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Abstract another constant b+d at the other side of
a certain line, the equation of which 1s
A simplified version of the Hueckel ope- o .
rator was worked out to preserve al | the Cx + 8y = Ii
advantages of the original one with a b/ This function S is determindd by the

running time considerably shorter.

l'ts
IS based on the reinterpretat

concept on
of the Hueckel operator as a template
matching method. This reinterpretation

renders some theoretical
simplifications possible. ,
optimal edge-shaped template ru
ed by linear combination of two suitably
chosen original ones. The parameters of
this optimal template characterize the
edge segment found in a picture area.

and computational
As a result, an
s construct-

Introduction

detection
tools which
kind of tasks.
igh effective-
y with the glo-
e

_ “Hueckel's operator for -edge
in pictures is one of the best
have been invented for this

In very noisy pictures itsh
ness can be comparable onl

bal optimization procedures e. ¢. by Mn-
tanari and Martell1 (8), (9), but without
their drawbacks in processing time and nme-
mory requirement. The Hueckel operator
processes a picture block containing 52
points on PDP-10 i n 10 msec, e. g. i f it
scanned for example a 25 by 256 point
picture so that the blocks overlap by one
thirds of each other, the processing time
woul d be about 40 seconds. Of course, by
means of sophisticated edge-following me-
thods this time can be reduced signifi -

cantly, thus theapplicabilityof this
operator is not beyond the possibilities

t o process a real picture. These 10 msec
are, however, rather large to look for

some modi fications bhased oni ts basic idea
to speed up the operation, even by possibl
simplifications which preserve the
excellent properties of the original one.

~In this paper we present a method
aimng at this by reinterpreting the
principle of the Hueckel operator and
giving a modification of it based on our
Interpretation.

Hueckel's method in its original
form

The
ueckel
ol lows:

[ W seek for a
the input
constant

origina
operator

interpretation of the
can be summarized as

on a D area in
function has a
side and

a function S
picture, which
b value on one

e
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least sguares method, 1. e. we minimize
the sum of the square of differences
point by point inside of D between S
and the input F/x,y/ gray level
function;

For the sake of easy computation we set
S as an infinite Fourier series of some
Hy base functions;

d/ The infinite set of these H1 functions

is approximated by a finite set of its
lowest frequency members H_ ...H,;

e/ We complete the minimizati8n tadk in
this new space. The parameters of S
characterize the parameters of the
segment found in D.

c/

line

RHueckel extended this method for
finding not only edges but lines as well
(6 ), but this extended version will not
be treated here, as we are interested in
edge detection only. The sketches for
HO...H7 are seen in Figure 1l; + and -~

marks denote the sign of the functions,
the lines inside their area D denote the
zero crossings. We also do not present
other details, though some of them /e.g.
the so-called "“solution theorem"/ are
even theoretically very attractive, too.

In the following we will prove that
the Hueckel operator can be viewed as a
kind of template matching method. Before
this we are to briefly survey some
approaches to template matching.

Template matching

Let be given two function, f/x,y/ and
g/x,y/ on a G two~dimensional area, and
let us seek £/x,y/ in g/x,y/, i. e. the
area in G where g is 1identical to £. In
this case we can compute the following
convolution:

| f£Ix,yl g/x,y/ dx dy = feqg
HCG

and the sought area H’' is just where this
convolution takes the maximum value in G.
f/x,y/ is called template function or
simply template (13).

If £/x,y/ is edge-shaped, it can be
used to find edges in pictures. Rosenfeld
(14), Rosenfeld and Thurstor (15) (1&)



and others (7), 310), (11), (12) have
worked out several versions of this method
and Investigated themempirically. For
example, perhaps the simplest templates
for two-dimensional pictures are those of
Shirai (17) sketched in Fig. 2. The first
of themshows a maximumi f it [ies

exactly on a vertical and the second on a

horizontal edge. For making the method
| ess noise-sensitive, one can take into
account larger areas, e. ¢g. b5x5 or 8x8
etc.

Since Hubel and W esel (4) pointed

out that the visual information processing
system in manmals operates in a way very
close to this method, at least for the

edge and spot extraction on the re-
template matching has a certain
theoretical support. Moreover, just this
physiological achievement |ed Deutsch to
develop hi s template called SLEN /Short
Line Extractor Neuron (1)/ used for nume-
rical character recognition. For real-time
processing of real pictures, however, these
met hods do not produce so effective results
as other ones, being though ad hoc without
w? theoretical suggestions. In the case

of edge detection, If the shape and orien-

local
tina,

tation of the template are fixed, the pro-
bability of good matching i s little be-
cause the output value of the convolution
decreases very sharply either because of

the angle between the
template edge and the real one or the
rvature difference of them (2). From
s two main shortcomings fol First,
e system would not find cer n, un-
ckily oriented edges even f the |
To surmount this di cult

the increase of

cu
th low.
th ta
| u rom e-
shaped ones. ffi :
Hol dermann and Kazmierczak (3) have pre-
sented a method with parallel application
of several templates to the same picture
area around a point. They took care also
of noise elimination by averaging, and
their output picture after this multiple
template operation looked quite good In
quality, but even their method could not
avoid the following- second-difficulty:
in the case of fixed templates the large
majority of the required computer ope-
rations falls into the cate%ory of un-
successful trials and the whole processing

W
|
m
f
h

I
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time my be too long, especially if the
picture is not "angular" -enough. The main
reason of these shortcomings is obviously
the rigidity of the templates applied. 1In
contrast to e. %. Hol der mann and
Kazmierczak's eight templates, we would
need only one of them but that would be
the best matching one. The question is how
to find just this "optimal template*, 1.e,
how to solve the opposite problem to that
of template matching: fittingthe template
to a fixed picture area and not the picture

area t o al/some fixed template/s/. Let D be
this area of the picture, T the set of al |l
possible templates, and FP/x,y/ the input

two-dimensional grey— evel function, then
we seek T/x,yfet so that

1 T/x,y/ F/x,y/ dx dy = T & F = man. {(1{

In the next section we will point out
that Hueckel’s operator completes just
this task.

