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A B S T R A C T 

We analyse the detection prospects for potential Primordial Black Hole Binary (PBHB) populations buried in the Stellar-Origin 

Black Hole Binary (SOBHB) population inferred by the LVK collaboration. We consider different PBHB population scenarios 
and several future Gravitational Wave (GW) detectors. To separate the PBHB component from the SOBHB one, we exploit the 
prediction that the PBHB merger rate does not decline as fast as the SOBHB one at high redshift. Ho we ver, only a tiny fraction of 
PBHB events may be resolved individually, and the sub-threshold events may yield an undetectable Stochastic GW Background 

(SGWB). For this reason, we determine the statistical significance of the PBHB contributions in the number of resolvable events 
seen in future Earth-based detectors and the SGWB measured at LISA. We quantify them in the limit that SOBHB population 

uncertainties are small, as one may optimistically expect at the time that future detectors will operate. In general, we find the 
synergy between these probes will consistently help assess whether or not a sizeable PBHB population is present. 

Key words: black hole physics – gra vitational wa ves – instrumentation: interferometers – methods: data analysis – dark matter. 
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 I N T RO D U C T I O N  

IGO’s first Gravitational Wave (GW) detection labelled
W150914 (Abbott et al. 2016a , b ) opened the gates to the world
f GW astronomy. Since that detection, the sensitivity of LIGO
etectors has increased considerably, and the Virgo (Acernese et al.
023 ) and KAGRA (Akutsu et al. 2020 ) e xperiments hav e joined
he network. At present, the LIGO-Virgo-KAGRA (LVK) network
as identified o v er ninety GW events involving Black Holes (BHs)
nd Neutron Stars (NSs) (Abbott et al. 2023a ) and has started
onstraining the statistical properties of the Stellar Mass Black
ole Binaries (SMBHB) population, although some bounds remain

oose. Primarily, these limitations arise from the current detector
ensitivity, which has allowed us to measure only a few events with
igh precision. The determination of the merger rate distribution
t high redshift ( z � 1) is a striking example of these limitations.
s a matter of fact, the properties of the population at z � 1 are,

urrently, only guessed by using phenomenological models following
he Star Formation Rate (SFR) (Madau & Dickinson 2014 ; Madau &
ragos 2017 ; Mangiagli et al. 2019 ), leaving open space for the
resence of both long time delays in the BHB formation (Fishbach &
alogera 2021 ) and a variety of populations with different redshift
ehaviours (H ̈utsi et al. 2021 ; Franciolini et al. 2022b ; Antonelli
t al. 2023 ) (see also refs. Cusin et al. 2020 ; Abbott et al. 2021a ,
023b ; P ́erigois et al. 2021 ; Babak et al. 2023 ). While this might be a
easonable assumption if all the events observed by current detectors
 E-mail: marcocciapaolo1991@gmail.com (PM); germano.nardini@uis.no 
GN); mauro.pieroni@cern.ch (MP) 
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re BHBs of Stellar Origin (SOBHBs), at least in principle, different
cenarios are possible, leading to different high redshift behaviours. 

An intriguing alternative for BH formation is the possibility for
Hs to form due to some cosmological processes occurring in

he early Universe. These objects are typically dubbed Primordial
Hs (PBHs) to differentiate from BHs produced in some late-

ime astrophysical processes. PBHs might form when strong scalar
erturbations, e.g. generated by some inflationary model violating
lo w-roll, re-enter the Uni verse horizon, leading to the collapse
f some regions of space (Zel’dovich & No viko v 1967 ; Ha wking
971 ; Carr & Hawking 1974 ; Carr 1975 ). Such a mechanism would
ake PBHs, and, in particular, PBH Binaries (PBHBs), totally

ndependent of star formation processes. Different inflationary set-
ps and early-universe histories can result, e.g. in vastly different
BH abundances and mass distributions (see e.g. refs. Carr et al.
010 ; Khlopov 2010 ; Garc ́ıa-Bellido 2017 ; Sasaki et al. 2018 ; Carr
t al. 2021 ; Bagui et al. 2023 for re vie ws of PBH formation and
onstraints). Interestingly, depending on the formation scenario,
BHs can account for a substantial portion of the observed dark
atter (DM) abundance (Carr & Kuhnel 2020 ; Carr et al. 2021 ;
illanue v a-Domingo, Mena & Palomares-Ruiz 2021 ; Bagui et al.
023 ) with experimental upper bounds depending on the formation
echanism and the PBH mass range. Furthermore, at least one of

he two BHs in some SMBHBs might be of primordial origin, and,
ore in general, a PBHB population might contribute 1 to the events

urrently observed by LVK detector (Bird et al. 2016 ; Ali-Ha ̈ımoud
t al. 2017 ; Clesse & Garc ́ıa-Bellido 2017 ; Raidal et al. 2019 ; Hall,
 Notice, ho we ver, that LVK observ ations put tight constraints on the fraction 
f DM in PBHs for BHs in the stellar mass range (Ali-Ha ̈ımoud, Ko v etz & 

amionkowski 2017 ; Franciolini et al. 2022b , c ). 
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ow & Byrnes 2020 ). In such a case, some statistical properties and
bservable signatures might radically differ from those arising when 
ll SMBHBs are SOBHBs. 

Despite their radically different origin and phenomenology, PBHs 
re elusive at current GW detectors. The challenge is partly rooted in
he lack of unquestionable, discriminating predictions at low redshift 
see ref. Franciolini et al. ( 2022a ) for a systematic procedure to assess
he origin of BHBs]. The predictions on PBHs and SOBHBs at low
edshift are, indeed, loose due to the plethora of viable inflationary 
echanisms and the numerous unknowns on the stellar-origin 

ormation channels. On the contrary, a robust model-independent 
iscrimination criterion exists at high redshift: at distances beyond 
he SFR peak ( z � 2), the SOBHB merger rate must fast decline,
hereas the PBHB merger rate can keep growing (Ali-Ha ̈ımoud et al.
017 ; Raidal et al. 2019 ; Young & Byrnes 2020 ; H ̈utsi et al. 2021 ;
tal et al. 2022 ; Bavera et al. 2022 ). Remarkably, while the SFR peak

s beyond the reach of the present LVK interferometers, it will be
n the range 2 of future Earth-based detectors (Koushiappas & Loeb 
017 ; Barsotti, McCuller & Fritschel 2018 ; Maggiore et al. 2020 ;
e Luca et al. 2021 ; Ng et al. 2021 ; Martinelli et al. 2022 ; Branchesi

t al. 2023 ; Franciolini et al. 2023 ; Ng et al. 2023 ). In addition, the
aser Interferometer Space Antenna (LISA) (Amaro-Seoane et al. 
017 ) might look for imprints of PBHs in the milli-Hertz band from
ndi vidual e vents (Guo, Shu & Zhao 2019 ; Auclair et al. 2023 ; Bagui
t al. 2023 ) and the Stochastic GW Background (SGWB)(Garcia- 
ellido, Peloso & Unal 2017 ; Bartolo et al. 2019 ; Cai, Pi & Sasaki
019 ; Unal 2019 ; Bagui et al. 2023 ). Moreo v er, LISA will be
ensitive to the SGWB due to the incoherent superposition of the 
eak signals from the SMBHB population, which, including the 

ontribution of binaries at high-redshift, brings information on the 
ehaviour of the population abo v e the SFR peak (Chen, Huang &
uang 2019 ; Cusin et al. 2020 ; P ́erigois et al. 2021 ; Bavera et al.
022 ; Babak et al. 2023 ; Lewicki & Vaskonen 2023 ). 
In this paper, we discuss the detection prospects for the PBHB

opulation using its high-redshift behaviour (Martinelli et al. 2022 ; 
g et al. 2022a , b , 2023 ). Specifically, we study how future detectors
ight be able to identify PBHB populations beyond a certain Fiducial 
opulation of SOBHB (based on ref. Babak et al. 2023 ), which is
roadly compatible with the current LVK observations (Abbott et al. 
023a , 2023b ). For this purpose, we consider some well-established 
BHB population models (Atal et al. 2022 ; Bavera et al. 2022 ) and
ho w ho w dif ferent detectors will complementarily probe their pa-
ameter spaces. We expect our qualitative results to be independent of
ur fiducial population and PBHB models. Ho we ver, the quantitati ve
utcomes are contingent upon our population selections, so it will 
e worth repeating our analysis when the statistical properties of the 
MBHB populations become less uncertain than they are today. 
The paper is structured as follows: in Section 2 , we describe the

BHB (sub)population models, and in Section 3 , we describe the 
ethodology that we adopt. Our results are presented in Section 4 ,
here we discuss the detectability of different PBHB populations 
ith future Earth- and space-borne GW detectors. In particular, we 
emonstrate that the SGWB detection will give important comple- 
entary information on the presence of deviations from the fiducial 
odel. We devote Section 5 to our final remarks and conclusions. 
ome technical details rele v ant to our analysis are described in
ppendixes A , B , D , and E . 
 It is worth stressing, ho we ver, that while detecting high-redshift events will 
e possible with future detectors, accurately inferring their distances will not 
e trivial (Ng et al. 2022a ; Mancarella, Iaco v elli & Gerosa 2023 ). 

3

w
p

 POPULATI ON  M O D E L S  

n this section, we present the population models that we analyse
n this work. Following refs. Abbott et al. ( 2023b ) and Babak et al.
 2023 ), for a given population, the number of expected sources in a
i ven interv al of redshift and parameter space is gi ven by 

d 2 N ( z, θ, ξ ) 

d θd z 
= R( z ) 

[
d V c 

d z 
( z ) 

]
T 

Det 
Obs 

1 + z 
p( θ | ξ ) , (1) 

here T 

Det 
Obs is the detector observation time, d V c /d z ( z ) is the differ-

ntial comoving volume, R ( z) is the merger rate, and p ( θ | ξ ) is the
robability distribution function (PDF) for the source to have some 
pecific values for the binary parameters (collectively denoted with 
) given some population hyperparameters (collectively denoted with 
). 3 Notice that since p ( θ | ξ ) is normalized, the number of events in
 redshift interval [ z m , z M 

] is given by 

N z m ,z M = 

∫ z M 

z m 

d N ( z) 

d z 
d z = T 

Det 
Obs 

∫ z M 

z m 

R( z) 

1 + z 

[
d V c 

d z 
( z) 

]
. (2) 

More in detail, the PDF term p ( θ | ξ ) can be expressed as 

( ξ | θ ) = p( m 1 , m 2 | ξMass ) × p( θAngles | ξAngles ) × p( θSpins | ξSpins ) , (3) 

here m 1 and m 2 are the two masses, p ( m 1 , m 2 | ξMass ) is the mass
unction depending on some hyperparameters ξMass , p ( θAngles | ξAngles ) 
s the angle PDF, and p ( θSpins | ξSpins ) is the spin PDF. The sources are
ssumed to be isotropic in the sky, with inclination and polarization
niformly distributed in their considered prior. Eccentricity in the 
rbit is neglected throughout this work. The spin PDF is further
xpanded as 

( θSpins | ξSpins ) = p( a 1 , a 2 | ξSpin Amplitude ) ×p( cos ( t 1 ) , cos ( t 2 ) | ξSpin Tilt ) ,

(4) 

here p( a 1 , a 2 | ξSpin Amplitude ) and p( cos ( t 1 ) , cos ( t 2 ) | ξSpin Tilt ) are the
pin amplitude and spin tilt PDFs, with a i and t i (with i = 1, 2)
enoting the normalized spin amplitude and the angle between the 
inary angular momentum and the spin of the body i , respectively. 
In our analysis, the SMBHB population consists of the sum of the

OBHB and PBHB populations. We model each population using 
he framework outlined in equation ( 1 ) and neglect binaries with

ix ed origins. F or the SOBHB population, we consider a fiducial
opulation model, utilizing PDFs derived from the most recent LVK 

tudies. We set their hyperparameters to the best-fitting values as 
etermined by these studies (Abbott et al. 2023b ). We remind that
he LVK data, which we refer to as GWTC-3, provide no direct
onstraint at z � 1. To extend our analysis to the redshift range 1
 z � 10, we assume that the SOBHB merger rate R SOBHB tracks

he SFR and that the PDFs remain redshift-independent. Specifically, 
e employ a phenomenological merger rate that closely follows the 
adau-Dickinson SFR (Madau & Dickinson 2014 ) with negligible 

ime delay (see Dominik et al. 2012 ; Mapelli et al. 2017 ; Neijssel
t al. 2019 ). Appendix A provides further details about our approach.

