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A b s t r a c t 

A s i m p l i f i e d v e r s i o n o f t h e H u e c k e l ope­
r a t o r was w o r k e d o u t t o p r e s e r v e a l l t h e 
a d v a n t a g e s o f t h e o r i g i n a l one w i t h a 
r u n n i n g t i m e c o n s i d e r a b l y s h o r t e r . I t s 
c o n c e p t i s based o n t h e r e i n t e r p r e t a t i o n 
o f t h e H u e c k e l o p e r a t o r a s a t e m p l a t e 
m a t c h i n g method. T h i s r e i n t e r p r e t a t i o n 
r e n d e r s some t h e o r e t i c a l and c o m p u t a t i o n a l 
s i m p l i f i c a t i o n s p o s s i b l e . A s a r e s u l t , a n 
o p t i m a l edge-shaped t e m p l a t e i s c o n s t r u c t ­
e d b y l i n e a r c o m b i n a t i o n o f two s u i t a b l y 
chosen o r i g i n a l ones. The p a r a m e t e r s o f 
t h i s o p t i m a l t e m p l a t e c h a r a c t e r i z e t h e 
edge segment f o u n d i n a p i c t u r e a r e a . 

I n t r o d u c t i o n 

H u e c k e l ' s o p e r a t o r f o r edge d e t e c t i o n 
i n p i c t u r e s i s one o f t h e b e s t t o o l s w h i c h 
have been i n v e n t e d f o r t h i s k i n d o f t a s k s . 
I n v e r y n o i s y p i c t u r e s i t s h i g h e f f e c t i v e ­
ness can b e c o m p a r a b l e o n l y w i t h t h e g l o ­
b a l o p t i m i z a t i o n p r o c e d u r e s e . g . b y Mon-
t a n a r i and M a r t e l l i ( 8 ) , ( 9 ) , b u t w i t h o u t 
t h e i r drawbacks i n p r o c e s s i n g t i m e and me­
mory r e q u i r e m e n t . The H u e c k e l o p e r a t o r 
p r o c e s s e s a p i c t u r e b l o c k c o n t a i n i n g 5 2 
p o i n t s on PDP-10 i n 10 msec, e. g. i f i t 
scanned f o r example a 2,56 by 256 p o i n t 
p i c t u r e s o t h a t t h e b l o c k s o v e r l a p b y one 
t h i r d s o f each o t h e r , t h e p r o c e s s i n g t i m e 
w o u l d be a b o u t 40 seconds. Of c o u r s e , by 
means o f s o p h i s t i c a t e d e d g e - f o l l o w i n g me­
t h o d s t h i s t i m e can b e r e d u c e d s i g n i f i ­
c a n t l y , t h u s t h e a p p l i c a b i l i t y o f t h i s 
o p e r a t o r i s n o t beyond t h e p o s s i b i l i t i e s 
t o p r o c e s s a r e a l p i c t u r e . These 10 msec 
a r e , however, r a t h e r l a r g e t o l o o k f o r 
some m o d i f i c a t i o n s based o n i t s b a s i c i d e a 
t o speed u p t h e o p e r a t i o n , even b y p o s s i b l e 
s i m p l i f i c a t i o n s w h i c h p r e s e r v e t h e 
e x c e l l e n t p r o p e r t i e s o f t h e o r i g i n a l one. 

I n t h i s p a p e r w e p r e s e n t a method 
a i m i n g a t t h i s b y r e i n t e r p r e t i n g t h e 
p r i n c i p l e o f t h e H u e c k e l o p e r a t o r and 
g i v i n g a m o d i f i c a t i o n o f i t based o n o u r 
i n t e r p r e t a t i o n . 

H u e c k e l ' s method i n i t s o r i g i n a l 
f o r m 

The o r i g i n a l i n t e r p r e t a t i o n o f t h e 
H u e c k e l o p e r a t o r can be summarized as 
f o l l o w s : 
a/ We seek f o r a f u n c t i o n S on a D a r e a in 

t h e i n p u t p i c t u r e , w h i c h f u n c t i o n has a 
c o n s t a n t b v a l u e on one s i d e and 
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and o t h e r s ( 7 ) , ( 1 0 ) , ( 1 1 ) , (12) have 
w o r k e d o u t s e v e r a l v e r s i o n s o f t h i s method 
and I n v e s t i g a t e d them e m p i r i c a l l y . F o r 
example, p e r h a p s t h e s i m p l e s t t e m p l a t e s 
f o r t w o - d i m e n s i o n a l p i c t u r e s a r e t h o s e o f 
S h i r a i ( 1 7 ) s k e t c h e d i n F i g . 2 . The f i r s t 
o f them shows a maximum i f i t l i e s 
e x a c t l y on a v e r t i c a l and t h e second on a 
h o r i z o n t a l edge. For making t h e method 
l e s s n o i s e - s e n s i t i v e , one can t a k e i n t o 
a c c o u n t l a r g e r a r e a s , e. g. 5x5 or 8x8 
e t c . 

S i n c e H u b e l and W i e s e l ( 4 ) p o i n t e d 
o u t t h a t t h e v i s u a l i n f o r m a t i o n p r o c e s s i n g 
system i n mammals o p e r a t e s i n a way v e r y 
c l o s e t o t h i s method, a t l e a s t f o r t h e 
l o c a l edge and s p o t e x t r a c t i o n o n t h e r e ­
t i n a , t e m p l a t e m a t c h i n g has a c e r t a i n 
t h e o r e t i c a l s u p p o r t . M o r e o v e r , j u s t t h i s 
p h y s i o l o g i c a l a c h i e v e m e n t l e d D e u t s c h t o 
d e v e l o p h i s t e m p l a t e c a l l e d SLEN / S h o r t 
L i n e E x t r a c t o r Neuron ( 1 ) / used f o r nume­
r i c a l c h a r a c t e r r e c o g n i t i o n . For r e a l - t i m e 
p r o c e s s i n g o f r e a l p i c t u r e s , however, t h e s e 
methods d o n o t p r o d u c e s o e f f e c t i v e r e s u l t s 
a s o t h e r ones, b e i n g t h o u g h a d hoc w i t h o u t 
any t h e o r e t i c a l s u g g e s t i o n s . I n t h e c a s e 
o f edge d e t e c t i o n , i f t h e shape and o r i e n ­
t a t i o n o f t h e t e m p l a t e a r e f i x e d , t h e p r o ­
b a b i l i t y o f good m a t c h i n g i s l i t t l e b e ­
cause t h e o u t p u t v a l u e o f t h e c o n v o l u t i o n 
d e c r e a s e s v e r y s h a r p l y e i t h e r because o f 
t h e i n c r e a s e o f t h e a n g l e between t h e 
t e m p l a t e edge and t h e r e a l one o r t h e 
c u r v a t u r e d i f f e r e n c e o f them ( 2 ) . From 
t h i s two main s h o r t c o m i n g s f o l l o w . F i r s t , 
t h e s y s t e m w o u l d n o t f i n d c e r t a i n , un­
l u c k i l y o r i e n t e d edges even f r o m t h e l i n e -
shaped ones. T o surmount t h i s d i f f i c u l t y , 
Holdermann and K a z m i e r c z a k ( 3 ) have p r e ­
s e n t e d a method w i t h p a r a l l e l a p p l i c a t i o n 
o f s e v e r a l t e m p l a t e s t o t h e same p i c t u r e 
a r e a a r o u n d a p o i n t . They t o o k c a r e a l s o 
o f n o i s e e l i m i n a t i o n b y a v e r a g i n g , and 
t h e i r o u t p u t p i c t u r e a f t e r t h i s m u l t i p l e 
t e m p l a t e o p e r a t i o n l o o k e d q u i t e good i n 
q u a l i t y , b u t even t h e i r method c o u l d n o t 
a v o i d t h e f o l l o w i n g - second - d i f f i c u l t y : 
i n t h e case o f f i x e d t e m p l a t e s t h e l a r g e 
m a j o r i t y o f t h e r e q u i r e d computer ope­
r a t i o n s f a l l s i n t o t h e c a t e g o r y o f u n ­
s u c c e s s f u l t r i a l s and t h e w h o l e p r o c e s s i n g 
t i m e may b e t o o l o n g , e s p e c i a l l y i f t h e 
p i c t u r e i s n o t " a n g u l a r " enough. The main 
r e a s o n o f t h e s e s h o r t c o m i n g s i s o b v i o u s l y 
t h e r i g i d i t y o f t h e t e m p l a t e s a p p l i e d . I n 
c o n t r a s t t o e . g . Holdermann and 
K a z m i e r c z a k ' s e i g h t t e m p l a t e s , w e w o u l d 
need o n l y one o f them; b u t t h a t w o u l d b e 
t h e b e s t m a t c h i n g one. The q u e s t i o n i s how 
t o f i n d j u s t t h i s " o p t i m a l t e m p l a t e * , i . e , 
how t o s o l v e t h e o p p o s i t e p r o b l e m t o t h a t 
o f t e m p l a t e m a t c h i n g : f i t t i n g t h e t e m p l a t e 
t o a f i x e d p i c t u r e a r e a and n o t t h e p i c t u r e 
a r e a t o a/some f i x e d t e m p l a t e / s / . L e t D be 
t h i s a r e a o f t h e p i c t u r e , T t h e s e t o f a l l 
p o s s i b l e t e m p l a t e s , and t h e i n p u t 