The Hueckel operator as a kind of
template matching method

We will first need to recall some of
Hueckel’s notations. Let the grey values
of the input picture on a c¢ircle-shaped
area D be F/x,y!/, the sought two-dimen-
sional step function be

S/x,y.c,s,r,b,d/ ={b if cx + 8y > «

b+d if cx + sy < r
O otherwise.

Let the base functions chosen in the
Hilbert space of all the functions on D
be Hoix,yl...H7lx,y/.

With these notations the functional
equation to be solved is:

| (FIx,y/) - Slx.y,c,s,r.d.bl)2 dx dy =
D

= min. 12/
The Fourier coefficients for ¥ and S are:
fi = [j; for)’I HilxoY/ dx dy /3]

si}c,s,r,d,bl =

= é S/x,y,c,8,r,4,b/ H /x,yl dx dy /4]

Ale,s5,r,b,d) =

7
= J (£, ~ s /c,s,x,b,d/)% = min. /51
1=0

Huekcel'g operator solves this functional
equation”. Now we will prove that /53/ can
be rewritten in the form of f1/ in the
previous section., For thilis we need a

lemma:

Lemma: Let

¢i /i=1,...N/ and wilgl ji=1l,...N/ BO

that

N
! v;/pl = const.
i=1
where p is a vector of arbitrary dimen-

sions.
If

. 2
ulpl = } (&, - w,/p/ and
i=1
)
vip/ = . ¥, /p/
BT g Ml

XHere we neglect Hueckel’s heuristic
weighting coefficients as they have no
relevance to the problem considered.



then if for some values of p

w/p/ = min. then for the same

values fof p
vip/ = max.

The proof is given in Appendix A.
According to this lemma, /5/ can be re-
written as

A le,s,r,b,d/ = i sijc,s,r,b,dl fi=‘max.
1=0

Substituting £, from /[3/:

i
A'jc,s,r,b,df =

7
ifo s,/c,s,r.b,d/ - [ F/x,y/R,/x,y/dxdy=
= D

= max.

Ll

With some trivial transscriptions:

A'Je,s,r,b,d] =

f

[ Fix,ylt i sifc,s,r,b,d!Hi/x,y/ldxdy =
D i=0
= Mmax.

The expression

T/x,y,c,s8,r,b,df =
7

sifc.S.r.b.dl Hi/x,y/
i=0

is a template by its role in /6/, as the
form of /6/ 1s identical with that of /1l/.
T/x,y,c,8,xr,b,d/ is the optimal template
to the F/x,y/ input function constructed
as a linear combination from the set of

criginal templates Hy...H,.

The possibility of the Hueckel

operator

simplifying

| n Hueckel"s interpretationthe basic
, 1. e finding an edge, is reached by
nga two-dimensional functlon to the
t grey level function in pictu
onsequently, arelat]i veI y |ar ge set
h the base functions and edge para-
rs is reqLH red, because it is obvious
no satisfying degree of fi tt|ng could
approached by a remarkably simpler base
leld and parameter vector conta |n|ng e.g.
0o or three functions or values res-
ctively/. If we are, however, considering
e method as a t emplate matchlng one, the
itting problem becomes unimportant and its
quirements cannot be taken into account.

First, we my choose a two-dimensional
parameter vector /c,s/ instead of
[c,s,r,b,d/ as the grey values of the two
sides of the step function are irrelevant,
and the exact location of the edge inside
the D area can be computed
way once we have determined the edge di -
rection. The direction is characterized
only by ¢ and s, as in the equation of the

in a very simple

edge

ex + sy = r

c and s are just the direction cosines to
the +x axis.

Second, if we need only the edge di -
rection, we my work with only two of
Hueckel's original templates H . ,.H, be-
cause i t seems well even intuitively /we
wi |l prove it later, of course/ that by
the linear combination of H, and H- the
direction of the 0£t| mal template can be
determned. By the direction of a template

we mean the direction of the O-crossing

of a H, or Hy type function.

Third, if we do not take care of the
mathematical conditions of the Fourier
function fitting i n a Hilbert space - as
these condltlons determined the choosing
of H ..H in Hueckel's work /Chapter 2/

the 8n|y criterion inchoosing our two
templates can he the speed of computation
which is very crucial in real appllcatlon&
Thus we can use both constant- ued
template functions and a more convenient
shape for the D picture area. The con-
venience of this shape means also the

speed of computing ¢ and s or any other
quantities characterizing the direction.

The method we have ?ot to by the

above considerations will be set forth in
the followin? section. It is essentially
S|mp|er and faster than that of Hueckel,
but as will be ssen fromthe examples pre
sented | ater, it preservesall of its ad-
vantages in comparison to other methods.
The computation consists of two steﬂs. The
first onei s the determinationof the edge
d|rect|on by constructing an optimal
temBIate from two heginner ones by linear
combination. Just |1 ke in Hueckel's method,
a vast part of the extremizatlon problem

is solved analytically and the number of
therequiredarithmetical operationsis
smal | . The second step is the determination
of the exact location of the edge in D by

| ts two border points. It is solved by some
simple logical rules and point reflections.

Description of our edge detection operator

The core of the method is based upon
the following elementary theorem

Theorem: Let D denote the unit

be the function being +1 above the sub-
diagonal of D, and -1 below i t , f, be the

function belng +1 above the principial
d|a onal of D and -1 below it,/see Fig. 3,
and | et f be a function being b+d
above a line e in D, and b below this line.
| See Fi?. 3, cor d/. Then if a denotes
the angle between the subdia?onal of D and
e, the following equation will hold:

square, f.



I fzdxdy

I = tg o

| £ fldxdy

1

The proof of the theorem will be pre-
sented in Appendix B. The odd thing about
the theorem is that the expression at the
left side does not depend either on b and
d or on the real place of the [ine but its
angle.