Due to their early-universe origin, PBHBs have different statistical 
roperties than SOBHBs, and, in particular, the PBHB merger rate 
s not expected to track the SFR. While several possibilities exist in
he literature (see e.g. ref. Atal et al. 2022 ), for the PBHB merger
MNRAS 531, 4444–4463 (2024) 

 Consistently with the most recent LVK analyses (Abbott et al. 2021b , 2023 ), 
e are assuming the PDF to be separable. In particular, we assume all other 
arameters not to depend on the redshift. 



4446 P. Marcoccia, G. Nardini and M. Pieroni 

M

Figure 1. Left panel: Merger rate as a function of redshift for different populations (solid curves). The dashed, vertical lines mark the maximal horizon distances 
of LVK (dotted blue line) and LIGO A 

+ (dash-dotted green line). Right panel: number of events per year within a redshift volume (solid lines) and number of 
events per year per redshift bin normalized by the bin width (dashed lines) as functions of redshift for different populations. In both panels, all quantities relative 
to the fiducial SOBHB population are marked in black, and those relative to the PBH population with varying ε are marked in red (dark to light for decreasing ε). 
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ate we adopt (Raidal et al. 2019 ; Young & Byrnes 2020 ) 

 PBHB ( z) = εR 0 

[
t( z) 

t( z = 0) 

]−34 / 37 

, (5) 

hich corresponds to a power law in cosmic time t ( z) (H ̈utsi et al.
021 ; Bavera et al. 2022 ), normalized so that in z = 0 it is ε-times
maller than the fiducial SOBHB merger rate R 0 at the same redshift.
lternatively, one can parametrize the rate by relating it to f PBH ≡
PBH / �DM 

, that is, the total PBH energy density o v er the DM energy
ensity; see Appendix B for details. 
Fig. 1 shows the fiducial SOBHB merger rate and the PBHB
erger rate for some values of ε. As long as ε � 1, the PBHB

opulation is subdominant within the LVK horizon ( z � 1). Thus, (up
o a few outliers) the whole SMBHB population of GWTC-3 exhibits
he SOBHB properties. On the other hand, the PBHB population may
ecome rele v ant after the peak of the SFR. This is particularly evident
rom the dashed lines in the right panel of Fig. 1 , which shows ˆ N 

Pop 
z 

umber of events redshift z predicted by population Pop, which is
iven by 

ˆ 
 

Pop 
z ≡ �N 

Pop 
z m ,z M 

�z 
, (6) 

here �N 

Pop 
z m ,z M 

is defined in equation ( 2 ) with the additional
uperscript specifying the considered population. By normalizing
ith �z = z M 

− z m , we ensure that, for sufficiently small bin
izes, ˆ N 

Pop 
z is independent of the specific binning scheme used in

he analysis. 
For the PBHB mass distribution, we assume each of the two masses

n the binary to be drawn from the same PDF, 4 i.e. P ( m 1 ) = P ( m 2 ),
NRAS 531, 4444–4463 (2024) 

 This simplifying assumption does not include the effect of suppression terms 
n the mass function (Raidal et al. 2019 ; Vaskonen & Veerm ̈ae 2020 ; Young & 

yrnes 2020 ; Franciolini et al. 2022c , 2023 ). We expect these terms to be 

r
m
p
f
a

hich we set to be a Log-Normal (LN) 

 LN ( m ) = 

1 √ 

2 πm 

2 σ 2 
LN 

exp 

[
− ln 2 ( m/μLN ) 

2 σ 2 
LN 

]
, (7) 

here μLN and σ LN are the hyperparameters setting the position and
idth of the peak. 
Finally, the PDFs of the angular variables and spins depend on

he specific PBH formation mechanism and pairing (De Luca et al.
019 ; Flores & Kusenko 2021 ; Saito et al. 2023 ). For concreteness,
e consider a reasonable and practical option: both PBHB spin

nd angular distributions resemble those of the fiducial SOBHB
opulation. This is also a pessimistic scenario, as reconstructing such
DFs would not help disentangle the two populations. Ho we ver, the
esults of our analysis mildly depend on this choice, as discussed in
ection 4.3 . 

 M E T H O D O L O G Y  

his section describes our methodology to identify a PBHB pop-
lation component on top of the fiducial population consistent
ith GWTC-3. Our analysis studies the detectability of individual

ources and SGWB with future GW detectors. Specifically, we
onsider LIGO A 

+ and ET, with either 1 or 10 yr of observations,
or the measurement of individual sources, and LISA, assuming
ither 4 or 10 yr of observations, for the SGWB detection and
haracterization. While our analysis concerns the PBHB population
ele v ant for broader distribution. In such cases, these terms will drag the total 
ass of the predicted systems toward lower values. In the formalism of this 

aper, the contribution of these effects to the estimation of the PBH fraction 
 PBH are hidden in the definition of ε. For further details on the effects of this 
pproximation see Appendices B and C . 
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odels presented in Section 2 , a similar methodology could be 
pplied to other PBH scenarios and GW detectors. For details on 
he detector characteristics and our numerical codes, see Section D 

nd the repository (Marcoccia 2023a ), respectively. 

.1 Resolvable sources analysis 

ur analysis of individually resolvable sources relies on measure- 
ents performed with Earth-based detectors. In particular, we check 
hether the presence of the PBHB population increases the expected 
umber of detectable sources by more than 3 σ beyond the number 
redicted by the fiducial population. For this purpose, hereafter we 
efine an event as ‘detectable’ when its signal-to-noise ratio (SNR) 
see definition in equation 10 ) is larger than some threshold value
NR Thr , which we set to 8. 
Let us start by briefly re vie wing the methods to e v aluate the SNR

ssociated with a GW signal. The signal, h , measured by any GW
etector, is expressed as 

 = F 

+ 

ij h 

+ 

ij + F 

×
ij h 

×
ij , (8) 

here h 

+ 

ij and h 

×
ij denote the two GW polarization modes, while 

 

+ 

ij and F 

×
ij are the detector pattern functions (for details, see 

.g. ref. Maggiore 2000 ). The two GW modes can be further
xpanded as a combination of polarization tensors e + 

ij , e ×ij , and a 
aveform depending on the source parameters. In our study, we 

mplo y the IMRPhenomXHM w aveform (Pratten et al. 2021 ), a
henomenological waveform from the IMRPhenom family (Ajith 
t al. 2007 , 2008 ; Santamaria et al. 2010 ; Husa et al. 2016 ; Khan
t al. 2016 ), offering a good compromise between quality and 
omputation speed. With this choice, the signal depends on the 
arameters 

 1 , m 2 , d L , φ0 , τc , θ, φ, ι, ψ, χ1 , χ2 , (9) 

here m 1 and m 2 are the masses of the two BHs in the detector frame,
 L is the luminosity distance, φ0 is the binary’s initial phase, τ c is the
oalescence time, θ and φ are the binary’s latitude and longitude, ι
s the angle between the binary’s angular momentum and the line of
ight, ψ is the orientation, and χ1 and χ2 are the two (dimensionless)
pin amplitudes projected on the orbital plane. Finally, the SNR for
 given source and a given detector is defined as (Cutler & Flanagan
994 ) 

NR 

2 = 4 
∫ f M 

f m 

Re [ h 

∗h ] 

S n ( f ) 
d f , (10) 

here S n ( f ) is the detector strain sensitivity (see Section D ), while f m 

nd f M 

are the minimal and maximal detector frequencies. Notice that 
n this equation, h depends on all the parameters listed in equation ( 9 ),
ut for a large sample of sources, only their average values matter
n our analyses, at least at the leading order. This is why in several
 v aluations, e.g. the analytical estimates, we can av erage o v er both
he spins ( χ1 , χ2 ) and angular ( θ , φ, ι, ψ) variables; we dub this
pproximated SNR as SNR avg . Ho we ver, as a check of robustness,
n a few cases, we test our averaged-based results with those 
btained without the average approximation, and we indicate the 
esult of this precise e v aluation simply as SNR (i.e. without any
ubscript). 

As a first step, to fast probe the PBHB detectability in a broad part
f their parameter space, we perform a semi-analytical analysis. For 
his purpose, we modify equation ( 6 ) by including a selection effect.
pecifically, we define the expected number of resolvable sources at 
edshift z for the population Pop as 

ˆ 
 

Res , Pop 
z ≡ �N 

Res , Pop 
z m ,z M 

�z 
= 

T 

Det 
Obs 

�z 

∫ z M 

z m 

R 

Pop ( z) 

1 + z 

[
d V c 

d z 
( z) 

]
∫ 

p 

Pop ( ξ | θ ) θSNR avg ( ξ ) d ξ d z , (11) 

here, for an y giv en detector, the selection function θSNR avg ( ξ ) is
 Heaviside � function filtering the sources with SNR avg larger 
han SNR Thr = 8. The integrals in equation ( 11 ) are carried out
umerically. Notice that due to the presence of the selection function,
he integration over the ξ variables has to be computed explicitly. 

We use equation ( 11 ) to set our (analytic) criterion for the
dentification of the PBHB component via resolvable sources at 
arth-based detectors. We define the PBH contribution to be visible 

f, in a given bin in z, it satisfies the condition 

ˆ 
 

Res , PBHB 
z > 3 � 

Res , Fid 
z ≡ 3 

√ 

ˆ N 

Res , Fid 
z . (12) 

n other words, the PBHB component can be separated from the
ducial SOBHB component if there exists a bin in z, in which the
umber of resolvable sources, ˆ N 

Res , PBHB 
z , exceeds the number of 

etectable SOBHB sources, ˆ N 

Res , SOBHB 
z , by 3 σ . In our case, the

rror comes from a Poissonian distribution, and this is why we have

 

Res , Fid 
z = 

√ 

ˆ N 

Res , Fid 
z . 

