
Chapter 4

DECAY

Conveners: E. Eichten, C. Patrignani, A. Vairo
Authors: D. Z. Besson, E. Braaten, A. Deandrea, E. Eichten, T. Ferguson, F. A. Harris, V. V. Kiselev,
P. Kroll, Y.- P. Kuang, A. Leibovich, S. L. Olsen, C. Patrignani, A. Vairo

1 INTRODUCTION1

The study of decay observables has witnessed in the last years a remarkable progress. New experimental
measurements, mainly coming from Belle, BES, CLEO and E835 have improved existing data on inclu-
sive (Section 3 and 4), electromagnetic (Section 3) and several exclusive (Section 5) decay channels as
well as on several electromagnetic (Section 6) and hadronic (Section 7) transition amplitudes. In some
cases the new data have not only led to a reduction of the uncertainties but also to significant shifts in the
central values. Also the error analysis of several correlated measurements has evolved and improved our
determination of quarkonium branching fractions (Section 2). New data have also led to the discovery of
new states. These have been mainly discussed in Chapter 3.

From a theoretical point of view several heavy quarkonium decay observables may be studied
nowadays in the framework of effective field theories of QCD. These have been introduced in Chapters 1
and 3. In some cases, like inclusive and electromagnetic decay widths, factorization of high and low en-
ergy contributions has been achieved rigorously. In some others, where more degrees of freedom, apart
from the heavy-quarkonium state, are entangled and the problem becomes quite complicated, models are
still used to some extent and factorization formulas, if there are, are on a less solid ground. There is
room there for new theoretical developments. High energy contributions can be calculated in perturba-
tion theory. Low energy matrix elements, which may include, among others, heavy quarkonium wave
functions, colour-octet matrix elements, correlators, overlap integrals in radiative transitions, multipole
gluon emission factors, can be determined either by suitable fitting of the data or on the lattice or by
means of potential models. They typically set the precision of the theoretical determinations.

In each of the following sections we will have a first part where the theoretical framework is
reviewed and the basic formalism set up and a second part that summarizes the phenomenological appli-
cations and presents the experimental status. In the last section of the chapter, Section 8, we will discuss
decay modes of the Ê À . There are no data available yet (apart from the lifetime), but Ê À will be copi-
ously produced at future hadron colliders. This system, differently from bottomonium and charmonium,
decays only weakly. Therefore, it opens in quarkonium physics a window to some of the electroweak
parameters of the Standard Model.

The outline of the chapter is the following. We will start in Section 2 by making some general
remarks on the determination of quarkonium branching ratios from experiments. In Section 3 we will
discuss inclusive and electromagnetic decay widths, in Section 4 k inclusive radiative decays, in Sec-
tion 5 exclusive decays, in Section 6 radiative and in Section 7 hadronic transitions. Finally, Section 8
will be devoted to the decays of the Ê À .

1Author: A. Vairo
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2 BRANCHING RATIO MEASUREMENTS2

The measurement of branching ratios (or partial widths) � is deceptively simple: the total number of
events observed in a given final state ���!���y%�y Å�� is proportional to the total number of events produced����� �;�y%�y for that particular resonance:

� �!���y �y Å�� ¶ Ð���F�� ��� �;�y]�y F��<¯�s ïs Å~�Y� o (4.1)

� ��� �;�y%�y in turn needs to be measured by counting some specific events. In most cases, depending on the
process under study and the analysis strategy, � ��� �Y�y �y is calculated from the number of events observed in
a given “reference” final state � �!���y �y Å�¡�¢�� :

�£��� �Y�yt�y ¶ �£�!���y �y Å¤¡m¢��
Ð�� ¿ � ¡�¢�� Ò

The reported value of �\¯�s ïs Å~�Y� will therefore use � ¡�¢�� as reported by some previous experiment:

�<¯�s ïs Å¤�Y� ¶ �£�!���y �y Å¥�� �!���y]�y Å¤¡�¢�� Ð��Z¿
Ð�� � ¡�¢�� Ò (4.2)

As discussed in [1], there are a number of potentially dangerous consequences in this procedure.
First of all different experiments might use the same reference mode, so their values of � are not in-
dependent. Even worse, the �<¯�s ïs Å~�Y� reported in Eq. (4.2) will also be (hiddenly) correlated to the
normalization ¦�Ð � ¿ chosen by the previous experiment(s) where � ¡m¢�� had been measured, and ultimately
may depend on some other branching ratio ��¿¡�¢��¨§ . Such hidden correlations are hard to identify and can
have pernicious consequences on the evaluation of � ¿ based on independent measurements from different
experiments.

For precision determination of branching ratios or partial widths, it is important to know the nor-
malization used in each measurement and to quote explicitly the quantity that is indeed directly measured
by each experiment �\¯�s ïs Å~�Y�� ¡m¢�� ¶ � �!���y �y Å~�� �!���y �y Å¤¡m¢�� Ð��Z¿

Ð�� o (4.3)

i.e., the ratio or product of branching ratios (even of different particles), which is most directly related to
the event yield. Many experiments could also provide measurements of ratios of branching ratios

©«ª ¯I¼:«¼ ¿ � ¶ �<¯�s ïs Å~�Y��\¯�s ïs Å~� ¿ � o (4.4)

which do not depend on the normalization, and where usually also a number of other systematics cancel.
With the increased statistical precision that is to be expected in the next few years, it will become

increasingly important for an appropriate branching ratio and partial width evaluation that individual
measurements are reported according to Eq. (4.3) and whenever possible also as in Eq. (4.4). In order
to perform the best estimate based on a set of measurements from different experiments, it might also
become important to take into account the systematic errors that are common to all measurements per-
formed by the same experiment. An appropriate choice of a set of independent measurements of (4.3)
and (4.4) from each experiment is likely the best option for a global fit to quarkonium branching ra-
tios. A comparison of

©vª ¯I¼:«¼ ¿ � that could be directly measured by virtually all experiments, could also
2Author: C. Patrignani
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help understand possible systematic effects, which are going to be the limiting factor on branching ratio
determinations.

Here, we briefly outline the experimental techniques and analysis strategies adopted to determine
these branching ratios with emphasis on the corresponding possible normalization choices, as a necessary
ingredient to understand possible mutual dependencies and constraints.

2.1 Branching ratios measured in ¬ J ¬ P formation experiments�\��#® formation experiments are undoubtedly the most important tool to investigate charmonium and
bottomonium branching ratios by a variety of techniques. In these experiments the � Õ Û Â quarkonium
states can be directly formed and the �<¯¨� Õ Û Â Å~�Y� are determined either normalizing to a specific decay

mode, i.e., providing a direct measurement of �<¯¨� Õ Û Â Å~�Y��<¯¨� Õ Û Â Å¤¯b°²±Y³G� , or measuring the number of � Õ Û Â by
performing a scan of the resonance.

The usual choice for the normalization channel is the inclusive hadronic decay mode, which is
close to 100% for all resonances, i.e., it provides to a good approximation an absolute normalization.
However, it requires subtraction of the non resonant hadronic cross-section whose yield (at the given
running condition) must be calculated taking into account the interference with the resonance. When
the total number of events is determined by a scan of the resonance (which also provides measurements
of dµ´ � ´ , �5¶�¶ and ��·�¸ � � ), there is in principle a possible correlation of the branching ratio to the values
for these quantities that is likely small if the scan has many points, but should not be overlooked. As
stressed in Chapter 2, Section 8.5, interference with the continuum for any specific final state might
introduce sizeable corrections. A measurement of the ratio ©%ª ¯I¼:« ¯b°²±;³q� across the formation energy of
the resonance is needed to understand the interference and its impact on branching ratios.

All other states are studied in hadronic or radiative decays, and the number of events produced for
each state must be determined using the appropriate � Õ Û Â branching ratio:

����� �;�¹ § Õ =»º ¶ �£��� �;�¹?¼ Ö»½ F��\¯¨� Õ Û Â Å wO� ¿ Õ > ´ � o (4.5)� ��� �;�¹?§ Â Ö ñ ¶ � ��� �;�¹?¼ Ö»½ F��\¯¨� Õ Û Â Å wO� ¿ Â Û ß � Ò (4.6)

Thus, for
Õ > ´ and Â Û ß states these experiments can only directly measure the ratios ©]ª ¯I¼:«¼�¿ � and the

following combinations of branching ratios:�<¯¨� Õ Û Â Å w«�%¿ Õ > ´ ��<¯¨� Õ Û Â Å¤¯«°²±;³G� �<¯¨� Õ > ´ Å~�Y� o (4.7)

�<¯¨� Õ Û Â Å w«� ¿ Â Û ß ��<¯¨� Õ Û Â Å¤¯b°²±Y³G� �<¯¨� ¿ Â Û ß Å~�Y� Ò (4.8)

On the other hand, since the �<¯(¬\¯I³)Û ��Å Ç «,¬ Æ  Æ ® � is reasonably large, and the events can be
easily selected by just reconstructing the Æ  Æ ® recoiling against the Ç «,¬ , absolute measurements ofÇ «,¬ branching ratios have been obtained based on “tagged” Ç «,¬ samples:

�<¯ Ç «,¬ Å��Y� ¶ �K¼%¼?¾²¿À¾�Á�Â�,¼%¼?¾ ¿ ¾ Á � ���!���H¯(¬ ¿ Å ¯ Æ  Æ ® � � ¢ÄÃ �!ÅÇÆ �Y�� �!��� ¯(¬ ¿ Å ¯ Æ  Æ ® � � ¢�Ã �!ÅÇÆ ® � Ò (4.9)

From the experimental point of view this is a particularly clean measurement, since the efficiency ratio
can be determined with high precision. With the increased CLEO III samples, it would be interesting to
fully exploit the possibility of using “tagged” k ¯I³)Û � and k ¯I°)Û � samples to perform absolute k ¯ ¸ Û � andk ¯I³)Û � branching ratios determinations.

Radiative decay branching ratios (e.g., direct ¸ ®|® Å w ® and ¸ ®|® Å w\® Å wmw#® ¿ ) have also been
directly measured.
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In all cases, photon candidates that are likely to originate from Æ ß are not considered ( Æ ß veto),
and the efficiency correction relies on Monte Carlo, and ultimately on the event generator used to model
the particle multiplicities, and the angular and momentum distributions.

Despite efforts to tune JETSET [2] fragmentation parameters to reproduce specific classes of inclu-
sive events (e.g., hadronic events in the continuum [3] below Ã ïÃ threshold or Ç «,¬ , ¬\¯I³)Û � decays [4]),
there are simply not enough experimentally measured º À , º+l , Ä À , Ä»l decays to light hadrons ( û�Ò ¾:Ò ) to
compare these models with. That could eventually become a limiting systematic to these measurements.

2.2 Branching ratios and partial widths measured in ^ÉÈ^ formation experiments
In these experiments [5] a scan of the resonance allows direct measurements of mass, total width and�\¯ � ï� � � � for all charmonium resonances.3 For resonances whose natural width is comparable or smaller
than the beam width ( È·¯õ²qÙ�ÙZÏ�ÐHÑ � for E760 and E835), the product �<¯ � ï� � � � is highly correlated to
the total width, and the quantity d ¯ � ï� � � � is more precisely determined. By detecting the resonance
formation in more than one final state, the ratio of branching ratios ©]ª ¯I¼:«¼�¿ � can be determined inde-
pendently from the total width and �\¯ � ï� � , in general with small systematic errors since the final state
is fully reconstructed, and the angular distribution only depends on a limited number of decay and for-
mation amplitudes. Interference effects with the continuum could affect the measurement of �<¯ � ï� � � �
and ©Oª ¯I¼:«¼ ¿ � , but as in �  � ® experiments, their relevance could be estimated by a measurement of©Oª ¯I¼:«¼�¿ � across the formation energy of the resonance. Unfortunately, only a few highly characteristic
final states of charmonium ( �  � ® , Ç «,¬÷® , wEw ) can be detected by these experiments, because of the
large hadronic non-resonant cross-section.

Recently, a pioneering study of
� ï� Å�Æ ß Æ ß [6] and ÄGÄ differential cross-sections at the º À ß for-

mation energy has shown that also selected exclusive two-body hadronic decays can be successfully
measured. The interference with the continuum could be successfully exploited by the next generation
of
� ï� annihilation experiments to extend the knowledge of º À and Ä À branching ratios to baryons or light

hadrons.

2.3 Branching ratios and partial widths measured in two-photon reactions
The number of events observed for a specific final state is proportional to d�Ê�Ê»� � F�Ë�Ê�Ê , where the effective
two-photon luminosity function Ë Ê�Ê (see Chapter 2, Section 8.4) is calculated by all experiments using
the same formalism (even if not all using the same generator). The only directly measurable quantity is

d Ê�Ê � � o (4.10)

or (if more than one final state is detected) ©tª ¯I¼:«¼�¿ � . The theoretical uncertainties in Ë Ê�Ê are largely
common to all experiments and that should be taken into account for future high statistics measurements.
It might be worth mentioning here that the values reported in the past by different experiments for thed|Ê�Ê , derived from their measurement of (4.10), are not independent and they are not always easily
comparable since some of them are obtained by a weighted average of many decay modes, which are
individually poorly known.

2.4 Branching ratios and partial widths measured by radiative return (ISR)
Because of initial state radiation (ISR, also referred to as hard photon emission or radiative return),�  � ® colliders are effectively at the same time (asymmetric) colliders for all & þ energies below nominal
collision energy. The effective luminosity (and therefore event yields) can be sizeable [7] and can be
determined quite accurately by counting �|�Ìw events, for which precise expressions (and event generators

3The ÍEÎÍ branching ratios of bottomonium states are likely 3 orders of magnitudes smaller than for charmonium, and only
when a measurement will be available, it will be possible to judge on the feasibility of such experiments.
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based on them) are commonly available. The major advantage of this technique is that �  � ® Å ® can
be measured simultaneously and under uniform detector conditions over a broad range of & þ . And they
“come for free” at any of the �  � ® factories, which are expected to collect large data samples.

The main interest is the measurement of © , but for any exclusive final state those experiments
could obtain a direct measurement of d�Ï ¿ Ï Á � � for any resonance whose mass is lower than the collision
energy, and, again by detecting more than one final state, ©%ª ¯I¼:«¼ ¿ � . To date only BES [8] and BaBar [9]
have used this technique to measure d ¯(¬�¿ Å �[��²® � �\¯(¬ ¿ Å Ç «,¬ Æ%Æ.� and db¯ Ç «,¬ Å �\��#® � �<¯ Ç «,¬ Å �..��® �
respectively. Measurements of d Ï ¿ Ï ÁE��ÐÑ¿ÒÐÓÁ would provide important constraints on both the total width
and d Ï ¿ Ï Á for all ¸ ®|® states, providing at the same time an important cross check for possible systematic
errors.

2.5 Branching ratios measured in ø decays
Asymmetric Ê factories focused originally on exclusive Ê decays to final states involving a íïí as the
cleanest modes to study CP violation.

With the impressive amount of data collected so far (more than 500 fb ® Â as of summer 2004 adding
Belle and BaBar) and �\¯îÊ Å íïím® � of order ¸ Ù�® Õ

, both experiments are collecting larger and larger
samples of exclusive Ê decays to charmonia, and they are obviously interested in reconstructing them
into as many different final states as possible. The same is true for D0 and CDF, since the preliminary
reconstruction of highly characteristic exclusive charmonium (and bottomonium) final states is needed
for other analyses.

For charmonium the quantity directly measured by these experiments is

�<¯îÊ Å íïím® � F��<¯îíïí Å¥�Y� o (4.11)

and again from the number of fully reconstructed events into different final states these experiments can
directly measure ©Ôª ¯I¼:«¼�¿ � for a variety of final states and for virtually all quarkonium states. Even
if the precision might not always compete with other techniques, the wide range of possible © ª ¯I¼:«¼�¿ �
measurements, with likely different sources of systematic errors, would certainly be important in evalu-
ating quarkonium branching ratios, in particular for those states ( º y and Ä y ) whose branching ratios are
largely unknown.

2.6 Indirect determinations as a tool to investigate systematic effects
The possibilities offered by the mutual constraints posed by measurements of different products or ratios
of branching ratios have so far been only partially exploited.

The first advantage is that branching ratios measured by different techniques have different sources
of systematic errors, and the comparison can provide insight on how to nail them down. The current best
estimate for �\¯(º À�Õ Å w Ç «,¬ � [10] is largely determined by measurements of d ¯(º À�Õ Å � ï� � �\¯(º À�Õ Å w Ç «,¬ � ,db¯(º À�Õ Å wEw � �<¯(º À�Õ Å w Ç «,¬ � and �<¯(º À�Õ Å wmw � «?�\¯(º À�Õ Å w Ç «,¬ � , to the point that these measurements in-
directly constrain the estimate of �\¯(¬ ¿ Å w#º À�Õ � to a value significantly lower than the world average
of direct measurements, since the product �<¯(¬�¿ Å w#º À�Õ � �\¯(º À�Õ Å w Ç «,¬ � has been measured with high
precision.4

The other advantage is that measurements of different product and ratios of branching ratios pose
constraints on their values: for º À ß at present the partial widths d5Ê�Ê and d Ê ´�Ö µ are known to × 10% [10],
even if none of the many measurements more or less directly related to these quantities ( d , d Ê�Ê � 
 ¾ ,d Ê�Ê «?d Ê ´�Ö µ , d Ê ´�Ö µ �|Ø �Ø , �<¯(¬ ¿ Å w�º À ß � , �\¯(¬ ¿ Å w#º À ß � �|Ø �Ø , �<¯(¬ ¿ Å w�º À ß � � Ê ´�Ö µ and others) is individually
known much better than that.

4New more precise measurements of Ù.ÚÜÛ §ÞÝ]ß²àÀá�â!ã might in turn provide constraints for Ù.ÚÜÛ §ÞÝVß#àÀá�âäã Ù5Ú àiá�â4ÝÉßiå#æ Û ã
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The proposed next generation of
� ï� experiments with extended PID ability could provide invalu-

able information by measuring
� ï� Å � ï� differential cross-section at the Ä À (and possibly at the º À ß ). This

would provide a direct measurement of �<¯îíïí Å � ï� � , indirectly constraining the radiative Ç «,¬ (and ¬ ¿ )
M1 transitions from the well measured �<¯ Ç «,¬ Å w�Ä À Å w � ï� � . Since at present the × 30% uncertainty in�\¯ Ç «,¬ Å w#Ä À � is the major source of uncertainty in all Ä À branching ratios, this will also directly affect
all Ä À branching ratios.

With the increased statistics available at Ê factories it might soon become possible to deter-
mine at least some of the �\¯îÊ Å íïí%û�Ò ¾%Ò � branching ratios without explicitly reconstructing the char-
monium. In this case, simultaneous measurements of the same Ê decay mode in exclusive final states�\¯îÊ Å íïí%û�Ò ¾%Ò � �<¯îíïí Å~�Y� would allow Ê factories to directly measure �\¯îíïí Å~�Y� from Eq. (4.11). Con-
sidering that the photon in ¬<¯I³)Û ��Å w�Ä À ¯I³)Û � is very soft and that this inclusive radiative transition will
likely be difficult to measure for both CLEO-c and BES III, this might well be the best way of determin-
ing the Ä À ¯I³)Û � branching ratios, and indirectly determining the partial width for the M1 ¬\¯I³)Û ��Å w#Ä À ¯I³)Û �
transition itself.

3 ELECTROMAGNETIC AND INCLUSIVE DECAYS INTO LIGHT PARTICLES 5

3.1 Theoretical framework
The main dynamical mechanism of heavy-quarkonium decay into light particles is quark–antiquark anni-
hilation. Since this happens at a scale ³?� ( � is the heavy quark mass), which is perturbative, the heavy
quarks annihilate into the minimal number of gluons allowed by colour conservation and charge con-
jugation. The gluons subsequently create light quark–antiquark pairs that form the final state hadrons:s ïs Å �Ìç ö Å ��¯�u u � . Values of � are given for various quarkonia in Table 4.1; for comparison the min-
imal number of photons into which a s ïs pair can annihilate is also listed. Experimentally this fact is
reflected by the narrow width of the heavy quarkonia decays into hadronic channels in a mass region
where strong decays typically have widths of hundreds of MeV. As an example let us consider the Ç «,¬
decay into light hadrons. Following [11], this process is regarded as the decay into three real gluons. The
calculation of this width leads to the result

d ¯ Ç «,¬ Å û�Ò ¾%Ò � ¶ ¸ Ù
± ¸

Æ Õ Ü $Æ � ÕÀ x Õ�x Õ¢�è db¯ Ç «,¬ Å �  � ® � ¶ ³Ù)½vé�ÐHÑëê x �Ù�Ò °|ì Õ
Ò (4.12)

Although this value is somewhat larger than the experimental one it explains the narrowness of the
hadronic decays of the quarkonia. Corrections like relativistic, x � or colour-octet ones, may lead to a
better agreement with experiment. A systematic way to include these corrections is provided by nonrel-
ativistic effective field theories of QCD.

In an effective field theory language6 , at scales lower than � heavy-quarkonium annihilation is
resolved as a contact interaction. This is described at the Lagrangian level by four-fermion operators
whose matching coefficients develop an imaginary part. Consequently, the annihilation width of a heavy
quarkonium state

� í�î
into light particles may be written as

d ¯ í Å û¨ï�ç.¾�� � ���#�äï^íPû��,þ � ¶ ³+ð ³Qñ í�� Ë µiò � í�î o (4.13)

where Ë µiò is given by Eq. (1.8) of Chapter 1 up to four-fermion operators of dimension 6. The low-
energy dynamics is encoded in the matrix elements of the four-fermion operators evaluated on the heavy-
quarkonium state. If one assumes that only heavy-quarkonium states with quark-antiquark in a colour-
singlet configuration can exist, then only colour-singlet four-fermion operators contribute and the matrix
elements reduce to heavy-quarkonium wave functions (or derivatives of them) calculated at the origin.

5Authors: T. Ferguson, C. Patrignani, A. Vairo
6We refer to Chapter 1 for a basic introduction to effective field theories and NRQCD.
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Table 4.1: Quantum numbers of quarkonium states and the minimal number of virtual gluons and photons into
which they can annihilate. The subscript ó refers to a gluonic colour-singlet state that is totally symmetric under
permutations of the gluons.

Õ Ö  Â � ´ ôÀõ ( Ç =µö ) gluons photons

Ä À , Ä»l Â Û ß Ù» ( ÙÀ®E ) 2g 2 w
Ç «,¬ , k ¯ ¸ Û � Õ Û Â ÙÀ® ( ¸ ®|® ) (3g) ÷ w

¾ À , ¾�l Â > Â Ù ® ( ¸ 5® ) (3g) ÷ °\w
º À ß , º5l ß Õ > ß Ù  ( Ù | ) 2g 2 w
º À Â , º5l Â Õ > Â Ù» ( ¸ | ) 2g 2 w
º À�Õ , º5l Õ Õ > Õ Ù» ( ³²| ) 2g 2 w

This assumption is known as the “colour-singlet model”. Explicit calculations show that at higher order
the colour-singlet matching coefficients develop infrared divergences (for P waves this happens at NLO
[12]). In the colour-singlet model, these do not cancel in the expression of the decay widths. It has
been the first success of NRQCD [13, 14] to show that the Fock space of a heavy-quarkonium state may
contain a small component of quark–antiquark in a colour-octet configuration, bound with some gluonic
degrees of freedom (the component is small because operators coupling transverse gluons with quarks
are suppressed by powers of øúù ¸ , ø being the heavy-quark velocity in the centre-of-mass frame),
that due to this component, matrix elements of colour-octet four-fermion operators contribute and that
exactly these contributions absorb the infrared divergences of the colour-singlet matching coefficients in
the decay widths, giving rise to finite results [14, 15]. NRQCD is now the standard framework to study
heavy-quarkonium inclusive decays.

The NRQCD factorization formulas are obtained by separating contributions coming from de-
grees of freedom of energy � from those coming from degrees of freedom of lower energy. In the case
of heavy-quarkonium decay widths, they have been rigorously proved [14]. High-energy contributions
are encoded into the imaginary parts of the four-fermion matching coefficients, ¼ o ç Â!û � û ÏäÏ û Ê�Ê û �Ç�Ç� ¯ Õ Ö  Â � ´ �
and are ordered in powers of x � (coefficients labeled with �\� , wmw , ... refer to pure electromagnetic decays
into �\��#® , wmw , ...). Low-energy contributions are encoded into the matrix elements of the four-fermion
operators on the heavy-quarkonium states

� íüî
( ñ ÒHÒHÒ î � � ñ í�� ÒHÒHÒ � í�î ). These are, in general, nonper-

turbative objects, which can scale as powers of B«ý|þ�ÿ , � ø , � ø Õ , ... (i.e., of the low-energy dynamical
scales of NRQCD). Therefore, matrix elements of higher dimensionality are suppressed by powers ofø or B ý|þ�ÿ�«\� . Including up to four-fermion operators of dimension 8, the NRQCD factorization for-
mulas for inclusive decay widths of heavy quarkonia into light hadrons, which follow from Eq. (4.13),
read [14, 15]:

d ¯ � y ¯¨� Û ��Å û�Ò ¾%Ò � ¶ ³� Õ
� ð ³ ¼ Â ¯ Õ Û Â �Ìñ�� Â ¯ Õ Û Â � î���� Ô ¹ ÖG×

òOð ³ ¼ � ¯ Õ Û Â �Ìñ�� � ¯ Õ Û Â � î���� Ô ¹ Ö�× ò¤ð ³ ¼ � ¯ Â Û ß �Ìñ�� � ¯ Â Û ß � î���� Ô ¹ Ö�×
òOð ³ ç Â ¯ Õ Û Â � ñ
	 Â ¯ Õ Û Â � î ��� Ô ¹ ÖG×� Õ ò~ð ³ ¼ � ¯ Õ > ß � ñ�� � ¯ Õ > ß � î ��� Ô ¹ ÖG×� Õ
òOð ³ ¼ � ¯ Õ > Â � ñ�� � ¯ Õ > Â � î���� Ô ¹ Ö�×� Õ ò¤ð ³ ¼ � ¯ Õ > Õ � ñ�� � ¯ Õ > Õ � î���� Ô ¹ Ö�×� Õ � o (4.14)
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db¯�> y ¯¨� Û ��Å û�Ò ¾%Ò � ¶ ³� Õ
� ð ³ ¼ Â ¯ Â Û ß �Ìñ�� Â ¯ Â Û ß � î = � Ô ¹ Ö�×

òOð ³ ¼ � ¯ Â Û ß �Ìñ�� � ¯ Â Û ß � î = � Ô ¹ Ö�× ò~ð ³ ¼ � ¯ Õ Û Â �Ìñ�� � ¯ Õ Û Â � î = � Ô ¹ Ö�×
òOð ³ ç Â ¯ Â Û ß � ñ
	 Â ¯ Â Û ß � î = � Ô ¹ ÖG×� Õ ò~ð ³ ¼ � ¯ Â > Â � ñ��«� ¯ Â > Â � î = � Ô ¹ ÖG×� Õ � o (4.15)

db¯(º y ¯¨� Ç Û �ZÅ û�Ò ¾:Ò � ¶ ³� Õ
� ð ³ ¼ Â ¯ Õ Ö  Â > ´ � ñ�� Â ¯ Õ Ö  Â > ´ � î ò � Ô ¹ ´ Ö�×� Õ

òOð ³ ¼ � ¯ Õ Ö  Â Û Ö��Ìñ��«� ¯ Â Û ß � î ò � Ô ¹ ´ ÖG× � Ò (4.16)

At the same order the electromagnetic decay widths are given by:

db¯ � y ¯¨� Û ��Å �  � ® � ¶ ³� Õ
� ð ³ ¼ Ï Ï ¯ Õ Û Â �Ìñ����� ¯ Õ Û Â � î ��� Ô ¹ Ö�×

òOð ³ ç ÏäÏ ¯ Õ Û Â � ñ
	��� ¯ Õ Û Â � î ��� Ô ¹ ÖG×� Õ � o (4.17)

db¯�> y ¯¨� Û ��Å wmw � ¶ ³� Õ
� ð ³ ¼ Ê�Ê ¯ Â Û ß �Ìñ����� ¯ Â Û ß � î = � Ô ¹ Ö�×

òOð ³ ç Ê�Ê ¯ Â Û ß � ñ
	��� ¯ Â Û ß � î = � Ô ¹ ÖG×� Õ � o (4.18)

db¯(º y ¯¨� Ç ¸ � Å wEw � ¶ ³+ð ³ ¼ Ê�Ê ¯ Õ > ´ � ñ�� �� ¯ Õ > ´ � î ò � Ô ¹ ´ Â ×� 
 o Ç ¶ Ù o ³bÒ (4.19)

The symbols � y and > y indicate respectively the vector and pseudoscalar S-wave heavy quarkonium
and the symbol º y the generic P-wave quarkonium (the states º y ¯¨� ¸ Ù � and º y ¯¨� Ç ¸ � are usually called¾ y ¯�¯¨� Ü ¸ � > � and º y ´ ¯�¯¨� Ü ¸ � > � , respectively).

The operators � o 	 Â!û � û �� ¯ Õ Ö  Â � ´ � are the dimension Þ and ± four-fermion operators of the NR-
QCD Lagrangian. They are classified by their transformation properties under colour as singlets ( ¸ )
and octets ( ± ), and under spin ( Û ), orbital ( � ) and total angular momentum ( Ç ). The operators with the
subscript EM are the colour-singlet operators projected on the QCD vacuum. The explicit expressions of
the operators can be found in [14] (or listed in Appendix A of [16]). The dimension 6 operators are also
given in Eq. (1.8) of Chapter 1.

In general different power countings are possible at the level of NRQCD, due to the fact that
different scales ( � ø , Bý|þ�ÿ , � ø Õ , ý ��B ý|þ�ÿ , ...) are still dynamically entangled [17, 18]. Likely
different power countings will apply to different physical systems. Therefore, the relative importance
of the different matrix elements that appear in Eqs. (4.14)–(4.19) may change in going from lower to
higher quarkonium states and from bottomonium to charmonium. Whatever the power counting is, the
pseudoscalar and vector state decay widths are dominated by the colour-singlet matrix elements, which
contribute at order � ø Õ

. The hadronic P-state decay widths have two contributions (the colour-singlet
and colour-octet matrix elements), which contribute at the same order � ø � , if we assume that a fractionø of the P-state wave function projects onto the colour-octet operator.

Since NRQCD is an expansion in two small parameters ( x � and ø ), progress comes typically from
(1) improving the perturbative series of the matching coefficients either by fixed order calculations or by
resumming large contributions (large logs or large contributions associated to renormalon singularities);
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(2) improving the knowledge of the NRQCD matrix elements either by direct evaluation, which may be
obtained by fitting the experimental data, by lattice calculations, and by models, or by exploiting the
hierarchy of scales still entangled in NRQCD and constructing EFTs of lower energy.

3.1.1 The perturbative expansion
The imaginary parts of the four-fermion matching coefficients have been calculated over the last twenty
years to different levels of precision. Up to order x Õ� the imaginary parts of ¼ � ¯ Â Û ß � , ¼ Â ¯ Õ > Â � , and¼ � ¯ Õ > ´ � can be found in [19], the imaginary parts of ¼ � ¯ Õ Û Â � , ¼ � ¯ Â > Â � in [20] and the imaginary part of¼ Â ¯ Â Û ß � in [19, 21]. Two different determinations of ¼ Â ¯ Õ > ß � and ¼ Â ¯ Õ > Õ � exist at NLO in [19] and [22].
The imaginary part of ¼ Â ¯ Õ Û Â � has been calculated (numerically) up to order x 
� in [23]. The imaginary
part of ç Â ¯ Õ Û Â � at order x Õ� can be found in [24], the imaginary part of ç Â ¯ Â Û ß � at order x Õ� in [14]. Where
the electromagnetic coefficients are concerned, the imaginary part of ¼ ÏäÏ ¯ Õ Û Â � has been calculated up to
order x Õ x Õ� in [25, 26], the imaginary parts of ¼»Ê�ÊF¯ Â Û ß � and ¼?Ê�ÊF¯ Õ > ß û Õ � up to order x Õ x � can be found
in [19, 27] and ç Ï Ï ¯ Õ Û Â � and ç Ê�Ê ¯ Â Û ß � up to order x Õ in [14]. A complete list of the above matching
coefficients at our present level of knowledge can be found in Appendix A of [28]. The LL running
for the imaginary parts of the matching coefficients of the four-fermion NRQCD operators of dimension
6 and 8 have been obtained in [16] and can be read there in Appendix C. The tree-level matching of
dimension 9 and 10 S-wave operators can be found in [29]. The tree-level matching of dimension 9 and
10 electromagnetic P-wave operators can be found in [30].

The convergence of the perturbative series of the four-fermion matching coefficients is often poor.
While the large two-loop contribution of ð ³ ¼ Ï Ï ¯ Õ Û Â � seems to be related, at least in the bottomonium
case, to the factorization scale and, therefore, may be put presumably under control via renormalization
group improvement techniques [26,31], large corrections appearing in other S-wave decay channels have
been ascribed to renormalon-type contributions [32]. There is no such study so far for P-wave decays.

3.1.2 The relativistic expansion
The NRQCD matrix elements may be fitted to the experimental decay data [33–35] or calculated on
the lattice [36, 37]. The matrix elements of colour-singlet operators can be linked at leading order to
the Schrödinger wave functions at the origin [14]7 and, hence, may be evaluated by means of potential
models [38] or potentials calculated on the lattice [39]. In [34] by fitting to the charmonium P-wave
decay data it was obtained that ñ�� Â ¯ Â > Â � î�� á Ô Â = × × ±.Ò ¸ F ¸ Ù ® Õ GeV

�
and ñ�� � ¯ Â Û ß � î�� á Ô Â = × × ½.Ò °�F¸ Ù ® Õ

GeV
Õ

in the Ï�� scheme and at the factorization scale of 1.5 Gev. In the quenched lattice simulation
of [37] it was obtained that ñ�� Â ¯ Â Û ß � î�� á Ô Â Ö�× × Ù�Ò °�° GeV

Õ
, ñ�� Â ¯ Â > Â � î � á Ô Â = × × ±.Ò�Ù F ¸ ÙÀ® Õ GeV

�
andñ�� � ¯ Â Û ß � î�� á Ô Â = × ×ÁØÌÒ ² F ¸ Ù ® Õ

GeV
Õ

in the Ï�� scheme and at the factorization scale of 1.3 Gev. In
the lattice simulation of [36] and in the three light-quark flavours extrapolation limit it was obtained thatñ�� Â ¯ Â Û ß � î ��� Ô Â Ö�× × ØÌÒ ¸ GeV

Õ
, ñ�� Â ¯ Â > Â � î � � Ô Â = × ×¹°.Ò ° GeV

�
and ñ��O� ¯ Â Û ß � î � � Ô Â = × ×¹½.Ò'$TF ¸ ÙÀ® Õ

GeV
Õ

in the Ï�� scheme and at the factorization scale of 4.3 GeV.
It has been discussed in [30] and [29], that higher-order operators, not included in the formulas

(4.14)–(4.19), even if parametrically suppressed, may turn out to give sizable contributions to the de-
cay widths. This may be the case, in particular, for charmonium, where ø Õ Ý Ù�Ò ° , so that relativistic
corrections are large, and for P-wave decays where the above formulas provide, indeed, only the leading-
order contribution in the velocity expansion. In fact it was pointed out in [30] (see also [40]) that if no
special cancellations among the matrix elements occur, then the order ø Õ relativistic corrections to the
electromagnetic decays º À ß Å wEw and º À�Õ Å wEw may be as large as the leading terms.

In [24, 34] it was also noted that the numerical relevance of higher-order matrix elements may be
enhanced by their multiplying matching coefficients. This is, indeed, the case for the decay width of
S-wave vector states, where the matching coefficients multiplying the colour-octet matrix elements (with

7This statement acquires a precise meaning only in the context of pNRQCD, see Section 3.1.3.
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the only exception of ð ³ ¼ � ¯ Õ > Â � ) are enhanced by x � with respect to the coefficient ð ³ ¼ Â ¯ Õ Û Â � of the
leading colour-singlet matrix element.

In the bottomonium system, 14 S- and P-wave states lie below the open flavour threshold ( k ¯¨� Û �
and Ä�l�¯¨� Û � with � ¶¹¸#o ³ o ° ; ¾mlH¯¨�µ> � and º5l ´ ¯¨�µ> � with � ¶¹¸#o ³ and Ç ¶ Ù o�¸#o ³ ) and in the charmonium
system 8 ( �\¯¨� Û � and Ä À ¯¨� Û � with � ¶ ¸#o ³ ; ¾ À ¯ ¸ > � and º À ´ ¯ ¸ > � with Ç ¶ Ù o�¸#o ³ ). For these states
Eqs. (4.14)–(4.19) describe the decay widths into light hadrons and into photons or �  � ® in terms of 46
NRQCD matrix elements (40 for the S-wave decays and Þ for the P-wave decays), assuming the most
conservative power counting. More matrix elements are needed if higher-order operators are included.

3.1.3 pNRQCD
The number of nonperturbative parameters may be reduced by integrating out from NRQCD degrees of
freedom with energy lower than � , since each degree of freedom that is integrated out leads to a new
factorization. Eventually, one ends up with pNRQCD [41,42], where only degrees of freedom of energy� ø Õ are left dynamical. In the context of pNRQCD, the NRQCD four-fermion matrix elements can
be written either as convolutions of Coulomb amplitudes with non-local correlators (in the dynamical
situation � ø Õ��Ý B ý|þ�ÿ ) or as products of wave functions at the origin by non-local correlators (in the
dynamical situation � ø Õ ù B�ý|þ�ÿ ).

The first situation may be the relevant one at least for the bottomonium ground state [42–44].
In the limiting case � ø Õ�� B ý|þ�ÿ , the correlators reduce to local condensates and explicit formulas
have been worked out in [45, 46]. Concerning the perturbative calculation of the electromagnetic decay
widths, the NLL renormalization group improved expression can be found in [47] and has been used
in a phenomenological analysis in [48]. The perturbative wave functions at the origin at NNLO order
can be found in [49]. Recently, a full NNLL analysis has been carried out in [31]; the authors predictd ¯(Ä»l Å wEw � � d ¯�k}¯ ¸ Û ��Å �\��#® � ¶ Ù�Ò ½Ù)³ Í�Ù�Ò�Ù Þ ±}Í�Ù�Ò�Ù ¸ Ø , where the first error is an estimate of the
theoretical uncertainty and the second reflects the uncertainty in x � . We also mention that there exists a
determination of d ¯�k ¯I³)Û �%Å �  � ® �!� d ¯�k ¯ ¸ Û ��Å �  � ® � in lattice NRQCD with 2+1 flavours of dynam-
ical quarks [50]. The calculated ratio is still far from the experimental result, although the unqueching
has considerably reduced the discrepancy.

The last situation is expected to be the relevant one for most of the existing excited heavy-
quarkonium states (with the possible exception of the lowest bottomonium states) and has been studied
in [16, 51, 52]. However, a general consensus on the above assignments of heavy-quarkonium states to
dynamical regions has not been reached yet (see also Chapter 3).

At leading order in the ø and Bý|þ�ÿ � � expansion, the colour-singlet matrix elements can be
expressed in terms of the wave functions at the origin only [14, 16]:ñ�� Â ¯ Õ Û Â � î���� Ô ¹ Ö�× ¶ ñ�� Â ¯ Â Û ß � î = � Ô ¹ ÖG× ¶ ñ����� ¯ Õ Û Â � î���� Ô ¹ ÖG×

¶ ñ����� ¯ Â Û ß � î = � Ô ¹ Ö�× ¶#"%$ � © Ô ß ×¹ ß ¯îÙ � � Õ
³ Æ o (4.20)ñ�� Â ¯ Õ Ö  Â > ´ � î ò � Ô ¹ ´ ÖG× ¶ ñ����� ¯ Õ Ö  Â > ´ � î ò � Ô ¹ ´ Ö�× ¶ °

³
"%$
Æ � © Ô ß × ¿¹ Â ¯îÙ � � Õ o (4.21)

where © Ô ß ×¹ ¶ is the zeroth-order radial part of the heavy-quarkonium wave function, obtained from the
pNRQCD Hamiltonian [18, 53] and "&$ ¶ � À ¶ ° .

In the situation � ø Õ ù B ý|þ�ÿ there are no dynamical gluons at energies of order � ø Õ . Under the
conditions that: (a) all higher gluonic excitations between the two heavy quarks develop a mass gap of
order B ý|þ�ÿ , (b) threshold effects are small, and (c) contributions coming from virtual pairs of quark–
antiquark with three-momentum of order ý ��B ý|þ�ÿ are subleading,8 the NRQCD colour-octet matrix

8Condition (b) may be problematic for the Û+Ú('*) ã , whose mass is very close to the + Î+ production threshold.
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elements relevant for Eqs. (4.14)–(4.19) can be written at leading order in the ø and BKý|þ�ÿ � � expansion
as [16, 51]:

ñ�� � ¯ Õ Û Â � î ��� Ô ¹ ÖG× ¶ ñ�� � ¯ Â Û ß � î = � Ô ¹ Ö�×�¶#"%$ � © Ô ß ×¹ ß ¯îÙ � � Õ
³ Æ

� Ü ³Ì¯ " $ � ³ Ü "%, ��- Ô Õ ×Õ
°?� Õ � o (4.22)

ñ�� � ¯ Â Û ß � î���� Ô ¹ ÖG× ¶ ñ�� � ¯ Õ Û Â � î = � Ô ¹ Ö�×
° ¶#"%$ � © Ô ß ×¹ ß ¯îÙ � � Õ

³ Æ . Üó¯ "%$ � ³ Ü " , � í Õ, � Â°?� Õ / o (4.23)ñ�� � ¯ Õ > ´ � î���� Ô ¹ Ö�×
³ Ç ò ¸ ¶ ñ�� � ¯ Â > Â � î = � Ô ¹ Ö�×$ ¶#"%$ � © Ô ß ×¹ ß ¯îÙ � � Õ

³ Æ . Üó¯ " $ � ³ Ü "%, ��- Â$ / o (4.24)

ñ�� � ¯ Â Û ß � î ò � Ô ¹ ´ Ö�× ¶10 ,
°
� © Ô ß × ¿¹ Â ¯îÙ � � ÕÆ � Õ - Õ o (4.25)

where í , stands for the chromomagnetic matching coefficient, which is known at NLL [54], " , ¶
¯�� ÕÀ Ü ¸ � � ¯I³#� À � ¶ Ø � ° and 0 , ¶ ¸ � ³ . Therefore, at the considered order, the colour-octet matrix ele-
ments factorize into the product of the heavy-quarkonium wave function with some chromoelectric and
chromomagnetic correlator (Wilson lines connecting the fields are not explicitly shown, but understood):- ¹ ¶ ¸� À3254ß »»�À� ¹ ñ76.± ¯ ç�8 ¯¨� � � ç�8 ¯îÙ �!� î o � ¹ ¶ ¸� À92:4ß »»�À� ¹ ñ76.± ¯ ç<; ¯¨� � � ç<; ¯îÙ �!� î o (4.26)- Ô Õ ×Õ ¶ ¸

Ø»� À92:4ß »»� Â 2>= ½ß »»� Õ 2>= âß »»� Õ ¯¨� Õ Ü � Õ � Õ�? ñ765± ¯�@�ç<8 ¯¨� Â � � o ç<8 ¯¨� Õ �BA @�ç<8 ¯¨� Õ � � o ç<8 ¯îÙ �BA?� î À
Ü Ø� À ñ76.± ¯ ç�8 ¯¨� Â � � ç<8 ¯¨� Õ �!��6.± ¯ ç<8 ¯¨� Õ\� � ç<8 ¯îÙ �!� î ÀDC o (4.27)

where ñ765± ¯ ç<8 ¯¨� Â � � ç<8 ¯¨� Õ � ç<8 ¯¨� Õ � � ç�8 ¯îÙ �!� î À ¶ ñ765± ¯ ç<8 ¯¨� Â � � ç<8 ¯¨� Õ � ç�8 ¯¨� Õ � � ç<8 ¯îÙ �!� îÜ ¸� À ñ765± ¯ ç<8 ¯¨� Â � � ç<8 ¯¨� Õ �!� î ñ765± ¯ ç�8 ¯¨� Õ � � ç<8 ¯îÙ �!� î Ò (4.28)

These correlators are universal in the sense that they do not depend on the heavy-quarkonium state and,
hence, may be calculated once and for all, either by means of lattice simulations [55], or specific models
of the QCD vacuum [56], or extracted from some set of experimental data [51].