By this theorem we are given a very
FLeasant tool to determne an edge in a

i ttle part of the picture. The two in-

tegrals can be very easy and fast computed,
and because of the integrations this
method is of very lowsensitivity for
noises. [Later we shall elaborate further

considerations about this./

In our work, we have chosen D to be a
square con3|st|n% of 8x8 picture points.
Having SUﬁpOSGd that there was a straight

edge In the picture at D, by using the
above mentioned theorem we could determne
| ts place, i. e. its two endpoints in D.

To begin with we transform the value
of the tangent to a more treatable form
We determne from the value of tg a how
many picture points are the difference
between the right and the left end of a
line in D, the angle of which with the
subdia?ona.l is a. [ 1t is enough to deal
with Tines Ilying in the quarter of the
plane shown on Fig. 4, because if the
edge lies in the other quarter, then by
counting with jtg al, after the whole
process a reflection of the edge to the
principial diagonal of D - i. e. 1its end-
points gives the real edge./

Everything stated until now is valid
both for pictures with two and for those
of more grey levels. Nw we shall show the
determining Frocess of the real edge at
first only for pictures with 2 grey levels
and after that we shall show how to ge-

neralize that idea for pictures with more

grey levels.

levels the

In the case with 2 gre
by 8 shows,

sum of the 1's in D divide
roughly spoken, wup to what a height D is
filled with ones. This means e. g. that i f
the ed%e were horizontal, thenthe edge

could bhe either the horizontal Iine at
that height, or that reflected to the
centre of D /for D could bhe filled with

ones from its bottomor fromits top/. But
even i f the edge were not horizontal,6 we
coul d knowwhat was the di fference between

Its left and right endpoints' height, so

we could determine the edge. If both the

left and the right endpoints of this edge
were inside of D then we had only to de-

termne whether this was the real edge or
Wﬁ had still toreflect i t to the centre

of D

| f one of the endpoints of the above
obtained edge were not in D, it could be
only by 1, 2, or 3 points sticking out of
D, because now already the edge we are
working with lies in the plane quarter
shown on Fig. 4. But in these cases it Is

already very easy to determne the real
edge.

For pictures with more grey levels we
could use the same method if we knew b and
d, because then the number of the points
with greater grer level could be approxi-
mated by the following expression:

, _ S - 64b
ST = /3
where S denotes [ fdxdy, i. e. the sum of
1

the grey levels of all points of D. But
now by using the notations of Fig. 5, let
Tl' T2, T3 and 'I‘4 dencote the sum ©of the
grey levels of £ /i.e. of the picture/ in
these 4 quarters of D0, and

min{T, !} max{T,}

16 TSP TIg
resp. b+d. After this

method of finding the edge
In the case with more grey

approximates well b

the above described
can be followed
levels as well .

By this method we have already found
either the real edge in f or the same
reflected to the centre of D. /See FiP.Gl
To determine which of them is the rea
edge, the following tahle shows a method
provided that up to this time we have
supposed in the steps that D was filled by
the ones /resp. by b+d's/ fromits top. The
case A means that we have found the rea

|
edge while B means that still we have to

reflect our edge to the centre of D.
T.,»> T then A
tga > O 1 2
Tl< T2 then B
If i
Ty2 T, then B
tga < O T3< T4 then A

This method was i mplemented by a program

on the assembly language of a 16 bi t

m croprogrammed minicomputer of 550 program
instructions without any cycles. I|f there
s an edge in D it needs 250-400 machine

oFer ations, i . e. about 500-800 usees. No
floating point arithmetics are needed.

About the reliability of the method
rough un.der-estimations show that supposing
a noise with a binomal distribution with
a mean value of 5 error points in a 8x8
square, the probability of the difference
between the edge determned by this method
and the real edge being not greater than 1
point anywhere, is over 95 %

Finally we present three examples for
the working of the method. Example 1 is the
example shown in Hueckel's article (5)
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which we have completed at the corners. Ti + Ti le + kTZ Tl + T2

The dotted line shows the edge found by T T N — T " ToF ™ tga.
Hueckel, the continuous one is the edge 2 1 2 1l

found by our method.

Now if e’ lay between e and the centre of

Appendix A D, then using the notations of Fig. 10 on
account of the similarity of the triangles
proof of the lemma used on page 5: Tl and TZUTJUx here and Tl and T2 on Fig.

We will prove that
v = -const.V v .
Eplpl p Ipl

10 we have

2
1f it is true, then if T, + T, + X - _I = tga.
vV u/pl = O, then V¥ v/ip/ = 0, and
P B So we have to show only that
2 2 T, + T, + X + 7T
sgn({v€u/p/) = -sgn(¥° v/p/). - 2 3 1 _
p"'E p B (tge =) F 5 =7
N 2 3 1
2
Yup =V} (4, - ¥, (p))° = - _ [
B F TRy ot s WL St PO ko 3
N T2 P T3 7T e,
- 1£1 = 206y - ¥i(pH)Vo¥ p I
N N Subtracting 1 from both side, taking
_ their reciprocal and adding 1 again we
= -2 ] eV ow(p) - I 2v(p)V¥(R) =
11 1i'p"d im1 i p'i have
N T, + T, + X T
2 2 3 2
= =2V v(p) - V_ (] ¥{(p)) = =2V _v(p) = - = i. e.
p B B 4oy 4 R Ty T, -1,
Q.e.d. T1 . T3
T2 + 'I'3 + X T3 + X
Appendix B This means we have to show only that
The proof of the theorem: DE FG
Let’s use the notations of Fig. 8. ge ° EB - FB
shall deal only with the case 1f 457¢a<907,
because all other cases can be handled And this is true for, because of the simi-
symmetrically. First we show that in the larities of the triangles FJB and CAB,
case of the line on Fig. 8, the statement FG _ CD, i N h DE _
of the theorem is valid. Here the quotient FB cp’ SO 1t 1s enough to show that EB
of the two integrals is: = CD ChD _ CB
o i. e, that BE B
{ fzf Té + Tl Now for AD 1s the bisector of the angle
= CAE, we have:
| £)f T2 % co _ ca
1 oE = 35+ and for the similarity of the
Considering the sides of D to be one, we
have triangles CAB and EHB
O_gy= 9 -1 CB _ CA
= & = tg(457-a)= a2 o =
Y gB g( a) Ig;—gaa = = =2
and so
and for the triangle AEH is isoceles AE=EH,
1 + m and the theorem is proved in this case,too.
T, + T, 1+ If e were below the centre of D, the same
= = = tga roof could be presented for negative d.
T, - T 1l -~ m - P p 9
2 1 i—“"ixl“ ¥ {We have nowhere made use of the positive

property of D./ So the whole theorem 1is
Consequently, if e’ lay above the line proved.