The semi-analytic analysis is fast but disregards two effects: the 
opulations’ realization dependence and the impact of the angular 
nd spin variables on the SNR. We quantify these effects by running a
ore sophisticated analysis on some PBHB population benchmarks. 
pecifically, we use the code in ref. Marcoccia ( 2023b ) to sample
 v er the PDF in equation ( 1 ) and generate n r = 100 catalogues of the
OBHB fiducial population and one catalogue per PBHB benchmark 
opulation. Then, for every merger event predicted in the catalogues, 
e compute SNR avg and the exact SNR. We define as � 

ˆ N 

Res , Pop 
z m ,z M 

the
umber of events with SNR avg > SNR Thr in a given redshift interval
 m 

≤ z ≤ z M 

for the catalogue i of the population Pop. Similarly,

e define as � N 

Res , Pop 
z m ,z M , i 

the analogous quantity obtained with the 
etectability condition SNR > SNR Thr . F or conv enience, we also
ntroduce 

ˆ 
 

Res , Pop 
z,i ≡ � 

ˆ N 

Res , Pop 
z m ,z M ,i 

/�z , N 

Res , Pop 
z,i ≡ � N 

Res , Pop 
z m ,z M ,i 

/�z . (13) 

The mismatches between ˆ N 

Res , Pop 
z,i and ˆ N 

Res , Pop 
z highlight the effect 

f the realization dependence that our semi-analytic results neglect. 
o we v er, we e xpect the mismatch to be statistically within the
oisson deviation from the mean, i.e. ∣∣∣ ˆ N 

Res , Pop 
z,i − ˆ μRes , Pop 

z 

∣∣∣ < 3 ̂  σ Pop , Res 
z at 95 per cent C.L. , (14) 

here 

ˆ Res , Pop 
z ≡ � ̂  μRes , Pop 

z m ,z M 

�z 
≡ 1 

n 

n ∑ 

i= 1 

� 

ˆ N 

Res , Pop 
z m ,z M ,i 

�z 
, (15) 

ˆ Pop , Res 
z = 

√ √ √ √ √ 

1 

�z 

n ∑ 

i= 1 

[ 
� 

ˆ N 

Res , Pop 
z m ,z M ,i 

− � ̂  μ
Res , Pop 
z m ,z M 

] 2 
n − 1 

. (16) 

ere, the index i runs over n , the number of realizations of each
opulation scenario. Since we produce multiple realizations only of 
ur fiducial population (namely n = n r = 100), we focus on the
ealizations of this population to test equation ( 14 ). This allows us to
ro v e σ Res , Pop 

z � � 

Res , Pop 
z and, in turn, to use � 

Res , Pop 
z as a proxy of

he realization dependences in our PBHB benchmarks. 

The quantities N 

Res , Pop 
z m ,z M ,i 

are useful to investigate the impact of the 
pproximation SNR avg , in which the SNR is computed by averaging
MNRAS 531, 4444–4463 (2024) 
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 v er the angles and spin. For this purpose, we calculate the quantities
Res , Pop 
z and σ Pop , Res 

z , given as in equations ( 15 ) and ( 16 ) but with the
at symbol replaced by the bar one. In the parameter regions where
he approximation is satisfactory, ˆ μRes , Pop 

z and μRes , Pop 
z are expected

o be practically equal. 5 All these quantities can be computed for
if ferent v alues of T 

Det 
Obs and se veral detector sensiti vities. For con-

reteness, we consider LIGO A 

+ and ET, assuming T Det 
Obs = 1 , 10 yr

f data. Moreo v er, to simplify the notation, hereafter we drop all the
 subscripts in all these quantities and refer to the quantity, say q , as
 

Res, Pop . 
Let us comment on the assumptions of our semi-analytic analysis.

he most rele v ant assumption pertains to the procedure to e v aluate
he right-hand side of equation ( 12 ). In particular, while a consistent
nalysis should account for both the realization error and the
ncertainty in the model parameters, we e v aluate equation ( 12 ) using
he central values for all the fiducial population parameters without
ncluding their uncertainties. There are three main reasons behind
his choice: 

(i) The main message of this work is to stress the synergy between
arth-based and space-based GW detectors for what concerns assess-

ng the presence of populations of high-redshift SMBHBs beyond
ur fiducial population. Thus, including further uncertainties in the
nalysis will quantitatively affect our results, but it will not change
he message of this work. 

(ii) Current GW detections have only probed the Universe at z �
 so that the peak in the SOBHB population directly descends from
mposing the population to follow the SFR at high redshift. Moreo v er,
e have no information on the possible presence of time delays,
hich might shift the SOBHB peak position. All these uncertainties

hould also be included to perform a consistent analysis. 
(iii) With more measurements to come in the next few years (with

mpro v ed sensitivity and possibly with more detectors joining the
xisting network), the determination of the model parameters will
mpro v e significantly . Currently , we have no reliable, precise estimate
n the errors in the measured values of the fiducial population
arameters at the end of the next LVK runs. 6 

For these reasons, we restrict ourselves to the case where the main
ncertainty on ˆ N 

Res , Pop comes from the Poissonian error. Ho we ver,
e show that this treatment is reasonably good by performing a
ore computationally demanding analysis on some benchmarks. We

ostpone the e xhaustiv e treatment of the realization dependencies
nd population uncertainties to the time when more LVK data will
e available. 
As a final comment, we stress that the results presented in this

ork are sensitive to uncertainties on the astrophysical populations.
 or e xample, e xtra formation channels not captured in a time-delayed
FR might induce additional merger rate excesses and, in turn, some
likely small) systematics. Ho we ver, depending on ho w dif ferent
he mass/redshift PDFs are compared to the ones considered in this
ork, these channels could still be identified by more sophisticated
NRAS 531, 4444–4463 (2024) 

 In principle, it is possible to replace the whole semi-analytic approach with 
he much more time-consuming method based on realizations and precise 
NR e v aluation. In this case, the detection criterion for a PBH population 

ealization would be N 

Res , Benchmark 
z > 3 σ Fid , Res 

z instead of equation ( 12 ). 
 Data for the O4 run, which has both longer acquisition time and bet- 
er sensitivity compared to O3, will be released in the next couple of 
ears (Cahillane & Mansell 2022 ; Kiendrebeogo et al. 2023 ), leading to 
ignificant impro v ement in the determination of all the population parameters. 
he parameter determination will impro v e ev en further with O5. 

7

s
p
2
2
e
8

w
u
a
u

nalyses (De Luca et al. 2021 ; Bavera et al. 2022 ; Franciolini et al.
022a , b ; Ng et al. 2022b ). For this reason, our approach constitutes a
ast identification of PBH hints but does not substitute other methods
hat, at a later stage, can be tuned to confirm or disconfirm the found
ints. 

.2 SGWB analysis 

he SGWB from the fiducial SOBHB population, and its variation
ue to the PBHB contribution, is e v aluated using the analytical
pproach summarized in Appendix E and detailed in ref. Phinney
 2001 ). It turns out that, within the LISA frequency band, the SGWB
ignal sourced by each population can be parametrized as a simple
ower law: 

 

2 �
Pop 
GW 

( f ) = 10 αPop 

(
f 

f ∗

)β

, (17) 

here β = 2/3 is the tilt of the GW power spectrum and αPop is the
log 10 ) of the amplitude at a reference (irrele v ant) pi vot frequency
 ∗. This result assumes each frequency bin to be highly populated
y the GW signals due to binaries in circular orbits, with negligible
nvironmental effects, and emitting GWs only (Cusin et al. 2020 ;
 ́erigois et al. 2021 ; Bavera et al. 2022 ; Babak et al. 2024 ). Dropping
ny of these assumptions might induce modifications from the power-
aw behaviour. 7 Since we are interested in e v aluating the SGWB in
he LISA frequency band f ∈ { 3 × 10 −5 , 0 . 5 } Hz, it is convenient
o set f ∗ = 0.01 Hz. 

Our strategy to probe the presence of the PBHB population via
he SGWB measurement consists of reconstructing the o v erall signal
ith the abo v e power-la w template, and then checking whether the
osteriors of the template parameters are compatible with those
redicted by the fiducial SOBHB population up to some confidence
evel. As the aforementioned assumptions imply β = 2/3 for both
OBHB and PBH populations, only deviations from the SOBHB
mplitude parameter are rele v ant to our goal. We calculate the
eference SOBHB population amplitude by using equations ( E5 )
nd ( E6 ) where, for practical purposes, the integral over z is cut off
bo v e a maximal redshift. Specifically, for the SOBHB population,
e integrate up to z ≈ 10 and obtain αSOBHB � −12.02 at f ∗ =
.01 Hz. With such a maximal-redshift choice, the estimate of the
mplitude is accurate to within 1 per cent error (Babak et al. 2023 ).
e follow the same procedure to compute αPBH predicted by a PBH

opulation with a given set of hyperparameter values. However, the
unresolved) PBHB signals do not die off as fast as the SOBHB ones.
or this contribution, we set the cut-off at z = 100 corresponding to
 ∼ 10 per cent accuracy in the SGWB e v aluation. 8 

To forecast the LISA posteriors on the power-law template param-
ters, we perform an analysis based on the Fisher Information Matrix
FIM) formalism. Given some data ˜ d ( f ), containing signal ̃  s ( f ) and
oise ˜ n ( f ), which we assume to be Gaussian, with zero means, and
 Also the eccentricity of the orbit, astrophysical uncertainties, or individual 
ource subtraction might affect the shape of the SGWB generated by a 
opulation of compact objects (Rajagopal & Romani 1995 ; Jaffe & Backer 
003 ; Wyithe & Loeb 2003 ; Cornish & Robson 2017 ; D’Orazio & Samsing 
018 ; Zhao & Lu 2020 ; Karnesis et al. 2021 ; Babak et al. 2023 ; Lehoucq 
t al. 2023 ). 
 To achieve the 1 per cent accuracy level in the computation of αPBH , one 
ould have to integrate much higher values of z. Given the theoretical 
ncertainties on the distribution of PBHB at such high redshifts, we choose 
 cut-off that reasonably compromises between numerical and theoretical 
ncertainties (Bagui et al. 2023 ). 

uly 2024
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Table 1. The range of parameter values used in the semi-analytic analysis. 