Finally, at leading order the matrix elements of the 	 Â operators can be written as:ñ
	 Â ¯ Õ Û Â � î � � Ô ¹ Ö�× ¶ ñ
	 Â ¯ Â Û ß � î = � Ô ¹ Ö�× ¶ ñ
	��� ¯ Õ Û Â � î � � Ô ¹ Ö�×
¶ ñ
	��� ¯ Â Û ß � î = � Ô ¹ ÖG× ¶E"%$ � © Ô ß ×¹ ß ¯îÙ � � Õ

³ Æ ê �GF Ô ß ×¹ ß Ü - Â ì o (4.29)

where F Ô ß ×¹ ßIH Ó Ü ³?� Ý � ø Õ is the leading-order binding energy. Equation (4.29) reduces to the
formula obtained in [24] if the heavy-quarkonium state satisfies also the condition � ø � Bvý|þ�ÿ .

The leading corrections to the above formulas come from quark–antiquark pairs of three momen-
tum of order ý ��B ý|þ�ÿ . The existence of this degree of freedom in the heavy-quarkonium system has
been pointed out in [52], where the leading correction to Eq. (4.20) has been calculated.

The pNRQCD factorization formulas reduce, when applicable, the number of nonperturbative
parameters needed to describe heavy-quarkonium decay widths [16]. In particular, using charmonium
data to extract -ÌÕ , in Ref. [51] it was found -FÕKJ ¸ GeV � ¶ ½.ÒML  Õ�� �® Õ � Õ , where the errors account for the
experimental uncertainties only. This value has been used to predict P-wave bottomonium inclusive
decay widths in [51, 57]. We will come back to this in Section 3.2.4.
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3.2 Experimental status
This section is a snapshot of the current status of various experimental results on the electromagnetic and
inclusive hadronic decays of heavy-quarkonium states. The results come from the CLEO experiment at
CESR, the BES experiment at BEPC and E835 at Fermilab.

3.2.1 k widths
Crucial parameters for any heavy-quarkonium state are its total width and its hadronic and three leptonic
partial widths. For the three k bound states, since their total widths, d�´ � ´ , are much less than the energy
spread of the CESR machine ( × 4 MeV) where they are studied, the procedure is to scan over each
resonance measuring the hadronic and ��5��® rates. Then we use:2 <m·�¸ � »<F Ã�èON . d ÏäÏ dµ·�¸ �dµ´ � ´ / and � �[� ¶ d �[�d|´ � ´ Ò (4.30)

Assuming lepton universality, we have: d�´ � ´ ¶ dµ·�¸ � ò LqdÌ¶�¶ . This allows us to solve for the total
width and the partial widths into electrons and hadrons:

d ÏäÏ ¶ J d ÏäÏ dµ·�¸ � � d|´ � ´ �¸ Ü Lv� �\� o d|´ � ´ ¶ d ÏäÏ� �\� o dµ·�¸ � ¶ d|´ � ´ J ¸ Ü L#� �\� � Ò (4.31)

Once the total width is known, the partial width into �|+�D® can then be determined from its respective
branching ratio. The current experimental status from the 2004 PDG [10] is shown in Table 4.2.

Table 4.2: Present PDG values [10] for the parameters of the P states.

Resonance d ´ � ´ (keV)(% error) d Ï Ï (keV)(% error) ���\� (%)(% error) �3QRQ (%)(% error)k (1S) 53.0 Í 1.5 (2.8%) 1.314 Í 0.029 (2.2%) 2.48 Í 0.06 (2.4%) 2.67 Í 0.15 (5.6%)k (2S) 43 Í 6 (14%) 0.576 Í 0.024 (4.2%) 1.31 Í 0.21 (16%) 1.7 Í 1.6 (94%)k (3S) 26.3 Í 3.4 (13%) Ü 1.81 Í 0.17 (9.4%) Ü

The PDG does not use the 1984 CLEO measurement of d Ï Ï J L)Û � ¶ Ù�Ò�Ø�³ Í Ù�Ò�Ù)½ keV because
new radiative corrections have now been accepted which were not used in that analysis, thus invalidating
the measurement. From the large percentage errors on many of the quantities in the table, it is obvious
that there is much room for improvement. To this end, the CLEO III detector devoted a large amount of
running at each of the three k resonances, as shown in Table 4.3.

Table 4.3: Summary of the CLEO III running at the three P bound states.

Resonance S L dt (fb ® Â ) Number of Decays (M) Factor Increase Over CLEO!IIk (1S) 1.2 29 15k (2S) 0.9 6.0 12k (3S) 1.5 6.5 14

All the results from this running have not yet been finalized, but new measurements of the muonic
branching ratios for the 3 bound k states have been published [58]. These new measurements are shown
in Table 4.4, along with the corresponding new values for the total widths. The new k JUT Û � and k J L)Û �
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Table 4.4: New CLEO measurements [58] of the muonic branching ratios for the 3 P states, along with their
statistical and systematic errors and the corresponding new values for the total widths.

Resonance � �\� (%)(% error) d.´ � ´ (keV)(% error)k (1S) 2.49 Í 0.02 Í 0.07 (2.8%) 52.8 Í 1.8 (3.4%)k (2S) 2.03 Í 0.03 Í 0.08 (4.0%) 29.0 Í 1.6 (5.5%)k (3S) 2.39 Í 0.07 Í 0.10 (5.1%) 20.3 Í 2.1 (10.3%)

muonic branching ratio measurements are substantially higher than previous results, giving correspond-
ingly smaller total widths for these resonances.

From the number of detected hadronic and leptonic events and a knowledge of the CLEO detector
performance, estimates of the final statistical and systematic errors for the other resonance parameters
can be made. These are shown in Table 4.5. Thus, once the analyses are complete, there will be a
tremendous improvement in our knowledge of the basic parameters of the k bound-state resonances.

Table 4.5: Expected fractional errors for various quantities from the eventual CLEO III measurements.

Parameter Statistical Error Systematic Error Total Errord ÏäÏ d.·�¸ � � dµ´ � ´ 1% 2.5% 3%d ÏäÏ 2% 2% 3%� QVQ 2% 3% 4%d|´ � ´ 2% 3% 4%

3.2.2 Ç � � and � JUT Û � widths
In the last two years the knowledge of both Ç � � and � JUT Û � parameters has improved. In 2002, the
BES collaboration reported results [59] from a new scan of the � JUT Û � resonance, corresponding to an
integrated luminosity of 1.15 pb ® Â and 114k � JUT Û � hadronic decays. In 2004 BaBar has presented the
first measurement of d ÏäÏ � �[� [9] from ISR production of Ç � � in 88.4 fb ® Â taken at the k J ØGÛ � resonance.
Table4.6 lists the values of the widths and leptonic branching ratios for Ç � � and � JUT Û � from PDG [10].

Table 4.6: Present PDG values [10] for the parameters of the (�ì�) and )�W¨Z�XZY states.

Resonance dµ´ � ´ (keV)(% error) d Ï Ï (keV)(% error) � �\� (%)(% error) � QRQ (%)(% error)
Ç � � 91.0 Í 3.2 (3.5%) 5.40 Í 0.15 Í 0.07 (3.1%) 5.88 Í 0.10 (1.7%) —� (2S) 281 Í 17 (6%) 2.12 Í 0.12 (9%) 0.73 Í 0.08 (11%) 0.28 Í 0.07 (25%)

3.2.3 Two-photon partial widths measurements
Experimental determinations of two-photon partial widths of quarkonia depend on measurements of
products and ratios of branching ratios performed by more than one experiment, and the best estimate
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is obtained from a global fit to directly measured quantities as it is done by the PDG [10]. When more
measurements are available, subsets of measurements may allow a direct extraction of the value for d Ê�Ê ,
in general with a larger error than a global fit. But this can be useful both as a cross check for the global
fit and to identify which measurements could yield improvements.

The simplest case is the º À�Õ , where direct measurements of three independent quantities allows
one to extract d Ê�Ê and d\[�Ö�] Ê : d�^ T Ò�Ù�Ù Í�Ù�Ò`_�a�Ï?ÐHÑ o (4.32)d Ê�Ê �9[�Ö�] Ê ^I_ T _ Íb_�L
ÐHÑ o (4.33)

and � Ê�Ê� [�Ö�] Ê ^ J _Ò�Ù T Í�Ù�Ò`_�½ � � _HÙ ® Õ o (4.34)

where experimental values are world averages [10] except in Eq. (4.34) where we averaged the E835
result with the ratio of �.Ø �Ø#� Ê�Ê and �µØ �Ø#�9[�Ö�] Ê measured by E760 [61, 62]. The product of Eq. (4.32),
Eq. (4.33), and Eq. (4.34), yields d+Ê�Êc^ Ù�Ò ½Ù�Í Ù�Ò�Ù)½ keV, while taking Eq. (4.33) multiplied by Eq. (4.32)
and divided by Eq. (4.34), we would obtain d9[�Ö�] Ê ^ Ø�$ÙÚÍ ½Ù keV, or �9[�Ö�] Ê ^ Ù�Ò T Ø�Ø Í Ù�Ò�Ù T Ø . The
global fit to all measurements [10] (including all other measurements related to � [�Ö�] Ê ) improves ondd[�Ö�] Ê ^ ØeLÙZÍóØ)Ù keV and ��[�Ö�] Ê ^ Ù�Ò T Ù T Í4Ù�Ò�Ùf_�g , but has almost no effect on d Ê�Ê ^ Ù�Ò ½ T Í4Ù�Ò�Ù)½ keV,
indicating that the measurements considered above are the only ones relevant to d Ê�Ê .

The case for h À ß is similar to that of the h À�Õ , even if apparently more complicated. The world
average of total width measurements is [10]

di^I_HÙ�Ò T Í�Ù�Ò'$�Ï�ÐHÑCÒ (4.35)

There is a measurement of dµÊ�Ê�� Õ ¾ ¿ Õ ¾ Á ^#g½ Íb_�L Í:a ÐHÑ [63] o (4.36)

and measurements (from a single experiment) of ��Ø �Ø#� Ê�Ê [64] and �µØ �Ø#��¾ñ ¾ñ [6], from which we can
calculate (assuming isospin symmetry) the ratio� Ê�Ê� ¾?¾ ^ Ù�Ò�ÙØeL\Í�Ù�Ò�Ùf_D_ Ò (4.37)

Even if � ¾\¾ and � Õ ¾#¿ Õ ¾iÁ are not directly measured, their ratio can be determined from quantities mea-
sured by a single experiment (in this case BES [65–67]):� ¾?¾� Õ ¾ ¿ Õ ¾ Á ^'Ù�Ò�Ø<g Í�Ù�Ò`_HÙ Ò (4.38)

This means that we can extract d Ê�Ê ^jL.Ò'$ Í Ù�ÒMa keV from the product of the four quantities in Eqs.
(4.35), (4.36), (4.37), and (4.38). Notice that including MARK II measurements in the evaluation of
Eq. (4.38) would give d.Ê�Êk^lL.Ò`_bÍ2Ù�ÒMa . The global fit (which does not include the new measurement of�|Ø �Ø#� Ê�Ê [64]) yields a significantly more precise value d Ê�Ê ^ T Ò Þ Í�Ù�Ò ½ keV, indicating that in this case
there are other measurements that are relevant, such as � J � JUT Û ��Å wmh À ß Å L\w � .

The case for Ä À J _KÛ � and Ä À JUT Û � is different. To date these states have been observed in two-photon
reactions with direct measurement of

Ä À J _KÛ �%n d Ê�Ê �po �o ¾ ^ Ù�Ò�Øea\ÍMÙ�Ò�Ù Þ é�ÐHÑ o (4.39)
Ä À JUT Û �%n d Ê�Ê � o �o ¾ ^lgqL Í T L<ÐHÑ [68] Ò (4.40)

The Ä À J _KÛ � has also been observed in ï��� annihilations with direct measurement of

� Ê�Ê �|Ø �Ør^ J Ù�Ò T Þ Í�Ù�Ò�Ù)½ � Fs_HÙ ® � Ò (4.41)
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In this case there are no measurements of the ratio of branching ratios between the wmw and any other
decay mode, so it is necessary to use the values of � o �o ¾ or �|Ø �Ø that (for Ä À J _KÛ � only) are determined
by � Â ^ � J Ç � � Å w#Ä À Å wut �� J Ç � � Å w#Ä À � o (4.42)

with precision limited by the ×ELÙ É uncertainty in � J Ç � � Å w#Ä À � that is to date a common systematic to
all two-photon partial widths of Ä À J _KÛ � . Since no measurement is yet available for the Ä À JUT Û � branching
ratio to v ïv Æ , its d Ê�Ê cannot be determined.

The most obvious strategy to increase the precision on d Ê�Ê is to improve the measurements for
quantities used in its determination. But based on the case of h À�Õ discussed above, a major improvement
could be obtained by measuring the pair of quantities d Ê�Ê � Â and � Ê�Ê � � Â for more than one final statet . Ê factories can reasonably measure to @w_HÙ É precision d Ê�Ê � Â for more than one final state. It is
also reasonable that total widths will be more precisely measured in

� ï� experiments, thus the question is
whether it is possible to measure to better than _HÙ É the ratios � Ê�Ê � � Â . How well can BES and CLEO
measure � JUT Û � or Ç � � to 3 w ? How well can ï�²� Å wmw be measured and what are the channels that could
be measured in these experiments simultaneously to ï��� Å wmw ? With a magnetic detector,

� ï� Å:x!x is the
obvious choice, but interference with two-body non-resonant reactions may offer other opportunities
(e.g.,

� ï� Å � ï� ). The goal of @Î½ É precision on two-photon widths is not unreasonable.

3.2.4 h+l widths
Since the h+l JUT > [ � states are not produced directly in �²��#® annihilations, their hadronic widths cannot
be measured using the same technique as for the Û states. However, we can use the fact that the partial
width for their photonic E1 transitions to the k JUT Û � state are proportional to a common matrix element
squared times a phase space factor of F ÕÊ (see Secs. 6.1.3 and 6.2.2, F Ê ^Ey ). Thus, from measuring the
individual photon energies and branching ratios for the decays h�l ( T > [ ) Å k JUT Û � ò w , along with the
branching ratios for h�l JUT > [ ��Å k J _KÛ � ò¤w , we can measure the ratio of the h�l JUT > [ � hadronic partial
widths, d J7z "D{ � . We first use:

� JUT Û � ^ d JUT Û �d J _KÛ � òëd JUT Û � ò d J7z "D{ � o (4.43)

where � JUT Û � ^ � J h+l JUT > [ � Å k JUT Û � ò w � and � J _KÛ � ^ � J h5l JUT > [ �2Å k J _KÛ � ò w � are the
two E1 branching ratios, and d JUT Û � and d J _KÛ � are the corresponding partial widths. Then, sinced JUT Û � � d J _KÛ � ^ � JUT Û � � � J _KÛ � , we can solve for the hadronic partial width, obtaining:

d J7z "D{ � ^ d JUT Û �}| _ Ü � J _KÛ �� JUT Û � Ü _V~ Ò (4.44)

Making the assumption mentioned above that the partial widths for E1 transitions of different Ç states
to the same k state should be proportional to a common matrix element squared times F ÕÊ , we obtain an
expression for the ratio of hadronic partial widths for two different h�l JUT > [ � states. For example, for Ç =
0 and Ç = 2, we get:

dµ·�¸ � JUT > ß �dµ·�¸ � JUT > Õ � ^ . F Ê JUT > ß Å�T Û?ò¥w �FSÊ JUT > Õ Å�T Û?ò¥w � / Õw�� Â ® ª Ô Â Ö�× ñª Ô Õ Ö�× ñ Ü _
Â ® ª Ô Â Ö�× âª Ô Õ Ö�× â Ü _f�� o (4.45)

where � JUT Û � ß ^ � J h+l JUT > ß �ZÅ k JUT Û � òGw � , etc. Using this technique and the E1 branching ratios given
in Section 6.2.2, CLEO III finds the ratio of the Ç = 0 to the Ç = 2 hadronic widths to be:d.·�¸ � JUT > ß �d.·�¸ � JUT > Õ � ^ Þ Ò`_MÍ T ÒMa.Ò (4.46)
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For the Ç = 1 and Ç = 2 states, CLEO III measures:dµ·�¸ � JUT >p� �dµ·�¸ � JUT > Õ � ^ Ù�Ò TD� Í Ù�Ò�Ù»$.Ò (4.47)

Since the Ç = 1 state cannot annihilate into two massless gluons, to first order its hadronic width is
expected to be suppressed by one order of x � compared to the Ç = 2 state. The measurement confirms
this suppression.

As discussed in Section 3.1, at leading order in the heavy-quark velocity expansion, the above
ratios depend on a colour-octet matrix element. One can consider the combinationd.·�¸ � JUT > ß � Ü d.·�¸ � JUT > � �d.·�¸ � JUT > Õ � Ü d.·�¸ � JUT >9� � o (4.48)

which is completely determined by perturbative QCD [15]. Using (4.46) and (4.47), this ratio is measured
by CLEO III to be: dµ·�¸ � JUT > ß � Ü dµ·�¸ � JUT >p� �dµ·�¸ � JUT > Õ � Ü dµ·�¸ � JUT >p� � ^�gGÒMaËÍ�L.ÒMa.Ò (4.49)

LO QCD predicts 15/4 = 3.75 for this ratio, and NLO QCD about 7, which is quite consistent with
(4.49). However, the combination (4.48) distinguishes between bottomonium and charmonium only at
NNLO, while the ratios (4.46) and (4.47) do so at NLO. A direct determination of these ratios has been
done in the framework of pNRQCD, as discussed in Section 3.1.3, using the factorization formula (4.25)
and fixing the nonperturbative constant to the value found from charmonium data. The result at NLO isdµ·�¸ � JUTq� ß � � d.·�¸ � JUTq� Õ � H ØÌÒ�Ù , consistent with (4.46), and d�·�¸ � JUTq� � � � dµ·�¸ � JUTq� Õ � H Ù�Ò � Ù , which is
somewhat larger than (4.47) [51, 57].

CLEO cannot resolve the individual photon lines for the similar decays from the k J L)Û � to theh5l J _�> [ � states (see Sec. 6.2.2). However, we can use the quite old hzl J _�> [ � Å k J _KÛ � ò w branching
ratios from the PDG [10] for Ç ^�_ and 2 (the Ç ^ Ù branching ratio is very small, given the large
hadronic width of that state). In this case, the ratio of the hadronic widths for the two states can be found
from: dµ·�¸ � J _�>p� �dµ·�¸ � J _�> Õ � ^ . F Ê J _�>9� Å _KÛóò¥w �FSÊ J _�> Õ Å _KÛóò¥w � / Õ � �ª Ô � ÖG×�½ Ü _�ª Ô � ÖG× â Ü _ � Ò (4.50)

This leads to the result: dµ·�¸ � J _�>p� �dµ·�¸ � J _�> Õ � ^ Ù�Ò�Ø Þ Í Ù�Ò T Ù o (4.51)

showing again the suppression of the Ç ^�_ state’s hadronic width compared to the Ç ^ T , albeit with
larger errors in this case.

3.2.5 hd� widths
The h � states are also not directly produced in �²��#® annihilations. However, in this case an extremely
powerful alternative method has been used to measure their masses and total widths. In an experimental
technique first pioneered by experiment R704 at CERN, and continued by experiments E760 and E835
at the Fermilab Antiproton Accumulator, a stochastically cooled

�
beam collides with a hydrogen gas

jet target. In the subsequent
� �

annihilations, all Ç =µö states can be formed via 2 or 3 gluons. Thus,
the P-wave charmonium states are directly accessible. By scanning the proton beam energy over each
resonance, the mass and total width of each > state can be measured with extremely high accuracy.

As mentioned in Section 3.2.3, these experiments have also measured products or ratios of branch-
ing ratios that help constrain the radiative and wEw widths of those states. Table 4.7 shows the current best
estimates of the h � widths, using data from PDG [10]. E835 is finalizing the analysis of the scans of theh � � and h � Õ resonances [69], with an anticipated precision of ×lg É on h � � and h � Õ total widths.

190



DECAY

Table 4.7: Widths of �!� states from PDG [10].

Resonance d.´ � ´ (MeV)(% error) d J w Ç � � � (keV)(% error) d J wEw � (%)(% error)h � ß 10.1 Í 0.8 (8%) 119 Í 16 (13%) 2.6 Í 0.5 (19%)h � � 0.91 Í 0.13 (14%) 290 Í 50 (17%) —h � Õ 2.11 Í 0.16 (8%) 430 Í 40 (9%) 0.52 Í 0.05 (10%)

In order to show the impact of the new measurements of the h � widths, in Table 4.8 we compare
the PDG 2000 [70] with the PDG 2004 [10] determinations of different ratios of hadronic and electro-
magnetic widths (similar ratios have been considered in the previous section for the hSl case). There have
been sizable shifts in some central values and considerable reductions in the errors. In particular, the
error on the ratio of the electromagnetic h9� ß and hd� Õ widths has been reduced by about a factor 10, while
in all other ratios the errors have been reduced by a factor 2 or 3. The considered ratios of hadronic
and electromagnetic widths do not depend at leading order in the velocity expansion (see Eqs. (4.16)
and (4.19)) on any nonperturbative parameter. Therefore, they can be calculated in perturbation theory.
The last two columns of Table 4.8 show the result of a leading and next-to-leading order calculation
respectively. Despite the fact that the convergence is not always very good and that, therefore, the NLO
calculation should be taken with some care (see also Section 3.1.1), all data now clearly prefer (and are
consistent with) NLO results.

3.2.6 k (1S) Å w + X and k (1S) Å X
There has been much theoretical interest lately in trying to predict the direct photon energy distribution
for k (1S) Å w + X inclusive decays [71]. See the following section. The last reported measurement
was from the CLEO II experiment in 1997 [72], based on 1.4 million k (1S) decays. Besides the photon
energy spectrum, they measured the ratio:d J wEç»ç �d J ç»ç»ç � ^ JUT Ò�g � Í Ù�Ò�ÙØ'Í Ù�Ò`_ �»� É o (4.52)

which allowed a fairly accurate determination of B �&� and x � . Given the small statistical errors in these
measurements, it is doubtful that the CLEO III experiment will repeat them using their 29 million k (1S)
decays. Rather, the emphasis will be on detailed studies of exclusive w + X decays of the k (1S), espe-
cially the search for possible glueball candidates.

For measurements of the inclusive production of various hadronic particle types from the k (1S),
one must go back to a 1985 paper by the CLEO I experiment [73], based on only 50k k (1S) decays.
They measured the average multiplicities and momentum distributions of Æ , v , � , v ö , x ,

�
, B and H

in k (1S) decays and compared them to those from the nearby continuum. The only addition to these
results was a 2003 CLEO II measurement [74] of the inclusive Ä�� production from the k (1S), based on
1.9 million decays and motivated by the large observed Ê Å Ä � ò�t branching ratio.

4 INCLUSIVE RADIATIVE DECAYS9

The radiative inclusive decay of heavy quarkonium has been investigated for about a quarter century.
Here we will study k Å t�w decays in particular. The direct radiative decay is calculated by using the
operator product expansion, where the operators are the same nonperturbative matrix elements that ap-
pear in the inclusive decay to hadrons (see Section 3.1). Thus we obtain an expansion in the velocity, ø ,

9Author: A. Leibovich
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Table 4.8: Comparison of ratios of ���U� partial widths. The experimental values PDG 2004 are obtained from
the world averages of [10], with the assumption ä W(� �
� C *�������Y�� ä W`� �
� Yr� å*� � å���� � à MeV, ä W(� � è C *�� ����Yr�ä W(�m� è Y�  å3¡£¢ W(�m� è C¥¤ (�ì�)dYU¦ =0.62 � 0.10 MeV, ä W`���îæ C *�������Y&� ä W`�m�îæVYf  å3¡§¢ W`�!�îæ C¥¤ (Gì�)\Y7¦ =1.68 � 0.15 MeV.
Similarly the experimental values PDG 2000 have been obtained from [70]. The chosen ratios do not depend at
leading order in the velocity expansion on octet or singlet matrix elements. The LO and NLO columns refer to a
leading and next-to-leading order calculation done at the renormalization scale Z©¨§� with the following choice of
parameters: ¨ � � å ��ª Gev and «�¬�W¨Z©¨ � YZ� � � Z�®ª .

Ratio PDG 2004 PDG 2000 LO NLO

d J h¯� ß Å wEw �d J h � Õ Å wEw � 5.1 Í 1.1 13 Í 10 3.75 × 5.43

d J h � Õ Å û�ÒM°:Ò � Ü d J h � � Å û�ÒM°%Ò �d J h � ß Å wEw � 410 Í 100 270 Í 200 × 347 × 383

d J h � ß Å û�ÒM°:Ò � Ü d J h � � Å û�ÒM°%Ò �d J h � ß Å wEw � 3600 Í 700 3500 Í 2500 × 1300 × 2781

d J h � ß Å û�ÒM°:Ò � Ü d J h � Õ Å û�ÒM°%Ò �d J h¯� Õ Å û�ÒM°:Ò � Ü d J h¯� � Å û�ÒM°%Ò � 7.9 Í 1.5 12.1 Í 3.2 2.75 × 6.63

d J h¯� ß Å û�ÒM°:Ò � Ü d J h¯� � Å û�ÒM°%Ò �d J h � Õ Å û�ÒM°:Ò � Ü d J h � � Å û�ÒM°%Ò � 8.9 Í 1.1 13.1 Í 3.3 3.75 × 7.63

of the heavy quarks. The rate is written as_d ßd± d ��Å �±e² ^#³ ¹ " ¹ J Ó o ² ��ñ k � � ¹ � k î o (4.53)

where Ó ^ T ��l , ² ^ T F Ê � Ó , the " ¹ J ² o Ó � are short distance Wilson coefficients, calculable in
perturbation theory, and the NRQCD matrix elements scale with a certain power in ø . The lowest order
contribution is the colour-singlet

Õ Û¯� operator, where the quark–antiquark pair annihilate into a photon
and two gluons. Therefore, in the øf´�Ù limit, we obtain the colour-singlet model calculation of Ref. [75].
At higher order in the velocity expansion, there are direct contributions from the colour-octet matrix
elements [76]. The decay through a colour-octet matrix element can occur at one lower order in x � , with
the µ ïµ decaying to a photon and a single gluon.

However, this calculation is only valid in the intermediate range of photon energies ( Ù�ÒML @Ý ² @ÝÙ�Ò�g ). For low photon energies, ² @Ý Ù�ÒML , the major photon production mechanism is fragmentation [76,
77]. At large photon energies, ² �Ý Ù�Ò�g , the perturbative [76] and nonperturbative expansions [78] both
break down.
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4.1 Photon fragmentation
The inclusive photon spectrum can be written as a sum of a direct and a fragmentation contribution [77],± d±e² ^ ± d ��Å �±e² ò ± d � � ¸�¶±<² o (4.54)

where in the direct term the photon is produced in the hard scattering, and in the fragmentation term the
photon fragments from a parton produced in the initial hard scattering. The fragmentation contribution
has been well studied in Ref. [76].

Catani and Hautmann pointed out the importance of fragmentation for the photon spectrum in
quarkonium decays [77]. The fragmentation rate can be written as± d � � ¸�¶±<² ^ ³·*¸!¹ û �¹ û º 2 �» ±e¼¼ ± d ·±K¼¾½ · ÊVê ²¼ o Ó ì o (4.55)

where the rate to produce parton � , ± d · � ±K¼ , is convoluted with the probability that the parton fragments
to a photon, ½ · Ê , with energy fraction ² � ¼ . The rate to produce parton � can again be expanded in
powers of ø [76], with the leading term being the colour-singlet rate for an k to decay to three gluons,± d � � ¸�¶¿KÀ±e² ^ 2 �» ±e¼¼ ± d º�º�º±K¼�½ º Ê ê ²¼ o Ó ì Ò (4.56)

At higher orders in ø , there are three colour-octet fragmentation contributions, where the photon can
fragment off either a quark or a gluon.

The partonic rates must be convoluted with the fragmentation functions, ½ · Ê J ² o Ó � . The Ó -
dependence of the fragmentation functions can be predicted using perturbative QCD via Altarelli–Parisi
evolution equations. However, the solution depends on nonperturbative fragmentation function at some
input scale B , which must be measured from experiment. This has been done by the ALEPH collabora-
tion for the ½ ¹ Ê fragmentation function [79], but the ½ º Ê fragmentation function is unknown, so at this
point it must be modeled.

4.2 Resumming the large Á contribution
The colour-octet contributions to the rate are the first subleading terms in the operator product expansion.
Diagrammatically, these contributions occur for the quark–antiquark pair annihilating into a photon back-
to-back with a gluon. Thus the � Û ß and

Õ > ß colour-octet contributions begin as a delta function ofJ _ Ü ² � [76]. If we look at the integrated rate near the endpoint, the colour-octet contributions are as
important as the “leading” colour-singlet piece, in the region _ Ü ø Õ @Ý ²ÃÂ _ . Perturbative corrections to
the colour-octet contributions have large kinematic logarithms, which destroy the perturbative expansion.
The x � correction to the leading colour-singlet rate was calculated numerically in Ref. [80]. It leads to
small corrections over most of phase space; however, in the endpoint region the corrections are of order
the leading contribution. Thus both higher orders in ø and in x � are not suppressed in the endpoint region.
Both the nonperturbative and perturbative series break down.

This breakdown at large ² is due to NRQCD not including collinear degrees of freedom. In the
endpoint region, the outgoing gluons are moving back-to-back to the photon, with large energy and small
invariant mass (i.e., a collinear jet). The correct effective field theory is a combination of NRQCD for
the heavy degrees of freedom and the soft-collinear effective theory (SCET) [81,82] for the light degrees
of freedom.

SCET is an effective field theory describing collinear fields interacting with soft degrees of free-
dom. It is thus the appropriate effective field theory to use when there are energetic particles moving with
small invariant mass, such as k�´>t�w in the endpoint region. We therefore use NRQCD to describe the
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+ crossed diagram

=

Fig. 4.1: Matching QCD onto NRQCD and SCET. The double lines represents the P , while the spring with the
line through it represent a collinear gluon.

Fig. 4.2: The leading OPE: tree level matching of the time ordered product in the collinear-soft theory to a nonlocal
operator in the soft theory.

quarkonium, and SCET to describe the jet of collinear particles. The invariant mass of the jet of particles
is
� Õ ÝVÓ ÕÄ J _ Ü ² � , which is small as ² ´b_ . In SCET there are three mass scales: the hard scale, which

for this process is � � Ý Ó Ä , the collinear scale, which is � � Ý Ó Ä & _ Ü ² , and the ultrasoft scale,��ÅÚÝ'Ó Ä J _ Ü ² � . These scales are widely separated in the endpoint region. SCET allows us to separate
the physics coming from the disparate scales.

To calculate, the QCD process is matched onto operators in SCET and NRQCD. For example, the
matching for the colour-octet channel is pictured in Fig. 4.1. Then to resum the kinematic logarithms, we
use the renormalization group equations in SCET, by evolving from � �

to ��Å . So we first renormalize
the operators in SCET, and calculate the anomalous dimensions in the usual way. Then by running the
SCET operators to the ultrasoft scale, the logarithms of _ Ü ² are summed.

The colour-singlet process does not run below the collinear scale. This is because the ultrasoft
gluons cannot couple to the colour-singlet jet or the incoming colour-singlet quarkonium. This fact
was first pointed out by Hautmann [83]. However, there are still logarithms that are generated between
the hard and collinear scales [71, 84]. For the colour-octet processes [85], at the collinear scale �%� we
integrate out collinear modes. Since there are collinear particles in the final state, we first perform an
OPE for the inclusive k radiative decay rate in the endpoint region, and match onto the large energy
effective theory [86]. The result is a nonlocal OPE in which the two currents are separated along a light-
like direction. Diagrammatically this is illustrated in Fig. 4.2. This is run to the ultrasoft scale, at which
point we are left with a nonperturbative shape function, which describes the movement of the heavy
quark–antiquark pair within the meson. This function is precisely what was shown to occur in Ref. [78].
Unfortunately, this nonperturbative function is unknown, and must be modeled.

Before we proceed we need the NRQCD matrix elements. We can extract the colour-singlet matrix
elements from the k leptonic width. The colour-octet matrix elements are more difficult to determine.
NRQCD predicts that the colour-octet matrix elements scale as ø 
 compared to the singlet matrix ele-
ments. In Ref. [19] it was argued that an extra factor of _ �qT � � should be included. By looking at the
shape of the resummed colour-octet rates, it appears that these channels would give a contribution an
order of magnitude too large compared with the data in the endpoint region if they were even as small asø 
 �qT � � times the colour-singlet, as shown in Fig. 4.3, so we will set them to zero. This eliminates two
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Fig. 4.3: The differential decay spectra in the region � � ªrÆ�Ç . The dashed curves are the fully resummed colour-
octet result convoluted with a model for the shape function for two choices of the colour-octet matrix elements.
The larger curves have the colour-octet matrix elements suppressed by ÈKÉHì å*� , while the lower curves have ÈqÉ�ì åV��� .
In addition we have interpolated the fully resummed result with the next-to-leading order result in the region away
from the endpoint. The dotted curves are the next-to-leading result convoluted with the structure function for two
choices of the matrix elements. The solid curve is the tree-level colour-singlet contribution.

of the three possible colour-octet matrix elements, leaving the
Õ Ûd� . It also eliminates the dependence

at this order on the unknown shape functions and the largest dependence on the unknown fragmenta-
tion function, ½ º Ê . We set the colour-octet

Õ Ûd� matrix element to be ø 
 suppressed compared to the
colour-singlet matrix element extracted from the leptonic width, where we use ø Õ ^WÙ�Ò�ÙKa . This colour
colour-octet matrix element does not give a large contribution in the large ² region, but is important at
low ² , due to the fragmentation function ½ ¹ Ê .

The CLEO collaboration measured the number of photons in inclusive k J _KÛ � radiative decays [72].
The data does not remove the efficiency or energy resolution and is the number of photons in the fiducial
region,

��Ê ° ��Ë � @¹Ù�Ò�g . In order to compare our theoretical prediction to the data, we integrate over the
barrel region and convolute with the efficiency that was modeled in the CLEO paper. We do not do a
bin-to-bin smearing of our prediction.

In Fig. 4.4 we compare the prediction to the data. The error bars on the data are statistical only.
The dashed line is the direct tree-level plus fragmentation result, while the solid curve includes the re-
summation of the kinematic logarithms. For these two curves we use the x � extracted from these data,x � J Ó Ä � ^ Ù�Ò`_ Þ L , which corresponds to x � J Ó } � ^ÁÙ�Ò`_D_HÙ [72]. The shape of the resummed result is
much closer to the data than the tree-level curve, though it is not a perfect fit. We also show the resummed
plus fragmentation result, using the PDG value of x � J Ó } � , including theoretical uncertainties, denoted
by the shaded region. To obtain the darker band, we first varied the choice of ��l between ØÌÒ�gO8<ÐHÑ @��lS@2ØÌÒ'$v8\ÐHÑ and the value of x � within the errors given in the PDG, x � J Ó~} � ^'Ù�Ò`_D_�g TfJUT Ù � [87]. We
also varied the collinear scale, � � from Ó ý J _ Ü ² � �qT @ � � @'Ó ý TfJ _ Ü ² � . Finally, the lighter band
also includes the variation, within the errors, of the parameters for the quark to photon fragmentation
function extracted by ALEPH [79]. The low ² prediction is dominated by the quark to photon fragmen-
tation coming from the colour-octet

Õ Û¯� channel. We did not assign any error to the colour-octet
Õ Û¯�

matrix elements. Since it is unknown, there is a very large uncertainty in the lower part of the prediction
that we decided not to show. Recently, colour-octet � Û ß and

Õ > ß contributions, calculated in the weak-
coupling regime, have been included in the analysis [88]. They appear to improve the agreement with
the data in the end-point region. Also recently operator mixing between the gluon jet, considered here,
and the quark–antiquark jet has been considered in [89].
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Fig. 4.4: The inclusive photon spectrum, compared with data [72]. The theory predictions are described in the text.
The plot is from Ref. [71].

5 EXCLUSIVE DECAYS10

Exclusive charmonium decays have been investigated within QCD by many authors, e.g., [90–93]. As
already argued at the beginning of Section 3.1 the dominant dynamical mechanism is íïí annihilation into
the minimal number of gluons allowed by symmetries and subsequent creation of light quark–antiquark
pairs forming the final state hadrons.

In hard exclusive reactions higher Fock-state contributions are usually suppressed by inverse pow-
ers of the hard scale, s , appearing in the process ( s Ý � � for exclusive charmonium decays), as
compared to the valence Fock-state contributions. Hence, higher Fock-state contributions are expected
to be negligible in most cases. It has turned out, however, that higher Fock states of the charmonium
play an important role in understanding the production (see Chapter 5) and the inclusive decays of char-
monium (see Section 3.1). As shown in [14] the long-distance matrix elements can there be organized
into a hierarchy according to their scaling with ø , the typical velocity of the í quark in the charmonium.
The velocity expansion can also be applied to exclusive charmonium decays [94]. The Fock expansions
of the charmonium states start (in the power counting of [14]) as�MÌ � � î ^ � íïí®� J Õ Ûd� � îÍ ÎRÏ Ð ò � íïí � J Õ > [ � ç îÍ ÎRÏ Ð ò � íïí � J Õ Û¯� � ç»ç îÍ ÎRÏ Ð òMÒHÒHÒ oÑ J _ � Ñ J�Ò�� Ñ J�Ò Õ ��}Ó � î ^ � íïí � J � Û ß � îÍ ÎRÏ Ð ò � íïí �qJ � > � � ç îÍ ÎRÏ Ð ò � íïí �KJ � Û ß � ç�ç îÍ ÎRÏ Ð òMÒHÒHÒ oÑ J _ � Ñ J�Ò�� Ñ J�Ò Õ �� h � [ î ^ � íïí®� J Õ > [ � îÍ Î©Ï Ð ò � íïí � J Õ Û¯� � ç îÍ ÎRÏ Ð ò�ÒHÒHÒ o (4.57)Ñ J _ � Ñ J�Ò��
where the subscripts at the íïí pair specify whether it is in a colour-singlet ( _ ) or colour-octet ( a ) state;Ñ J _ � , Ñ J ø � and

Ñ J ø Õ � are the orders to which the corresponding Fock states contribute, once evaluated
10Author: P. Kroll (with contributions from C. Patrignani)
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in a matrix element. The amplitude for a two-body decay of a charmonium state satisfies a factorization
formula, which separates the scale � � from the lower momentum scales. The decay amplitude is then
expressed as a convolution of a partonic subprocess amplitude that involves the scale � � , the charmonium
wave function for the initial state that involves scales of order � � ø and lower, and a factor that takes into
account the light hadron wave functions for the final state. This factor involves only the scale B ý|þ�ÿ . In
the formal limit of � � ´ÕÔ the dominant terms in the factorization formula involve the minimal number
of partons in the hard scattering, which is given by the valence quarks of the hadrons participating in
the considered process. Terms involving additional partons in the initial state are suppressed by powers
of ø while terms involving additional partons in the final state are suppressed by powers of BKý|þ�ÿ � � � .
Moreover, in this limit of an asymptotically large charm quark mass, the valence quarks of a light hadron
move collinear with it, their transverse quark momenta can be neglected. In this situation the soft parton–
hadron transition is described by a leading-twist distribution amplitude, Ö J ¼ o � , � , for finding valence
quarks in the hadron, each carrying some fraction ¼Z× of the hadron’s momentum and for which the quark
helicities sum up to the hadronic one. The distribution amplitudes, which represent light-cone wave
functions integrated over transverse momenta up to a factorization scale � , of order � � [91, 92], are
the only nonperturbative input required in the calculation of decay amplitudes along these lines. The
convolution formula in such a leading-twist calculation of a charmonium decay into a pair of hadrons°�� o ° Õ reads

Ó ^ 2EØ ±K¼�ÙÛÚ Ø ±eÜeÙÛÚ Ø ± Õ y Ù Ú § Öu� J ¼ o � , � Ö Õ J Ü o � , � 0 � J ¼ o Ü o � � o � , �fÝ � J y � o (4.58)

where ¼ J Ü � represents the set of independent momentum fractions for an � -particle Fock state of a light
hadron and Ý � is the charmonium wave function for an �Þ� -particle Fock state. y denotes the set of
momenta of the particles in that Fock state. Soft and hard physics is separated at the factorization scale� , .

The relative strength of various contributions to specific decay processes can be easily estimated.
Typical lowest-order Feynman graphs are shown in Fig. 4.5. A P-wave í�ïí pair requires a power of theí -quark’s relative momentum ß ( y Ý � � ø ) from the hard scattering amplitude, which is to be combined
with a ß from the P-wave charmonium spin wave function in a y Õ . In contrast to ß itself, a term pro-
portional to y Õ does not lead to a vanishing contribution after the ß integration. Since, for dimensional
reasons, ß is to be replaced by ß � � � the subprocess amplitude involving a P-wave íïí pair, is of order ø .
Combining this fact with the Fock-state expansion (4.57), one finds for the amplitude of h � [ decays into,
say, a pairs of pseudoscalar mesons ( > ) the behaviour

Ó J h � [ ´¤>t> � ^ ���Ex Õ� ø ò¤� � x Õ��à ø & x ��á ò Ñ J ø Õ � o (4.59)

where the � × are process-typical constants. For the reaction
Ì � �&´MÊ Ê ( Ê stands for baryon), on the

other hand, one has

Ó J Ì � ��´�Ê Ê � ^ãâ���mx Õ� òbâ� � x Õ� ø à ø & x � á ò âµ � x Õ� ø Õ x � ò Ñ J ø Õ � Ò (4.60)

Or, for the
Ó � decaying for instance into a scalar ( Û ) and a pseudoscalar mesonä J Ó � ´ Û�> � ^ å���Ex Õ� òæå� � x Õ� ø à ø & x � á ò åµ � x Õ� J ø & x � � Õ ò Ñ J ø Õ � Ò (4.61)

Thus, one sees that in the case of the h � [ the colour-octet contributions N � � are not suppressed by
powers of either ø or _ � � � as compared to the contributions from the valence Fock states [94]. For char-
monium decays & x � is large and does not suppress the colour-octet contribution considerably. Hence,
the colour-octet contribution, i.e., the next higher Fock state of the charmonium state, has to be included
for a consistent analysis of P-wave charmonium decays. The situation is different for

Ì � � decays into
baryon–antibaryon pairs or

Ó � ´2Û�> : higher Fock state contributions first start at
Ñ J ø Õ � . Moreover, there
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Fig. 4.5: Typical lowest-order Feynman graphs for (Gì�) decays into a baryon-antibaryon pair (left) and �¯�U� decays
into a pair of pseudoscalar mesons (right). The wavy lines represent gluons.

is no obvious enhancement of the corresponding subprocess amplitudes, they appear with at least the
same power of x � as the valence Fock state contributions. Thus, despite of the fact that � � is not very
large and ø not small ( ø Õ H Ù�ÒML ), it seems reasonable to expect small higher Fock-state contributions to
the baryonic decays of the

Ì � � .
The leading-twist formation of the light hadrons in the final state has implications for their helicity

configurations. As a consequence of the vector nature of QCD (and QED) time-like virtual gluons (or
photons) create light, (almost) massless quarks and antiquarks in opposite helicity states, see Fig. 4.6.
To leading-twist accuracy such partons form the valence quarks of the light hadrons and transfer their
helicities to them (see Fig. 4.6). Hence, the total hadronic helicity is zeroð � ò ð Õ ^ Ù Ò (4.62)

The conservation of hadronic helicities is a dynamical consequence of QCD (and QED) which holds
to leading-twist order. The violation of helicity conservation in a decay process signals the presence
of higher-twist, higher Fock state and/or soft, non-factorizable contributions. Such processes (e.g.,Ì � �ñ´>��ò ,

Ó � ´>�<� ) have indeed been observed experimentally with often sizeable branching ratios. For
the two-meson channels involving pseudoscalar ( > ) and vector mesons ( � ) they are characterized byJ Ü _ � [ á > �ôó^ J Ü _ � [ ½  [ â >9�;> Õ o (4.63)

where
Ì × and > × are the spin and parity of the meson ï . The amplitudes for processes of this kind are

proportional to the Levi-Civita tensor, õ , which is to be contracted in all possible ways with the available
Lorentz vectors, namely the two independent light hadron momenta,

� � and
� Õ , and the polarization

vectors (or tensors) of the light vector mesons and the charmonium state. As an example let us consider
the process

Ì � �&´ � > , for which the amplitude readsä÷ö�ø û ö º ù�ú J Ì � ��´ � > � ^ ûÓ Õ[�Ö�] õ J � � o � Õ oBü ö J ð � � oBü J ð [�Ö�] �!� o (4.64)

where û is a constant. Now, in the rest frame of the decaying meson, the polarization vector of a helicity
zero vector meson can be expressed by a linear combination of the two final state momenta. The num-
ber of independent Lorentz vectors is, therefore, insufficient to contract the Levi-Civita tensor with the
consequence of a vanishing amplitude for processes involving longitudinally polarized vector mesons.
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ý
Fig. 4.6: Helicity configurations in the creation of a light � � pair (left) and for a leading-twist parton–proton
transition (right).

