollary 1 4 Models of IFr ezacily correspond io
MBNF interpretations safisfying T

Thus for any MBNF theory there 15 a BNF
coppequence relation thal 15 1n a strong sensc equiva-
lent to 1L It 15 important to note that this correspon-
dence between MBNF theories and BNF-consequence re-
lations does nol depend on the nonmonotonic component
of MBNF, namely on Lifschilz notion of a model In the
next section we will consider such models 1o detail

2 Lifschitz models

The following defimtion provides a characterization of
Lifschitz models (or, 1 short L-models) in the frame-
work of BNF-consequence relations

Definition 21 A pair (1,4} will be calied an L-model
of IF 1f (t,u u) 15 a model and there 18 no model (7 «' a)
such that u’ C u

By Corollary 1 4, this defimition 15 adequate since Lif-
schitz models of a Lheory 7 correspond to L-models of
IF+ We consider now reformulalions of the defimtion
that would display the ‘internal siructure of L-models

A pair (u v} of sels of propositions will be called a
bitheorym Ik ful€ v|TH L Clearly (u t)1vabitheory
if and only if there 16 a world 1 such that (z v,v} 15 a
model

A bitheory (u, v) will be called 8 mansnal o there 16
no bitheory (1 o) such thal &'  u Now, It 15 easy Lo
show that (: u) 1s an L-model 1if and onlv 1f

(1) Cn(ufw uf@ C o,
(i} (u ) 15 & B-mimmal bitheory

For ressons Lhat will become clear later a set 1« will
be called an L-ezpanston 1f {u u) 15 a B-rmimumal bithe-
ory Thus any L-model 15 a paur consisting of an L-
expansion u and a maximel deductively closed set con
teiming Cn(u[#  u|T) 1 15 interesting to note that L-
expansions cotrespond Lo what was termed models o
MWNF, a preliminary version of MBNF given m [Lifs-
chitz 1991) (see below) In addition, L expansions cor-
respond also to preferred models of the bimodal logic GK
suggested 1n [Lin and Shoham, 1992]

Remark |t 15 easy to show thal Gk and MBNF are
equivaleni (modulo notational variants) for flat modal
theeries Moreover as 15 noted 1n [Lin rnd Shoham
1992), fiat formulas are sufficient for deterrmming Lhe no-
tinn of a preferred model of GK Thus as far as intended
models are concerned the two systems can be seen as
equivalent

Now we conerder some additional rules and conditions
that can be imposed on BNF-consequence relatians The
following rules are of a special interest

(Nontrivahity ) 4] |IF 1
{L-Coherence ) Al J4IF L
4,a| eldlF L
_Coh A4 et L
(G-Cokerence] T TldF L

(Nontriviality) requirea our behefs to be consistent,
{L-Coherence} says that believed propositions cannot be
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negated by fallure, while (G-Coherence) 18 a partial n-
verse of {L-Coherence), 1t says that if assuming thal
some propositions ate negated by failure and some are
not imply that a certain set of beliefs 18 1nconsistent, then
one of the propositions from thie set can be negated by
failure provided the reatl of these propositions 1s believed

A BNF-consequence relation will be called noninu
2al 1f 1t satisfies (Nontriviabiy), coherent if 1t satis-
fies {L-Coherence) and strongly coherent 1f 11 satisfies
both {I~-Coherence) and {G-Coherence} Lel IFS be the
lenst strongly coherent consequence relation containing
I Clearly 1t 16 a consequence relation obteined from IF
by simply addmg the relevant rules The followmg result
shows that these rules preserve L-models

Proposition 2 1 [F¢ kas the same L models as &

Ag to (Nontriviality), 1t can be shown 1o preserve 1-
models with consisient L-expansions

For coherent BNF-consequence relations the cond:
tions for L-models can be simplified

Proposition 2 2 For eny cokerent BNFer
(t) A ronsisient sel u 15 gn L-ezpansion if and only if

u={A |04 ulmIF L},

(13) (2, u) 1v an L-model +ff u 15 an L-ezpansion and 1 14
a manimal consisient sef that tneludes Cn(B|@  u|a)