Parameter Range 

R 0 fraction ε ∈ [10 −3 , 1] 
Mass PDF central parameter μLN ∈ [0, 150] 
Mass PDF standard deviation σLN = [0.1, 0.25, 0.5, 1] 
Integrated mass range m ∈ [0, 200] 
Earth-based integrated redshift range z ∈ [0, 10] 
SGWB integrated redshift range z ∈ [0, 10 2 ] 
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10 A detailed study on how these uncertainties would affect the SGWB signal 
at LISA, can be found in ref. Babak et al. ( 2023 ). 
11 As these lines pro v e, we are far away from the region with f BBH ∼ 1, for 
which sev eral e xperimental constraints e xist (Tisserand et al. 2007 ; Ricotti, 
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haracterized only by their variances, 9 the (log-)likelihood can be 
ritten as 

− log L ( ̃  d | 
 θ ) ∝ T 

∫ f max 

f min 

{
ln 
[ 
D( f , 
 θ ) 

] 
+ 

˜ d ( f ) ̃  d ∗( f ) 

D( f , 
 θ ) 

}
d f , (18) 

here f min and f max are the minimal and maximal frequencies 
easured by the detector, T is the total observation time, and D( f , 
 θ )

s the model for the variance of the data, depending on some (signal
nd noise) parameters 
 θ . The best-fitting parameters 
 θ0 are defined 
o maximize log L : 

∂ log L 

∂θα

∣∣∣∣
 θ= 


 θ0 

∝ T 

∫ f max 

f min 

∂ ln D( f , 
 θ ) 

∂θα

[
1 −

˜ d ( f ) ̃  d ∗( f ) 

D( f , 
 θ ) 

]
= 0 , (19) 

hich is clearly solved by D( f , 
 θ0 ) = 

˜ d ( f ) ̃  d ∗( f ). Then, the FIM
 αβ is given by 

 αβ ≡ − ∂ 2 log L 

∂ θα∂ θβ

∣∣∣∣
 θ= 


 θ0 

= T 

∫ f max 

f min 

∂ log D( f , 
 θ ) 

∂θα

∂ log D( f , 
 θ ) 

∂θβ
d f 

(20

y definition, the FIM F αβ is the inverse of the covariance matrix C αβ .
s a consequence, estimates of the errors on the model parameters 
θ

re obtained by computing 
√ 

diag ( C αβ ) = 

√ 

diag ( F 

−1 
αβ ) . Notice that 

ISA will measure three data streams. Under some simplifying as- 
umptions, these data streams in the AET TDI basis are independent 
see Section D ), and therefore the total Fisher matrix is given by 

 

Tot 
αβ ≡ F 

AA 
αβ + F 

EE 
αβ + F 

TT 
αβ = 2 F 

AA 
αβ + F 

TT 
αβ . (21) 

or what concerns the observation time T , we assume 100 per cent
fficiency and impose T LISA 

Obs = 4 yr. For reference, we also sho w ho w
esults impro v e if the mission lifetime is e xtended to 10 yr. Let us
ssume that the data are expressed in � units, and we have factored
he detector response out (for details, see Section D ). Then, D( f , 
 θ )
an be expanded as 

 

(
f , 
 θ

)
= h 

2 �GW 

(
f , 
 θs 

)
+ h 

2 �n 

(
f , 
 θn 

)
, (22) 

here �GW 

( f , 
 θs ) is the template of the signal as a function of the
requency and the parameters 
 θs = { β, αTot } , and �n ( f , 
 θn ) is the
oise model as a function of the frequency and the noise parameters


 
n = { A, P } . For what concerns the noise, we use the analytical
wo-parameter model commonly used in the literature (for details, 
ee Section D ). 

In our case, the signal is a sum of two contributions, one for
he fiducial population and one for the PBHB population, each 
escribed by the template in equation ( 17 ). Given the complete
e generac y between these two components, we cannot measure them 

ndependently, but only the o v erall amplitude, which in the pivot
requenc y is giv en by αTot = log 10 (10 αFid + 10 αPBH ). In particular, to
ssess the significance of the PBHB contribution, we check whether, 
or each PBHB population, the value of αFid , with its error band, is
ot compatible at some σ -level (from 1 to 3) with αTot , i.e. 

Tot − n σα, Tot > αFid + n σα, Fid , (23) 

here σα, Tot and σα, Fid are the FIM errors on αTot and αFid , respec- 
ively, and n ∈ { 1, 2, 3 } . For reference, we report that for αFid =
SOBHB � −12.02 at f ∗ = 0.01Hz, we have σ 4yr 

α, Fid � 8 . 44 × 10 −3 and
 In reality, the resolution � f is finite and given by 1/ T . As long as this 
requency is much smaller than f min , we can ef fecti vely replace the discrete 
ums with integrals. 

O
a
C
p
P

10yr 
α, Fid � 5 . 34 × 10 −3 at 68 per cent confidence level after marginal-

zing o v er the error on β. Such findings are compatible with those of
ef. Babak et al. ( 2023 ). 

As in the previous section, we conclude by discussing the 
imitations of our analysis. Analogously to Earth-based detectors 
nd following similar lines of reasoning, we do not include the
ncertainties in the population parameters in our analyses. 10 A further 
rucial approximation is that the FIM formalism gives accurate 
stimates for the uncertainties in determining the model parameters. 
his approximation holds in the limit where the log-likelihood for 

he model parameters is sufficiently Gaussian around 
 θ0 , which 
hould be quite accurate for the specific injections considered in 
his work (Babak et al. 2023 ). 

 RESULTS  A N D  DI SCUSSI ON  

e now present the results obtained by applying the proposed 
ethodology to the PBHB population scenario introduced in Sec- 

ion 2 . We describe the semi-analytic results achieved by considering
he LISA and LIGO A 

+ detectors in Section 4.1 , while those obtained
ith LISA and ET in Section 4.2 . Given these results, we select a

et of benchmark points in the PBHB population parameter space. 
n these benchmarks, we assess the robustness of the semi-analytic 

nalysis by incorporating spin and sky location parameters, as well 
s considering realization dependence effects. The results of this 
ssessment are presented in Section 4.3 . The o v erall analysis is
onducted on the PBHB parameter space summarized in Table 1 ,
ssuming 1 and 10 yr of continuous observations for the Earth-based
etectors, and 4 and 10 yr of continuous measurements for LISA. 

.1 Detectability of PBHB populations using LISA and LIGO 

 

+ 

ig. 2 summarizes the outcome of the semi-analytic analysis show- 
asing the synergy between LIGO A 

+ and LISA in the slice { μLN , ε}
f the PBHB parameter space. The third, free parameter of the PBHB
odel, σ LN , is set as specified in the title of each panel, which also

ncludes the value of T 

LIGO A + 
Obs adopted in the LIGO A 

+ resolvable-
v ent measurement. F or reference, each panel includes the curv es
orresponding to f PBH = 10 −4 , 5 × 10 −4 , 10 −3 (see Appendix B )
arked as indicated in the le gend. 11 F or each parameter point, we
MNRAS 531, 4444–4463 (2024) 

striker & Mack 2008 ; Wyrzykowski et al. 2011 ). Further bounds on the 
b undance of stellar -mass PBHs can be found in refs. Garc ́ıa-Bellido & 

lesse ( 2018 ), Khalouei et al. ( 2021 ), and Bagui et al. ( 2023 ). Since in this 
aper, we are more interested in the methodology than the illustrative LN 

BHB population application, we do not recast any PBH (model dependent) 
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M

Figure 2. LISA and LIGO A 

+ prospect for the detection of LN PBHB population in the parameter space plane { ε, μLN } . Values of the peak width, σLN , 
and the number of years of LIGO A 

+ data, T 

LIGO A + 
Obs , are specified in the title of each panel. In the regions above the magenta (dash-dotted) [solid] line, the 

amplitudes of the o v erall SGWB and the fiducial model measured by LISA with 4 yr are incompatible at 1 (2) [3] σ level. Light brown lines represent the same 
but for 10 yr of LISA data. The colour map indicates the minimal value of z at which the condition in equation ( 12 ) is satisfied. Crosses indicate the benchmark 
points investigated in our dedicated analyses. The black lines correspond to different values of f PBH . 
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ompute the integral in equation ( 11 ) and look for the smallest value
f z, say z̄ , such that the condition in equation ( 12 ) is satisfied. The
NRAS 531, 4444–4463 (2024) 

ounds here. In any case, these bounds should not rule out the bulk of the 
onsidered parameter with f BBH � 10 −3 . 

n  

A  

S  
alue of z̄ sets the colour in all these plots. White areas correspond
o the parameter regions where the condition in equation ( 12 ) is
ot satisfied at any z. In the colourful region, therefore, LIGO
 

+ would recognize the presence of the PBHB component in the
MBHB population (within the assumptions of the semi-analytic
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nalysis). Moreo v er, LISA would reach the same conclusion in the
BH parameter regions above the magenta and light brown lines, 
hich are computed by e v aluating the condition in equation ( 23 ) (see

he legend for the LISA observation time, T 

LISA 
Obs , and the sigma level,

 , corresponding to each line). In the tin y gre y areas appearing in the
op right corner of some panels, the o v erall SGWB signal violates
he current LVK upper bound on the SGWB amplitude (Abbott et al.
021a ). Finally, the crosses are the benchmark points that we select
or the tests in Section 4.3 . 

First of all, by scrutinizing Fig. 2 , we understand that LIGO A 

+ 

ill observe events from the LN PBHB populations only up z �
. This is both a consequence of the detector’s sensitivity, which 
nly allows for detecting events up to z � 3 (see Section D ), and
f the averaging over the spin and angular variables, which slightly
owers the maximal redshift reach compared to, e.g. an optimally 
ocated source. Thus, LIGO A 

+ will not be able to resolve events
n the range where the PBHB population naturally dominates o v er
he SOBHB population, i.e. at redshift higher than the SFR peak. 
s a consequence, either the fraction of the PBHB population is

elatively high at low redshift, or LIGO A 

+ will not be able to
etect its presence. The additional information provided by the 
GWB amplitude measured by LISA might provide an invaluable 

ool to break the de generac y among different population models. 
n particular, the SGWB measurement pro v es to be quite ef fecti ve
or probing models predicting very narrow peaks at low masses 
r very broad peaks with small values of ε. On the other hand,
or sufficiently large values of μLN , populations with narrow mass 
istributions are more easily detectable with Earth-based detectors. 
he moti v ation is that the SNR decreases for increasing mass ratio
 q = m 1 / m 2 ). For narrow mass distributions, the two PBHs of each
inary are more likely to have similar masses, which, on average, 
ncreases the typical event SNR. Moreover, PBHB populations with 
xtremely narrow mass distributions, located at either too small or 
oo large masses, will not be detectable since they generate signals
hat are either too feeble (the GW amplitude grows with the mass of
he binary) or outside the detector’s frequency band (higher masses 
enerally coalesce at lower frequencies). Examples of these effects 
re visible in, e.g. the left and right top panels of Fig. 2 . In particular,
n the top left panel, the minimum in the border of the colourful
rea at μLN � 70 M � originates from the interplay between these 
wo effects. Notice also that the shape of the border of the colourful
egion before such minimum tracks the behaviour of the fiducial 
ass function, which, as discussed in Appendix A , is assumed to be
 power-law + peak model (Abbott et al. 2023b ). Such a shape is
xpected in the limit σ LN → 0, and gets smoothed out by increasing 
LN , as Fig. 2 shows. 
Comparing the panels with T 

LIGO A + 
Obs = 1 yr with those with 

 

LIGO A + 
Obs = 10 yr is also interesting. First, we see that, for Earth-
ased detectors and LISA, increasing the ef fecti ve observ ation time
enerally enhances the detection prospects but not significantly affect 
he qualitative behaviour of the results. Indeed, for Earth-based 
etectors, increasing the observation time does not affect the single 
vents detection, but rather, it only increases their number, improving 
he o v erall statistics. Similarly, for LISA, increasing the observation 
ime does not impact the o v erall SGWB amplitude, 12 but rather, the
ccuracy of its measurement. 
2 As already mentioned in Section 3.2 , this surely holds within our assump- 
ions but might not be generally true, as with longer observation time and/or 
rchi v al searches, the indi vidual source subtraction will impro v e, leading to 
hanges both in the amplitude and shape of the SGWB. 

e
a  

S  

p
d  

f

Overall, Fig. 2 leads to conclude that, for PBHB mass functions
eaked at masses maximizing the SNR, μLN � 70 M �, PBH popu-
ations with even tiny ε ( ε ∼ 10 −3 ) are within the reach of LIGO A 

+ .
hile this quickly degrades as PBHB mass functions broaden, this 

ehaviour is not as marked for the prospect of SGWB detection with
ISA. As a consequence, parts of the parameter space that can be
ardly probed with Earth-based detectors can still be accessed with 
ISA. 

