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A bstract:W e analyze the wavefunctions for open strings in warped com pacti�cations,

and com pute the warped K �ahler potentialfor the light m odes ofa probe D-brane. This

analysis not only applies to the dynam ics ofD-branes in warped backgrounds,but also

allowsto deducewarpingcorrectionsto theclosed stringK �ahlerm etricsvia theircouplings

toopen strings.W econsiderin particularthespectrum ofD7-branesin warped Calabi-Yau

orientifolds,which provide a string theory realizations ofthe Randall-Sundrum scenario.

W e�nd thatcertain background uxes,necessary in thepresenceofwarping,coupleto the

ferm ionicwavefunctionsand qualitatively changetheirbehavior.Thism odi�ed dependence

ofthe wavefunctionsare needed forconsistency with supersym m etry,though itispresent

in non-supersym m etricvacua aswell.W e discussthedeviationsofoursetup from the RS

scenario and,asan application ofourresults,com putethewarping correctionsto Yukawa

couplingsin asim plem odel.O uranalysisisperform ed both with and withoutthepresence

ofD-braneworld-volum e ux,aswellasforthecaseofbackgroundswith varying dilaton.
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1.Introduction

Scenarioswith warped extra dim ensionsprovideuswith a rich fram ework to addresslong-

standing puzzles in physicsBeyond the Standard M odel. In the presence ofwarping the

energiesoflocalized statesare suppressed by the gravitationalredshiftand so,aspointed

outin [1],thism ay o�era geom etric explanation oftheelectroweak-gravity hierarchy.
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W hilethisfeaturehasbeen m ainly exploited in thecontextof5D m odelsastheoriginal

Randall-Sundrum (RS) scenarios and extensions thereof, it does clearly apply to m ore

generalwarped backgrounds.In particular,itisalso m anifestin warped com pacti�cations

ofstring theory [2,3,4,5,6,7],especially forthose strongly warped regionsthatcan be

asym ptotically described asAdS5� X 5 forsom ecom pactm anifold X 5,and which provide

anaturalextension oftheRS scenariotoaUV com pletetheory.Asaresult,theseso-called

‘warped throats’have becom e a powerfultoolto constructphenom enologically attractive

m odelsofparticlephysicsand cosm ology from stringtheory,and arenowadaysan essential

ingredientin explicitconstructionsofstring inationary m odels[8].

G iven theabove,itisnaturaltowonderhow thedynam icsgoverning warped com pact-

i�cationscan beunderstood from a string theory/supergravity perspective.In particular,

in ordertodraw precisepredictionsfrom stringwarped m odelsitisnecessary tounderstand

the low energy e�ective action thatarisesupon dim ensionalreduction. The derivation of

such warped e�ective theory hasproven to bea subtleproblem even ifonerestrictsto the

closed string/gravity sectorofthetheory [9,10,11,12,13],although sim pleexpressionscan

begiven forcertain subsectors[14].W hiletheseresultsrepresentsigni�cantprogressin the

derivation ofwarped e�ective theories,in orderto accom m odate constructionswhere the

Standard M odelcan berealized closed stringsarenotenough,1 and oneshould includeD-

branesin thepicture.Hence,itiscrucialto go beyond thepreviousanalysesand study the

e�ective theory forthe associated open string degreesoffreedom in warped backgrounds.

In thiswork wetakean initialforay in thisdirection by studyingopen stringwavefunc-

tionsin warped com pacti�cations.In orderto extractthe4D e�ective action fortheopen

string degreesoffreedom ,we �rstneed to com pute theirinternalwavefunctionsand then

carry outadim ensionalreduction.Asiswellknown in phenom enologicalstudiesofwarped

extradim ensions[15],warpinghasthee�ectoflocalizingm assivem odestoregionsofstrong

warping because ofthe gravitationalpotential.Aswe shallsee,warped com pacti�cations

in string theory havenew added features.O therthan thebackground geom etry which has

been accounted forin the aforem entioned studies,string theory containsbackground �eld

strengthsthat,due to the equationsofm otion,are necessarily non-vanishing in the pres-

ence ofwarping.Notonly do these�eld strengthscouple to open string ferm ionic degrees

offreedom ,butthey coupledi�erently dependingon theextra-dim ensionalchirality ofsuch

�elds,which results in di�erentwarp factor dependence for their internalwavefunctions.

For warped backgrounds thatpreserve supersym m etry,ourresultsallow usto determ ine

thewarped corrected K �ahlerm etricsforopen strings,and to show thatthisdi�erentwarp

factor dependence iscrucialforthe kinetic term sof4D �eldsin the sam e superm ultiplet

to m atch.2 W e willin addition �nd that open string wavefunctions act as probes ofthe

warped geom etry;theirkineticterm sallowingustodeducetheK �ahlerm etricsoftheclosed

stringsthatcouple to them and hence the com bined warped K �ahlerpotential.The closed

string K �ahlerm etricsobtained in thisway indeed reproducethe recentresultsof[12,14].

1
Atleastin the contextoftype IIstring com pacti�cations,where such developm entshave taken place.

2
Letusstressthatouranalysisdoesnotdirectly invoke 4D supersym m etry,since we analyze the open

string wavefunctionsfor bosonic and ferm ionic �eldsseparately. Therefore,the m ethod ofobtaining open

string wavefunctionsdiscussed here can be applied to non-supersym m etric warped backgroundsaswell.
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W e however expect our m ethod to have m ore generalapplicability,including situations

wherethe directclosed string derivationshave notyetbeen carried out.

In particular,wewillfocuson deriving the open string wavefunctionsofD7-branesin

warped typeIIB/F-theory backgrounds.Aspointed outin theliterature(seee.g.[16,17]),

thissetup providesastringtheory realization ofthose5D W arped ExtraDim ension (W ED)

m odelswheretheSM gauge�eldsand ferm ionsarelocated in theAdS5 bulk[15],and which

havebeen suggested asa possiblesolution oftheavorpuzzle.Indeed,in this5D scenario

thehierarchy between thevariousSM m assesand m ixing angles(i.e.,theavorhierarchy)

resultsfrom thedi�erentlocalization offerm ionsin theextra dim ensions,sincethevarying

degrees ofoverlap oftheir wavefunctions with thatofthe Higgs �eld lead to hierarchical

Yukawa couplings. In the string theory setup that we consider,the D7-branes and their

intersections give rise to non-Abelian gauge sym m etriesand chiralm atter. In particular,

in a warped throatbackground oftheform AdS5 � X 5 we can considera D7-branewhose

em bedding is locally described as AdS5 � X 3,and so its open string wavefunctions are

extended along the AdS5 warped extra dim ension.

W ith a concrete realization ofthe bulk Randall-Sundum scenario,one can investigate

whethertheassum ptionsm adein thephenonom enologicalstudiesofwarped extra dim en-

sionsarejusti�ed orm odi�ed,and whetherthep-form �eld strengthsin stringtheory could

lead to new variationsofthisbasic idea. Furtherm ore,the open string wavefunctionsob-

tained hereenableusto calculatethephysicalYukawa couplingsforexplicitchiralm odels,

aswe shalldem onstrate in an explicitexam ple.

M ore generally, the present work can be considered as an initialstep towards the

construction ofthe‘W arped StringStandard M odel’.Besidesthephenom enologicalappeals

m entioned above,thesewarped m odelsareinteresting becausethey can beunderstood,by

way of the AdS/CFT correspondence, as holographic duals of technicolor-like theories.

Constructing these warped m odelsfrom a UV com plete theory allows usto go beyond a

qualitative rephrasing ofthestrong coupling dynam icsin term sofa putativegravity dual.

In addition,em bedding such technicolor m odels in string theory m ay also suggest new

m odelbuilding possibilities.3 Note thatouranalysiswascarried outwith alltheessential

ingredients,such asworldvolum e uxes. Therefore,ourresultscan be applied to speci�c

m odelsonce concrete constructionsofsuch technicolordualsare found.

This paper is organized as follows. In Section 2,we study the D7-brane wavefunc-

tions in the situation where the D7-brane worldvolum e m agnetic ux F is absent. W e

begin with the sim plestwarped background which isconform ally atspace and com pute

the wavefunctions ofthe bosonic and ferm ionic m odes separately. O ur treatm ent ofthe

ferm ionsfollowsfrom the �-sym m etric ferm ionic action in [20](see also [21]),which takes

into account the coupling offerm ions to the background RR p-form �eld strengths in a

m anifested m anner. M any ofour results carry over directly to the m ore generalcase of

a warped Calabi-Yau space,asdiscussed in subsection 2.3,and to turning on background

3-form uxesin such background,asshown in subsection 2.4.In addition,in subsection 2.5

we also consider D7-branes in backgrounds with varying dilaton,which becom e relevant

3
See [18](and also [19])forthe realization ofthisidea in the contextofD 3-brane atsingularities.
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when theseconstructionsarelifted to F-theory.Theopen stringwavefunctionsobtained in

the earliersectionscan be used to extractinform ation aboutthe warp factordependence

ofthe open string K �ahler potential,discussed in subsection 2.6,and to analyze a sim ple

chiralm odelin subsection 2.7. Finally,in Section 3 we extend the above analysis to the

m oregenericcaseofD7-braneswith a non-vanishingm agneticux F ,which isan essential

ingredientto obtain chirality in generic situations.W e draw ourconclusionsin Section 4,

and ourconventionsarespelled outin Appendix A.

2.U nm agnetized D 7-branes

2.1 W arped backgrounds in string theory

As discussed in [3,7],one can realize the Randall-Sundrum scenario by considering type

IIB string theory on a (string fram e)m etric background ofthe form

ds210 = � � 1=2
���dx

�dx� + � 1=2
e
�
ĝm ndy

m dyn (2.1)

where � � �(y) is a warp factor that only depends on the extra six-dim ensionalspace

X 6 ofm etric ĝ. In the lim it where the dilaton �eld � � �(y)is constant,the equations

ofm otion constrain ĝ to describe a Calabi-Yau m etric. O n the other hand,when � is

non-constant X 6 willbe a non-Ricci-at K �ahler three-fold m anifold,which nevertheless

serves as a base for an elliptically �bered Calabi-Yau four-fold X 8,as usualin F-theory

constructions.

Theabove warp factorm ay besourced by eitherlocalized sourceslike D3-branesand

O 3-planesorby thebackground �eld strengthsF3,H 3 presentin thetypeIIB closed string

sector. In both cases,consistency ofthe construction dem andsthatthe background �eld

strength F5 is also sourced. M ore precisely,the equations ofm otion require that F5 is

related with thewarp factorand thedilaton as

F5 = (1+ �10)F
int
5 F

int
5 = �̂6d

�
�e �

�
(2.2)

where �10 stands for the Hodge star operator in the full10D m etric (2.1) and �̂6 in the

unwarped 6D m etric ĝ.Finally,togetherwith a non-trivialdilaton pro�lea non-trivialRR

scalarC0 m ustbepresent,both ofthem related by the equation

�@� = 0 (2.3)

where� = C0 + ie� � istheusualtypeIIB axio-dilaton.

In orderto introducea Standard M odel-likesectorin thissetup,oneneedsto consider

open string degrees offreedom . These can be sim ply added to the above setup via em -

bedding probe D-branesin thisbackground. Such D-braneswillnotonly give rise to 4D

gauge theoriesupon dim ensionalreduction,butalso to chiralm atter�eldscharged under

them .Thesim plestexam ple ofthisisgiven by a D3-brane�lling R 1;3 and placed atsom e

particular point y0 2 X 6. W hile m ost quantities ofthe D3-brane gauge theory willbe

a�ected by thewarp factorvia theparticularvalueof1=�(y 0),theinternalwavefunctions

fortheD3-brane �eldswillhave a trivial�-function pro�le.
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A m orenon-trivialsetofwavefunctionsisgiven by theopen string�eldsofa D7-brane

wrapping a 4-cycleS4 � X 6.Asnow thewavefunctionscan extend along a 4D subspaceof

X 6 they can feelnon-trivially thee�ectofthewarp factor,reproducingoneoftheessential

ingredientsoftheW ED m odelswith SM �eldslocalized on thebulk [15].Ifwefocuson a

single D7-brane,then we willstartfrom an 8D U (1)gauge theory whose bosonic degrees

offreedom are described by theso-called Dirac-Born-Infeld and Chern-Sim onsactions

S
bos
D 7 = S

D BI
D 7 + S

CS
D 7 (2.4a)

S
D BI
D 7 = � �D 7

Z

R
1;3� S4

d8� e� �
q �
�det

�
P [G ]+ F

��
� (2.4b)

S
CS
D p = �D 7

Z

R
1;3� S4

P [C]̂ eF (2.4c)

where �� 1
D 7

= (2�)3(2��0)4 isthe tension ofthe D7 brane,and whereP [:::]indicatesthat

the 10D m etric G and the sum ofRR potentials C =
P 4

p= 0C2p are pulled-back onto the

D7-brane worldvolum e. The sam e applies to the NS-NS B -�eld,which enters the action

via the generalized two-form �eld strength F = P [B ]+ 2��0F . In the rem ainderofthis

section we willsim plify our discussion by setting B = 0 and F to be exact. Thatis,we

willsetF = dA,where A isthe 8D gauge boson ofthe D7-brane worldvolum e theory. In

practice,thisim pliesthatF = 0 up to uctuationsofA,a situation which willbedenoted

by hF i= 0.W ith thesesim pli�cations,onecan expresstheferm ionicpartoftheD7-brane

action as[20]

S
fer
D 7 = �D 7

Z

d8� e� �
q �
�detP [G ]

�
� ��P D 7

�

�

��D � �
1

2
O

�

� (2.5)

whereD � istheoperatorappearing in thegravitino variation,itsindex � pulled-back into

the D7-brane worldvolum e,and O is the operator ofthe dilatino variation. The explicit

expression ofthese operatorsare given in Appendix A,see eq.(A.13).Asexplained there,

these two operatorsactin a 10D M ajorana-W eylbispinor

�=

 

�1

�2

!

(2.6)

where both com ponentshave positive 10D chirality �(10)�i= �i.Theferm ionic degreesof

freedom contained in (2.6)aretwiceofwhatwewould expectfrom an 8D supersym m etric

theory,butthey are halved by the presence ofP D 7
� ,which isa projectorrelated with the

�-sym m etry oftheferm ionic action.4 ForhF i= 0 thisprojectorisgiven by

P
D 7
� =

1

2

�
I� �(8)
 �2

�
(2.7)

where�(8) isthe8D chirality operatoron theD7-brane worldvolum e,5 and �2 actson the

bispinorindices.

4
Roughly speaking,(2.5)isinvariantunderthetransform ation � ! �+ P

D 7
� �,with � an arbitrary 10D

M W bispinor.O ne can then use thissym m etry to rem ove halfofthe degreesoffreedom in �.
5
In ourconventionsthechirality m atrix fora D (2k + 2)-branein R

1;2k+ 1
is�(2k+ 2) = i

k
�
0:::2k+ 1

,where

�
i
areat�-m atrices.Forinstance,a D 7-braneextended along thedirections0:::7 has� (8) = � i�

01234567
.
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In orderto dim ensionally reducethe above construction to a 4D e�ective theory with

canonically norm alized kinetic term s,one �rstneedsto convertthe above quantitiesfrom

the string to the Einstein fram e. This basically am ounts to using,instead ofthe m etric

G M N in (2.1),the rescaled m etric G E
M N � e� �=2G M N . Thatis,in the Einstein fram e we

have the 10D m etric background

ds210 = Z
� 1=2

���dx
�dx� + Z

1=2
ĝm ndy

m dyn (2.8)

where Z = �e � is the Einstein fram e warp factor. Note that eqs.(2.2) and (2.3) are

unchanged by thisrescaling,and thatin term sofZ we have F int
5 = �̂6dZ.W hile the D7-

braneCS action doesnotdepend on m etricand henceisalsonota�ected by such rescaling,

the DBIaction doeschange.Thebosonicaction now reads

S
bos
D 7 = � �D 7

Z

d8� e�
q �
�det

�
P [G E ]+ e� �=2F

��
�+ �D 7

Z

P [C]̂ eF (2.9)

where now G E refersto the m etric tensorin (2.8).Finally,the ferm ionic D7-brane action

also variesby going to the Einstein fram e (see Appendix A)reading

S
fer
D 7 = �D 7

Z

d8� e�
q �
�detP [G E ]

�
� ��P D 7

�

�

��D E
� +

1

2
O
E

�

� (2.10)

whereO E and D E
� now referto thedilatino and gravitino variationsin theEinstein fram e,

as de�ned in (A.19). In the rem ainder ofthis paper we willalways work with Einsten

fram e quantities,withoutindicating so with the superscriptE .

2.2 W arped at space

Thesim plestcaseofawarped background oftheform (2.8)isconstructed by takingthe6D

m etric ĝ to beat.Thissituation iseasily obtained in string theory,by sim ply considering

the backreaction ofN D3-branes in 10D at space. W hile in such sim ple solution the

internalspace X 6 = R
6 is non-com pact, one m ay turn to a com pact setup by sim ply

setting X 6 = T 6,and adding the appropriate num ber ofD3-branes and O 3-planes such

thatthetheory isconsistent.In thelatterconstruction theglobalform ofthewarp factorZ

willbea com plicated function oftheD3-branepositions,butcloseto a stack ofD3-branes

it willproduce the well-known AdS5 � S5 geom etry that m im ics the Randall-Sundrum

scenario [3].