examined just now, then because of the si-
milarity of all relevant triangles /[see
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ISOLATING AND IDENTIFYING OBJECTS IN LINE DRAWINGS
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Abstract

The analysis and representation of conplex [ine
drawings is treated and applied. A method for
rating the complexity of drawings is developed and
compared with the difficulties of human subjects
in memorizing them  The problem of isolating and
recognizing these nemorized figures enbedded in
mre extensive ;)atterns is then investigated. Dif-
fering types of enbednent are defined b% their
effect on the original conponents of the menorized
f|%ures._ Degrees of enbednent are cal cul ated for
each memorized figure and compared with exF]eH-
mental results. Predictions are nmade for human
difficultiesinrecognizingasimle figure under
various conditions of enmbednent.

Introduction

The recognition of a familiar figure enbedded
in a nore extensive pattern is not only an inter-
esting perceptual task, but more nearly recreates
the conditions under which most human perception
i s accomplished. Thus, a critical test of any
descriptive framework that hopes to simulate human
performance is its ability to isolate and recog-

nize figures enbedded in a scene.  For figures
enbedded in a conplex drawing, isolation of the
figurenust precede i dentification. Isolating

enbedded figures varies in difficulty, for both
human and aut omated systems, depending on the
extent to which the familiar figure has been in-
corporated into the drawing. |f the conponent

parts of the famliar figure surviveintact, isola-

tionof the fiqure is straightforward. This is a
simple elaboration of the figure without a change
inits structure. Wen the conponents of the
fam [iar figure are merged, wholly or in part,
into new conponents isolation becomes more diffi-
cult, sometimes virtually impossible.

Thi's paper attempts to enploy the methodol ogies
of the Pattern Perception System PPS to recog-
nize famliar fi(};]ures enbedded in nore conpl ex
line patterns. The PPS representations are used
in an attempt to measure the relative complexity
of patterns as indicated by thedifficulties of
human observers in memorizing their structures and
to predict the observer's ability to recognize a
fam |iar figure enbedded in an unknown one. A
mre intensive introduction to PPS is available in
references (1) and (2).

Analysis of a drawing

PPS analyzes [ine drawings into their constitu-
ent components or structural units. The analysis
is not unique, but my be acconplished in several
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ways resulting in a different set of conponents.
These conponents are intended to correspond to
the way in which an observer mght copy a drawi ng
on paper in steps during which contact between
paper and pencil is maintained for each conponent,
with no backtracking or retracing. Of course, one
must question whether the resulting conponents
make possible a descriptive structure that allows
efficient processing of descriptions and corre-
sponds with human structuring inferred from psycho-
logical experiments. The specific psychological

evidence that served as the motivating influence
on the design of PPS is treated |n.13();. The pre-
sent paper investigates the suitability of the

descriptive structure for identifying enbedded
figures.

The input to PS is a digitized array of 1 and
0 elements obtained froma line drawing by a modi-
fied formof the grid intersection method (4).
The trace algorithm proceeds from element to ele-
ment recording its path as a series of hearings
and applies junction heuristics ween alternative
paths are present. Conponents are open or closed
|ines that together conprise the drawing and whose
interrelationships formthe basis for the repre-
sentation and identification of the drawing. A
junction occurs at any point where a choice is
available to the trace algorithm wusually at the
joining or intersection of two or nore components.
A free end is the termnation point of a conponent
where no junction is present. The types of junc-
tions considered in PPS are the T, K Y and X
junctions. The drawing of Figure 1 has been seg-
mented into five conponents AL B, C D and E A
s aquadrilateral inscribedinthe quadrilateral
B and together making the four K-junctions 1-4,
The conponent C nmakes two T-junctions (5 and 6)
with B and C termnates at both. D and E make
T-junctions (7-8 with C and termnate at the free
ends 9 and 10.

, Figure 1
i
st [1-1]
a) a line drawing with junctions 1-10 indicated.
b} drawing of a) segmented into components A-E.

Two main objectives comonly influence the
deci sions taken by the trace algorithm at junc-
tions —continuity and closure. Continuity uses
the various bearings available at theJ'unction in
deci di ng which conponents continue and in what
direction and which termnate. This decision is
based on minim zation of bearing change between
entering and leaving the Lunction of one or nore
of the components.  On such a hasis the decision
at the various types of junctions are easily
resolved as shown in Figure 5. In separating the

intersecting squares into two components the

[} continuit%/criterion woul d be used,

but for the squares touching at the
corners continuity would yield one
sel f-intersecting conponent. To




separate the squares the junction

<:::>x<::>> must be traced as

This strategy is termed closure because it
to close the conponent being traced without
for bearing changes.

seeks
regard

A potential factor that my occur in the seg-
mentation of a drawing is the outer boundary,
which is a closed [ine that hounds the entire
drawing. Human subjects frequently select the
out er boundary as a conponent (5), when one is
present, especially if 1t alsosatisfies the con-
tinuous criterion at junctions or is itself a
familiar shape such as a square or circle. These
various possibilities are illustrated in the
anal yses of the drawing in Figure 2.

SRS

Decomposition of a figure by various
tracing strategies.

(a)

N
N A

Figure 2.