.2 Detectability of PBHB populations using LISA and ET 

e proceed by discussing how the PBHB detection prospects 
mpro v e when ET replaces LIGO A 

+ . Fig. 3 shows the results
orresponding to this scenario. It also displays the benchmark points 
dentified in the previous section to highlight their detectability with 
T. 
As discussed in Section D , ET can resolve events at z � 10, i.e.

ell beyond the SFR peak where the SOBHB population quickly 
rops. As a consequence, ET has way better prospects of identifying
BHB population departures from the SOBHB fiducial model. This 
act is manifest in Fig. 3 . Moreo v er, by comparing Fig. 2 and Fig. 3 ,
e see that the detection prospect of ET has less dependence on μLN 

han the one of LIGO A 

+ . This effect originates from the impro v ed
ensitivity, which, for the mass and redshift ranges considered in this
ork, leads to less pronounced selection effects in ET, compared 

o LIGO A 

+ . Indeed, all panels of Fig. 3 indicate that selection
ffects due to the binary mass only affect the very low end of
he mass range. We can thus conclude that, as long as the PBHB
opulation will produce a sufficiently large number of events (i.e. 
arger than the Poissonian 3 σ expected for the fiducial population) at
igh redshift, ET will measure a significant excess in the number of
vents. 

Despite the great increase in the detection ability of ET com-
ared to LIGO A 

+ , the SGWB measured by LISA still brings
dditional information. The main moti v ation for this claim is that
vents with very large masses (outside the range of our plots)
ould merge at too low frequencies to be detected with ET,
ut would still contribute to the SGWB amplitude. Ho we ver, a
imilar argument could also hold for different redshift distributions 
redicting a few events at low redshift and many more events
t very high redshift. Hence, we stress, once again, the synergy
etween indi vidual e vents and SGWB for constraining population 
odels. 
While, be yond the impro v ements just underlined, most of the

omments explained in Section 4.1 for LIGO A 

+ remain valid 
or ET, we remark that following the methodology introduced 
n Section 3.1 , there are some regions where the PBHB population
urns out to be detectable with smaller values of ε in LIGO A 

+ 

han in ET (cf. Fig. 2 and Fig. 3 ). This might seem counterintuitive,
iven that ET has better sensitivity. Indeed, this is an artefact of
ur choice for the detectability criterion, defined in equation ( 12 ),
nd of the selection function for the different GW detectors. With
ur approach, if the fiducial population produces fewer resolvable 
vents at a given redshift, fewer events are required from the PBHB
opulation to satisfy equation ( 12 ). In particular, since LIGO A 

+ 

elects very few events from the fiducial population, it might be
asier for a PBHB population with suitable properties (i.e. with 
 narrow mass function centred at the right value to optimize the
NR at LIGO A 

+ ) to satisfy equation ( 12 ). Ho we ver, a proper
opulation analysis keeping track of both the redshift and mass 
istribution (see e.g. ref. Franciolini et al. 2022b ) would reveal this
eature. 
MNRAS 531, 4444–4463 (2024) 



4452 P. Marcoccia, G. Nardini and M. Pieroni 

M

Figure 3. As in Fig. 2 but with ET instead of LIGO A 

+ . 
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.3 Analysis of the PBHB population benchmark points 

n this section, we perform a more accurate analysis of the resolvable
ources with LIGO A 

+ and ET focusing on the benchmark points
hown in Fig. 2 and Fig. 3 . The goal is to quantify the inaccuracies
aused by the SNR avg approximation and the omission of the
ealization dependencies. The rationale is detailed in Section 3.1 . 

Let us start by commenting on the choice of our benchmark points.
hile details are summarized in Table 2 , qualitatively these points

xhibit the following features: 
NRAS 531, 4444–4463 (2024) 

a  
(i) Point 1 is chosen to be detectable with LIGO A 

+ , but not
etectable with LISA/ET, according to the methodology assumed in
his work. 

(ii) Point 3 leads to signatures in LISA, LIGO A 

+ , and ET. Points
 has the same μLN of Point 3 but smaller ε, while Point 4 has the
ame ε but smaller μLN . Both Point 2 and Point 4 are marginally
etectable with LISA and LIGO A 

+ , but well testable with ET. 

The results obtained on these benchmark points using LIGO A 

+ 

nd ET are shown in Fig. 4 . The three left panels of the figure show
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Table 2. Description of the benchmark points of the PBHB populations, 
the redshift at which they become notable at LIGO A 

+ and ET, and the 
significance of their SGWB signal at LISA. The acronym N.D. stands for 
non-detectable. 

Point N. 1 2 3 4 

μLN [ M �] 70.0 95.0 95.0 25.0 
σLN 0.1 1.0 1.0 1.0 
ε 0.0025 0.01 0.05 0.05 
LIGO A 

+ (1 yr) z ∼ 2 N.D. z ∼ 1 N.D. 
ET (1 yr) N.D. z ∼ 6 z ∼ 2 z ∼ 2 
LISA (4 yr) N.D. ∼1 σ >> 3 σ � 2 σ
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he results for LIGO A 

+ , while the right panels contain the results
or ET. The three rows correspond to three different techniques (with 
ncreasing levels of accuracy) for the e v aluation of the (expected)
umber of resolvable sources for a given population. The lines in 
he top row are computed using the semi-analytic method described 
n Section 3 , and, in particular, by e v aluating equation ( 6 ). The error
ands are estimated from these numbers by assuming a Poisson 
istribution. Since this procedure is the one used to generate the 
oloured regions in Fig. 2 and Fig. 3 , the population event profiles
ppearing in these top panels are precisely those establishing the 
minimum z’ of the benchmarks in those figures (Table 2 quotes 
uch redshifts). 

The central panels show the resolvable event distributions de- 
ermined from the generated catalogues, but still using the SNR avg 

pproximation. This approximation is the same that we use to get 
he top-panel results. By comparing the top and central panels, 
e can assess the impact of realization dependence on our results.
s expected, we find consistency in regions with many resolvable 

ources (small z) and deviations in the low-statistics regime (large z). 
Finally, the bottom panels show the results obtained using the 

atalogues and the complete expression for the SNR, consistently 
ncluding all waveform v ariables. De viations between top (or central) 
nd bottom-panel results manifest at higher redshift. This behaviour 
s expected since small differences in the source parameters can mo v e
orderline sources inside or outside the detection threshold. Thus, 
ncluding all parameters in the SNR e v aluation makes results more
ependent on the realization effects in the low-statistics regime. The 
gure shows that this effect is more pronounced for LIGO A 

+ , which
as less resolvable sources at high redshift, than for ET. Despite this
ffect, we observe general good agreement between numerical and 
emi-analytical results. 13 

The actual number of PBH resolvable events per se is a meaningful
uantity. Fig. 5 shows them. Concretely, it displays their redshift 
volutions and their Poissonian uncertainties when these quantities 
re computed through the semi-analytic method. It also includes the 
ncertainty � 

Res , Fid 
z (at 1 and 3 σ -level) for the fiducial population. 

he figure gives an insight into how the realization dependencies on 
he PBH populations would influence the conclusions reached via our 
emi-analytic analysis. We can see that the impact is non-negligible 
ut does not change our main conclusions. 

Before concluding, we further scrutinize the relative differences 
ue to the SNR approximation and the realization dependencies. For 
3 This behaviour shows that adopting different distributions for the angular 
ariables (e.g. anisotropic source distributions) or for the spins from the one 
ssumed in our analysis, might have a minor impact on our results, i.e. mild 
ariations for LIGO A 

+ at high redshift and negligible variations for ET. 

o
c
o

h
m  
his purpose, using the same notation introduced in Section 3.1 , we
efine the following quantities: 

ˆ μ,z = 

| ̂  μRes , Fid 
z − ˆ N 

Res , Fid 
z | 

ˆ μ
Res , Fid 
z 

, ˆ ρσ,z = 

| ̂  σ Fid , Res 
z −

√ 

ˆ N 

Fid , Res 
z | 

ˆ σ Fid , Res 
z 

, 

(24) 

¯μ,z = 

| ̄μRes , Fid 
z − ˆ N 

Res , Fid 
z | 

μ̄
Res , Fid 
z 

, ρ̄σ,z = 

| ̄σ Fid , Res 
z −

√ 

ˆ N 

Fid , Res 
z | 

σ̄
Fid , Res 
z 

, 

(25) 

here ‘hat’ quantities are computed using sky and spin averages, and
bar’ quantities use the sky and spin information. Fig. 6 shows their
alues as a function of redshift for the fiducial population in blue
nd red, respectively. We see that before reaching the low-statistics 
e gime, the blue curv es are al w ays smaller than 10 per cent for both
IGO A 

+ and ET. This pro v es a quite good agreement between the
emi-analytical approach and the generated catalogues. On the other 
and, the red curves reach higher values ( � 30 / 40 per cent ), so the
NR approximation can induce larger errors than the realization 
ependence. Nevertheless, both the SNR approximation and the 
ealization dependence are sufficiently small not to jeopardize the 
ain conclusions that one would reach via the semi-analytic method. 

 C O N C L U S I O N S  

n this paper, we have discussed the prospects of detecting potential
BHB populations with future GW detectors. For this purpose, we 
ave assumed a fiducial population in agreement with the GWTC-3 
esults and added PBHB populations with different merger rates and 
ass distributions to test whether these would lead to observable 

ignatures in LIGO A 

+ , ET, or LISA. Using Earth-based detectors,
e have checked how the number of resolvable events changes in the
resence of PBHB populations. In particular, we have e v aluated this
nalytically and tested our results by simulating event catalogues to 
ssess the impact of low statistics on the analytic results. We have
enerally found good agreement between our semi-analytical and 
umerical results. Beyond that, we have e v aluated the increase in the
mplitude of the SGWB arising from the PBH contribution and tested
ts detectability with LISA using a FIM approach. We found that the
nformation LISA will bring might be significant to test whether the
GWB is due to SOBHBs only. 
For all models considered in this work, we have found sizable

egions of the parameter spaces where the PBHB populations will 
ead to significant variations in the number of detectable events 
n LIGO A 

+ and ET (with ET performing better in most cases)
ith respect to SOBHB expectations. Ho we ver, it is worth stressing

hat detecting events at high redshift does not imply that it will
l w ays be possible to infer their redshift accurately (Ng et al. 2022a ;
ancarella et al. 2023 ). Moreo v er, we hav e found that for all models

onsidered in this work, there are sizable parts of the parameter
paces leading to an increase in the SGWB amplitude that would be
etectable with LISA. Interestingly, since the SGWB inte grates o v er
ll masses, the SGWB measurement can also test populations with 
ery low and very large masses, generating signals beyond the reach
f future Earth-based detectors. Indeed, different GW detectors probe 
omplementarily distinct parts of the parameter space. In particular, 
ur results highlight three different regimes: 