In the following we willderive the open string wavefunctions ofa D7-brane in such

conform ally at background. W e willparticularly focus on the warp factor dependence

developed by thewavefunctionsofboth ferm ionicand bosoniczero m odes,to beanalyzed

separately. Thissetup willnotonly be usefulto m ake contact with the W ED literature,

butalso to em phasizesom esim plefeaturesthatrem ain truein them oregeneralsituations

considered below. Finally,we willdiscusssom e subtle issuesthatarise when considering

D-brane ferm ionic actions ofthe form (2.5), as wellas an alternative derivation ofthe

ferm ionic zero m odewavefunctionsm ore suitable forfurthergeneralizations.
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2.2.1 Ferm ions

Letusthen considerabackground oftheform (2.8)with ĝ = ĝT 6
(which im pliesaconstant

axio-dilaton � = C0 + ie� � 0)and a D7-brane spanning fourinternaldim ensionsofsuch a

background.In particular,wewillconsiderthattheinternalworldvolum eoftheD7-brane

wraps a 4-cycle S4 = T 4 � T 6,so that we also have a conform ally at m etric on the

D7-brane worldvolum e

ds2D 7 = Z
� 1=2

���dx
�dx� + Z

1=2

4X

a;b= 1

(̂g
T
4)abdy

adyb (2.11)

where ĝ
T
4 isa atT 4 m etric.

Then,ifin addition wedo notconsiderany background uxesH 3 orF3,wehavethat

the operatorsentering theD7-brane ferm ionic action (2.10)are

O = 0 (2.12a)

D � = r � +
1

8
=F
int

5 ��i�2 = @� �
1

4
��=@lnZP

O 3
+ (2.12b)

D m = r m +
1

8
=F
int

5 �m i�2 = @m +
1

8
@m lnZ �

1

4
=@lnZ�m P

O 3
+ (2.12c)

where we have used the de�nitions(A.19) and the relation (2.2). Here � standsforR 1;3

coordinates,m labelstheinternalT 6 coordinatesand theslash-notation standsfora con-

traction overbulk indicesasin (A.14).Finally,we have de�ned theprojectors

P
O 3
� =

1

2

�
I� �(6)
 �2

�
(2.13)

where as in (A.30) �(6) is the 6D chirality operator in T 6. These projectors separate

the space ofbispinors � into two sectors: those m odes � annihilated by P O 3
� and those

annihilated by P O 3
+ .Pulling-back theaboveoperators6 onto theD7-braneworldvolum ewe

obtain thatthe term in parenthesesin (2.10)reads

��D � + �aD a +
1

2
O = =@

ext

4 + =@
int

4 +

�
=@
int

4 lnZ

��
1

8
�
1

2
P
O 3
+

�

(2.14)

where a runsoverthe internalD7-brane coordinates,=@
ext

4 � ��@� and =@
int

4 � �a@a. Note

thatboth oftheseoperatorscontain a warp factor: =@
ext

4 = Z 1=4=@
R1;3 and =@

int

4 = Z � 1=4=@
T 4.

Plugging (2.14) into (2.10),one can proceed with the dim ensionalreduction ofthe

D7-brane ferm ionic action. First,we halve the degreesoffreedom in (2.6)by considering

a bispinorofthe form

�=

 

�

0

!

(2.15)

which isan allowed choice for�xing the �-sym m etry ofthe action. W e can then express

the D7-brane action as

S
fer
D 7 = �D 7e

� 0

Z

R
1;3

d4x

Z

T
4

dv̂ol
T
4
��=D

w
� (2.16)

6
Thisam ountsto pulling-back the index M ofD M ,and notindexlessquantitieslike =@lnZ orO .
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where� standsforaconventional10D M W spinor,dv̂ol
T
4 fortheunwarped volum eelem ent

ofT 4 and the warped Dirac operatorisgiven by

=D
w
= =@

ext

4 + =@
int

4 �
1

8

�
=@
int

4 lnZ

�

(1+ 2�Extra) (2.17)

�Extra = d =vol
T
4 being the chirality operator for the internaldim ensions ofthe D-brane.

For instance,ifwe considered a D7-brane extended along the directions 0:::7 then we

would have �Extra = �4567,with �i de�ned in (A.20).

Second,we splitthe10D M ajorana-W eylspinor� as

� = � + B
�
�
�

� = �4D 
 �6D (2.18)

where �4D are fourand �6D six-dim ensionalW eylspinors,both ofnegative chirality,and

B = B 4 
 B 6 istheM ajorana m atrix (A.25).

Finally,one m ustdecom pose (2.18)asa sum ofeigenstatesunderthe(unwarped)4D

Dirac operator.M ore precisely,we considertheK K ansatz

� =
X

!

�
! =

X

!

�
!
4D (x)
 �

!
6D (y)+

X

!

(B 4�
!
4D (x))

�

 (B 6�

!
6D (y))

�
(2.19)

and weim posethat�(4)=@R1;3(B 4�
!
4D )

� = � m ! �
!
4D where�(4) isthe4D chirality operator.

Thisindeed im pliesthateach com ponent�! ofthesum aboveisan eigenvectorof�(4)=@R1;3,

with a 4D m asseigenvalue jm !j.
7 Im posing the10D on-shellcondition =D

w
� = 0 wearrive

atthefollowing 6D equation fortheinternalwavefunction ofsuch eigenvector8

�(4)

�

=@
T
4 �

1

8

�
=@
T
4 lnZ

�
(1+ 2�Extra)

�

�
!
6D = Z

1=2
m !(B 6�

!
6D )

� (2.20)

Itisthen easy to see thatthe4D zero m odesoftheaction (2.10)aregiven by

�
0
6D = Z

� 1=8
�� for �Extra�� = � �� (2.21a)

�
0
6D = Z

3=8
�+ for �Extra�+ = �+ (2.21b)

where�� areconstant6D spinorm odeswith � chirality in theD7-braneextra dim ensions.

In particular,ifweconsidera D7-braneextended along 01234578,then �Extra = �4578 and

the ferm ionic zero m odeswillhave the following internalwavefunctions

�
0;0

6D
= Z

3=8
�� � � �

0;3

6D
= Z

3=8
�+ + � (2.22)

and

�
0;1

6D
= Z

� 1=8
�� + + �

0;2

6D
= Z

� 1=8
�+ � + (2.23)

wherethe 6D ferm ionic basisf�� � � ;�+ + � :::g hasbeen de�ned in Appendix A.

7
Asrecalled in theappendix,we considertheeigenvaluesoff�(4)=@R1;3;�(4)=@T 4g instead off=@

R1;3;=@T 4g

because the form ersetofoperatorsdo com m ute and can hence be sim ultaneously diagonalized.
8
Na��vely,this equation looks like it ignores the M ajorana-W eylnature of�. However,as discussed in

Sec 2.2.4,thisisthe equation ofm otion thatwe should use.
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Hence,we �nd that the warp factor dependence ofthe open string ferm ionic wave-

function dependson the chirality ofsuch ferm ion in the D-brane extra dim ensions. Note

that this is because ofthe presence ofF5 in the D7-brane Dirac action. Indeed,had we

considered an 8D SuperYang-M illsaction instead of(2.10),no projectorP O 3
+ would have

appeared in (2.14)norany �Extra operatorin (2.17).Hence,thezero m odesolution would

have been �06 = Z 1=8� regardlessofthe eigenvalue of� under�extra,asfound in [17].

Note that(2.21)im pliesa speci�c warp factordependenceon the 4D kinetic term sof

the D7-brane zero m odes. These are obtained by inserting them into (2.16). For (2.21a)

we �nd

S
fer
D 7 = �D 7e

� 0

Z

R
1;3

d4x ��4D =@R1;3�4D

Z

T
4

dv̂ol
T
4 �

y

� �� (2.24)

so we have to divide by �D 7e
� 0 v̂ol(T 4) to obtain a canonically norm alized kinetic term .

Hence,forthese zero m odesnothing changeswith respectto the unwarped case. O n the

otherhand,for(2.21b)we �nd

S
fer
D 7 = �D 7e

� 0

Z

R
1;3

d4x ��4D =@R1;3�4D

Z

T
4

dv̂ol
T
4 Z�

y

+ �+ (2.25)

which involvesthe warped volum e vol(T 4). In the following we willsee thatboth kinetic

term sareprecisely the onesrequired to m atch thoseofthebosonicm odes,asrequired by

supersym m etry.

2.2.2 B osons

In order to com pute the D7-brane bosonic wavefunctions in a at warped background,

let us �rst analyze the degrees offreedom contained in the bosonic action (2.9). First

we have the 8D gauge boson A �, that enters the bosonic action via its �eld strength

F = dA in F = P [B ]+ 2��0F .Second,wehavethetransverseoscillationsoftheD7-brane

worldvolum e,thatlook like scalarsfrom the 8D pointofview,and thatenterthe bosonic

action via the pull-back of G , B and C. Indeed,let us consider a D7-brane extended

along the directions 01234578. O ne can describe a deform ation ofthis worldvolum e on

the transverse directions69 via two scalarsY 6 and Y 9,thatdepend on the worldvolum e

coordinates x� � = 0;1;2;3 and ya a = 4;5;7;8. The pull-back of the m etric in the

deform ed D7-brane isgiven by

P [G ]�� = G �� + G ij@�Y
i@�Y

j + @�Y
iG i� + @�Y

iG i�

= G �� + k2G ij@��
i@��

j
(2.26)

where �;� 2 f01234578g are worldvolum e coordinates and i;j 2 f6;9g are transverse

coordinates.In thesecond linewehave used thefactthatin ourbackground G i� = 0 and

rede�ned Y i = 2��0�i = k�i for later convenience. Clearly,the sam e expression applies

forany atD7-brane in atspace.

In general,a sim ilar expansion applies for the pull-back ofthe B-�eld,although as

beforewearetaking B = 0 and a constantdilaton �= � 0.W ith thesesim pli�cationsthe
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DBIaction forthe D7-brane reads

S
D BI
D 7 = � �D 7

Z

d8� e�
q �
�det

�
P [G ]+ e� �=2F

��
� (2.27)

= � �D 7

Z

R
1;3

d4x

Z

T
4

dv̂ol
T
4 e

� 0

�

1+
1

2
k
2
G ijG

��
@��

i
@��

j + e
� � 0

1

4
k
2
F��F

�� + :::

�

=
�
S
D BI
D 7

�

0
�
�
8�3k2

�� 1
Z

R
1;3

d4x

Z

T
4

dv̂ol
T
4

�
1

2
e
� 0G ijG

��
@��

i
@��

j +
1

4
F��F

�� + :::

�

wherewe have used the form ula

det(1+ M )= 1+ Tr (M )+
1

2

�
Tr (M )

�2
�
1

2
Tr

�
M

2
�
+ � � � (2.28)

and dropped the term s containing m ore than two derivatives. Also,in the last line of

(2.27) we have separated between a zero energy contribution to the D7-brane action and

the contribution com ing from derivative term s,the latter being the relevant part when

com puting the open string bosonicwavefunctions.

Besidesthe DBIaction,the open string bosonsenterthe CS action ofthe D7-brane,

which forthebackground athand reads

S
CS
D 7 =

�D 7

2

Z

P [C4]̂ F ^ F =
1

2
(2�k2)� 1

Z
�
C
ext
4 + C

int
4

�
^ F ^ F (2.29)

asallthe otherRR potentials besidesC4 are turned o�. W e have also separated C 4 into

internaland externalcom ponents,with C ext
4 containing C0123 and C int

4 the com ponent

Cabcd whose indices lie allalong the extra dim ensions.9 Finally, since the term F ^ F

already containstwo derivatives,wehaveneglected any term oftheform @��
iarising from

expanding the pull-back ofC4 asin (2.26).

Asa resultonecan seethat,up to two-derivativeterm s,theChern-Sim onsaction does

notcontain the D7-brane geom etric deform ations�i. The 8D action ofsuch scalar �elds

then arisesfrom the DBIexpansion (2.27),and am ountsto

S
scal
D 7 = �

1

2

�
8�3k2

�� 1
e
� 0

Z

R
1;3

d4x

Z

T
4

dv̂ol
T 4 ĝij

�

Z�
��
@��

i
@��

j + ĝ
ab
T
4@a�

i
@b�

j
�

(2.30)

and so we obtain thefollowing 8D equation ofm otion

�
R
1;3�

i+ Z
� 1�

T
4�

i = 0 (2.31)

where�
R
1;3 = ���@�@� and � T

4 = ĝab
T
4@a@b.Perform ing a K K expansion

�
i(x�;ya)=

X

!

�
i
!

�
x
�
�
s
i
!

�
y
a
�

(2.32)

and im posing the 4D K lein-G ordon equation �
R1;3�i! = m 2

!�
i
! we arrive atthe eigenm ode

equation

�
T
4s

i
! = � Zm

2
! s

i
! (2.33)

9
Note thata background C 4 com ponentofthe form C �� ab would break 4D Poincar�e invariance.
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thatagain containsawarp factordependence.Such warp factorishoweverirrelevantwhen

setting m ! = 0 and so we obtain thatzero m odessi0 m ay eitherhave a constantorlinear

dependence on the T 4 coordinates ya. By dem anding thatsi0 is well-de�ned in T 4,that

is by im posing the periodicity conditions on si0(y
a + 1) = si0(y

a),the linear solution is

discarded and we are leftwith a constantzero m ode,thatdescribesan overalltranslation

ofthe D7-brane in theith transverse coordinate.

Note thata trivialwarp factorforscalarzero m odesdoesnotcontradictourprevious

resultsforferm ions,whereweobtained warped wavefunctions.Indeed,in asupersym m etric

setup like ours, the bosonic and ferm ionic wavefunctions should not necessarily m atch

because ofthe presence ofthe (warped)vielbein in the SUSY transform ations. However,

the 4D e�ective kinetic term sshould m atch. These are obtained by plugging si0 = const:

in (2.30),afterwhich we obtain

S
scal
D 7 = �

1

2

�
8�3k2

�� 1
e
� 0

Z

R
1;3

d4x ĝij�
��
@��

i
0@��

j

0

Z

T
4

dv̂ol
T
4 Zs

i
0s

j

0 (2.34)

which again involves a warped volum e,like in (2.25). Hence we �nd that the geom etric

zero m odesofa D7-braneare related by supersym m etry with ferm ioniczero m odesofthe

form (2.21b).

Finally,by inserting the whole K K expansion (2.32) into the 8D action (2.30) and

im posing (2.33)one obtainsthe following 4D e�ective action

S
scal
D 7 = �

1

2

�
8�3k2

�� 1
e
� 0

X

!

Z

R
1;3

d4x ĝij
�
�
��
@��

i
!@��

j
! + m

2
!�

i
!�

j
!

�
Z

T
4

dv̂ol
T
4 Zs

i
!s

j
!

(2.35)

wherewehaveused thatthosewavefunctionswith di�erent4D m asseigenvalueareorthog-

onal,in thesense that

Z

T
4

dv̂ol
T
4 Z ĝijs

i
!s

j
� = 0 if m

2
! 6= m

2
� (2.36)

as im plied by the Sturm -Liouville problem eq.(2.33). O urprim ary concern istoward the

zero m odesand henceforth,we willwillnotconsidertheK K m odes.

Regarding the8D gauge boson A �,the8D action up to two derivativesreads

S
gauge

D 7
= �

1

4

�
8�3k2

�� 1
Z

d4x
dv̂ol

T
4

p
ĝ
T
4

�
p
ĝ
T
4F��F

��
�
1

2

�

C
int
4 �

����
F��F�� + C

ext
4 �

abcd
FabFcd

��

where � is a tensor density taking the values � 1. As before �;� run over allD7-brane

indices,�;�;�;� overtheexternalR1;3 indicesand a;b;c;d overtheinternalT 4 indicesof

theD7-brane.Thegaugeboson can besplitin term sof4D LorentzindicesasA � = (A �;A a)

wherethecom ponentsA � give a 4D gauge boson whilethecom ponentsA a give scalarsin

4D.Theaction containsa term thatm ixesthescalarswith the4D photon

�
8�3k2

�� 1
Z

R
1;3

d4x

Z

T
4

dv̂ol
T
4@

a
A a@

�
A � (2.37)
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which com esfrom theF�aF
�a term afterintegrating by partstwice.In analogy with what

issom etim esdone in RS (see e.g. [22]),thisterm can be gauged away by the addition of

an R � gauge-�xing term to the action,

S
�
D 7 = �

�
8�3k2

�� 1
Z

R
1;3

d4x

Z

T
4

dv̂ol
T
4

1

2�

�
@
�
A � + �@ a

A a

�2
(2.38)

Theform ofthisterm ischosen to cancelthem ixing term whilepreserving Lorentzinvari-

ance.W ith thisgauge choice,the A � and A a com ponentsdecouple.The action forA � in

the R � gauge is

S
photon

D 7
= �

�
8�3k2

�� 1
Z

R
1;3

d4x

Z

T
4

dv̂ol
T
4

p
ĝ
T
4

�
p
ĝ
T
4

�
1

4
F��F

�� +
1

2�
(@�A �)

2

�

(2.39)

+
1

2

p
ĝ
T
4�

��
ĝ
ab
T
4@aA �@bA � �

1

8
C
int
4 �

����
F��F��

�

which resultsin theequation ofm otion

�
R
1;3A � �

�
1�

1

�

�
�
��
@�@�A � + Z

� 1�
T
4A � = 0 (2.40)

where again,�
R1;3 and �

T 4 are the unwarped Laplacians on R
1;3 and T 4 respectively.