Closure produces four triangles in (a) with
| arge chan?es in bearing at the K-junctions,
variant of closure that produces closed shapes
bounding every elemental area is known as the
elemental area trace (h) and is simply the outer
boundary trace with a changed criterion of choice
at the junctions. It involves the retracing of
sone |ines and corresponds to outlining every
piece of a puzzle. The outer boundary trace Fro-

inc
th

A

duces a square inscribed within another in (c
while continuity will giveeither (c) or (d) s
the total bearing change at the K-junctions is
sane in both., Since the resulting conponents of
(c) are more familiar or "simpler” figures than
those of (d), it is thenorelikelyanalysis. The
possible strategies at the various junction types
areillustratedinFigure 3.

e
e

Continuous Closure
T = junction l L
b - —
i X - junction ‘%. _,_*L
Gl ¢
\T/ Y - junction \\T/ \T/’

Figure 3. Results of tracing strategics at the

four function types.

In PPS, the interrclations among the components
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formthe structural description. The conponents

i solated by PPS my be [ikened to the units used
by human subj ect s whenreproducingapattern. Each
stage in the reproduction corresponds to an addi-
tional conponent. The most primtive level of
analysis is the constituent features of each com
ponent, i.e., straight lines and segments of vary-
ing curvature. The patterns of Figure 4 are first
segmented into conponents and these are then sub-
divided into features. Each conponent can be
represented generally by a feature code, which is
merely the product of prime nunbers that have been
assigned to each primitive feature and other pro-
perties as follows.

closed component - 2
contains straight line - 3
contains curved segment - 5
convex curve - 7
concave curve - 11
component self-intersecting - 13
contains an angle - 17

Q Q& (@ E v

Quter Closure
boundary Cont- cont - Cont-
Continulty l nuity  jnhuaty  inuity
] ‘ ' *
. V.
qvb @ CV’D E Components
/[/"\I\ - If‘:\'\ — — .
_— L
\ / N s I"l‘:}| I—\OLI |—- Features
Figure 4. Analysis of patterns into components

and features as defined by PPS.

A square and a triangle would both have a feature
code represented by 2 x 3 x 17 = 102 indicating
that both are closed, contain straight [ines and
angles, but gives no information on the number of
the respective features, their size or the sequence
of their occurrence —thus, equivalent codes for
the square and triangle. However, this code is
quite sufficient to differentiate the following
component from either of the above and to indicate
the sole non-shared feature amng them is the pre-
sence of a convex curve feature, since 714/102 = 7.
Then, to test any conponent for the presence of a
feature or property [1sted above simply divide the
code by the primary nunber

7

'

x 3 x7x17 = 714

corresponding to the feature and a zero residue
indicates apositiveresult. Theparticular format
enployed is a product of the APL environment in
which PPS is presently inplemented, but the philos-
ophy of hawnP a dual level of description where
the initial level reduces considerably the search
space for the more exact description is a basic
consideration of PPS



Structural description of a drawng

Conponents resulting fromthe analysis are
grouped into a hierarchy that represents the mean-
Ingful structural interrelationships anongthe
conponents. This structure is flexihble enough to
al low additional conmponents to bhe added or ol d
ones renoved and can represent a single figure or
multiple figures comprising a scene. It also
allows efficient processing of descriptions in
such operations as matching patterns for corre-
spondence. The construction of the description is
treated in this section.

Hierarchical structures are composed of multiple
| evel s each occupied by one or nore conponents.
Each conponent is designated by a hierarchical
label (X Y), indicating the Yth conponent on the
Xth hierarchical level.  The conponents are
grouped about the first level of the hierarchy
and are assigned levels on the basis of their
relationshiptoit. Wenthefirst level is
occupied by one conponent it is referred to as the
reference component or with multiple conmponents,
as the reference group. The simplicity criteriaon
I's introduced as an initial guide in choosing a
reference.  The criterion chooses as reference the
conponent that when acting as reference results in
the lowest average hierarchical level for the
structural description. A drawing is analyzed
into components A- B C D E F and G Figure 5
indicates two possible hierarchies. Wen struc-
tured with A as reference it has an average hier-
archical level of 17/7, while the structure with C
as reference has 18/7.  The simplicity criterion

indicates conponent A as the reference. Although

often coinciding with human judgement, it is only
Fxd=i A\ fevel [ — c Imt=y

/\L\\_ \\
I+ B C D fevel 2 -~ A 1 Arany
b ; /NN

2236 Ei G - tevel 3 B ? Foged =9

T 3 - jevel 4 - G [x¥ -4
7 /8

Figure 5
a guide that is often modified by factors such as

the relative sizes and the shapes of the various
conponents.  Of course, one structure can be trans-
lated into other possible variants if need be. | f
structures are to be conpared and classified, a
consistent method of representation i s necessary.
El aborations of a known pattern should not change

the basic structure, nor should mnor distortions,
translations or rotations. These goals are accom
plished in PS  The drawing of Figure 6 illus-

trates the occurrence of a reference group, in
this case the conponents A, B and C. They cannot
be differentiated by the simplicit% criterion and
are symmetrically related one to the other.

The conponent or conponents acting as reference

are assigned hierarchical level one. Conponents
sharing a junction with [level one conponents are
assigned hierarchical level tw and, in general,

conponents are assigned a level greater by one
than the [owest |evel conponent with which they
share a junction. This is illustrated in the draw
ing of Figure 7 which is analyzed into conponents
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A B >
D F H
E G I

and grouped intc a structure with hierarchical
labels assigned.

A,
/ A-Q0 1)
/\ B- (2 1)
/ C- (2 2)
B C p —¢& D- (2 3)
l E- (2 4)
F- (3 1)

Conponent Ais thereference andal | conponents
sharing a junctionwith it are level two, com
ponent F is on level three.