To conclude this section we define still another non-
monotonic object that will play an 1mportant role 1n
what follows A bitheory (u v} will be ralled mmemal
1f there 15 no other bitheory (u' v') such Lthat v’ € v and
o' C1 Now aset u will be called an L-cxtension of |-
of (u, u) 18 2 mumimal hitheory

C learly any L-extension 1s an L-expansion However
the former notion 1s stronger 1t embodies both the re-
qmrement of mumimality of beliefs and the prineiple of
maximality of negation as faillure assignments?  As we
will see, such ohjecls correspond to well known cun
structs in other nonmonatonic formalisms The following
propostiton gives a characterizalion of L-exlensions for
coherent eonsequence relations

Proposition 2 3 A ronswstent sef « ts an L rzlension
of a coherent BNF-cr Fiffu={A| |[A gl 1}

3 A unimodal re-presentation

In Lhis section we are going Lo show thal coherent BNF-
consequence relalions admut, 1n turn, a modal represen
tation Lhat involves only one modal operator, B It 15
obtamned by 1dentifying not’ with B-B? To be more
exact & sequent s of the form

Al ‘Ak‘B], BJ (1, C‘mlDl D,., Ik 4,
15 representable by the following formula that we wll
denole by §

(2) BAlA ABAA-BBiA A-BBA
A-B-BO A A-B-BOAB-BDA AB-BD, — A

20r the requirement of mmmahty of assumptions m the
terminalogy of [Lin and Shoham 1992]

ATs identification was also ueed 1n [Luechitz and
Schwarz 1993, though for a resincted class of theones



In the literature on modal logics one can meet two
commonly used notions of modal consequence that re-
flect two main notions of validity of propositions with re-
spect to possible world models Let S be a normal modal
logic A proposition A is called a local S-consequence of
a set of propositions v (notation u I-{B A) if Ais provable
from u and theorems of § using modus ponens only A
is called a global S consequence of u (notation u I-g A),
if A is provable from u and theorems of S using modus
ponens and the necessitatis rule 4/LA In this study
we will extensively use both these notions

Theorem 3 1 Let lts be the least nontrtvial coherent
conseqvence relation containing a set of sequents S and
S the set of ummodal formulas corresponding to sequents
from S Then a sequent s belongs to Itg ff s I—g s for
any normal modal logic S between kD¢ and h D¢f

Here KD4G denotes a modal logic corresponding to
Kripke frames with transitive and directional accessibil-
ity relations (see [Bull and Segerherg, 1984]) while KDAI
is a logic introduced in [Bochman, 1994] it is determined
b> directional Knpke frames of depth < 3

The theorem shows that the above ummodal transla-
tion is adequate for a representation of rohtrent BNF
consequence relations Consequently, it is adequate for
capturing th<- nonmonotonic MBNF-infcrence based on
Lifschitz models Note, however that the translation
itself does not depend on L-models and is adequate
fnr any notion definable in terms uf (coherent) BNF
consequence relations For example using the results
from [Bochman, 1993], sets u satisfying the condition
Cns(ulg Q@) € u can be shown to correspond to ob-
jective subsets of stable sets containing S, while sets sat-
isfling v = Cns(ulz B|B) correspond to Moore's stable

expansions of S

Remark Using the above results, we can perform a
two-step translation of MBNF-formulas into ummodal
ones, we first reduce an MBNF-formula to a flat one
and then replace all occurrences of not in it by B->B
Note, however, that this procedure cannot be short-
ened to a direct replacement of 'not in MBNF-formulas
since the above ummodal translation does not account
for the interaction between nested modal operators of
MBNF C onsequently it is inadequate if applied to non
flat MBNF-formulas

Thus, we have shown, in effect that MBNF can be
returned to the family of usual modal nonmonotonic
logics In the next section we will complete the pic-
ture by demonstrating that, under this reformulation,
L-expansions correspond to modal S-expansions in the
sense of [Marek et a/, 1993]