Thus, hadronic helicity conservation (4.62) is violated in
Ì � �ñ´ � > decays. By the same argument lon-

gitudinally polarized vector mesons are forbidden in the decay
Ó � ´ �c�

. Since angular momentum con-
servation requires the same helicity for both vector mesons, hadronic helicity is not conserved in the case
of transversally polarized vector mesons, too. With similar arguments the processes h � � o ° � ´ �c�

andh � Õ ´ � > are also forbidden to leading twist order. We note that hadronic helicity conservation does also
not hold in

Ó � and hd� ß decays into baryon–antibaryon pairs where, in the charmonium rest frame, angular
momentum conservation requires

ð
	 ^ ð 	
. A systematic investigation of higher-twist contributions to

these processes is still lacking despite some attempts of estimating them, for a review see [95]. Recent
progress in classifying higher-twist distribution amplitudes and understanding their properties [96, 97]
now permits such analyses. The most important question to be answered is whether or not factorization
holds for these decays to higher-twist order. It goes without saying that besides higher-twist effects, the
leading-twist forbidden channels might be under control of other dynamical mechanisms such as higher
Fock state contributions or soft power corrections. In Section 5.1 a variety of such mechanisms will be
discussed.

Next, let us consider � -parity and isospin. � -parity or isospin-violating decays are not strictly
forbidden since they can proceed through electromagnetic íïí annihilation and may receive contribu-
tions from the isospin-violating part of QCD. The latter contributions, being related to the 7 Ü ± quark
mass difference, seem to be small [92]. � -parity or isospin-violating decays of " -even charmonia (e.g.,Ó � o h � � o h � Õ ´¤> � for non-strange final state mesons) have not been observed experimentally as yet [10].
Proceeding on the assumption that these decays are dominantly mediated by í�ïí�´ T w ö ´¤> � , this is un-
derstandable. They are suppressed by a factor J x ¢Äè � x � � 
 as compared to the � -parity and isospin al-
lowed decays of the " -even charmonia and their decay widths are therefore extremely small. Channels
involving strange mesons (e.g., v�v ö ), are also expected to be strongly suppressed by virtue of � -spin
invariance. For

Ì � � decays the situation is different. Many � -parity violating (e.g., òz¯ò+® ) or isospin-
violating (e.g., pò ß ) decays have been observed, the experimental branching ratios being of the order of_HÙ ® 
 – _HÙ ® Õ

[10]. As compared to � -parity and isospin allowed
Ì � � decays they are typically suppressed

by factors of about _HÙ�® Õ – _HÙÀ® � in accord with what is expected for an electromagnetic decay mechanism,
see Fig. 4.7. An overview over the allowed and forbidden charmonium decays into pseudoscalar and vec-
tor mesons is given in Table 4.9.

���������������������������������������������������� ����������������������������������������������������������������������������������������������������������������
c h2

γc

Ψ
h1

Fig. 4.7: Electromagnetic )�W���XZY decays into pairs of hadrons. The shaded blob indicates a time-like electromag-
netic transition form factor.
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Table 4.9: Charmonium decays into ��� , ��� and ��� meson pairs. The symbols � , � , � denote channels forbidden
by angular momentum and parity conservation, forbidden to leading-twist accuracy, and allowed, respectively. The
brackets indicate that these channels violate either  -parity or isospin invariance for non-strange mesons.

>K> > � � �Ó � ! J & � üÌ � � ( & ) ü ( & )°�� ! & üh �#" & ! &h � � ! ( & � üh � Õ & J ü � &
All what we have discussed so far holds for exclusive bottomonium decays as well. The situation

is even better in this case. Due to the larger mass of the µ quark, corrections to the leading-twist QCD
results for bottomonium decays are probably reasonably small. Thus, the data on branching ratios can
be expected to exhibit the pattern of leading-twist predictions. Exclusive quarkonium decays constitute
an interesting laboratory for investigating corrections to the leading-twist lowest-order approach from
various sources such as power and higher-twist corrections as well as higher Fock-state contributions. A
systematic study of such is still lacking.

5.1 Decays of $&%(' and '*),+.-0/ into two mesons11

The most dramatic unsolved problem in quarkonium physics is probably the � – ò puzzle. In analyzing
the 2-body decays of the

Ì � � and � JUT�1�� into two light hadrons °d� and ° Õ , it is convenient to consider
the following quantity:2 Ø °��*° Õ Ù ^ � J � JUT�1�� ´Õ° � ° Õ �� J Ì � �ñ´:°��*° Õ � � J Ì � �ñ´�3[43²® �� J � JUT�1�� ´�3  3 ® �65 Ø Ì � �ñ° � ° Õ Ù5 Ø � JUT�1�� °��R° Õ Ù o (4.65)

where 5 Ø í °��*° Õ Ù ^87 _�9 TfJ;: Õ� ½=< : Õ� â � �>: Õ� < J;: Õ� ½ 9 : Õ� â � Õ �>:@?�BA (4.66)

is a phase space factor that depends on the masses of the hadrons
í

, °\� , and ° Õ . As will be explained
shortly, very simple theoretical considerations lead to the expectation that this quantity should be close
to 1 for all light hadrons ° � and ° Õ : 2 Ø °��V° Õ Ù ^I_ A (4.67)

This prediction was once referred to as the 12% rule because the experimental value of the ratio of the
electronic branching fractions of the � JUT�1�� and

Ì � � was at one time near 12%. That experimental value
is now _ �DCbT %. The last factor in (4.65) is a phase space factor that is close to 1 for hadrons whose
masses are much smaller than that of the

Ì � � . Thus the prediction (4.67) implies that the ratio of the
branching fractions of the � JUT�1�� and

Ì � � into ° �*° Õ should be near 15%. All the baryon–antibaryon
decay modes that have been measured are compatible with the prediction (4.67), see Sec. 5.2. Some
two-meson decay modes are compatible with this prediction, but there are others for which it is badly
violated. The most severe violation that has been observed is in the ��ò decay mode. The first hint of
this problem was seen by the Mark II collaboration in 1983 [98]. The decay

Ì � �í´:�<ò , with a branching
fraction of about 1.3%, is the largest 2-body hadronic decay mode of the

Ì � � . In contrast, the partial
11Author: E. Braaten
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width for � JUT�1�� ´5�<ò is so small that this decay was not observed until very recently by the CLEO and
BES collaborations [99,100]. The branching fraction is measured to be ! AFEHG C ! A ! $ , and the ratio defined
in (4.65) is 2 Ø �<ò Ù ^ ! A ! T a C ! A !I! G . The dramatic discrepancy between this result and the prediction in
Eq. (4.67) is the ��9sò puzzle.

We proceed to explain the assumptions underlying the prediction (4.67). Because there is a
nonzero amplitude for the

Ì � � to be a pure JIKJ state, the matrix element for its decay into two light
hadrons ° � and ° Õ can be expressed in the formä J Ì � �í´ °!�*° Õ � ^ 2 ± LNMJUT ò � L � [�Ö�] JPO��RQ¥J J JPO�� KJ J 9 O�� ´:°��*° Õ � o (4.68)

where �9[�Ö�] JPO�� is the momentum-space wave function for the pure JSKJ component of the
Ì � � . This can

be regarded as an exact formula that defines the amplitude Q¥J JSKJ�´:°d�*° Õ � . It relies on the fact that wave
functions satisfy integral equations, so even if there are other components of the

Ì � � wave function
besides JIKJ , the iteration of the integral equation will eventually produce a pure JIKJ state. The annihilation
of the JSKJ pair produces an intermediate state consisting of partons with momenta of order � � , which is
much larger than either the momentum scale

MUT � � ø for the JSKJ wave function of the
Ì � � or the scaleB ý|þ�ÿ associated with the wave functions of the light hadrons ° � and ° Õ . If the factored expression in

(4.68) also corresponds to a separation of small momenta associated with the wave function of
Ì � � from

small momenta associated with the wave functions of °d� and ° Õ , then the amplitude Q in (4.68) should
be insensitive to the value of O . It can be approximated by its value at O ^ ! up to corrections suppressed
by powers of ø and BSý|þ�ÿ � � � :Q J J JPO�� KJ J 9 O�� ´:°!�*° Õ � × Q¥J J J;VD� KJ J;VE� ´Õ°!�B° Õ � A (4.69)

With this approximation, the matrix element (4.68) reduces toä J Ì � �ñ´Õ°��B° Õ � × � [�Ö�] JPW ^ ! �RQ J J J;VD� KJ J;VE� ´Õ°!�B° Õ � o (4.70)

where � [�Ö�] JPW#� is the coordinate-space wave function for the pure JSKJ component of
Ì � � . The decay rate

then has the factored form

d J Ì � �í´Õ° � ° Õ � ×YXX � [�Ö�] JPW ^ ! � XX Õ[Z Q J J J;VE� KJ J;VD� ´5° � ° Õ � Z Õ 5 Ø Ì � �ñ°!�*° Õ Ù_ G ò : [�Ö�] A (4.71)

The corresponding expression for the decay � JUT�1�� ´5°d�*° Õ differs only in the mass and the wave function
factor. These factored expressions apply equally well to decays into 3  3 ® . Taking the ratio of decay rates
in (4.65), we obtain the prediction 2 Ø ° �*° Õ Ù ^I_ for any light hadrons °Z� and ° Õ . Any significant deviation
of 2 Ø ° � ° Õ Ù from 1 indicates a breakdown of the approximation (4.69).

An important reference point for the prediction (4.67) is provided by the (leading twist) asymptotic
predictions of perturbative QCD [91, 92]. These predictions are most easily described using a ratio ©
defined by © [�Ö�] Ø °!�*° Õ Ù ^ d J Ì � �í´Õ° � ° Õ �d J Ì � �í´�3  3 ® � A (4.72)

The asymptotic predictions for this ratio depend on the helicities
ð � and

ð Õ of the two hadrons ° � and ° Õ .
If the hadrons are mesons and the decay proceeds via the annihilation process JIKJ�´¥ç�ç»ç , the prediction
for the scaling behavior of the ratio is

© [�Ö�] Ø °�� J ð � � ° Õ J ð Õ � Ù T x=\ p J �G� �x Õ¢Äè . B�ý|þ�ÿ� � / ?  Õ^] ö ½  ö â ] A (4.73)

If the decay proceeds via the annihilation process JSKJ�´¥w`_ , the prefactor x`\� � x Õ¢Äè is replaced by x Õ� . The
scaling behavior (4.73) illustrates one of the basic qualitative features of the asymptotic QCD predic-
tions: light hadron helicity conservation. The dominant decay modes are predicted to satisfy the helicity
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selection rule (4.62). In the case of the decay
Ì � �í´>��ò , the helicity of the pion is

ð ¾ ^ ! and the helicity
of the � is constrained by Lorentz invariance to be

ðba ^ C _ . Thus this decay necessarily violates the
helicity selection rule, and its rate is predicted to be suppressed by B Õ ý|þ�ÿ � � Õ� relative to modes that are
compatible with the helicity selection rule. But �<ò is observed to be the largest 2-body decay mode of
the

Ì � � . This appears to be a clear violation of the asymptotic PQCD predictions. An understanding of
the � – ò puzzle may have important implications for the relevance of asymptotic PQCD to charmonium
decays.

The dramatic failure of the prediction (4.67) in some channels indicates a breakdown of the ap-
proximation (4.69) for either the

Ì � � decay or the � JUT�1�� decay or both. The contribution to the am-
plitude Q from the annihilation of JSKJ into 3 hard gluons or a virtual photon should be insensitive to the
relative momentum O of the JSKJ pair. The failure of the prediction (4.67) indicates that at least one other
dynamical mechanism must be involved. The sensitivity of the amplitude to O could arise from a fluc-
tuation of the charmonium state into some component of the wave function other than JSKJ . In a hadronic
basis, this fluctuation can be expressed in terms of mixing of the charmonium state with other hadrons.
In a parton basis, it can be expressed in terms of JSKJ annihilation from a higher Fock state that includes
soft gluons.

Many explanations for the �<ò puzzle have been proposed. The small upper bound on 2 Ø ��ò Ù can
be explained either by an enhancement of the rate for

Ì � �í´ ��ò or by a suppression of the rate for� JUT�1�� ´:�<ò . The enhancement of
Ì � �í´:�<ò relative to � JUT�1�� ´:��ò could occur through mixing of

Ì � �
with another narrow state that has a much larger branching fraction into �<ò . One such possibility is

1. mixing of
Ì � � with a narrow glueball [101, 102].

Direct searches have failed to reveal any evidence for such a glueball. The suppression of � JUT�1�� ´ �<ò
relative to

Ì � �í´:�<ò could be explained if the decay is dominated by a particular component of the wave
function that is suppressed for � JUT�1�� relative to

Ì � � . The possibilities include

2. suppression of the JSKJ wave function at the origin for a component of � JUT�1�� in which the JSKJ is in a
colour-octet

L 1 � state [103],
3. suppression of the  x component of � JUT�1�� [104].

The suppression of � JUT�1�� ´ �<ò relative to
Ì � �í´:�<ò could be explained if the amplitude is dominated

by two components of the wave function that nearly cancel in the case of � JUT�1�� but not for
Ì � � . The

possibilities include
4. cancellation between JSKJ and ½ K½ components of � JUT�1�� [105],
5. cancellation between JSKJ and glueball components of � JUT�1�� [105],
6. cancellation between S-wave JSKJ and D-wave JIKJ components of � JUT�1�� [106].

This last proposal leads to the very simple and unambiguous prediction that the D-wave charmonium
state � J LKgDg ! � should have a branching fraction into ��ò of about E F:_ !E® ? [106]. A recently proposed
explanation for the � – ò puzzle is a

7. cancellation between the amplitudes for the resonant process 3�c3#®¯´>� JUT�1�� ´5�<ò and the direct
process 3  3 ® ´>�<ò . See Sec. 2.8.5.

This proposal predicts that the observed suppression of � JUT�1�� ´:�<ò relative to
Ì � �í´:�<ò is specific to3[c3#® annihilation and should not occur for other charmonium production processes, such as d -meson

decay.
It is reasonable to expect that a definitive solution to the � – ò puzzle should also explain the de-

viations of 2 Ø °��*° Õ Ù from the prediction 1 for other hadrons °¯� and ° Õ . The existing measurements of
the branching fractions into two mesons for

Ì � � and � JUT�1�� are shown in Table 4.10. While many of
the values of 2 Ø ° � ° Õ Ù are compatible with 1, there are modes other than �<ò for which 2 is significantly
smaller than 1, such as �i� Õ , and and there are modes for which 2 is significantly greater than 1, such asv "e v "f .

202



DECAY

Table 4.10: Comparison of (hg�) and )ci branching ratios to VP, PP, PA, VS, VV and VT mesons. Unless specified
data are from PDG [10]. Where specified we have included in the averages recent data on )�W Z XZY decays from
BES [100, 107–109] and CLEO [99], the latter derived from reported ratios of branching ratios using values in
PDG [10].

Decay mode ° � ° Õ � J Ì � �í´Õ° � ° Õ � � J � � ´:° � ° Õ � 2 Ø ° � ° Õ Ù( F&_ ! ? ) ( F�_ ! ? ) (Eq. 4.65)5 ò _ T g C $ ! AFEHG C ! A ! $ [99] [100] ! A ! T a C ! A !I! Gpò " EjA T�C ! AkG ! A TDTlC ! A ! $ [99] [109] ! AFE ! C ! A _�g5 Ó _ A $DL C ! A T L ! A T L C ! A _ T [99] [109] ! A $ C ! A � Ó _ � A a C _ AkG @ ! A _D_ [108] @ ! A ! Gx Ó GmA ��C ! A g ! A L �lC ! A _D_ [99] [108] ! AFE ! C ! A _�L5 Ó � J $ � a � _ A ! �lC ! A _�a ! A _�$ "on � \® "on � � C ! A ! L [109] T A ��C ! A $ Ó � J $ � a � _ AkG g C ! A TD� @ ! A a�_ [108] @ EjA Lx Ó � J $ � a � L A L C ! AFE ! A LDL C ! A _�L C ! A ! g [108] ! A g�_ C ! A LDLv _ J a²$ T»�qp vsr � ! C E ! A T G C ! A _D_ [99] [107] ! A ! L²$ C ! A ! _�gKv _ J a²$ T»� " v " +c.c. E T�C E _ A �D�0C ! A TD� [99] [107] ! A T a C ! A ! �ò  ò ® _ AFE g C ! A T L ! A a C ! A � EjA L C5T A gv  v ® T A LKg C ! A L�_ _ A ! C ! A g L A T�C5T A Lv "e v "f _ AFEHG C ! A T G ! A �DT0C ! A ! g T A g C ! AkGò r µ�� J _ T L �»� p L ! C:� L A $ C _ AkG (incl. [99]) _ A ! C ! AFEò " µ�� J _ T L �»� " T L C G EjA !  "on t® "on u C ! AkG [99] _ A L C ! A �vsrdv¥� J _ T g ! �qp @ÕL ! _ ! A ! C:T A a � _ A gvsrdv¥� J _ E !I! �qp LDa C _ E @ L A _ @ ! A a[v " J $Da ! � ´wpò�ò _ A _ C ! AFEx v " J $Da ! � ´ x ò�ò T A ��C ! A g ! AkG ! C ! A TDT _ A g C ! A a[v " J _�g�_ ! � ´wpv Kv EjA a C _ A _x v " J _�g�_ ! � ´ x v Kv L AkG C ! AkG[v<� J _ E T ! � GmA a C5T AFEx v<� J _ T a �»� T AkG C ! A �[v Õ J _ T g ! � E L C G T A _ C ! AkG [111] ! A L E C ! A _D_5 � Õ J _�L T ! � _ ! $ C:TDT T AkG C ! A $ [111] ! A _�g C ! A ! gv _ J a²$ T»� " Kv _Õ J _ E L ! � " + c.c. G g C:T G _ A $ C ! A � [111] ! A _�$ C ! A ! $x vm�Õ J _ �DTD�»� _ T A L C:T A _ ! AFEIE C ! A _ G [111] ! A TDT0C ! A ! $
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One clue to the mechanism is how 2 Ø ° �V° Õ Ù depends on the
Ì =µö quantum numbers for hadrons°!�*° Õ with the same flavour quantum numbers as �<ò . As can be seen in Table 4.10, there also seems to be

suppression in the vector-tensor (VT) channel �À� Õ , but there seems to be no significant suppression in the
axial vector-pseudoscalar (AP) channel µD��ò or in the pseudoscalar-pseudoscalar (PP) channel ò�dò+® . The
absence of any suppression in the channel ò+dò+® is to be expected, because it proceeds predominantly
through JSKJ annihilation into a single photon, and therefore the approximation (4.70) should hold.

Another clue to the suppression mechanism is the pattern of 2 Ø ° � ° Õ Ù for different radial excitations
of mesons with the same

Ì =µö quantum numbers. An example is the AP decay modes vxrdv p� for differ-
ent vG� resonances. The mode v r v¥� J _ E !I! � p has been observed in

Ì � � decays but not in � JUT�1�� decays.
The mode vBr¯vG� J _ T g ! �qp has been observed in � JUT�1�� decays but not in

Ì � � decays. The lower bound
on 2 for v r v¥� J _ T g ! � p is significantly greater than the upper bound on 2 for v r vG� J _ E !I! � p . This
demonstrates that whether 2 is suppressed or enhanced relative to the prediction (4.67) is not determined
solely by the

Ì =µö quantum numbers of the mesons.
The suppression pattern in a given channel as a function of the flavour quantum numbers should

also provide important clues to the suppression mechanism. The channel for which the most measure-
ments are available is the VP channel. The decay amplitude for

Ì � �í´ � > can be resolved into 3 terms
with distinct flavour structures:

– a flavour-connected amplitude ç with quark structure J u × Kuzy �RJ u,y{Ku × � ,– a flavour-disconnected amplitude ° with quark structure J u × Ku × �RJ u,y|Ku,y � ,– an electromagnetic amplitude 3 with quark structure s ×~} J u × Ku,y �RJ u,yjKu } � where s is the light quark
charge matrix.

For example, the amplitude for
Ì � �ñ´ �<ò is proportional to ç < 3 . A quantitative analysis should also

take into account SU(3) symmetry breaking from the strange quark mass and U � (1) symmetry breaking
from the triangle anomaly. In the case of

Ì � � , there are enough precise measurements of VP decays to
completely determine the flavour decomposition of the amplitude [112, 113]. The conclusion is that

Z 3 Z
and

Z ° Z are comparable in magnitude and about an order of magnitude smaller than
Z ç Z .

The analogous flavour decomposition for � JUT�1�� ´ � > expresses the decay amplitudes as a linear
combination of amplitudes ç � o ° � , and 3 � with distinct flavour structures. The same reasoning that led to
the prediction 2 Ø °��*° Õ Ù ^ ! implies that these amplitudes ç�� o °�� and 3�� should differ from the correspond-
ing amplitudes ç�� o °�� and 3 for

Ì � � by the factor. : ]|� Õ eH� d J � JUT�1�� ´�3  3 ® �: [�Ö�]Dd J Ì � �ñ´�3  3 ® � / � Ö Õ × ! A g ! A (4.74)

However, the measurement 2 Ø �<ò Ù × ! A ! T a implies
Z ç � < 3 � Z × ! A _ T Z ç < 3 Z . Since

Z ç Z � Z 3 Z , this requiresZ çe� Z to be suppressed relative to ! A g ! Z ç Z . A mechanism for such a suppression was proposed in Ref. [103].
If ç � was so strongly suppressed that it was small compared to

Z 3 � Z , it would make the rate for � JUT�1�� ´:�<ò
comparable to electromagnetic processes such as � JUT�1�� ´�pò " . The stronger suppression of � JUT�1�� ´ ��ò
that is observed requires that ç � and 3 � be comparable in magnitude and to have phases such that there is
a further cancellation in the sum ç�� < 3�� .

The CLEO collaboration has recently presented the first evidence for two-body decays of thek J _ 1�� [114]. They observed signals with a statistical significance of greater than � < for decays intox vm�Õ J _ �DTD�»� and Kv�vG� J _ E !I! � . The decay of k J _ 1�� into KvivG� J _ T g ! � is observed to be suppressed relative
to Kv�v¥� J _ E !I! � , which is the same pattern observed in

Ì � � decays. The CLEO collaboration also set
upper limits on other decay modes, the strongest of which is � J k J _ 1�� ´>�<ò � @ E FÞ_ !E®|\ .
5.2 Decays of $&%(' and '*),+.-0/ into baryon–antibaryon
As we already discussed these decays seem to be dominated by hard physics where the charm and
anticharm quark annihilate into gluons at short distances. In a leading-order calculation of decay widths
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for the d d channels contributions from higher charmonium Fock states can be neglected since they only
produce

Ñ J ø Õ � corrections, see Eq. (4.60); contributions from higher baryon Fock states are suppressed
by powers of _ � � � . For consistency, the masses of the

Ì � � and � JUT�1�� are to be replaced by T � � (except
in phase space factors) since the energy for the binding of a JSKJ pair in a charmonium state is an

Ñ J ø Õ �
effect. The only soft physics information on the charmonium state needed in a calculation to lowest order
in ø is its decay constant. The corresponding electronic decay widths

d J Ì � �ñ´�3  3 ® � ^ E òL 3 Õ� x Õ¢Äè v Õ[�Ö�]: [�Ö�] o (4.75)

provide their values: v<[�Ö�]G^ E ! $4���^� , v®]|� Õ eH� ^ T a T ���^� . The other soft physics information required
is the leading-twist baryon distribution amplitude. As can be shown [115] the proton is described by
one independent distribution amplitude, Ö Ø� Õ L J ¼ � , to leading-twist accuracy. The set of subscripts _ o T o L
refers to the quark configuration 7  7 ® ±  of a proton with positive helicity. The distribution amplitudes
for other valence quark configurations in the proton are obtained by permutations of the subscripts. Since
flavour SU(3) is a good symmetry, only mildly broken by quark mass effects, it is reasonable to assume
that the other members of the lowest-lying baryon octet are also described by only one independent
distribution amplitude, which, up to flavour symmetry breaking effects, is the same as the proton one.

To start with and for orientation, we present the leading-twist result for the width of the decays of
transversely polarized

Ì � � s, as for instance are produced in 3»c3²® annihilations, into proton–antiproton
pairs. The width, evaluated from the asymptotic form of the baryon wave function Ö 	� � ^ _ T ! ¼ � ¼ Õ ¼ L ,reads d J Ì � �&´ M KM � ^ � \ T � "LS� ò � x � J � � � \ 5 Ø Ì � � M KM Ù: [�Ö�] � v [�Ö�] v ÕØ� � ? � Õ ô Õ� � o (4.76)

where ô � � ^ G 2EØ ±e¼�Ù L Ø ±eÜeÙ L ¼ � Ü LØ ¼ � J _�9 Ü � � < J _�9 ¼ � � Ü � Ù Ø ¼ L J _�9 Ü L � < J _�9 ¼ L � Ü L Ù A (4.77)

The normalization parameter v Ø represents the proton’s light-cone wave function for zero spatial separa-
tion of the quarks. Strictly speaking, it is defined by [116]v�Ø J�� , �a�� � �o� Ö Ø� Õ L J ¼ o � , � ^ 2 ��� Ø ± Õ yH� Ù L�Ý Ø� Õ L J ¼ o yH� � o (4.78)

with 2 Ø ±e¼�Ù L Ö Ø� Õ L J ¼ o � , � ^ã_ A (4.79)

Both the distribution amplitude and v[Ø are subject to evolution [116]. A typical value for v?Ø is H G��_ !À® L�� �^� Õ [92, 117]. Evaluating the branching ratio from (4.76), (4.77), one obtains

� J Ì � �í´ M KM � ^ã_ A � � _ ! ® L ê x �! AFE ì L . _ A � � �^��G� /0� . v�ØG�� _ ! ® L � �^� Õ / ? o (4.80)

which is in quite good agreement with experiment, see Table 4.11. The predictions for the branching ratio
are more robust than that from the

Ì � �&´ M KM decay widths since the total
Ì � � width is dominated by the

decays into light hadrons. Hence, according to (4.12) and (4.75), the branching ratios approximately
scale as _ � � �� and x L� .

In previous calculations [92, 118] of the
Ì � �ñ´ M KM decay width, distribution amplitudes have been

employed that are strongly concentrated in the end-point regions where one of the momentum fractions
is small. The use of such distribution amplitudes has been heavily criticized [119]. Due to their prop-
erties the bulk of the amplitude for the subprocess JSKJ�´:L\ç _ ´:L J u u � is accumulated in the soft end-point
regions where the use of perturbative QCD is inconsistent. Moreover, such distribution amplitudes lead
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to extremely strong contributions to the decay amplitude and require compensation by small values ofx � , typically in the range of ! A T – ! A L . Such values are unrealistically small with regard to the characteris-
tic scales available in charmonium decays. For an average gluon virtuality of about _ � �^� Õ one would
expect x � to be rather ! AFE .

Recent theoretical [97, 120] and phenomenological [117] studies provide evidence that the proton
distribution amplitude is close to the asymptotic form for baryons: the end-point concentrated forms seem
to be obsolete. In a recent analysis of the

Ì � � and � JUT�1�� decays into baryon–antibaryon pairs [121] use
is made of the phenomenological proton distribution amplitude proposed in [117]Ö Ø� Õ L J ¼ o � " � ^�Ö 	� � _T J _ < L ¼ � � o (4.81)

which is valid at the factorization scale � " ^ _ � �^� . This distribution amplitude goes along with the
normalization parameter v�Ø J�� " � ^ GmAkG�E�� _ !À® L=� �^� Õ . In [121] the distribution amplitude (4.81) has
been suitably generalized to the cases of hyperons and decuplet baryons by allowing for flavour symme-
try breaking due to the effect of the strange quark mass. Instead of the collinear approximation as used
in [92, 118] or in (4.76), the modified perturbative approach [122] is applied in [121]. In this approach
quark transverse momenta are retained and Sudakov suppressions, comprising those gluonic radiative
corrections not included in the evolution of the distribution amplitude, are taken into account. The ad-
vantage of the modified perturbative approach is the strong suppression of the soft end-point regions
where perturbative QCD cannot be applied. If distribution amplitudes close to the asymptotic form are
employed the difference between a calculation on the basis of the collinear approximation and one within
the modified perturbative approach is, however, not substantial given that the

Ì � �&´�d d amplitude is
anyhow not very sensitive to the end-point regions. This is in marked contrast to the case of the proton’s
electromagnetic form factor [123]. On the other hand, a disadvantage of the modified perturbative ap-
proach is that the full baryon light-cone wave function is needed and not just the distribution amplitude.
In [121] the transverse momentum dependence of the baryon wave functions has been parameterized by
a simple Gaussian N �>�(���#9b� Õ 	 ³ y Õ� × � ¼�× � o (4.82)

where a value of ! A g � � �^� ® � has been adopted for the transverse size parameter � 	 . For the decuplet
baryons a somewhat larger value has been used ( ! A a � � �^� ® � ). Calculating the subprocess amplitude
from the Feynman graphs shown in Fig. 4.5 and working out the convolution of subprocess amplitude
and baryon wave functions, one obtains the widths d L º for the

Ì � � decays into d d pairs mediated by
the hard annihilation process JSKJ�´:L\ç{_ ´:L J u u � . The results are listed and compared to experimental data
in Table 4.11. In addition to the three-gluon contribution there is also an isospin symmtetry violating
electromagnetic one generated by the subprocess JSKJ�´�� _ ´:L J ubKu � , see Fig. 4.7. According to [121] this
contribution is probably small, of the order of a few percent only. An important ingredient in this estimate
of the size of the electromagnetic contribution is the agreement of the experimental widths for

Ì � �
decays into ��K� and

M KM within the errors [10]. The contributions from the JIKJ�´¥çb_Yçm_z�b_�´5L J ubKu � to the
baryon–antibaryon channels amount to less than _�� of the three-gluon contribution and can be neglected.

The widths for the corresponding decays of the � JUT�1�� are easily obtained within the perturbative
approach by rescaling the

Ì � � ones by the ratio of the electronic � JUT�1�� and
Ì � � decay widths, the _ � �

rule, i.e., Eq. (4.65) with 2 Ø d d Ù ^÷_ , holds strictly in the approach put forward in [121]. The results
obtained that way are also quoted in Table 4.11. Good agreement between theory and experiment [10] is
observed. Predictions of the absolute value of a decay width are subject to many uncertainties, see (4.76)
while ratios of any two d d decay widths are robust since most of the uncertainties cancel to a large
extent. It is to be emphasized that the � JUT�1�� and

Ì � � decay widths do not scale as J;: [�Ö�] �>: ] � Õ eh� � u H_ � E as suggested in [91] since the subprocess amplitude in a calculation to lowest order in the charm
quark velocity (see (4.60)) has to be calculated with T � � and not with the bound state mass.
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Table 4.11: Results for ¡hg>¢ and ¢%W Z�X Y branching ratios for £ £ channels in units of ¤ �h¥(¦ and ¤ ��¥ É , respectively.
The three-gluon contributions, taken from [121], are evaluated from ¨§� �§¤���ª Gev, and the one-loop « ¬ with¨`©{ª�« � Z�¤ � MeV. Unless specified data are taken from Ref. [10]. For the ¡Hg^¢c¬ f`f we have included the
recent BES measurement [124] in the average. The theoretical branching ratios are evaluated using ®¯W;¡hg>¢\Yu�¯ ¤�� �3��° �ÇZb±³²,´ [10].

channel
M M µ " µ " ¶ ¶ · ® ·  ¸c| ¸q®|® µ _Y® µ _!� L º J Ì � � � 1.91 1.24 1.29 0.69 0.72 0.45� ¢;¹ � [10] T A _ G C ! A ! a _ A T g C ! A _�g _ A L ! C ! A _ T ! Akº ! C ! A T ! _ A _ ! C ! A T º _ A ! L C ! A _�L� L º J � JUT�1��!� 2.50 1.79 1.79 1.11 1.07 0.80� ¢;¹ � [10] T A ! g C ! A L�_ _ A TlC ! AkG _ A a�_ C ! A L E ! Akº�E C ! A L�_ _ A T a C ! A L � _ A _ ! C ! AFE !

Bottomonium decays into d d pairs can be calculated along the same lines. The hard scale is
now provided by the µ -quark mass. Hence, relativistic and higher-twist corrections are expected to be
smaller than in the charmonium case. But, as it turns out, the predicted decay widths for the baryonic
channels are very small. Approximately, i.e., ignoring the fact that the y.� -dependent suppression of
the three-gluon contribution is perhaps a bit different in the two cases, one finds the following rescaling
formula » J k�´�d d � ^ 5 Ø k¼d d Ù5 Ø Ì � ��d d Ù

» J k�´�3\`3²® �» J Ì � �ñ´�3  3 ® �� . 3��3[l / Õ . x � J ��l �x � J � � � / \ . ��l� � / u » J Ì � �ñ´�d d � A (4.83)

Using ��l�^ EjA � � �^� one obtains, for instance, a value of ! A ! T �^� for the k�´ M KM decay width, which
value corresponds to a branching ratio of ! A L � _ ! ® � well below the present experimental upper bound
[10].

It goes without saying that the hard contributions,

» L º , to the
Ì � � and � JUT�1�� decays into d d pairs

respect the helicity sum rule (4.62), i.e., the amplitude for the production of baryon and antibaryon in
equal helicities states vanishes. Measurements of the angular distribution in 3Àc3#®¯´ Ì � � o � JUT�1�� ´wd u d u±

»
± Ê °�½|¾ N _ < x 	|¿ Ê °�½ Õ ¾ o (4.84)

where d u is any member of the lowest-lying baryon octet and ¾ the c.m.s. production angle, allow for a
test of this prediction. In the formal limit of an infinitely heavy charm quark x 	 ¿ ^ _ as a consequence
of hadronic helicity conservation [91]. The available data [124–128], listed in Table 4.12, tell us that
only a fraction of about _ ! � of the total number of d�u dÀu pairs are produced with the same helicity of
baryon and antibaryon. This observation is in fair agreement with hadronic helicity conservation. The
production of d u d u pairs with equal helicities has been modeled as a constituent quark [129,130] and/or
hadron mass effect [131], both the effects are part of the

Ñ J ø Õ � and higher-twist/power corrections. Also
electromagnetic effects in x 	 have been investigated. For results we refer to Table 4.12.

5.3 Hadronic two-body decays of the Á�Â
Such decays of the

Ó � have been observed in experiment only for the d d and �c� channels, upper bounds
exist for a few others like � " J º a ! � ò . Decays into ÃÄÃ and Ã � have not been observed, they are either
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Table 4.12: Experimental and theoretical results for the parameter «ÆÅjÇ in ¡Hg^¢[ÈR¢�WÊÉ XZYR¬�£&Ë £�Ë as defined in
Eq. (4.84). Experimental values obtained averaging data from BES [124], DM2 [125], MARK II [126], E760 [127]
and E835 [128].

x 	|¿ J Ì � � � M M ¶ ¶ µ " µ "
Predicted: [131] 0.46 0.32 0.31

[129] (no e.m. corr) 0.69 0.51 0.43
[129] (incl. e.m. corr) 0.70

Experiment:
Ì � � ! AkGIG C ! A ! � ! AkG �0C ! A _ º ! A T G C ! A L !� JUT�1�� ! AkG a C ! A _ E

strictly forbidden or strongly suppressed, see Table 4.9. As noted at the beginning of this section the d d
and

� �
channels are forbidden to leading-twist accuracy since hadronic helicity conservation (4.62) is

in conflict with angular momentum conservation for these processes. In contrast to the expectation from
the leading-twist approximation the measured branching ratios are rather large ( _ ! ® L – _ ! ® Õ ). We repeat,
it is worthwhile to explore the role of higher-twist baryon and vector meson wave functions in the decays
of the

Ó � [96, 97].
In [104] a mixing approach for the explanation of these

Ó � decays has been advocated. As is well-
known the �`� J _ � anomaly leads to mixing among the pseudoscalar mesons

Ó 9 Ó � 9 Ó � [132,133]. This
mixing can adequately be treated in the quark-flavour mixing scheme [134] where one starts from the
quark-flavour basis and assumes that the basis states and their decay constants follow the same pattern of
mixing with common mixing angles. This assumption is supported by an analysis of the �Ä9 Ó

and �Ä9 Ó �
transition form factors at large momentum transfer [135]. The quark-flavour basis states are defined by
the flavour content of their valence Fock statesÓ ¹ ´ J�Ì KÌ < ± K± � � � T o Ó p ´ÎÍjKÍ o Ó �#"Z´ÎJSKJ A (4.85)

The admixture of the light quarks to the
Ó � , which we need here in this work, is controlled by a mixing

angle Ë � [134] Z Ó � î ^ Z Ó �#" î 9 Ë®�Ï _ < Ü Õ �qT | Z Ó ¹ î < Ü� T Z Ó p î ~ A (4.86)

The ratio of the basis decay constants v ¹ and v p is denoted by ÜÜ ^Ðv ¹ � v p A (4.87)

According to [134], its value amounts to 0.81 while Ë � ^Ñ9�_ÓÒ C ! A _ÓÒ . The light-quark admixture
to the

Ó � (4.86) is somewhat smaller than estimates given in [132] but slightly larger than quoted in
[136]. In combination with the strong vertex u uK´ �c� this small light-quark component of the

Ó � suffices
to account for the �c� decays. In the spirit of this dynamical mechanism (see Fig. 4.8) the invariant
amplitude, û , for the

Ó � ´ �c�
decays can be parameterized asû J Ó � ´ �c� � ^ " è Å ¹� �ÕÔ � �sÖ è Å ¹ J Í ^ : Õ× á � A (4.88)

It is related to the decay width by» J Ó � ´ �c� � ^ _L T ò 1 � � 5 Ø Ó � � � Ù L: × á Z û J Ó � ´ �c� � Z Õ A (4.89)
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Table 4.13: Mixing factors as well as experimental and theoretical ratios of decay widths for Øe�Ù¬�� � � � . The ratios
are quoted with respect to the Ú � Ú � channel ( ÛÝÜ
Þ ßàqáRàqá �â¤ ). Experimental ratios are calculated taking into account
the common systematics. � � " è Å ¹�Z� © ´ · © ¢;¹ �4 _ ! AkG L ã ! A LKg [137]ã ! A g � [138]v _ " v _ " J _ < Ü Õ � �qT ! AkG _ ! AFE g C ! A ! º [138]! A �D�lC ! A T g [137]x!x Ü Õ ! A _�L ! Akº L C ! A LDL [137]! A L �lC ! A _ ! [138]! A L ! C ! A _ ! [139]! A T _ C ! A _ E [140]

The statistical factor for the decay into a pair of identical particles is denoted by 1 � �
. The mixing factor" è Å ¹�¯� embodies the mixing of the

Ó � with the basis states
Ó ¹ and

Ó p (4.86). These factors are quoted in
Table 4.13. Flavour symmetry breaking effects in the transitions

Ó × ´ �c� ( ï�^ u o Í ) are absorbed in the
factor

Ô �¯�
. As a simple model for it one may take the square of the vector meson’s decay constants as a

representative of SU(3) violations in these transitions ( v a ^ T _ G ���^� , v³ä ^ _ º � ���^� , vSåc^ T LKgc���^� ,v o�æ ^ T _ E ���^� ). In order to have a dimensionless quantity, v Õ� is scaled by the squared vector meson
mass Ô � � ^ . v �: � / Õ A (4.90)

Ratios of decay widths are free of the unknown transition form factor
Ö è Å ¹ . With respect to the � " � "

channel one finds for the other uncharged vector mesons channels» J Ó � ´ � " � " �» J Ó � ´>� " � " � ^ T1 �
ç��Æç à " è Å ¹�=ç��
ç á Õ . Ô �
ç��=çÔ a ç a ç / Õ .�5 Ø Ó � � " � " Ù5 Ø Ó � � " � " Ù / L A (4.91)

The theoretical and experimental results on the ratios are listed in Table 4.13. Reasonable agreement be-
tween theory and experiment can be seen although the errors are large. Assuming a monopole behaviour
for the transition form factor

Ö è Å ¹ and fitting its strength to the �e� data, one obtains a value that is in
accord with the concept of mixing. è

éè
ê�ë
êÆì

Fig. 4.8: The mixing mechanism for charmonium decays into light hadrons.

The mixing approach can also be applied to the
Ó � decays into baryon–antibaryon pairs. It seems

that at least the
M KM channel for which the decay width has been measured, is also controlled by the mixing

mechanism [104].

209



CHAPTER 4

5.4 The decays of the í�Âïî and the role of the colour-octet contribution
The colour-singlet contribution to hp� [ decays into pairs of pseudoscalar or vector mesons is well-known,
it has been calculated several times [90, 92, 95]. The convolution of wave functions and hard subprocess
amplitudes, which are to be calculated from Feynman graphs as shown in Fig. 4.5, leads to a decay width
for the ò  ò ® channel as (

Ì ^ ! o T )» J h � [ ´ ò  ò ® � ^ T ò ÕL � 5 Ø h � [ ò�ò Ù:ñð á º v ?¾� �� Z © �ð á º J ! � Z Õ x ?� J � � �� XX � [ < µ [ d ¾Õ J � � � < J [ d ¾Õ J � � � Õ XX Õ o (4.92)

where the parameters � [ , µ [ and J [ are analytically calculable real numbers in the leading-twist ap-
proximation; they represent the convolution of distribution amplitudes an subprocess amplitude. The
parameter � " , for instance, reads �m"Õ^ T g®ò Õ �qT 9¾L GÝA (4.93)

The representation (4.92) also holds in the modified perturbative approach but the parameters are then
complex valued. The constant d ¾Õ J�� " � is the first coefficient of the expansion of the leading-twist pion
distribution amplitude upon Gegenbauer polynomials " L Ö Õ¹ [116]Ö ¾ ^�Ö�ò� �ôóõ _ < ³¹q¸ Õ û ? ûFöFöFö d ¾¹ J�� , � " L Ö Õ¹ JUT ¼ 95_ ��÷øúù (4.94)

where Ö ò� � is the asymptotic form of a meson distribution amplitudeÖ ò� � ^ G ¼ J _�9 ¼ � ù (4.95)

and d ¹ J�� , � ^ �Ýûýü J�� Õ, � ¶ Õ ý|þ�ÿ �ûýü J�� Õ" � ¶ Õ ý|þ�ÿ � � Êzþ d ¹ J�� " � A (4.96)

In Eq. (4.92) terms of order higher than 2 in the expansion are neglected and the factorization scale
dependence of the Gegenbauer coefficient d Õ is controlled by � Õ ^69 � ! � a�_ . As the starting scale of
the evolution, � " , a value of _ � �^� is taken. Finally, v ¾ ( ^ _�L T ���^� ) is the pion decay constant and© �ð á º J ! � ( ^ ! A TDT � �^� � Ö Õ [33,141]) denotes the derivative of the nonrelativistic radial JSKJ wave functions
at the origin (in coordinate space). As usual a normalization factor v ¾ ��JUT � G � is pulled out from the
distribution amplitude.

The distribution amplitude of the pion is fairly well-known by now from analyses of the ò " 9� transition form factor. It is close to the asymptotic form of a meson distribution amplitude [142].
Deviations from that form are difficult to estimate since they strongly depend on details of the analysis
such as whether or not NLO, higher-twist corrections or tranverse degrees of freedom are taken into
account [142, 143]. But in any case the Gegenbauer coefficient d ¾Õ seems to be small in magnitude.
Combining the results from different analyses of the ò " 9�� transition form factor, one may conclude
that

Z d ¾Õ Z ãT ! A _ at � " ^ã_ � �^� . Taking first d ¾Õ ^ ! in (4.92), one evaluates from (4.92) the branching
ratio � J h �ÿ" � Õ � ´:ò  ò ® � H ! A L�_ J ! A _ ! � � _ ! ® L ê x �! AFE ì Õ . _ A � � �^�� � / L A (4.97)

The majority of the widths of the h �ÿ" and h � Õ come from decays into light hadrons. The contribution
coming from the decay of a colour-singlet JSKJ into real gluons is given by [33]» J h � [ ´�� A ° A � N Z © �ð á º J ! � Z Õ x Õ�� � ? A (4.98)
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Therefore, the branching ratios approximately scale as given in (4.97) and not as in (4.92). The JIKJ wave
function © �ð á º J ! � almost cancel in the ratio. Otherwise its well-known scaling properties [144] would
have to be taken into account as well.