t w o - d i m e n s i o n a l g r e y — l e v e l f u n c t i o n , t h e n 
we seek so t h a t 
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edge 

The p o s s i b i l i t y o f s i m p l i f y i n g t h e H u e c k e l 
o p e r a t o r 

I n H u e c k e l ' s i n t e r p r e t a t i o n t h e b a s i c 
aim, i . e . f i n d i n g a n edge, i s r e a c h e d b y 
f i t t i n g a t w o - d i m e n s i o n a l f u n c t i o n t o t h e 
i n p u t g r e y - l e v e l f u n c t i o n i n a p i c t u r e 
a r e a . C o n s e q u e n t l y , a r e l a t i v e l y l a r g e s e t 
o f b o t h t h e base f u n c t i o n s and edge p a r a ­
m e t e r s i s r e q u i r e d , because i t i s o b v i o u s 
t h a t no s a t i s f y i n g d e g r e e o f f i t t i n g c o u l d 
be a p p r o a c h e d by a r e m a r k a b l y s i m p l e r base 
f i e l d and p a r a m e t e r v e c t o r / c o n t a i n i n g e.g. 
two o r t h r e e f u n c t i o n s o r v a l u e s r e s ­
p e c t i v e l y / . I f w e a r e , however, c o n s i d e r i n g 
t h e method as a t e m p l a t e m a t c h i n g one, t h e 
f i t t i n g p r o b l e m becomes u n i m p o r t a n t and i t s 
r e q u i r e m e n t s c a n n o t b e t a k e n i n t o a c c o u n t . 

F i r s t , we may choose a t w o - d i m e n s i o n a l 
p a r a m e t e r v e c t o r /c,s/ i n s t e a d o f 
/ c , s , r , b , d / a s t h e g r e y v a l u e s o f t h e two 
s i d e s o f t h e s t e p f u n c t i o n a r e i r r e l e v a n t , 
and t h e e x a c t l o c a t i o n o f t h e edge i n s i d e 
t h e D a r e a can be computed in a v e r y s i m p l e 
way once w e have d e t e r m i n e d t h e edge d i ­
r e c t i o n . The d i r e c t i o n i s c h a r a c t e r i z e d 
o n l y b y c and s , a s i n t h e e q u a t i o n o f t h e 

ex + sy = r 
c and s a r e j u s t t h e d i r e c t i o n c o s i n e s t o 
t h e + x a x i s . 

Second, i f w e need o n l y t h e edge d i ­
r e c t i o n , w e may work w i t h o n l y two o f 
H u e c k e l ' s o r i g i n a l t e m p l a t e s H . ,.H7, b e ­
cause i t seems w e l l even i n t u i t i v e l y /we 
w i l l p r o v e i t l a t e r , o f c o u r s e / t h a t b y 
t h e l i n e a r c o m b i n a t i o n of H 2 and H- t h e 

d i r e c t i o n o f t h e o p t i m a l t e m p l a t e can b e 
d e t e r m i n e d . B y t h e d i r e c t i o n o f a t e m p l a t e 
we mean t h e d i r e c t i o n o f t h e O - c r o s s i n g 
of a H 2 or H 3 t y p e f u n c t i o n . 

T h i r d , i f w e d o n o t t a k e c a r e o f t h e 
m a t h e m a t i c a l c o n d i t i o n s o f t h e F o u r i e r 
f u n c t i o n f i t t i n g i n a H i l b e r t space - as 
t h e s e c o n d i t i o n s d e t e r m i n e d t h e c h o o s i n g 
of H ...H7 in H u e c k e l ' s work / C h a p t e r 2/ -
t h e 8 n l y c r i t e r i o n i n c h o o s i n g o u r two 
t e m p l a t e s can b e t h e speed o f c o m p u t a t i o n 
w h i c h i s v e r y c r u c i a l i n r e a l a p p l i c a t i o n s . 
Thus we can use b o t h c o n s t a n t - v a l u e d 
t e m p l a t e f u n c t i o n s and a more c o n v e n i e n t 
shape f o r t h e D p i c t u r e a r e a . The c o n ­
v e n i e n c e o f t h i s shape means a l s o t h e 
speed of c o m p u t i n g c and s or any o t h e r 
q u a n t i t i e s c h a r a c t e r i z i n g t h e d i r e c t i o n . 

The method we have g o t to by t h e 
above c o n s i d e r a t i o n s w i l l be s e t f o r t h i n 
t h e f o l l o w i n g s e c t i o n . I t i s e s s e n t i a l l y 
s i m p l e r and f a s t e r t h a n t h a t o f H u e c k e l , 
b u t as w i l l be ssen f r o m t h e examples p r e ­
s e n t e d l a t e r , i t p r e s e r v e s a l l o f i t s a d ­
v a n t a g e s i n c o m p a r i s o n t o o t h e r methods. 
The c o m p u t a t i o n c o n s i s t s o f two s t e p s . The 
f i r s t one i s t h e d e t e r m i n a t i o n o f t h e edge 
d i r e c t i o n b y c o n s t r u c t i n g a n o p t i m a l 
t e m p l a t e f r o m two b e g i n n e r ones b y l i n e a r 
c o m b i n a t i o n . J u s t l i k e i n H u e c k e l ' s m e t h o d , 
a v a s t p a r t o f t h e e x t r e m i z a t l o n p r o b l e m 
i s s o l v e d a n a l y t i c a l l y and t h e number o f 
t h e r e q u i r e d a r i t h m e t i c a l o p e r a t i o n s i s 
s m a l l . The second s t e p i s t h e d e t e r m i n a t i o n 
o f t h e e x a c t l o c a t i o n o f t h e edge i n D b y 
i t s two b o r d e r p o i n t s . I t i s s o l v e d b y some 
s i m p l e l o g i c a l r u l e s and p o i n t r e f l e c t i o n s . 