4 Biconsequence relations and
L-expansions

BNF-sequents of the form ajd ¢jd i+ L will be called
L sequents Such sequents correspond to modalized
MBNF-formulas in which any propositional atom occurs
in the scope of some modal operator Note that all cur-
rent applications of MBNF (see e g , [inoue and Sakama,

1994, Lifschitz and Woo, 1992, Lifschitz and Schwarz,
1993]) use only formulas of this kind

Let us rewrite_l-seduents as rules of a new kind as
follows a sequent alb ¢ldiF L will correspond to a rule

a dIFb ¢

We will call these rules bisequents Such rules can be
seen as representing entailment relations between pairs
of sets of propositions In accordance with the original
interpretation of BIVF-sequents, bisequents can be read
as follows "Ifall propositions from a are believed and all
propositions from d are negated by failure, then either
one of the propositions from b should be believed or one
of tht propositions from ¢ should be negated b\ failure
This interpretation also justifies the particular order of
the four parameters chosen for representing the rule--

Definition 4 1 A set of bisequents will be called a b1
consequence relation if it satisifies the following condi
tions and "ules

% provideda Ca' b C ¥ r C ¢ dC d
A IHA AlF 4
a bl A e d 4a bire 4
a blFe d
a blFre Ad a Abc d
a biFe d
a4 a, d bibe 4
a blFc d
dr- D a btlke d,D
a blbe d

It is eas> to see that the abovt conditions are sim
ply reformulations of the corresponding conditions for
BNF-consequence relations Note that by Theorem 1 2
12-btquents are determined by bitheories only Accords
ingly, models of a. biconsequence relation can be defined
as pairs (u i) such thatu ¥ ¥ ¥ 1 Then we have

Theorem 4 1 [fW-isa biconsequence relation then
a &' ¢ d iff for any model (u, v) ifaC uandbCT
then eithereNu £ B ordnNuv £ 9

Clearly, an\ BNF-consequence relation contains a bi-
consequence sub-relation that is determined by its bithe-
ones Moreover, these biconsequence subrt lations can be
ihown to be conservative in the sense that thev prove all
and only 1-sequents that are provable in tht correspond
ing BNF-consequence relation

Instead of L-models we now have only [t-expansions
defined as sets u such that (u u) is a B-minmial model
while L-extensions are defined as minimal modils Then
it is easy to see that L-expansions and | extensions of a
BNF-consequence relation coincide with the correspond-
ing objects of the associated biconsequence relation

The conditions of coherence strong coherence and
nontnviality can be immediately transferred to bicon
sequence relations (since they are formulated in terms of
1-sequents), as before, they will preserve |-expansions
Moreover, in this case the latter can he characterized as
sets satisfying

u:{A| T+ A u},
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while L-extensions will be charactenized by
U= {4 I 7| }

The correspondence between BNF- and bhiconsequence
relations imphes that bisequents admit the same um
modal representation as L-sequents Moreover 1t can
be shown that in this case a local modal consequence
determined by any modal logic 1n an exlended range
KD4G- S4F would be appropniate for nontrivial eoher
ent biconsequence relations

The next theorem shows that a globe! modal conse-
quence s adequate for representing strongh coherent bi-
consequence relations

Theorem 4 2 A sequent a belongs o the least nontrimal
strongly coherent biconsequence relation coniaiming S of
and only tf SK{ § for eny normal modal logic ‘s belween
AD{G and S4F

The man resuli of this seclion 1s that under the um
modal translation [-expansions rorrespond to modal O-
expansions 1n Lhe sense of [Marek ef al 1993) St(u)
below denotes the unique modal stable set having u as
1ts ob)ective subset

Theorem 4 3 IfIF% 1s the least sirongly coheren! biron
sequence relation coniaining o sef of bisequents & thea
Jor any normal modal logic 5 1n the range 54 2-54F

(1) 4 consislent set w ts an L-ezpansion en M5 1ff Si(x)
1s an S-crpansion of S

(1) A consistent setu 15 an L eztension m IF% off St(u)
15 a ground T-erpansion of S