The variation of the branching ratio with the Gegenbauer coefficient d ¾Õ is displayed in Fig. 4.9.
One can conclude that, stretching all parameters ( d ¾Õ , x � , �G� ) to the extreme, the predictions for � J h �#" � Õ �´ ò  ò ® � from the colour-singlet contribution to leading-twist accuracy stay a factor 3–6 below the data.
Results of similar magnitude are found within the modified perturbative approach.

����� �	� ����� �
� ����� ��� ��� ��� ��� ��� ��� �
��
��� 
��� �
��� �
��� �

� ��������
�� �����
 "!$#%& '
( '�)

Fig. 4.9: Dependence of the leading-twist colour-singlet contribution to the � �
� ¬+*-,.* ¥ branching ratio on the
expansion parameter £0/1 of the pion distribution amplitude at the scale 2��£� ¤�3Ý²,´ . The evolution of £4/1 is
evaluated from

¨`©{ªH« ��É � �65 ²,´ .

Thus, there is obviously room for the colour-octet contributions (see (4.59)), i.e., from the sub-
process JIKJ�ç�´ TfJ u u � . A first attempt to include the colour-octet contribution has been undertaken in [94].
This calculation, performed within the modified perturbative approach [122], is based on a very rough
model for the colour-octet h � [ wave function, the new ingredient of this calculation. Despite this the au-
thors of Ref. [94] were able to show that the combined colour-singlet and -octet contributions are likely
large enough to account for the data [10, 66], see Table 4.14. The calculation of the hí� [ ´ òµdò+® decay
width can be generalized to other pseudoscalar meson channels with results of similar quality as for theò�ò channels. For the

Ó � Ó � channel an additional two-gluon Fock component of the
Ó � is to be taken into

account whose leading-twist distribution amplitude has recently been extracted from a NLO analysis of
the

Ó 9s� and
Ó � 9s� transition form factor [145, 146]. For the

Ó�Ó
channel the two-gluon contribution is

probably negligible.
The colour-singlet contribution to the decays h � [ ´ M KM (

Ì ^ _ ùBT ) has been investigated by many
authors [92, 95, 118, 150]. Employing the proton distribution amplitude (4.81) or a similar one, one
again finds results that are clearly below experiment, which again signals the lack of the colour-octet
contributions. An analysis of the h � � � Õ � decays into the octet and decuplet baryons along the same lines
as for the pseudoscalar meson channels [94] has been carried through by Wong [147]. The branching
ratios have been evaluated from the baryon wave functions (4.81), (4.82) and the same colour-octet h � [
wave function as in [94]. Some of the results obtained in [147] are shown and compared to experiment in
Table 4.14. As can be seen from the table the results for the

M KM channels are in excellent agreement with
experiment while the branching ratios for ¶ ¶ channels are much smaller than experiment [148] although
the errors are large. A peculiar fact has to be noted: the experimental ¶ ¶ branching ratios are larger than
the proton–antiproton ones although there is agreement within two standard deviations.
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Table 4.14: Comparison of theoretical and experimental branching ratios for various �¯�U� decays into pairs of light
hadrons. The theoretical values have been computed within the modified perturbative approach, colour-singlet
and -octet contributions are taken into account ( £ /1 � £871 � £49: � � , £891 � ¡p� � ¤ , baryon wave functions
(4.81), (4.82)). The branching ratios are quoted in units of ¤ �h¥(¦ for the mesonic channels and ¤ �H¥<; for the
baryonic ones. Data taken from [10]. The values listed for = = branching rates do not include the most recent values> É@?q�  ,fÉ�A 1¥ É�A � � e��ª�BDCc¤ �I¥E; , > ªD�F? , : A G¥ : A ; �G� � ¯ BHC`¤ ��¥E; and

>JI � ¯ , 1 A ;¥ 1 A 1 � ¤�� ¤�BKC`¤ �I¥<; measured by BES [149] for �!� � ,� � : and � � 1 respectively.

process theory experiment� J h �#" ´ ò  ò ® � L A ! [94] EjAkº C ! AkG� J h � Õ ´ òµ ò+® � _ A a [94] _ A gDg C ! A T g� J h �#" ´ v�dv�® � T AFE [94] GmA ! C ! Akº� J h¯� Õ ´ v�dv�® � _ AFE [94] ! Akº�E C ! A T _� J h �#" ´ Ó Ó � T A ! [94] T A _ C _ A _� J h � Õ ´ Ó Ó � _ A L [94] ã#_ A �� J h �#" ´ M KM � 9 TDT AFE C T A g� J hd� � ´ M KM � GmAFE [147] g A TlC _ A L� J h � Õ ´ M KM � g A g [147] GmA a C ! A g� J h �ÿ" ´ ¶ ¶ � 9 E g C _ G� J h � ��´ ¶ ¶ � L A a [147] T G C _ T� J h¯� Õ ´ ¶ ¶ � L A � [147] L E C _�g
The present analyses of the h3� [ decays suffer from the rough treatment of the colour-octet charmo-

nium wave function. As we mentioned before a reanalysis of the decays into the ÃÄÃ and d d channels
as well as an extension to the �c� ones is required. Our knowledge of the colour-octet wave func-
tion has been improved recently due to the intense analyses of inclusive processes involving charmonia,
e.g., [151]. This new information may be used to ameliorate the analysis of the h � [ ´�ÃÄÃ ù d d decays
and, perhaps, to reach a satisfactory quantitative understanding of these processes. We finally want to
remark that the colour-octet contribution does not only play an important role in the h � [ decays into ÃÄÃ
and d d pairs but potentially also in their two-photon decays [30, 33, 152] (see also Section 3).

The leading-twist forbidden h �#" ´xd d decays have sizeable experimental branching ratios, see
Table 4.14. There is no reliable theoretical interpretation of these decays as yet. The only proposition
[153] is the use of a diquark model, a variant of the leading-twist approach in which baryons are viewed
as being composed of quarks and quasi-elementary diquarks. With vector diquarks as constituents one
may overcome the helicity sum rule (4.62). The diquark model in its present form, however, contends
with difficulties. Large momentum transfer data on the Pauli form factor of the proton as well as a
helicity correlation parameter for Compton scattering off protons are in severe conflict with predictions
from the diquark model.

5.5 Radiative decays of charmonia into light hadrons
First let us consider the process

Ì � �ñ´x�mò " . The apparently leading contribution to it is generated by the
subprocess JSKJ©´x�bç(_Yçm_ ´ñ�DubKu , which, in principle, leads to a decay width of order x ?� . However, due to
the pion’s flavour content N Ì KÌ 9 ± K± this contribution exactly cancels to zero in the limit of massless
quarks. A VDM contribution

Ì � �&´>�<ò followed by a �*9w� conversion [95] seems to dominate this
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process. Indeed, an estimate of the VDM contribution leads to a branching ratio of L A L � _ !|® � , which
compares favorably with the experimental result of J L Akº C _ A L � � _ ! ® � [10]. Analogue estimates of the� Ó and � Ó � branching ratios lead to similar values, about _ � _ !m® � , which fall short of the experimental
results by two orders of magnitude. The solution of this discrepancy is a gluonic contribution, which
occurs as a consequence of the U � (1) anomaly; it formally presents a power correction. According to
Novikov et al. [154], the photon is emitted by the J quark with a subsequent annihilation of the JIKJ pair
into lighter quarks through the effect of the anomaly. The creation of the corresponding light quarks is
controlled by the gluonic matrix element ñ ! Z x � �ML� Z Ó � � � î where � is the gluon field strength tensor andL� its dual. Photon emission from the light quarks is negligible as can be seen from the smallness of the�!ò width. This mechanism leads to the following width for the radiative

Ì � � decay into
Ó � � � [154]» J Ì � �&´�� Ó � � � � ^ T �� Õ L u òÆ3 Õ� x L¢�è 5 Ø Ì � �&� Ó � � � Ù . : [�Ö�]�G� Õ¥/ ? Z ñ ! Z�NPO? ¾ � L� Z Ó � � � î Z Õ» J Ì � �&´�3  3 ® � A (4.99)

In the quark-flavour mixing scheme the gluonic matrix element for the
Ó

is given by [155]ñ ! Z x �E ò �QL� Z Óbî ^ 9 ½�R ü Ë u Ï T < Ü Õ v ¹ � Õ A (4.100)

For the
Ó � matrix element ½SR ü Ë u is to be replaced by

Ê °�½ Ë u . The angle Ë u controls the mixing of the octet
decay constants. In [134] the various mixing parameters have been determined; their values amount to:Ë u ^ 9 T _ A T ÒUT v ¹ ^ã_ A ! gSv ¾ T � Õ ^ ! A T G � � �^� Õ T x ^ L ºmA L Ò A (4.101)

The latter angle is the mixing angle in the quark-flavour basis. The parameter Ü has been defined in
Eq. (4.87). Evaluating the decay width or rather the branching ratio from these parameter values, one
obtains � J Ì � �&´�� Ó � ^�L A g � _ ! ® ? . _ A � � �^��G� / � A (4.102)

The comparison with the experimental value of J a AkG C ! A a �WV _ ! ® ? [10] reveals that the order of magnitude
is correctly predicted. As happens frequently in exclusive charmonium decays the charm-quark mass
appears to a high power in the theoretical estimates of branching ratios with the consequence of large
uncertainties in the predicted values. With regard to the fact that the total

Ì � � decay width is dominated
by the decays into light hadrons (4.12), the power of � � in (4.102) is approximately seven. The mass of
the

Ì � � appears in (4.99) through a pole saturation of a QCD sum rule [154]; it should not be replaced
by T � � .

While the calculation of the individual decay widths is not easy, ratios of the
Ó

and
Ó � widths can

be reliably predicted from
Ó 9 Ó � mixing. Using the quark-flavour mixing scheme again, one finds from

(4.99) and (4.100) the following ratios for radiative
Ì � � decays [134]

� J Ì � �&´�� Ó � �� J Ì � �í´�� Ó � ^ Ê °PX Õ Ë u .�5 Ø Ì � �[� Ó � Ù5 Ø Ì � �&� Ó Ù / L A (4.103)

The extension to the
Ó � is also possible. With (4.86) one obtains

� J Ì � �ñ´�� Ó � �� J Ì � �ñ´ñ� Ó � � ^ Ë Õ� Ê °�½ Õ Ë u . 5 Ø Ì � �&� Ó � Ù5 Ø Ì � �[� Ó � Ù / L A (4.104)

This approach leads to the following numerical results:� J Ì � �&´�� Ó � �� J Ì � �&´�� Ó � ^ � A L º ù Y �(� n � A ! C ! AkG [10] ù� J Ì � �&´�� Ó � �� J Ì � �&´�� Ó � � ^ ! AFE a ù Y �(� n ! A LDL C ! A _ [10] A (4.105)
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Due to the large uncertainties in the angle Ë � the prediction for the second ratio has an error of aboutT ! � .
It is tempting to extend the anomaly dominance to the case of the radiative Z decays. One obtains� J Z�´x� Ó � �� J Z�´ñ� Ó � ^ GmA � _ ù � J Z�´ñ� Ó � �� J Z�´�� Ó � � ^ L A � � _ ! ® ? A (4.106)

Comparison with experiment is not yet possible, only upper bounds exist for the individual branching
ratios. Doubts have, however, been raised by Ma [156] on the validity of this approach for the Z de-
cays. Generalizing the result for the

Ì � � case (4.99) appropriately, one finds a too large branching ratio,
namely H a A L � _ ! ® � , as compared to the experimental upper limit of Â _ AkG � _ ! ® � [10]. The estimate
advocated for by Ma, is based on the assumption of scale independence of the gluonic matrix element.
With regard to the well separated scales � � and �\[ this assumption is suspicious. Nonetheless, the in-
vestigation of the Z�´x� Ó � � � decays is to be addressed further. Of interest would also be an investigation
of the radiative ° � decays into pseudoscalar mesons. It is likely that these decays are under control of
the same dynamical mechanism as the corresponding

Ì � � decays. Results analogue to (4.103), (4.104)
would then hold. Instead of the decays into pseudoscalar mesons one may also explore radiative quarko-
nium decays into scalar mesons. As is well-known scalar mesons may have sizeable glue–glue Fock
components [157], they may even be glueballs although they likely have sizeable admixtures of light
quarks [158, 159]. It would be interesting to unravel the dynamics mediating these decays. For first
attempts see for instance [159, 160].

The decays
Ì � �ñ´>� Ó � � � can be treated analogously to the radiative decays. Since in these processes� -parity is not conserved, they proceed through JSKJ�´��`_ . On account of the flavour content of the �

meson, the �
_�´ � Ó � � � transition only probes the
Ó ¹ component of the

Ó � � � if OZI-suppressed contributions
are neglected. Hence, � J Ì � �í´>� Ó � �� J Ì � �ñ´>� Ó � ^ XS] ü Õ x .�5 Ø Ì � �í� Ó � Ù5 Ø Ì � ��� Ó Ù / L ù (4.107)

the �&9 Ó ¹ form factor cancels in the ratio. Equation (4.107) leads to ! A �DT for the ratio of the decay widths
while the experimental value is ! A � E C ! A T _ [10].

Finally, we want to mention the radiative
Ì � � decay into a proton–antiproton pair. Recently, an

enhancement near TI: Ø in the invariant mass spectrum of
M KM pairs has been observed while

Ì � �ñ´:ò " M KM
behaves regular near the

M KM threshold [161]. The combination of both the results hints at a peculiar be-
haviour of the

M KM pair in an isospin-zero state. The enhancement observed in
Ì � �&´�� M KM parallels similar

anomalies near the
M KM threshold. They have been reported by Belle [162] for the decays d  ´:v  M KM andd " ´ ½ " M KM . An anomalous threshold behaviour is also seen in the proton’s time-like form factor [163],

in the charged pion spectrum from KM ± ´:ò�® ò " M and òµdò+®|� reactions [164] and in the real part of the
elastic proton–antiproton forward amplitude [165].

Frequently these anomalies have been associated with narrow
M KM bound states. Indeed, an analysis

of the BES provides evidence for an S-wave bound state with a mass of _�a � º  L® � " JP½�XS]^X��  �® Õ � JP½S_m½�XY� ���^�and a total width less than L ! MeV [161]. A P-wave bound state instead of an S-wave one cannot be
excluded from the BES data. This BES result is very close to findings from an analysis of KM ± reactions
[166] (a bound state mass of _�aKg ! ���^� and a width of _ ! ���^� ) and from a proton–antiproton forward
dispersion relation [167] (mass: _�a �DT ���^� , width: L � ���^� ). In the CERN WA56 experiment [168],
on the other hand, a narrow peak (mass T A ! T � �^� ) has been observed in the

M KM invariant mass spectrum
of the reaction ò�® M ´ M � ò+® Ø M KM Ù where

M � is a fast forward going proton. Puzzling is, however, the fact
that this peak is not seen in

Ì � �&´�� M KM [161] while there is no indication of a threshold enhancement
in the WA56 measurement. Several authors [169] have pointed out that the dynamics of the low-energyM KM system such as pion exchange or the physics inherent in the effective range expansion, provides an
important contribution to the threshold enhancement. An appealing mechanism has been suggested by
Rosner [170]. He assumes that the partonic subprocess in the process

Ì � �ñ´x� M KM is JIKJ�´ñ�Eç»ç followed
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by a nonperturbative ç�ç�´ J M KM � e transition where the subscript indicates a
M KM pair in a resonant S-state.

Rosner further assumes that the corresponding d decays, for instance d 3´ v� M KM , receives a substantial
contribution associated with the subprocess K µR´@KÍ�ç»ç and the same nonperturbative ç»ç�´ J M KM � e transition
as for

Ì � �ñ´�� M KM . Producing an
Ó � through this mechanism instead of the proton–antiproton pair leads

to similar contributions except that now a different gluonic matrix element occurs, see (4.99). In ratios
of these processes most details cancel and, according to Rosner, one arrives at

� J dV\´ v� J M KM � e � Z º�º� J d  ´ v  Ó � � Z º�º ^ 5 Ø dVdvü J M KM � e Ù5 Ø d  v  Ó � Ù . 5 Ø Ì � �[� Ó � Ù5 Ø Ì � �&� J M KM � e Ù / L � J Ì � �ñ´x� J M KM � e �� J Ì � �&´�� Ó � � A (4.108)

The ç»ç subscript at the d -meson matrix elements is meant as a hint that there might be other non-
negligible contributions to the d decays than those from the subprocess K µ©´ KÍ�ç�ç . This mechanism relates
the threshold enhancement in dG3´ v� M KM to that in

Ì � �&´�� M KM . Using the experimental information
on the latter process, Rosner found that this mechanism provides a substantial fraction of the first one.
It is to be stressed that the ratio of d  � " � decays into v  � " � Ó � and v  � " � Ó are not in conflict with this
interpretation.

6 ELECTROMAGNETIC TRANSITIONS12

For quarkonium states, sÃ� Ks Õ , above the ground state but below threshold for strong decay into a pair
of heavy flavoured mesons, electromagnetic transitions are often significant decay modes. In fact, the
first charmonium states not directly produced in 3  3 ® collisions, the h [� states, were discovered in pho-
tonic transitions of the � � resonance. Even today, such transitions continue to be used to observe new
quarkonium states [171].

6.1 Theoretical framework
6.1.1 Effective Lagrangian
The theory of electromagnetic transitions between these quarkonium states is straightforward. Much
of the terminology and techniques are familiar from the study of EM transitions in atomic and nuclear
systems. The photon field ` �¢�è couples to charged quarks through the electromagnetic current:a �cb ³× ¸ed û � û � a ×� < ³× ¸ Ã û � û ´ a ×� A (4.109)

The heavy valence quarks ( J ù µ ù�f ) can be described by the usual effective action:

Ëhg ¡ ý|þ�ÿi^b�ji k ï ½ " <ml ÕT � < J , çon V ;T � < JqpTç Ø l V~ù 8 Ùa?� Õ < ïÿJ e çUn V Ø l � ù 8 Ùa?� Õ < A^A^Asr � ù (4.110)

where the 8 and ; fields are the chromoelectric and chromomagnetic fields. Corrections to the leading
NR behaviour are determined by the expansion in the quark and antiquark velocities. For photon mo-
mentum small compared to the heavy quark masses, the form of the EM interaction (in Coulomb gauge)
is determined in the same way as the NRQCD action itself [13, 14, 42, 172], the leading order terms are:t V ` ¢�è ^Õ3 y � i k @ l V~ù ` ¢�è AT � < J _ < 2 y � n V ; ¢�èT � < A^A^Asr � A (4.111)

The first term of Eq. (4.111) produces electric and the second magnetic transitions. The coefficient2 y is a possible anomalous magnetic moment for the heavy quark. It is a perturbative quantity at the level
12Author: E. Eichten
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of NRQCD, but may get nonperturbative contributions in going to lower energy effective field theories,
once the scale ¶ ý|þ�ÿ has been integrated out. Since we may assume that potential models are an attempt
to mimic such theories, we will interpret in this last way the quantity 2 y that appears there and will be
used in the following.

For quarkonium systems, light quarks ( Ì�ù ± ù Í ) only contribute to internal quark loops, described
perturbatively at short distance and as virtual pairs of heavy flavour mesons at large distance. In the
SU(3) limit the total contribution from light quarks vanishes since its EM current has no SU(3) singlet
part. Hence, to leading order in SU(3) breaking these contributions can be ignored. We return to these
corrections in Sec. 6.5.

6.1.2 Transition amplitudes
Within a Ks Õ s � quarkonium system, the electromagnetic transition amplitude is determined by the matrix
element of the EM current, ñ v Z a �¢�è Z ï î , between an initial quarkonium state, ï , and a final state v . Including
the emission of a photon of momentum y and polarization ü Ê , the general form of the transition amplitude
is the sum of two terms ä J ï\´ v � ^ Øvu � � � J ï\´ v � < u � Õ � J ï\´ v � Ù V ü Ê J y �où (4.112)

where in the term u � � � the photon is emitted off the quark sÃ� with mass ��� and charge 3K� ,
u � � � J ï\´ v � ^ 3q�T ��� 2 ± L ¼ ñ ï Z s i � J ¼ �RJ l ù �>�m� J ï"w V ß � < J _ < 2 y ½;� n � ß¼�>�m� J ï"w V ß �!� s � J ¼ � Z v î ù(4.113)

and in the corresponding term u � Õ � the photon is emitted off the antiquark Ks Õ with mass � Õ and charge9�3 Õ .
Electromagnetic transition amplitudes can be computed from first principles in Lattice QCD [173].

Preliminary studies [174] have even included electromagnetic interactions directly into Lattice QCD
simulations. However, these transitions for quarkonium systems have not yet been computed. Various
relations between transitions also arise from QCD sum rules [175].

Although other calculational models, e.g., using the MIT bag model [176], have been explored,
only potential model approaches provide the detailed predictions for the strength of individual transition
amplitudes needed to compare with experiments. The remainder of this section will focus on the issues
within potential model approaches.

Within nonrelativistic (NR) potential models, a quarkonium state is characterized by a radial quan-
tum number, � , orbital angular momentum, � , total spin, Í , and total angular momentum,

Ì
. In the NR

limit the spin dependence decouples from the spatial dependence. The spatial wave function for a NR
state, � J ¼ � , can be expressed in terms of a radial wave function, Ì ¹ Ð J � � and an orbital angular momentum
dependence by: � J ¼ � ^yx ÐFz J Ë ù*xD� Ì ¹ Ð J � �� A (4.114)

The spatial dependence of EM transition amplitudes reduces to expectation values of various functions of
quark position and momentum between the initial and final state wave functions. Expanding Eq. (4.113)
in powers of photon momentum generates the electric and magnetic multipole moments. This is also
an expansion in powers of velocity. The leading order transition amplitudes are electric dipole (E1) or
magnetic dipole (M1).

6.1.3 Electric transitions
Electric transitions do not change quark spin. The lowest NR order transition is the electric dipole (E1)
transition. These transitions have ¸ �c^ C _ and ¸ Ís^ ! . To compute the E1 transition amplitudes
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�>�(� J ï"w V ß � can be replaced by _ in electric transition term in Eq. (4.113). Separating out the overall
centre of mass motion of the system, the quark momentum operator, ï l � � y , can be replaced by the
commutator, Ø ° ù w Ù , of the bound state Hamiltonian, ° , with the quark position operator, w . Finally, the
Hamiltonian acting on the initial or final state is simply the mass of that state. To leading NR order,
this is equal to the momentum of the final photon y ^ J;: Õ× 9 : Õ� � ��JUTI: × � . The E1 radiative transition
amplitude between initial state ( � ÕS{  � [ ), ï , and final state ( � � ÕS{ §  � [ § ), v , is [177]:u Ï J ï3´ v � � ^ | { û { § J 9�_ � {  [  [ §  �  ò § y Ï JUT Ì < _ �RJUT Ì � < _ �RJUT � < _ �RJUT � � < _ �. Ì � _ Ì9 : � � : / . �
� _ �! ! ! / ? � Í · ÌÌ � 1 � � C ñ 3 y î - × � ù (4.115)

where ñ 3 y î ^ J 3q��� Õ 9B3 Õ ��� � ��J ��� < � Õ � and the overlap integral - × � is- × � ^ 2:4" ± � Ì ¹ ¶ J � � � Ì ¹ § ¶ § J � � A (4.116)

If the full photon momentum dependence in Eq. (4.113) is retained (even through this is formally a higher
order relativistic corrections); the overlap integral - for � � ^ � Õ and 3 � ^ 9�3 Õ ^ 3[y is given by- × � ^ Ly 2 4" ± � Ì ¹ ¶ J � �RÌ ¹ § ¶ § J � �}| yÀ�T a " . yÀ�T / 9 a � . yÀ�T / ~ < Ñ J y � � � A (4.117)

The spin averaged decay rate is given by» J ï  �9�´ v < � � ^ E x`3 Õ yL JUT Ì � < _ � � × � y L Z - × � Z Õ ù (4.118)

where the statistical factor � × � ^l�  � × is� × � ^ ³K] � J~}Sù�} � � ? Ì _ Ì �} � Í } C Õ A (4.119)

6.1.4 Magnetic transitions
Magnetic transitions flip the quark spin. The M1 transitions have ¸ �Z^ ! and the amplitude is given by:u z J ï\´ v � � ^�|;¶ û ¶ § J 9�_ � Ð  [ §  [  Ð  �  ò § L Ï JUT Ì < _ �RJUT Ì � < _ �RJUT Í < _ �RJUT Í � < _ �³ � û � y � . _ _ _9 � Ô � / . Ì � Ì _9 : � : � / ? Í � ÌÌ � 1 Í � C ? 1 1/2 1/2

1/2 Í Í � C| 3D�� � < J 9�_ � {  { § 3 Õ� Õ ~ ä × � ù (4.120)

where for equal mass quarks the overlap integral
ä

is given byä × � ^ J _ < 2 y � 2Õ4" ± � Ì ¹ ¶ J � �RÌ �¹\§ ¶ J � � a " . yÀ�T / < Ñ J y � � � A (4.121)

The spin-flip radiative transition rate between an initial state ( � ÕS{  � } [ ), ï , and a final state ( � � ÕS{��  � 1 [ § ),v , is: » J ï � �9�´ v < � � ^ E x`3 Õ yL?� Õy JUT Ì � < _ � y L � �× � Z ä × � Z Õ ù (4.122)

where the statistical factor � �× � ^l� � � × is� �× � ^ G JUT Í < _ �RJUT Í � < _ � ? Ì _ Ì �Í � } Í C Õ ? _ �Õ �Õ�Õ Í � Í C Õ A (4.123)

For �Z^ ! transitions, 1 �× � ^I_ .
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6.1.5 Relativistic corrections
The leading relativistic corrections for electric transitions have been considered by a number of authors
[178–186]. A general form was derived by Grotch, Owen and Sebastian [184]. For example, for the
equal mass quark–antiquark KJ^J and KµRµ systems the E1 transition amplitude is ñ v Z � " < � � Z ï î ,� " ^ 3 y WHù� � ^ 9ï yj3 yT � y . __ ! . @�� Õ ùïOpA 9 _T Ø WHù Ø WsV~ùïO Ù Ù / 9 2 yT JPW ��� � / ù (4.124)

where 2 y is the quark anomalous magnetic moment and O is the relative momentum. The decay rate
then has the general form:

»  � ^ »  �g ¡ J _ < © _ < © T < © L �zù (4.125)

where © _ are corrections due to the modification of the nonrelativistic wave functions, © T originates
from the relativistic modification of the transition operator and © L are the finite size corrections (arising
from the plane wave expansion for the emitted photon). For the _ L Ã [ ´ _ L 1 � E1 transition:© _ ^ T F [� < J F [� � Õ ù© T ^ y 2 yT � y | Ì J Ì < _ �T 9 T ~ ù (4.126)© L ^ 9 __ ! J;: × 9 : � � Õ F Õ < ya?� y F L ù
whereF � ^ 254" ± ����� Ì � " �� " J � �RÌ � � � [� � J � � < Ì � � �� " J � �RÌ � " �� � J � � �- × � ù

F Õ ^ 2 4" ± ��� L Ì � " �� " J � �RÌ � " �� � J � �- × � ù (4.127)

F L ^ 2 4" ± ��� |ÊÌ � " �� " J � � . T � ±± � Ì � " �� � J � � 9 Ì � " �� � J � � / 9 . T � ±± � Ì � " �� " J � � 9 Ì � " �� " J � � / Ì � " �� � J � � ~- × � ù
and Ì � � � J � � is the first order relativistic correction to the NR (reduced) radial wave function, Ì � " � J � � .

The corrections for M1 transitions are more complicated and depend explicitly on the structure of
the nonrelativistic potential. Assuming that the potential can be decomposed into three terms � J � � ^� Ø J � � < J _Ä9 Ó � �-� J � � < Ó � { J � � , i.e., a perturbative part

� Ø J � � and a (nonperturbative) confining part,
which is a linear combination of a Lorentz vector �.� J � � and a scalar � { J � � term, the expression

Z ä × � Z Õin Eq. (4.121) is replaced by [183]
Z ô � < ô Õ < ô L < ô ? Z Õ , where for 1 wave transitions in Ksts systems:

ô � ^ 2 4" ± � Ì � " �¹\§ " J � �RÌ � " �¹ " J � � | J _ < 2 y � a " . yÀ�T / < y J _ < T 2 y �E ��y ~ ù
ô Õ ^ 2:4" ± � Ì � " �¹\§ " J � �RÌ � " �¹ " J � ��� 9 J _ < 2 y � O ÕT � Õ y 9 O ÕL?� Õy8� ù (4.128)

ô L ^ 2 4" ± � Ì � " �¹ § " J � �RÌ � " �¹ " J � � | 2 y �G ��y�� J � Ø < J _�9 Ó � ��� �� � ~ ù
ô ? ^ 2 4" ± � Ì � " �¹ § " J � �RÌ � " �¹ " J � �}| 9 Ó � {��y a " . yÀ�T / ~ A
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Fig. 4.10: E1 transitions in the narrow spin triplet  �S� states. For each S–P transition indicated there are three
individual transitions (one for each �Z� state); while for transitions involving any other pair of orbital angular
momenta (P–D, D–F, F–G, ...) there are six individual transitions ( �D¡k� � È � ¤ ).
Further details of these relativistic corrections can been found at the original papers of Feinberg and
Sucher [178–180], Zambetakis and Byers [182] and Grotch and Sebastian [183,184]. General treatments
of relativistic corrections for all quarkonium states can be found in recent works [185, 186].

6.2 E1 transitions
Since the discovery of the

Ì � � and �ñ� resonances in November 1974, E1 transitions have played an
important theoretical and experimental role in quarkonium physics. Initial theoretical papers on charmo-
nium [187,188] predicted the _^Ã states in the KJ>J system and suggested that the triplet _^Ã states could be
observed through the E1 transitions from the �ñ� resonance. In fact, explicit calculations of the T�1 ´ _^Ã
and _^Ã ´ _ 1 E1 transition amplitudes - × � by the Cornell group [187] agree within 25% with present
experimental values [189].

Today there is a wealth of theoretical predictions and experimental data on E1 transitions. Many
E1 transitions have been observed in the KJ^J , K µRµ and more are expected. For example, Fig. 4.10 shows
the E1 transitions from narrow spin triplet states in the K µVµ system. Transitions occur between two states
differing in L by one and J by zero or one; thus for the KµRµ system there are a total of 99 E1 transitions, 30
of which are theoretically accessible in 3  3 ® collisions from the Z (2S) and Z (3S) resonances.

6.2.1 Model predictions
The theoretical models used to calculate the E1 transitions can be classified by the following two consid-
erations: (1) What nonrelativistic potential was used? and (2) Which relativistic corrections (as shown
in Eq. (4.125)) were included in the calculations?

An early choice for the potential was the Cornell model [177, 187, 190–192]. Here the exchange
interaction was the time component of a vector with a Coulomb short range part 9&v � � plus a linear� � � Õ long range confining part. The Coulomb part was modified to agree with perturbative QCD at short
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Table 4.15: E1 transition rates for low-lying �S� states. The measured masses are used for observed states. The
mass values used for the ¦�� 1 , : � 1 and ¦�� ¦ states are suggested by the coupled channel calculations of Ref. [207].
The E1 rates are shown for the (NR) model described in the text. The variation of results for �E��� with inclusion
of relativistic corrections is shown for two models of Ref. [186] with scalar confinement (RA) and a mixture of
vector and scalar confining terms (RB).

Transition y � × �
» J ïd´ v � (NR) - × � (NR) - × � (RA) - × � (RB)ï  �9m´ v J MeV � J keV � J GeV ® � � J GeV ® � � J GeV ® � �_ L Ã " J L AFE _ �»� _ L 1 � J L A ! º g � L ! E �t _ T ! _ A g T E T A _ T _ _ A g T !_ L Ãp� J L A � _D_ � _ L 1 � J L A ! º g � LDa º �t T E _ _ AkG a E _ A a ºIG _ A g G g_ � Ã � J L A �DT G � _ � 1 " JUT Akº g º � � ! E �L E a T _ AkG _ � _ A g E T _ A g E T_ L Ã Õ J L A �D� G � _ L 1 � J L A ! º g � E L ! �t L�_ � _ AkGIG _ _ A � ºIG _ AkG a ºT L 1 � J L AkG a G � _ L Ã " J L AFE _ �»� T G _ �t E g A ! 9 T A L � ! 9 T A T ºIG 9�_ A gDg �T � 1 " J L AkG LDa � _ � Ã � J L A �DT G � _D_ ! �L L � A _ 9 T AFEHGIº 9 T A _ T G 9 T A _ T GT L 1 � J L AkG a G � _ L Ã9� J L A � _D_ � _�g�_ �t E T A a 9 T AFE L T 9 T A L ! � 9�_ A gqa TT L 1 � J L AkG a G � _ L Ã Õ J L A �D� G � _ T g �t L ! A _ 9 T AFEHG ! 9 T A L G T 9�_ Akº ! __ L ½ � J L A gDg ! � _ L Ã " J L AFE _ �»� LDLDa Õ t T ºIº T A a E _ T A g�_�a T A a ! T_ L ½ � J L A gDg ! � _ L Ã9� J L A � _D_ � TD� ! �� u ºIºmA ! T Akº � g T A g ºIº T AkºIGIº_ L ½ � J L A gDg ! � _ L Ã Õ J L A �D� G � T ! a �? � " L A aDa L A !I! T L A ! _ G L A L E a_ L ½ Õ J L A aDL�_ � _ L Ã9� J L A � _D_ � L ! g �� " L�_�L T A aDa G T A � º L T A � º L_ L ½ Õ J L A aDL�_ � _ L Ã Õ J L A �D� G � T G � �� " GIºmA � T Akº�E ! T A gqa�_ T AkºIº __ � ½ Õ J L A aDLDa � _ � Ã � J L A �DT G � T ºIº Õ� � LDa º T A a ºIG T AkG _ ! T AkG _ !_ L ½ L J L A aKg T»� _ L Ã Õ J L A �D� G � L ! L ÕÕ � E ! T T A a º T T A � ! a T AFE ! T

distance by Buchmüller and Tye [141, 193]. Other simple forms for the potential, logarithmic [144, 194]
and power law [195, 196], were also proposed.

In the NRQCD limit the quark–antiquark interaction is spin independent, but including relativistic
corrections introduces dependencies on the Lorentz structure of the potential. Of particular importance
is the vector versus scalar nature of the long-range confining interaction. Many modern theoretical
calculations assume a long range scalar confining potential [197] or a linear combination of the formÓ � e J � � < J _ 9 Ó � � � J � � [181, 186, 198]. Moxhay and Rosner [199] assumed an additional long range
tensor force.

The second consideration is the extent of the inclusion of the relativistic corrections. Some cal-
culations are essentially nonrelativistic. These calculations often include some finite size effects ( © L of
Eq. (4.125)) by retaining the form for - × � given in Eq. (4.117) [177, 187, 190–192, 200]. Other mod-
els also include relativistic corrections to the wave functions (

© _ of Eq. (4.125)) either perturbatively
or nonperturbatively. The relativistic quark model of Godfrey and Isgur [201] is an example in this
class. Gupta, Radford and Repko computed the relativistic corrections using only the gluon exchange
interactions of QCD perturbation theory [202–204]. Many models include the full relativistic correc-
tions [181, 184, 185, 199, 205, 206].

Differences in theoretical assumptions and experimental input for the various potential model cal-
culations of E1 transitions make it difficult to draw sharp conclusions from the level of agreement of
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Table 4.16: E1 transition rates for low-lying spin triplet ��� states.

Transition y � × �
» J ï\´ v � (NR) - × � (NR) - × � (RA) - × � (RB)ï  �9�´ v J MeV � J keV � J GeV ® � � J GeV ® � � J GeV ® � �_ L Ã " J ºmA a G ! � _ L 1 � J ºmAFEHG ! � L º T �t TDT A T _ A ! _�L _ A T ! � _ A _�gqa_ L Ã9� J ºmA a º L � _ L 1 � J ºmAFEHG ! � E T L �t T g A a _ A ! _ ! _ A _�g � _ A _ G L_ L Ã Õ J ºmAkº _�L � _ L 1 � J ºmAFEHG ! � EIE T �t L�_ AkG _ A !I! g _ A _ T E _ A _�LKgT L 1 � J _ ! A ! T L � _ L Ã Õ J ºmAkº _�L � _D_ ! �t T A ! E 9�_ A � º g 9�_ A a !I! 9�_ A gDgqaT L 1 � J _ ! A ! T L � _ L Ãp� J ºmA a º L � _�L ! �t T A !I! 9�_ A � º � 9�_ A gqa�_ 9�_ A g � ºT L 1 � J _ ! A ! T L � _ L Ã " J ºmA a G ! � _ G T �t _ A T º 9�_ A � º ! 9�_ A a ! L 9�_ A gqa�__ L ½ � J _ ! A _ � _ � _ L Ã Õ J ºmAkº _�L � T L G �? � " ! A � G�E _ A a ºIG T A _ ! E T A _ ! E_ L ½ � J _ ! A _ � _ � _ L Ã � J ºmA a º L � TD�D� �� u _ ! A g _ A a º ! T A ! � ! T A ! � !_ L ½ � J _ ! A _ � _ � _ L Ã " J ºmA a G ! � T aKg Õ t T ! A _ _ A aDa ! T A _ ! G T A _ ! G_ L ½ Õ J _ ! A _ � g � _ L Ã Õ J ºmAkº _�L � T E _ �� " � AFEHG _ A a º�E T A ! E a T A ! E a_ L ½ Õ J _ ! A _ � g � _ L Ã � J ºmA a º L � T G _ �� " T ! A � _ A aDaDa _ AkºIºIº _ AkºIºIº_ L ½ L J _ ! A _ G ! � _ L Ã Õ J ºmAkº _�L � T EIE ÕÕ � TDT AkG _ A a º L _ Akº g º _ Akº g ºT L Ã " J _ ! A T L T»� _ L ½ � J _ ! A _ � _ � a�_ Õ t _ A _�L 9�_ A g T L 9�_ A g E ! 9�_ A g E !T L Ã " J _ ! A T L T»� T L 1 � J _ ! A ! T L � T ! g �t ºmA _�g _ AkGIº g _ A aKg T _ A a �D�T L Ã " J _ ! A T L T»� _ L 1 � J ºmAFEHG ! � g E L �t _ ! Akº ! A T g T ! A T _ E ! A T L ºT L Ã9� J _ ! A TD�D�»� _ L ½ Õ J _ ! A _ � g � º a �� " _ AFEHº 9�_ A g T ! 9�_ A g � _ 9�_ A g � _T L Ã9� J _ ! A TD�D�»� _ L ½ � J _ ! A _ � _ � _ ! E �� u ! A � º L 9�_ A g�_�a 9�_ A g T _ 9�_ A g T _T L Ã9� J _ ! A TD�D�»� T L 1 � J _ ! A ! T L � TDT º �t _ T AFE _ AkG aDa _ A aDLKg _ A aDL�_T L Ã9� J _ ! A TD�D�»� _ L 1 � J ºmAFEHG ! � g G�E �t _ T A ! ! A T g E ! A TDT a ! A T _ GT L Ã Õ J _ ! A T G a � _ L ½ L J _ ! A _ G ! � _ ! a ÕÕ � T A TD� 9�_ A g�_�g 9�_ A g G L 9�_ A g G LT L Ã Õ J _ ! A T G a � _ L ½ Õ J _ ! A _ � g � _D_D_ �� " ! AFE L E 9�_ A g�_�g 9�_ A gqLKg 9�_ A gqLKgT L Ã Õ J _ ! A T G a � _ L ½ � J _ ! A _ � _ � _D_�g �? � " ! A ! L E 9�_ A g�_ � 9�_ A g GIG 9�_ A g GIGT L Ã Õ J _ ! A T G a � T L 1 � J _ ! A ! T L � T E T �t _ EjA � _ AkG a T _ A g º T _ A g º gT L Ã Õ J _ ! A T G a � _ L 1 � J ºmAFEHG ! � gDg G �t _ T A g ! A T g E ! A T ! g ! A T _�aL L 1 � J _ ! A L �D�»� T L Ã Õ J _ ! A T G a � a G �t T AFE ! 9 T AFEHº L 9 T AkGIG L 9 T AkG�EIEL L 1 � J _ ! A L �D�»� T L Ãp� J _ ! A TD�D�»� _ !I! �t T A T ! 9 T AFE a º 9 T AkG ! g 9 T A � a GL L 1 � J _ ! A L �D�»� T L Ã " J _ ! A T L T»� _ TDT �t _ A L � 9 T AFE g º 9 T AkG ! a 9 T A � a TL L 1 � J _ ! A L �D�»� _ L Ã Õ J ºmAkº _�L � E LDL �t ! A ! _ � ! A ! _ G ! A ! G L ! A ! E �L L 1 � J _ ! A L �D�»� _ L Ãp� J ºmA a º L � E �DT �t ! A !I! a ! A ! _D_ ! A ! G L ! A ! E �L L 1 � J _ ! A L �D�»� _ L Ã " J ºmA a G ! � E aDL �t ! A !I! _ ! A !I! E ! A ! G L ! A ! E �
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Table 4.17: E1 transition rates for low-lying spin singlet �S� states.

Transition y � × �
» J ï\´ v � (NR) - × � (NR) - × � (RA) - × � (RB)ï  �9�´ v J MeV � J keV � J GeV ® � � J GeV ® � � J GeV ® � �_ � Ã9� J ºmAkº !I! � _ � 1 " J ºmAFE !I! � E aKg �L E _ A a _ A !I! _ _ A _ EHº _ A _ EHºT � 1 " J ºmAkºIº ! � _ � Ã9� J ºmAkº !I! � º ! �L _ AkºIº 9�_ AkG !I! 9�_ A g E L 9r_ A g E L_ � ½ Õ J _ ! A _ � g � _ � Ã9� J ºmAkº !I! � TD� E Õ� � TD� A L _ A a º _ T A !I! T T A !I! TT � Ã9� J _ ! A T G ! � T � 1 " J ºmAkºIº ! � T GIG �L _ ºmA ! _ AkG g�_ _ A a�_�g _ A a�_�gT � Ã9� J _ ! A T G ! � _ � ½ Õ J _ ! A _ � g � _ ! T Õ� � T A T º 9�_ A g�_ º 9�_ A gqa T 9r_ A gqa TL � 1 " J _ ! A L T a � T � Ã9� J _ ! A T G ! � G a �L T A _ ! 9 T AFEHº a 9 T A � g�_ 9 T A � g�_L � 1 " J _ ! A L T a � _ � Ã9� J ºmAkº !I! � E _ º �L ! A !I! g ! A ! _ ! ! A ! G�E ! A ! G�E

a particular model and experimental data. However, it is known that there is usually very little model
variation in the NR predictions (lowest order) if the models are fit to the same states [200]. The only ex-
ceptions are transitions where the overlap integral - × � exhibits large dynamical cancellations. Therefore,
to compare the variations in results due to the inclusion of relativistic corrections from a common base,
three models for E1 radiative transitions are presented, which are fit with the same input masses. First a
reference Cornell model [191] (NR), with parameters ( � and v ) adjusted to fit the COG positions of the
1S, 1P and 2S states in each of the KJ^J and KµRµ systems [208]. Here E1 transitions are computed with - × �given in Eq. (4.117), i.e., with only finite size relativistic corrections included. Second, a recent model
by Ebert, Faustov and Galkin [186] with full relativistic corrections in two cases: (RA)

Ó ^ _ (scalar
confinement) and (RB)

Ó ^ 9�_ (a fitted mixture of scalar and vector confinement).
The results for - × � are shown for the KJ>J narrow states in Table 4.15. The size of the relativistic

corrections to - × � shown in Table 4.15 vary as much as CôTD� %. This variation is perfectly consistent with
naive expectations for ø Õ � J Õ corrections. McClary and Byers [181] first emphasized that because of the
node in the radial wave function of the T�1 state the overlap - Õ � û �"� is particularly sensitive to relativistic
corrections in the KJ^J system. The significant leptonic width for the ÝkJ LKgDg ! � resonance implies that there
is a sizeable S-D mixing between the T L 1 � and _ L ½ � states. This mixing arises both from the usual
relativistic correction terms and coupling to strong decay channels and will affect the ÝkJ L G a G � ´ _ L Ã [
and ÝkJ LKgDg ! � ´ _ L Ã [ E1 transitions rates (See Section 6.2.3). For the _ ½ states there may be additional
large effects on rates associated with this coupling to nearby strong decay channels. (See Section 6.5.)

Results for narrow KµRµ states accessible from the Z (3S) or Z (2S) resonances are shown for spin-
triplets in Table 4.16 and for the spin-singlets in Table 4.17. The typical size of the relativistic corrections
for - × � are approximately half as large as in the corresponding KJ^J transition. This is again as expected,
since ñ ø Õ � J Õ î is smaller in the K µRµ system. There is a notable exception for the overlap - L � û �"� . In the
NR limit this overlap is less than 5% of any other S–P overlap. This dynamical accident makes these
transition rates very sensitive to the details of wave functions and relativistic corrections, which are not
well under control theoretically.