D e s c r i p t i o n o f o u r edge d e t e c t i o n o p e r a t o r 

The c o r e o f t h e method i s based upon 
t h e f o l l o w i n g e l e m e n t a r y t h e o r e m : 

Theorem: L e t D d e n o t e t h e u n i t s q u a r e , f . 

b e t h e f u n c t i o n b e i n g + 1 above t h e sub-
d i a g o n a l o f D , and - 1 b e l o w i t , f 2 b e t h e 

f u n c t i o n b e i n g + 1 above t h e p r i n c i p i a l 
d i a g o n a l o f D and - 1 b e l o w i t , / s e e F i g . 3 , 
a, b/ and l e t f be a f u n c t i o n b e i n g b+d 
above a l i n e e i n D , and b b e l o w t h i s l i n e . 
/See F i g . 3 , c o r d/. Then i f a d e n o t e s 
t h e a n g l e between t h e s u b d i a g o n a l o f D and 
e , t h e f o l l o w i n g e q u a t i o n w i l l h o l d : 

652 



The p r o o f of t h e t h e o r e m will be p r e ­
s e n t e d i n A p p e n d i x B . The odd t h i n g a b o u t 
t h e t h e o r e m i s t h a t t h e e x p r e s s i o n a t t h e 
l e f t s i d e does n o t depend e i t h e r on b and 
d o r o n t h e r e a l p l a c e o f t h e l i n e b u t i t s 
a n g l e . 

By t h i s t h e o r e m we a r e g i v e n a v e r y 
p l e a s a n t t o o l t o d e t e r m i n e a n edge i n a 
l i t t l e p a r t o f t h e p i c t u r e . The two i n ­
t e g r a l s can b e v e r y easy and f a s t computed, 
and because o f t h e i n t e g r a t i o n s t h i s 
method i s o f v e r y l o w s e n s i t i v i t y f o r 
n o i s e s . / L a t e r w e s h a l l e l a b o r a t e f u r t h e r 
c o n s i d e r a t i o n s a b o u t t h i s . / 

In o u r work, we have chosen D to be a 
s q u a r e c o n s i s t i n g o f 8x8 p i c t u r e p o i n t s . 
H a v i n g supposed t h a t t h e r e was a s t r a i g h t 
edge i n t h e p i c t u r e a t D , b y u s i n g t h e 
above m e n t i o n e d t h e o r e m we c o u l d d e t e r m i n e 
i t s p l a c e , i . e . i t s two e n d p o i n t s i n D . 

T o b e g i n w i t h w e t r a n s f o r m t h e v a l u e 
o f t h e t a n g e n t t o a more t r e a t a b l e f o r m . 
We d e t e r m i n e f r o m t h e v a l u e of tg a how 
many p i c t u r e p o i n t s a r e t h e d i f f e r e n c e 
between t h e r i g h t and t h e l e f t end o f a 
l i n e i n D , t h e a n g l e o f w h i c h w i t h t h e 
subdiagona.1 i s a . / I t i s enough t o d e a l 
w i t h l i n e s l y i n g i n t h e q u a r t e r o f t h e 
p l a n e shown o n F i g . 4 , because i f t h e 
edge l i e s i n t h e o t h e r q u a r t e r , t h e n b y 
c o u n t i n g w i t h j t g a|, a f t e r t h e w h o l e 
p r o c e s s a r e f l e c t i o n o f t h e edge t o t h e 
p r i n c i p i a l d i a g o n a l o f D - i . e . i t s end-
p o i n t s - g i v e s t h e r e a l edge./ 

E v e r y t h i n g s t a t e d u n t i l now i s v a l i d 
b o t h f o r p i c t u r e s w i t h two and f o r t h o s e 
o f more g r e y l e v e l s . Now w e s h a l l show t h e 
d e t e r m i n i n g p r o c e s s o f t h e r e a l edge a t 
f i r s t o n l y f o r p i c t u r e s w i t h 2 g r e y l e v e l s 
and a f t e r t h a t w e s h a l l show how t o ge­
n e r a l i z e t h a t i d e a f o r p i c t u r e s w i t h more 
g r e y l e v e l s . 

I n t h e case w i t h 2 g r e y l e v e l s t h e 
sum of t h e 1's in D d i v i d e d by 8 shows, 
r o u g h l y s p o k e n , u p t o what a h e i g h t D i s 
f i l l e d w i t h ones. T h i s means e. g. t h a t i f 
t h e edge were h o r i z o n t a l , t h e n t h e edge 
c o u l d b e e i t h e r t h e h o r i z o n t a l l i n e a t 
t h a t h e i g h t , o r t h a t r e f l e c t e d t o t h e 
c e n t r e o f D / f o r D c o u l d b e f i l l e d w i t h 
ones f r o m i t s b o t t o m o r f r o m i t s t o p / . B u t 
even i f t h e edge were n o t h o r i z o n t a l , w e 
c o u l d know what was t h e d i f f e r e n c e between 
i t s l e f t and r i g h t e n d p o i n t s ' h e i g h t , s o 
w e c o u l d d e t e r m i n e t h e edge. I f b o t h t h e 
l e f t and t h e r i g h t e n d p o i n t s o f t h i s edge 
were i n s i d e o f D t h e n w e had o n l y t o de­
t e r m i n e w h e t h e r t h i s was t h e r e a l edge o r 
we had s t i l l t o r e f l e c t i t t o t h e c e n t r e 
o f D. 

I f one o f t h e e n d p o i n t s o f t h e above 
o b t a i n e d edge were n o t i n D , i t c o u l d b e 
o n l y b y 1 , 2 , o r 3 p o i n t s s t i c k i n g o u t o f 
D, because now a l r e a d y t h e edge we a r e 
w o r k i n g w i t h l i e s i n t h e p l a n e q u a r t e r 
shown o n F i g . 4 . But i n t h e s e cases i t I s 
a l r e a d y v e r y easy t o d e t e r m i n e t h e r e a l 
edge. 

For p i c t u r e s w i t h more g r e y l e v e l s w e 
c o u l d use t h e same method if we knew b and 
d , because t h e n t h e number o f t h e p o i n t s 
w i t h g r e a t e r g r e y l e v e l c o u l d b e a p p r o x i ­
mated b y t h e f o l l o w i n g e x p r e s s i o n : 

r e s p . b+d. A f t e r t h i s t h e above d e s c r i b e d 
method o f f i n d i n g t h e edge can b e f o l l o w e d 
i n t h e case w i t h more g r e y l e v e l s a s w e l l . 