Thus L-expansions ate represeniable as objective sub-
sets of modal expansions while L-extensions correspond
in this sense to ground expansions Another important
fact thal can be obtained from the proof of this theorem
I Lthat this correspondence helween biconsequence rela-
Lione and modal nonmonotomic logies 16 reverstble 1n the
sense that for any modal theory T and any modal logic
in the above range, S-expansionr of T’ are representahble
as L-expansions of some biconsequence relation

41 A pnote on MKNF

An earlier veraan of MBNF was presented by Lifschiiz
m [Lifschitz, 1981] The syelem was called MANF be
canse 11s firsl modal operator was termed an operator of
hnowledge Though 1t involved the same semantic 1nter-
pretation, the definition of a model was different ' Wilh-
out gowug into details here 1t ran be shown that these
wiodels are exactly L-expansions of BNF-consequence re
lations satialying the following additional rule

alb c|dIk A Aajh cld+ B
aly c|dI- B

In the context of MBNF, the rule means that provable
eonclusions should be believed In fact the rule reme
dies one of the puzzling features of MBNF namely that
propositions provable on the basie of sore set of belefs,
non-beliefs and negations by failure have, an turn, almost
no impact on our beliefs or on what could be negated by
fallure In this sense, MBNF 15 not a systemn of tntro
spective reasoning

(Cut}
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Another possible constraint that follows from the n-
formal interpretation of the first modal operator as an
operator of knowledge 18 the following condition saying,
in effect, thai knowledge imples truth

(Refleziuity ) Al jJIF A4

However adding this condition would make any BNF-
sequent equivalent to some | -sequent

Proposition 4 4 A BNF-consequence relation satisfies
{Cut) and {Refleravity) sf and only +f

alb ejdF4 = alb A cdiF L

At a result. MWNF would he reduaible to biconse-
quence relations

5 Default consequence relations

By Propositicn 2 2 the two components of an L maodel
are determmined 1n effect, by differeni wubsysterus of co
herent BNF consequence relations L-expansions are de-
terimined by sequents of the form {4 e|b IF L while
world components are deterrmined by scquents of the
form | alb Ik 4 In both cases we seck for conse
quences of negation as faillure aseignments bheliel propi-
sitrons that follow from such assigninents characterize
L-expansions, while objective consequences delermmine
world components of L-models Now, 1t turns out that
both kinds of sequents generale defanlt consequence re
latsons 1 the sense of [Bochman 1994)

Defauli consequence rtelations were defined 1
[Bochman, 1994) ar consequence relaiions jnvolving se-
quents of the form e b1F A Such sequents can be ween
as sperial cases of BNF-sequent> Note, however that
there 1s actuallv a number of possibilities for embedding
defpult sequents mmto BN F-sequents, and in this way dif
ferent default consequence relations can be obtained

A most interesting default consequence relation for our
present study can be defined as follows

a b4 = |4 ap+L

VWhen I )5 coherent, Lhis defaull consequence rela-
Lion salisfies all the properties of an autoepisternic cun
sequence relation as defined 1n [Bochman 1994] The
latter has been shown to be adequate for representing
autoepistemic logic ((Moore, 1985)) where Moore & sta-
ble expansions are representable as sets satisfying the
condition u = Cniu ¥ Such sets were termed ezpan
stons of the corresponding default consequence relaiion
Now, the following theorem shows that expansions of IF*
are exactly L-expansions of it

Theorem 51 If IF 1s a coherent BNF-ronsequence re-
lalton then F? 15 an aufoeprsiemic consequence relation
Moreover, consistent expanstons of F° comcerde with con-
sislent L-erprnsions of I

The theorem can be seen as a generalization of Theo-
rem 4 4 from [Lin and Shoham, 1992] gLVIDg a represen-
tation of autoepisternic logic 1In Gk