(i) Signatures in Earth-based detectors and LISA: This can 
appen if the PBH population becomes abundant (but still statistically 
arginal in present LVK observations) around (or after) the SFR peak
MNRAS 531, 4444–4463 (2024) 
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Figure 4. The impact of the approximations adopted in the semi-analytic method leading to Fig. 2 and Fig. 3 . In the top panels, the quantities are computed 
with the semi-analytic method. In the central panels, the quantities are computed on the generated catalogues, but still with the SNR computed with sky and 
spin-averaging. In the bottom panels, the quantities are computed on the generated catalogues and with the proper SNR e v aluation. Each panel also sho ws the 
number of events in the fiducial population (red line), with 1 (orange band) and 3 σ (yellow band) compared with the number of events for the fiducial population 
plus one of the PBH populations (fixed by the benchmark points). All the results shown in this plot are obtained assuming 1 yr of either LIGO A 

+ (left panels) 
or ET (right panels) measurements. 
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o that the number of individual events does not decline at z � 2.
imultaneously, the SGWB at LISA exceeds the SOBHB prediction.
(ii) Signatures in Earth-based detectors only: The PBH popu-

ation grows very slowly with z and becomes sizable only at high
NRAS 531, 4444–4463 (2024) 
edshifts. In this case, the signals from unresolved sources are faint,
nd their contribution to the SGWB at LISA is not sufficiently strong
o modify the SOBHB prediction significantly. While deviations in
he merger rate might be appreciated, their statistical significance
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Figure 5. Semi-analytical prediction of the number of resolv able e vents predicted in our benchmark points compared with the analytical estimate for the 
Poissonian error on the fiducial population. The dashed lines delimit the 3 � 

Res , Point i 
z region for the i-th benchmark point. The LIGO A 

+ (ET) results for 1 yr of 
observations are shown in the left (right) panel. 

Figure 6. Plots of ρμ (solid lines) and ρσ (dashed lines) as defined in equations ( 24 ) and ( 25 ) for LIGO A 

+ (left panel) and ET (right panel). The blue (red) 
curves use the sky and spin-averaged (full) expression for the SNR. 
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ight not be sufficient to pin down the presence of a secondary
opulation unless some additional features are found in, e.g. the 
ass distribution of the observed population. 
(iii) Signatures in LISA only: The PBH population has very 

mall or very large masses, and the signals are not detectable 
ith Earth-based detectors. LISA observes an SGWB amplitude 

ncompatible with the value predicted using the SOBHB population 
easured by Earth-based detectors. 

Overall, we conclude that the considered measurements from 

arth-based detectors and LISA will generally be complementary, 
nd our understanding of the BH population that we observe in 
ur Universe will improve if we use their synergy. This conclusion 
omes with no surprise, knowing the underlying differences between 
he properties of the signals these detectors will probe. Furthermore, 
e generally observe that the dependence of the LISA SGWB on 

he population parameters scales differently than the distribution 
f resolvable sources that Earth-based interferometers will detect. 
his fact implies that, in general, SGWB measurements will help 
arth-based detectors impro v e the constraints on the BH population
arameters that we observe in our Universe. 
As discussed in Section 3 , our analysis does not include errors on

he fiducial population parameter, which are currently quite broad 
n some of the most influencing parameters and would impact our
esults significantly if extrapolated to the volume that LIGO A 

+ 

nd ET detector will probe. Ho we ver, the open codes presented in
ur GitHub repository (Marcoccia 2023a ) can be readily updated 
hen the new results of future inference papers, e.g. by the LVK

ollaboration, come out. With impro v ements in the LVK network,
e expect more (and more accurate) detections, which will reduce 

he uncertainties on the population parameters, making the analysis 
uch more reliable. 
This study assumes that the two populations do not interact 

ith one another, i.e. mergers only involve BHs drawn from the
ame population. This assumption impacts both the number and 
he properties of the mergers. By dropping this assumption and 
ssuming the two populations to have sufficiently different mass 
anges, it would be possible to enhance the number of Extreme
MNRAS 531, 4444–4463 (2024) 
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ass Ratio Inspirals in the LISA band significantly (Babak et al.
017 ; Gair et al. 2017 ; Guo & Miller 2022 ; Mazzolari et al. 2022 ). 14 

hus, determining the abundance of these objects can also be used
o further constrain the eventual presence of PBHB populations on
W detectors with LISA-like frequency range. Moreover, keeping

rack of the number of resolvable sources in different frequency
ands (e.g. BHs with masses higher than the ones considered in this
 ork w ould merge in the LISA frequency band) could also provide
 possible tracer for the presence of PBHB population. Finally,
ncluding the SGWB measurement at the Earth-based detectors could
mpro v e the results presented in this study for two main reasons.
irst, detecting the SGWB at different frequency bands will decrease

he uncertainties on its amplitude, hence improving the chances
f detecting deviations from the expected value. Secondly, if the
BH mass function is narrow and peaked in the stellar-mass range,

he PBH could modify the SGWB shape introducing deviations
rom the standard power-law behaviour in the LVK/ET frequency
ange, which could be used as a further constraint on the PBH sub-
opulation properties (Chen et al. 2019 ; Kapadia et al. 2020 ; Bavera
t al. 2022 ; Franciolini & Pani 2023 ). 

We conclude by commenting on alternative methods to assess the
etectability of PBHB populations beyond the ones considered in
his work for both Earth-based and Space-based detectors. It would
e possible, in principle, to adopt other criteria similar to the one we
av e introduced. F or e xample, since we e xpect PBHBs to become
ele v ant at high redshift, variations on the cumulative number of
esolvable sources predicted after a given redshift could provide a
iable alternative. While maintaining less information on the source
istribution, this approach would be less sensitive to the error in
he inference of the source distance (Ng et al. 2022a ; Mancarella
t al. 2023 ). Finally, a fully consistent population analysis based
n hierarchical Bayesian modelling (see e.g. Wong et al. 2021 ;
hen, Yuan & Huang 2022a ; Franciolini et al. 2022b ) would be
omputationally more e xpensiv e but, keeping its subtleties under
ontrol, more accurate than the criteria discussed here. Thus, we
eem it worth exploring these (and possibly other) methodologies in
uture works. 
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4 For SGWB predictions and cosmological constraints with EMRIs, see 
.g. (Babak et al. 2017 ; Laghi et al. 2021 ; Chen et al. 2022b ; Liu, Laghi & 

amanini 2024 ; Pozzoli et al. 2023 ) 
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I e adopt throughout the analysis. In most aspects, we follow the approach 
o tion ( 1 ). We proceed by clarifying the functional forms of the quantities 
a

ight bounds on the SMBHB population properties up to z ∼ 0.5 (Abbott 
e  1, but they are too rare and/or poorly reconstructed to impose strong 
c aveats, current data are compatible with a population of SOBHBs with a 
m

R (A1) 

f  

 

(Abbott et al. 2021b , 2023a ). At higher redshift, R ( z) has to keep track of 
t mble the SFR. Thus, consistently with Babak et al. ( 2023 ), we choose the 
M 014 ; Mangiagli et al. 2019 ) with a negligible time delay. 15 Such a choice 
l

R (A2) 

w
+ peak scenario (Abbott et al. 2021b , 2023a ) 

 m 

, δm 

) , 
(A3) 

w  q = m 2 / m 1 . The functions π1 and π2 read as 

 m m 

, δm 

) 
(A4) 

a

π (A5) 

w on for the lo w mass cutof f, and P and G are respecti vely a normalized 
p

P (A6) 

G (A7) 

w e mean and width of the Gaussian, and C PL and C m being normalization. 
T  rising from 0 to 1 in the interval [ m m , m m + δm ] 

S (A8) 

w

f (A9) 

s s range does not have an explicit cutoff, but large masses are statistically 
s er than the values used in the LVK analysis (Abbott et al. 2023b ), to take 
i ll the hyperparameters entering the mass distribution equation ( A3 ) are 
fi able A1 . 

he spin amplitudes and one for the spin tilts. The former reads as (Abbott 
e

p (A10) 

1

S
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PPENDIX  A :  T H E  S O B H B  F I D U C I A L  POPULAT

n this appendix, we detail the fiducial SOBHB population model w
f ref. (Babak et al. 2023 ) and rely on the master equation in equa
ppearing in such an equation. 

As already discussed in the main text, the current LVK data put t
t al. 2023a ). Few events have been detected at redshift 0.5 � z �
onstraints (Abbott et al. 2020 ; O’Brien et al. 2021 ). Despite these c
erger rate behaving as 

( z) = R 0 (1 + z) κ

or z � 0.5, with R( z = 0 . 2) = 28 . 3 + 13 . 9 
−9 . 1 Gpc −3 yr −1 and κ = 2 . 9 + 1 . 7

−1 . 8

he stellar-formation origin of the binaries and, to some degree, rese
adau-Dickinson phenomenological profile (Madau & Dickinson 2

eads to 

 SOBHB ( z) = R 0 
(1 + z) κ

1 + ((1 + z) / 2 . 9) κ+ 2 . 9 
, 

here R 0 is set so that R ( z = 0.2) matches the measured value. 
For what concerns the mass distribution, we adopt the power law 

p( m 1 , m 2 | m m 

, m M 

, α, βq , μm 

, σm 

, δm 

, λpeak ) = 

C mass π1 ( m 1 | α, μm 

, σm 

, m m 

, m M 

, δm 

, λpeak ) π2 ( q| βq , m 1 , m

ith C mass being a normalization constant and q being the mass ratio

π1 ( m 1 | α, μm 

, σm 

, m m 

, m M 

, δm 

, λpeak ) = [
(1 − λpeak ) P ( m 1 | − α, m M 

) + λpeak G ( m 1 | μm 

, σm 

) 
]
S ( m 1 |

nd 

2 ( q| βq , m 1 , m m 

, δm 

) = C q ( m 1 ) q 
βq S ( m 2 | m m 

, δm 

) , 

here C q ( m 1 ) is a normalization function, S is a smoothing functi
ower law and a normalized Gaussian distribution 

 = C PL m 

−α , 

 = 

C m √ 

2 πσ 2 
m 

exp 

[ 

−1 

2 

(
m − μm 

σm 

)2 
] 

, 

ith α being the spectral index of the power law, μm and σ m being th
he smoothing function S imposes a smooth cutoff for low masses,

 = 

⎧ ⎨ 

⎩ 

0 , if m < m m 

[ f ( m − m m 

, δm 

) + 1 ] −1 , if m ∈ [ m m 

, m m 

+ δm 

] 
1 , if m > m m 

+ δm 

, 

ith 

 ( m 

′ , δm 

) = exp 

(
δm 

m 

′ + 

δm 

m 

′ − δm 

)
, 

o that, by construction, we have m ≥ m m . The high end of the mas
uppressed. In practice, we set m M 

= 100 M �, which is slightly high
nto account possible higher mass events of astrophysical origin. 16 A
xed at the central values of the LVK analysis outcome reported in T
The spin distribution is a product of two different PDFs, one for t

t al. 2021b , 2023a ): 

( a i | αa , βa ) = 

a 
αa −1 
i 

(
1 − a 

βa −1 
i 

)
B( αa , βa ) 

, 
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5 Other choices (Dominik et al. 2012 ; Dvorkin et al. 2016 ; Mapelli et al. 2017 ; Neijssel et al. 2019 ; Santoliquido et al. 2020 ; Fishbach & Kalogera 2021 ; van 
on et al. 2022 ) are possible and might qualitatively change the results, but not the rationale, of our analysis. 
6 We test that other choices would not practically change our results. For e.g. m M 

= 150 M �, no masses abo v e 100 M � appear in our catalogue realizations due 
o the PDF suppression. 
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Table A1. Fiducial values (with 1 σ C.L.) for the mass function hyperparameters (Abbott et al. 2023b ). 