The structural relations between conponents are
then characterized. The hasic relation is between
a pair of components that share a junction.  The
conponents are referred to as a junction component
pair of form ﬁk Z) (mn), where k and m are hier-
archical levels., Indices of the two conponents
are given by | and n. The reference form a junc-
tion conponent pair with each second level com
ponent in turn. Pairs nay also be formed between

conponents on t he same hierarchical level. The
relation between conponents indicates the t%pe of
junction and the relative relationship of the
second nenber of the pair tothe first or, alter-
natively, of the referent to the referee. The

junction code factors which represent these rela-
trons are
B C
™ N /7
b
A
[ =
3
O Figure 7 O
T-junction - 2
Double junction - 3
X-junction or intersection - 3
Outside of a closed referee/negative side of
an open referee -7
Inside of a closed referee/positive side of
an open referee - 11
K-junction - 13
Y-junction - 17

Thus, for the three component drawing shown in
Figurc 8 the junction component pairs are arranged

Figure &
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simple figures altered in such a way that a
previous component(s) is whally incorpor-
ated into a new component. Most effective
if applied to the reference component.

S =
N

=

The general applicabilityoftheseclassifica-
tions to the human task should be readily ap#)arent
't is assumed enbedment of type ﬂc) s nost effec-
tive and (a) IS reIativeI?; Ineffective. This
method is applied to further results of Djang to
test itsvalidity. The twelve conplex figures
shown in Figure 13 were presented to observers who

-

L J

ZUB

twelve complex figures and the ranking assigned

t 0 each enbednent by the PPS classification. The
classification indicates the relative difficulties
quite well except for the conplex figure PXQ
which contains the sinple figure KEZ Again the
fami|iar subgroups of this figure have resulted
inadeviationfromtheclassification assumng
nonsense figures.

Xl Qow RoG KEM 8/D XA GAP ZUB CEF Giw ZiF LAL simple f&’uﬂs

QEW WEZ MGz 313 BGF AMYD HIV OB OUQ JYC YOP GAH compley ﬁ,v!s

Ab b Sbic %h W6 Wb Fhic Sb st Shic Sbic ob a&lfsnlly M (rey

A .8 7L A .53 .43 o a2t oA & /7 /R percanthge of
succusgful n-m;wfm

Table II. PPS rating of embedment difficulty and

results of Djang experiment.

| f appliedto "clean" line drawings, rather
than to the rather fuzzy dot patterns of Djang,
the rati nPs should be nore reliable. Figure 14
contains four figures with an enbedded "E'. It
al so shows the PPS continuity conponents and
rates the patterns according to assumed difficulty
inisolatingthe "E'. For adifferent approach
to these patterns, see [6]. The ranking certainly
seens t o correspond to human difficulties in this
case.

The type of matching il lustrated in Figure 10

Z1F XUR QO KCJ
1 u b T z ¢ S
A . »EmM
@AP CEF Gt POQ L AT _
vis. - i x , e x PO
Figure 13. Twelve complex figures of Djang. Embedded in each is the corresponding simple figure from

Figure 1.

menorized their structure. Each contains one of
the formerly menorized sinple figures of Figure 11
enbedded within i t . The occurrence of the sinmple
figures as structural units in the reconstruction
of the conplex figures by the observers was noted
and varied widely fromfigure to figure. These
results prompted Djang to conclude that past
experience plays an important role in our visual
organi zation". The evidence indicated that the
difficulty of recognizing enbedded figures was
related to complexity of both the masked-figure
and the figure containing i t, although the rela-
tion was not explicit enough to interpret the
resul ts of the experiment or predict the results
of further experiments. Djang understood that the
resul ts depended on the relative ease of dis-
solving the different test-figures into the simle-
figures and the parts making up the camouflage".
Table || indicates theabilityof observersto
recognize the enbedded figure in each of the

659

and defined in the previous section cannot be
applied without modification whena figureis
enbedded by types (b) and (c) where sone or al |
of the original components may have been incor-
porated into new conponents. At this point PPS
like the human observer, adopts a search heuris-
tic in which the complex pattern is taken apart
and reconstructed in a variety of ways. PPS
tries the various trace strategies, yielding

di ffering conponent sets, and attempts to spot

a likely reference conponent fromwhich to
construct the enbedded figure.



Dl-l ~ Di-l and for all dz € DZ' there exists

2 3
ds [6] = 4 6] = 22
dj ¢ D} such that 1 L6 1 (6]

l
a) d; [5) =4j [s] Enbedded figures —their isolation and recognition
b) th’;‘ ;"i“s a vrowd, , ¢D;and d; , € D; The description £of a line drawing nay be com
such that posed of one or more separable figures. A des-
d; , [34)=d; [12] and criptioncontainingmultiplefiguresisreferred
- to as a scene. The 1 dentification of the con-
dj [34] = ds [1 2] stituent figures of a scene is naturally a nore
i} (fjj fficult pr.oblelmthant;dehnt;]fw nganisol at?d h
61 = 4 6], or, igure. It involves both the segmentation of the
©) 4 Q -1 (6], or scene into sleparate patterrllls andh their assignment
Iy to pattern classes. Normally this segmentation
4 (e d7 (e must be acconplished before classification can

begin.  However, PPS performs both the separation
and classification simultaneously by using the
anal ysis-by-synthesis approach. That is, an

i dentifiablefigureis synthesized or constructed
from conponents contained in D until a definite

Condition (a) requires equality of feature codes
between corresponding rows of the descriptions,
Wh||fe.colndd| tt|)on (b) Irequll rels\ equellval encg |Ur|1. link-
age fields between levels |\ and Z ondition e : . S . .
- - - - classification is made —this is the first step in
(¢) is Lhe junction equivalence for Lhe two types the analysis of Dintoits constituent figures.

of row el enents. o topological equivalence con- Thus, the isolation is acconmplished by a synthesis

dition (a) is relaxed to the presence of feature : .
- - or clustering [6] of available conponents to con-
tactors 2 and 13~ For identily the hash coded struct pattern classes in the universe of PPS

features nust be conpared in each conponent for . : :
: This synthesis can begin at the reference com
type, nunber, order and size. ~Clearly the |esser ponent of other "nucleation" conponents that dis-

degrees of correspondence are |east subject to . . .
transformation. To(fol ogical I'y equival ent descrip- play the properties of a [ikely foundation.

tions may be rotated, stretched, bent, etc. and . . . .
remin topologically equivalent as long as the While a scene implies the presence of multiple
junctions remain undisturbed. Figure 12 illus- patterns, an enmbedded figure indicates a known
trates three types of correspondence that nay occur figure "hidden" or camouflaged in a more conplex
between figures. attern. This sectioninvestigatestheahility

1;] PPS to recognize enbedded figures and conpares

s to the ability of humans in simlar tasks.

p
0
{ {
A method, based on PPS is proposed for rating the
f%li_fficulties involved in isolating enmbedded
i gures.