Finally, for completeness, radiative transitions involving KµRµ states not accessible from the L 1 states
are shown in Table 4.18. Only the NR rates are shown. One observes large dynamical cancellations for
the overlap - L � û �Äÿ and to a lesser extent in the overlaps - L � û � � , - Õ ÿ û �"� and - L � û Õ � .
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Table 4.18: E1 transition rates for the remaining spin triplet �S� states. For each W��{i and �,i Y only the final state¡{i with the largest rate is shown. The transition rates for spin-singlet  ��� states differ from the corresponding spin
triplet rates by the ratio of statistical factors �W��W~��� � YRg��^�mW$��� ¤RY : 3, 2/3, 9/8 and 16/15 for S–P, P–D, D–F and
F–G transitions respectively.

Transition y � × � - × �
» J ï\´ v �ï  �9�´ v J MeV � J GeV ® � � J keV �_ L Ö Õ J _ ! A LKg ! � _ L ½ � J _ ! A _ � _ � T _�g LÕ � T AkG a�_ T a A �_ L Ö L J _ ! A LKg ! � _ L ½ Õ J _ ! A _ � g � T _D_ u� " � T AkG a E T g A a_ L Ö ? J _ ! A LKg ! � _ L ½ L J _ ! A _ G ! � T ! a L? t T AkG a G L ! A !T L ½ � J _ ! AFEIE _ � _ L Ö Õ J _ ! A LKg ! � g�_ LÕ � 9�_ Akº ! E ! A aDLDLT L ½ � J _ ! AFEIE _ � T L Ã " J _ ! A T L T»� T ! g Õ t T AFE aKg _�L A _T L ½ � J _ ! AFEIE _ � _ L Ã`" J ºmA a G ! � � G � Õt ! A T aDa L AkG !T L ½ Õ J _ ! AFEIEHG � _ L Ö L J _ ! A LKg ! � g G u� " � 9�_ Akº ! L ! Akº ! gT L ½ L J _ ! AFE � ! � _ L Ö ? J _ ! A LKg ! � a ! L? t 9�_ Akº ! T _ A ! ºT L ½ L J _ ! AFE � ! � T L Ã Õ J _ ! A T G a � _�a ! ÕÕ � T A � ! G _ � A aT L ½ LKJ _ ! AFE � ! � _ L Ã Õ J ºmAkº _�L � �DT E ÕÕ � ! A T gqa EjA a !L L Ã " J _ ! AFEHº a � T L ½ � J _ ! AFEIE _ � � g Õ t 9 T A � a E ! A aDa EL L Ã " J _ ! AFEHº a � L L 1 � J _ ! A L �D�»� _ E T �t T A L ! a � AFE gL L Ã " J _ ! AFEHº a � _ L ½ � J _ ! A _ � _ � L E _ Õ t 9 ! A ! E g ! A ! G LL L Ã " J _ ! AFEHº a � T L 1 � J _ ! A ! T L � EHG�E �t ! A L � _ EjAFEIEL L Ã�" J _ ! AFEHº a � _ L 1 � J ºmAFEHG ! � º a G �t ! A _�LKg GmAFEHGL L Ãp� J _ ! A � _ G � T L ½ Õ J _ ! AFEIEHG � g ! �� " 9 T A � g º _ A TDTL L Ãp� J _ ! A � _ G � L L 1 � J _ ! A L �D�»� _ G ! �t T A T º � g A g�_L L Ãp� J _ ! A � _ G � _ L ½ Õ J _ ! A _ � g � L � L �� " 9 ! A ! � ! ! A ! G !L L Ã � J _ ! A � _ G � T L 1 � J _ ! A ! T L � E a�_ �t ! A L �D� � A ! GL L Ãp� J _ ! A � _ G � _ L 1 � J ºmAFEHG ! � _ !I! L �t ! A _�LKg GmA a G_ L � L J _ ! A �DT ! � _ L Ö Õ J _ ! AFEHº a � TDT ?? t L A a�_ T ! A ! G a_ L � ? J _ ! A �DT ! � _ L Ö L J _ ! AFEHº a � TDT �u ? L A a�_ T ! A ! GIº_ L � � J _ ! A �DT ! � _ L Ö ? J _ ! AFEHº a � TDT ?u � L A a�_ T ! A ! g EL L Ã Õ J _ ! A �DT º � T L ½ L J _ ! AFE � ! � g º ÕÕ � 9 T A � g G _ AkºIGL L Ã Õ J _ ! A �DT º � L L 1 � J _ ! A L �D�»� _�g T �t T A T a E ºmAkG LL L Ã Õ J _ ! A �DT º � _ L ½ L J _ ! A _ G ! � L G L ÕÕ � 9 ! A ! � L ! A ! a TL L Ã Õ J _ ! A �DT º � T L 1 � J _ ! A ! T L � EHº�E �t ! A L � a � A � EL L Ã Õ J _ ! A �DT º � _ L 1 � J ºmAFEHG ! � _ ! _ E �t ! A _�LDa g A _ GT L Ö Õ J _ ! A � L ! � T L ½ � J _ ! AFEIE _ � a º LÕ � L A LDLKg L A ! TT L Ö L J _ ! A � L ! � T L ½ Õ J _ ! AFEIEHG � a E u� " � L A L E ! T AkGIºT L Ö ? J _ ! A � L ! � T L ½ L J _ ! AFE � ! � a ! L? t L A L E T T AkG TT L Ö Õ J _ ! A � L ! � _ L � LKJ _ ! A �DT ! � _ ! ?? t 9 T A T G T ! A !I! LT L Ö L J _ ! A � L ! � _ L � ? J _ ! A �DT ! � _ ! �u ? 9 T A T G T ! A !I! LT L Ö ? J _ ! A � L ! � _ L � � J _ ! A �DT ! � _ ! ?u � 9 T A T G T ! A !I! L
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6.2.2 Comparison with experiment: 1 and Ã states 13

There is now extensive data on electromagnetic transitions among heavy quarkonium states. Figure 4.11
shows the inclusive photon spectra from the KJ^J and KµRµ T L S � decays measured with the CLEO detector
[209]. This section provides a snapshot of the current status of various S–P transitions. New data come
mainly from the CLEO experiment at CESR.

In the NR limit the overlap -�� � û � § �<� ^ Z ñ ���~Ã [ Z � Z � 1 î Z is independent of
Ì

. Experimentally, it is
useful to define averages over

Ì
by- � � û � § � JJ]��s��� ^ � J � 1 ´ñ�D� � Ã [ � » ´ � ´ J � 1��½¡  [ JUT Ì < _ � FÊ J � 1 ´~� � Ã [ � L (4.129)- � � û � § � JJ]��s��� ^ � J �ÆÃ [ ´x�E� � 1�� » ´ � ´ J �ÆÃ [ �½¢  [ FSÊ J �ÆÃ [ ´~� � 1�� L

where ½ ^ E � L�x�3�[ Õ �  ¼�£ º û ¼ e ½ . These quantities reduce to the usual overlaps in the NR limit. In order to
see the relativistic corrections (which vary with

Ì
) it is also useful to define ratios, - � � û � § ��� � - � � û � § � JJ]��s��� .

Given the total width of the initial state these overlaps can be determined directly from experimental
branching ratios. The experimental results for the KJ>J and K µRµ states are shown in Table 4.19. These
results are extracted from the world average results for � J h9� J _^Ã [ � ´�� Ì � � � and � J � JUT�1�� ´x�mh¯� J _^Ã [ �!� .
Also shown are recent results from CLEO-c for � J � JUT�1�� ´x��h � J _^Ã [ �!� transitions [210]. Results for� J Z J L 1�� ´���ho[ JUT Ã [ �!� and � J Z JUT�1�� ´���ho[ J _^Ã [ � are taken from Ref. [10]. The E1 transitions show
clear evidence of

Ì
dependence and, hence, relativisitic corrections in 1 state transitions. The largest

relativistic effects are in the T L 1 � to _ L Ã [ KJoJ transitions.
With their large Z (3S) data sample and excellent CsI electromagnetic calorimeter, the CLEO III

experiment has been able to measure the E1 photon transitions from the Z (3S) to the h¤[ (2P [ ) states, and
the subsequent photon decays of those states to the Z (2S) and Z (1S). They identify exclusive �|� }  } ®
events, which are consistent with photon transitions through the hj[ (2P [ ) states to the Z (2S) or Z (1S),
followed by the leptonic decay of the Z . This provides a very clean signal with little background.
Tables 4.20 and 4.21 give a summary of their preliminary results [211] on the product branching ratios,
along with comparisons with the previous CLEO II [212] and CUSB [213] measurements. Then, by using
the world average values for the Z (3S) ´ h¥[ (2P [ ) + � and Z leptonic branching ratios, the h¥[ (2P [ ) ´Z + � branching ratios can be obtained.

For the similar transitions through the h¥[ (1P [ ) states: Z (3S) ´§��hU[ (1P [ ), ho[ (1P [ ) ´ �6Z (1S), the
photon lines for the different J states cannot be resolved, due to the finite crystal energy resolution. The
J = 0 branching ratio is expected to be small, given the large hadronic width of this state. So CLEO III
gives a combined product branching ratio, summed over the J = 1 and J = 2 states. The results are shown
in Table 4.22.

We can extract the
Z - �"� û L � Z matrix element from the photon transitions via the h¦[ J _^Ã � states:- �"� û L ��JJ]§�E��� ^ � J L 1 ´��\_^Ã ù _^Ã ´��d_ 1�� » ´ � ´ J L 1��½   [ JUT Ì < _ � F Ê J _^Ã [ ´b_ 1�� L � J _^Ã [ ´x�d_ 1�� A (4.130)

This formula assumes that the matrix element is spin independent. Taking � J L 1 ´��\_^Ã ù _^Ã ´��d_ 1�� from
Table 4.22 and the world average values for the other quantities from PDG04 [10], we obtain:- �"� û L � JJ]§�E��� ^ J ! A ! � ! C ! A !I! G � � �^� ® � A
The error here includes the statistical and systematic uncertainties on all quantities added in quadrature.
The averaging is only over

Ì ^ _ and
Ì ^ T .

13Authors: E. Eichten, T. Ferguson
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Fig. 4.11: Inclusive photon spectrum from É ¦ X : decays in the ��� (top) and  �S� (bottom) systems measured with the
CLEO detector. The data correspond to about 1.5M ¢�W�É�XZY and 9M P (2S) decays. From Skwarnicki [209].
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Table 4.19: Measured E1 overlap integrals for S–P transitions. Transition rates use branching ratios and total
widths from PDG04 world averages [10] except for second set of values for the ��� transition É ¦ X : ¬ ¤ ¦ �!� , which
uses branching ratios from recent results of CLEO-c [210].

Transition
Z - ¸"¨V¶ Z - [ � - ¸
¨*¶ï  �9�´ v J GeV ® � � Ì ^ ! Ì ^ _ Ì ^ TKJ^J_ L Ã [ _ L 1 � _ A aKg C ! A ! g ! Akº T�C ! A ! � ! AkºIº C ! A ! G _ A ! E C ! A ! LT L 1 � _ L Ã [ _ A gqa C ! A ! g ! Akº�E C ! A ! E _ A ! _ C ! A ! � _ A ! g C ! A ! �_ Akº�E C ! A ! g ! Akº ! C ! A ! T ! Akº g C ! A ! L _ A _ º C ! A ! EK µRµL L 1 � T L Ã [ T A g �0C ! A T _ ! Akº T�C ! A ! G _ A ! G C ! A ! � _ A ! T0C ! A ! GT L 1 � _ L Ã [ _ Akº�E C ! A _�a ! Akº T�C ! A ! G _ A ! º C ! A ! � ! Akº a C ! A ! G

Table 4.20: CLEO III preliminary results [211] for P (3S) ¬ ¤ �6© (2P � ) ¬ ¤�¤ P (2S) ¬ ¤<¤ ��,�� ¥ , along with
comparisons with CLEO II [212] and CUSB [213].

Parameter (units) Ref. J = 2 J = 1 J = 0� ( � � }  } ® ) (10 ® ? ) [211] T A gqL C ! A _ �lC ! A T E � A a E C ! A _�g C ! AFE _ ! A _�g C ! A ! G C ! A ! T
[212] T AFEHº C ! AFE g C ! A L�_ � A _D_ C ! AkG ! C ! AkG L ã ! AkG !
[213] T A g E C ! A LDL C ! A _�a L A L ! C ! A LDL C ! A _ º ! AFE ! C ! A _�g C ! A ! L� ( Z (3S) ´6�|�6Z (2S)) (%) [211] T A T ! C ! A _ T0C ! A L�_ EjAkGIº C ! A _ E C ! AkG T ! A _ E C ! A ! �0C ! A ! T� ( hª[ (2P [ ) ´ �6Z (2S)) (%) [211] _ ºmA L C _ A _ C L A _ E _ A �lC _ A TlC:� Akº T A � º C ! Akº TlC ! A � _

Table 4.21: CLEO III preliminary results [211] for P (3S) ¬ ¤ � © (2P � ) ¬ ¤�¤ P (1S) ¬ ¤<¤ � , � ¥ , along with
comparisons with CLEO II [212] and CUSB [213].

Parameter (units) Ref. J = 2 J = 1 J = 0� ( �|� }  } ® ) (10 ® ? ) [211] _ Akº L C ! A _ TlC ! A _�g L A _ º C ! A _�L C ! A _�a ã ! A _ G
[212] T A � _ C ! AFE g C ! A L T L A T E C ! A � G C ! AFE _ ã ! A L T
[213] _ Akº a C ! A T a C ! A _ T T A L E C ! A T a C ! A _ E ! A _�L C ! A _ ! C ! A ! L� ( Z (3S) ´6�|�«Z (1S)) (%) [211] ! A g º C ! A ! �0C ! A ! g _ A L�_ C ! A ! �lC ! A ! a ã ! A ! a� ( hª[ (2P [ ) ´6�6Z (1S)) (%) [211] g A ! C ! AFE C ! A a _D_ AkG C ! AFE C ! Akº ãl_ AFEIE

Table 4.22: CLEO III preliminary results [211] for P (3S) ¬ ¤ � © (1P � ) ¬ ¤�¤ P (1S) ¬ ¤<¤ ��,�� ¥ , along with
comparisons with the CUSB experiment [213]. The values are summed over the J = 1 and J = 2 transitions.

Parameter Ref. J = 1 and 2 Combined� ( � � }  } ® ) (10 ® ? ) [211] ! A �DT ! C ! A ! � E C ! A ! �DT� ( Z (3S) ´6�|�6Z (1S)) (%) [211] ! A T E _ C ! A ! TDTlC ! A ! T _
[213] ! A _ T0C ! A ! E C ! A ! _
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Table 4.23: Comparison of average E1 matrix elements and their ratios predicted by different potential models with
measurements from  �S� data. “NR” denotes nonrelativistic calculations and “rel” refers to models with relativistic
corrections. The first set of model entries are the reference models considered here. The second set is a selection
of other models taken from Ref. [211]. Z -(L � û Õ � Z Z - Õ � û �"� Z Z -mL � û �"� Z Z - Õ � û � � ZZ - Õ � û Õ � Z� �^� ® � � �^� ® � � �^� ® �

DATA T A g C ! A T _ Akº C ! A T ! A ! � ! C ! A !I! G ! A ! ºIG C ! A !I! �
World Average CLEO III [211]

Model NR rel NR rel NR rel NR rel
NR 2.5 1.6 0.014 0.16
RA 2.6 1.8 0.063 0.12
RB 2.6 1.8 0.045 0.12
Kwong, Rosner [200] 2.7 1.6 0.023 0.13
Fulcher [214] 2.6 1.6 0.023 0.13
Büchmuller et al. [141, 193] 2.7 1.6 0.010 0.12
Moxhay, Rosner [199] 2.7 2.7 1.6 1.6 0.024 0.044 0.13 0.15
Gupta et al. [204] 2.6 1.6 0.040 0.11
Gupta et al. [202, 203] 2.6 1.6 0.010 0.12
Fulcher [215] 2.6 1.6 0.018 0.11
Danghighian et al. [206] 2.8 2.5 1.7 1.3 0.024 0.037 0.13 0.10
McClary, Byers [181] 2.6 2.5 1.7 1.6 0.15 0.13
Eichten et al. [191] 2.6 1.7 0.110 0.15
Grotch et al. [184] 2.7 2.5 1.7 1.5 0.011 0.061 0.13 0.19

Results for the values of - (avg) in the KµRµÀÃ system are compared to various potential model
predictions in Table 4.23. We also include results for - L � û Õ � and - Õ � û �"� from Table 4.19 extracted from
the world average results for � J Z J L 1�� ´x�mh�[ JUT Ã [ �!� and � J Z JUT�1�� ´��mhª[ J _^Ã [ � [10]. While most of the
potential models have no trouble reproducing the large matrix elements, - L � û Õ � , - Õ � û �"� , which show also
little model dependence, only a few models predict - L � û �"� in agreement with measurements. Clearly, the
latter transition is highly sensitive to the underlying description of KµRµ states as discussed above.

The branching ratios given in the Tables 4.20–4.22 can also be used to measure the ratios of various
E1 matrix elements, which can then be compared to different potential model predictions. First, the ratio
of the matrix elements for the decay of the same h¥[ JUT Ã [ � state to different Z states can be found using:- Õ � � û � �- Õ � � û Õ � ^ � J L 1 ´ � T Ã [ ùBT Ã [ ´ �\_ 1��� J L 1 ´ � T Ã [ ùBT Ã [ ´ � T�1�� . F Ê JUT Ã [ ´ T�1��FSÊ JUT Ã [ ´ _ 1�� / L (4.131)

With this method, the following values are obtained:- Õ � â û � �- Õ � â û Õ � ^ ! A _ ! �ÕC ! A !I! E C ! A !I! G ù - Õ � ½ û � �- Õ � ½ û Õ � ^ ! A ! aKg C ! A !I! TÕC ! A !I! �mù (4.132)- Õ � â û � �- Õ � â û Õ � � - Õ � ½ û � �- Õ � ½ û Õ � ^ _ A T _ C ! A ! G ù - Õ � ½�¬ â û � �- Õ � ½�¬ â û Õ � ^ ! A ! ºIG C ! A !I! TÕC ! A !I! � A (4.133)

To compare to potential model predictions, the last number above is an average over the J = 1 and
J = 2 values. In the nonrelativistic limit, the E1 matrix elements should not depend on J. Since the values
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for the J = 1 and J = 2 matrix elements differ by 3.5 standard deviations, there appears to be evidence
for relativistic effects in the KµRµ system in both the 1 and Ã states transitions. Again these results are
compared to various potential model predictions in Table 4.23. Predictions for the ratio

Z - Õ � û � � Z � Z - Õ � û Õ � Z
are very model dependent, but somewhat higher than the experimental values.

Overall, the comparison of the measured matrix elements and the predictions of various potential
models shows that the recent theoretical calculations that incorporate relativistic effects are better at
reproducing the data [209, 211].

6.2.3 ½ states
In the KJ^J system, the _ L ½ � and _ L ½ L states are above ½ K½ threshold and have open flavour strong decays.
The

Ì ^ T states _ L ½ Õ and _ � ½ Õ are below (or at) the ½ _ K½ < ½ K½ _ threshold and are expected to be
narrow. In all cases, the coupling to real and virtual strong decay channels is likely to significantly
alter the potential model radiative transition rates shown in Table 4.15. (We will discuss this further in
Section 6.5 below.) One effect of these couplings is that the � J LKgDg ! � state will not be a pure _ L ½ � state
but will have a sizeable mixing component with the T L 1 � state:� J LKgDg ! � ^ Ê °�½ J�xÌ� Z _ L ½ � î < ½�R ü J�xD� Z T L 1 � î A (4.134)

Using the measured leptonic width of the � J LKgDg ! � and resolving a two-fold ambiguity in favor of the
value of the mixing angle favored by Cornell coupled channel calculations [191], Rosner finds [106]x ^ J _ TlC:T»� Ò . Employing the NR results of Table 4.15, the ratios of E1 transitions to various h � states
are: » J � J LKgDg ! � ´ �mh � � �» J � J LKgDg ! � ´ �mh � " � ^ _ A L T � 9K LÕ < XS] ü J�xÌ�� L < XS] ü J�xÌ� � Õ ù» J � J LKgDg ! � ´ �mh¯� Õ �» J � J LKgDg ! � ´ �mh � " � ^ _ A L ! �  L� " < XS] ü J�xÌ�� L < XS] ü J�xÌ� � Õ A (4.135)

Measuring these branching ratios is experimentally challenging. [The only existing data is contained in
an unpublished Ph. D. thesis based on MARK III data [216].] CLEO-c may be able to determine some
of these branching ratios in the near future.

In the KµRµ system CLEO III [171] has presented evidence for the production of Z J _ ½ � states
in the four-photon cascade (see Fig. 4.10), Z J L 1�� ´x��h¦[ JUT Ã � , hª[ JUT Ã � ´��«Z J _ ½ � , Z J _ ½ � ´���ho[ J _^Ã � ,hª[ J _^Ã � ´��«Z J _ 1�� , followed by the Z J _ 1�� annihilation into 3  3 ® or �  � ® .

In addition to the four-photon cascade via the Z J _ ½ � states, they observe events with the four-
photon cascade via the Z JUT�1�� state: Z J L 1�� ´ ��h�[ JUT Ã � , hª[ JUT Ã � ´ �6Z JUT�1�� , Z JUT�1�� ´ ��ho[ J _^Ã � ,hª[ J _^Ã � ´ �«Z J _ 1�� , Z J _ 1�� ´®��o�Ä® The product branching ratio for this entire decay sequence (includingZ J _ 1�� ´®�  � ® ) is predicted to be L A a E V _ !�® � [217], thus comparable to the predicted Z J _ ½ � production
rate. In the four-photon cascade via the Z J _ ½ � the second highest energy photon is due to the third
transition, while in these cascades the second highest energy photon is due to the second photon transition
(see Fig. 4.10). This allows the discrimination of the Z J _ ½ � signal from the Z JUT�1�� background events.

CLEO III [171] finds their data are dominated by the production of one Z J _ ½ � state consistent
with the

Ì ^ T assignment and a mass J _ ! _ G _ A _ C ! AkG C _ AkG � MeV, which is consistent with the predictions
from potential models and lattice QCD calculations.

The signal product branching ratio obtained is � J �|�|� �e�  � ® � Ä � �¯p � ^ JUT A �DC ! A �ÄC ! A �»�jV _ !À® � .
The first error is statistical, while the second one is systematic. The significance of the signal is 10.2
standard deviations. This branching ratio is consistent with the theoretically estimated rates. Godfrey
and Rosner [217], summing over Z J _ ½ � û Õ û L � contributions, obtained L A g G�� _ !�® � ; while the predicted
rate [200, 217] for the Z J _ ½ Õ � state alone is T AkG�� _ ! ® � .
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Forming the ratio of Z J _ ½ � to Z JUT�1�� four-photon cascades would allow the measurement in a
fairly model independent way of the estimate of the total width of the Z J _ ½ � state, if the individualZ JUT Ã [ � and Z J _^Ã [ § � transitions could be resolved.

6.3 M1 transitions
For M1 transitions, the leading order NRQCD prediction for the overlap

ä × � is independent of the
potential model. The spin independence and orthogonality of states guarantee that the spatial overlap
matrix is one for states within the same multiplet and zero for allowed transitions between multiplets,
which have different radial quantum numbers.

Including relativistic corrections, e.g., finite size corrections, will spoil these exact results and
induce a small overlap between states with different radial quantum numbers. Such � ó^ � � transitions
are denoted hindered.

6.3.1 Model predictions
Within the (NR) model used for the E1 transitions (i.e., a nonrelativistic treatment except for finite size
corrections and 2 y ^ ! ) the M1 transition rates and overlap matrix elements

ä
for KJ>J and K µVµ 1 states

are shown in Table 4.24.
Numerous papers have considered these M1 transitions including full relativistic corrections [182,

184–186, 201, 217, 218]. There are several sources of uncertainty that contribute making M1 transitions
particularly complicated to calculate. In addition to the usual issues associated with the form of the
long range potential there is the unknown value for the anomalous magnetic moment for the quark ( 2 y ).
Furthermore, the results depend explicitly on the quark masses and on other details of the potential (see
Eqs. 4.128). For the models (RA) and (RB) used for the E1 transitions, 2 y ^ 9�_ . The theoretical
uncertainty in the value of 2 y will eventually be reduced by lattice calculations in quarkonium systems.

6.3.2 Comparison with experiment
M1 transitions have only been observed in the KJoJ system. The allowed transitions in the KJoJ system below
threshold are shown in Fig. 4.12. The transitions within the _^Ã system are tiny ( × _ eV). Only theÌ � �j´ Ó � and �s�u´ Ó � are observed experimentally [10]. For the K µRµ system CLEO [219] sees no
evidence for the hindered M1 transition Z J LK� � ´ Ó [ (1S). The º ! � cl upper bound on the branching
ratio varies from E 9 G � _ !�® ? depending on the mass splitting. For the expected splitting × º _ ! MeV
the bound is � A L � _ ! ® ? [219]. This rules out a number of older models [182, 201]. A comparison
of the experimental results with a variety of more modern models is shown in Table 4.25. For each
model the assumptions for the mixture of scalar and vector confinement and the value of 2 y is exhibited
explicitly. For the model of Lahde [185] the results are also shown without including the exchange term
(NEX). This (NEX) piece neglects the time ordering of photon emission and potential interaction, which
vanishes in the NR limit. Generally models with a scalar confining interaction and/or a sizable negative
anomalous quark magnetic moment are favored.

6.4 Higher order corrections
6.4.1 Higher multipole contributions
In lowest order, only the E1 amplitude contributes to h � states radiative transitions. In higher order inø Õ � J Õ a M2 amplitude contributes for

Ì ^ _ ùBT and an E3 amplitudes is also possible for the
Ì ^ T

state. To order ø Õ � J Õ these M2 and E3 corrections to the dominant E1 term can contribute to angular
distributions but cannot contribute to total decay rates. This comes from the orthogonality of terms in
the multipole expansion.

229



CHAPTER 4

Table 4.24: M1 transition rates for S-wave quarkonium states using the NR model described in text. Finite size
corrections are included in the calculation of ° (see Eq. (4.121)) and ±�²�� � .

Transition y » J ï\´ v � (NR)
ä × � (NR)ï � �9�´ v J MeV � J 3 � �KJ^J_ L 1 � J L A ! º g � _ � 1 " JUT Akº g º � _D_ � _ ù ºIG ! ! AkºIº aT L 1 � J L AkG a G � T � 1 " J L AkG LDa � E a _ E ! ! AkºIºIºT � 1 " J L AkG LDa � _ L 1 � J L A ! º g � � ! _ � LDa ! A ! LDLT L 1 � J L AkG a G � _ � 1 " JUT Akº g º � G L º º T G ! A ! � LK µRµ_ L 1 � J ºmAFEHG ! � _ � 1 " J ºmAFE !I! � G ! a Akº � L _ A !I!I!T � 1 " J ºmAkºIº ! � _ L 1 � J ºmAFEHG ! � � _ G T A aDL T ! A ! _�LT L 1 � J _ ! A ! T L � T � 1 " J ºmAkºIº ! � LDL _ A � ! º _ A !I!I!T L 1 � J _ ! A ! T L � _ � 1 " J ºmAFE !I! � G ! E T A a ! º ! A ! _�aL � 1 " J _ ! A L T a � T L 1 � J _ ! A ! T L � L !I! ! AkG T ! ! A ! _ EL � 1 " J _ ! A L T a � _ L 1 � J ºmAFEHG ! � aDL�_ L A g � g ! A !I! gL L 1 � J _ ! A L �D�»� L � 1 " J _ ! A L T a � T g ! A a T G _ A !I!I!L L 1 � J _ ! A L �D�»� T � 1 " J ºmAkºIº ! � L � º ! A g ! g ! A ! _ ºL L 1 � J _ ! A L �D�»� _ � 1 " J ºmAFE !I! � º _D_ T AFE L � ! A !I! º

Table 4.25: Comparison of M1 transition overlaps with experiment for various models. The transition overlap³4´¶µ¸· :
¹�º�»"¼1	½�¾ °¿��� is from nS spin triplet to the n’S spin singlet X states in the �S� and  �S� systems. The experimental
upper bounds are ¯ � % cl.

Type Transition ô ¹ û ¹?§
Model parameters J � ù �Z� � [ KJ^J ] J � ù ��� � [ K µ©µ ]Ó 2 y J _ ù _ � JUTmù _ � J _ ù _ � JUTmù _ � J L ù _ � J L ùBT»�
Cornell [191] NR ! ! A a E ! A ! T a ! Akº T ! A ! _�g ! A !I! g ! A ! _�a
GOS84 [184] ! ! ! A a G ! A ! g � ! A aDa ! A ! � a – –! 9�_ ! A � a ! A ! � E ! A ! a�_ ! A !I! g – –_ ! ! AkG � ! A _ T g ! Akº _ ! A ! E a – –_ 9�_ ! A L º ! A ! T º ! A ! EHº ! A ! T _ – –
EFG02 [186] ! ! ! A a E ! A ! L G ! Akº _ ! A ! _�a ! A ! _�L ! A ! _ G_ ! _ A ! G ! A ! T g _ A ! a ! A ! _D_ ! A !I! º ! A !I! g9�_ 9�_ ! AkG T ! A ! E � ! A g � ! A ! TD� ! A ! T G ! A ! _�g
Lahde02 [185] NEX ! ! A aKg ! A ! _D_ ! Akº T ! A ! T ! ! A !I! º ! A ! _ G_ ! ! AkG g ! A ! EHº ! A aDa ! A ! L T ! A ! _ E ! A ! LKg
EXP ! AkGIG C ! A _ ! ! A ! E TlC ! A !I! E ã ! A ! E � ã ! A ! T ! ã ! A ! a !
Ref [10] [10] [210] [209] [219] [209]
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Fig. 4.12: Allowed M1 transitions in the narrow �S� . The ¤z� transition rates are unobservably small ( �w¤�À^� ).

It was originally suggested by Karl, Meshkov and Rosner [220] that these corrections can be
studied by measuring the angular correlations between the two photons in the transition � � ´ h � < �¥´Ì � � < T � . These effects can also be studied for h � states directly produced in hadron collisions, d
decays or KMIM annihilation by measuring the combined angular distributions of the photon and the �Yo�Ä®
pair produced in the subsequent

Ì � � decay. The details of these correlations have been calculated by
Sebastian, Grotch and Ridener [221].

For the photon transition from a h � [ state there are
Ì < _ normalized helicity amplitudes, û � .Defining

Z � Z ^ � F _ Õ < : T Õ < F L Õ , ���¾^ F _ � Z � Z , � Õ ^ :æTK� Z � Z and � L ^OF L � Z � Z the relation
between helicity and multipole amplitudes is:û � ^ ³ ¶ �²¶ . TÁ} < _T Ì < _ / ½â ñ~}�ù _ T _ ù � 95_ Z Ì ù � î A (4.136)

Allowing for an anomalous magnetic moment 2 � and mixing between the T�1 and _ ½ states the
theoretical predictions for � � ´ h � [ < � ] ü { h � [ ´ Ì � � < �
are shown in Table 4.26 along with a comparison with present experimental results. The S–D mixing
parameter is - Õ � û �"��t ^ 9 XS] ü xc- �Äÿ û �"� where x is defined in Eq. (4.134). In the notation of Eq. (4.127)

the other model dependent parameter is defined by - �Äÿ û �"�.xI^ 2 ± ��� � � ± Ì � " �� Õ± � 9 Ì � " �� Õ � Ì � " �� � .

As can be seen from Table 4.26 a nonzero E3 amplitude in the � � ´ h � Õ < � decay is evidence
for S–D mixing in the � � . Also note that the M2 term is sensitive to a possible anomalous magnetic
moment, 2 � , for the charm quark. The recent BES results [223] for the M2 and E3 contributions do
not differ significantly from zero. Additional high statistics studies of these angular distributions will

231



CHAPTER 4

be necessary to determine the size of S–D mixing and shed light on the magnitude of the charm quark
magnetic moment.

6.5 Coupling to virtual decay channels
When light quark loops are included in the description of quarkonium systems, the physical quarkonium
states are not pure potential-model eigenstates and the effects of coupling to real and virtual heavy-light
meson pairs must be included. Our command of quantum chromodynamics is inadequate to derive a re-
alistic description of the interactions that communicate between the Ks%s and Ksvu < Ku#s sectors. However,
the physical picture is that wave functions corresponding to physical states are now linear combina-
tions of potential-model Ksts eigenstates plus admixtures of open heavy-flavour-meson pairs. The open
heavy-flavour pieces have the spatial structure of bound states of heavy-flavour mesons: they are virtual
contributions for states below threshold (see Section 3.3 in Chapter 3 for more details).

Far below heavy flavour threshold, the nonrelativistic potential model is a good approximation
to the dynamics of the Ksts system. For excited states above the first few levels, the coupling of KsKs
to heavy-flavour-meson pairs modifies wave functions, masses, and transition rates. In particular, this
modifies electromagnetic transition rates considered in the previous subsections. In addition to these
contributions, which involved photon coupling to a heavy (anti)quark, the contributions of light quark
currents can no longer be neglected. The mass differences among the Ks Ì , Ks ± and KsDÍ mesons, induce
large SU(3) symmetry breaking effects. This destroys the cancellation among the light quark EM current
contributions.

To compute the E1 radiative transition rates, we must take into account both the standard J Ksts �´ J Ksts � � transitions and the transitions between (virtual) decay channels in the initial and final states.
This second set of transitions contains light quark contributions for states near threshold. Recently,
the effects of configuration mixing on radiative decay rates in the KJ^J system were reexamined [207]
within the Cornell coupled-channel formalism. A full outline of the calculational procedure appears in
Refs. [177, 191]. (In particular, see Section IV.B of Ref. [191].)

Expectations for E1 transition rates among spin-triplet levels are shown in Table 4.27. Both the
rates calculated between single-channel potential-model eigenstates (in italics) and the rates that result
from the Cornell coupled-channel model are shown, to indicate the influence of the open-charm channels.

The 1
L
D � transition rates at the mass of � J LKgDg ! � and at the predicted 1

L
D � centroid, LDa�_ � MeV,

are shown. For the � J LKgDg ! � , with its total width of about T E MeV, the _ L D � J LKgDg ! � ´:h �#" � J LDLDa � transi-
tion might someday be observable with a branching fraction of 1%. For the 1

L
D Õ and 1

L
D L levels, the

radiative decay rates were calculated at the predicted 1
L
D � centroid, LDa�_ � MeV, at the mass calculated

for the states ( LDaDL�_ MeV and LDa G a MeV, respectively), and at the mass of t J LDaKg T»� . The model repro-
duces the trends of transitions to and from the h � states in broad outline. For these low-lying states, the
mixing through open-charm channels results in a mild reduction of the rates.

This study was done in the Cornell coupled channel model. It would be useful to do a similarly
detailed study of these effects in other models.

6.6 Â*Â states
Quarkonium systems with unequal quark and antiquark masses, i.e., d � mesons, are theoretical inter-
esting, but are not easily accessible in 3  3 ® collisions. They can be produced in significant numbers
in hadron collisions (see Chapter 5, Section 8). CDF has reported the discovery of the ground state d �
meson via its semileptonic weak decay [224]. Theoretical calculations for E1 and M1 radiative transi-
tions have been presented by a number of authors [186, 192, 225, 226] even though the whole excitation
spectrum remains to be observed experimentally.
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Table 4.26: M2 and E3 multipole amplitudes for radiative transitions involving � � states. The values of X and Y
are model dependent and are defined in the text. Note Ã � � if no S–D mixing.h¯� [ ´ Ì � � < �Ì

theory [221] E835 [222] PDG04 [10]T � Õ × 9K �L }? z á J _ < 2 � � 9 ! A ! º L  "on " L t® "on " ? � C ! A !I! G 9 ! A _�L C ! A ! �T � L × ! ! A ! T !  "on " �Ù�® "on " ?Ù? C ! A !I! º ! A ! _D_  "on " ? �® "on " LÙL_ � Õ × 9 }? z á J _ < 2 � � ! A !I! T0C ! A ! L TlC ! A !I! E 9 ! A !I! T  "on "Ù"Ùu® "on " � �� � ´ hd� [ < �Ì
theory [221] BES [223]T � Õ ×89Ä LÕ  � " }z á Ø J _ < 2 � �RJ _ <  Õ� t � 9�ï �� t Ù � Ø _�9 ��  Õ t Ù 9 ! A ! � _  "on " � ?® "on " L \T � L ×89 � Õ  Õ� � � }z á t Ø _ < Lu x Ù � Ø _�9 ��  Õ t Ù 9 ! A ! T g  "on " ? L® "on " Õ t_ � Õ ×89 }? z á Ø J _ < 2 � �RJ _ < Õ  Õ� t � < ï L� " t Ù � Ø _ < � Õ t Ù

Table 4.27: Calculated and observed rates for E1 radiative transitions among charmonium levels from Ref. [207].
Values in italics result if the influence of open-charm channels is not included. Measured rates are shown for
comparison. Experimental values are calculated from world averages [10], except for ¢ Wý¢[i~¬ ¤ ¦ �!�KY whose values
are taken from the recent CLEO-c measurement [210].

Transition y Ê width y Ê width y Ê widthJ MeV � (keV) J MeV � (keV) J MeV � (keV)

P state
S state h � Õ h � � h �#"Ì � � E T º ÅsÆÇÆ ´ T aKg L º ! ÈWÈÇÉ ´ T _ G L ! L ÊWÊ Å ´b_ ! g
[exp] E L ! C E ! T º ! C:� ! _D_ º C _ G� � _ T º È Å ´ T L _�g T ÅWÅ ´:L T T G _ ÅsË ´:LDa
[exp] TD� Akº C:T A _ TD� A �0C:T A T T GmA T�C:T AkG

P state
D state h � Õ h � � h �#"_ L D � J LKgDg ! � T ! a Å�A È ´:L Akº TD� _ Ê É Å ´ � º LDLDa ÈsÌqÍ ´ TDTD�_ L D � J LDa�_ �»� TD� ! Ì A Ì ´ GmA a T º L Ê ÈÇÉ ´b_ T ! LKg º Å ÍWÍ ´:LKg�__ L D Õ J LDa�_ �»� TD� _ Ì Æ ´ E ! T º L È ÅsÆ ´b_ º __ L D Õ J LDaDL�_ � T GIG ÌWÎ ´ E � L ! a È Ë Í ´ T _ T_ L D Õ J LDaKg T»� L ! L ÉÇÌ ´ E � L EIE ÅsË È ´ T ! g_ L D L J LDa�_ �»� TD� _ Ê ÎÇÎ ´ _�g º_ L D L J LDa G a � L ! L Å ÈEÎ ´ T a G_ L D L J LDaKg T»� L ! E Å Í ÊZ´ T ºIº
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7 HADRONIC TRANSITIONS14

7.1 Theoretical approaches
Hadronic transitions (HTs) Ö × ´5Ö � < ° (4.137)

are important decay modes of heavy quarkonia [ Ö × , Ö � and ° stand for the initial-, final-state quarkonia
and the emitted light hadron(s)]. For instance, the branching ratio of � � ´ Ì � � < ò < ò is approximately� ! � . In the JSKJ and µ K µ systems, the typical mass difference :®Ï�Ð 9 :ÑÏ-Ò is around a few hundred MeV, so
that the typical momentum of ° is low. In the single-channel picture, the light hadron(s) ° are converted
from the gluons emitted by the heavy quark s or antiquark Ks in the transition. The typical momentum
of the emitted gluons is too low for perturbative QCD to be reliable. Certain nonperturbative approaches
are thus needed for studying HTs. In the following, we briefly review two feasible approaches: namely,
the QCD multipole expansion (QCDME) and the Chiral Lagrangian for Heavy Mesons.

A. QCD Multipole expansion
Heavy s Ks bound states can be calculated by solving the Schrödinger equation with a given poten-

tial model. For JSKJ and µ K µ quarkonia, the typical radius is � ^ Ï ñ � Õ î T Ñ J _ ! ® � � fm. With such a small
radius, the idea of QCDME can be applied to the soft gluon emissions in HTs. QCDME is an expansion
in powers of Ó VsÔ operating on the gluon field, where Ó is the separation between s and Ks in the
quarkonium. For a gluon with a typical momentum y T � �qÕ zsÖ ü { ± ��{ ���^� , the expansion parameter
is actually ��y T Ñ J _ ! ® � � , ensuring convergence15 . Note that the convergence of QCDME does not
depend on the value of the QCD coupling constant.

QCDME has been studied by many authors [227–231]. The gauge invariant formulation is given in
Ref. [230]. Let � J ¼ � and û ·� J ¼ � be the quark and gluon fields. Following Refs. [230,231], we introduceÝkJ Ó ù�f�� b � ® � J Ó ù�f�� � J ¼ �zù ð ·T û · �� J Ó ù�f�� b � ® � J Ó ù�f!� ð ·T û ·� J ¼ � � J Ó ù�f�� 9 ïç { � ® � J Ó ù�f�� � �|� J Ó ù�f!�zù

(4.138)
with � J Ó ù�f�� ^ÕÃB�>�(� | ï�ç { 2�×Ø ð ·T+Ù · J Ó � ù�f��ªV ± Ó � ~ ù (4.139)

in which Ã is the path-ordering operation, the path is along the straight-line connecting the two ends, andÚ b J Ó%� < Ó Õ ���qT is the c.o.m. coordinate of s and Ks . It is shown in Ref. [230] that, in the Lagrangian,ÝkJ Ó ù�f�� serves as the dressed (constituent) quark field. Now we make the multipole expansion [230]û · �" J Ó ù�f!� ^ û · �" J Ú ù�f�� 9 J Ós9 Ú �ªV�Û · J"Ü t ù�f�� < VqVqVÆù Ù · � J Ú ù�f�� ^ 9 _T J Ós9 Ú � � Â · J Ú ù�f!� < VqVqV=ù
(4.140)

where Û · and Â · are colour-electric and colour-magnetic fields, respectively. The Hamiltonian is then
[230] í ¢�Ýý|þ�ÿ ^ í � " �ý|þ�ÿ < í � � �ý|þ�ÿ ù (4.141)

with
í � " �ý|þ�ÿ the sum of the kinetic and potential energies of the heavy quarks, andí � � �ý|þ�ÿ ^ í � < í Õ ù í � b s · û ·" J Ú ù�f!�zù í Õ b 98Þ · V	Û · J � ù�ß?� 9áàãâ V ; â J � ù�ß#� < VqVqVÆù (4.142)

in which s · , Þ · , and ä · are the colour charge, colour-electric dipole moment, and colour-magnetic
dipole moment of the s Ks system, respectively. Equation (4.141) is regarded as an effective Hamiltonian

14Authors: D. Z. Besson, A. Deandrea, F. A. Harris, Y.-P. Kuang, S. L. Olsen
15We know from classical electrodynamics that the coefficient of the ÚæåÁç ã"è term in the multipole expansion contains a factoréÚ('�êÁë é ã¯ìFì . Hence the expansion actually works better than what might be expected by simply estimating the size of Úæå�ç ã è .

234



DECAY

[230]. Considering that the heavy quark may have an anomalous magnetic moment, we take ç { andç ò to denote the effective coupling constants for the electric and magnetic multipole gluon emissions
(MGE), respectively.

We shall take
í � " �ý|þ�ÿ as the zeroth order Hamiltonian, and take

í � � �ý|þ�ÿ as a perturbation. This is
different from the ordinary perturbation theory since

í � " �ý|þ�ÿ is not a free field Hamiltonian. The general
formula for the 1 matrix element in this expansion has been given in Ref. [231], which is

ñ v Z 1 Z ï î ^ 9ï T ò6| J F � <  � 9sF × ��í v XXXX í Õ _F × 9 í � " �ý|þ�ÿ < ï � "�9 í � VqVqV _F × 9 í � " �ý|þ�ÿ < ï � "�9 í � í Õ XXXX ï�î ù
(4.143)

where  � is the energy of the emitted gluons. Explicit evaluations of the 1 matrix elements in various
cases will be presented in Section 7.2.