B y t h i s method w e have a l r e a d y f o u n d 
e i t h e r t h e r e a l edge i n f o r t h e same 
r e f l e c t e d t o t h e c e n t r e o f D . /See F i g . 6 / 
T o d e t e r m i n e w h i c h o f them i s t h e r e a l 
edge, t h e f o l l o w i n g t a b l e shows a method 
p r o v i d e d t h a t u p t o t h i s t i m e w e have 
supposed i n t h e s t e p s t h a t D was f i l l e d by 
t h e ones / r e s p . b y b+d's/ f r o m i t s t o p . The 
case A means t h a t we have f o u n d t h e r e a l 
edge w h i l e B means t h a t s t i l l we have t o 
r e f l e c t o u r edge t o t h e c e n t r e o f D . 

T h i s method was i m p l e m e n t e d by a p r o g r a m 
o n t h e assembly l a n g u a g e o f a 1 6 b i t 
microprogrammed m i n i c o m p u t e r o f 550 p r o g r a m 
i n s t r u c t i o n s w i t h o u t any c y c l e s . I f t h e r e 
i s a n edge i n D i t needs 250-400 machine 
o p e r a t i o n s , i . e . a b o u t 500-800 usees. N o 
f l o a t i n g p o i n t a r i t h m e t i c s a r e needed. 

About t h e r e l i a b i l i t y o f t h e method 
r o u g h u n . d e r - e s t i m . a t i o n s show t h a t s u p p o s i n g 
a n o i s e w i t h a b i n o m i a l d i s t r i b u t i o n w i t h 
a mean v a l u e o f 5 e r r o r p o i n t s i n a 8x8 
s q u a r e , t h e p r o b a b i l i t y o f t h e d i f f e r e n c e 
between t h e edge d e t e r m i n e d b y t h i s method 
and t h e r e a l edge b e i n g n o t g r e a t e r t h a n 1 
p o i n t anywhere, i s o v e r 9 5 % . 

F i n a l l y w e p r e s e n t t h r e e examples f o r 
t h e w o r k i n g o f t h e method. Example 1 i s t h e 
example shown i n H u e c k e l ' s a r t i c l e ( 5 ) 

653 





g r a p h i c S c i e n c e and E n g i n e e r i n g , 8, pp. 
329-335 /1964/ 

Holdermann, F.; K a z m i e r c z a k , H.: P r e ­
p r o c e s s i n g o f g r e y - s c a l e p i c t u r e s . 
Computer G r a p h i c s and Image P r o c e s s i n g , 
1, pp. 66-80 119121 

H u b e l , D.H.; W i e s e l , T.N.: R e c e p t i v e 
f i e l d s , b i n o c u l a r i n t e r a c t i o n , and 
f u n c t i o n a l a r c h i t e c t u r e o f t h e c a t ' s 
v i s u a l c o r t e x . J . P h y s i o l . , 160, pp. 
106-154 /1962/ 

H u e c k e l , M.H.: An o p e r a t o r w h i c h 
l o c a t e s edges i n d i g i t i z e d p i c t u r e s . 
J o u r n a l of ACM, 18, pp. 113-125 /1971/ 

H u e c k e l , M.H.: A l o c a l v i s u a l o p e r a t o r 
w h i c h r e c o g n i z e d edges and l i n e s . 
J o u r n a l of ACM, 20, pp. 634-647 /1973/ 

L e v i n e , M.D.: F e a t u r e e x t r a c t i o n : a 
s u r v e a y . P r o c . IEEE, 57 , pp. 1 3 9 1 -
1407 /1969/ 

M a r t e l l i , A: Edge d e t e c t i o n u s i n g 
h e u r i s t i c s e a r c h methods. Computer 
G r a p h i c s and Image P r o c e s s i n g , 1., pp. 
169-182 /1972/ 

M o n t a n a r i , U.: On t h e o p t i m a l de­
t e c t i o n o f c u r v e s i n n o i s y p i c t u r e s . 
Comm. ACM, 14 pp. 335-345 /1971/ 

McLeod, I.D.G.: Comments on " T e c h n i q u e s 
f o r edge d e t e c t i o n " . P r o c . IEEE, 60, 
pp. 1344 /1972*/ 
N a d l e r , M.: An a n a l o g - d i g i t a l c h a r a c t e r 
r e c o g n i t i o n s y s t e m . IEEE T r a n s , o n 
E l e c t r o n i c Computers, EC-12, pp. 814-
821 /1963/ 

N i l s s o n , N.J.: A d a p t i v e p a t t e r n r e ­
c o g n i t i o n : a s u r v e y . 1966 B i o n i c s 
Symp., D a y t o n , 1966 

R o s e n f e l d , A.: P i c t u r e p r o c e s s i n g b y 
c o m p u t e r . T e c h n i c a l r e p o r t 6 8 - 7 1 , U n i v . 
o f M a r y l a n d , Computer S c i e n c e C e n t r e , 
C o l l e g e P a r k , M a r y l a n d /1968/ 

R o s e n f e l d , A.: A n o n l i n e a r edge de­
t e c t i o n t e c h n i q u e . P r o c . IEEE, 58, pp. 
814-816 /X970/ 

R o s e n f e l d , A.; T h u r s t o n , M. : Edge and 
c u r v e d e t e c t i o n f o r v i s u a l scene ana­
l y s i s . IEEE T r a n s , on Computers, C-20, 
pp. 562-569 /1971/ 

R o s e n f e l d , A.; T h u r s t o n , M.; Lee, Y.: 
Edge and c u r v e d e t e c t i o n : f u r t h e r 
e x p e r i m e n t s , IEEE T r a n s , on Computers, 
C-21, pp. 677-715 /1972/ 

S h i r a i , Y.: A s t e p t o w a r d c o n t e x t - s e n ­
s i t i v e r e c o g n i t i o n o f i r r e g u l a r 
o b j e c t s . Computer G r a p h i c s and Image 
P r o c e s s i n g , £, pp. 29 8-307 /197 3/ 

655 

( 3 ) 

( 4 ) 

( 5 ) 

( 6 ) 

( 7 ) 

( 8 ) 

( 9 ) 

(10) 

(11) 

(12) 

(13) 

(14 ) 

(15) 

(16) 

(17) 



The analysis and representation of complex l i n e 
drawings is t r e a t e d and applied. A method f o r 
r a t i n g the complexity of drawings is developed and 
compared w i t h the d i f f i c u l t i e s o f human subjects 
in memorizing them. The problem of i s o l a t i n g and 
recognizing these memorized figures embedded in 
more extensive patterns is then i n v e s t i g a t e d . D i f ­
f e r i n g types o f embedment are defined by t h e i r 
e f f e c t on the o r i g i n a l components of the memorized 
f i g u r e s . Degrees of embedment are calculated f o r 
each memorized f i g u r e and compared w i t h experi­
mental r e s u l t s . Predictions are made f o r human 
d i f f i c u l t i e s in recognizing a simple f i g u r e under 
various conditions of embedment. 