Parameter m m [M �] m M 

[M �] δm [M �] λpeak α βq μm σm 

Value 5 . 0 + 0 . 86 
−1 . 7 100 4 . 9 + 3 . 4 −3 . 2 0 . 038 + 0 . 058 

−0 . 026 3 . 5 + 0 . 6 −0 . 56 1 . 1 + 1 . 7 −1 . 3 34 + 2 . 6 −4 . 0 5 . 69 + 4 . 28 
−4 . 34 

Table A2. Fiducial values (with 1 σ C.L.) for the spin amplitude and spin tilt hyperparame- 
ters (Abbott et al. 2023b ). 

Coefficients a M 

E[ a ] Var[ a ] ζ σ 1 σ 2 

Value 1 0 . 26 + 0 . 09 
−0 . 07 0 . 02 + 0 . 02 

−0 . 01 0 . 76 + 0 . 22 
−0 . 45 0 . 87 + 1 . 08 

−0 . 45 0 . 87 + 1 . 08 
−0 . 45 

w normalization of the PDF. The αa and βa are positive constants defined 
t

(A11) 

w mplitudes of the two black holes are independent of one another. On the 
o

p
 ] 2 / (2 σ 2 

i ) 
}

i ) 
, (A12) 

w istribution centred in cos ( t i ) ≈ 1. The σ i , and ζ parameters are specified 
i

e Hubble parameter is , with h = 0.678 being its dimension-less H 0 = 

h

A R K  MATTER  RELI C  A BU N DA N C E  

W titute a sizable amount of the presently observed DM, their abundance in 
t Ioka et al. 1998 ; Tisserand et al. 2007 ; Ricotti et al. 2008 ; Wyrzykowski 
e  v a-Domingo et al. 2021 ). We define f PBH ≡ �PBH / �DM 

, the ratio between 
t BH population model, the parameters ε and f PBH can be explicitly related. 
W hich we derive from phenomenological models, is dominated by binaries 
t r-radiation equality (H ̈utsi et al. 2021 ; Bagui et al. 2023 ; Franciolini et al. 
2

ugh the parameter ε. An alternative way to write R PBHB ( z) is (H ̈utsi et al. 
2

 m 2 

 �

)− 32 
37 

η− 34 
37 S 

] 

, (B1) 

w ction � LN is given in equation ( 7 ). The function S is a suppression factor 
a ation or fa v our their disruption. It can be approximated as 17 

S (B2) 

w

T (B3) 

C (B4) 

H  perturbations at the time the binaries form, � denotes the Euler gamma 
f  m > and < m 

2 > are the first and second momenta of the PBH mass PDF. 

1

2
f
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here B ( αa , βa ) is a Beta function that guarantees the appropriate 
hrough 

E[ a] = 

αa 

αa + βa 

V a r[ a ] = 

αa βa 

( αa + βa ) 2 ( αa + βa + 1) 

, 

here E [ a ] and Var [ a ] are set in Table A2 . We stress that the spin a
ther hand, the PDF spin tilt distribution reads 

( cos ( t 1 ) , cos ( t 2 ) | σ1 , σ2 , ζ ) = 

1 − ζ

4 
+ 

2 ζ

π

∏ 

i∈ 1 , 2 

exp 
{− [ 1 − cos ( t i )

σi erf ( 
√ 

2 /σ

hich is a mixture between an isotropic and a truncated Gaussian d
n Table A2 . 

Finally, for cosmology we assume the � CDM model where th
 × 100 km (s Mpc) −1 value, and �m = 0.3 and �� 

= 0 . 7. 

PPENDIX  B:  PBH  C O N T R I BU T I O N  TO  T H E  DA

hile PBHs behave as cold DM and could, at least in principle cons
he stellar mass range is tightly constrained (Nakamura et al. 1997 ; 
t al. 2011 ; Ali-Ha ̈ımoud et al. 2017 ; Garc ́ıa-Bellido 2017 ; Villanue
oday’s PBH and DM energy densities in the Univ erse. F or a given P

e obtain their relationship in the case that our PBH population, w
hat gravitationally decoupled from the Hubble flow before the matte
023 ). 
In equation ( 5 ), we modulate the PBHB merger rate R PBHB ( z) thro

021 ; Franciolini et al. 2023 ) 

R PBHB ( z) = 

1 . 6 × 10 6 

Gpc 3 yr 
f 

53 / 37 
PBH 

[
t( z) 

t( z = 0) 

]− 34 
37 
∫ 

d m 1 

∫ 
d m 2 

[ (
m 1 +

M

here η = m 1 m 2 /( m 1 + m 2 ) 2 and S = � LN ( m 1 ) � LN ( m 2 ) S. The fun
ccounting for environmental effects that slow down the binary form

 ≈ 1 . 42 

( 〈
m 

2 
〉
/ 〈 m 〉 2 

N̄ ( m 1 , m 2 , f PBH ) + C 

+ 

σ 2 
M 

f 2 PBH 

) 

e −T̄ , 

ith 

¯
 = 

m 1 + m 2 

〈 m 〉 
(

f PBH 

f PBH + σM 

)
, 

 = 

〈
m 

2 
〉

σ 2 
M 

〉 m 〉 2 
f 2 PBH [ 

�(29 / 37) √ 

π
U 

(
21 
74 , 

1 
2 , 

5 f 2 PBH 
6 σ 2 

M 

)] −74 / 21 
− 1 

. 

ere σ M 

≈ 0.004 represents the rescaled variance of matter density
unction, U ( a , b , z) is the confluent hypergeometric function, while <
MNRAS 531, 4444–4463 (2024) 

7 In general, in S contains an extra suppression factor, which introduces redshift dependence at small z. Such a term is negligible for f PBHB � 10 −3 (H ̈utsi et al. 
021 ; Franciolini et al. 2023 ), which is the region of parameter space rele v ant parts for most models considered in this work. As a consequence, we neglect this 
actor. 
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M

Figure B1. Conversion maps from ε to f PBH of the parameter spaces of PBHB populations with LN mass function. Each panel corresponds to a different value 
of σLN , and it spans o v er values of ε and μLN . Crosses indicate the benchmark points used in the analysis. 

ε (B5) 

w gions of the PBH models considered in our analysis. 

A N  IN  T H E  MASS  F U N C T I O N  DI STRI BU TI ON  

I  

P  2 , f PBH ) , (C1) 

w

P (C2) 

T mputational time of the analysis, as well as to give a clearer qualitative 
d sidering. The main effect of the terms we neglected is to drag the PBHB 

t  this work. Ho we v er, we e xpect these corrections to be rele v ant only for 
p exponential decay of the log-normal PDF dominates the generated masses 
d uch mixing terms in our analysis, and in particular, for the results in Fig. 2 
a

the PBHB SGWB amplitude with the exact and approximated mass PDF 

e term lowers the SGWB amplitude by less than 50 per cent even for high 
v in the same order of magnitude, with a minimal variation of the SGWB 

l
olvable events, we show, in Fig. C1 , the results on the benchmarks Point 1 

a its a maximal value of σ LN and high number of events) without neglecting 
t ults including the mixing terms. Fig. C1 shows that the correction, which 
t T detector. This comes with no surprise, as in ET the PBHB populations 
t hold in the considered redshift interval. Even for LIGO A 

+ , the mixing 
t hich has a narrow mass distribution. On the other hand, for Point 3, which 
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The comparison of equation ( 5 ) to equation ( B1 ) yields 

 = 

1 . 6 × 10 6 

R 0 
f 

53 / 37 
PBH 

∫ 
d m 1 

∫ 
d m 2 

[ (
m 1 + m 2 

M �

)− 32 
37 

η− 34 
37 S 

] 

, 

hile Fig. B1 shows the values of f PBH that arise in the parameter re

PPENDIX  C :  I M PAC T  O F  T H E  FAC TO R I Z AT I O

n the PBH literature, the PBHB mass PDF is typically expressed as

 

Full 
PBHB ( m 1 , m 2 ) ∝ 

(
m 1 + m 2 

M �

)− 32 
37 

η− 34 
37 � LN ( m 1 ) � LN ( m 2 ) S( m 1 , m

hile in our analysis, we have approximated it as 

 PBHB ( m 1 , m 2 ) ∝ � LN ( m 1 ) � LN ( m 2 ) . 

he moti v ations for this approximation are both to impro v e the co
escription of the properties of the PBH populations that we are con
otal mass to ward lo wer v alues compared to the cases considered in
opulations with high σ LN , while for populations with small σ LN the 
istribution. In this appendix, we quantify the impact of neglecting s
nd Fig. 3 . 

Concerning the SGWB analysis, we have computed numerically 
xpressions in the scenario with σ LN = 1. We find that the mixing 
alues of μLN . This implies that the SGWB amplitude remains with
ines presented in Figs 2 and 3 . 

To assess the impact of our approximation on the results for the res
nd Point 3 (the former exhibits a small value of σ LN , the latter exhib
he terms in equation ( C1 ). In the panels, we label as ˜ 1 and ˜ 3 the res
ends to decrease the SNR of the events, is not noticeable for the E
end to have an SNR much higher than the assumed detection thres
erms do not affect significantly the results for benchmark Point 1, w
NRAS 531, 4444–4463 (2024) 
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Figure C1. Semi-analytical prediction of the number of resolv able e vents predicted for the first and third benchmark point compared with the analytical estimate 
for the Poissonian error on the fiducial population. The dotted lines delimit the 3 � 

Res , Point i 
z region for the i-th benchmark point. The dashed line shows the 

results when the additional suppression factors coming from the full mass PDF are taken into account. The LIGO A 

+ (ET) results for 1 yr of observations are 
shown in the left (right) panel. 

Figure C2. The impact of the factorizable mass PDF approximation adopted in the semi-analytic method leading to Fig. 2 and Fig. 3 . The results are computed 
using the semi-analytic method, and av eraging o v er the sky angles and spins. Each panel shows the number of events in the fiducial population (red line), with 
1 (orange band) and 3 σ (yellow band) compared with the number of events for the fiducial population plus the PBHB population of Point 3 with and without 
the correction of the mixing term (green and navy colour, respectively). All the results shown in this plot are obtained assuming 1 yr of either LIGO A 

+ (left 
panel) or ET (right panel) measurements. 

c  number of resolvable sources is appreciable but only in the high-redshift 
r e PBHB population emerges from the SOBHB fiducial model (cf. Fig. 2 
a

or the case of Point 3, with the other approximations that we considered in 
F en compared to the impact of realization and SNR approximation errors. 