Here we have used that ĝ
T
4 isconstant,thatZ;C4 are R

1;3-independent,and thatF�� =

@�A � � @�A � isan exacttwo-form .Sim ilarly,forthe4D LorentzscalarsA a,weobtain the

action

S
wl
D 7 = �

�
8�3k2

�� 1
Z

R
1;3

d4x

Z

T
4

dv̂ol
T
4

p
ĝ
T
4

�
p
ĝ
T
4

�
1

4
FabF

ab+
�

2

�
@
a
A a

�2
�

+
1

2

p
ĝ
T
4@�A n@

�
A
n
�
1

8
C
ext
4 �

abcd
FabFcd

�

(2.41)

from which we gettheequation ofm otion in the R � gauge

�
R
1;3A

a + Z
� 1=2

@bF
ba + �@ a

�
Z
� 1=2

@
b
A b

�
+
Z � 1=2

p
ĝ
T
4

�
abcd

@b
�
Z
� 1
Fcd

�
= 0 (2.42)

where we have m ade use ofC ext
4 = Z � 1 + const:,as im plied by our bulk supergravity

ansatz,and m oreprecisely by (2.1)and (2.2).

Letusnow considerthe following K K decom position forthe 4D gauge boson

A �

�
x;y

�
=

X

!

A
!
�

�
x
�
�
�
!(ya) (2.43)

with the4D wavefunction satisfying the m assive M axwellequation in theR � gauge

�
R
1;3A

!
� �

�
1�

1

�

�
�
��
@�@�A

!
� = m

2
!A

!
� (2.44)

So thatin an speci�cR � gauge,(2.40)am ountsto

�
T
4�

! = � Zm
2
! �

! (2.45)
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Hence,we recover the sam e spectrum ofinternalK K wavefunctions asforthe transverse

scalar (2.32). In particular,we recover a constant zero m ode �0 and an e�ective kinetic

term given by therealpartofthe4D gauge kinetic function

fD 7 =
�
8�3k2

�� 1
Z

T
4

dv̂ol
T
4

p
ĝ
T
4

�

Z
p
ĝ
T
4 + iC

int
4

�

(�0)2 (2.46)

whoseholom orphicity hasbeen studied in [23].Noticethatthekineticterm sagain involve

awarped volum e,soweconcludethattheD7-brane4D gaugino isalsogiven by aferm ionic

zero m odeofthe form (2.21b).

Sim ilarly,one can decom pose the R1;3 scalarsarising from A � as

A a

�
x;y

�
=

X

!

w
!
a

�
x
�
�
W

!
a

�
y
a
�
: (2.47)

and im posethe4D on-shellcondition �
R
1;3w !

a = m 2
!w

!
a.Then the8D eom (2.42)becom es

@bF
! ba + Z

1=2�@ a
�
Z
� 1=2

@
b
W

!
b

�
+

1
p
ĝ
T
4

�
abcd

@b
�
Z
� 1
F
!
cd

�
= � Z

1=2
m

2
!W

! a (2.48)

wherewehave de�ned F !
ab
� @aW

!
b
� @bW

!
a = dW !.Note thatifwe chosethe4D Lorenz

gauge �= 0,in the case ofthe zero m odesm != 0 = 0 the above equation isequivalentto

d
�
Z
� 1(1� �

T
4)F 0

�
= 0 (2.49)

whereF 0 = 1

2
F 0
ab
dya^dyb isthezero-m odetwo-form .Thisim pliesthat(1� �

T
4)F 0 = Z!2,

where !2 is a harm onic,anti-self-dualtwo-form in T 4. Because F 0 is exact,the integral

ofZ!2 over any two-cycle ofT 4 has to vanish,and so we deduce that !2 = 0. Hence

F 0 = �
T 4F 0 is a self-dualform and,again using the exactness ofF 0,we deduce that

F 0 = 0.Thisissolved by taking W 0
a = const:,likeforthepreviousbosonicwavefunctions.

Finally,inserting such W 0
a in the 8D bosonic action we obtain the 4D e�ective action in

the 4D Lorenz gauge �= 0

S
wl
D 7 = �

1

2

�
8�3k2

�� 1
Z

R
1;3

d4x ĝab
T
4�

��
@�w

0
a@�w

0
b

Z

T
4

dv̂ol
T
4 W

0
aW

0
b (2.50)

which only involves the unwarped T 4 volum e. This m atches with the 4D kinetic term s

of their ferm ionic superpartners (2.21a). Note that in im posing the 4D Lorenz gauge,

languagethereisstilla residualgaugesym m etry which in 8D languageisA � ! A � � @��

where @�� = 0. It is easy to see that this residualgauge sym m etry is respected by the

entire 4D e�ective action and we can useitto setW 0
a to beconstant.

Although theequationsweresolved in the4D Lorenzgauge,W 0
a = const:and m 0 = 0

is a solution to (2.48) for any choice of �. However, for the K K m odes, som e of the

m asseswilldepend on the choice ofgauge.Thisisrelated to the factthat,exceptforthe

zero m ode,each ofthe vectors A !
� hasa m assand so correspondsto the gauge boson of

a spontaneously broken gauge sym m etry in the e�ective 4D language. The m odes with

�-dependentm assescorrespond to G oldstone bosonsthatare eaten by K K vectorswhich

then becom e m assive. Sim ilarly,�0 = const:isa zero m ode of(2.44)forany choice of�.

Finally,one can again show that the K K m odes are orthogonalwith the zero m odes as

they were forthe position m odulus.
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RS D7

4D Field p q 4D Field p q

gauge boson 0
1=4

gauge boson/m odulus 0
1

gaugino 3=8 gaugino/m odulino 3=8

m atterscalar (3� 2c)=8
(1� c)=2

W ilson line 0
0

m atterferm ion (2� c)=4 W ilsonino � 1=8

Table 1: W arp factordependence forinternalwavefunctions(p)and K �ahlerm etric (q)in the RS

scenario and the D-brane construction consdered here.In RS,the gaugeboson and gaugino com e

from a 5D vectorm ultipletwhile the m atter scalarand ferm ion com e from a 5D hyperm ultiplet.

The5D m assoftheferm ion in thehyperm ultipletiscK with K theAdS curvature.Theadditional

degreesoffreedom from these superm ultipletsare projected outby the orbifold action isRS.The

wavefunctionsin SUSY RS areworked outin [24](ourconventionsdi�erslightly from theirsin that

we takethe ansatzforthe 5D ferm ion to be 	 L;R (x;y)=  L;R (x)�L;R (y)while [24]usesa power

ofthe warp factorin the decom position.)

2.2.3 Sum m ary and com parison to R S

In the previous subsections we have analyzed the zero m odes ofa D7 brane wrapping a

4-cycle in a warped com pacti�cation.O necould seethisasa step towardsa string theory

realization ofan extended supersym m etricRS scenario [24].In the standard W ED setup,

4D �eldsresultfrom thedim ensionalreduction ofthezero m odesof5D �eldspropagating

in the bulk ofAdS5.
10 Unlike foratspace,the supersym m etry algebra in AdS5 im plies

thatcom ponent�eldshavedi�erent5D m asses[25].In particular,the4D gaugeboson and

gaugino com efrom a 5D N = 1 vectorsuperm ultiplet.G augeinvariancerequiresthatthe

5D vectorcom ponentism assless,whileSUSY requiresthatthe5D gaugino hasm ass 1
2
K

whereK = 1=R istheAdS curvature.Sim ilarly,them atter�eldsresultfrom thereduction

ofa 5D hyperm ultiplet,thecom ponent�eldsofwhich each have a di�erentm ass.

TheD7-braneconstruction heredi�ersnotonly becauseoftheexistenceofadditional

spatialdim ensions,butalsobecauseofthepresenceofadditionalbackground �elds,nam ely

theRR potentialC4 thatcouplesto open string m odesvia theD7-braneCS and ferm ionic

action.Thisresultsinto a di�erentbehavioroftheinternalwavefunctionswhen com pared

to theanalogousRS zero m odes,asshown in Table1.Foreach �eld,thewavefunction can

be written asZ p� where � isa constantfunction with the appropriate Lorentz structure.

Thekinetic term sforeach 4D �eld can then bewritten schem atically as
Z

R
1;3

d4x��D �

Z

int

dv̂olintZ
q��� (2.51)

where � is a 4D �eld with kinetic operator D ,� is the corresponding constant internal

wavefunction and ‘int’denotes the unwarped internalspace (S1=Z2 for RS or T 4 here).

Since both the D-brane construction considered here and the extended SUSY RS m odel

aresupersym m etric,the4D �eldscan bearranged intosuperm ultipletswith thesam evalue

ofq foreach com ponent�eld.Theseare also given in Table 1.

10
These bulk RS m odelsalso involve an orbifold S

1
=Z2. The e�ectofthe orbifold ishoweverto project

outcertain zero m odesand doesnote�ectthe dependence on the warp factorofthe surviving m odes.
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2.2.4 M ore on the equation ofm otion

W hen deducing the ferm ionic equation ofm otion =D
w
� = 0 from the �-�xed action (2.16),

we have apparently ignored the M ajorana-W eylnature of�.11 Indeed,the M W condition

im pliesthatin deriving the equation ofm otion,� and �� cannotbe varied independently.

Asa consequence,ifgiven thetwo actions

�D 7

Z

d8�����@�� and �D 7

Z

d8�����
�
@� � @� lnf

�
� (2.52)

with f an arbitrary function,then theresulting equation ofm otion issim ply ��@�� = 0 in

both cases,solved by � = � with � a constantM W spinor.Thisisin clearcontrastto the

case where � in (2.52)isa W eylspinor,since then forthe second action the eom solution

is given by � = f�. This could have been anticipated from the fact that the 10D M W

nature of� im pliesthat���a1� � � an � isnon-vanishing only forn = 3;7.Hence,we have that

��(=@lnf)� � 0 and so,in theM W case,both actionsin (2.52)are thesam e.

G oing back to the ferm ionic action (2.16),we have that

��� =D
w
�� � ���

�
=@
ext

4 + =@
int

4

�

�� (2.53)

where =D
w
isgiven by (2.17)and �� are10D M W spinorswith � 1 eigenvalueunder�Extra,

justlike those constructed from (2.21). Hence,by analogy with (2.52) one could na��vely

concludethattheactualzerom odeequation isgiven by =@
int

4 �06D = 0,instead of =D
w
�06D = 0.

A m ore carefulanalysisshowsthatthisisnotthecase.Indeed,

�S
fer
D 7 = �D 7e

� 0

Z

d8� ��=D
w
� + ��=D

w
�� = 2�D 7e

� 0

Z

d8� ��=D
w
� (2.54)

wherewe have used that

Z

d8� Z� 1=4��=@
T
4�� =

Z

d8� Z� 1=4��

�

=@
T
4 �

1

4
=@
T
4 lnZ

�

� (2.55)

and that �=@
T
4 lnZ�� = � ��=@

T
4 lnZ�. Hence,from (2.54) we read that the equation of

m otion isindeed =D
w
� = 0. Note thatwe would have obtained the sam e resultifwe had

treated � and �� asindependent�elds.

W hilein principleonecould applythesam ekindofcom putation todeducetheequation

ofm otion forthem oregeneralbackgroundsto bediscussed below,letusinstead follow the

resultsof[21].There,usingtheaction presented in [26](sim ilarto thatin [20]to quadratic

order in ferm ions) the following equation of m otion was deduced for an unm agnetized

D7-brane

P
D 7
�

�

��D E
� +

1

2
O
E

�

�= 0 (2.56)

which isagain the equation found from (2.10)ifwe na��vely ignore theM W natureof�.

A subtle point in deriving (2.56) is that a particular gauge choice in the ferm ionic

sector m ustbe m ade. Indeed,in [21]the background superdi�eom orphism swere used to

11
W e would like to thank D .Sim i�c and L.M artuccifordiscussionsrelated to thissubsection.
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chooseasupercoordinatesystem in which theD7-branedoesnotextend in theG rassm ann-

odd directionsofsuperspace. O ne m ay then wonderwhethersuch ferm ionic gauge �xing

iscom patiblewith thegauge�xing choicestaken in thebosonicsector.O necan check this

by com paring theSUSY transform ationsin 10D with thosein 4D.In theabsenceofNS-NS

ux,the �-�xed SUSY transform ationsforthe bosonicm odesare [20]

��Y
i= �� �i� (2.57a)

��A � = �� ��� (2.57b)

where� isthe10D K illingspinor.W ecan com paretheseagainsttheSUSY transform ations

in 4D fora chiralm ultiplet(�; )and a vectorm ultiplet(�;A),

�"� = �" (2.58a)

�"A � = �"� (2.58b)

where"isaconstant4D spinorand henceindependentofthewarp factor.Thisim pliesthat

when wedim ensionally reduce(2.57),wewillonly recoverthestandard 4D transform ations

(2.58)ifthe warp factordependence ofbosonsand ferm ionsfollowsa particularrelation.

Indeed,ifwe take the zero m odes A � and Y i to have no warp factor dependence as in

subsection 2.2.2,and ifwe notice that�i� �� � Z � 1=4,�a � Z 1=4,�� � Z� 1=8,then itis

easy to seethatprecisely theferm ionicwavefunctionsofsubsection 2.2.1 arethoseneeded

to cancelthe warp factordependencein ther.h.s.of(2.57).

2.2.5 A lternative �-�xing

W hen analyzing the D7-brane ferm ionic action,the �-�xing choice (2.15) has the clear

advantage ofexpressing everything in term sofa conventional10D spinor�,in contrastto

thelessfam iliarbispinor� thatwould appearin general.Taking otherchoicesof�-�xing

m ay,however,provide their own vantage point. Indeed,we willshow below that taking

a di�erent�-�xing choice notonly allowsto rederive the resultsabove,butalso to better

understand the structureofD7-brane zero m odesin a warped background.

M oreprecisely,letusasbeforeconsidertheaction (2.10)in waped atspace,butnow

we choose � such thatP D 7
� �= 0.Theaction (2.10)then reads

S
fer
D 7 = �D 7e

� 0

Z

R
1;3

d4x

Z

T
4

dv̂ol
T 4

�� =D
w
� (2.59)

where =D
w
is now given by (2.14). Following a sim ilarstrategy as in subsection 2.2.1,we

splitthe 10D M ajorana-W eylspinors�i in (2.6)as

�i = �i+ B
�
�
�
i �i = �i;4 
 �i;6 (2.60)

where �i;4 are 4D and �i;6 6D W eylspinors,allofnegative chirality,and B = B 4 
 B 6

is again the M ajorana m atrix (A.25). Because ofthe condition P D 7
� � = 0 one can set

�1;4 = �2;4 = �4D ,so thatwe have

� = � 4D 
 � 6D + B
�
4�

�
4D 
 B

�
6�

�
6D � 6D =

 

�1;6

�2;6

!

(2.61)
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where� 6D satis�esP Extra
+ � 6D = 0,with

P
Extra
� =

1

2
(I� �Extra 
 �2) (2.62)

Decom posing (2.61) as a sum ofeigenstates under the (unwarped) 4D Dirac opera-

tor,and im posing �(4)=@R1;3(B 4�
!
4D
)� = � m ! �

!
4D

and =D
w
� = 0 leads to the 6D bispinor

equation

�(4)

�

=@
T
4 �

1

8

�
=@
T
4 lnZ

�
(1+ 2�Extra 
 �2)

�

� !
6D = Z

1=2
m !(B 6�

!
6D )

� (2.63)

which isanalogousto (2.20).Finally,instead of(2.21)weobtain

� 0
6D =

Z � 1=8

p
2

 

��

i��

!

for �Extra�� = � �� W ilsonini (2.64a)

� 0
6D =

Z 3=8

p
2

 

i�+

�+

!

for �Extra�+ = �+ gaugino + m odulino (2.64b)

and so we recover the sam e warp factor dependence in term s ofthe extra-dim ensional

chirality ofthe spinor. It is also easy to see that upon inserting such solutions into the

D7-brane action we recoverthe sam e4D kinetic term sasin (2.24)and (2.25).