I n t r o d u c t i o n 

The r e c o g n i t i o n of a f a m i l i a r f i g u r e embedded 
i n a more extensive pattern i s not only an i n t e r ­
e s t i n g perceptual task, but more nearly recreates 
the conditions under which most human perception 
i s accomplished. Thus, a c r i t i c a l t e s t o f any 
d e s c r i p t i v e framework that hopes to simulate human 
performance i s i t s a b i l i t y t o i s o l a t e and recog­
nize figures embedded in a scene. For f i g u r e s 
embedded in a complex drawing, i s o l a t i o n of the 
f i g u r e must precede i d e n t i f i c a t i o n . I s o l a t i n g 
embedded figures varies i n d i f f i c u l t y , f o r both 
human and automated systems, depending on the 
extent to which the f a m i l i a r f i g u r e has been i n ­
corporated i n t o the drawing. If the component 
parts o f the f a m i l i a r f i g u r e survive i n t a c t , i s o l a ­
t i o n of the f i g u r e is s t r a i g h t f o r w a r d . This is a 
simple elaboration of the f i g u r e without a change 
i n i t s s t r u c t u r e . When the components of the 
f a m i l i a r f i g u r e are merged, wholly or in p a r t , 
i n t o new components i s o l a t i o n becomes more d i f f i ­
c u l t , sometimes v i r t u a l l y impossible. 

This paper attempts to employ the methodologies 
of the Pattern Perception System, PPS, to recog­
nize f a m i l i a r f i g u r e s embedded in more complex 
l i n e patterns. The PPS representations are used 
in an attempt to measure the r e l a t i v e complexity 
of patterns as i n d i c a t e d by the d i f f i c u l t i e s of 
human observers i n memorizing t h e i r s t ructures and 
to predict the observer's a b i l i t y to recognize a 
f a m i l i a r f i g u r e embedded in an unknown one. A 
more intensive i n t r o d u c t i o n to PPS is a v a i l a b l e in 
references (1) and ( 2 ) . 

Analysis of a drawing 

PPS analyzes l i n e drawings i n t o t h e i r c o n s t i t u ­
ent components or s t r u c t u r a l u n i t s . The analysis 
is not unique, but may be accomplished in several 

ways r e s u l t i n g in a d i f f e r e n t set of components. 
These components are intended to correspond to 
the way in which an observer might copy a drawing 
on paper in steps during which contact between 
paper and p e n c i l is maintained f o r each component, 
with no backtracking or r e t r a c i n g . Of course, one 
must question whether the r e s u l t i n g components 
make possible a d e s c r i p t i v e s t r u c t u r e that allows 
e f f i c i e n t processing of descriptions and corre­
sponds w i t h human s t r u c t u r i n g i n f e r r e d from psycho­
l o g i c a l experiments. The s p e c i f i c psychological 
evidence t h a t served as the m o t i v a t i n g influence 
on the design of PPS is t r e a t e d in ( 3 ) . The pre­
sent paper investigates the s u i t a b i l i t y of the 
d e s c r i p t i v e s t r u c t u r e f o r i d e n t i f y i n g embedded 
f i g u r e s . 

The input to PPS is a d i g i t i z e d array of 1 and 
0 elements obtained from a l i n e drawing by a modi­
f i e d form of the g r i d i n t e r s e c t i o n method ( 4 ) . 
The trace algorithm proceeds from element to e l e ­
ment recording i t s path as a series of bearings 
and applies j u n c t i o n h e u r i s t i c s when a l t e r n a t i v e 
paths are present. Components are open or closed 
l i n e s t h a t together comprise the drawing and whose 
i n t e r r e l a t i o n s h i p s form the basis f o r the repre­
sentation and i d e n t i f i c a t i o n of the drawing. A 
j u n c t i o n occurs at any point where a choice is 
available to the trace algorithm, usually at the 
j o i n i n g or i n t e r s e c t i o n of two or more components. 
A free end is the termination point of a component 
where no j u n c t i o n is present. The types of junc­
t i o n s considered in PPS are the T, K, Y and X 
j u n c t i o n s . The drawing of Figure 1 has been seg­
mented i n t o f i v e components A, B, C, D and E. A 
is a q u a d r i l a t e r a l inscribed in the q u a d r i l a t e r a l 
B and together making the four K-junctions 1-4. 
The component C makes two T-junctions (5 and 6) 
w i t h B, and C terminates at both. D and E make 
T-junctions (7-8) w i t h C and terminate at the f r e e 
ends 9 and 10. 

Two main objectives commonly influence the 
decisions taken by the trace algorithm at junc­
t i o n s — c o n t i n u i t y and closure. Continuity uses 
the various bearings a v a i l a b l e at the j u n c t i o n in 
deciding which components continue and in what 
d i r e c t i o n and which terminate. This decision is 
based on minimization of bearing change between 
entering and leaving the j u n c t i o n of one or more 
of the components. On such a basis the decision 
at the various types of junctions are e a s i l y 
resolved as shown in Figure 5. In separating the 
i n t e r s e c t i n g squares i n t o two components the 

c o n t i n u i t y c r i t e r i o n would be used, 
but f o r the squares touching at the 
corners c o n t i n u i t y would y i e l d one 
sel f - i n t e r s e c t i n g component. To 
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This strategy is termed closure because it seeks 
to close the component being traced without regard 
f o r bearing changes. 

A p o t e n t i a l f a c t o r that may occur in the seg­
mentation of a drawing is the outer boundary, 
which is a closed l i n e t h a t bounds the e n t i r e 
drawing. Human subjects frequently select the 
outer boundary as a component ( 5 ) , when one is 
present, especially i f i t also s a t i s f i e s the con­
tinuous c r i t e r i o n at junctions or is i t s e l f a 
f a m i l i a r shape such as a square or c i r c l e . These 
various p o s s i b i l i t i e s are i l l u s t r a t e d i n the 
analyses of the drawing in Figure 2. 

Figure 2. Decomposition of a f i g u r e by various 
t r a c i n g s t r a t e g i e s . 

Closure produces four t r i a n g l e s in (a) w i t h 
large changes in bearing at the K-junctions. A 
v a r i a n t of closure that produces closed shapes 
bounding every elemental area is known as the 
elemental area trace (b) and is simply the outer 
boundary trace w i t h a changed c r i t e r i o n of choice 
at the j u n c t i o n s . It involves the r e t r a c i n g of 
some l i n e s and corresponds t o o u t l i n i n g every 
piece of a puzzle. The outer boundary trace pro­
duces a square inscribed w i t h i n another in ( c ) , 
while c o n t i n u i t y w i l l give e i t h e r (c) or (d) since 
the t o t a l bearing change at the K-junctions is the 
same i n both. Since the r e s u l t i n g components of 
(c) are more f a m i l i a r or "simpler" figures than 
those o f ( d ) , i t i s the more l i k e l y analysis. The 
possible s t r a t e g i e s at the various j u n c t i o n types 
are i l l u s t r a t e d in Figure 3. 

form the s t r u c t u r a l d e s c r i p t i o n . The components 
i s o l a t e d by PPS may be likened to the u n i t s used 
by human subjects when reproducing a p a t t e r n . Each 
stage in the reproduction corresponds to an addi­
t i o n a l component. The most p r i m i t i v e l e v e l of 
analysis is the constituent features of each com­
ponent, i . e . , s t r a i g h t l i n e s and segments of vary­
ing curvature. The patterns of Figure 4 are f i r s t 
segmented i n t o components and these are then sub­
divided i n t o features. Each component can be 
represented generally by a feature code, which is 
merely the product of prime numbers that have been 
assigned to each p r i m i t i v e feature and other pro­
p e r t i e s as f o l l o w s . 