Topologically Similarity Identity The ability of PPS to extract or identify a
quivalen > familiar enbedded or simple figure within a’ com
plex figure depends on the type of enmbedding.
These de?rees of "enbednent" are distingui shed by
their effects on the original conponents of the
simple figure and my occur simultaneously.  The
difficult( of achieving the isolation and identi-
Figure 12. Three types of correspondence between fication of an enbedded figure in PPS is dependent
figures. on the survival of the conmponents of the enmbedded
_ _ _ f|"%ure. | f the conponents remain the sane after
The above matching al gorithmis used as the embednent, then isolation is relatively straight-
basis of scene analysis and the isolation of forward.

enbedded fi_guresThof }ype. (ﬁ) as kc;lef'ilnled In theOlb

next section. e algorithmcan be illustrated by - - - o

reference to the matching conponents in the two 2) Vﬁltmlu? falf?légtei rglgvﬁﬂea?ﬂlt%?r?;/ g?nﬁohneents
descriptions of Fig. 10. Let the description of original comonents

che pﬁttefrn of| Fi g2 8 be 0_and that of Fig. 10 be ’
, then for I - 2

a) o [5] = d)> [s) =3 and d} [5] = 4aL [5]=3 ! E;- =~ EEE
b) al[34)ead[12] =21 - EE E}
1 Y " < -
ad(34)-a)12)-2, 2
dil [3 4] = dés (12]=21 b) simple figures altered such that an

original component is partially incorpor-
ated into two or more new components, more
effective if the new component is smoother,
simpler, etc. than the original.

;> [34) =a) [12]=2, 3

©) d: (6] = dil [6] = 14
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Figure 11.

contribution to complexity is the nunber of fea-
tures contained in the figure and the nunber of
hierarchical levels needed to structure the
figure. These measures have been conbined into

n

T nunber of features x i, wheren is the greatest
i=1

hierarchical level. Thus, features at the refer-
ence |level contribute least to complexity. The

actual PPS structures used with those (?iven by
DLang as the domnant organization used by
observers, e.g., figures 8 9, 10, 11, 12 were

organi zed by giving the outer boundary and filling
inthe details. The type of intersection also
contributes to the comlexity by allowing alter-
nateorganizations, self-intersection, T-junctions
of a conponent with itself and Y-junctions count-
ing more heavily toward greater complexity. The
third measure i s the numper of elemental areas or
separate "pieces" of the pattern. These three
measures ar e conputed and conbi ned as shown in
Table 1.  Remembering that the table is based on

Ivye G uQR HyYv sIT G AH MYD 4G yoe

Y DAQ

0 AK£Z

BoF kel Wif QW

w ]y ed Y55 4.5 Ry 3.77 475 3. 64 .98
& '3 Xy se R ‘3 A ¥ 7
f as <8 % g /¥ /2 4
o 0 o 7 A Fe) 2 2 s
el 2 /B 2 T ¥ 7 & iR
£ 3 Yy 5 2 2 2 1 2
¥l a2y o 2 a3 e s A - 6
Table 1.

one dom nant organization anong various used by
the observers and the possible influence of faml-
i ar portions or whole figures, the results of Dang
roughly correspond to the difficulties calculated.
The highest and |owest scores go, respectively, to
JYC and @V with corresponding greatest and |east
difficulties. The other figures are partitioned
into three groups with simlar scores with the
exception of KZ It is assumed that KZ contains
sone fam |iar sub-figures which have effectively
reduced i t s conplexity and, indeed, if we inagine
that one sees in KZ the letter "M sitting on a
triangle —the score is reduced to \2 which fits
nicely with its neighbours. Line draw ngs, rather
than the dot patterns, would restrict the nuniber
of structures possible and clarify son@ junctions.
It is thought that with the nuniber of conponents
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£ BoF & QGfw

O GAN 2 s/ J

Twelve simple figures of Djang with attached nonsense names.

greater than or equal to three, the above schene
or a simlar one would be able to predict com
plexity in controlled situations such as presented
in the next section.

| dentification by conparison of descriptions

This section fornalizes the conparison of two
descriptions and the various degrees of correspon-
dence that nay exist between them The next
section will apply this nmethod to enbedded figures

In matching descriptions to determne their
correspondence in terns of structure and features,
several degrees of correspondence are utilized,
ranging from identity to topological equivalence.
Pattern matching in PS begins at the reference
conponent and proceeds to greater |evels of the
hierarchy. The following nakes this nore definite

D, the description of a pattern.

i) 3 &
Admig ofF s.mply {r,ﬂrl.'

307 .6 2.5 B crerage mo md i fs Fo meminriialen
o ¥ o pracosrdar of FE e Puryy
/0 a0 i pro of Foalures Jomey Aerescdiva.  wve
2 & o o ucf";;fm’ cnlerseclams
g4 ao £ 4 row ¢ v row o
2 3 -4 3 ele e n fai wnils
oY 23 3 ) rew € ¢ rowi £

Twelve simple figures of Figure 11 ranked according to PPS attributes,

D , a description with greatest hierarchical
level of n.

d’, the ith row of the description D.
.th . i .
dr, the i Tow with k' = v, where k 15 the
hierarchical level of the referce.

A sub-description of D, of 7 levels, is defined
as D? = D [7:], where 7 represents the row indices

of all di ¢ D such that r £ 7.