Interestingly,the above setofzero m odeshave a sim ple interpretation in the context

of10D type IIB supergravity. Indeed,note that for this choice of�-�xing the D7-brane

zero m odescan berewritten as

�= Z
� 1=8�� with P

D 3
+ �� = P

D 7
� �� = 0 (2.65a)

�= Z
3=8�+ with P

D 3
� �+ = P

D 7
� �+ = 0 (2.65b)

and �� constantbispinors.Thislastexpression can beeasily deduced from (2.14)and the

factthatP O 3
� and

P
D 3
� =

1

2

�
I� �(4)
 �2

�
(2.66)

are equivalent when acting on type IIB W eylspinors. As explained in the appendix A,

P D 3
� istheprojectorthathasto beinserted in theD3-braneferm ionicaction,in thesam e

sense thatP D 7
� isinserted in (2.10).Thisim pliesthat10D bispinorssatisfying P D 3

� �= 0

willentertheD3-braneaction,whilethosesatisfying P D 3
+ �= 0 willbeprojected out.For

instance,a D3-brane in at10D space willhave precisely four4D ferm ion zero m odesof

the form � = const:,P D 3
� � = 0. Such a D3-brane,which is a 1/2 BPS object,breaks

the am ountof4D supersym m etry as N = 8 ! N = 4,so these four zero m odescan be

interpreted asthefourgoldstiniofthetheory.Conversely,theconstantbispinorssatisfying

P D 3
+ � = 0 can beidenti�ed with the fourgeneratorsofthe N = 4 superalgebra surviving

the presenceofthe D3-brane.

Ifwenow considera warped background created by a backreacted D3-brane,wehave

fourK illing(bi)spinorsgenerating thecorrespondingN = 4SUSY.ThoseK illingbispinors

� m ust satisfy O � = D�� = Dm � = 0,where O and DM are given by (2.12). It is easy
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to see that the solution are ofthe form � = Z� 1=8� where � is constant and,as argued

above,satis�esP D 3
+ �= 0.Introducing a D7-branein thisbackground willbreak thebulk

supersym m etry as N = 4 ! N = 2,so the D7-brane should develop two goldstino zero

m odes. Now,by taking the �-�xing choice P D 7
� � = 0 the Dirac action takes the sim ple

form (2.59),and so such goldstiniam ount to the pull-back ofthe above K illing spinors

into theD7-brane12 or,m oreprecisely,thosewhich arenotprojected outby thecondition

P D 7
� � = 0. These are precisely the zero m odesin (2.65a),whose warp factordependence

isthusto beexpected.

Hence,weagain seeby supersym m etry argum entsthatsuch m odescould neverhavea

warp factordependenceoftheform Z 1=8,which would only beallowed ifweturned o� the

RR uxF5 from ourbackground.Indeed,in thatcasethebackground would notsatisfy the

equations ofm otion,so no supersym m etry would be preserved and the argum ents above

do notapply.

2.3 W arped C alabi-Yau

Let us now extend the above analysis to include warped backgrounds (2.8) with a non-

at internalspace X 6. W e willhowever stillconsider a constant axio-dilaton �eld � =

C0 + ie� � 0,which constrainsX 6 to be a Calabi-Yau m anifold.Thisbasically m eansthat

the holonom y group ofX 6 m ust be contained in SU(3),which in turn guarantees that

there isa globally de�ned 6D spinor�C Y ,invariantunderthe SU(3)holonom y group and

satisfying theequation

r
C Y

m �
C Y

� = 0 (2.67)

where r C Y isthe spinorcovariant derivative constructed from the unwarped,Calabi-Yau

m etric ofX 6,and wherewe have taken �C Y to beofnegative chirality.Ifwe choose X 6 to

beofproperSU(3)holonom y,m eaning thatitsholonom y group iscontained in SU(3)but

notin any SU(2)subgroup ofthelatter,then thesolution to (2.67)isunique,and theonly

othercovariantly constantspinorbesides�C Y� isitsconjugate �C Y+ = (B 6�
C Y

� )�.

Asem phasized in theliterature,thesefactsarecrucialin specifyingthesupersym m etry

generators ofnotonly unwarped,butalso warped Calabi-Yau backgrounds. Indeed,itis

easy toseethatforawarped Calabi-Yau the10D gravitino and dilatino variation operators

are given by

O = 0 (2.68a)

D � = @� �
1

4
��=@lnZP

O 3
+ (2.68b)

D m = r
C Y

m +
1

8
@m lnZ �

1

4
=@lnZ�m P

O 3
+ (2.68c)

where P O 3
+ isagain de�ned by (2.13). In term softhese operatorsthe background super-

sym m etry conditionsread O � = D�� = Dm � = 0,where� a typeIIB bispinorlike (2.6).If

12
Recallthat =D

w
isalinearcom bination ofgravitinoand dilatinooperators,pulled-backintotheD 7-brane

worldvolum e.
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we now take theansatz

� =

 

�1

�2

!

�i = �i+ B
�
�
�
i �i = �i;4D (x)
 �i;6D (y) (2.69)

with �i;4D and �i;6D ofnegative chirality,itiseasy to see thatD �� = 0 im posesPO 3+ � = 0

and @�� = 0,while Dm � = 0 in addition sets�i;6D proportionalto Z � 1=8�C Y� .Thatis,our

warped K illing bispinorisofthe form

� = �4D 
 Z
� 1=8

 

�C Y�

i�C Y�

!

� iB
�
4�

�
4D 
 Z

� 1=8

 

i�C Y+

�C Y+

!

(2.70)

where �4D isa constant4D spinorthat,upon com pacti�cation,willbe identi�ed with the

generatorofN = 1 supersym m etry in R1;3.Notethatin (2.70)wehaveset�1;4D = �2;4D =

�4D becausesuch identi�cation isenforced by thecondition P O 3
+ � = 0.O n theotherhand,

ifwe take the unwarped lim it Z ! 1 then P O 3
+ � = 0 no longer needs to be im posed,

and so �1;4D and �2;4D are independentspinors that generate a 4D N = 2 superalgebra.

Thus we recover the fact that any source ofwarp factor breaks the Calabi-Yau N = 2

supersym m etry down to N = 1.

Letusnow consideraD7-branein thisbackground.Forsim plicity,wewill�rsttakethe

lim itofconstantwarp factorZ ! 1,while neverthelessim posing the condition P O 3
+ � = 0

on thebackground K illing spinor.Theworldvolum eofsuch a D7-braneisthen oftheform

R
1;3� S4,whereS4 isa four-cycleinsideX 6.Being a dynam icalobject,ourD7-branewill

tend to m inim ize its energy which,since we are assum ing hF i= 0 and constant dilaton,

am ountsto m inim izing thevolum eofS4.In thecontextofCalabi-Yau m anifoldsthereisa

well-known classofvolum e-m inim izing objects,known ascalibrated subm anifolds,thatare

easily characterized in term softheglobally de�ned 2 and 3-form sJ and 
 presentin any

Calabi-Yau.In particular,fora four-cycleS4 thecalibration condition reads�
1
2
P [J ^ J]=

dvolS4,whereP [� ]again stand forthepull-back intoS4.Finally,thisisequivalenttoasking

thatS4 isa com plex subm anifold ofX 6,which isthe assum ption thatwe willtake in the

following.13

G iven thissetup,onem ay analyzewhich arethebosonicdegreesoffreedom ofourD7-

braneand,in particular,which arethem asslessbosonicm odesfrom a4D perspective.The

answerturnsouttobequitesim ple,and only dependson topologicalquantitiesofthefour-

cycle S4.First,from the 8D gauge boson A M = (A �;A a)weobtain a 4D gauge boson A �

and several4D scalarsA a whoseinternalwavefunctionsW a can beused tobuild up a1-form

W = W ad�
a in S4.Using thatF

W = dW = 0 by assum ption aswellasthegaugefreedom

13
In fact, a com plex four-cycle S4 satis�es either P [J

2
] = 2dvolS 4 or � P [J

2
] = 2dvolS 4, and both

conditions de�ne volum e-m inim izing objects in a Calabi-Yau. However,given our conventionsin the D 7-

braneaction onlyP [J
2
]= � 2dvolS 4 willsurviveasa(generalized)calibration condition when wereintroduce

a warp factor satisfying F
int
5 = �̂6dZ. This choice of calibration in warped backgrounds m atches the

conventionsof[20]and [27],while the opposite choice P [J
2
]= 2dvolS 4 istaken in [28,29].Changing from

one choice to the otheram ountsto interchange the de�nitionsofD 7-brane vs. anti-D 7-brane or,in term s

ofthe ferm ionic action,rede�ning P
D 7
� $ P

D 7
� .Thisalso explainswhy,in the nextsection,we considera

self-dualworldvolum eux F = �S 4F fora BPS D 7-brane,instead oftheanti-self-dualchoice taken in [28].
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ofA a,one can identify the set ofzero m odes with the num ber ofindependentharm onic

1-form sin S4.W ethen obtain b1(S4)realscalar�eldsfrom dim ensionally reducing A M ,or

in otherwordsh(1;0)(S4)= b1(S4)=2 com plex W ilson lines.Thisresultappliesin particular

to a atD7-brane in atspace,wherewe have thatb1(T
4)= 4.

In addition,4D scalarzero m odesm ay arisefrom in�nitesim algeom etricdeform ations

oftheD7-braneinternaldim ensionsS4 ! S04 insidetheCalabi-Yau X 6.Such deform ations

willbe zero m odesifthe volum e ofthe 4-cycle doesnotchange,orotherwise said ifS04 is

stilla com plex subm anifold. Itcan be shown that,ifwe describe such deform ation via a

vector�a transverseto S4,then S
0
4 iscom plex only if�

a
abcd�
b^ d�c isa harm onic(2,0)-

form in S4.Thenum berofcom plex scalargeom etricm oduliisthen given by thenum berof

independentharm onic (2,0)-form sofS4,nam ely the topologicalnum berh
(2;0)(S4). Fora

atD7-branewehavethath(2;0)(T 4)= 1,and thatthecom plex zerom odeisthetransverse

translationsofT 4 insideT 6.

Regarding the ferm ionic zero m odes,one should obtain the sam e degrees offreedom

as for bosonic zero m odes,so that the 4D e�ective theory can be supersym m etric. This

is because the calibration condition � 1

2
P [J ^ J] = dvolS4 used above is equivalent to

P D 7
+ � = 0,where � is taken as in (2.70) with Z = 1,and which is the equation that a

D7-brane needsto satisfy in orderto bea supersym m etric,BPS objectin a Calabi-Yau.

Letusdescribehow thesezerom odeslook like,again takingtheunwarped lim itZ ! 1.

Asin subsection 2.2.5,to rem ove thespuriousdegreesoffreedom wewilltake the�-�xing

choiceP D 7
� �= 0 in (2.10),which willsim plify ourdiscussion below.Then,thezero m odes

ofthis action m ust satisfy P D 7
� � = 0 and =@

R
1;3�i = �ar C Y

a �i = 0,a 2 S4. An obvious

choice for a zero m ode would be to take � = �,14 since r C Y

a �C Y� = 0. However,the BPS

condition P D 7
+ � = 0 isequivalentto PD 7

� � = �,and so thiswould-be ferm ionic zero m ode

isprojected outby �-�xing.Instead,following [30]wecan consider

� = � 4D 

1
p
2

 

i�C Y�

�C Y�

!

� iB
�
4�

�
4D 


1
p
2

 

�C Y+

i�C Y+

!

(2.71)

with �4D constantand ofnegative 4D chirality.Thisbispinorisnotonly a D7-brane zero

m ode butalso an universalone,since itispresentforany BPS D7-brane.Aspointed out

in [30],upon dim ensionalreduction we can identify such zero m odewith the4D gaugino.

The rest offerm ionic zero m odes can be constructed from (2.71) (see e.g. [29,31]).

Indeed,by the basic properties ofa Calabi-Yau,the covariantly constant spinor �C Y� is

annihilated by any holom orphic �-m atrix de�ned on X 6,nam ely �zi�
C Y

� = ��z
i

�C Y� = 0.

Since S4 is a com plex m anifold,the sam e is also true for the �-m atrices living on S 4.

Hence allthe spinorsthatcan becreated from �C Y� are oftheform

�W = W a�
za
�
C Y

� and �m = m ab�
zazb

�
C Y

� (2.72)

14
Strictly speaking,here � stands for the restriction ofthe spinor �,de�ned allover R

1;3 � X 6 to the

8D slice R
1;3

� S4 where the D 7-brane is localized. As these worldvolum e restrictions for spinors can be

understood from the context,we willnotindicate them explicitly.
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with a;b 2 S4. Finally,one can show that�ar C Y

a annihilates these spinorsifand only if

W adz
a and m abdz

a ^ dzb are harm onic (1,0) and (2,0)-form s in S4,respectively.
15 This

clearly m atches the scalar degrees offreedom obtained above and,in particular,we can

identify �W with internalwavefunction fortheW ilsoniniand �m with thatforthem odulini

ofthe theory.M ore precisely,since we need to im pose thatP D 7
� � = 0,we have thatsuch

ferm ion zero m odesare

� = � 4D 
 � 6D + B
�
4�

�
4D 
 B

�
6�

�
6D

B
�
6�

�
6D =

1
p
2

 

i�W

�W

!

forW ilsonini (2.73a)

� 6D =
1
p
2

 

i�m

�m

!

form odulini+ gaugino (2.73b)

How do thesezero m odeschange when weintroduceback thewarp factor? By taking

the operators (2.68),it is easy to see that the D7-brane ferm ionic action is again ofthe

form (2.59),now with

=D
w
= =@

ext

4 + �ar C Y

a +

�
=@
int

4 lnZ

��
1

8
�
1

2
P
O 3
+

�

(2.74)

Hence,thewarped zero m odeswillagain begiven by (2.71)and (2.73),butnow m ultiplied

with a certain power ofthe warp factor which depends on how P O 3
+ acts ofthem . In

particular,it is easy to see thatfor (2.71) and (2.73b) we have that P O 3
+ � = �,so that

theappropriatewarp factorisgiven by Z 3=8.O n theotherhand,for(2.73a)wehavethat

P O 3
+ � = 0,and so W ilsonino zero m odes need to be m ultiplied by a warp factor Z � 1=8.

Finally,one can check that ifwe de�ne �Extra = d =volS4 as the chirality operator ofS4

then �Extra�
C Y

� = �C Y� and thatthesam eistruefor�m ,whiletheW ilsonini�W possessthe

oppositeextra-dim ensionalchirality.Thus,weseethattheresult(2.64)derived forwarped

atspacerem ainsvalid in warped Calabi-Yau com pacti�cations.Thiswillalso im ply that

again both the gaugino and m oduliniwillhave a 4D kinetic term ofthe form (2.51)with

q= 1,whileforthe W ilsoniniq= 0 and nothing willchange with respectto an unwarped

com pacti�cation.

Considering thebosons,onecan also seethattheresultsfrom warped atspaceapply

to a warped Calabi-Yau,and so the wavefunctionsforthe gauge boson,W ilson linesand

m odulido notcarry thewarp factor.Indeed,notethatin thisway the4D kineticterm sof

bosonicand ferm ionicsuperpartnerswillm atch,which isagain a requirem entofsupersym -

m etry. O ne can also perform an explicitderivation via an explicitdim ensionalreduction

fortheD7-branezero m odes,along thelinesof[23]forthegaugeboson and of[11]forthe

m oduli.

15
Noticethat�

ar C Y
a 6= =r

S 4
,sincer C Y

a isconstructed from them etricin X 6 and notthatin S4.See[21]

fortheirprecise relation.In thelanguage of[31],going from =r
S 4

to �
a
r

C Y
a involvesintroducing a twistin

the D irac operator.
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2.4 A dding background uxes

Let usnow add background uxesH 3,F3 to ourwarped Calabi-Yau solution,while still

considering D7-branes with F = 0 in their worldvolum e. W e can do so by following the

discussion in [30],adapted to ourEinstein fram econventionsofeq.(A.19).Indeed,one�rst

im posestheconstraintG 3 = F3+ ie
� �H 3 = � i�6G 3,com ing form theequationsofm otion

[7].Thisim pliesthattheoperatorsG �
3 � =F 3�1� e� � =H �3 de�ned in (A.19)can bewritten

asG
�
3 = 2e� � =H �3P

O 3
� ,and so wehavethatthe10D gravitino and dilatino variationsare

O = e
� � 0=2 =H 3�3P

O 3
+ (2.75a)

D � = @� �
1

4
��=@lnZP

O 3
+ �

1

8
e
�

� 0
2 �� =H 3�3P

O 3
� (2.75b)

D m = r
C Y

m +
1

8
@m lnZ +

1

4
=@lnZ�m P

O 3
+ +

e�
� 0
2

4

�

=H 3�m P
O 3
+ +

1

2
�m =H 3P

O 3
�

�

�3 (2.75c)

from which we see thatfora bispinor� ofthe form (2.70)we have thatO � = 0 and

D �� = Dm � = 0 ( ) =H 3�3� = 0 (2.76)

which,asexpected,happensifand onlyifH 3 isa(2;1)+ (1;2)-form [32].W ithoutim posing

thislattercondition,wecan proceed to analyzetheeigenm odesoftheD7-braneferm ionic

action. Using the sam e conventions asforthe warped Calabi-Yau case,we have thatthe

Dirac operatorisnow given by

=D
w
= =@

ext

4 + �ar C Y

a +

�
=@
int

4 lnZ

��
1

8
�
1

2
P
O 3
+

�

+
1

2
e
� � 0=2

�
�a(=H 3)a � =H 3

�
P
O 3
+ �3 (2.77)

and so we �nd that the new Dirac operator contains a piece which is exactly like the

uxless Dirac operator (2.74) plus a new piece proportionalto the background ux H 3.