Another interesting default consequence relation arises
when we ireat BNF-sequents of the forma|A [bI+ L as
representing default sequents

a bIFm 4 = aglA |bIFl



Such an interpretation corresponds in fact, to that
used in [Lifschitz, 1994, Lin and Shoham, 1992] for rep-
resenting default logic If Il is strongly coheren F" is
what is called in [Bochman 1994] a reflexive default con-
sequence relation The latter has been shown to he ade-
quate for representing default logic [Reiter 1980], where
extensions correspond to sets satisfying the condition
u=Tn{d T Now we have
Theorem 52 /f IF is a

strongly  coherent  BNF

consequence  relation then \F" is a reflexive default con-
sequence relation Moreover  consistent extensions of |
coincide with L extensions of I+

1 he reader may notice an apparent discrepancy be
tween the above two representation results especially if
compared with the relevant results from [Lifschilz 1994
Lin and Shoham 1992] where extensions vvere actually
shown to correspond to L-expansions as well as with
the results from [Truszczynski 1991a 1991b] about im--
biddmg of default logic into modal nonmonotonic log-
ics where exensions were shown to correspond to S-
expansions1 This discrepancy reveals an important
though subtle general point about the correspondence
between existing nonmonotonic formalisms

The above mentioned results may. cricle an impres
sion of a broad equivalence between the relevant objects
from different nonmonotonic formalisms 1 his Impres-
sion can even be strengthened with lheorm 43 (1)above
that establishes a correspondence between L-expansions
in MBNF and S-expansions in modal nonmonotonic log-
ics as well as with the result from [Bochman 1991]
saving that S-expansions can becharacterizedd precisely
as extensions of modal default consequence relations
Still the impression is slightly misleading In fact as
far as only objective propositions are concerned there
are two kinds of nonmonotonic objects here One kind
includes | expansions of MBNF and objective kernels
of S-expansions of modal nonmonotonic logics The
other more specific, kind includes extensions of de-
fault logic objective subsets of ground S-expansions and
S-extensions (cf Theorem 4 3 above and [Bochman
1991]) The difference between these two kinds of ob-
jects can be easily demonstrated if we notice for exam
ple that an L-expansion can be a subset of anothtr L-
expansion, which is impossible e g for (L-)extensions

The following general result (cf also [Lifschitz and
Woo, 1992]) sh ows that the distinct ion is due to the pres-
ence of positive orrurences of not in MBNF-formulas

Theorem 5 3 Letilkg the least BNF consequence rela-
tion containing a set S of BNF-sequents of the form
alb | IF 4 Then any L.-expansion oflFg is an L
extension

This result implies in particular that Truszczynski's
translation of default theories generates only modal the-
ories all expansions of which are ground Such a trans-
lation is not reversible—objective subsets of expansions
are not representable, in general, as extensions of some
default theory

“Note that the translation used by Truszczynski is actually
a special case of the unimodal translation given above

Finally note that the following definition
s bIFFA = | albi-A

also determines, a default consequence relation This
consequence relation involves BNF-sequents that are re-
sponsible for world components of L-models in the sense
that, if u is an L expansion then (1,4} is an L-model if
and only if Cn"(u W} C :

Thus the main conclusion that can be made from the
above results is that default consequence relations arc
sufficiently expressive to capture the major nonmono-
tonic objects of MBNF In this sense MBNF is reducible
to the former

6 Conclusions

| his study can be seen as a contribution to a (future)
general theory of nonmonotonic reasoning (. orrespon-
dencies established between logic programming default
logic and various modal nonmonotonic logics including
those, stattd above strongly indicate that all these for-
malisms give rise to essentially the same nonmonotonic
constructions Moreover our results show that the rorre
spondence between ihese formalisms can be extended to
the h vcl of underlying reasoning systems and hence does
not depend on particular nonmonotonic objects chosen

Among other nonmonotonic systems, MBNF is clearlv
one of the most expressive formalisms: More ov<r as we
have seen, it is even loo powerful in lis expressive capa
bililies for the objects considered a& its intended models
However tilt list of piausiblf nonmonotonic objeets is
by no means closed and there are indications that this
framework or its fragments (such as bicousequence n-la
tion& introduced above), could be appropriate for inanv
of them However this is a subject for another studv
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