The similarity relation between a description D
and another description D', D = D', requires that
at any level I of the match process, with [ ¢ 1

and 7 < mn, D, = Dj. D; = D;, if and only if,



in rows starting with the reference and including
all components. The f and g for each row are the
feature code and junction code. The junction code

/ o, g o
referees //_ 1 1 2 1 £ g!
1 1 2 2 £2 g2
referents 2 1 1 1 £3 g3
2 2 1 1 £ g

for the component pair (1 1) (2 1), ot gl, is
2 x 7 = 14, indicating a T-junction with the
referent outside the referee. For the component

pair (1 1) (2 2) the junction code, or gz, is

2 x 11 = 22, indicating a T-junction with the
referent on the inside of the referee. Filling
in the f's and g's of the above array results in
the following description,

1 1 2 1 14 14
pel 1 2 2 14 22
-2 1 1 1 3 0
2 2 11 3 0
3 4
where the entries for g and g simply restate the
fact that (2 1) and (2 2) have no higher level
referents. Such conponents are called termnators

An array consisting of each conponent acting in
turn as referee with all of its referents listed,
including feature and junction codes, forms the
basis for the description of a drawing. Wen a
referee has multiple referents, they are [isted in
the sequence they are encountered as the referee
I's traced, with the stipulation that closed com
ponents are traced in a clockwi se mnner. This is
I1lustrated by the drawing of Figure 9. This

et 11 a 2 g+t 1 a2

1 1 2 4 .5t 11 2 &

F I B 1 2 1

\\\\ J1 1 a4 d 112 4
4 3

Figure 9.

simply establishes sonme rule of representation to
standardize processing and simplify comparisons.
The above exanple indicates that the description
of a closed referee with multiple referents my
begin with various conponent pairs while retaining
the role of an equivalent description.  PPS auto-
matically sequences the referents of one of the
descriptions when two drawings are being conpared
until a matching sequence occurs. This is neces-
sary because conponent (2 2) of one drawing nay
correspond to conponent (2 3) of a matching

drawi ng.

In addition to the feature code description of
each conmponent a more detailed description of
every feature contained in the conmponent, in
sequence, is necessary. The feature code is
smle an abridged version of this description.
In the APL implementation of PPS these descrip-
tions are hash coded and the indices are stored
in colum seven of the array. This seven colum
array is known as the description, D The
detailed feature description stored as hash code
s required only when feature and junction code
screenings have proved affirmative. Thus, general
characteristics are mtched and used to eliminate
non-corresponding patterns before a detailed mtch
s attempted. Only an identity match requires
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inspection of the hash coded features, while for
topol ogical equivalence the feature and junction
codes are sufficient.

In Figure 10 the drawing of Figure 8 is given
additional conponents and the two descriptions are
shown with the matching indicated. This is the
basis of detecting enbedded patterns or simly
familiar subpatterns. PPS performs hoth the separ-
ation and classification simltaneously by using
the anal ysis-by-synthesis approach. That i s, an
identifiable pattern is synthesized or constructed
from conponents contained in the description until
a definite correspondence is established.  Non-
mat ching components are simply passed over in the
sequential search for matching conponents. This
process is given a more formal Dbasis in the follow-
Ing section.

The complexity of a pattern bears some relation
to the nunber of individual features it contains,
the nunber of conponents that comprise it and the
nunber of different ways inwhichit can be organ-
lzed. It is usually nmeasured by observing the
relative difficulties encountered by human sub-
jects in memrizing and reproducing various pat-
terns. The experiments by Djang (95) will be used
to illustrate the application of PR to interpre-
tation of such measurements.

Attempts to quantify
cult by the possibility
of i t, corresponds nore
viously known or familiar fi?ure. This usually
reduces the complexity of a figure, although not
always (5).  The observer will often try to find
something famliar in a novel pattern to facili-
tate structuring and different observers will see
different things. The initial analysis and repre-
sentation of PPS are based on a novel pattern
assumption although the recognition of a known
pattern class can cause a simplified restructuring
of the representation. Experinments by Djang
involved the presentation of simple figures which
were memorized by the subjects and which subse-
quently occurred enbedded in more conplex figures.

omplexity are made diffi-
hat the figure, or part

c
{
or less closely toapre-

22 ~ 4 4 a2 14 4y gy
2 04 a2 a 1y 4R
! 23 31 { 1 a3 1y a
{1 Ds.’..,‘ 1 4 a a 4 yga
N 2 a4 3 1 114
2 3 1 1 1 ¢
4 i [ 3 o
1 1 2 1 1y N
Qn’la { 1 2 a {14 aa
A 1 1 f 3 o
a a1 1 3 o
Figure 10. Description of Fig. 8 is matched with

the description of an elaborated figure contain-
ingi t . The matching conponents are indicated.

The twelve simple figures used by Djang, along
with their associated nonsense names, are shown in
Figure 11. Table 1 indicates the complexity of
each figure as neasured by the average number of
trials needed to be able to accurately reproduce
the figure. Let us see how a PPS view of com
plexity will rank these figures. The first
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Figure 14, Row 1, four line drawings with an

embedded "E', type of embedment shown under
each. Row 2 gives the components resulting
from a continuity trace. Row 3 shows the draw-
ings arranged in decreasing order of difficulty
based on the PPS ranking system.

The following illustrates the usefulness of

multiple trace strategies.
ouler hund"’v'l
- treee ﬂvan-.&
s badded ﬁ'url,

O ¢ lemuntavy avea
O cond |l|nn‘iy trace OIIO“ grace qi‘sr} Mml‘s
O O_cemnnuh.dou o Lo badded figure
nol reveal tm bedd
O ad .ﬁ’ul‘i

~ Adistinction is required between (1) perceiv-
ing an enbedded figure and using it as a natural
structural unit (as was intended in the experiments
of Djang), and (2) deliberate search to isolate
possible enbedded figures. The fourth exanple
under type (c) enbedment will readily be admtted
to contain the simpler figure, but pe_rceEUon of
the enbedded f|Pure as a visual unit is highly
unlikely. Performance of humans i n such tasks i s
highly variable often depending on their initial
organi zation of the pattern which then becones
difficult to alter.

Ij -— ;g,mi[.'dr Pn.!{f-"l.-
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