From this piece is where the ux-induced ferm ionic m asses should arise from ,following

the m icroscopic analysisof[33]. From (2.77)we see thatin generalthe W ilsoninido not

getany m assterm ,asalready expected from the analysisin [28]. Regarding the gaugino

and the m odulini,they can geta m assterm from �a(=H 3)a � =H 3,which projectsoutthe

com ponentsofH 3 thathavejustoneindex on theD7-braneworldvolum e.Asa com ponent

ofH 3 with allthree indicesin S4 isincom patible with ourinitialassum ption hF i= 0,we

are left with only those com ponents ofH 3 with two indices on S4,which we denote by

H
(2)

3 ,contribute to ferm ionicm assterm s.TheDirac operatorcan then beexpressed as

=D
w
= =@

ext

4 + �ar C Y

a +

�
=@
int

4 lnZ

��
1

8
�
1

2
P
O 3
+

�

+
1

2
e
� � 0=2 =H

(2)

3 P
O 3
+ �3 (2.78)

and so allthose zero m odesnotlifted by the presenceofthe ux m aintain the sam ewarp

factordependence asin the uxlesscase. The warp factordependence ofm odeslifted by

theux ishoweverm orecom plicated,astheoperator =H
(2)

3 alsodependson thewarp factor.

See [11]fora discussion on these issuesin term sofbosonic m odes.
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2.5 Extension to F-theory backgrounds

The resultsabove can be furtherextended to warped F-theory backgrounds,with m etric

(2.8)and a nonconstantdilaton �eld �. Again,the 10D gravitino and dilatino variations

can bededuced from (A.19).Ifforsim plicity weassum eno background 3-form uxesthey

read

O = =@�� e
� =F 1i�2 (2.79a)

D � = @� �
1

4
��=@lnZP

O 3
+ (2.79b)

D m = r
X 6

m +
1

4
e
�(F1)m +

1

8
@m lnZ �

1

4
=@lnZ�m P

O 3
+ (2.79c)

wherewehavealso allowed a non-trivialRR ux F1 = Re d�,sothat(2.3)can besatis�ed.

Translating the discussion in [34]to our form alism ,one can look for K illing bispinors �

satisfying D �� = Dm � = 0,again using the ansatz (2.69). W e obtain a warped bispinorof

the form

� = �4D 
 Z
� 1=8

 

�
X 6

�

i�
X 6

�

!

� iB
�
4�

�
4D 
 Z

� 1=8

 

i�
X 6

+

�
X 6

+

!

(2.80)

whereagain �
X 6

� isa negative chirality 6D spinor,now satisfying16

�

r
X 6

m +
1

4
e
�(F1)m

�

�
X 6

� = 0 (2.81)

instead of(2.67). The fact that �
X 6

� are no longer covariantly constant im plies that the

holonom y group ofX 6 cannotbe in SU(3),and so X 6 cannotbe a Calabi-Yau. However,

from (2.81)onecan see thatthe holonom y group iscontained in U(3),which im pliesthat

X 6 is a com plex,K �ahler m anifold. Hence,we can stillintroduce com plex coordinates zi

and holom orphic �-m atrices such that,as before,� zi�
X 6

� = ��z
i

�
X 6

� = 0. O ne can then

check thatthe lastsupersym m etry condition O � = 0 isequivalentto (2.3).

Asbefore,the BPS condition fora D7-brane P D 7
+ � = 0 willrestrictS4 to be a com -

plex subm anifold ofX 6 and,since X 6 isK �ahler,thiswillm ean thatS4 ism inim izing its

volum e.17 Taking the �-�xing choice P D 7
� � = 0 and the unwarped lim it Z ! 1,we will

have again a D7-brane ferm ionic action ofthe form (2.59),wherenow

=D
w
= =@

ext

4 + �a
�

r
X 6

a +
1

4
e
�(F1)a

�

�
i

2
e
�
�
=F 1�2 � i=@e

� �
�

(2.82)

Because ofthe holom orphicity ofthe dilaton,the zero m odes ofthis Dirac operator will

as before be of the form (2.71) and (2.73), with the obvious replacem ent �C Y� ! �
X 6

� .

W hile (2.71)willbea universalzero m odethatcorrespondsto theD7-brane gaugino,the

16
Thisisthe weak coupling and sm allC 0 lim it(thatis,linearized)version ofeq.(2.19)in [34].

17
Notice that for a varying axio-dilaton � the physically relevant question is whether the D 7-brane is

m inim izing its energy,and m ore precisely itsD BI+ CS Lagrangian densities,ratherthan itsvolum e. O f

course,energy m inim ization turnsalso to be true forsuch D 7-branes,asexpected from theirBPSness.
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W ilsonino and m odulino zero m odes willhave to solve a di�erentialequation,that will

again relate them to the harm onic(1,0)and (2,0)-form sofS4,respectively.
18

Finally,we can restore thewarp factordependenceon the D7-brane ferm ionicaction,

which am ountsto add to (2.82)a piece ofthe form

�
=@
int

4 lnZ

��
1

8
�
1

2
P
O 3
+

�

(2.83)

exactly likein warped atand Calabi-Yau spaces.Asa result,wewillagain havethatthe

D7-branegaugino and m odulinidepend on thewarp factorasZ 3=8,whiletheW ilsoninido

asZ � 1=8.Thegeneralization to F-theory backgroundswith uxesisthen straightforward.

2.6 E�ects on the K �ahler potential

Just like for closed strings, one can interpret the e�ect of warping in the open string

wavefunctions as a m odi�cation ofthe 4D K �ahler potentialand gauge kinetic functions.

In orderto properly interpretthee�ectofwarping,wem ustconvertourresultsto the4D

Einstein fram e,which di�ersfrom the10D Einstein fram eby a W eyltransform ation ofthe

unwarped 4D m etric

��� !
V0

Vw
��� (2.84)

whereVw isthewarped volum e oftheinternal6D space

Vw =

Z

X 6

dv̂olX 6
Z (2.85)

and V0 isthe�ducialvolum eoftheunwarped Calabi-Yau.ThisW eyltransform ation gives

a canonical4D Einstein-Hilbertaction with 4D gravitationalconstant

1

2�24
=

V0

2�210
(2.86)

Let us now analyze the di�erent open string m etrics. The D7-brane gauge kinetic

function forthegauge boson wasdeduced forthetoroidalcase in (2.46).From theresults

ofSec 2.3,one can easily generalize thisresultto a D7-brane wrapping a 4-cycle S4 in a

warped Calabi-Yau as

fD 7 =
�
8�3k2

�� 1
Z

S4

dv̂olS4p
ĝS4

�
Z
p
ĝS4 + iC

int
4

�
(2.87)

where ĝS4 is the unwarped induced m etric on S4,and dv̂olS4 the corresponding volum e

elem ent. Since the gauge kinetic function is W eylinvariant,this is not m odi�ed when

m oving to the4D Einstein fram e.

Theposition m oduliand m odulinicom bineto form N = 1 chiralsuperm ultiplets,the

K �ahlerm etric forwhich can beread from thekinetic term ofthem oduli,afterconverting

18
See [31]fora derivation ofthisspectrum using twisted Yang-M illstheory.
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it to the 4D Einstein fram e.19 Let us �rst consider the case where the D7 is wrapping

T 4 =
�
T 2

�

i
�
�
T 2

�

j
� T 6, where each torus has a com plex structure de�ned by the

holom orphic coordinate

z
m = y

m + 3 + �m y
m + 6 (2.88)

Then,from (2.34),the kinetic term in the4D Einstein fram eforthezero m ode(dropping

the K K index 0 on the4D �elds)in thewarped toroidalcase is

S
scal
D 7 = �

k2

�24Vw

Z

R
1;3

d4x���@��@� �
�

Z

T
4

dv̂ol
T
4 e� 0Zs0s

�
0

�
ĝ
T
4

�

k�k
(2.89)

where we have de�ned the com plex �eld � = (�3+ k + �k�6+ k)fori6= k 6= j and extracted

the zero m odesfrom theexpansion (2.32).TheK �ahlerm etric isthen

�
2
4K ��� =

k2

Vw

Z

T
4

dv̂ol
T
4 e� 0Zs0s

�
0 (̂gT 4)k�k (2.90)

Ifwenow considera D7-branewrapping a 4-cycle S4 in an unwarped Calabi-Yau,the

D7-brane m odulican beexpanded in a basisfsA g ofcom plex deform ationsofS4

�
�
x;y

�
= �

A (x)sA (y)+ ��
�A �s�A (y) (2.91)

Following [37],the Einstein fram ekinetic term can then bewritten as

i�D 7

Z

R1;3

e�LA �B d�
A
^ �4d��

�B (2.92)

where

LA �B =

R

S4
m A ^ m �B

R

X 6

 C Y ^ �
 C Y

(2.93)

and fm A gisabasisofharm onic(2;0)-form srelated to fsA g via m A = �sA 

C Y .Aswehave

seen,in thetoroidalcasethee�ectofwarping introducesa warp factorin theintegralover

the internalwavefunctions and requires a W eylrescaling with the warped volum e rather

than the unwarped one. The appropriate generalization for the warped Calabi-Yau case

am ountsthen to

LA �B ! L
w

A �B
=

R

S4
Z m A ^ m �B

R

X 6
Z 
CY ^ �
CY

(2.94)

Letusnow try to com bine theseopen string K �ahlerm etricswith the kinetic term sin

theclosed string sector,studied in [12,13,14].Fortheaxio-dilaton,theresultfrom [12]is

�

Z

R
1;3

d4xK �tt@
��t@�t (2.95)

wheretistheaxio-dilaton zero-m ode,and the K �ahlerm etric isgiven by

K �tt=
1

8(Im �)
2
Vw

Z

X 6

d6yZ Y
2
0 (2.96)

19
The sam e philosophy has been applied in [35]to com pute (unwarped) open string K �ahler m etrics in

the 10D SYM lim itoftype Itheory,using the fram ework developed in [36].
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where Y0 is the internalwavefunction for the zero m ode. Since the equation ofm otion

adm itsa constantzero m ode,the integralisproportionalto the warped volum e which is

canceled by the factorofVw appearing in the denom inator. Thatis,the kinetic term for

thezero m odeoftheaxio-dilaton isuna�ected by thepresenceofwarping.In thepresence

ofD7 branes,the D7 geom etric m oduliand the axio-dilaton com bine into a single K �ahler

coordinate S.In the unwarped Calabi-Yau thiscom bination isgiven by [37]

S = t� �
2
4�D 7LA �B �

A ��
�B (2.97)

and so theappropriate partoftheK �ahlerpotentialis

K 3 ln
�
� i
�
S � �S

�
� 2i�24�D 7LA �B �

A ��
�B
�

(2.98)

The kinetic term fortisnotm odi�ed by warping,which suggeststhatin the presence of

warping we should identify

S
w = t� �

2
4�D 7L

w

A �B
�
A ��

�B (2.99)

and thatthe K �ahlerpotentialshould bem odi�ed accordingly,

K 3 ln
�
� i
�
S
w
� �Sw

�
� 2i�24�D 7L

w

A �B
�
A ��

�B
�

(2.100)

This correctly reproduces the quadratic-order kinetic term s for the axio-dilaton and D7

deform ation m oduli.

Turning now to theW ilson lineand W ilsonini,theirK �ahlerm etriccan befound from

the W ilson line action.In the S4 = T 2
i � T 2

j case,the com ponentsofthe1-form potential

A in com plex coordinatesare

A a =
i

2Im (�a)

�
�
�
aA a+ 3 � A a+ 6

�
(2.101)

for a = i;j. Converting (2.50) to the Einstein fram e, we �nd that the action for the

m asslessm odesis

S
wl
D 7 = �

k2

�24Vw

Z

R1;3

d4x ĝa
�b
T
4�

��
@�wa@�w

�
�b

Z

T 4

dv̂ol
T
4W

(0)
a W

� (0)

�b
(2.102)

which �nally givestheK �ahlerm etric

�
2
4K a�b =

k2

Vw

Z

T
4

dv̂ol
T
4W

(0)
a W

� (0)

�b
ĝ
a�b
T 4 (2.103)

wherethe indicesa and bare notsum m ed over.

In the Calabi-Yau case,the W ilson linesofa D7 wrapping S4 can beexpanded as

A adA
a = wI(x)W

I(y)+ w �I(x)W
�I
(y) (2.104)

where
�
W I

	
is a basis ofharm onic (1;0)-form s on S4. The kinetic term for the W ilson

linesin the unwarped case is[37]

i
2�D 7k

2

V

Z

R
1;3

C
I �J
� v

�dwI ^ �4dw �J (2.105)
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where V is the (unwarped)Calabi-Yau volum e. Ifwe now expand the K �ahler form in a

basisf!�g ofharm onic2-form s

J
C Y = v

�
!� (2.106)

we can expressCI
�J

� as

C
I �J
� =

Z

S4

P [!� ]̂ W
I
^ W

�J
(2.107)

In the warped toroidalcase,the e�ectofthe warping on the W ilson line kinetic term sis

to sim ply replace the volum e with the warped volum e. Again,from Sec 2.3,thisresultis

independentoftheshapeofunwarped internalgeom etry so thatin thewarped Calabi-Yau

case,the kinetic term fortheW ilson linesis

i
2�D 7k

2

Vw

Z

R
1;3

C
I �J
� v

�dwI ^ �4dw �J (2.108)

wherenow thewarped volum e Vw appearsin thedenom inator.

O ne m ay again wonderhow these open string m odescom bine with the closed string

onesin thefullK �ahlerpotential.In analogy with theresultsfortheunwarped Calabi-Yau

case,wewould now expectthatW ilson linescom binewith theK �ahlerm oduli.However,as

pointed outin [37]itisnotan easy problem to derivetheK �ahlerm etricsfrom thegeneral

form ofthe K �ahler potential. Let us instead consider the particular case ofX 6 = T 6,

S4 =
�
T 2

�

i
�
�
T 2

�

j
.In the unwarped case,the K �ahlerpotentialcan bewritten as

K 3 � ln
�
T� + T�

�
� ln

�
Ti+ Ti� 6i�24�D 7k

2
C
I �J
i wIw �J

�
(2.109)

� ln
�
Tj + Tj � 6i�24�D 7k

2
C
I �J
j wIw �J

�

whereT� are a com bination ofK �ahlerm oduliand D7’sW ilson lines.Indeed,

T� + T� =
3

2
K � + 6i�24�D 7k

2
C
I �J
� wIw �J (2.110)

whereK � controlthethevolum eofthe4-cyclesofthecom pacti�cation.M oreprecisely,if

we expressan unwarped Calabi-Yau volum e in term softhe v� de�ned in (2.106),

V =
1

6
I��v

�
v
�
v
 (2.111)

then wehave that,in general,

K � = I��v
�
v
 (2.112)

and in particularthisexpression appliesforthe K �ahlerm oduliofT 6.

Expanding (2.109)up to second orderin theD7-braneW ilson linesw I weobtain that

theirunwarped K �ahlerm etricsare given by

�
2
4�D 7k

2
X

�

3iCI
�J

�

T� + T�

wIw �J (2.113)

Com paring to ourresult(2.108),itiseasy to see thata sim ple generalization thatwould

reproducetheW ilson line warped m etric isto replace

T� + T� ! T
w
� + T

w

� =
3

2
I
w
��v

�
v
 + 6i�24�D 7k

2
C
I �J
� wIw �J (2.114)
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in (2.109).Here we have de�ned the warped intersection product20

I
w
�� =

Z

X 6

Z !� ^ !� ^ ! (2.115)

thatde�nesthe warped volum e as

Vw =
1

6
I
w
��v

�
v
�
v
 (2.116)

O ne m ay then wonderwhether this way ofwriting the warped K �ahler potentialis a

particularfeature oftoroidal-like com pacti�cations. A possible caveat isthatthe m odi�-

cation (2.114)isclearly di�erentfrom them odi�cation ofthegaugekineticfunction (2.87)

and that both quantities,Tw
� and fD 7,should have a sim ple dependence on the K �ahler

m oduliofthe com pacti�cation.21 Indeed,the warp factorofthe gauge kinetic function is

integrated only overS4,whilethewarp factorin thede�nition ofT
w
� isintegrated overthe

entire internalspace. In fact,both de�nitionsofwarped volum e can be putin the sam e

form

Volw�(S4) = �
1

2

Z

X 6

� ^ J ^ J (2.117)

where [�]isPoincar�e dualto [S4],and J = Z 1=2JC Y isthe warped K �ahlerform .Because

J2 isnotclosed,(2.117) dependson the representative � 2 [�]. In particular,forTw� � is

the harm onicrepresentative,whileforfD 7 � should have �-function supporton S4.