B. Chiral Lagrangian for heavy mesons
In the effective Lagrangian approach one can construct a heavy meson multiplet field analogous

to the one introduced for heavy-light mesons. Symmetry-breaking terms can be easily added to the for-
malism as we shall see in the following. As in the single heavy quark case, an effective Lagrangian
describing the low-momentum interactions of heavy quarkonia with light mesons can be written down.
The heavy quarkonium multiplets are described by a simple trace formalism [232]. Parity Ã and charge
conjugation " , which determine selection rules for electromagnetic and hadronic transitions are exactly
conserved quantum numbers for quarkonium, together with

Ì
. If spin-dependent interactions are ne-

glected, it is natural to describe the spin singlet � � � [ and the spin triplet � L � [ by means of a single
multiplet

Ì J � ù � � . For the case �r^ ! , when the triplet ÍÞ^ _ collapses into a single state with total
angular momentum

Ì ^I_ , this is readily realized:Ì ^ J _ < ø/ �T Ø í � � � 9 Ó � � Ù J _�9üø/ �T A (4.144)

Here ø � denotes the four velocity associated to the multiplet
Ì

;
í � and

Ó
are the spin 1 and spin 0

components respectively; the radial quantum number has been omitted. The expressions for the general
wave

Ì � ½ nFnFn � è can be found in Appendix C of Ref. [233].
For illustrative purpouses let us start by considering radiative transitions, whose analysis can be

easily carried out in terms of the multiplet field introduced above. The Lagrangian for radiative decays
is: Ë:^l³ z û ¹ | J � ù � ��ñ Ì J � � Ì � J � � î ø � Ö � � < ° A J A ù (4.145)

where a sum over velocities is understood,
Ö � � is the electromagnetic tensor, the indices � and �

represent the radial quantum numbers,
Ì J � � stands for the multiplet with radial number � and | J � ù � �

is a dimensional parameter (the inverse of a mass), to be fixed from experimental data and which also
depends on the heavy flavour. The Lagrangian (4.145) conserves parity and charge conjugation and is
invariant under the spin transformation. It reproduces the electric dipole selection rules ¸ } ^ C _ and¸ Í ^ ! . It is straightforward to obtain the corresponding radiative widths:» J L Ã [ ´ L 1 �q� � ^ | ÕLqò y L : e ½: £ º ù (4.146)» J L 1 � ´ L Ã [ � � ^ JUT Ì < _ �º ò | Õ y L : e ½: £ º ù (4.147)» J � Ã � ´ � 1 "o� � ^ | ÕLqò y L : e: £ ù (4.148)
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where y is the photon momentum. Once the radial numbers � and � have been fixed, the Lagrangian
(4.145) describes four no spin-flip transitions with a single parameter; this allows three independent pre-
dictions. The previous decay widths can be compared with those of the electric transitions of Sec. 6.1.3
and in particular with formula (4.118). The ratio of the masses in the previous widths should be put to one
in the nonrelativistic limit and the free parameter | of the effective Lagrangian encodes the information
of the overlap integral of equation (4.116).

The effective heavy-meson description of quarkonium does not seem to present special advan-
tages to describe heavy quarkonium annihilation. In the following we shall concentrate on quarkonium
hadronic transitions.

The heavy quark spin symmetry leads to general relations for the differential decay rates in
hadronic transitions among quarkonium states that essentially reproduce the results of a QCD double
multipole expansion for gluonic emission. Further use of chiral symmetry leads to differential pion decay
distributions valid in the soft regime [234, 235]. At the lowest order in the chiral expansion for the emit-
ted pseudoscalars we find a selection rule allowing only for even (odd) number of emitted pseudoscalars
for transitions between quarkonium states of orbital angular momenta different by even (odd) units. Such
a rule can be violated by higher chiral terms, by chiral breaking, and by terms breaking the heavy quark
spin symmetry. Specialization to a number of hadronic transitions reproduces (by elementary tensor con-
struction) the known results from the expansion in gluon multipoles, giving a simple explanation for the
vanishing of certain coefficients, which would otherwise be allowed in the chiral expansion. In certain
cases, such as for instance

L Ã " ´ L Ã Õ ò�ò ,
L Ãp�V´ L Ã Õ ò�ò , or D–S transitions via T ò , the final angular and

mass distributions are uniquely predicted from heavy quark spin and the lowest-order chiral expansion.
An important class of hadronic transitions between heavy-quarkonium states is provided by the

decays with emission of two pions, for example:� � ´ Ì � � ò�ò A (4.149)

To describe these processes one can use the chiral symmetry for the pions and the heavy-quark spin
symmetry for the heavy states. The first of these is expected to hold when the pions have small energies.
We notice that the velocity superselection rule applies at u Õ ^ u Õè ¸ ¹ , when the energy transfer to the pion
is maximal. Therefore, we expect these approximations to be valid in the whole energy range only ifu Õè ¸ ¹ is small.

Nonetheless a number of interesting properties of these transitions can be derived on the basis
of the heavy quark symmetry alone. Therefore, before deriving the pion couplings by means of chiral
symmetry, we discuss the implications of the heavy quark spin symmetry in hadronic transitions.

As an example, we consider transitions of the type
L 1 �*´ L 1 � < ° and � 1 " ´ � 1 " < ° , where °

can be light hadrons, photons, etc. By imposing the heavy quark spin symmetry, one is led to describe
these processes by an interaction Lagrangian:Ë eHe § ^ ñ Ì � KÌ5î	ï eHe §j< ° A J A ù (4.150)

where the dependence upon the pion field is contained in the as-yet-unspecified operator
ï eHe § . It

is immediate to derive from Ë eHe § the averaged modulus square matrix elements for the transitionsL 1 �*´ L 1 � < ° and � 1 " ´ � 1 " < ° with an arbitrary fixed number of pions in the light final state ° .
We obtain: Z ä J L 1 �*´ L 1 � < ° � Z Õ¸
¨ n ^ Z ä J � 1 " ´ � 1 " < ° � Z Õ¸
¨ n ^ E : e :�e § Z ï eHe § û � Z Õ ù (4.151)

where : e and : �e are the average masses of the two S-wave multiplets;
ï ehe § û � is the appropriate tensor

for the emission of the light particles ° , to be calculated from the operator
ï eHe § . By denoting with ±

»
the generic differential decay rate, we have:±

» J L 1 �*´ L 1 � < ° � ^ ±
» J � 1 " ´ � 1 " < ° � A (4.152)
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This is the prototype of a series of relations, which can be derived for hadronic transitions as a
consequence of the spin independence of the interaction terms. In all the known cases they coincide with
those calculated in the context of a QCD double multipole expansion. We note, however, that we do not
even need to specify the nature of the operator

ï
, which may depend on light fields different from the

pseudoscalar mesons (e.g., the photon, or a light hadron, etc), provided that the interaction term we are
building is invariant under parity, charge conjugation, and the other symmetries relevant to the transition
considered.

A useful symmetry that can be used in processes involving light quarks is the chiral symmetry. It is
possible to build up an effective Lagrangian, which allows to study transitions among quarkonium states
with emissions of soft light pseudoscalars, considered as the Goldstone bosons of the spontaneously
broken chiral symmetry.

The light mesons are described as pseudo-Goldstone bosons, included in the matrix
µ ^ñð Õ ,

where we use the standard notation of chiral perturbation theory. Frequently occurring quantities are the
functions of ð and its derivatives Q � and ò � given by:ò � ^ _T ê ðPi � � ð < ð � � ðWi ì ] ü { Q � ^ _T ê ðWi � � ð 9Mð � � ðPi ì A (4.153)

The octet of vector resonances ( � , etc.) can be introduced as the gauge multiplet associated with the
hidden group SU(3) ó (see Ref. [236]), designated as ��ô in the following.

By imposing the heavy quark spin symmetry, parity and charge conjugation invariance, and by as-
suming that the pseudoscalar meson coupling are described by the lowest order (at most two derivatives)
chiral invariant operators, we can establish the following selection rules for hadronic transitions:� � � ü�ü Öm³¸õ � ±.°²� � ³HRæX�X ��{ � ½ � Ö { °�½ Ê ] û ]#±z½¦ö ¸ ��^ ! ùBTmù E ù A~A~A° {�{ ü Ö�³÷õ � ±5°²� � ³KRæX�X ��{ � ½ � Ö { °�½ Ê ] û ]#±,½hö ¸ ��^ _ ù L ùB�mù A~A~A (4.154)

In fact the spin independent operator describing ¸ �Z^ ! ùBTmù E ù A~A~A transitions has charge conjugation" ^ < _ . On the other hand, the lowest order, chiral invariant terms with positive charge conjugation
are: ñ�Q ô Q � î ù ñ J ò ô 9Þ� ô �RJ ò � 9Þ� � � î ù (4.155)
whose expansion contains an even number of pseudoscalar mesons. Spin independence of the interaction,
on the other hand, requires that the ¸ �9^ _ ù L ùB�mù A~A~A transitions are described by " ^ 9�_ operators. At
the lowest order we can form just one chiral invariant term with " ^ 9�_ :ñ�Q ô J ò � 9s� � � î ù (4.156)

whose expansion contains an odd number J�ø L � of pseudoscalar mesons.
This selection rule is violated at higher orders of the chiral expansion or by allowing for terms that

explicitly break the heavy quark or the chiral symmetries.
To further characterize the hadronic transitions respecting chiral symmetry, we consider below

explicit expressions for the most general operators
ï Ð'Ð § . For simplicity, we limit ourselves to those

contributing to two or three pion emissions:ï ehe § ^ û ehe § ñ�Q a Q a î < d eHe § ñ J ø VÓQc� Õ î ùï ô £ e ^ ½ £ e ü ô � a � ø � ñ�Q a J ò � 9s� � � î ùï ô �£«£Ì§ ^ û £«£Ì§ ñ�Q a Q a î ç ô � < d £«£Ì§ ñ J ø VÓQc� Õ î ç ô � < " £«£Ì§ ñ�Q ô Q � î ùï ô �p e ^ " p e ñ�Q ô Q � î A (4.157)

The constants û Ð'Ð § , d ÐÑÐ § , " Ð'Ð § and ½ ÐÑÐ § are arbitrary parameters of dimension J�³H]I½ï½�� ® � , to be fixed
from experiment. One can easily derive amplitudes, decay rates and distributions for the correspond-
ing hadronic transitions.
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For instance, the amplitude for the decay (4.149) is given by:ä J L 1 �*´ L 1 � < ò�ò � ^ E ï � : e :�e §v Õ¾ ü � V ü _ J û eHe § M � V M Õ < d ehe § ø V M �!ø V M Õ � (4.158)

where ü and ü � are the polarisation vectors of quarkonium states;
M � , M Õ are the momenta of the two pions.

It is well known that the use of chiral symmetry arguments leads to a general amplitude for the process
in question, which contains a third independent term given by:" eHe § E ï � : e :xe §v Õ¾ à ü � V M � ü _ V M Õ < ü � V M Õ ü _ V M � á A (4.159)

In the nonrelativistic limit in QCDME, Yan [230] finds " eHe § ^ ! . It is interesting to note that, within
the present formalism, this result is an immediate consequence of the chiral and heavy quark spin sym-
metries. However, these symmetries are not exact and corrections to the symmetry limit are expected.

In the chiral Lagrangian (CL) approach, the ò " 9 Ó 9 Ó � mixings can be derived, which should
be taken into account in predicting single pseudoscalar meson transitions of heavy quarkonia (cf. Sec-
tion 7.2). Let us define åù b �� ù Å ! !! ù ÷ !! ! ù { �� A (4.160)

The Lagrangian that gives mass to the pseudoscalar octet (massless in the chiral limit) and causes ò " 9 Ó
mixing is Ë z ^ ð " ñ åù J µ < µ i � î ù (4.161)

and that giving rise to the mixing of
Ó � with ò " and

Ó
is

Ë ×,× § ^ ïRv ¾E âð ñ åù J µ 9 µ i � î�Ó � ù (4.162)

where åð is a parameter with the dimension of a mass. At first order in the mixing angles the physical
states âò " , âÓ , and âÓ � determined from the above Lagrangians are:âò " ^Eò " < ü Ó < ü � Ó � ù âÓ ^ Ó 9 ü ò " < Ë Ó � ù âÓ � ^ Ó � 9sË Ó 9 ü � ò " ù (4.163)

in which the mixing angles areü ^ J ù ÷�9 ù Å � � LE J ù { 9 ù Å < ù ÷T � ù ü � ^ âð J ù ÷�9 ù Å �� TfJ ù Õ× § 9 ù Õ¾ ç � ù Ë ^ûú üý âð\þ ù { 9 ù Å < ù ÿü �ù��×��b9 ù �× A (4.164)

7.2 Predictions for hadronic transitions in the single-channel approach
In this section, we give the predictions for HTs in the single-channel approach. In this approach, the
amplitude of HT is diagrammatically shown in Fig. 4.13 in which there are two complicated vertices:
namely, the MGE vertex of the heavy quarks and the vertex of hadronization (H) describing the conver-
sion of the emitted gluons into light hadrons. In the following, we shall treat them separately.

Let us first consider the HT processes � L� 1	��
 � L � 1�� < ò < ò . To lowest order, these are double
electric-dipole transitions (E1E1). The transition amplitude can be obtained from the 1 matrix element
(4.143). After some algebra, we obtain [230, 231, 237]�� � � ������� ��G ���f�� � f ����� ��� Z Ó V�Û Z �! #" í �! XXXX $% � 9'& � " �(*),+ 9 �.- " XXXX �0/1 2/ î � �0/1 2/#Z Ó V�Û Z � � " ù (4.165)
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Fig. 4.13: Diagram for a typical hadronic transition in the single-channel QCDME approach.

where E -GFIH [KJ b | [KJ � FML � {�NPO [KJRQ OF , and S �! #" is the intermediate state with principal quantum number
�

and orbital angular momentum
 

. According to the angular momentum selection rule,
 �  / � $ . The

intermediate states in the HT are the states after the emission of the first gluon and before the emission
of the second gluon (cf. Fig. 4.13), i.e., they are states with a gluon and a colour-octet TVUT . These are the
so-called hybrid states. It is difficult to calculate these states from the first principles of QCD. So we shall
take a reasonable model for it. The model should reasonably reflect the main properties of the hybrid
states and should contain as few free parameters as possible in order not to affect the predictive power
of the theory. The quark confining string (QCS) model [238] satisfies these requirements 16 Explicit
calculations with the QCS are given in Ref. [237]; the transition amplitude (4.165) then becomes�� � � ������� ��W � ��f ��� � S XZY,S �0 #" � �! S XZ[\S � � "% � L % ��f ��]*] S % OY % O[ S ^ " ù (4.166)

We see that, in this approach, the transition amplitude contains two factors: namely, the heavy quark
MGE factor (the summation) and the H factor ��]*] S % OY % O[ S ^ " . The first factor can be calculated for a given
potential model. Let us now consider the second factor. Its scale is the light hadron mass scale, which is
very low (highly nonperturbative), and there is, therefore, no currently reliable way of calculating it from
the first principles of QCD. Thus we take a phenomenological approach based on PCAC and the soft
pion technique in Ref. [240]. From the standard tensor reduction, this H factor can be written as [237]� ��W ��] N E�_ �`H ]ba E�_ � H S % OY % O[ S ^ " � | N aÏ E üdc �eH E üdc � H�fKg � |hYh[i_ ô � _ � ô<j g � þ _ � YI_ � [kjl_ � [i_ � Y L üý«|hYh[im �¥V m � �on ù

(4.167)
where g � and g � are two unknown constants. For a given ]*] invariant mass prqsq , the g � term is
isotropic (S-wave), while the g � term is angular dependent (D-wave). In the nonrelativistic single-
channel (NRSC) approach, orbital angular momentum conservation leads to the conclusion that the MGE
factor is proportional to |tYh[ . Thus only the g � term contributes to the S-state to S-state transitions17 . In
this case, the �vu�Iw �`
 �Mu� w � j ] j ] transition rate can be expressed as [237]» Ex� u� w ��
 � u � w � ]y] Hz� S g � S �I{ S N �R�R�� Fe�.F S � ù (4.168)

where { is a phase-space factor given in Ref. [237] andN}| £ Ð £ Ò~ Ð [ Ð ~ Ò [ Ò b � ����� � Ex� H � £ Ò ���� | Ex� H � �h� � ������ | Ex� / H � / £ Ð � � Ex� / H � / ��� � /p �*L % � | ù (4.169)

16Another possible model satisfying the requirements is the MIT bag model for the hybrid states, which can also lead to
reasonable predictions [239].

17This is consistent with the CL approach in the nonrelativistic limit ( ����� ) [cf. (4.158)].
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Table 4.28: The values of � Û : � 1 and the predicted *�* transition rates (in keV) determined for the � system using
the Cornell model and the BGT model. The corresponding updated experimental values of the transition rates [10]
are also listed for comparison. *�* stands for the sum over all the *e,.* ¥ and *,��*,� channels.

Cornell BGT Expt.S g � S � � ý���� � $ ^���� W�� � � � $ ^����» E"Z / 
 Z ]*] H (keV) 8.6 7.8 $ ü � ^r� $ � �» E"Z / / 
 Z ]*] H (keV) 0.44 1.2 $ � � ü ��^ � ý��» E"Z / / 
 Z / ]*] H (keV) 0.78 0.53 $ � ü W ��^ ��� ^
with � � , � � , and � � | the radial wave functions of the initial, final, and intermediate states, respectively.

There is only one overall unknown constant g � left in this transition amplitude, which can be
determined by taking the well-measured HT rate

» Ex� / 
��Z� � ]*] H . The updated experimental values
are [10]»*�x� � Ex� / H2� ü � $ � $ �#¡�¢�£ ùy¤ Ex� / 
��Z� � ]M¥¦] � Hz� E ý $ � � � $ � $ H � ù�¤ Ex� / 
��Z� � ] F ] F H2� E $ � � � � $ � ü H � �(4.170)

Given these, we can then predict all the S-state to S-state ]*] transitions rates in the Z system.
Let us take the Cornell [177,191] and the Buchmüller–Grunberg–Tye (BGT) [141,193] potential models
as examples to show the extracted S g � S values and the predicted rates in the Z system. The results are
listed in Table 4.2818 in which the experimental errors are dominated by the uncertainty of the total
width. We see that the BGT model predicted ratios

» E"Z / / 
 Z ]*] HR�
» E"Z / 
 Z ]*] H�§ $ � ü � � � � � ^ � $ � and

» E"Z / / 
 Z / ]*] HR�
» E"Z / 
 Z ]*] H¨§ ^ �©�Pý � � � � � ^ � ^ � are close to the corresponding experimental values

1.72/12.0=0.14 and 1.26/12.0=0.11. However, the predicted absolute partial widths are smaller than
the experimental values by roughly a factor of 50–75%. Moreover, when the p qdq distributions are
considered, the situation will be more complicated. We shall deal with these issues in Section 7.3.

Note that the phase space factor { in Z / / 
 Z ]*] is much larger than that in Z / 
 Z ]*] , { E"Z / / 
Z ]*] HR� { E"Z / 
 Z ]*] Hª� ýPý [237]. One may naively expect that

» E"Z / / 
 Z ]*] H¬«
» E"Z / 
 Z ]*] H . How-

ever, we see from Table 4.28 that the measured

» E"Z / / 
 Z ]*] HR�
» E"Z / 
 Z ]*] H§ ^ � $ � . The reason why

the predicted ratio is close to the experimental value is that the contributions from various intermediate
states to the overlap integrals in the summation in N �R�R�u Fe�.F [cf. (4.169)] drastically cancel each other due to
the fact that the Z / / wave function contains two nodes. This is characteristic of such intermediate state
models (QCS or bag model).

The decays � u�Iw �`
 � u � w � j¯® are dominated by E1M2 transitions. We can predict the ratios� / b
» E"Z / 
 Z® HR� » Ex� / 
��Z� �ª® H and � / / b

» E"Z / / 
 Z® HR� » Ex� / 
��Z� �ª® H :
� / �

þª°°°° N �R�R�� Fe�.F EK± U± Hù [ °°°° � S ²2EK± U± H S u �þ °°°° N �R�R�� Fe�.F E�³ U³ Hù J °°°° � S ²2E�³ U³ H S u � ù � / / �
þ2°°°° N �R�R�u Fe�.F EK± U ± Hù [ °°°° � S ²2EK± U± H S u �þ °°°° N �R�R�� Fe�.F E�³ U³ Hù J °°°° � S ²2E�³ U³ H S u � ù (4.171)

where m is the momentum of ® . The BGT model predicts � / � ^ � ^�^ ü � ù � / / � ^ � ^�^ $ ý�� Recently BES
has obtained an accurate measurement of

» Ex� / 
´��� ��® H and

» Ex� / 
��Z� � ] F H [241] (see Section 7.6A).
With the new BES data and the bounds on

» E"Z / 
 Z® H and

» E"Z / / 
 Z<® H [10], the experimental bounds
are � / S µ ¹e¶ ãr^ � ^�^ º � ù � / / S µ ¹`¶ ãr^ � ^�^ W � [241]. The predictions are consistent with these bounds.

18The updated results listed in Table reftab:c1ht are roughly larger than those in Ref. [237] by a factor of 1.3 since the updated
input data ·�¸º¹ �¼»y½P¾ ¹À¿Á¿�Â is larger than the old experimental value used in Ref. [237] by the same factor of 1.3.

240



DECAY

An interesting prediction in the CL approach is the prediction for the ratio

� � » Ex� / 
��Z� � ] F H» Ex� / 
��Z� �'® H ù (4.172)

which provides a measure of the light-quark mass ratio � � E ùMÿ L ùÄÃ HR� E ù { L E ùÄÃ j ù ÿ HR� ü H . This
belongs to the class of hadronic transitions, which violate heavy quark spin symmetry (HQSS) [235]. For
heavy mesons, there are only two types of operators that break HQSS. In the parent’s rest frame, the most
general spin symmetry breaking term is of the form Å V n , where n are the Pauli matrices. In an arbitrary
frame one observes that any

»
-matrix sandwiched between two projectors E $ jlÆ / HR� ü , or E $ L Æ/ HR� ü can

be expressed in terms of
Ô ô � sandwiched between the same projectors:

$ j�Æ/ü $ $ jÇÆ/ü � $ jÇÆ/ü ù $ jÇÆ/ü È�É $ jÇÆ/ü � ^ ù $ jÇÆ/ü È ô $ jÇÆ/ü � Æ^ô $ j�Æ/ü ù
$ jÇÆ/ü È ô È É $ jÇÆ/ü � $üvÊ ô � N a Æ � $ jÇÆ/ü Ô N a $ jÇÆ/ü ù $ jÇÆ/ü È É Ô ô � $ jËÆ/ü �ÌL �ü*Ê ô � N a $ jÇÆ/ü Ô N a $ j�Æ/ü T

there are analogous relations with E $ jÇÆ/ HR� ü 
 E $ L Æ/ HR� ü . We use here Ê Fe� � u � j $ . Let us defineÔ	Í1Î*Ïô � � $ �ÇÆ/ü Ô ô � $ �ÇÆ/ü � (4.173)

In the parent’s rest frame,
Ô ÍºÎ*Ïô � reduce to Pauli matrices. From the previous identities it follows that

the most general spin symmetry breaking terms are of the form { ô �� Ô Í ¥ Ïô � , or { ô �� Ô Í � Ïô � , with { ô �� two
arbitrary antisymmetric tensors. One expects that any insertion of the operator

Ô ÍºÎ*Ïô � gives a suppression
factor $ � ùÑÐ .

Using partial conservation of axial-vector current, Ioffe and Shifman [242] give the prediction

� � ü �$ W feÒ qÒ ×
n u f ù ÿ L ùÄÃù { L E ù Ã j ù ÿ HR� ü n � � (4.174)

The new BES experiment (see Section 7.6A) [241] provides a new precision value of � . With the
conventional values of the current quark masses, the prediction of (4.174) is smaller than the BES value
by about a factor of 3 [241]. So (4.174) should be regarded as an order of magnitude estimate.

The calculation of � in the CL approach is straightforward. The most general spin breaking
Lagrangian for the processes � / 
���� � ] F ù ® isÓ ��� Ê ô �eÔ�ÕGÖ � � / Ô ô � U� " L � U� Ô ô � � / "Ø× Æ Ô � Õ f � Q� �ZÙù E�Ú L Ú i H " j�ÛÜ® / n j � � ³ ��� (4.175)

The couplings Q and Û have dimension E�Ý ]�ÞßÞ`H � � ; the Û term contributes to the ratio (4.172) via the
mixing ] F L ® / and ® L ® / . There are no terms with the insertion of two à terms; the two P and C
conserving candidates Ê ô �eÔ�Õ Ö � � / à ôIá U� à �á " j � U� à ôsá � / à �á " × Æ Ô � Õ �}Ùù E�Ú L Ú i H " and Ê ô �eÔ�Õ Ö � � / à ô � U� à Ô�Õ "j � U� à ô � � / à Ô`Õ "Ø× �}Ùù E�Ú L Ú i H " both vanish.

Using the Lagrangian (4.175) and taking into account the mixings (4.163) and (4.164), we can
calculate the ratio (4.172)

� � ü �$ W f Ò qÒ�â
n u f ù ÿ L ù Ãù { L E ùÄÃ j ù ÿ HR� ü n ��ãääääå $ j ü Ûý Q Ùæ N qù��â � L ù��qPç$ j Û Q Ùæ N qù��â � L ù �â

è¼ééééê
� � (4.176)

241



CHAPTER 4

If we neglect the ] F L ® / and ® L ® / mixings, (4.176) reduces to the simple result (4.174). So far Û � Q in
(4.176) is not determined yet. Taking the ® L ® / mixing angle ë £ §ìL ü ^�í [10] and using the new BES
data on � [241], one can determine Û � Q from (4.176): Û � Q �îL $ ��� ü ��^ � $ ü or L ý�� $�$ ��^ � $ � [241].

The ]*] transitions between P-wave quarkonia, ü u�ïzð ÐØ
 $ u�ïzð Ò j ] j ] , have been studied in Ref.
[237]. The obtained transition rates ñòE ü u�ï ð Ð 
 $ u�ï ð Ò ]*] H are of the order of $ ^ � � – $ ^ � � keV [237]. The
relations between different ñ�E ü u ïzð Ð\
 $ u ï¦ð Ò ]*] H reflect the symmetry in the E1E1 multipole expansion
[230], so that experimental tests of these relations are of special interest.

In the CL approach, the single pseudoscalar meson transitions between heavy quarkonia states
such as u ï ð � 
 u ïzð ] F ]�óbô u ïzð�® (4.177)

are chiral-breaking but spin conserving [235], which are important for transitions forbidden in the SU(3)õ SU(3) symmetry limit.
To first order in the chiral breaking mass matrix we consider the quantities:�ÀÙù E�Ú'j´Úoö H "Ñ÷ óbô �}Ùù E�Ú L Úoö H " � (4.178)

The first quantity is parity even, while the second is parity odd; both have g � j $ .The only term spin-conserving and of leading order in the current quark masses contributing to
the transition (4.177) is

� � ô U� � " Æ Ô Ê ô �eÔ � � � f�ø � N q� �ZÙù E�Ú L Ú ö H " j�ù N qÁ® / nú (4.179)

where ø and ù are coupling constants of dimensions E�Ý ÷ ÞßÞ`H � � . The direct coupling to ® / contributes
through the mixing (4.163). The spin symmetry of the heavy sector gives relations among the modulus
square matrix elements of the transitions between the two P-wave states. In particular we find thatS  S � E u ï Ft
 u ï F ] Hz� S  S � E u ï � 
 u ï F ] H2� ^ ú (4.180)

and that all non-vanishing matrix elements can be expressed in terms of uhï FI
 u�ï � ] :S  S � E u ï �`
 u ï � ] Hz� $�òS  S � E u ï Ft
 u ï � ] H ú S  S � E u ï ��
 u ï � ] Hz� �
$ ü S  S � E u ï FI
 u ï � ] H úS  S � E u ï � 
 u ï � ] Hz� ý� S  S � E u ï Ft
 u ï � ] H ú S  S � E � ï ��
 � ï � ] Hz� S  S � E u ï FI
 u ï � ] H ú (4.181)

where ] stays for ] F or ® . The relations (4.181) can be generalized for any spin-conserving transition
between û � $ multiplets, leading to the same results as the QCD double multipole expansion [230].
Predictions for widths can be easily obtained from (4.179).

Now we consider the ]*] transitions of D-wave quarkonia. Theoretical studies of HTs of D-wave
quarkonia have been carried out by several authors in different approaches leading to quite different pre-
dictions [237,243–248]. We briefly review the approach in Refs. [247,248], and compare the predictions
with recent experimental results.

Since the �E ý ��� ^ H (or � / / ) lies above the - U- threshold, it is believed that it decays mainly into- U- [10]. Experimental observations show that the directly measured ü ¥ ü�� 
 �E ý ��� ^ H cross-section and
the ü ¥ ü � 
 �E ý ��� ^ HR
�- U- cross-section are different [249], suggesting considerable non- - U- decay
modes of �E ý ��� ^ H . �E ý ��� ^ HR
ý�Z� � ]*] is one possibility.

If �E ý ��� ^ H is regarded as a pure $ - state, the predicted leptonic width will be smaller than the
experimental value by an order of magnitude. The �E ý ��� ^ H is often regarded as a mixture of the $ - andü w states [247, 248, 250]: � / � S ü w "�þhÿ Þ ëj S $ - " Þ � ó ë ú �E ý ��� ^ H�ìL S ü w " Þ � ó ëj S $ - "�þhÿ Þ ë . ë can
be determined by fitting the ratio of the leptonic widths of � / and �E ý ��� ^ H . The determination of ë in
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the Cornell potential model [177, 191] and the improved QCD motivated potential model by Chen and
Kuang (CK) [251] (which leads to more successful phenomenological results) are: ë �îL $ ^Zí (Cornell)
and ë �îL $ ü í (CK).

The rate of this E1E1 transition is [247]ñ�Ex�E ý ��� ^ HR
ý�Z� � ]*] H�� S g � S � f Þ � ó � ë { Ex� / H S N �R�R�� Fe�.F Ex� / H S � j �
$ � °°°° g �g � °°°°

� þhÿ Þ � ë&ÇEx� / / H S N �R�R�� � �.F Ex� / / H S � n �
(4.182)

Since there is no available data to determine g � , we take an approximation to estimate g � . In Ref. [237],
it is assumed that ��]*] S % OY % O[ S ^ "�� � ��� S % OY % O[ S ^ " , i.e., that the factor describing the conversion of the two
gluons into ]*] is approximately independent of the pion momenta in the HTs under consideration. In
this approximation, we obtain [237] g � § ý g � � (4.183)

So it is possible that g � � g ����� E $ H .
Table 4.29: The predicted transition rate �
	���	��������������������� � ! � (in keV) in the Cornell model and the CK
model with the updated input data (4.170). The corresponding branching ratios are listed in the brackets using the
total width of ��	"�������� given in Ref. [10]. ñòEx�E ý ��� ^ HR
ý�Z� � ] ¥ ] � H (keV)

Cornell CKg � § ý g � 139 [ E�^ �©�$# �Ç^ � ^ � H&% ] 147 [ E�^ � W ü ��^ � ^ � H&% ]g � § g � 26 [ E�^ � $�$ �Ç^ � ^ $ H&% ] 32 [ E�^ � $ � ��^ � ^ ü H&% ]

For comparison, we list the predicted rate ñ�Ex�E ý ��� ^ HR
ý�Z� � ] ¥ ] � H with g � � g �ò� ý and g � � g �� $ in Table 4.29.19 Note that S–D mixing only affects a few percent of the rate, so that the rate is
essentially ñòEx�E ü -ÄHR
��Z� � ] ¥ ] � H .Recently, BES has measured the rate ñ�Ex�<E ý ��� ^ HR
 ��� � j ] ¥ j ] � H based on 27.7 pb � � data of�<E ý ��� ^ H . The result is ñòEx�E ý ��� ^ HR
ý�Z� ��j ] ¥ j ] � H� � ^�� ý ü � ü $ keV [252] (see Eq. (4.191) in
Section 7.6C). Equation (4.182) is in agreement with the central value of the BES result with g � � g �ò§ ü .Considering the large error in the BES experiment, g � � g � can still be in the range ^ � �(' g � � g � ' ü � � .We expect more precise future measurements to give a better determination of g � � g � .

For the ) system, the state mixings are much smaller [253]. Neglecting such mixings, the
predicted rate of )GE $ u -y�`HR
 ) ]*] in the Cornell model with g � � g �´� ý was ñ�E*) E $ u -y�`HR
 ) ]*] H§ ü � ¡�¢�£ [237]. Taking the central value g � � g � § ü determined from BES data, the prediction
is ñ�E*) E $ u -y�eHR
 ) ]*] H § $�$ ¡�¢�£ . Considering the above range of g � � g � , we predict 1.8 keV 'ñòE*) E $ u -y�eH�
 ) ]*] H ' 21 keV.

HTs are useful processes to investigate the
� J [or �E $ � ï �eH ] and

�,+
[or ) E $ � ï �eH ] states.

� J and�,+
are of special interest since the difference between the mass of the $ � ï � state and the centre-of-

gravity of the $ u�ï ð states gives useful information about the spin-dependent interactions between T
and UT . The possibilities to detect

� J and
�,+

at ü ¥ üP� colliders, in u w �`
 ] F�� ï � , � ï �e
 ]*] u w � , and� ï � 
 ] F u w � transitions have been studied in Refs. [229, 237, 248, 255, 256];
� J could also be detected

at the Û factories [257], depending on the value for the Û 
 � J � branching ratio. So far, the
�-+

has
not been experimentally found, while the

� J has probably been observed, based on recent preliminary
results presented by CLEO [258] and E835 [259]. CLEO has observed significant excess of events in�<E ü w HR
 ] F � J 
 ] F È ® J , in both exclusive and inclusive ® J decays. E835 has a significant excess of events

19The values listed in Table 4.29 are larger than those given in Refs. [247,248] since the updated input data values are larger.
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in U./. 
 � J 
 ® J È 
 ý È . The mass of the CLEO and E835 candidates are compatible, and very close to the
centre-of-gravity. For more details we refer to Chapter 3.

7.3 Nonrelativistic coupled-channel approach to hadronic transitions
Since a heavy quarkonium � lying above the threshold can decay into a pair of heavy flavour mesons0 U0 [

0
stands for - mesons (for ³ U³ ) and Û mesons (for ±IU± )], there must exist � –

0
– U0 couplings as

shown in Fig. 4.14.

12

3

43

5
5

45 45

466

Fig. 4.14: Coupling of the heavy quarkonium 7 to its decay channel 8:98 .

A complete theory should include not only the part describing � , but also the part corresponding
to the 0 U0 sector as well. Such a theory is the so-called coupled-channel (CC) theory.

It is hard to study the � –
0

– U0 vertex from the first principles of QCD, since it is the vertex of
three bound states. There are various models describing CC effects; the two well-accepted models are
the Cornell CC model (CCCM) [177,191,260] and the unitary quark model (UQM) [253]. The � – 0 – U0
vertex in the UQM is taken to be the u ï F quark-pair-creation (QPC) mechanism [261]. The parameters
in the UQM are carefully adjusted so that the model gives a better fit to the ³ U³ and ± U± spectra, leptonic
widths, etc. It is shown that the QPC model gives acceptable results even for OZI-allowed productions
of light mesons [261, 262], which is relevant in the calculation of the HT amplitudes in the CC theory.

The formulation of the theory of HTs in the framework of the UQM was given in Ref. [263]. The
Feynman diagrams for ��u�Iw �e
 �Mu� w � ]*] are shown in Fig. 4.15. We see that there are more channels
of ]*] transitions in this theory than in the single-channel theory. Figures 4.15(a)–4.15(d) are based on
the QCDME mechanism; we designate this the MGE part. Figures 4.15(e) and 4.15(f) are based on a
new ]*] transition mechanism via QPC; we designate this the QPC part. Figure 4.15(a) is similar to
Fig. 4.13 but with state mixings, so the single-channel amplitude mentioned in Section 7.2 is only a part
of Fig. 4.15(a).

Table 4.30: �
	x�<;=�0���>�,� , �?	���; ;=�0���>�,� , and �?	���; ;��Ñ��;@�>�,� predicted in CC theory, with ACB�D$EGFIHKJ andHL�/M N��ON , together with the updated experimental values [10]. �>� stands for the sum over all the � �P� ! and �b�Q�,�
channels.

Theory Expt.þhÿ Þ>R �îL $ þhÿ ÞSR �îL ^ � W��PWñ�E*) / 
 ) ]*] H (keV) 14 13 $ ü � ^r� $ � �ñòE*) / / 
 ) ]*] H (keV) 1.1 1.0 $ � � ü �l^ � ý��ñ�E*) / / 
 ) / ]*] H (keV) 0.1 0.3 $ � ü W �l^ ��� ^
Since state mixings and the QPC vertices are all different in the ³ U³ and the ± U ± systems, the pre-

dictions for the ) HT rates by taking the input (4.170) will be different from those in the single-channel
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Fig. 4.15: Diagrams for hadronic transitions in the CC approach. Quoted from Ref. [263].

theory. Such predictions were studied in Ref. [263]. Note that for a given QPC model, the QPC part
is fixed, while the MGE part still contains an unknown parameter g � after taking the approximationg � § ý g � . Since there is interference between the MGE and the QPC parts, the phase of g � is impor-
tant; explicitly, g ��� S g � Seü �UT . The data of the HT rate and p qsq distribution in � / 
��Z� � ]*] can be taken
as inputs to determine g � and R [263]. Considering the error bars in the p qdq distribution, R is restricted
in the range L $ ' þhÿ ÞSR ' L ^ � W��PW [263]. The predicted transition rates in the ) system are listed in
Table 4.30 together with the experimental results for comparison. We see that the obtained ñ�E*) / 
 ) ]*] His in good agreement with the experiment, and the results of ñ�E*) / / 
 ) ]*] H and ñ�E*) / / 
 ) / ]*] H are in
agreement with the experiment at the level of ü à and ü ��� à , respectively.

Next we look at the predicted p qdq distributions. It is pointed out in Ref. [265] that there is a tiny
difference between the measured p qsq distributions in � / 
���� � ]*] and ) / 
 ) ]*] . In the single-channel
theory, the formulas for these two p qsq distributions are the same. In the CC theory, once g � and R are
determined, the p qdq distribution of ) / 
 ) ]*] is uniquely determined. It is shown in Ref. [263] that the
prediction fits the experiment [265] very well

However, the situation of the p qsq distributions of ) / / 
 ) ] ¥ ] � and ) / / 
 ) / ] ¥ ] � are more com-
plicated. Comparison of the CC predictions with the CLEO experiment will be shown in Section 7.5E.
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7.4 Application of the QCD multipole expansion to radiative decays of the V�WYX
In the above sections, QCDME is applied to various HTs in which � � and � � are composed of the
same heavy quarks. In this case, the dressed (constituent) quark field Z E\[ ú&] H needs not actually to be
quantized. Now we generalize QCDME theory to processes including changes of heavy quark flavour
and heavy quark pair annihilation or creation, for which the quantization of Z E\[ ú&] H is needed. This has
been studied in Ref. [231] with the electroweak interactions included as well.

^�_�` ^�aY` ^"b�`
cYdOe cYdOe cYdOe

f f
g

h h
g f

h

g

Fig. 4.16: Feynman diagrams for the radiative decay process �����i�kjmlkn .

An example of application of such a theory is �Z� � 
 È ® (see Section 5.5 for a discussion in the
framework of Ref. [154]). This process has been studied in the framework of perturbative QCD and
the nonrelativistic quark model in Ref. [264], but the predicted rate is significantly smaller than the
experimental value. The ® momentum in this process is _ â � $ �©� Gev. If ® is converted from two
emitted gluons from the heavy quark, the typical gluon momentum is then o � _ â � ü � � � ^ MeV. At
this momentum scale perturbative QCD does not work well but QCDME works [231]. The Feynman
diagrams for this process in the QCDME approach are shown in Fig. 4.16, in which the intermediate
states marked between two vertical dotted lines are all treated as bound states. In this sense this approach
is nonperturbative.

Since this process is dominated by E1M2 transition; the transition rate depends on the pseudoscalar
nonet mixing angle ë$p . Taking the value ë$p § L ü ^ í determined from the ® 
 È�È and ® / 
 È�È rates [10],
we obtain [231]ñòE ��� � 
 È ® H2� ^ � ^ � $ þ ørqø � � ¡�¢�£ ú ¤ E �Z� � 
 È ® Hª� E �,� � ��^ � ü H õ $ ^ �Ss þ ørqø � � � (4.184)

With the reasonable value øtq � ø � � $ � � , the predicted branching ratio can agree with the experimental
value Ûµvu ¶ E ��� � 
 È ® H�� E � � W ��^ � � H õ $ ^��Ss [10]. To avoid the uncertainties from øLq � ø � and ë�p , we
take the ratio of ñ�E �Z� � 
 È ® H to another E1M2 transition rate ñ�Ex� / 
���� ��® H . The theoretical prediction
is [231] � â w ñòE �Z� � 
 È ® HñòEx� / 
��Z� �ª® H � ^ � ^ $ ü � (4.185)

In � â , uncertainties in the H factors cancel, so � â offers a direct test of the MGE mechanism. (4.185) is
in agreement with the experimental value � â S µvu ¶ � ^ � ^�^ # �l^ � ^�^ ý [10] at the $ à level.

This approach can also be applied to �Z� � 
 È ® / . With ë p §îL ü ^�í , we obtain

� â � w ñòE �Z� � 
 È ® / HñòEx� / 
��Z� �ª® H � °°°° ²2E �Z� � 
 È ® / H²2E ��� � 
 È ® HRH °°°° u °°°° x �â � E*y ü
þhÿ Þ ë p j Þ � ó ë p Hx �â E þhÿ Þ ë�p L y ü Þ � ó ë�p H °°°° � � â � ^ � ^ ���,� (4.186)

This is also in agreement with the experimental value � â � S µvu ¶ � ^ � ^ ��� ��^ � ^ $ ^ [10].
We would like to mention that this approach is not suitable for ) 
 È ® since the typical gluon

momentum in this process is o � _ â � ü � ü ��� Gev, appropriate for perturbative QCD, but not for
QCDME.
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Fig. 4.17: Allowed photon, dipion, and omega transitions allowed within the z 9z system.

7.5 Hadronic transition experiments in the {,|{ system

A. Experimental analysis of hadronic transitions — bottomonium
We see from Eq. (4.166) that, in the framework of QCDME, the transition amplitude contains

an MGE factor and a H factor. Selection rules, as well as the limited phase space, restrict the possible
transitions. A summary of the rich spectroscopy afforded by bottomonia is shown in Fig. 4.17

The principal experimental observables here are the partial widths for the transitions between bot-
tomonia and the Dalitz plot variables: the ]*] and ) ] invariant mass spectra, and the angular distributions
between final-state particles. To measure the transition ) / / 
 ) ]*] , for example, in electron–positron
annihilation data (where ) / / is produced at rest, and polarized along the beam axis), one can use the
constraint that the ) energy can be inferred directly from the measurement of the pion four-momenta to
calculate the mass recoiling against the dipion system. As with the È�È cascades, one differentiates the
“exclusive” case in which the ) decays to a clean, background-free topology, such as } ¥ } � or ü ¥ ü � ,
from the “inclusive” case in which all events are accepted, and one calculates the mass recoiling against
all oppositely-signed dipion pairs. In the former case, one, therefore, selects events consistent with the
cascade: ) / / 
 ) ]*] , ) 
 û ¥ û � , allowing one to isolate a very clean sample, but at the expense of lower
overall efficiency owing to the small ( � ü % ) dileptonic BR’s of the final state ) ’s.

B. Branching ratios and partial widths
The CLEO II mass spectra recoiling against charged dipions, for data taken at the ) / [266], are

shown in Figs. 4.18 and 4.19, and illustrate the trade-off between the higher statistical power of the
inclusive data sample vs. the better signal-to-noise of the exclusive data sample.20

Branching ratios are calculated based directly on the number of events found in each peak. Predic-
tions for the partial widths in the nonrelativistic single-channel and coupled-channel theories are shown
in Tables 4.28 and 4.30. In addition to CLEO, the tabulated branching ratios for ) / 
 ) ]*] also in-
clude measurements made by the ARGUS [265], CLEO I [267], CUSB-I [268], and Crystal Ball [269]
collaborations. The CLEO II collaboration are also able to derive estimates for the transition rates for) / / 
 ) / j�~ by performing a hand scan of the events it reconstructs in ) / / 
 ) / j�~ , ) / 
 ) ] ¥ ] � ,) 
 û ¥ ûØ� , and using the unitarity constraint that the sum of the dipion transitions plus the radiative tran-

20Because of the poor signal-to-noise ratio, the � � �¼» �	¿ ç ¿ ç transitions cannot be studied inclusively.
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sitions must saturate the overall ) / / 
 ) / j�~ decay rate to determine X. These values have been com-
piled along with the direct observation of the ) / / 
 ) / ] F ] F and ) / / 
 ) / ] ¥ ] � transitions. According to
isospin symmetry, the ] ¥ ] � transition rate is expected to be twice that of the ] F ] F transition, modulo
the ratios of available phase space ( ] F ] F / ] ¥ ] � ) (1.36 for ) / / 
 ) / ] F ] F and 1.02 for ) / / 
 ) ] F ] F ). The
measurements to date are generally consistent with this expectation, with the exception of ) / / 
 ) / ] ¥ ] � .
Curiously, despite an inability to match the dipion mass distributions for the ) / / 
 ) ]*] transitions (Secs.
7.2 and 7.3), the QCDME approach gives a better match for this partial width than for ) / / 
 ) / ]*] .