A square and a t r i a n g l e would both have a feature 
code represented by 2 x 3 x 17 = 102 i n d i c a t i n g 
that both are closed, contain s t r a i g h t l i n e s and 
angles, but gives no information on the number of 
the respective features, t h e i r size or the sequence 
of t h e i r occurrence — thus, equivalent codes f o r 
the square and t r i a n g l e . However, t h i s code is 
q u i t e s u f f i c i e n t t o d i f f e r e n t i a t e the f o l l o w i n g 
component from e i t h e r of the above and to i n d i c a t e 
the sole non-shared feature among them is the pre­
sence of a convex curve feature, since 714/102 = 7. 
Then, to t e s t any component f o r the presence of a 
feature or property l i s t e d above simply d i v i d e the 
code by the primary number 

corresponding to the feature and a zero residue 
indicates a p o s i t i v e r e s u l t . The p a r t i c u l a r format 
employed is a product of the APL environment in 
which PPS is presently implemented, but the p h i l o s ­
ophy of having a dual l e v e l of d e s c r i p t i o n where 
the i n i t i a l l e v e l reduces considerably the search 
space f o r the more exact d e s c r i p t i o n is a basic 
consideration of PPS, 
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S t r u c t u r a l d e s c r i p t i o n of a drawing 

Components r e s u l t i n g from the analysis are 
grouped i n t o a hierarchy t h a t represents the mean­
i n g f u l s t r u c t u r a l i n t e r r e l a t i o n s h i p s among the 
components. This s t r u c t u r e is f l e x i b l e enough to 
allow a d d i t i o n a l components to be added or o l d 
ones removed and can represent a single f i g u r e or 
m u l t i p l e f i g u r e s comprising a scene. It also 
allows e f f i c i e n t processing o f descriptions i n 
such operations as matching patterns f o r corre­
spondence. The construction of the d e s c r i p t i o n is 
treated i n t h i s section. 

H i erarchical structures are composed of m u l t i p l e 
l e v e l s each occupied by one or more components. 
Each component is designated by a h i e r a r c h i c a l 
label (X Y), i n d i c a t i n g the Yth component on the 
Xth h i e r a r c h i c a l l e v e l . The components are 
grouped about the f i r s t l e v e l o f the hierarchy 
and are assigned levels on the basis of t h e i r 
r e l a t i o n s h i p t o i t . When the f i r s t l e v e l i s 
occupied by one component it is r e f e r r e d to as the 
reference component or w i t h m u l t i p l e components, 
as the reference group. The s i m p l i c i t y c r i t e r i o n 
is introduced as an i n i t i a l guide in choosing a 
reference. The c r i t e r i o n chooses as reference the 
component that when a c t i n g as reference r e s u l t s in 
the lowest average h i e r a r c h i c a l l e v e l f o r the 
s t r u c t u r a l d e s c r i p t i o n . A drawing is analyzed 
i n t o components A, B, C, D, E, F, and G. Figure 5 
indicates two possible h i e r a r c h i e s . When struc­
tured w i t h A as reference it has an average h i e r ­
archical l e v e l of 17/7, while the s t r u c t u r e w i t h C 
as reference has 18/7. The s i m p l i c i t y c r i t e r i o n 
indicates component A as the reference. Although 
often c o i n c i d i n g w i t h human judgement, i t i s only 

a guide that is often modified by f a c t o r s such as 
the r e l a t i v e sizes and the shapes of the various 
components. Of course, one s t r u c t u r e can be trans­
lated i n t o other possible v a r i a n t s i f need be. I f 
structures are to be compared and c l a s s i f i e d , a 
consistent method of representation is necessary. 
Elaborations of a known pattern should not change 
the basic s t r u c t u r e , nor should minor d i s t o r t i o n s , 
t r a n s l a t i o n s or r o t a t i o n s . These goals are accom­
plished in PPS. The drawing of Figure 6 i l l u s ­
t r a t e s the occurrence of a reference group, in 
t h i s case the components A, B and C. They cannot 
be d i f f e r e n t i a t e d by the s i m p l i c i t y c r i t e r i o n and 
are symmetrically r e l a t e d one to the other. 

The component or components acting as reference 
are assigned h i e r a r c h i c a l l e v e l one. Components 
sharing a j u n c t i o n with l e v e l one components are 
assigned h i e r a r c h i c a l l e v e l two and, in general, 
components are assigned a l e v e l greater by one 
than the lowest l e v e l component w i t h which they 
share a j u n c t i o n . This is i l l u s t r a t e d in the draw 
ing of Figure 7 which is analyzed i n t o components 

Component A is the reference and a l l components 
sharing a j u n c t i o n with i t are l e v e l two, com­
ponent F is on l e v e l three. 

The s t r u c t u r a l r e l a t i o n s between components are 
then characterized. The basic r e l a t i o n is between 
a p a i r of components that share a j u n c t i o n . The 
components are r e f e r r e d to as a j u n c t i o n component 
p a i r of form (k Z) (m n ) , where k and m are h i e r ­
a r c h i c a l l e v e l s . Indices of the two components 
are given by I and n. The reference forms a junc­
t i o n component p a i r w i t h each second l e v e l com­
ponent in t u r n . Pairs may also be formed between 
components on the same h i e r a r c h i c a l l e v e l . The 
r e l a t i o n between components i n d i c a t e s the type of 
j u n c t i o n and the r e l a t i v e r e l a t i o n s h i p of the 
second member o f the p a i r t o the f i r s t o r, a l t e r ­
n a t i v e l y , of the r e f e r e n t to the referee. The 
j u n c t i o n code factors which represent these r e l a ­
t i o n s are 
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twelve complex f i g u r e s and the ranking assigned 
t o each embedment by the PPS c l a s s i f i c a t i o n . The 
c l a s s i f i c a t i o n indicates the r e l a t i v e d i f f i c u l t i e s 
q u i t e well except f o r the complex f i g u r e POQ, 
which contains the simple f i g u r e KEZ. Again the 
f a m i l i a r subgroups of t h i s f i g u r e have resulted 
in a d e v i a t i o n from the c l a s s i f i c a t i o n assuming 
nonsense f i g u r e s . 

The general a p p l i c a b i l i t y of these c l a s s i f i c a ­
ti o n s to the human task should be r e a d i l y apparent 
It is assumed embedment of type (c) is most effec­
t i v e and (a) is r e l a t i v e l y i n e f f e c t i v e . This 
method is applied to f u r t h e r r e s u l t s of Djang to 
t e s t i t s v a l i d i t y . The twelve complex figures 
shown in Figure 13 were presented to observers who 

I f applied t o "clean" l i n e drawings, rather 
than to the r a t h e r fuzzy dot patterns of Djang, 
the r a t i n g s should be more r e l i a b l e . Figure 14 
contains four f i g u r e s w i t h an embedded "E". It 
also shows the PPS c o n t i n u i t y components and 
rates the patterns according to assumed d i f f i c u l t y 
in i s o l a t i n g the "E". For a d i f f e r e n t approach 
to these p a t t e r n s , see [ 6 ] . The ranking c e r t a i n l y 
seems to correspond t o human d i f f i c u l t i e s i n t h i s 
case. 