Despite this discrepancy there is not necessarily a contradiction between (2.87) and

ourde�nition ofT w
� .Forinstance,ifonetakesthede�nition ofK �ahlerm oduligiven in [38],

thatin thepresentcontexttranslatesinto theshiftJ^J ! J^J+ t�[!�],[!�]2 H 2;2(X 6),

we seethatTw
� and fD 7 have exactly thesam edependenceon t

�,which suggestthatthey

could di�erby a holom orphicfunction ofthecom pacti�cation m oduli.Indeed,forthecase

ofa singleK �ahlerm odulustheresultsin [23](seealso [39])show thatonecan expressthe

warped volum e ofS4 as

V
w
S4

=

Z

S4

Z dvolS4 = T
w
� + T

w

� + [’ + ’] (2.118)

where ’ isa holom orphic function ofD-brane position m oduli. Hence,the realpartof’

isprecisely the di�erence between both choicesof� in (2.117). Itwould be interesting to

try to extend (2.118)to com pacti�cationswith severalK �ahlerm oduli.

In fact,com pacti�cationswith oneK �ahlerm odulusprovidea furthertestto theabove

de�nition ofwarped K �ahlerpotential.There,the unwarped K �ahlerpotentialreads[37]

� 3ln
�
T� + T� � 6i�4�D 7k

2
C
I �J
� wIw �J

�
(2.119)

wherethesinglefour-cycle S� iswrapped by theD7 brane.According to ourprescription

(2.114),in thewarped case thisshould bem odi�ed to

� 3ln
�
T
w
� + T

w

� � 6i�4�D 7k
2
C
I �J
� wIw �J

�
(2.120)

20
An alternative possibility would have been to set I

w
��  = (Vw =V)I�� ,although this would im ply a

very m ild m odi�cation ofthe K �ahlerpotentialwith respectto the unwarped case.
21
Letusstressoutthatwe are notidentifying T

w
� with theK �ahlerm oduliofa warped com pacti�cation,

butratherwith the quantitiesthatencode theirappearance in the K �ahlerpotential.
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and,in theabsence ofa D7 branewherewI = 0,thisbecom es

� 3ln
�
T
w
� + T

w

�

�
(2.121)

Note thatthisreproducesistheresultsof[14].Indeed,from ourde�nition ofT w
� we have

that,in theabsence ofD7-branes,

t
w
� =

3

4
I
w
���

�
v
�
�2

(2.122)

where tw
�
is the realpart ofTw

�
. This realpart ofthe universalK �ahler m odulus can be

identi�ed asan R 1;3-dependentshiftcin the warp factor[9,12,14]22

Z (x;y)= Z0
�
y
�
+ c

�
x
�

(2.123)

Integrating thisequation overX 6 givesan expression forthe uctuating warped volum e

Vw (x)= V
0
w + c

�
x
�
V (2.124)

Asshown in [14],the universalK �ahlerm odulusisorthogonalto the otherm etric uctua-

tionsso we can freeze thevalue ofV to the �ducialvalue V 0.W ith thisidenti�cation,

I
w
�� = I

w 0

��
+ cI�� (2.125)

where

I
w 0

��
=

Z

X 6

Z0!� ^ !� ^ ! (2.126)

W hile in generalthe warp factor m ay provide signi�cantcorrections to I��,in the case

ofa single K �ahlerm odulus� the correction issim ply a rescaling with the warped volum e

I
w 0

���
= I���

V0w

V0
(2.127)

whereV0 isagain the�ducialvolum eoftheunwarped Calabi-Yau.Thisallowsusto write

t
w
� =

�
c+

V0w

�03

�3

4
I���

�
v
�
�2

(2.128)

sothatthewarpingcorrection tothesingleK �ahlerm odulusisan additiveshiftproportional

to
V0w

V0
(2.129)

And so,up to a m ultiplicative constant,we recover the result of[14],where allwarping

correctionsto the K �ahlerpotentialforthe universalK �ahlerm oduluswere sum m arized in

an additive shift for the latter. W e �nd it quite am using that,at least in the case ofa

single K �ahler m odulus,such result can be reproduced by m eans ofa DBI analysis. It

would beinteresting to seeifthesam ephilosophy can beapplied to com pacti�cationswith

severalK �ahlerm oduli,aswellasto K �ahlerpotentialsthatinvolve K �ahlerm odulibeyond

the universalone.

22
As explained in [9,12,14],com pensators are need to be added for consistency with the equations of

m otion for the closed string uctuations. These are howeverunim portantfor the discussion here since to

quadratic orderin uctuations,the open string kinetic term sdepend only on the background valuesofthe

closed string m oduli.
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2.7 A sim ple w arped m odel

Letusnow apply the above resultsto a m odelbased on D7-braneswhich,besidesa non-

trivialwarp factor,allows for sem i-realistic features like 4D chiralferm ions and Yukawa

couplings.Thiswillnotonly allow usto show thee�ectsthatwarping can haveon the4D

e�ective theory,butalso to check thatourresultsforthe K �ahlerpotentialare com patible

with the com putation ofphysicalquantities like Yukawa coupling. A sim ple way ofcon-

structing such m odelisto considerunm agnetized D7-branesin toroidalorbifolds.Thatis,

we consideran internalm anifold ofthe form X 6 = T 6=�,where � isa discrete sym m etry

group ofT 6,and place a stack ofN D7-braneswrapping a T 4 in the covering space.For

trivialwarp factor the phenom enologicalfeatures ofsuch m odels have been analyzed in

[40].W e would now like to see how 4D quantitieschange afterintroducing a warp factor.

Let us then illustrate the warping e�ects by focusing in a particular toroidalm odel,

nam ely thePati-Salam Z4 toroidalorbifold m odelconsidered in [33],Sec9.1.In thism odel,

the internalspace islocally X 6 = T 6=Z4 wherethe Z4 action is

� :
�
z1;z2;z3

�
7!

�
e2�i=4z1;e

2�i=4
z2;e

�i
z3
�

(2.130)

and the T 6 hasbeen factorized into three T 2
i. The gauge group and m atter arise from a

stack ofeight D7-branes wrapping (T 2)1 � (T 2)2 and located at an orbifold �xed point

on the third torus. The orbifold action on the gauge degreesoffreedom break the initial

gaugegroup U (8)! U (4)� U (2)L � U (2)R ,producing atthesam etim etwo quark/lepton

generations F i
L = (4;�2;1),F

j

R
= (�4;1;2) i;j = 1;2,a Higgs m ultiplet H = (1;2;�2),and

Yukawa couplings�ijH F i
LF

j

R
.Thelattercan beunderstood asarisingfrom orbifoldingand

dim ensionally reducing ofthe8D SYM term

Z

d
8
�
p
g����[A �;�] (2.131)

presentin the initialU(8)D7-brane theory.23

W hen introducing thewarp factorZ,theopen string wavefunctionsofthism odelwill

no longerbe constantbutdevelop a warp factordependence following the analysisofSec

2.2. In particular,FL;R arise from (orbifolded) U(8) W ilson line m ultiplets,whereas H

arisesfrom thetransversem odulus+ m odulino.By Table1,wehavethatthewarp factor

dependenceoftheirinternalwavefunctionsisgiven by

H = (h; H )4D ! (Z 0
;Z

3=8); F = (f; F )4D ! (Z 0
;Z

� 1=8): (2.132)

Thesewavefunctionsm ustbeinserted in theD7-braneferm ionicaction,wherean analogous

term to (2.131)gives

S
Yuk
D 7 = �D 7

Z

d8�
p
ge

� 0�ij
�
��H �

�1
A
i
FL
�
j

FR
+ ��H �

�2
A
i
FR
�
j

FL
+ h.c.

�
(2.133)

23
In fact,notallYukawa couplingscan beunderstood likethis.In unwarped backgroundswithoutuxes,

a way to guess the m issing Yukawas is to start from a 10D SYM action and reduce it to 8D in order to

producecouplingsbeyond (2.131),asin [41].W ewillhowevernotdiscusssuch approach,as(2.131)willbe

enough forthe purposesofthissubsection.
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and where both �-m atrices contain a factor ofZ � 1=4. Itisthen easy to see thatthe full

warp factordependencecancelsin theintegral,perform ed upon dim ensionalreduction,and

thatone isleftwith an 4D e�ective action ofthe form

S
Yuk
D 7 = �D 7

�06

V2w
e� 0 (̂g1

�1
T
4)
1=2

Z

R
1;3

d4xfiL
� H  

j

FR
�ij

Z

T
4

dv̂ol
T
4 W FL �

y

H
�FR + ::: (2.134)

wheresand � areconstantbosonicand ferm ionicinternalwavefunctions,respectively,and

where we have converted allquantities to the 4D Einstein fram e. From Sec 2.2 we know

thatthe norm alization constantsofsuch wavefunctionsare

N �H =

�

e
� 0�

09=2
V
� 3=2
w

Z

T
4

dv̂ol
T
4Z

�� 1=2

(2.135)

N �F R
=

�

e
� 0�

09=2
V
� 3=2
w

Z

T
4

dv̂ol
T
4

� � 1=2

(2.136)

N W F L
=

�

k
2
�
03
V
� 1
w ĝ

1�1
T
4

Z

T 4

dv̂ol
T
4

� � 1=2

(2.137)

and so,by im posing thatour4D �eldsare canonically norm alized,we obtain thephysical

Yukawa coupling

yH FL FR =

�
2�
�3=2

k
�R

T
4 dv̂olT 4 Z

�1=2
� gD 7 (2.138)

thatshould becom pared to the standard supergravity form ula

yijk = eK =2
�
K i�iK j�jK k�k

�� 1=2
W ijk (2.139)

and theresultsfrom subsection 2.6.Indeed,weseethatby setting W H FL FR = 1 and using

eqs.(2.90)and (2.103),aswellasK = (2.100)+ (2.109),wecan derive (2.138).

Asem phasized in [9,12,13],com pensatorsareneeded forconsistency oftheequations

ofm otion fortheclosed string uctuations,and thusthe�eld spacem etricsfortheclosed

string sectorarein generalhighly com plex.However,in com paring (2.138)and (2.139),we

do notneed to evaluate derivativesoftheK �ahlerpotentialK with respectto closed string

m oduliand so the issueofcom pensatorsdo notconcern ushere.

In this particular m odel,the Higgs �eld propagates throughout the worldvolum e of

theD7.In contrast,in theRandall-Sundrum scenario theHiggsiscon�ned to ornearthe

IR end ofthe geom etry.Asdiscussed in section 2.2.3,the 5D m assesofthe bulk ferm ions

(except for the gaugino) is a free param eter,though is related to the m asses ofthe bulk

scalars. The m ass m 	 = cK controls the pro�le ofthe ferm ion in the bulk,with m odes

forc> 1

2
being localized toward theIR and m odeswith c< 1

2
being localized towardsthe

UV [42]. Thislocalization controls the overlap with the Higgsand hence the 4D Yukawa

couplingsdepend sensitively on cso thatthism echanism providesa m odeloftheferm ion

m asshierarchy.However,thebosonicand ferm ionicactionsforD-branesdo nothavesuch

m ass term s. Instead,the localization can be controlled by either using gauge instantons

(as suggested in [17]) or by localizing the m atter ferm ions on intersections ofD7 branes

(asused forexam ple in [43]).
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3.M agnetized D 7-branes

3.1 A llow ing a w orldvolum e ux

Aswe have seen,D7-branesin warped backgroundsofthe form (2.8)provide a wealth of

gaugetheorieswith warped internalwavefunctions.Thisishoweverfarfrom beingthem ost

generalpossibility when producingsuch theories.Indeed,asdiscussed beforetheD7-brane

action dependson a generalized �eld strength F = P [B ]+ 2��0F living on the D7-brane

worldvolum eR1;3� S4,which containsthe8D gaugeboson degreesoffreedom viatheusual

relation F = dA.Now,instead ofconsidera vanishing vev forF asin theprevioussection,

one m ay allow a nontrivialvev forsuch worldvolum e ux. Clearly thisdoesnotspoil4D

Poincar�e invariance ifwe choose the indicesofhF ito be along S4 and,in fact,thisisan

essentialingredientto obtain 4D chiralferm ionsvia D7-brane intersections. Finally,such

\m agnetized" D7-brane willbe a stable BPS objectif,in addition to dem anding thatS4

isvolum e m inim izing we im posethat[44,28]

F = �S4F (3.1)

wherehereandhenceforth weom itthebracketstorefertothevevofF .Thatis,m agnetized

D7-branes in warped backgroundsofthe form (2.8) are BPS ifF isa self-dual2-form of

theirinternaldim ensionsS4.
24

Itiseasy to see thatadding a non-trivialF willchange the zero m ode equationsfor

both ferm ionsand bosons.In particular,theEinstein fram eferm ionicaction isnotlonger

ofthe form (2.10),butrather(see [20]and Appendix A)

S
fer
D 7 = �D 7

Z

d8� e�
q �
�detM

�
� ��P D 7

� (F )

�

��D � + (M � 1)ab�a

�

D b+
1

8
�bO

��

� (3.2)

whereasbefore� standsfora R1;3 index and a;bforindicesin S4.Theworldvolum e ux

dependenceentersvia theoperators25

M = P [G ]+ e
� �=2

F (3.3a)

M = P [G ]+ e
� �=2

F �3 (3.3b)

P
D 7
� (F ) =

1

2

�

I� �F(8)
 �2

�

(3.3c)

�F(8) = �(8)

s �
�
�
�
detP [G ]

detM

�
�
�
�

�

I� e
� �=2 =F 
 �3 +

3

2
e
� � =F

2

�

(3.3d)

that clearly reduce to those in (2.10) when taking F ! 0. Note that term s that do not

appearwith a tensorproductim plicitly actastheidentity on the bispinorspace.Finally,

one can show thatP D 7
� (F )are stillprojectors,and that(3.1)isequivalentto im pose the

usualBPS condition P D 7
+ (F )� = 0,with � given by theK illing spinor(2.70)[44,28,27].

24
M ore precisely,F = � �S 4 F if2dvolS 4 = � P [J

2
](see footnote 13),and the choice taken in [28]was

such thata BPS D 7-braneshould hostan anti-self-dualux F .O urconventionsm atch thoseof[27],where

the derivation ofthe D 7 BPS conditionswere also carried outform ore generalsupergravity backgrounds.
25
TheoperatorM correspondsto ~M in [20]and,whilethede�nition hereand in [20]slightly di�er,they

are equivalent.Foran expression ofthe ferm ionic action closerto thatin [20]see the appendix.
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3.2 W arped at space

Paralleling our previous discussion for unm agnetized D7-branes,let us �rst consider the

case where our D7-brane wraps a conform ally at four-cycle S4 = T 4 inside the warped

internalm anifold X 6 = T 6 which is also conform ally at,and so that the m etric on the

D7-braneworldvolum eisoftheform (2.11).Letusfurthersim plify thissituation by taking

a factorizable setup whereS4 = (T 2)i� (T 2)j and

P [J]= dvol(T 2)i
+ dvol(T 2)j

(3.4a)

F = bidv̂ol(T 2)i
+ bjdv̂ol(T 2)j

(3.4b)

whereasbeforedvol
T
2 = Z 1=2dv̂ol

T
2 stand forwarped and unwarped volum eelem ents.It

isthen easy to seethatwith thechoice dvolS4 = � dvol(T 2)i
^ dvol(T 2)j

theBPS condition

(3.1) is equivalent to F ^ P [J]= 0,which is solved for b = bi = � bj. Ifin addition we

considera vanishing background B-�eld,then F = 2��0f,wheref isa U(1)�eld strength

ofthe form

f = 2�m i

dv̂ol(T 2)i

v̂ol(T 2)i

+ 2�m j

dv̂ol(T 2)j

v̂ol(T 2)j

(3.5)

and where,becauseofDirac’schargequantization,m i;m j 2 Z.TheBPS conditionsabove

then translate into the m ore fam iliarcondition m i=v̂ol(T 2)i
+ m j=v̂ol(T 2)j

= 0 used in the

m agnetized D7-brane literature.

3.2.1 Ferm ions

Following the steps taken in subsection 2.2.1, we have that the dilatino and gravitino

operators entering the ferm ionic action are again given by (2.12). Hence,plugging them

in (3.2)and taking the �-�xing gauge (2.15),one �ndsa Dirac action ofthe form (2.16),

wherenow
s
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=@lnZ (3.6)

where

�(F ) =

s

detg
T
4

detM
T
4

�

I+ e
� � 0=2=F +

3

2
e
� � 0 =F

2

�

M
T 4 = g

T 4 + 2��0e� � 0=2f (3.7)

and g
T
4 = Z 1=2ĝ

T
4 standsforthewarped T 4 m etric.

Using now thefactorized ansatz T 4 = (T 2)i� (T 2)j and (3.4),itiseasy to see that

M
T
4 =

 
M

T
2
i

0

0 M
T
2
j

!