C. Angular distributions
In the nonrelativistic limit, orbital angular momentum and spin are separately conserved. The spin

of a bottomonium resonance produced at ü ¥ ü�� colliders lies along the beam axis. In )GEx� w HR
 ) ] ¥ ] � ,
the orbital angular momentum between the pions, or the orbital angular momentum between the dipion
system and ) is a useful observable in addition to the polarization of ) . Predictions for the populations
of the allowed angular momentum states have been made for both the � system as well as the ) system
[240,270]. All measurements to date (e.g., by verifying in exclusive events that the angular distribution of
the leptons relative to the beam axis follows ��� � � E�³��$�Ië H � $ j ³��$� � ë ) from ARGUS, CLEO, and CUSB
give strong evidence that the daughter ) is indeed polarized along the beam axis in the dipion transitions,
and are consistent with an S-wave decay. The other allowed amplitude is a possible D-wave contribution
in the dipion system [cf. Eq. (4.167)]. Convincing evidence for a large D-wave component of the
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dipion system has not yet been presented, although it has received some theoretical attention [271–273],
and suggestions for non-S-wave anisotropy are found in both the ) / / 
 ) ] ¥ ] � [266] and ) / 
 ) ] ¥ ] �data [265, 274], both of which show � ü à indications of a D-wave contribution at the few percent
level [266]. Mapping out the ratio of D-wave to S-wave amplitudes as a function of dipion mass in
the ) / / system is a project requiring substantially more statistics than have been accumulated to date;
expectations are that a D-wave amplitude would be more observable at low values of invariant mass,
corresponding to higher energy release in the ) / / decay. Such an analysis is currently underway at
CLEO and should mature within the next year.

D. Single pion transitions
For dipion transitions Yan [230], collaborating with Kuang [237], and their work later extended by

Zhou and Kuang [263], estimated the magnitude of the second piece of the product matrix element, the
hadronization term of the transition amplitude. An immediate consequence of the multipole approach
is the expected suppression of the case ~ � ® relative to ~ � ]*] . The former system has the wrong
quantum numbers for two

% $ gluons, and proceeds in lowest order as either
% $ � p ü or p $ � p $ in

QCDME. Since the mass dependence of the chromomagnetic transitions goes as x �Ss ( x = quark mass),
QCDME, therefore predicts that the ratio for ¤ E*) / 
 )® HR�d¤ E*) / 
 ) ]*] H should be substantially smaller
than the ratio ¤ Ex� / 
 ��® HR�d¤ Ex� / 
 � ]*] ). By contrast, if the ratio of ] ¥ ] � to ® transitions were governed
by phase space alone, the ® transition would be about 15% of the ] ¥ ] � transition for ) / 
 ) . The most
recent CLEO analysis yielded an upper limit: ¤ E*) / 
 )® Hm� ^ � ^�^ ü � , in qualitative agreement with the
rule given above.

The isospin-violating decay � (2S) 
 ] F � (1S) and the M1 transition � (2S) 
 ®k� (1S) have been
observed in the charmonium sector; searches for the corresponding transitions in the bottomonium sector
have resulted only in the upper limit: ) / 
 ) ] F � 0.11%. The typically poorer energy resolution in
neutral particle measurements, coupled with small predicted branching fractions, makes observation of
such decays difficult.

E. Dipion mass spectra
The dipion mass spectra are calculated directly from the pion four-momenta. As stated before, the

invariant mass spectra are expected to peak at high mass values. This is, in fact, what is observed for
the transition ) / 
 ) ] ¥ ] � , as shown in Fig. 4.20, and entirely consistent with an exhaustive study of
this process by the ARGUS collaboration [265]. Also shown in Fig. 4.20 are the ] F ] F mass spectra for) / / 
 ) ] F ] F and ) / / 
 ) / ] F ] F .The current data show peaking at high mass for the ) / / 
 ) / ] ¥ ] � and ) / 
 ) ]*] transitions, con-
sistent with the expectation for S 
 S transitions (and also consistent with charmonium results). This is
the process for which the multipole expansion model, owing to the smallness of the expansion parameter,
claims to have the greatest predictive power. However, the ] F ] F and ] ¥ ] � invariant mass distributions
in the ) / / 
 ) ] ¥ ] � transition show a “double bump” structure that disagrees with the gluon field multi-
pole expansion model as well as with the expectation that the matrix element for a transition with these
quantum numbers should approach zero at threshold. This is perhaps an indication that the average value
of T � is too large to make predictions reliably using the multipole model. It may also be an indication
that a low-mass 0++ scalar (e.g., the à ) may be contributing to the intermediate state.

There have been various attempts to explain the double-peaked shape. Ref. [272,275,276] assumed
the existence of a four-quark state ) � , which enhances the low- p qsq region. So far such a resonance is
not found experimentally. Ref. [277] assumed a large QPC part in the ) / / 
 ) ]*] amplitude whose
interference with the MGE part may form a double-peaked shape. However, the systematic calculation
shown in Section 7.3 does not support this assumption. Recently, another attempt considering certain
models for a à meson resonance around 500 MeV in the final state ]*] interactions [278, 279] have been
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proposed. By adjusting the free parameters in the models, the CLEO data on the p qdq distributions can
be fitted. However, the model need to be tested in other processes. Therefore, the HT ) / / 
 ) ]*] is still
an interesting process needing further investigation.

F. Three-pion transitions
With their large ) / / data sample in hand, the CLEO collaboration is able to probe beyond the

now-familiar dipion transitions. Of particular interest are c -mediated transitions, which have been long-
suggested as a possible path to the ® + , via: ) / / 
 ® + c . In QCDME, by colour conservation, this must
correspond to three E1 gluon emissions. Although direct decays ) / / 
 ® + c were not found, CLEO has
observed significant production of ) via ) / / 
�� / + E ü ï H È , � / + E ü ï HR
 ) c , as shown in Figs. 4.21 and 4.22.

What is actually observed are two recoil mass peaks, corresponding to decays from the � / + (2P)
(J=2) and (J=1) states. In fact, large partial widths for such decays had been predicted (albeit indirectly)
in the original QCDME formulation of Gottfried. As pointed out by Voloshin, since the c is spin 1, the
matrix element should be largely independent of the spin of the parent 2P, consistent with observation.
The measured branching fractions ( ¤ E � / + E �0� ü HR
 ) c Hz� E $ � ^k�¬^ � ý �¬^ � $ H&% and ¤ E � / + E �0� $ HR
 ) c Hª�E $ � W ��^ � ý ��^ � ü � H&% are unexpectedly large, given the limited phase space for these decays.

G. Hadronic transitions from the ) E � w H
Observation of hadronic transitions from the ) E � w H , interesting on its own merits, would provide

essential information on the )GE � w H wave function. Since the )GE � w H resonance is above the threshold forÛ UÛ production, measurement of the dipion transitions, with partial widths a factor $ ^*�Ss smaller than
the dominant strong decays to open bottom, require data samples of order $ ^S��) E � w H events. The BaBar
and Belle experiments now have accumulated samples of 100M )GE � w H events and may produce the first
signals for such dipion transitions soon. CLEO have produced the most recent results on these transitions,
resulting only in upper limits: )GE � w HR
 ) / ]*] � ^ � ^ ý$# % ; ) E � w HR
 ) ]*] � ^ � ^ $ ü % . Interest in such
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Fig. 4.22: Photon energy distribution for the previous figure’s data sample, showing fits to the J=2 and J=1 states.
Transitions from the J=0 state are kinematically forbidden (as indicated).

decays has recently been promoted by the BES claim of the corresponding decay in the charmonium
sector: �E ý ��� ^ HR
ý� � ] ¥ ] � .

H. Unanswered questions
Aside from a first-principles explanation of the dipion mass spectrum in the ) / / 
 ) ] ¥ ] � spec-

trum (such a three-body decay does not, unfortunately, easily lend itself to lattice gauge techniques),
much experimental work remains. Among the dipion transitions one would like to observe are the ®
transitions between the w states, or one of the two dipion transitions involving the singlet $ � ï � state:
the isospin-violating decay ) / / 
 �S+ E $ � ï �`H ] F , or ) / / 
 �,+ ] ¥ ] � 21, as well as the dipion transitions be-
tween the � + states: � / + 
 � + ]*] . Owing to the larger total widths of the � / + (J=2 and J=0) states
relative to the J=1 state, the first observation of this decay might be expected in the transition between
the J=1 states. Transitions at higher order in QCDME, e.g., ) / / 
 ® + c (E1E1M1 transition), and also
HT to the ® + , which is accessible through two routes, each of which involves a radiative and a hadronic
transition: either ) / / 
 �S+ E $ � ï �eH ]*] ; followed by

��+ E $ � ï �eHR
 ® + È , or ) / / 
�� / + È ; � / + 
 ® + ] ¥ ] � , would
both help complete our picture of heavy quark spectroscopy (see Chapter 3). Also extremely interesting
would be the observation of HTs from the recently discovered triplet - -bottomonia states ( ) E $ u - ð H ),e.g., ) E $ u - � HR
 ) ] ¥ ] � , or ) E $ u - � HR
 )GE $ w H ® . Currently, only an upper limit exists for the product
branching fraction: ) / / 
�� / +�� ð�� � È , � / +�� ð�� � 
 $ u - , $ u -Ä
 ) ]*] of $ � $ õ $ ^ �Ss for the J=2 D-state, and

21For this � »�� transition, Kuang & Yan predict a dipion mass distribution that peaks at �U��� values of invariant mass.
This is understood by the following argument: such a transition ��� » ���-�C� can only proceed in P wave, which suppresses
the high mass region.
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ü � � õ $ ^��Ss , including all the D-states. A 90% c.l. upper limit is also set for the same decay chain, but
with an ® rather than dipion transition, of ü � ý õ $ ^ �Ss .
7.6 Hadronic transition experiments in the   |  system
Hadron transitions in the charmonium system where there is experimental information include ] ¥ ] � 
�Z� � ] F , ] ¥ ] � 
 �Z� � ® , and ] ¥ ] � 
 ��� � ]*] . Recently evidence has been presented on �E ý ��� ^ Hò
�Z� � ] ¥ ] � decays, and very recently, Belle announced the discovery of the ~�E ý � � ü H [280], which is
detected via ~ÇE ý � � ü H 
 �Z� � ] ¥ ] � , making it another means to study hadronic transitions. Here
recent experimental results on ] ¥ ] � 
 �Z� � ] F , ] ¥ ] � 
 �Z� �Ë® , ] ¥ ] � 
 �Z� � ]*] and �<E ý ��� ^ H¨
�Z� � ] ¥ ] � will be summarized. We will shortly mention the ~�E ý � � ü Ho
 �Z� � ] ¥ ] � transition, which
has been discussed in detail in Chapter 3, Section 8.2.

A. ] ¥ ] � 
 ��� � ] F , ] ¥ ] � 
 �Z� � ] F ] F and ] ¥ ] � 
 �Z� �'®
Experimental results for the processes � / 
 �Z� � ] F and �Z� �Ñ® are few and were mainly taken in

the 1970s and 80s [281–285]. Recently, however, BES, using a sample of E $ �,� ^<��^ � W H õ $ ^ � � / events
collected with the BES II detector [286], studied � / decaying into �Z� �E ] F ú ® H , with ] F and ® decaying
to two photons, and �Z� � to lepton pairs [241]. Events with two charged tracks identified as an electron
pair or muon pair and two or three photon candidates are selected. A five constraint (5C) kinematic fit
to the hypothesis � / 
 È�È û ¥ û � with the invariant mass of the lepton pair constrained to ��� � mass is
performed, and the fit probability is required to be greater than 0.01.

To remove the huge background from � / 
 È � J � � J � under the � / 
 ��� � ] F signal, the invariant
mass of the highest energy gamma and the �Z� � , p�¡�¢ � ð�£�¤ is required to be less than 3.49 or greater than
3.58 Gev/c � . Figure 4.23 shows, after this requirement, the distribution of invariant mass, p ¡�¡ , where the
smooth background is due to �<E ü w H¨
 È � J � � � and �Z� � ] F ] F . A Breit Wigner with a double Gaussian
mass resolution function to describe the ] F resonance plus a third-order background polynomial is fitted
to the data.

In the � / 
 �Z� �l® channel, the main backgrounds are from � / 
 �Z� � ] F ] F and È � J � � J � . By
requiring p¥¡�¢ � ð�£�¤ � ý����¦# Gev/c � , most background from � / 
 È � J � � J � is removed. The resultant plot
shown in Fig. 4.24 shows a clear ® signal superimposed on background, mainly from � / 
 ] F ] F �Z� � .
A fit is made using a Breit–Wigner resonance convoluted with a mass resolution function for the ®
signal plus a polynomial background, where the width of the ® is fixed to its Particle Data Group (PDG)
value [10] and the background function is determined from � / 
 �Z� � ] F ] F Monte Carlo simulated
events that satisfy the same criteria as the data.

Table 4.31: Recent BES results on �k;Y�������§�,� and �¨;��������©n .

Channel ½P¾ ¹ ¿ ç ½P¾ ¹«ª
Final state ¬�¬$Q�>�� ¬�¬�®Y�Y®,� ¬�¬/��>�� ¬�¬�®Y�Y®,�

Number of events �C¯Q°?±¨�&² �&³�³´±©¯�� ¯Cµ�¶�³
±¨�R�O� °�¯�·e�
±k��µ�²
Efficiency ( ¸ ) 11.21 13.34 26.94 34.07
Sys. error (%) 9.68 8.77 8.54 8.40

Correction factor 0.962 0.974 0.962 0.974
BR (%) �O¹@��°�·
± �O¹ ��¯`�
±G�º¹ �º��° �º¹»��µ�¼
±G�º¹ �O�&·
± �O¹ �O�&° ¯O¹ ·º�-±G�º¹»�C¯?± �O¹ ¯O� °O¹ �Q¶?± �O¹@��µi±G�º¹ ¯Q³

Combine BR (%) �º¹»��µ�°r±G�º¹ �O��µr± �O¹ �O�&° ¯O¹ ·�²
± �º¹ ��·
±G�º¹ ¯Q°
PDG (%) [10] �º¹ �Q·�¶
± �O¹ ��¯O� °º¹»�&¶
±G�º¹ ¯�¯

Using the fitting results and the efficiencies and correction factors for each channel, the branching
fractions listed in Table 4.31 are determined. The BES ¤ Ex� / 
 �Z� � ] F H measurement has improved
precision by more than a factor of two compared with other experiments, and the � / 
 �Z� � ® branching
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Fig. 4.24: Two-photon invariant mass distribution for candidate � ; �¿nY�¦��� events for (a) j�j>� � � ! and (b)jYjY�S� � ! .

fraction is the most accurate single measurement. The BES ¤ Ex� / 
 ��� � ] F H agrees better with the
Mark II result [284] than with the Crystal Ball result [285]. For the comparison of the BES result with
related theoretical predictions, see Section 7.2.

In another recent BES analysis [287], based on a sample of approximately � õ $ ^b� ] ¥ ] � events
obtained with the BES I detector [288], a different technique is used for measuring branching fractions
for the inclusive decay ] ¥ ] � 
 �Z� � ÷ ó�À�ÁCÂ � ó>Ã , and the exclusive processes for the cases where ~ � ®
and ~ � ]*] . Inclusive } ¥ } � pairs are reconstructed, and the number of ] ¥ ] � 
 �Z� �Ä~ events
is determined from the �Z� � 
 } ¥ }¦� peak in the } ¥ }¦� invariant mass distribution. The exclusive
branching fractions are determined from fits to the distribution of masses recoiling from the �Z� � with
Monte Carlo determined distributions for each individual channel.

Selected events are required to have more than one and less than six charged tracks and must have
two identified muon tracks with zero net charge. The two muon tracks must satisfy a one constraint
kinematic fit to the �Z� � mass. Shown in Fig. 4.25 is the dimuon invariant mass distribution, x¥ÅºÅ , for
these events. A clear peak at the �Z� � mass is evident above background.

The mass recoiling against the �Z� � candidates, x�Æ is determined from energy and momentum
conservation. In order to distinguish �<E ü w H 
 �Z� � ] ¥ ] � and �E ü w H 
 ��� � ] F ] F events, separatex Æ histograms are made for events with no additional charged tracks and those with additional charged
tracks. To reduce background and improve the quality of the track momentum measurements, events
used for this part of the analysis are required to have a kinematic fit � � � � . The xkÆ histograms for
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Fig. 4.25: Distribution of dimuon invariant mass, Ç(È�È , for events that pass the �����É�Ê��� � ! kinematic fit.
Dots with error bars are data. Also shown is the fit (solid histogram) to the distribution with signal (long dashed
histogram) and background (short dashed histogram) shapes.

events with and without additional charged tracks, selected according to the above requirements, are
shown in Figs. 4.26 and 4.27.

To determine the number of exclusive decays and separate �E ü w H 
 �Z� � ] F ] F and �E ü w H 
�Z� � ] ¥ ] � events, x Æ histograms for events with and without additional charged tracks, shown in
Figs. 4.26 and 4.27, are fit simultaneously. Contributions from the �E ü w H 
 È � J F ú � J Fy
 È �Z� � are
expected to be very small [10] and are not included in the fit. The influence of ] ¥ ] � 
 �Z� � ] F is
also small, indeed there is no indication of such a component in Fig. 4.26, and this channel is also not
included. The x½Æ distributions for �E ü w H¨
 È � J � ú � J �
 È �Z� � , �E ü w H 
 È � J � ú � J � 
 È �Z� � , and
the background are broad and rather similar in shape, as can be seen in Fig. 4.26. Since these are difficult
to distinguish, the � J � to � J � ratio is constrained using calculated efficiencies and the PDG world average
branching fractions for the two processes.

To avoid a number of systematic errors, the channels of interest are normalized to the observed
number of �Z� � ] ¥ ] � events; ratios of the studied branching fractions to that for ¤ E ] ¥ ] � 
 ��� � ] ¥ ] � Hare reported. The advantage of normalizing in this way is that many of the muon selection systematic
errors largely cancel, as well as the systematic error due to the � � requirement.

Table 4.32: Final branching ratios and branching fractions. PDG04-exp results are single measurements or aver-
ages of measurements, while PDG04-fit are results of their global fit to many experimental measurements. For the
value marked with an asterisk, the PDG gives the reciprocal. The BES results in the second half of the table are
calculated using the PDG value of Ë
ÌOÌÍFÎË<	�� � � ! �������
� � � ! �?FÏ	"/J�MÐ�tÑÒJºMUJ���Ó .

Case This result PDG04-exp PDG04-fit¤ E ��� � ÷ ó�À�ÁCÂ � ó>Ã�HR�d¤ qdq $ � � W�� �Ç^ � ^ ü W ��^ � ^ ��� ü � ^ $ W �l^ � $ � ^ [289] $ � � ü $ �l^ � ^ ý W �¤ E ��� � ] F ] F HR�d¤ qsq ^ �©� � ^<�Ç^ � ^�^ # ��^ � ^ ü W – ^ �©�$# ��^ � ^ �¤ E ��� ��® HR�d¤ qdq ^ � ^ # � �Ç^ � ^�^ � ��^ � ^ $ ^ ^ � ^ # $ �l^ � ^ ü $ [284] ^ � $ ^�^��^ � ^�^ �¤ E ��� � ÷ ó�À�ÁCÂ � ó>Ã�H (%)
�$#�� ü �l^ � � � ü � � ��� � � � � � W � ü � ^¤ E ��� � ] F ] F H (%) $ � � $ �l^ � ý � $ � ^ – $ � � � � $ � ü¤ E ��� ��® H (%) ý�� $�$ ��^ � $ � ��^ � ý $ ü �@# ��^ �©� ý�� $ W �l^ � üPü

The final branching fraction ratios and branching fractions are shown in Table 4.32, along with
the PDG results, including their experimental averages and global fit results. For the ratio of ¤ Ex�E ü w H
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Fig. 4.26: Fit of the ÇÕÔ distribution events with no additional
charged tracks. Shown are the data (points with error bars),
the component histograms, and the final fit. For the compo-
nents, the large, long-dash histogram is ��	�Ö�×´�Õ� �¦���?�>� ,
the narrow, dash–dot histogram is ��	�Ö�×´�´�������
n , the broad,
short-dashed histogram is �,� � !Ø� jY� Ù*Ú�ÛÜ� Ù*Ú�� j-����� ,
the broad, hatched histogram is ���P� !Ý� jY� ÙßÞ ÛÜ� ÙßÞ �j-����� , and the lowest cross-hatched histogram is the com-
bined ���P��!Ø� jà�S�-� ! and ���P��!�� ��	�Öº×?�&ÛÜ��	�Ö�×´�Ò�	�j>�*�S�P� ! background. The final fit is the solid histogram.
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Fig. 4.27: Fit of the ÇáÔ distribution for
events with any number of additional charged
tracks. Shown are the data (points with error
bars), the component histograms, and the final
fit (solid histogram). The dashed histogram is��	�Ö�×´�K�â�����?�S�´� ! , and the hatched histogram
is ��	\Öº×´�ã�¾�¦���?n . There is very little evidence
for ��	�Öº×?�ä�Ýjà� Ù*Úæå�Þ Ûæ� Ù*ÚæåæÞ �Ij-����� . This dis-
tribution is composed predominantly of ��	\Öº×´�
��¦���?�S� � ! .


 ��� � ] F ] F H to ¤ Ex�E ü w H 
 �Z� � ] ¥ ] � H , the PDG does not use the previous experimental results and
gives no average value. For the other branching fraction ratios, only one measurement exists for each, and
Table 4.32 lists the single measurements quoted by the PDG. The results for ¤ E �Z� � ÷ ó¦ÀYÁCÂ � óSÃkHR�d¤ Ex�<E ü w H
 �Z� � ] ¥ ] � H and ¤ E ��� ��® HR�d¤ Ex�E ü w Hò
 ��� � ] ¥ ] � H have smaller errors than the previous results.

To determine the branching fractions, the ratios are multiplied by the PDG value for ¤ Ex�E ü w H#
�Z� � ] ¥ ] � Hz� E ý $ � � � $ � $ H %. The agreement for both the ratios of branching fractions and the calculated
branching fractions using the PDG result for ¤ E ] ¥ ] � 
 �Z� � ] ¥ ] � H with the PDG fit results is good,
and the determination of ¤ E ��� ��® H agrees well with the determination from �E ü w H�
 È�È �Z� � decays
above.

B. ] ¥ ] � 
 �Z� � ] ¥ ] �The process ] ¥ ] � 
 �Z� � ] ¥ ] � , is the largest decay mode of the �E ü w H [10]. Early investigation
of this decay by Mark I [290] found that the ] ¥ ] � mass distribution was strongly peaked towards higher
mass values, in contrast to what was expected from phase space. Further, angular distributions strongly
favored S-wave production of �Z� � ]*] , as well as an S-wave decay of the dipion system. The challenge of
describing the mass spectrum attracted considerable theoretical interest [227,229,230,237,240,256,291].

The ] ¥ ] � 
 �Z� � ]*] decay was studied by BES [292], using 22,800 almost background free
exclusive �E ü w Hò
 ] ¥ ] � �Z� � , �Z� � 
 û ¥ û � events, where û signifies either ü or } , from a data sample
of ý�� � õ $ ^����E ü w H decays.
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The angular distributions were fit using the general decay amplitude analysis of Cahn [270]. The
decay can be described in terms of partial wave amplitudes, p´[ � | � ç , where è is the ]*] angular momentum,é

is �Z� � X ( ~ 
 ] ¥ ] � ) angular momentum, ê is the channel spin ( ê �ìë j�è ), and ë is the spin of the�Z� � . Parity conservation and charge conjugation invariance require both
 

and û to be even. The partial
waves can be truncated after a few terms. Considering only p FRFe� , p � Fe� , and p F � � [293]:� ñ��í ð�£�¤ �Éî S p FRFe� S � jýS p � Fe� S � j $� S p F � � S � E � L ý þhÿ Þ � ë �ðO£�¤ H j $y ü ïãð p F � � p �FRFe�Oñ E ý þhÿ Þ � ë �ð�£�¤ L $ HÜò ú(4.187)� ñ��í q �óî S p FRFe� S � j $� S p � Fe� S � E � L ý þhÿ Þ � ë �q H j�S p F � � S � j $y ü ïãð p � Fe� p �FRFe�Oñ E ý þhÿ Þ � ë �q L $ HÜò ú (4.188)� ñ�Yí Å �óî S p FRFe� S � E $ j þhÿ Þ � ë �Å H j $$ ^ EßS p � Fe� S � jýS p F � � S � H E $ ý j þhÿ Þ � ë �Å HÜò ú (4.189)

where ë �ð�£�¤ is the polar angle of the �Z� � relative to the beam direction in the lab, ë �q is the angle between
the momenta of �Z� � and ] ¥ in the rest frame of the ]*] system, and ë �Å is the angle between the beam
direction and } ¥ in the rest frame of the ��� � . The ��í ’s are measured in their respective rest frames, and
the pË[ � | � ç are functions of x qdq .

There are three complex numbers to be obtained. According to Cahn, if the �E ü w H and �Z� �
are regarded as inert, then p�[ � | � ç � ü ��ô çõ ÍUö�÷�÷dÏ S p [ � | � ç S , where ø F[ E x qsq H is the isoscalar phase shift for
quantum number û . The phase angles are functions of x qdq . Interpolating the S-wave, isoscalar phase
shift data found in Ref. [272,294], BES took ø FF to be § �Á� í and ø F� § ^ . Using these values as input, BES
obtained the combined fit to Eqs. (4.187)–(4.189), shown in Fig. 4.28. The fit yields a nonzero result forS p � Fe� S , indicating that the dipion system contains some D-wave, which is shown by the non-flat angular
distribution for

þhÿ Þ ë �q seen in Fig. 4.28. On the other hand S p F � � S � S p FRFe� S , which measures the amount
of D-wave of the �Z� � – ~ system relative to the S-wave, is consistent with zero, which is indicated by
the flat angular distribution for

þhÿ Þ ë �Æ shown in Fig. 4.28

Observation of a small D-wave contribution is interesting theoretically since, as we have seen in
Eqs. (4.180) and (4.168), there is only S-wave contribution in the NRSC approach, i.e.,the existence
of a small D-wave contribution implies that the present NRSC theory should be improved to contain
systematic relativistic and coupled-channel contributions.

The x qdq invariant mass spectrum has been fit with the Novikov–Shifman model and other models,
as shown in Fig. 4.29. As can be seen, they give nearly identical fits.

Mannel and Urech have constructed an effective Lagrangian using chiral symmetry arguments to
describe the decay of heavy excited S-wave spin-1 quarkonium into a lower S-wave spin-1 state [295].
Using total rates, as well as the invariant mass spectrum from Mark II via ARGUS [265], the parameters
of this theory have been obtained. More recently, M. L. Yan et al. [296] have pointed out that this model
allows D-wave contributions. BES fit the joint

þhÿ Þ ë �q – x qdq distribution using the amplitude of Mannel
and Urech. The results are given in Ref. [292], along with the results from Ref. [295] which are based
on ARGUS–Mark II [265].

C. �E ý ��� ^ Hò
 �Z� � ] ¥ ] �BES has reported evidence for �<E ý ��� ^ H 
 �Z� � ] ¥ ] � based on ü � � � pb � � of data taken in the
centre-of-mass (c.m.) energy region around 3.773 Gev using the BES II detector [252].

To search for the decay of �<E ý ��� ^ H 
 �Z� � ] ¥ ] � , �Z� � 
 ü ¥ ü�� or } ¥ }¦� , } ¥ }¦� ] ¥ ] � andü ¥ ü � ] ¥ ] � candidate events are selected. They are required to have four charged tracks with zero total
charge. Each track is required to have a good helix fit, to be consistent with originating from the primary
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Fig. 4.28: Angular distributions of (a) ACB�D/ù$úÈ , (b) A�B�D$ù�úÔ , and (c) A�B�D$ù�úÌ . The fit shown uses the partial wave
analysis description of Cahn [293].

event vertex, and to satisfy S þhÿ Þ ëZS � ^ � � � , where ë is the polar angle. Pions and leptons must satisfy
particle identification requirements.

In order to reduce background and improve momentum resolution, events are subjected to four-
constraint kinematic fits to either the ü ¥ ü � 
 } ¥ } � ] ¥ ] � or the ü ¥ ü � 
 ü ¥ ü � ] ¥ ] � hypothesis.
Events with a confidence level greater than 1% are accepted. Figure 4.30(a) shows the dilepton masses
determined from the fitted lepton momenta of the accepted events. There are clearly two peaks. The
lower mass peak is mostly due to �E ý ��� ^ Hò
 �Z� � ] ¥ ] � , while the higher one is produced via radiative
return to the peak of the �E ü w H .

A maximum likelihood fit to the mass distribution in Fig. 4.30(a), using a Gaussian function to
describe the peak near the ��� � mass, two Gaussian functions to represent the second peak from radiative
return to the �<E ü w H peak, and a polynomial to represent the broad background, yields a signal of $ � � � ��,� � events with a significance of W � ü à .

Backgrounds from QED radiative processes with È conversion, two-photon backgrounds, such
as ü ¥ ü�� 
 ü ¥ ü��´} ¥ }¦� (where the slow muons are misidentified as pions) and ü ¥ ü�� 
 ü ¥ üP� ] ¥ ] � ,
and ü ¥ ü � 
üû ¥ û � , are negligibly small, as are �Z� � ] ¥ ] � events produced in the continuum process,ü ¥ ü � 
 û ¥ û � ] ¥ ] � . However, there is a contribution from �E ü w H 
 �Z� � ] ¥ ] � that can pass the
event selection criteria and yield fitted dilepton masses around 3.097 Gev. This is the main background
to �E ý ��� ^ H 
 �Z� � ] ¥ ] � , as shown in Fig. 4.30(b). Here the histogram shows the dilepton mass
distribution for �<E ü w HG
 �Z� � ] ¥ ] � from a Monte Carlo simulation. The higher peak is due to the
radiative return to the �<E ü w H peak, and the lower peak is from the tail of the �E ü w H . The points with error
bars show the total contribution from �E ü w H and �<E ý ��� ^ H production and decay. From the simulation,
it is estimated that W � ^<�l^ �©� �l^ � W out of $ � � � � �,� � events in the peak near 3.1 Gev in Fig. 4.30(a) are
due to �E ü w H�
 �Z� � ] ¥ ] � , where the first error is statistical and the second one is the systematic error
arising from the uncertainty in the �E ü w H resonance parameters.
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Fig. 4.29: Fits to the ÇáÌOÌ distribution from �,� � !���S� � !��¦��� . The points are the data corrected for effi-
ciency, and the curves are the fit results. The smooth curve
is the Novikov–Shifman model. The other models, which
are described in Ref. [292], give similar results.

Fig. 4.30: Distributions of dilepton masses for (a)
data and (b) Monte Carlo sample for events pass-
ing the selection for ��	"��º�����ý�þ�,� � !?����� . The
hatched histogram in (a) is for �¦���ÿ� �,� � ! , while
the open one is for ����� ����� �º! . The histogram in
(b) is for ��	�Öº×?�´�������?�,� � ! , while the points with
error bars are the sum of ��	"��º�O���P�������
�,� � ! and��	�Öº×?�m�þ�����?� � � ! . (c) Distribution of mass re-
coiling against the � � � ! system calculated using
measured momenta for events that pass the kine-
matic fit requirement, where the hatched histogram
is for �����ÿ� �S�´� ! and the open one is for �����ÿ����P��! .

With the calculated cross-sections for �<E ý ��� ^ H production at each energy point around 3.773 Gev
and the corresponding luminosities, the total number of �E ý ��� ^ H events in the data sample is determined
to be � ¶ � � �¤ Í u ��� F Ï � E $ � � � �l^ � ý � H õ $ ^ É , where the error is mainly due to the uncertainty in the observed
cross-section for �<E ý ��� ^ H production. The detection efficiency for the decay channel is determined to beÊ ¤ Í u ��� F Ï�� ð�£�¤ q � q � � ðO£�¤ � [ � [ � � ^ � $ W ^Ü�r^ � ^�^ ü , where the error is statistical. Using these numbers and
the known branching fractions for �Z� � 
 ü ¥ ü � and } ¥ } � [10], the branching fraction for the non- - U-
decay �E ý ��� ^ H#
 �Z� � ] ¥ ] � is measured to be¤ Ex�E ý ��� ^ Hò
 �Z� � ] ¥ ] � H2� E�^ � ýd� ��^ � $ � ��^ � ^ � H&% ú (4.190)

where the first error is statistical and the second systematic. Using ñ �x� � from the PDG [10], this branching
fraction corresponds to a partial width ofñ�Ex�<E ý ��� ^ H�
 �Z� � ] ¥ ] � H2� E � ^� ý ü � ü $ H ¡�¢�£ � (4.191)

The dominant systematic uncertainty is due to the uncertainty in the total number of �<E ý ��� ^ H produced
( � ü � % ). Other systematic uncertainties are due to the efficiency ( � $ ^ % ), the background shape ( � W % ),
and �<E ü w Hª
 �Z� � ] ¥ ] � background subtraction ( � � % ).
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CLEOc has analyzed a sample of �E ý ��� ^ H decays ( �,�©� õ $ ^¦s ) [209]. Although the sample is
smaller, they have a larger detection efficiency (37%). They find two events in the signal region, con-
sistent with the estimated background, and set a preliminary upper limit ¤ Ex�E ý ��� ^ H
 �Z� � ] ¥ ] � Hm�^ � ü W % (90% CL). The result does not confirm the BES result, but is not inconsistent with it either. CLEOc
is now analyzing a sample of about 50 pb � � , and the situation should be better understood when this is
completed. See Section 7.2 for the comparison of the BES result with the related theoretical prediction.

D. ~ÇE ý � � ü Hò
 �Z� � ] ¥ ] �The Belle group has recently reported the observation of the ~ÇE ý � � ü H , a charmonium-like par-
ticle with mass

ý � � ü � ^Ü��^ � � MeV that decays to ��� � ] ¥ ] � [280]. For a review on the charmonium
assignments (and their problems) for the ~�E ý � � ü H we refer to Chapter 3, Section 8.2, and [297].

The ] ¥ ] � invariant mass distribution for this process, shown in Fig. 3.33(a) in Chapter 3, has a
stronger concentration at high mass values than QCDME [230] expectations for D-wave to S-wave tran-
sitions, and is also more pronounced than that seen in the S-wave to S-wave � / 
 �Z� � ] ¥ ] � process,
which is shown in Fig. 3.33(b). This concentration at high ] ¥ ] � masses in ~�E ý � � ü H�
 �Z� � ] ¥ ] � has
been experimentally confirmed by the CDF experiment [298].

8 DECAYS OF THE
�	� 22

Besides new spectroscopy, production and decay observables, the investigation of the long-lived heavy
quarkonium Û J , the pseudoscalar ground state of the U±e³ system, provides the possibility to get model-
independent information on some electroweak parameters, like the CKM matrix elements, in the heavy
quark sector [299, 300]. The first experimental observation of the Û J meson by the CDF collabora-
tion [224, 301] confirmed the theoretical predictions (and postdictions) on its mass, production rate and
lifetime [186,192,225,226,302–309]. Tevatron [310] and LHC [311] will provide in the near future new
data with increased statistics, opening the field to full experimental investigation and systematic test of
the theory.

Decays of the Û J meson were considered in the pioneering paper by Bjorken of 1986 [312]. A lot
of work has been done after that in order to understand long-lived doubly heavy hadrons.23 Surprisingly,
the Bjorken’s estimates of total widths and various branching fractions are close to what is evaluated now
in a more rigorous way. The Û J properties determined by the strong interactions can be investigated in
the framework of effective field theories for heavy quarkonia, i.e., NRQCD [14, 314], potential NRQCD
[41, 42] or vNRQCD [315] (see also Chapters 1, 3 and 6). In contrast to the Wilson coefficients, the
hadronic matrix elements of operators composed by the effective fields of the nonrelativistic heavy quarks
cannot be evaluated in a perturbative manner. So, one has to use nonperturbative methods such as QCD
sum rules (SR) [316], operator product expansion (OPE) for inclusive estimates and potential models
(PM).

The measured Û J lifetime is equal to

û î Û J ò}� ^ ��� W ¥ F n � �� F n � � �l^ � ^ ý�
 Þ ú (4.192)

which is close to the value expected by Bjorken. The Û J decays were, at first, calculated in PM [317–
326]. We do not distinguish here among relativistic and nonrelativistic PM, light-front, Bethe–Salpeter or
quasi-potential approaches, calculations with or without confined quark-propagators and so on, because
(1) relativistic corrections to the initial and final state heavy quarkonium form factors are suppressed by
powers of the heavy quark velocity (at least, by a factor 10); (2) light mesons in the final states are usually
factorized, and corrections to the factorization are small; (3) heavy-light mesons in the final states are

22Author: V. V. Kiselev
23Reviews on the physics of �� meson and doubly heavy baryons can be found in Refs. [186, 192, 225, 226, 302] and [313],

respectively. For the doubly heavy baryons see also Chapter 3.
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quite accurately described by potential models adjusted to the decays of such mesons. As a consequence
the different models agree on most of the decay channels.

The results of PM for the Û J lifetime agree with each others after having been adjusted on the
semileptonic decays of the Û mesons. The OPE evaluations of inclusive decays give lifetime and widths
[305] in agreement with PM, if one sums up the dominant exclusive modes. On the other hand, SR of
QCD gave at first semileptonic Û J widths, which were one order of magnitude smaller than those of PM
and OPE [327]. The reason was identified in the missing Coulomb resummation [306–308, 319]. At
present, all mentioned approaches give close results for the lifetime and decay modes of the Û J if similar
sets of parameters are used. Nevertheless, various questions remain open:

– What is the appropriate normalization point of the non-leptonic weak Lagrangian in the Û J decays?
– What are the values of the masses for the ³ and ± quarks that have to be used (see in this respect

Chapter 6)?
– What are the implications of the NRQCD symmetries for the Û J form factors?
– How consistent is our understanding of hadronic matrix elements characterizing the Û J decays

with the data from other heavy hadrons?

In the following of this section we shortly review the Û J decays by summarizing the theoretical
predictions in the different frameworks and discussing how direct experimental measurements can help
to answer the above questions.

8.1 ��� lifetime and inclusive decay rates
The Û J decay processes can be divided into three classes [305]:

1) the U± -quark decay with the spectator ³ quark,
2) the ³ -quark decay with the spectator U ± quark and
3) the annihilation channel Û ¥J 
 û ¥ � [ØE�³ U� ú � U� H , where û � ü ú } ú û .

In the U± 
 U³�³ U� decays one separates also the Pauli interference with the ³ quark from the initial state. In
accordance with the given classification, the total width is the sum over the partial widthsñòE�Û J 
 ~ H2� ñòEK± 
 ~ H j�ñ�E�³ 
 ~ H j�ñ (ann.) j�ñ (PI) � (4.193)

We will see that the dominant contribution to the Û J lifetime is expected to be given by the charmed
quark decays ( § � ^ % ), the ± -quark decays and the weak annihilation are expected to add about 20% and
10%, respectively, while the Pauli interference term gives a valuable contribution in the U± 
 ³ U³O� decays at
the level of L $ �©� % , which we have included in the ± -quark decay fraction. The above percentages were
obtained in [309]. Somewhat different figures may be obtained in different approaches, e.g., C. H. Chang
et al. obtain in [305] about � ^ % for the fraction of ³ -quark decays, about üPü % for the fraction of ± -quark
decays without Pauli interference, about $ � % for the fraction of weak annihilation and about L # % for
the fraction of the Pauli interference.

The annihilation width, ñ (ann.), can be reliably estimated in the framework of inclusive ap-
proaches. Let us consider, for instance, the effective weak interaction Hamiltonian in the quark transition± 
 ³ U� � : & µ�� � {��ü y ü � J + � �Ã ÿ ð g ¥ E\} H�� ¥ j g � E\} H�� � ñ ú (4.194)

with � Î � U� � È � E $ L È�É H � � U ±�� È � E $ L È�É H ³���� U� � È � E $ L È�É H � � U ± � È � E $ L È�É H ³�� ú (4.195)

where � ú�� are colour indices. The factors g Î E\} H account for the corrections induced by hard gluons to
the corresponding four-fermion operators. A review on the evaluation of g Î E\} H can be found in [328].
The normalization condition is given by g Î E x + Hy� $ . A natural choice for } in decays with given
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Fig. 4.31: The � Ù lifetime calculated in QCD sum rules versus the scale of the hadronic weak Lagrangian in
the decay of the charm quark. The wide shaded region, taken from Ref. [308], shows the uncertainty of the
semi-inclusive estimates, the dark shaded region is the preferable choice as given by the lifetimes of charmed
mesons. The dots represent the values in the OPE approach by M. Beneke and G. Buchalla (left point) and
A. Onishchenko (right point) taken from Refs. [305]. The narrow shaded region represents the result of [309]
obtained by summing up the exclusive channels with a variation of the hadronic scale in the decays of the 9z in the
range of J�� � � �! Gev. The arrow points to the preferable prescription of �(F¥�/M "# Gev as discussed in [308].

initial and final hadronic states should correspond to the scale at which the hadronic matrix elements are
evaluated. We also define $ � E\} H2� $ü � J Ö g ¥ E\} H E � J j $ H j g � E\} H E � J L $ H × ú$ � E\} H2� $ü � J Ö g ¥ E\} H E � J j $ H¦L g � E\} H E � J L $ H × � (4.196)

Then, we obtain ñ (ann.) � �� �Àá � J { ��� ] S � + JsS � N �%  p x �� E $ L x �� � x � % J H � � g � ú (4.197)

where N %  § � ^�^ MeV (see below), g á � $ for the û ¥ � á -channel, g J � ý S � J�& S � $ � � for the ³ U� -channel,
and the gluon corrections for the annihilation into hadrons go in the factor $ �ò� $ � üPü � ^ � ^ � (see [328]).
This estimate of the quark contribution does not depend on a hadronization model, since a large energy
release, of the order of the meson mass, takes place. Moreover, one can see that the contributions from
light leptons and quarks can be neglected.

As for the non-annihilation decays, in the approach of the OPE for the quark currents of weak
decays [305], one takes into account ø(' corrections to the free quark decays and uses the quark–hadron
duality for the final states. Then one considers the matrix element for the transition operator over the
meson state. The latter allows one also to take into account the effects caused by the motion and virtuality
of the decaying quark inside the meson because of the interaction with the spectator. In this way theU± 
 U³h³ U� decay mode turns out to be suppressed almost completely due to the Pauli interference with the
charm quark from the initial state. Besides, the ³ -quark decays with the spectator U± quark are essentially
suppressed in comparison with the free quark decays because of the large binding energy in the initial
state.
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Table 4.33: Summary of theoretical predictions in various approaches for the branching ratios of the �ãÙ decay
modes calculated in the framework of the inclusive OPE approach (see M. Beneke and G. Buchalla in [305]), by
summing up the exclusive modes in potential models (for instance, in the model of [318, 319] used in [308]) and
according to the semi-inclusive estimates in the sum rules of QCD and NRQCD [307–309].Û J decay mode OPE, % PM, % SR, %U ± 
 U³hû ¥ � [ ý��@# � $ � ^ ý�� � ��^ �@# ü �@# �Ç^ � ýU ± 
 U³ � U� $ W � ü � �,� $ $ W � � � �,� ü $ ý�� $ � $ � ý) U ± 
 U³ ü ��� ^ � W � ü ü ��� ^� W � ü $ #�� W � $ �@#³ 
 �Iû ¥ � [ � �©� � ü � $ $ ^ � $ � ü �©� #�� ^<�Ç^ �@#³ 
 � � U� � � � ý � $�$ � � �Á����� � $�$ ��� �d�,� ^� �����) ³ 
 � W �,� ý � $ W � $ W ��� W � $ W ��� � ü � ^� � � üÛ ¥J 
 û ¥ � á ü �@# �l^ � � ü � ^ ��^ �©� $ � � �Ç^ � üÛ ¥J 
 ³ U� � � ü � $ � � � � ü � $ � � W � W �Ç^ � �

In an exclusive approach it is necessary to sum up widths of different decay modes calculated in
potential models. Considering the semileptonic decays due to the U ± 
 U³eû ¥ � [ and ³ 
 �sû ¥ � [ transitions, one
finds that the hadronic final states are practically saturated by the lightest $ w state in the E U³�³ H system,
i.e., ® J and �Z� � and the $ w states in the E.U±�� H system, i.e., Û & and Û �& . Further, the U± 
 U³ � U� channel, for
example, can be calculated through the decay width of U ± 
 U³�û ¥ � [ , taking into account colour factors and
hard gluon corrections to the four-quark interaction. It can be also obtained as a sum over the widths of
decays to E � U� H bound states.