The type of matching i l l u s t r a t e d in Figure 10 

memorized t h e i r s t r u c t u r e . Each contains one of 
the formerly memorized simple f i g u r e s of Figure 11 
embedded w i t h i n i t . The occurrence of the simple 
f i g u r e s as s t r u c t u r a l u n i t s in the reconstruction 
of the complex f i g u r e s by the observers was noted 
and varied widely from f i g u r e to f i g u r e . These 
r e s u l t s prompted Djang to conclude that "... past 
experience plays an important r o l e in our v i s u a l 
organization". The evidence indicated that the 
d i f f i c u l t y o f recognizing embedded fi g u r e s was 
r e l a t e d to complexity of both the masked-figure 
and the f i g u r e containing i t , although the r e l a ­
t i o n was not e x p l i c i t enough to i n t e r p r e t the 
r e s u l t s of the experiment or p r e d i c t the r e s u l t s 
of f u r t h e r experiments. Djang understood that the 
r e s u l t s depended on the "... r e l a t i v e ease of d i s ­
solving the d i f f e r e n t t e s t - f i g u r e s i n t o the simple-
f i g u r e s and the parts making up the camouflage". 
Table I I indicates the a b i l i t y o f observers t o 
recognize the embedded f i g u r e in each of the 

and defined in the previous section cannot be 
applied without m o d i f i c a t i o n when a f i g u r e is 
embedded by types (b) and (c) where some or a l l 
of the o r i g i n a l components may have been incor­
porated i n t o new components. At t h i s point PPS, 
l i k e the human observer, adopts a search heuris­
t i c in which the complex p a t t e r n is taken apart 
and reconstructed in a v a r i e t y of ways. PPS 
t r i e s the various trace s t r a t e g i e s , y i e l d i n g 
d i f f e r i n g component sets, and attempts to spot 
a l i k e l y reference component from which t o 
construct the embedded f i g u r e . 
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Condition (a) requires e q u a l i t y of feature codes 
between corresponding rows of the d e s c r i p t i o n s , 
while c o n d i t i o n (b) requires equivalence in l i n k ­
age f i e l d s between levels l-\ and Z. Condition 
(c) is the j u n c t i o n equivalence f o r the two types 
of row elements. For t o p o l o g i c a l equivalence con­
d i t i o n (a) is relaxed to the presence of feature 
f a c t o r s 2 and 13. For i d e n t i t y the hash coded 
features must be compared in each component f o r 
type, number, order and size. Clearly the lesser 
degrees of correspondence are least subject to 
transformation. Topologically equivalent descrip­
t i o n s may be r o t a t e d , stretched, bent, etc. and 
remain t o p o l o g i c a l l y equivalent as long as the 
junctions remain undisturbed. Figure 12 i l l u s ­
t r a t e s three types of correspondence that may occur 
between f i g u r e s . 

The above matching algorithm is used as the 
basis of scene analysis and the i s o l a t i o n of 
embedded f i g u r e s of type (a) as defined in the 
next section. The algorithm can be i l l u s t r a t e d by 
reference to the matching components in the two 
descriptions of Fig. 10. Let the d e s c r i p t i o n of 
the p a t t e r n of Fig. 8 be 0_ and t h a t of Fig. 10 be 
D', then f o r I - 2, 

Embedded f i g u r e s — t h e i r i s o l a t i o n and r e c o g n i t i o n 

The d e s c r i p t i o n £ of a l i n e drawing may be com­
posed of one or more separable f i g u r e s . A des­
c r i p t i o n containing m u l t i p l e f i g u r e s i s r e f e r r e d 
to as a scene. The i d e n t i f i c a t i o n of the con­
s t i t u e n t f i g u r e s of a scene is n a t u r a l l y a more 
d i f f i c u l t problem than i d e n t i f y i n g an i s o l a t e d 
f i g u r e . I t involves both the segmentation o f the 
scene i n t o separate patterns and t h e i r assignment 
to p a t t e r n classes. Normally t h i s segmentation 
must be accomplished before c l a s s i f i c a t i o n can 
begin. However, PPS performs both the separation 
and c l a s s i f i c a t i o n simultaneously by using the 
analysis-by-synthesis approach. That i s , an 
i d e n t i f i a b l e f i g u r e i s synthesized o r constructed 
from components contained i n D̂  u n t i l a d e f i n i t e 
c l a s s i f i c a t i o n i s made — t h i s i s the f i r s t step i n 
the analysis of D i n t o i t s c o n s t i t u e n t f i g u r e s . 
Thus, the i s o l a t i o n is accomplished by a synthesis 
or c l u s t e r i n g [ 6 ] of a v a i l a b l e components to con­
s t r u c t p a t t e r n classes in the universe of PPS. 
This synthesis can begin at the reference com­
ponent of other " n u c l e a t i o n " components that d i s ­
play the properties of a l i k e l y foundation. 

While a scene implies the presence of m u l t i p l e 
patterns, an embedded f i g u r e indicates a known 
f i g u r e ,rhidden" or camouflaged in a more complex 
p a t t e r n . This section investigates the a b i l i t y 
of PPS to recognize embedded f i g u r e s and compares 
t h i s t o the a b i l i t y o f humans i n s i m i l a r tasks. 
A method, based on PPS, is proposed f o r r a t i n g the 
d i f f i c u l t i e s involved i n i s o l a t i n g embedded 
f i g u r e s . 

The a b i l i t y of PPS to e x t r a c t or i d e n t i f y a 
f a m i l i a r embedded or simple f i g u r e w i t h i n a com­
plex f i g u r e depends on the type of embedding. 
These degrees of "embedment" are d i s t i n g u i s h e d by 
t h e i r e f f e c t s on the o r i g i n a l components of the 
simple f i g u r e and may occur simultaneously. The 
d i f f i c u l t y o f achieving the i s o l a t i o n and i d e n t i ­
f i c a t i o n of an embedded f i g u r e i n PPS i s dependent 
on the s u r v i v a l of the components of the embedded 
f i g u r e . I f the components remain the same a f t e r 
embedment, then i s o l a t i o n i s r e l a t i v e l y s t r a i g h t ­
forward . 

a) simple f i g u r e given a d d i t i o n a l components 
without a f f e c t i n g the i n t e g r i t y of the 
o r i g i n a l components, 
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c o n t r i b u t i o n to complexity is the number of fea­
tures contained in the f i g u r e and the number of 
h i e r a r c h i c a l l e v e l s needed to s t r u c t u r e the 
f i g u r e . These measures have been combined i n t o 

number of features x i, where n is the greatest 

h i e r a r c h i c a l l e v e l . Thus , features at the r e f e r ­
ence l e v e l c o n t r i b u t e least to complexity. The 
actual PPS structures used w i t h those given by 
Djang as the dominant organization used by 
observers, e.g., f i g u r e s 8, 9, 10, 11, 12 were 
organized by g i v i n g the outer boundary and f i l l i n g 
in the d e t a i l s . The type of i n t e r s e c t i o n also 
contributes to the complexity by allowing a l t e r ­
nate organizations, s e l f - i n t e r s e c t i o n , T-junctions 
of a component with i t s e l f and Y-junctions count­
ing more heavily toward greater complexity. The 
t h i r d measure is the number of elemental areas or 
separate "pieces" of the p a t t e r n . These three 
measures are computed and combined as shown in 
Table 1. Remembering that the t a b l e is based on 

greater than or equal to three, the above scheme 
or a similar one would be able to predict com­
plexity in controlled situations such as presented 
in the next section. 