(3.8a)
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i
= 4�2�0
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+ e
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0 m i

� m i 0
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(3.8b)
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In term softhe com plex coordinateszm = ym + 3 + �m y
m + 6 thisreads

M
T
2
i
=

1

2
(4�2�0)Z 1=2

R
2
i

 

0 1+ iB i

1� iB i 0

!

with B i = Z
� 1=2

e
� � 0=2bi (3.9)

Then,also in thiscom plex basis26
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2
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I� iB j�T 2

j

j1+ iB jj
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(3.10)

where�
T
2
i
= � id =vol(T 2)i

isthechirality m atrix forT 2
i.Sim ilarly,we have

�(F ) =
I+ iB i�T 2

i

j1+ iB ij
�
I+ iB j�T 2

j

j1+ iB jj
= e

i�i�
T
2
i � e

i�j�
T
2
j (3.11)

wherewehavede�ned �i� arctanB i.Noticethat,unlikein theusualm agnetized D-brane

literature,�i isnota constantangle,having a non-trivialdependenceon the warp factor.

Finally we can express�Extra = d =volS4 = �
T
2
i
�
T
2
j
.

W e can now im plem entthe dim ensionalreduction schem e ofsubsection 2.2.1,taking

again theans�atze(2.18)and (2.19).In orderto �nd theeigenm odesoftheDiracoperator,

one �rstnoticesthatgiven thesetup above the�rstline of(3.6)can bewritten as

=@
ext

4 + (M � 1

T
4 )

ab�a

�

@b�
1

8
@blnZ (1+ 2�(� F )� Extra)

�

(3.12)

In addition,consideringthecasewheretheworldvolum eux F satis�estheBPS conditions

B i= � B j ( ) �i+ �j = 0,itiseasy to seethatthesecond plusthird linesof(3.6)vanish

identically. Hence,we �nd a 6D internaleigenm ode equation sim ilarto (2.20) where the

m ain di�erencescom e from the substitution ĝ
� 1

T 4 ! M
� 1

T 4 and the insertion of�(� F ). In

particular,the zero m odeequation am ountsto27

�

@b�
1

8
@blnZ (1+ 2�(� F )� Extra)

�

�
0
6D = 0 (3.13)

whose solutionsare

�
0
6D =

Z � 1=8

1+ iB i�T 2
i

�� for �Extra�� = � �� W ilsonini (3.14a)

�
0
6D = Z

3=8
�+ for �Extra�+ = �+ gaugino+ m odulino (3.14b)

where �� are again constant 6D spinor m odes with � chirality in the D7-brane extra

dim ensions. In particular,for a D7-brane extended along 01234578,we have that S4 =

(T 2)1 � (T 2)2 � (T 2)1 � (T 2)2 � (T 2)3 = X 6 and so the ferm ionic zero m odeswillhave

the following internalwavefunctions

�
0;0

6D
= Z

3=8
�� � � �

0;3

6D
= Z

3=8
�+ + � (3.15)

26
Here i;j denote particularT

2
’sand so there are no sum sim plicitin thiskind ofexpressions.

27
The sam e discussion in Sec 2.2.4 applieshere aswell.
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and

�
0;1

6D
=

Z � 1=8

1� iB
�� + + �

0;2

6D
=

Z � 1=8

1+ iB
�+ � + (3.16)

whereB = B 1 = � B 2,and again using the 6D ferm ionic basisde�ned in Appendix A.

Notice that the new W ilsoniniwavefunctions do not am ount to a sim ple constant

rescaling,asthe ‘density ofwordvolum e ux’B dependsnontrivially on the warp factor.

This dependence is however the one needed to cancelallwarp factor dependence in the

W ilsonini4D kinetic term s. Indeed,by inserting (3.14a)into the �-�xed ferm ionic action

(2.16)we obtain again
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where we have taken into account the new volum e factor appearing in the r.h.s of(3.6),

which in theBPS case reads s

detg
T
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detM
T
4

= j1+ iB j
2

(3.18)

and whereweareagain expressing everything in term sofcom plex coordinates,asin (3.9).

Regarding thegaugino and them odulino,theabovefactordoesnotcanceland so wehave

a kinetic term oftheform

S
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thatgeneralizesthatobtained in (2.25).Aswe willnow see,such resultscan berederived

by analyzing the D7-brane bosonicwavefunctions.

3.2.2 B osons

In the presence ofa world-volum e ux,the 8D gauge boson A � entersinto the D7-brane

action through the �eld strength F = P [B ]+ 2��0f + 2��0F where f = hF i is the

background �eld strength and F = dA. The transverse oscillations again enter through

thepullback ofthem etric asin (2.26).In thecase ofB = 0 and constantdilaton �= � 0,

the action fortheD7-brane up to quadratic in uctuationsorderbecom es
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wherethe action fortheposition m oduliis
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and the action forthe8d gauge boson is
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wherewehaveagain used (2.28)and haveseparated theaction between a zero energy part

and a partwith derivatives. In general,there are three m ore contributions to the action

up to quadratic orderincluding a term thatislinearin the �eld strength,
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an interaction between the position m oduliand the 8D gauge boson,
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and a potentialterm forthe position m oduli
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However,when the world-volum e ux is self-dual,allthree ofthese contributions vanish

up to surfaceterm s.Thisism osteasily seen by inserting the uxesexplicitly.

Expanding outtheaction forthe position m oduli,
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we obtain the 8D equation ofm otion
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As in the unm agnetized case (2.32), perform ing a K K expansion gives the eigenm ode

equation
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Thisdependson the warp factor and the m agnetic ux,butfor the m assless m odes,the

only well-de�ned solution issi0 = const. The resulting 4D kinetic term forthe zero m ode

is
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which again m atcheswith kinetic term forthem odulino (3.19).

Also asin theunm agnetized case,theaction containsan interaction piecebetween the

4D photon A � and the4D W ilson linesA a which,afterintegrating by partstwice,is
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In analogy with the unm agnetized case,thiscan be gauged away by considering the class

ofR � gaugeswith gauge-�xing term
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wherewe take

G�
�
A
�
=

1

2�

�

@
�
A � + �Z 1=2

jdetM
T
4j
� 1=2

@a
�p

jdetM
T
4j
�
Z
� 1=2

M
� 1

T 4

�(ab)
A b

�
�2

(3.30)

Theform ofthegauge�xingischosen sothattheequationsofm otion forA � decouplefrom

the equations ofm otion for A a for any value of� and so that it reduces to gauge-�xing

term in the unm agnetized case (2.38).ForA �,the equation ofm otion in theR � gauge is
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while forA a,the equation is
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wherewe have de�ned

M
abcd =

1

2

�
M

� 1
�ab�

M
� 1
�cd

�
1

2

�
M

� 1
�ac�

M
� 1
�bd

(3.33)

Note thatthe presence ofwarping and background world-volum e ux together hasm ade

the equation ofm otion rather com plex,even in the case ofat space. W ith this gauge

choice,the K K m odesforthe 4D gauge boson satisfy
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so thatthe zero m ode a0 hasa constant pro�le on the internaldim ensions. Thisgives a

gauge kinetic function

fD 7 =
�
8�3k2
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ĝ
T
4

��
�Z

1=2 + ie� � 0=2b
�
�2 + i

�
C
int
4 � C0b

2
� �
�
0
�2

(3.35)

Therealpartm atchesthekineticterm forthegaugino(2.25)and in theabsenceofwarping

agreeswith thatfound in,e.g.,[45,46].

The equation ofm otion forthe W ilson linessim plify furtherin the 4D Lorenz gauge

�= 0 though even then theequation ofm otion isdi�cultto solve in general.However,if

we focuson the zero-m odeswhich satisfy

�
R
1;3w

0
a = 0 (3.36)

then theequation ofm otion forthe internalpro�lesbecom es
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In theunm agnetized case,wededuced thatthesolution satis�ed F 0
ab
= 0 and thisisclearly

a solution in the m agnetized case aswell.Thisagain determ inesthe solution to be ofthe

form w 0
a = const:up to the residualgauge freedom A a ! A a � @a� where @�� = 0.This

residualfreedom willnote�ectthe 4D e�ective action,
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For�6= 0,thereisan additionalterm in theequation ofm otion fortheinternalwavefunc-

tion W 0
a thatdependson �

�
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However,when theworld-volum e ux isself-dualoranti-self-dual,the com bination

Z
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p
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� 1

T
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�(cd)
(3.40)

isconstantim plyingthatA a = const:isstillasolution forarbitrary �.Aftercom plexifying

theW ilson lines(2.101)thekineticterm m atchesthekineticterm fortheW ilsonini(3.17)

forany choice ofR � gauge.

3.3 M ore generalw arped backgrounds

Letusnow considerm agnetized D7-branesin m ore generalwarped backgrounds. Justas

in the unm agnetized case,itprovesusefulto com pute the D7-brane wavefunctionsvia an

alternative choice of�-�xing. Let us �rstdo so for warped at space. In this case,and

beforeany �-�xing,the operatorin (3.2)between �� and � isgiven by
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justlike the lasttwo linesof(3.6),the second line of(3.41)vanisheswhen we im pose the

BPS condition on the worldvolum e ux F . As a result,for BPS D7-branes such term

can bediscarded independently ofthe�-�xing choice.Letusin particulartake thechoice

P D 7
� (F )� = 0,asin subsection 2.2.5. Thisallowsto rem ove P D 7

� (F )from (3.41),and so

we �nd an ferm ionic action ofthe form (2.59),with a Dirac operator

=D
w
=

s

detM
T
4

detg
T
4

�

=@
ext

4 + (M
� 1

T
4)
ab�a

�

@b+ @blnZ

�
1

8
�
1

2
P
O 3
+

���

(3.42)

Hence,them ain di�erenceon =D
w
with respecttotheunm agnetized case(2.14)com esfrom

substituting g� 1 ! M � 1.AsM � 1 isobviously invertible,onewould na��vely say thatthe

zero m odeinternalwavefunctionsarethe sam e asin the unm agnetized case.

Notehoweverthatthe�-�xing condition P D 7
� (F )� = 0 dependson F ,and so willthe

setof10D bispinors� thatenterourferm ionicaction.Indeed,following [47]onecan write
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wherewehaveused theexplicitform of�(F )in (3.11).Hence,thebispinorssurviving the

projection P D 7
� (F )� = 0 are given by

� = e
�

i

2

„

�i�
T
2
i

+ �j�
T
2
j

«


 �3
� 0 where P

D 7
� � 0 = 0 (3.44)

and whereP D 7
� standsfortheunm agnetized D7-projector(2.7).W ethusneed to consider

a basis ofbispinors ‘rotated’with respect to the one used for unm agnetized D7-brane.

As the rotation only acts on the internalD7-brane coordinates,one can stillm ake the

decom position (2.61),with the 4D spinor�4D intact and the 6D bispinor� 6D rotated as

in (3.44).In particular,ifwe im posethe BPS condition �i+ �j = 0,� 6D takesthe form
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for �Extra�� = � �� (3.45a)
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2
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!

for �Extra�+ = �+ (3.45b)

and so the bispinors� 6D ;+ with positive extra-dim ensionalchirality are exactly those of

the unm agnetized case,while those ofnegative chirality � 6D ;� are rotated by a (warping

dependent)phase.

From the above,it is easy to see that the zero m odes com ing from � 6D ;+ have as

wavefunction  0+ = Z 3=8,justlike in theunm agnetized case.O n theotherhand,plugging

(3.45a) into (3.42) we obtain a zero m ode equation quite sim ilarto thatfound W ilsonini

in subsection 3.2.1,and so we�nd that 0
� = Z � 1=8j1+ iB ij

� 1.Asa result,thezero m ode

wavefunctionsare given by
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for �Extra�� = � �� W ilsonini (3.46a)
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for �Extra�+ = �+ gaugino + m odulino (3.46b)

where,via m atching ofthe 4D kinetic functions,we have identi�ed the ferm ionic 4D zero

m odesthatthey correspond to. Note thatagain the W ilsoninihave an extra warp factor

dependencewith respectto the unm agnetized case,which iscontained in B i.

O n can then proceed to generalizetheabovecom putation to thecaseofa D7-branein

a warped Calabi-Yau. Im posing the �-�xing choice P D 7
� (F )� = 0 and the BPS condition

�S4F = F ,theDirac operatorreads
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wherewehaverem oved theterm com ing from thesecond lineof(3.41),using thefactthat

itvanishesfora BPS worldvolum e ux F .28

In addition to the Dirac operator,one needsto know how the worldvolum e ferm ions

satisfying P D 7
� (F )� = 0 look like. From ourdiscussion above we know thatthis�-�xing

choice selectsbispinorsofthe form

� =

 

�(� F )1=2

�(F )1=2

!

� 0 with P
D 7
� � 0 = 0 (3.49)

where again P D 7
� stands for (2.7). In general,the rotation �(F ) willbe an elem ent of

Spin(4)= SU (2)1 � SU (2)2. Ifwe identify SU (2)1 with the SU (2) inside the holonom y

group U (2) of S4, then following [41]we can classify our ferm ionic m odes in term s of

Spin(4)representationsas

P O 3
� � 0 = 0 � 0 transform sas (1;2)

P O 3
+ � 0 = 0 � 0 transform sas (2;1)

(3.50)

In addition, if we im pose the BPS condition �S4F = F then �(F ) 2 SU (2)1, and so

bispinorsprojected outby P O 3
� are leftinvariantby the rotation in (3.49). In particular,

thisappliesto the bispinor(2.71),thatdescribesthe D7-brane gaugino forthe unwarped

Calabi-Yau case. As discussed in section 2.3,this sam e ferm ionic wavefunction willbe

a solution ofthe unm agnetized,warped Dirac operator (2.74) ifwe m ultiply it by Z 3=8.

Finally,since (2.71)satis�esP D 7
� � = 0 and (2.74)and (3.47)im ply the sam e zero m ode

equation,itfollowsthatthe wavefunction ofthe D7-brane gaugino isalso oftheform
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asalready pointed outin [30].

O n theotherhand,bispinorsoftheform (2.73a)areprojected outby P O 3
+ and so are

non-trivially rotated by �(� F )even assum ing theBPS condition forF .O necan then see

that the corresponding zero m odes,which correspond to the D7-brane W ilsonini,should

have aswavefunction

� = Z
� 1=81

4
(M � 1

S4
)ab�a�b

"

B
�
4�

�
4D 


1
p
2

 

i�W

�W

!

� i�4D 

B 6
p
2

 

��
W

i��
W

! #

(3.52)

28
Indeed,even ifwe are no longerin atspace,there islocally always a choice ofworldvolum e vielbein

where [20]

1

2
(M

� 1

S 4
)
ab
�a�b =

I� iB i�
i
3

j1+ iB ij2
+

I� iB j�
j

3

j1+ iB jj2

�(F ) = e
i(�i�

i
3
+ �j�

j

3)

where �
1
3 � �3 
 I2 
 I2,�

2
3 � I2 
 �3 
 I2 and �

3
3 � I2 
 I2 
 �3 act on the 6D spinor basis (A.27). In

thisbasis�S 4F = F isequivalentto �i+ �j = 0,and so allthealgebraic m anipulationscarried outforat

space also apply.In particular,the second line of(3.41)identically vanishes.
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which is the obvious generalization ofthe warped atspace solution (3.46a). Again,the

warp factordependenceofthissolution iscontained in both Z � 1=8 and in M � 1
S4
,and both

canceloutwith
p
detM S4=detgS4 when com puting the W ilsonini4D kinetic term .

Finally,one m ay considerferm ionic wavefunctions ofthe form (2.73b),also invariant

under the rotation (3.49), and whose zero m odes give rise to D7-brane m odulini. The

analogy with atspace,suggeststhatto any zero m ode ofthe unwarped case a factorof

Z � 3=8 should beadded to obtain thewarped zero m ode.Letushoweverpointoutthat,by

theresultsof[48,49]onewould expectthatm any ofthesewould-bem oduliand m odulini

are lifted due to the presence ofthe worldvolum e ux F and to globalproperties ofS4.

Thus,the question ofwhich are the zero m ode pro�le ofm oduliniisa tricky one even in

the unwarped case,and so we willrefrain from analyzing them in detail.

3.4 W arped K �ahler m etrics

Letusnow proceed to com putethewarped K �ahlerm etricsforopen stringson m agnetized

D7-branes,following thesam eapproach taken in Sec2.6 forunm agnetized D7-branes.O ne

�rstrealizesthatthe gauge kinetic function isgiven by
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where again f = hF i. This can be written as a holom orphic function by using the BPS

condition
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(3.54)

and theidentity (2.118).Note thatJ = Z 1=2JC Y isthewarped K �ahlerform ,and thatthe

only dependence offD 7 in the warp factor is contained in J2. Hence,the extra piece in

fD 7 thatcom esfrom them agnetic ux isprecisely asin the unwarped case.