A

I coming and future Earth-based interferometers and LISA as a reference 
f  timeline and operational durations of these instruments are uncertain. 
N ate for several years before the early/mid-2030s when ET and LISA are 
e ed progress plan, we consider a couple of somewhat extreme timeline 
s in between. Concretely, we analyse 1 and 10 yr of data for LIGO A 

+ and 
E re reader to estimate which scenario the future will tend to and in which 
o
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orresponds to a broad mass function, the dampening in the expected
egion of the plot, in particular much abo v e the redshift at which th
nd Fig. 3 ). 

Finally, in Fig. C2 we compare the impact of this approximation, f
ig. 4 . It results that, even for σ LN = 1, this effect is subdominant wh

PPENDIX  D :  DETECTO R  C H A R AC T E R I S T I C S  

n this study, we consider LIGO A 

+ and ET as representatives of up
or the first generation of space-based GW detectors. The precise
evertheless, it is reasonable to anticipate that LIGO A 

+ will oper
xpected to commence to acquire data. In the lack of a well-defin
cenarios, believing that the actual future will likely fall somewhere 
T, and 4 and 10 for LISA. We leave it to the knowledge of the futu
rder each detector and its measurements will arrive. 
MNRAS 531, 4444–4463 (2024) 
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M

Figure D1. Horizon distance for the LIGO A 

+ (blue) and ET (red) detectors as a function of the total mass arising in the populations of our analysis. The black 
dashed line corresponds to the redshift of the peak of the SFR (with no time delays) used in our fiducial SOBHB population. 

D

T ingston (N 30 ◦330 ′ , W 90 ◦460 ′ ) and Hanford (N 46 ◦270 ′ , W 119 ◦240 ′ ) 
s LIGO 2018 ), with frequency range [5, 5000] Hz. For ET, we assume the 
l 0 ′ , E 9 ◦260 ′ ) with the ET-D-sum sensitivity in the frequency range [0.1, 
1 analysis is nearly independent of the precise detector sites. The e xpected 
h ulations considered in this paper, is presented in Fig. D1 

D

L nsist of three satellites orbiting around the Lagrange point L5. For our 
a  range [3 × 10 −5 , 0.5] Hz (LISA 2018 ). In the following, we describe 
t 7 ; Babak, Petiteau & Hewitson 2021 ) based on the results of the LISA 

P , we report the LISA sensitivity in the Time Delay Interferometry (TDI) 
c I construction, see e.g. ref. (Flauger et al. 2021 ; Hartwig et al. 2023 ). 

st Mass (TM) acceleration noise and Optical Metrology System (OMS) 
n

1 

 πf 

)4 (2 πf 

c 

)2 

, 

(D1) 

w ntrol the amplitudes of the TM and OMS components, respectively. The 
t

N P TM 

( f , A ) + 

, (D2) 

1

n
p
T
T
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1 Earth-based interferometers 

he location of the two LIGO A 

+ detectors are set to be in the Liv
ites. Regarding the sensitivity, we use the curve described in ref. (
ocation proposed in the Sos Enattos mine in the Lula area (N 40 ◦26
0 4 ] Hz (Hild et al. 2011 ; ET 2018 ). Ho we ver, our resolv able e v ent 
orizon distance for these detector configurations, w.r.t the BHB pop

2 LISA 

ISA will be the first interferometer in space. The detector will co
nalysis, we assume mission adoption sensitivity in the frequency
he 2-parameters instrument noise model (Amaro-Seoane et al. 201
athfinder mission, as well as the latest laboratory test. In particular
hannels A and T. 18 For more details on the noise model and the TD

The noise in LISA is a combination of two main components: Te
oise. The power spectra P TM 

, P OMS , for these two components are 

P TM 

( f , A ) = A 

2 fm 

2 

s 4 Hz 

[ 

1 + 

(
0 . 4 mHz 

f 

)2 
] [ 

1 + 

(
f 

8 mHz 

)4 
] (

2

P OMS ( f , P ) = P 

2 pm 

2 

Hz 

[ 

1 + 

(
2 mHz 

f 

)4 
] (

2 πf 

c 

)2 

, 

here c is the light speed and the two noise parameters A and P co
otal noise spectral densities in the TDI A and T channels read 

 AA ( f , A, P ) = 8 sin 2 
( 2 πf L 

c 

){
4 
[
1 + cos 

( 2 πf L 

c 

) + cos 2 
( 2 πf L 

c 

)]
+ 

[
2 + cos 

( 2 πf L 

c 

)]
P OMS ( f , P ) 

}

NRAS 531, 4444–4463 (2024) 

8 TDI is a technique designed for LISA to suppress the otherwise dominant (and several orders of magnitude larger than the required noise levels) primary 
oises. TDI consists of combining interferometric measurements performed at different times. It can be shown that for a fully symmetric LISA configuration, it is 
ossible to introduce an orthogonal (i.e. noise in the different channels is uncorrelated) TDI basis, typically dubbed AET. See e.g. refs. (Armstrong, Estabrook & 

 into 1999 ; T into & Armstrong 1999 ; Estabrook, T into & Armstrong 2000 ; Prince et al. 2002 ; Shaddock et al. 2003 ; Tinto, Estabrook & Armstrong 2004 ; 
into & Dhurandhar 2021 ) for details. 
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N  

(D3) 

w
al channel ij ) is defined as 

S (D4) 

w g GW signals onto the TDI data stream. The response can be further 
e nt terms. While ˜ R ij ( f ) should be e v aluated, approximate expressions for 
t

R

 πf L 

c 

)6 

 0 . 7 
( 2 πf L 

c 

)8 . (D5) 

S o ˜ R AA , the T channel is typically assumed to be signal insensitive. It is 
c

h (D6) 

I  for the noise parameters to be A = 3, P = 15 with 20 per cent Gaussian 
p

A E  S G W B  F RO M  A  P O P U L AT I O N  O F  M E R G I N G  

O

I B sourced by the PBHB and SOBHB populations. Further details on the 
d olacino 2008 ) for details. We focus on the case of the LISA detector, for 
w gh ( ∼10 sources for SNR tresh = 8) to prevent dampenings of the SGWB 

s bak et al. 2023 ). 
 2001 ), the characteristic spectral strain of the SGWB can be defined as 

h (E1) 

H sity of the sources, and the (redshifted) energy per log frequency interval 
p ion, reads as 

(E2) 

w  of the statistical properties of the source population. It can be written as 

(E3) 

w e probability of having a chirp mass M from the m 1 and m 2 mass PDFs, 
a

(E4) 

h
 ( m 1 , m 2 ) 5 / 3 

(1 + z) 1 / 3 
d t r 
d z 

. (E5) 

T

� (E6) 

T
©
P
(
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 TT ( f , A, P ) = 16 sin 2 
( 2 πf L 

c 

){
2 
[
1 − cos 

( 2 πf L 

c 

)]2 
P TM 

( f , A ) +

+ 

[
1 − cos 

( 2 πf L 

c 

)]
P OMS ( f , P ) 

}
, 

ith L = 2 . 5 × 10 9 m is the LISA armlength. 
Given the noise power spectra, the strain sensitivity (for a generic

 n,ij ( f , A, P ) = 

N ij ( f , A, P ) 

R ij ( f ) 
= 

N ij ( f , A, P ) 

16 sin 2 
( 2 πf L 

c 

) ( 2 πf L 

c 

)2 ˜ R ij ( f ) 
, 

here R ij ( f ) is the (quadratic) response function, mapping incomin
xpanded as a purely geometrical factor, ˜ R ij ( f ), times TDI-depende
he A and T channels read 

˜ 
 AA ( f ) = 

9 

20 

1 

1 + 0 . 7 
( 2 πf L 

c 

)2 , 
˜ R TT ( f ) = 

9 

20 

( 2

1 . 8 × 10 3 +
ince ˜ R TT is strongly suppressed at low frequencies with respect t
ustomary to express the noise in � units using 

 

2 ˜ �n,ij ( f , A, P ) = 

4 π2 f 3 

3( H 0 /h ) 2 
S n,ij ( f , A, P ) . 

n the analyses presented in this work, we assume the fiducial values
riors. 

PPENDIX  E:  A NA LY T I C A L  D E R I VAT I O N  O F  T H
B J E C T S  

n this appendix, we summarize the analytical deri v ation of the SGW
eri v ation can be found in refs. (Phinney 2001 ; Sesana, Vecchio & C
hich we know that the number of resolvable sources is small enou

ignal in the high-frequency region of the LISA sensitivity band (Ba
Following the approach of refs. (Hawking & Israel 1989 ; Phinney

 

2 
c ( f ) = 

4 G 

πc 2 f 2 

∫ ∞ 

0 
dz 

d n 

d z 

1 

1 + z 
f r 

d E GW 

d f r 

∣∣∣∣
f r = f (1 + z) 

. 

ere d n /d z and d E GW 

/d f r are, respectively, the comoving number den
roduced by each source. The latter, in the circular-orbit approximat

d E GW 

d f r 
= 

π

3 G 

( G M ) 5 / 3 

( πf r ) 1 / 3 

∣∣∣∣
f r = f (1 + z) 

, 

ith M being the chirp mass of the source. The former is a function

d n 

d z 
= 

∫ ∞ 

0 
d M 

d 2 n 

d z d M 

= 

∫ ∞ 

0 
d M R( z) P [ M ( m 1 , m 2 )] 

d t r 
d z 

, 

here R ( z) is the merger rate of the population, P [ M ( m 1 , m 2 )] is th
nd d t r /d z is a drift term defined as 

d t r 
d z 

= 

1 

H 0 (1 + z) 
√ 

�m 

(1 + z) 3 + �� 

. 

By putting all these elements together, one finds 

 

2 
c ( f ) = 

4 G 

5 / 3 

3 c 2 π1 / 3 f 4 / 3 

∫ ∞ 

0 
d z 

∫ m M 

m m 

d m 1 

∫ m M 

m m 

d m 2 R( z) p( m 1 , m 2 ) 
M

his can be rephrased in � units as 

GW 

( f ) = 

2 π2 f 2 h 

2 
c ( f ) 

3 H 

2 
0 

. 
MNRAS 531, 4444–4463 (2024) 

his paper has been typeset from a T E 

X/L 

A T E 

X file prepared by the author. 
2024 The Author(s). 

ublished by Oxford University Press on behalf of Royal Astronomical Society. This is an Open Access article distributed under the terms of the Creative Commons Attribution License 
 https://cr eativecommons.or g/licenses/by/4.0/), which permits unrestricted reuse, distribution, and reproduction in any medium, provided the original work is properly cited. 

https://creativecommons.org/licenses/by/4.0/

	1 INTRODUCTION
	2 POPULATION MODELS
	3 METHODOLOGY
	4 RESULTS AND DISCUSSION
	5 CONCLUSIONS
	ACKNOWLEDGEMENTS
	DATA AVAILABILITY
	REFERENCES
	APPENDIX A: THE SOBHB FIDUCIAL POPULATION
	APPENDIX B: PBH CONTRIBUTION TO THE DARK MATTER RELIC ABUNDANCE
	APPENDIX C: IMPACT OF THE FACTORIZATION IN THE MASS FUNCTION DISTRIBUTION
	APPENDIX D: DETECTOR CHARACTERISTICS
	APPENDIX E: ANALYTICAL DERIVATION OF THE SGWB FROM A POPULATION OF MERGING OBJECTS