Identification by comparison of descriptions 

This section formalizes the comparison of two 
descriptions and the various degrees of correspon­
dence that may exist between them. The next 
section w i l l apply this method to embedded figures 

In matching descriptions to determine their 
correspondence in terms of structure and features, 
several degrees of correspondence are utilized, 
ranging from identity to topological equivalence. 
Pattern matching in PPS begins at the reference 
component and proceeds to greater levels of the 
hierarchy. The following makes this more definite 

D, the description of a pattern. 

one dominant organization among various used by 
the observers and the possible influence of famil­
iar portions or whole figures, the results of Djang 
roughly correspond to the difficulties calculated. 
The highest and lowest scores go, respectively, to 
JYC and QEW with corresponding greatest and least 
d i f f i c u l t i e s . The other figures are partitioned 
into three groups with similar scores with the 
exception of KEZ. I t is assumed that KFZ contains 
some familiar sub-figures which have effectively 
reduced i t s complexity and, indeed, if we imagine 
that one sees in KEZ the letter "M" sitting on a 
triangle — the score is reduced to \2 which f i t s 
nicely with i t s neighbours. Line drawings, rather 
than the dot patterns, would restrict the number 
of structures possible and clarify some junctions. 
I t is thought that with the number of components 
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3 4 
where the e n t r i e s f o r g and g simply r e s t a t e the 
fact t h a t (2 1) and (2 2) have no higher l e v e l 
r e f e r e n t s . Such components are c a l l e d terminators 
An array c o n s i s t i n g of each component a c t i n g in 
t u r n a s referee w i t h a l l o f i t s r e f e r e n t s l i s t e d , 
i n c l u d i n g feature and j u n c t i o n codes, forms the 
basis f o r the d e s c r i p t i o n o f a drawing. When a 
referee has m u l t i p l e r e f e r e n t s , they are l i s t e d in 
the sequence they are encountered as the referee 
i s traced, w i t h the s t i p u l a t i o n t h a t closed com­
ponents are traced in a clockwise manner. This is 
i l l u s t r a t e d by the drawing of Figure 9. This 

simply establishes some r u l e of representation t o 
standardize processing and s i m p l i f y comparisons. 
The above example indicates t h a t the d e s c r i p t i o n 
of a closed referee w i t h m u l t i p l e r e f e r e n t s may 
begin w i t h various component p a i r s while r e t a i n i n g 
the r o l e of an equivalent d e s c r i p t i o n . PPS auto­
m a t i c a l l y sequences the referents of one of the 
descriptions when two drawings are being compared 
u n t i l a matching sequence occurs. This is neces­
sary because component (2 2) of one drawing may 
correspond to component (2 3) of a matching 
drawing. 

In a d d i t i o n to the feature code d e s c r i p t i o n of 
each component a more d e t a i l e d d e s c r i p t i o n of 
every feature contained in the component, in 
sequence, is necessary. The feature code is 
simply an abridged version of t h i s d e s c r i p t i o n . 
In the APL implementation of PPS, these descrip­
t i o n s are hash coded and the indices are stored 
in column seven of the array. This seven column 
array is known as the d e s c r i p t i o n , D_. The 
d e t a i l e d feature d e s c r i p t i o n stored as hash code 
is required only when feature and j u n c t i o n code 
screenings have proved a f f i r m a t i v e . Thus, general 
c h a r a c t e r i s t i c s are matched and used to e l i m i n a t e 
non-corresponding patterns before a d e t a i l e d match 
is attempted. Only an i d e n t i t y match requires 

inspection of the hash coded f e a t u r e s , while f o r 
t o p o l o g i c a l equivalence the feature and j u n c t i o n 
codes are s u f f i c i e n t . 

In Figure 10 the drawing of Figure 8 is given 
a d d i t i o n a l components and the two d e s c r i p t i o n s are 
shown w i t h the matching i n d i c a t e d . This is the 
basis of d e t e c t i n g embedded patterns or simply 
f a m i l i a r subpatterns. PPS performs both the separ­
a t i o n and c l a s s i f i c a t i o n simultaneously by using 
the analysis-by-synthesis approach. That i s , an 
i d e n t i f i a b l e p a t t e r n i s synthesized o r constructed 
from components contained i n the d e s c r i p t i o n u n t i l 
a d e f i n i t e correspondence is established. Non-
matching components are simply passed over in the 
sequential search f o r matching components. This 
process is given a more formal basis in the follow­
ing section. 

The complexity of a p a t t e r n bears some r e l a t i o n 
t o the number o f i n d i v i d u a l features i t contains, 
the number of components that comprise it and the 
number of d i f f e r e n t ways in which it can be organ­
ized. It is usually measured by observing the 
r e l a t i v e d i f f i c u l t i e s encountered by human sub­
j e c t s in memorizing and reproducing various pat­
terns. The experiments by Djang (5) w i l l be used 
to i l l u s t r a t e the a p p l i c a t i o n of PPS to i n t e r p r e ­
t a t i o n of such measurements. 

Attempts t o q u a n t i f y complexity are made d i f f i ­
c u l t by the p o s s i b i l i t y that the f i g u r e , or part 
of i t , corresponds more or less c l o s e l y to a pre­
viously known or f a m i l i a r f i g u r e . This usually 
reduces the complexity of a f i g u r e , although not 
always ( 5 ) . The observer w i l l o f t e n t r y to f i n d 
something f a m i l i a r i n a novel p a t t e r n to f a c i l i ­
t a t e s t r u c t u r i n g and d i f f e r e n t observers w i l l see 
d i f f e r e n t t h i n g s . The i n i t i a l analysis and repre­
sentation of PPS are based on a novel p a t t e r n 
assumption although the r e c o g n i t i o n of a known 
p a t t e r n class can cause a s i m p l i f i e d r e s t r u c t u r i n g 
of the representation. Experiments by Djang 
involved the presentation of simple f i g u r e s which 
were memorized by the subjects and which subse­
quently occurred embedded in more complex f i g u r e s . 

Figure 10. Description of Fig. 8 is matched w i t h 
the d e s c r i p t i o n of an elaborated f i g u r e contain­
i n g i t . The matching components are i n d i c a t e d . 

The twelve simple f i g u r e s used by Djang, along 
w i t h t h e i r associated nonsense names, are shown i n 
Figure 11. Table 1 indicates the complexity of 
each f i g u r e as measured by the average number of 
t r i a l s needed to be able to accurately reproduce 
the f i g u r e . Let us see how a PPS view of com­
p l e x i t y w i l l rank these f i g u r e s . The f i r s t 
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Djang, S. The r o l e of past experience in the 
v i s u a l perception of masked forms. 
Journal of Experimental Psychology, 1937, 
20, 29-59. 

Rosenfeld, A. and Lee, Y.H. A c l u s t e r i n g 
h e u r i s t i c f o r line-drawing analysis. 
IEEE Transactions on Computers, August, 
1972, 904-11. 

A d i s t i n c t i o n is required between (1) perceiv­
ing an embedded f i g u r e and using it as a natural 
s t r u c t u r a l u n i t (as was intended in the experiments 
of Djang), and (2) d e l i b e r a t e search to i s o l a t e 
possible embedded f i g u r e s . The f o u r t h example 
under type (c) embedment w i l l r e a d i l y be admitted 
to contain the simpler f i g u r e , but perception of 
the embedded f i g u r e as a v i s u a l u n i t is h i g h l y 
u n l i k e l y . Performance of humans i n such tasks i s 
hig h l y v a r i a b l e o f t e n depending on t h e i r i n i t i a l 
o rganization of the p a t t e r n which then becomes 
d i f f i c u l t t o a l t e r . 
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