Regarding the position m odulus and m odulino,they again com bine into an N = 1

superm ultiplet. In the toroidalcase,assum ing the setup of(3.4) and the BPS condition

b= bi= � bj,we have a the K �ahlerm etric oftheform
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thatcan beread from the corresponding kinetic term .Note that
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2 (3.56)

and so weagain have a warp-factorindependentextra term .In orderto �nd outhow this

generalizes to D7-branesin warped Calabi-Yau backgrounds,letus�rstrecallthe results

fortheunwarped Calabi-Yau.Following [50],onecan seethatthepresenceofthem agnetic

ux F m odi�esthe kinetic term (2.92)to
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Here the background world-volum e ux hasbeen splitas

f = fX 6
+ ~f = f

a
X 6
P [!a]+ ~f (3.58)

where !a isa basisof(1,1)-form sofX 6
29 to be pulled-back into the D7-brane 4-cycle S4,

and ~f isthe com ponentoff thatcannotbeseen asa pull-back.O nethen de�nes

B
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a
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a
X 6

B = b
a
!a (3.59)

whereB isthebulk B-�eld aswellas
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whereV isthe volum e ofthe unwarped Calabi-Yau,and
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2
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Finally,recallthatv� isde�ned by (2.106),!� corresponding to theCalabi-Yau harm onic

2-form Poincar�e dualto S4. Then,from the explicit com putation ofthe kinetic term in

the toroidalcase, it is easy to see that the naturalgeneralization of (3.57) to warped

com pacti�cationsis
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in agreem entwith the(stringfram e)K �ahlerm etricderived in [51].Asbefore,wehavethat
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while we have also de�ned
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Notethatboth term sinvolvethewarped internalvolum ewhich com esfrom m oving to the

4D Einstein fram e while the �rstterm hasan additionalpowerofthe warp factor in the

integraloverthe internalpro�les,aswe found in thetoroidalcase.

Finally,theW ilson linesand W ilsoninialsocom bineintoN = 1chiralsuperm ultiplets.

For the factorizable torus,the kinetic term for the com plexi�ed W ilson lines de�ned in

(2.101)is
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The presenceofthe m agnetic ux cancelsout,asfound forthe W ilsoniniin (3.17)and in

the warped Calabi-Yau case.Thisgivesthe K �ahlerm etric forthe W ilson superm ultiplets
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W e thus �nd that kinetic term for the W ilsoniniis then unchanged with the addition of

m agnetic ux,and so the kinetic term sarethe sam e asthose found in Sec 2.6.

29
M ore precisely,asthe analysis of[50]takesplace in the contextoforientifold com pacti�cations,!a 2

H
(1;1)

�
(X 6;R),thatisto those (1,1)-form sthatare odd underthe orientifold involution.
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4.C onclusions and O utlook

In this paper we have analyzed the wavefunctions for open string degrees offreedom in

warped com pacti�cations. In particular,we have focused on type IIB supergravity back-

groundswith O 3/O 7-planes,and explicitly com puted thezerom odewavefunctionsforopen

stringswith both endson a probe D7-brane. Such analysis hasbeen perform ed forboth

the bosonic and ferm ionic D7-brane degreesoffreedom ,in the case ofwarped atspace,

warped Calabi-Yau and warped F-theory backgrounds,and �nally in thecaseofD7-branes

with and withoutinternalworldvolum e uxes.

O ne clear m otivation to carry out such com putation is the fact that m odels ofD7-

branesin warped backgroundsprovidea string theory realization oftheRandall-Sundrum

scenario.In particular,they reproducethebasicfeaturesof5D W ED m odelswheregauge

bosonsand chiralferm ionsareallowed to propagatein thebulk.O n theotherhand,since

by considering D7-branesweareem beddingsuch W ED scenariosin a UV com pletetheory,

onem aynaturallywonderifnew featuresm ayalsoarise.Indeed,stringtheory/supergravity

containsa sectorofRR antisym m etric �eldswhich isnotpresentin the RS 5D construc-

tion,and whose �eld strengths are required to be non-trivialin warped backgrounds by

consistency ofthe equationsofm otion.W e found thatsuch background RR uxescouple

non-trivially to theferm ionicwavefunctions,leading to qualitatively di�erentbehaviorde-

pendingon theirextra-dim ensionalchirality.W ehaveshown thatthesedi�erentbehaviors

are not accidental,but are necessary in order to provide a sensible description ofSUSY

orspontaneously broken SUSY 4D theoriesupon dim ensionalreduction,and in particular

to produce m odelswhere the kinetic term sforbosonsand ferm ionscan be understood in

term sofa 4D K �ahlerpotential.

In fact,com puting the open string K �ahler potentialturns out to be a very fruitful

excercise since,as we have shown,it suggests a generalm ethod ofextracting the closed

string K �ahler potentialfrom (an often sim pler) open string com putation. Indeed,from

this point ofview the open strings serve as probes ofthe background geom etry,as the

consistency of their couplings to the closed string degrees of freedom enable us to use

theirK �ahlerm etricsto deduce theirclosed string counterparts. W e have shown thatthis

sim ple procedure reproduces the recently derived closed string results of[12,14],which

were obtained in a highly com plicated way. M oreover,we expect our open-closed string

m ethod to beusefulin probing the structureofK �ahlerpotentialsin m ore generalcases.

Returning to the W ED perspective,thepresentwork can beviewed asan initialstep

in the studies of the W arped String Standard M odel. Such studies should involve the

com putation ofphenom enologically relevant quantities like Yukawa couplings and avor

m ixing. Even ifwe have illustrated such kind ofcom putations in a very sim ple class of

m odels,nam ely D7-branes atsingularities,ourresultsare also relevant form ore realistic

constructionslikethosein [52],thatinvolvebackgroundsuxesand m agnetized intersecting

D7-branes.Note,however,thatthe chiralsectorin thislatterkind ofconstructionsarises

from theintersection ofD7-branes,forwhich aworldvolum eaction isstilllacking.Itwould

then be very interesting to extend ouranalysis to describe the degrees offreedom atthe

intersection ofD7-branesin the presenceofbulk uxes.
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Finally,letuspointoutthatwehavefocussed ourdiscussionstosupersym m etricback-

groundsforthesakeofsim plicity,butthatouranalysisisapplicabletonon-supersym m etric

m odelsaswell.In such non-SUSY m odels,warping providesan alternative m echanism of

generating the electroweak hierarchy [1],which by way ofthe gauge/gravity duality can

beunderstood asa dualdescription oftechnicolortheories.Theabove wavefunctionsand

theiroverlapsallowsustocom puteviaaweakly coupled theory interactionsin thestrongly

coupled dual,and m ay then o�er insights into technicolor m odelbuilding. Hence,other

than realizing the Standard M odel, constructing chiralgauge theories in warped back-

groundsm ay also help in understanding thephysicsofstrongly coupled hidden sectors,an

elem entin m any SUSY breaking scenarios.Forinstance,recentwork [43]hasshown that

the strongly coupled hidden sectorin generalgauge m ediation [53]can beholographically

described in term softhedualwarped geom etries.Theopen string wavefunctionsobtained

herecan thusplay an im portantrolein determ ining thesoftterm sin such supersym m etry

breaking scenarios.
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A .C onventions

A .1 B ulk supergravity action

ThebosonicsectoroftypeIIB supergravity consistsofthem etricG M N ,2-form B M N and

dilaton � in theNS-NS sectorand thep-form potentialsC 0,C2,and C4 in theR-R sector.

Thestring fram eaction forthese �eldsis

SIIB =SN S + SR + SCS (A.1a)
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SCS = �
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4�210
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C4 ^ H 3 ^ F3 (A.1d)

where2�210 = (2�)7�04 and

F1 =dC (A.2a)

F3 =dC2 � H 3 (A.2b)

F5 =dC4 �
1

2
C2 ^ H 3 +

1

2
B 2 ^ F3 (A.2c)

and H 3 = dB 2.Here forany p-form ! we de�ne!2 = ! � !,where� isgiven by

!p � �p =
1

p!
!M 1:::M p

�
M 1:::M p (A.3)

Finally,R isthe Ricciscalarbuiltfrom them etric G .

A .2 D -brane ferm ionic action

The ferm ionic action fora single Dp-brane,up to quadratic orderin the ferm ionsand in

the string fram e,wascom puted in [54].Iwasshown in [20]thatone can expressitas

S
fer
D p = �D p

Z

dp+ 1� e� �
q �
�det

�
P [G ]+ F

��
� ��P

D p

� (F )

�
�
M

� 1
���

��D � �
1

2
O

�

� (A.4)

where �
� 1
D p

= (2�)
p
�0

p+ 1

2 isthe tension ofthe Dp-brane,P [:::]indicatesa pull-back into

the Dp-braneworldvolum e,and � isa 10D M ajorana-W eylbispinor,

�=

 

�1

�2

!

(A.5)

with �1;�2 10D M W spinors.G am m a m atricesacton such bispinoras

�M �=

 

�M �1

�M �2

!

(A.6)
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Thisaction involvesthegeneralized �eld strength F = P [B ]+ 2��0F (whereF istheworld-

volum e�eld strength oftheU(1)gaugetheory)through severalquantities.An obviousone

is the integration m easure det(P [G ]+ F )that substitutesthe m ore conventionalvolum e

elem ent.A m orecrucialquantity fortheanalysisofSec3 isM �� = G �� + F���(10)
 �3,

thatencodesthe D-brane world-volum e naturalm etric in the presence ofa non-trivialF .

Finally,F also appearsin the projection operators

P
D p

� =
1

2

�
I� �D p

�
(A.7)

where�D p can bewritten as[55]

�D p =

 
0 ��� 1

D p

��D p 0

!

(A.8)

with

��D p = i
(p� 2)(p� 3)�

(0)

D p

q �
�detP [G ]

�
�

q �
�det(P [G ]+ F )

�
�

X

q

��1:::�2q

q!2q
F�1�2 � � � F�2q� 1

F�2q (A.9)

and

�
(0)

D p
=

��1:::�p+ 1��1:::�p+ 1

(p+ 1)!
p
jdetP [G ]j

(A.10)

Then,forp = 2k + 1,

i
(p� 2)(p� 3)�

(0)

D p
= i

(p� 1)=2�(p+ 1) (A.11)

with �(p+ 1) as de�ned in footnote 5. Hence,for D3 and D7-branes with F = 0 we have

that

�D 3 =

 

0 � i�(4)

i�(4) 0

!

= �(4)
 �2 and �D 7 = � �(8)
 �2 (A.12)

so thateqs.(2.7)and (2.66)follow from (A.7).

TheoperatorsO and D � arede�ned from thedilatino and gravitino SUSY variations

� M = D M � =

"

r M +
1

4
(=H 3)M �3 +

1

16
e
�

 

0 =F

� �(=F ) 0

!

�M �(10)

#

� (A.13a)

�� = O � =

"

=@�+
1

2
=H 3�3 +

1

16
e
��M

 

0 =F

� �(=F ) 0

!

�M �(10)

#

� (A.13b)

where

=F p =
1

p!
FM 1� � � Mp�

M 1� � � Mp (A.14)

indicates a contraction over bulk indices and � indicates that the order ofindices in the

contraction isreversed,

�
�
=F p

�
=

1

p!
FM 1� � � Mp�

M p� � � M1 (A.15)
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In type IIB theory one then hasthat

D M = r M +
1

4
(=H 3)M �3 +

1

8
e
�
�
=F 1i�2 + =F 3�1 + =F

int

5 i�2

�

�M (A.16a)

O = =@�+
1

2
=H 3�3 � e

�

�

=F 1i�2 +
1

2
=F 3�1

�

(A.16b)

Forconverting (A.4)to theEinstein fram ewehaveto do thefollowing ferm ion rede�-

nitions
� E = e� �=8�

O E = e�=8O

D E
M

= e� �=8
�
D � 1

8
�M O

�
(A.17)

Afterwhich we obtain

S
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1

8
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E
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� E

wherein thesecond linewehavetaken into accountthatwearereducing to 4D,and where

the �’sand M are converted to the Einstein fram e. In the unm agnetized case F = 0 we

have

S
fer
D p = �D p

Z

dp+ 1� e(
p� 3

4 )�
�
�det

�
P [G ]

��
�
1

2 �� E
P
D p
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��D E
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p� 3

8
O
E

�

� E (A.18)

m atching (2.10) for the case p = 7. Finally,the gravitino and dilatino operators in the

Einstein fram eare

D
E
M = r M +

1

8
e
�=2

�

G
+
3 �M +

1

2
�M G

+
3

�

+
1

4

�

e
�(F1)M +

1

2
=F
int

5 �M

�

i�2 (A.19a)

O
E = =@��

1

2
e
�=2

G
�
3 � e

� =F 1i�2 (A.19b)

wherewe have de�ned G �
3 � =F 3�1 � e� � =H 3�3.

A .3 Ferm ion conventions

In orderto describeexplicitly ferm ionicwavefunctionswetakethefollowing representation

for�-m atricesin at10D space

�� = 
�

 I2 
 I2 
 I2 �m = (4)
 ~m � 3 (A.20)

where� = 0;:::;3,labelsthe 4D M inkowskicoordinates,whosegam m a m atricesare


0 =

 

0 � I2

I2 0

!


i =

 

0 �i

�i 0

!

(A.21)

m = 4;:::;9 labelsthe extra R6 coordinates

~1 = �1 
 I2 
 I2 ~4 = �2 
 I2 
 I2

~2 = �3 
 �1 
 I2 ~5 = �3 
 �2 
 I2

~3 = �3 
 �3 
 �1 ~6 = �3 
 �3 
 �2

(A.22)
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and �i indicate the usualPaulim atrices.The4D chirality operatoristhen given by

�(4) = (4)
 I2 
 I2 
 I2 (A.23)

where(4) = i0123,and the10D chirality operatorby

�(10) = (4)
 (6) =

 

I2 0

0 � I2

!


 �3 
 �3 
 �3 (A.24)

with (6) = � i~1~2~3~4~5~6. Finally,in thischoice ofrepresentation a M ajorana m atrix

isgiven by

B = �2�7�8�9 =

 

0 �2

� �2 0

!


 �2 
 i�1 
 �2 = B 4 
 B 6 (A.25)

which indeed satis�es the conditions B B � = I and B �M B � = �M �. Notice that the 4D

and 6D M ajorana m atrices B 4 � 2(4) and B 6 � ~4~5~6 satisfy analogous conditions

B 4B
�
4 = B 6B

�
6 = Iand B 4

�B �
4 = ��,B 6

m B �
6 = � m �.

In the textwe m ainly work with 10D M ajorana-W eylspinors,m eaning those spinors

� satisfying � = �(10)� = B���.In the conventionsabove thism eansthatwe have spinors

ofthe form

�
0 =  

0
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��

!
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 �+ + + (A.26a)

�
1 =  

1

 

0

��

!


 �� + + + i( 1)�

 

�2�
�
�

0

!


 �+ � � (A.26b)
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 �� � + (A.26d)

where j isthespinorwavefunction,(0 �� )
t isa 4D spinorofnegativechirality and ��1�2�3

isa basisof6D spinorsofsuch that
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0

1

!




 

0

1

!




 

0

1

!

�+ + + =

 

1

0

!




 

1

0

!




 

1

0

!

(A.27)

etc. Note thatthese basiselem entsare eigenstatesofthe 6D chirality operator(6),with

eigenvalues�1�2�3.

In fact,that enters into the ferm ionic D7-brane action is a bispinor � ofthe form

(2.6), where each of �1, �2 is given by (A.26) or a linear com binations thereof. Both

com ponentsofthebispinorarehowevernotindependent,butratherrelated bythechoiceof

�-�xing.Indeed,notethattheferm ionicaction (A.4)isinvariantunderthetransform ation

�! �+ P
D p
� �,with � an arbitrary 10D M W bispinor.Thism eansthathalfofthedegrees

offreedom in � are not physicaland can be gauged away. In practice,this am ounts to

im pose on �= P
D p

� �+ P
D p

+ � a condition that�xesP
D p

� �.
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Letusforinstance considera D7-brane with F = 0. Taking the �-gauge PD 7
� � = 0,

we have that

� =

 

�1

�2

!

= i

 

�(8)�2

� �(8)�1

!

=

 

�

� i�(8)�

!

(A.28)

where � isa spinorofthe form (A.26). Ifin addition the D7-brane spansthe coordinates

01234578 with positive orientation,then the 8D chirality operator is �(8) = � i�01234578,

and so thewavefunctions 
j

i
ofboth spinorsare related as

 
0
2 = � i 

0
1  

1
2 = i 

1
1  

2
2 = i 

2
1  

3
2 = � i 

3
1 (A.29)

sothatthereareonlyfourindependentspinorswavefunctionsafterim posingthisconstraint.

Ifwe now de�nethe projectors

P
D 3
� =

1

2

�
I� �(4)
 �2

�
P
O 3
� =

1

2

�
I� �(6)
 �2
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(A.30)

with �(6) = I4 
 (6),then we see thattwo bispinorssatisfy P
O 3
+ �= P D 3

+ �= 0,nam ely

� 1 =
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� i�(8)�
1

!

and � 2 =

 

�2

� i�(8)�
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(A.31)

and two satisfy P O 3
� �= P D 3

� �= 0

� 0 =

 

�0

� i�(8)�
0

!

and � 3 =

 

�3

� i�(8)�
3

!

(A.32)

Finally,let us recallthat to dim ensionally reduce a D7-brane ferm ionic action,one

hasto sim ultaneously diagonalize two Diracoperators:=@4 and =D
w
,builtfrom �� and �m ,

respectively.However,asthesetwo setof�-m atricesdo notcom m ute,norwill=@4 and =D
w
,

and so weneed instead to constructtheseDiracoperatorsfrom thealternative �-m atrices

~�� = �(4)�
�
;= �(4)

�

 I2 
 I2 
 I2

~�m = �(4)�
m = I4 
 ~m � 3 (A.33)
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