The results of the calculation of the Û J total width in the inclusive OPE and exclusive PM ap-
proaches give values that are consistent with each other, if one takes into account the most significant
uncertainty, which is related to the choice of the quark masses (especially of the charm quark):

û î Û ¥J ò OPE, PM
� ^ �©��� �l^ � $ � ps

�
(4.198)

So, for instance, M. Beneke and G. Buchalla using OPE [305] give the estimate ^ ��� – ^ � � ps (see Fig. 4.31),
which slightly corrects a result by I. Bigi [305]: ^ ��� ps. As for the potential approach, despite huge
differences in details of exclusive estimates, models usually give a lifetime close to ^ ��� – ^ � W ps, although
the estimates strongly depend on the choice of the charm quark mass. We refer to the pioneering paper
by M. Lusignoli and M. Masetti [317]. The obtained value agrees with the measured one (4.192). In
Table 4.33 the reader may find summarized several theoretical results for inclusive decay channels.

The OPE estimates of inclusive decay rates agree with recent semi-inclusive calculations in the
sum rules of QCD and NRQCD [307, 308], where one assumes the saturation of hadronic final states by
the ground levels in the ³ U³ and U ±�� systems as well as the factorization that allows to relate the semileptonic
and hadronic decay modes. The Coulomb resummation plays an essential role in the Û J decays and
removes the disagreement between the estimates in sum rules and OPE. In contrast to OPE, where the
basic uncertainty is given by the heavy quark masses, these parameters are fixed by the two-point sum
rules for bottomonia and charmonia, so that the accuracy of SR calculations for the total width of the Û J
is determined by the choice of the scale } for the hadronic weak Lagrangian in decays of charmed quarks.
We show this dependence in Fig. 4.31, where x J � ü � } � x J . The dark shaded region corresponds to
the scales preferred by the data on the charmed meson lifetimes. Choosing the scale in the ³ 
 � decays
of Û J to be equal to } � %  § E�^ � � �+* ¢�£ H � , putting $ � E\} %  Hò� $ � ü ^ and neglecting the contributions of a
nonzero $ � in the charmed quark decays, in the framework of semi-inclusive sum rule calculations one
obtains [308] û î Û J ò SR

� ^ ��� � ��^ � ^ ��
 Þ ú (4.199)
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which agrees with the direct sum of exclusive channels presented in the next sections. In Fig. 4.31 we
also show the exclusive estimate of the lifetime from Ref. [309].

8.2 Exclusive decays
Typical values for the exclusive decay branching ratios of the Û J , as obtained in QCD SR [308,309], are
shown in Table 4.34 at given values of the factors $ � � � and lifetime. The uncertainty of such predictions
is about 15%, and the numbers essentially agree with most of the potential models within the theoretical
uncertainties of the QCD SR estimates. In square bracket we show the marginal deviations from the
central values obtained in some potential models.

In addition to the decay channels with a �Z� � well detectable through its leptonic mode, one could
expect significant information on the dynamics of Û J decays coming from channels with a single heavy
mesons, if the experimental efficiency is good enough to extract a signal from the cascade decays. Since
decays to excited charmonia in the final state (like P waves) [331, 332], radiative leptonic modes [333]
and some rare decays [334] are out of reach for the experimental facilities of the nearest future, we do
not display them in Table 4.34.

In [309] the U ± decay to the doubly charmed states is predicted to give¤ E�Û ¥J 
 U³h³À³ U� H2§ $ � ý$# % � (4.200)
Comparing the width with the estimate from the spectator decay [305],ñòE�Û ¥J 
 U³h³}³ U� H °° SR

§ ü ^ � $ ^ � � É GeV
ú

(4.201)ñ�E�Û ¥J 
 U³h³}³ U� H °° ' ¶ µ-, � n § # ^ õ $ ^ � � É GeV
ú

(4.202)

we see that they differ by a factor of about $ � �,�©� . The SR result is in agreement with an estimate in
OPE by M. Beneke and G. Buchalla of [305], though the uncertainty is quite large ( § 60%) due to the
mentioned uncertainty in the renormalization point as well as in the charm quark mass.

At present we can say that an accurate direct measurement of the Û J lifetime can provide in-
formation on the masses of the ³ and ± quarks and the normalization point of the non-leptonic weak
Lagrangian in the Û J decays (the $ � and $ � factors). The experimental study of semileptonic decays and
the extraction of ratios of form factors can test the spin symmetry of NRQCD and HQET and decrease the
uncertainties in the corresponding theoretical evaluation of the quark parameters as well as the hadronic
matrix elements. The measurement of branching fractions for semileptonic and non-leptonic modes and
their ratios can give information on the values of the factorization parameters, which depend again on
the normalization of the non-leptonic weak Lagrangian. The charm quark counting in the Û J decays is
related to the overall contribution of ± quark decays as well as to the suppression of U ± 
 ³ U³ U� transitions
because of the destructive interference, whose value depends on the nonperturbative parameters (roughly
said, the leptonic constant) and on the non-leptonic weak Lagrangian.

8.2.1 Semileptonic decays
The semileptonic decay rates estimated in the QCD sum rules for 3-point correlators [335] are underesti-
mated in [327], because large Coulomb-like corrections were not taken into account. The recent analysis
of SR in [306–308] decreased the uncertainty, so that the estimates agree with the calculations in the
potential models.

(A) Coulomb resummation
For the heavy quarkonium U ±e³ , where the relative quark velocity is small, Coulomb-like ø.' � Æ cor-

rections are important and have to be resummed. It is well known that taking into account these correc-
tions in two-point sum rules numerically enhances the Born value of the spectral density by a factor two
or three [316].
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Table 4.34: QCD SR predictions [308, 309] for the branching ratios of exclusive � �Ù decays with the choice of
factors: / Ù Ú F JºMÐÖO� and / ÙÞ F�HL�¦M ¦J�� in the non-leptonic decays of the 0 quark, and / � Ú F J�M J21 and / �Þ F HL�¦M Öº�
in the non-leptonic decays of the 9z quark. The lifetime of the � Ù is taken 354 � Ù7658 �/M 19 ps. The uncertainty of the
widths is estimated to be about 15%. The numbers in square brackets show the marginal values obtained in some
potential models [325, 326, 329, 330]. The maximal difference is of one order of magnitude.

Mode BR, %Û ¥J 
 ® J ü ¥ � 0.75 [0.5]Û ¥J 
 ® J û ¥ � 0.23 [0.2]Û ¥J 
 ® /J ü ¥ � 0.020 [0.05]Û ¥J 
 ® /J û ¥ � 0.0016 [–]Û ¥J 
 ��� �#ü ¥ � 1.9 [1]Û ¥J 
 ��� � û ¥ � 0.48 [0.35]Û ¥J 
 � / ü ¥ � 0.094 [0.2]Û ¥J 
 � / û ¥ � 0.008 [–]Û ¥J 
 - F ü ¥ � 0.004 [0.02]Û ¥J 
 - F û ¥ � 0.002 [0.08]Û ¥J 
 - � F ü ¥ � 0.018 [0.004]Û ¥J 
 - � F û ¥ � 0.008 [0.016]Û ¥J 
 Û F& ü ¥ � 4.03 [1]Û ¥J 
 Û � F& ü ¥ � 5.06 [1.2]Û ¥J 
 Û F ü ¥ � 0.34 [0.08]Û ¥J 
 Û � F ü ¥ � 0.58 [0.15]Û ¥J 
 ® J ] ¥ 0.20 [0.12]Û ¥J 
 ® J�: ¥ 0.42 [0.3]Û ¥J 
 ��� � ] ¥ 0.13 [0.08]Û ¥J 
 ��� � : ¥ 0.40 [0.2]Û ¥J 
 ® J � ¥ 0.013 [0.008]Û ¥J 
 ® J � � ¥ 0.020 [0.018]Û ¥J 
 ��� � � ¥ 0.011 [0.007]Û J 
 �Z� � � � ¥ 0.022 [0.016]Û ¥J 
 - ¥ - ç 0.0053 [0.0018]Û ¥J 
 - ¥ -<; ç 0.0075 [0.002]Û ¥J 
 - ; � - ç 0.0049 [0.0009]Û ¥J 
 - ; � - ; ç 0.033 [0.003]Û ¥J 
 - ¥& - ç 0.00048 [0.0001]Û ¥J 
 - ¥& - ; ç 0.00071 [0.00012]Û ¥J 
 - ; �& - ç 0.00045 [0.00005]Û ¥J 
 - ; �& -<; ç 0.0026 [0.0002]Û ¥J 
 ® J - ¥& 0.28 [0.07]

Mode BR, %Û ¥J 
 ® J - � ¥& 0.27 [0.07]Û ¥J 
 �Z� � - ¥& 0.17 [0.05]Û ¥J 
 �Z� � - � ¥& 0.67 [0.5]Û ¥J 
 ® J - ¥ 0.015 [0.04]Û ¥J 
 ® J - � ¥ 0.010 [0.002]Û ¥J 
 �Z� � - ¥ 0.009 [0.002]Û ¥J 
 �Z� � - � ¥ 0.028 [0.014]Û ¥J 
 Û F& ] ¥ 16.4 [1.6]Û ¥J 
 Û F& : ¥ 7.2 [2.4]Û ¥J 
 Û � F& ] ¥ 6.5 [1.3]Û ¥J 
 Û � F& : ¥ 20.2 [11]Û ¥J 
 Û F& � ¥ 1.06 [0.2]Û ¥J 
 Û � F& � ¥ 0.37 [0.13]Û ¥J 
 Û F& � � ¥ –Û ¥J 
 Û � F& � � ¥ –Û ¥J 
 Û F ] ¥ 1.06 [0.1]Û ¥J 
 Û F : ¥ 0.96 [0.2]Û ¥J 
 Û � F ] ¥ 0.95 [0.08]Û ¥J 
 Û � F : ¥ 2.57 [0.6]Û ¥J 
 Û F � ¥ 0.07 [0.01]Û ¥J 
 Û F � � ¥ 0.015 [0.012]]Û ¥J 
 Û � F � ¥ 0.055 [0.006]Û ¥J 
 Û � F � � ¥ 0.058 [0.04]Û ¥J 
 Û ¥ � F 1.98 [0.18]Û ¥J 
 Û ¥ � � F 0.43 [0.09]Û ¥J 
 Û � ¥ � F 1.60 [0.06]Û ¥J 
 Û � ¥ � � F 1.67 [0.6]Û ¥J 
 Û ¥ ] F 0.037 [0.004]Û ¥J 
 Û ¥ : F 0.034 [0.01]Û ¥J 
 Û � ¥ ] F 0.033 [0.003]Û ¥J 
 Û � ¥ : F 0.09 [0.03]Û ¥J 
 û ¥ � á 1.6Û ¥J 
 ³ U� 4.9

264



DECAY

(B) Primary modes
In practice, the most important information comes from the � mode, since this charmonium is

clearly detected in experiments [224, 301]. In addition to the investigation of various form factors and
their dependence on the momentum transfer squared, the measurement of the decay to � / , could answer
the question of the reliability of QCD predictions for the decays to excited states. At present, finite energy
sum rules predict the width of the Û ¥J 
 � / û ¥ � decay in reasonable agreement with potential models if
one takes into account an uncertainty of about 50%.

(C) Relations between the form factors
In the limit of infinitely heavy quark masses, the NRQCD and HQET Lagrangians possess spin

symmetry. The most familiar implication of such symmetry is the common Isgur–Wise function deter-
mining the form factors in the semileptonic decays of single heavy hadrons. In contrast to weak decays
with a light spectator quark, the Û J decays to � , ® J and Û Í � Ï& involve the heavy spectator, so that the
spin symmetry works only at recoil momenta close to zero, where the spectator enters the heavy hadron
in the final state with no hard gluon rescattering. Hence, we expect relations between the form factors
in the vicinity of zero recoil. The normalization of the form factor is not fixed, as it is in decays of
hadrons with a single heavy quark, since the heavy quarkonia wave functions are flavour dependent. In
practice, the ratios of form factors, which are fixed at zero recoil, are expected to exhibit a dependence on
the momentum transfer squared, which is not significant in actual numerical estimates in the restricted
region of the physical phase space. The SR estimates of the form factors show a good agreement with
the expectations, whereas the deviations can be traced back to the difference in the _ � evolution of the
form factors from the zero recoil point. This can be neglected within the accuracy of the SR method for
the transitions of Û J 
 U³�³ , as shown in [307]. The $ � x0Ð deviations from the symmetry relations in the
decays of Û ¥J 
 Û Í � Ï& ü ¥ � are about 10–15%, as found in the QCD sum rules considered in [308]. Form
factors for specific decay channels have been considered also in [322, 331].

The combinations of relations derived in [307, 308] reproduce the only equality in [336], which
was found for each mode in the strict limit of Æ �ò� Æ � also considered by Sanchis–Lozano in [337].

8.2.2 Leptonic decays
The dominant leptonic decay of the Û J is given by the û � á mode (see Table 4.33). However, it has a
low experimental efficiency of detection because of the hadronic background in the û decays. Recently,
in Refs. [333] the enhancement of muon and electron channels in the radiative modes has been studied.
The additional photon removes the helicity suppression for the leptonic decay of pseudoscalar particles,
leading to an increase of the muonic mode by about a factor two.

(A) Leptonic constant of Û J
In NRQCD the calculation of the leptonic constant for the heavy quarkonium with two-loop accu-

racy requires the two-loop matching of the NRQCD currents with the currents in full QCD,�>=@?9A� � UT � È�É`È � T � úCBEDGF =H?#A� �ÌLK� ö �ÇÆ � ú �I=H?#A� �KJ E\}MLON � �QP }SRTN , � H BUDGF =H?#A� E\}SRTN , � H ú
where the scale }ILVN � � gives the normalization point for the matching of NRQCD with full QCD, while}SRWN ,

�
denotes the normalization point for the calculations in perturbation theory in NRQCD.
For the pseudoscalar heavy quarkonium composed of heavy quarks with different flavours, the

Wilson coefficient J has been calculated with two-loop accuracy in Refs. [338] and [339]. In NRQCD
the current

B DGF =H?#A� has nonzero anomalous dimension, so that we find� ^�S B DGF =H?#A� E\} H S UTÜT " �KX E\} H Æ � N DGF =@?9AYÐ*Ð p YÐ*Ð ú (4.203)

where, in terms of nonrelativistic quarks, the leptonic constant for the heavy quarkonium is given by the
well-known relation with the wave function at the origin.
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Fig. 4.32: The leptonic constant of the ��Ù is presented versus the soft scale of normalization. The shaded re-
gion restricted by curves corresponds to the change of the hard scale from �[Z2\7]_^ÕF� Gev (the dashed curve) to� Z`\a]b^ F�Ö Gev (the solid curve) with the initial condition for the evolution of the normalization factor c 	��[d \aegf � ,c 	*J�M Öihkj`lK��F J and c«	*Jmhkj2l<��F J respectively, in the nonrelativistic current matrix element. The horizontal
band is the region expected from the QCD sum rules [306,327,340] and scaling relations for the leptonic constants
of heavy quarkonia [341]. In the overlap region, the leptonic constant of �äÙ depends weakly on the parameters.

Following the method described in [342,343], one can estimate the wave function of the U ±e³ quarko-
nium using the static potential given in [342]. Details of the calculations can be found in [344]. The result
of the calculation of the Û J leptonic constant is shown in Fig. 4.32. The final result of the two-loop cal-
culation is N %  � ý$#�� � $ �on ¢�£ ú (4.204)
which is close to an early estimate by S. Capstick and S. Godfrey in [304].

The result on N %  is in agreement with the scaling relation derived from the quasi-local QCD sum
rules [341], which use the regularity in the heavy quarkonium mass spectra, i.e., the fact that the splitting
between the quarkonium levels after averaging over the spins of the heavy quarks depends weakly on the
quark flavours. So, the scaling law for S-wave quarkonia has the formN �~p ~ þ p ~p � � � þ x � j x �� } � � � � � ³� ú (4.205)

where � is the radial quantum number, x � � � the masses of the heavy quarks composing the quarkonium,} � � the reduced mass and ³ a dimensional constant independent on both the quark flavours and � . The
accuracy depends on the heavy quark masses, and is discussed in detail in [341]. The parameter ³ can be
extracted from the known leptonic constants of � and ) .

8.2.3 Non-leptonic modes
With respect to the inclusive non-leptonic widths, which can be estimated in the framework of quark–
hadron duality (see Table 4.33), the calculation of exclusive modes usually involves factorization [86,
345], which, as expected, can be quite accurate for the Û J , since the quark–gluon sea is suppressed in the
heavy quarkonium. Thus, the important parameters are the factors $ � and $ � in the non-leptonic weak
Lagrangian, which depend on the normalization point.

The agreement of QCD SR estimates for the non-leptonic decays of the charm quark in the Û J with
the values predicted by potential models is rather good for the direct transitions with no permutation of
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colour lines, i.e., processes involving the factor $ � in the non-leptonic amplitude. In contrast, the sum rule
predictions are significantly enhanced in comparison with the values calculated in potential models for
transitions with colour permutation, i.e., for processes involving the factor $ � (see Table 4.34). Further,
for transitions U ± 
 ³ U³O� where the interference is significantly involved the size of the interference is about
35–50% of the width evaluated by neglecting interference terms. These estimates are in agreement with
the potential models of Refs. [322, 325].

At large recoils as in Û ¥J 
 � ] ¥ E : ¥ H , the spectator picture of transition can be broken by hard
gluon exchanges [346]. The spin effects in such decays were studied in [332]. Typically recoil effects
are taken into account to some extent in any relativistic approach like [322].

For the widths of non-leptonic ³ -quark decays the sum rule estimates are typically greater than
those of potential models24 . In this respect we note that the QCD SR calculations are consistent with
the inclusive ones. Summing up the calculated exclusive widths, the total width of the Û J meson is
shown in Fig. 4.31, which points to a good agreement of the exclusive calculations with those of OPE
and semi-inclusive estimates.

Another interesting point is the possibility to extract the factorization parameters $ � and $ � in the³ -quark decays by measuring the ratios of widthsñòE�Û ¥J 
 Û Í � Ï ¥ U� Í � Ï F HñòE�Û ¥J 
 Û Í � Ï F � Í � Ï ¥ H � °°°° � J�&� �J ÿ °°°° � $ ��$ � � ú (4.206)

where one should take identical sets of pseudoscalar and vector states in both decays. This procedure
can give a test for the factorization approach itself.

The suppressed decays caused by the flavour changing neutral currents were studied in [334].

(A) CP violation in Û J decays
CP violation in Û J decays can be investigated in the same way as in Û decays. The expected CP

asymmetry of X E�Û ÎJ 
��Z� � - Î H is about
� õ $ ^�� u , when the corresponding branching ratio is suppressed

as $ ^ �Ss [299]. Therefore, the direct study of CP violation in Û J decays is practically difficult because of
the low relative yield of Û J with respect to ordinary Û mesons: à2E�Û J HR� à2E�Û H � $ ^ � u .As mentioned at the beginning, the Û J meson is expected to be copiously produced in future
colliders. In such circumstances a possible challenge is whether one could get an opportunity to extract
some information about the CKM unitarity triangle from the Û J in a model independent way. Indeed,
there is such an opportunity for the angle È using the strategy of the reference triangles [352] in the decays
of doubly heavy hadrons. This strategy for the study of CP violation in Û J decays was originally proposed
by M. Masetti [299], independently investigated by R. Fleischer and D. Wyler [299] and extended to
the case of doubly heavy baryons in [353]. Other possibilities include the lepton tagging of Û & in theÛ ÎJ 
 Û Í � Ï& û Î � decays for the study of mixing and CP violation in the Û & sector [354], and a possible
transverse polarization of the û lepton in Û J 
 û U� á È [347].

The triangle strategy is based on the direct determination of absolute values for the set of four
decays, at least: the decays of the hadron into the tagged - F meson, the tagged U- F meson, the tagged
CP-even state of - F , and the decay of the anti-hadron into the tagged CP-even state of - F . To illustrate
the point, let us consider the decaysÛ ¥J 
l- F - ¥& and Û ¥J 
 U- F - ¥& �
The corresponding diagrams with the decay of U ± -quark are shown in Figs. 4.33 and 4.34.

The exclusive modes do not have penguin terms at the leading order in the Fermi constant {+�
that we consider here. However, the diagram with the weak annihilation of two constituents, i.e., the

24See also the recent discussions on the �p decays in [329, 330, 347–351].
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Û ¥J - F
- ¥&+

J
Ã J & + Ã

J
&J

Fig. 4.33: The diagrams of 9 z -quark decay contributing to the weak transition �m�Ù �rq¬�Oq �s .

Û ¥J - ¥&
U- F Û ¥J - ¥&

U- F
+

J
J Ã & +

&J Ã JJ
Fig. 4.34: The diagrams of 9 z -quark decay contributing to the weak transition �m�Ù � 9q¬�Oq �s .

charmed quark and beauty antiquark in the Û ¥J meson, can contribute at the next order in ø(' as shown
in Fig. 4.34 for the given final state. Nevertheless, we see that such diagrams have the same weak-
interaction structure as at tree level. The magnitude of the ø.' corrections to the absolute values of the
corresponding decay widths is discussed in [300]. We expect the sides of the reference-triangles to be of
the same order of magnitude, which makes the method an attractive way to extract the angle È .

The predictions of QCD sum rules for the exclusive decays of Û J are summarized in Table 4.35
at fixed values of $ � � � and lifetime. For the sake of completeness and comparison we show the estimates
for the channels with the neutral - meson and charged - ¥ as well as for the vector states in addition to
the pseudoscalar ones.

First, we see that the similar decay modes without the strange quark in the final state can also
be used, in principle, for the extraction of È , however, these channels are more problematic since the
sides of the reference-triangles significantly differ from each other25, so that the measurements have to
be extremely accurate to get useful information on the angle, which means that one has to accumulate a
huge statistics for the dominant mode.

Second, the decay modes with the vector neutral - meson in the final state are useless for the
purpose of the CKM measurement under the discussed approach. However, the modes with the vector
charged - � and - �& mesons can be important for the extraction of È . For instance, one could consider
the modes - � ¥ 
Ç- F ] ¥ and - F 
 � � ] ¥ . The neutral charmed meson should be carefully treated in
order to avoid misidentification with the primary one. Otherwise, one could use the mode with the
neutral pion, - � ¥ 
�- ¥ ] F , whose detection in an experimental facility could be problematic. The same
considerations apply to the vector meson - � ¥& , whose radiative electromagnetic decay is also problematic
for the detection, since the photon could be easily lost. On the other hand, the loss of the photon does
not disturb the analysis in the case of fully reconstructed - ¥& and Û ¥J .

In the BTeV [310] and LHCb [311] experiments one expects the Û J production at the level of sev-
eral billion events. Therefore, one expects $ ^ s – $ ^ É decays of Û J in the gold-plated modes under interest.

25The ratio of widths is basically determined by t u gv uxwzyz{9|2t | ¾ t uxw v u  y�{G}`t |I~ �Q�R� , if we ignore the interference effects.
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Table 4.35: QCD SR predictions [300] for the branching ratios of exclusive �Í�Ù decays with the choice of factors:/ � Ú FÏJºMUJ`1 and / �Þ F�HL�¦M Öº� in the non-leptonic decays of 9 z quark. The lifetime of the � Ù is taken 354 � Ù�6�8 �/M 19 ps.
For comparison we show in square brackets minimal values estimated in the potential models of [299].

Mode BR, $ ^ ���Û ¥J 
 - ¥ - ç 53 [18]Û ¥J 
 - ¥ - ; ç 75 [20]Û ¥J 
 - ; � - ç 49 [9]Û ¥J 
 - ; � -�; ç 330 [30]Û ¥J 
 - ¥& - ç 4.8 [1]Û ¥J 
 - ¥& - ; ç 7.1 [1.2]Û ¥J 
 - ; �& - ç 4.5 [0.5]Û ¥J 
 - ; �& - ; ç 26 [2]

Mode BR, $ ^ ���Û ¥J 
 - ¥ - ç 0.32 [0.1]Û ¥J 
 - ¥ - ; ç 0.28 [0.07]Û ¥J 
 - ; � - ç 0.40 [0.4]Û ¥J 
 - ; � - ; ç 1.59 [0.4]Û ¥J 
 - ¥& - ç 6.6 [1.7]Û ¥J 
 - ¥& - ; ç 6.3 [1.3]Û ¥J 
 - ; �& - ç 8.5 [8.1]Û ¥J 
 - ; �& - ; ç 40.4 [6.2]

The experimental challenge is the efficiency of detection. One usually gets a 10% efficiency for the ob-
servation of distinct secondary vertices outstanding from the primary vertex of beam interaction. Next,
one has to take into account the branching ratios of - & and - F mesons. This efficiency crucially depends
on whether one can detect the neutral kaons and pions or not. So, for the - & meson the corresponding
branching ratios grow from 4% (no neutral

�
and ] ) to 25%. The same interval for the neutral - F is

from 11% to 31%. The detection of neutral kaon is necessary for the measurement of decay modes into
the CP-odd state - � of the neutral - F meson, however, one can omit this cross-check channel from the
analysis in dealing with the CP-even state - � . The corresponding intervals of branching ratios reachable
by the experiments are from 0.5% to 1.3% for the CP-even state and from 1.5% to 3.8% for the CP-odd
state of - F . A pessimistic estimate for the product of branching ratios is about ü õ $ ^ �Ss , which results
in ü – ü ^ reconstructed events.
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[264] J. G. Körner, J. H. Kühn, M. Krammer and H. Schneider, Nucl. Phys. B 229, 115 (1983).
[265] H. Albrecht et al. [ARGUS Collaboration], Z. Phys. C 35, 283 (1987).
[266] F. Butler et al. [CLEO Collaboration], Phys. Rev. D 49, 40 (1994); I. C. Brock et al., Phys. Rev.

D 43, 1448 (1991).
[267] D. Besson et al. [CLEO Collaboration], Phys. Rev. D 30, 1433 (1984).
[268] V. Fonseca et al. [CUSB Collaboration], Nucl. Phys. B 242, 31 (1984).
[269] D. Gelphman et al. [Crystal Ball Collaboration], Phys. Rev. D 32, 2893 (1985).
[270] R. N. Cahn, Phys. Rev. D 12, 3559 (1975).
[271] S. Chakravarty and P. Ko, Phys. Rev. D 48, 1205 (1993).
[272] G. Belanger, T. Degrand and P. Moxhay, Phys. Rev. D 39, 257 (1989).
[273] D. Morgan and M. R. Pennington, Phys. Rev. D 12, 1283 (1975).
[274] J. P. Alexander et al. [CLEO Collaboration], Phys. Rev. D 58, 052004 (1998) [arXiv:hep-

ex/9802024].
[275] M. B. Voloshin, JETP Lett. 37, 69 (1983) [Pisma Zh. Eksp. Teor. Fiz. 37, 58 (1983)]; T. N. Truong,

Univeristy of Virginia report (unpublished).
[276] V. V. Anisovich, D. V. Bugg, A. V. Sarantsev and B. S. Zou, Phys. Rev. D 51, 4619 (1995).
[277] H. J. Lipkin and S. F. Tuan, Phys. Lett. B 206, 349 (1988); P. Moxhay, Phys. Rev. D 39, 3497

(1989).

277



CHAPTER 4

[278] T. Komada, S. Ishida and M. Ishida, Phys. Lett. B 508, 31 (2001); M. Ishida, S. Ishida, T. Komada
and S. I. Matsumoto, Phys. Lett. B 518, 47 (2001).

[279] M. Uehara, Prog. Theor. Phys. 109, 265 (2003) [arXiv:hep-ph/0211029].
[280] S. K. Choi et al. [Belle Collaboration], Phys. Rev. Lett. 91, 262001 (2003) [arXiv:hep-

ex/0309032].
[281] W. M. Tanenbaum et al., Phys. Rev. Lett. 36, 402 (1976).
[282] W. Bartel et al., Phys. Lett. B 79, 492 (1978).
[283] R. Brandelik et al. [DASP Collaboration], “Experimental Results On The Decay Sequences Psi-

Prime (3685) 
 Gamma P(C) Nucl. Phys. B 160, 426 (1979).
[284] T. Himel et al., Phys. Rev. Lett. 44, 920 (1980).
[285] M. Oreglia et al., Phys. Rev. Lett. 45, 959 (1980).
[286] J. Z. Bai et al. [BES Collaboration], Nucl. Instrum. Meth. A 458, 627 (2001).
[287] M. Ablikim et al. [BES Collaboration], Phys. Rev. D 70, 012003 (2004) [arXiv:hep-ex/0404020].
[288] J. Z. Bai et al. [BES Collaboration], Nucl. Instrum. Meth. A 344, 319 (1994).
[289] T. A. Armstrong et al. [Fermilab E760 Collaboration], Phys. Rev. D 55, 1153 (1997).
[290] G. Abrams, Proceedings of the 1975 International Symposium on Lepton and Photon Interactions

at High Energies, published by the Stanford Linear Accelerator Center, 36 (1975).
[291] M. B. Voloshin, JETP Lett. 21, 347 (1975) [Pisma Zh. Eksp. Teor. Fiz. 21, 733 (1975)].
[292] J. Z. Bai et al. [BES Collaboration], Phys. Rev. D 62, 032002 (2000) [arXiv:hep-ex/9909038].
[293] Two of equations in Ref. [270] omitted interference terms. See [292].
[294] T. Ishida, M. Ishida, S. Ishida, K. Takamatsu and T. Tsuru, arXiv:hep-ph/9712230.
[295] T. Mannel and R. Urech, Z. Phys. C 73, 541 (1997) [arXiv:hep-ph/9510406].
[296] M. L. Yan, Y. Wei and T. L. Zhuang, Eur. Phys. J. C 7, 61 (1999) [arXiv:hep-ph/9805354].
[297] S. L. Olsen [Belle Collaboration], Int. J. Mod. Phys. A 20, 240 (2005) [arXiv:hep-ex/0407033].
[298] D. Acosta et al. [CDF II Collaboration], Phys. Rev. Lett. 93, 072001 (2004) [arXiv:hep-

ex/0312021].
[299] M. Masetti, Phys. Lett. B 286, 160 (1992); R. Fleischer and D. Wyler, Phys. Rev. D 62, 057503

(2000) [arXiv:hep-ph/0004010]; M. A. Ivanov, J. G. Körner and O. N. Pakhomova, Phys. Lett. B
555, 189 (2003) [arXiv:hep-ph/0212291]; Y. S. Dai and D. S. Du, Eur. Phys. J. C 9, 557 (1999)
[arXiv:hep-ph/9809386]; J. F. Liu and K. T. Chao, Phys. Rev. D 56, 4133 (1997).

[300] V. V. Kiselev, J. Phys. G 30, 1445 (2004) [arXiv:hep-ph/0302241].
[301] F. Abe et al., CDF Collaboration, Phys. Rev. D58, 112004 (1998).
[302] S. S. Gershtein et al., Sov. J. Nucl. Phys. 48, 327 (1988), [Yad. Fiz. 48, 515 (1988)]; V. V. Kiselev,

A. K. Likhoded and A. V. Tkabladze, Sov. J. Nucl. Phys. 46, 535 (1987) [Yad. Fiz. 46, 934 (1987)];
S. S. Gershtein, A. K. Likhoded and S. R. Slabospitsky, Int. J. Mod. Phys. A 6, 2309 (1991);
S. S. Gershtein et al., Phys. Rev. D 51, 3613 (1995); A. V. Berezhnoi, V. V. Kiselev, A. K. Likhoded
and A. I. Onishchenko, Phys. Atom. Nucl. 60, 1729 (1997) [Yad. Fiz. 60N10, (1997)] [arXiv:hep-
ph/9703341].

[303] N. Brambilla and A. Vairo, Phys. Rev. D 62, 094019 (2000) [arXiv:hep-ph/0002075].
[304] S. Capstick and S. Godfrey, Phys. Rev. D 41, 2856 (1990).
[305] I. I. Y. Bigi, Phys. Lett. B 371, 105 (1996) [arXiv:hep-ph/9510325]; M. Beneke and G. Buchalla,

Phys. Rev. D 53, 4991 (1996) [arXiv:hep-ph/9601249]; A. I. Onishchenko, arXiv:hep-ph/9912424;
C. H. Chang, S. L. Chen, T. F. Feng and X. Q. Li, Commun. Theor. Phys. 35, 51 (2001); Phys. Rev.
D 64, 014003 (2001) [arXiv:hep-ph/0007162].

[306] V. V. Kiselev and A. V. Tkabladze, Phys. Rev. D 48, 5208 (1993).
[307] V. V. Kiselev, A. K. Likhoded and A. I. Onishchenko, Nucl. Phys. B 569, 473 (2000) [arXiv:hep-

278



DECAY

ph/9905359].
[308] V. V. Kiselev, A. E. Kovalsky and A. K. Likhoded, Nucl. Phys. B 585, 353 (2000) [arXiv:hep-

ph/0002127]; arXiv:hep-ph/0006104.
[309] V. V. Kiselev, arXiv:hep-ph/0211021.
[310] K. Anikeev et al., arXiv:hep-ph/0201071.
[311] I. P. Gouz, V. V. Kiselev, A. K. Likhoded, V. I. Romanovsky and O. P. Yushchenko, Phys. Atom.

Nucl. 67, 1559 (2004) [Yad. Fiz. 67, 1581 (2004)] [arXiv:hep-ph/0211432].
[312] J. D. Bjorken, draft report 07/22/86 (1986) [unpublished].
[313] V. V. Kiselev and A. K. Likhoded, Phys. Usp. 45, 455 (2002) [Usp. Fiz. Nauk 172, 497 (2002)]

[arXiv:hep-ph/0103169]; A. V. Berezhnoi, V. V. Kiselev and A. K. Likhoded, Phys. Atom. Nucl.
59, 870 (1996) [Yad. Fiz. 59, 909 (1996)] [arXiv:hep-ph/9507242]; S. P. Baranov, Phys. Rev. D
54, 3228 (1996); M. A. Doncheski, J. Steegborn and M. L. Stong, Phys. Rev. D 53, 1247 (1996)
[arXiv:hep-ph/9507220]; A. V. Berezhnoi, V. V. Kiselev, A. K. Likhoded and A. I. Onishchenko,
Phys. Rev. D 57, 4385 (1998) [arXiv:hep-ph/9710339]; V. V. Kiselev and A. E. Kovalsky, Phys.
Atom. Nucl. 63, 1640 (2000) [Yad. Fiz. 63, 1728 (2000)] [arXiv:hep-ph/9908321]; V. V. Braguta,
V. V. Kiselev and A. E. Chalov, Phys. Atom. Nucl. 65, 1537 (2002) [Yad. Fiz. 65, 1575 (2002)].

[314] T. Mannel and G. A. Schuler, Z. Phys. C 67, 159 (1995) [arXiv:hep-ph/9410333].
[315] M. E. Luke, A. V. Manohar and I. Z. Rothstein, Phys. Rev. D 61, 074025 (2000) [arXiv:hep-

ph/9910209]; A. V. Manohar and I. W. Stewart, Phys. Rev. D 63, 054004 (2001) [arXiv:hep-
ph/0003107]; A. H. Hoang, A. V. Manohar and I. W. Stewart, Phys. Rev. D 64, 014033 (2001)
[arXiv:hep-ph/0102257].

[316] M. A. Shifman, A. I. Vainshtein and V. I. Zakharov, Nucl. Phys. B 147, 448 (1979); ibid.
385 (1979); ibid. 519 (1979); V. A. Novikov, L. B. Okun, M. A. Shifman, A. I. Vainshtein,
M. B. Voloshin and V. I. Zakharov, Phys. Rept. 41, 1 (1978); L. J. Reinders, H. Rubinstein and
S. Yazaki, Phys. Rept. 127, 1 (1985).

[317] M. Lusignoli and M. Masetti, Z. Phys. C 51, 549 (1991).
[318] V. V. Kiselev, Mod. Phys. Lett. A 10, 1049 (1995) [arXiv:hep-ph/9409348]; V. V. Kiselev, Int. J.

Mod. Phys. A 9, 4987 (1994).
[319] V. V. Kiselev, A. K. Likhoded and A. V. Tkabladze, Phys. Atom. Nucl. 56, 643 (1993), Yad. Fiz.

56, 128 (1993).
[320] V. V. Kiselev and A. V. Tkabladze, Yad. Fiz. 48, 536 (1988); G. R. Jibuti and Sh. M. Esakia, Yad.

Fiz. 50, 1065 (1989), ibid. 51, 1681 (1990).
[321] A. Abd El-Hady, J. H. Munoz and J. P. Vary, Phys. Rev. D 62, 014019 (2000) [arXiv:hep-

ph/9909406].
[322] C. H. Chang and Y. Q. Chen, Phys. Rev. D 49, 3399 (1994).
[323] M. A. Ivanov, J. G. Körner and P. Santorelli, Phys. Rev. D 63, 074010 (2001) [arXiv:hep-

ph/0007169].
[324] D. Scora and N. Isgur, Phys. Rev. D 52, 2783 (1995) [arXiv:hep-ph/9503486].
[325] A. Y. Anisimov, I. M. Narodetsky, C. Semay and B. Silvestre-Brac, Phys. Lett. B 452, 129

(1999) [arXiv:hep-ph/9812514]; A. Y. Anisimov, P. Y. Kulikov, I. M. Narodetsky and K. A. Ter-
Martirosian, Phys. Atom. Nucl. 62, 1739 (1999) [Yad. Fiz. 62, 1868 (1999)] [arXiv:hep-
ph/9809249].

[326] P. Colangelo and F. De Fazio, Phys. Rev. D 61, 034012 (2000) [arXiv:hep-ph/9909423].
[327] P. Colangelo, G. Nardulli and N. Paver, Z. Phys. C 57, 43 (1993); E. Bagan, H. G. Dosch, P. Gos-

dzinsky, S. Narison and J. M. Richard, Z. Phys. C 64, 57 (1994) [arXiv:hep-ph/9403208].
[328] G. Buchalla, A. J. Buras and M. E. Lautenbacher, Rev. Mod. Phys. 68 (1996) 1125 [arXiv:hep-

ph/9512380].

279



CHAPTER 4

[329] R. C. Verma and A. Sharma, Phys. Rev. D 65, 114007 (2002).
[330] D. Ebert, R. N. Faustov and V. O. Galkin, Mod. Phys. Lett. A 17, 803 (2002) [arXiv:hep-

ph/0204167]; Eur. Phys. J. C 32, 29 (2003) [arXiv:hep-ph/0308149]; Phys. Rev. D 68, 094020
(2003) [arXiv:hep-ph/0306306].

[331] C. H. Chang, Y. Q. Chen, G. L. Wang and H. S. Zong, Phys. Rev. D 65, 014017 (2002) [arXiv:hep-
ph/0103036]; Commun. Theor. Phys. 35, 395 (2001) [arXiv:hep-ph/0102150].

[332] O. N. Pakhomova and V. A. Saleev, Phys. Atom. Nucl. 63, 1999 (2000); Yad. Fiz. 63, 2091 (2000)
[arXiv:hep-ph/9911313]; V. A. Saleev, arXiv:hep-ph/0007352; V. V. Kiselev, O. N. Pakhomova and
V. A. Saleev, J. Phys. G 28, 595 (2002) [arXiv:hep-ph/0110180]; G. Lopez Castro, H. B. Mayorga
and J. H. Munoz, J. Phys. G 28, 2241 (2002) [arXiv:hep-ph/0205273].

[333] G. Chiladze, A. F. Falk and A. A. Petrov, Phys. Rev. D 60, 034011 (1999) [arXiv:hep-
ph/9811405]; C. H. Chang, J. P. Cheng and C. D. Lu, Phys. Lett. B 425, 166 (1998) [arXiv:hep-
ph/9712325]; T. M. Aliev and M. Savci, Phys. Lett. B 434, 358 (1998) [arXiv:hep-ph/9804407]; J.
Phys. G 24, 2223 (1998) [arXiv:hep-ph/9805239]; P. Colangelo and F. De Fazio, Mod. Phys. Lett.
A 14, 2303 (1999) [arXiv:hep-ph/9904363].

[334] D. S. Du, X. l. Li and Y. d. Yang, Phys. Lett. B 380, 193 (1996) [arXiv:hep-ph/9603291]; S. Fajfer,
S. Prelovsek and P. Singer, Phys. Rev. D 59, 114003 (1999) [Erratum-ibid. D 64, 099903 (2001)]
[arXiv:hep-ph/9901252]; T. M. Aliev and M. Savci, Phys. Lett. B 480, 97 (2000) [arXiv:hep-
ph/9908203].

[335] P. Ball, M. Beneke and V. M. Braun, Nucl. Phys. B 452, 563 (1995) [arXiv:hep-ph/9502300];
Phys. Rev. D 52, 3929 (1995) [arXiv:hep-ph/9503492]; P. Ball, V. M. Braun and H. G. Dosch, Phys.
Rev. D 48, 2110 (1993) [arXiv:hep-ph/9211244]; A. A. Ovchinnikov and V. A. Slobodenyuk, Sov.
J. Nucl. Phys. 50, 891 (1989) [Yad. Fiz. 50, 1433 (1989)]; Z. Phys. C 44, 433 (1989).

[336] E. Jenkins, M. E. Luke, A. V. Manohar and M. J. Savage, Nucl. Phys. B 390, 463 (1993)
[arXiv:hep-ph/9204238].

[337] M. A. Sanchis-Lozano, Nucl. Phys. B 440, 251 (1995) [arXiv:hep-ph/9502359].
[338] E. Braaten and S. Fleming, Phys. Rev. D 52, 181 (1995) [arXiv:hep-ph/9501296].
[339] A. I. Onishchenko and O. L. Veretin, arXiv:hep-ph/0302132.
[340] S. Narison, Phys. Lett. B 210, 238 (1988); V. V. Kiselev and A. V. Tkabladze, Sov. J. Nucl.

Phys. 50, 1063 (1989) [Yad. Fiz. 50, 1714 (1989)]; T. M. Aliev and O. Yilmaz, Nuovo Cim. A
105, 827 (1992); S. Reinshagen and R. Rückl, CERN-TH-6879-93 Invited talk at 28th Rencon-
tres de Moriond: QCD and High Energy Hadronic Interactions, Les Arcs, France, 20-27 Mar
1993; MPI-PH-93-88 Invited talk at Workshop on Quantum Field Theoretical Aspects of High En-
ergy Physics, Kyffhauser, Germany, Sep 20-24, 1993; M. Chabab, Phys. Lett. B 325, 205 (1994);
A. I. Onishchenko, arXiv:hep-ph/0005127.

[341] V. V. Kiselev, Phys. Part. Nucl. 31, 538 (2000) [Fiz. Elem. Chast. Atom. Yadra 31, 1080 (2000)];
S. S. Gershtein, V. V. Kiselev, A. K. Likhoded, A. V. Tkabladze, A. V. Berezhnoi and A. I. On-
ishchenko, arXiv:hep-ph/9803433; V. V. Kiselev, Int. J. Mod. Phys. A 11, 3689 (1996) [arXiv:hep-
ph/9504313]; V. V. Kiselev, Nucl. Phys. B 406, 340 (1993).

[342] V. V. Kiselev, A. E. Kovalsky and A. I. Onishchenko, Phys. Rev. D 64, 054009 (2001) [arXiv:hep-
ph/0005020].

[343] V. V. Kiselev, A. K. Likhoded, O. N. Pakhomova and V. A. Saleev, Phys. Rev. D 65, 034013
(2002) [arXiv:hep-ph/0105190].

[344] V. V. Kiselev, arXiv:hep-ph/0304017.
[345] M. A. Shifman, Nucl. Phys. B 388, 346 (1992); B. Blok, M. Shifman, Nucl. Phys. B 389, 534

(1993).
[346] S. S. Gershtein et al., arXiv:hep-ph/9803433; V. V. Kiselev, Phys. Lett. B 372, 326 (1996)

280



DECAY

[arXiv:hep-ph/9507228]; arXiv:hep-ph/9605451.
[347] C. H. Chang, A. K. Giri, R. Mohanta and G. L. Wang, J. Phys. G 28, 1403 (2002) [arXiv:hep-

ph/0204279].
[348] M. A. Nobes and R. M. Woloshyn, J. Phys. G 26, 1079 (2000) [arXiv:hep-ph/0005056].
[349] T. Mannel and S. Wolf, Phys. Rev. D 65, 074012 (2002) [arXiv:hep-ph/0109250].
[350] J. P. Ma and J. S. Xu, Eur. Phys. J. C 24, 261 (2002); X. G. Wu, C. H. Chang, Y. Q. Chen and

Z. Y. Fang, Phys. Rev. D 67, 094001 (2003) [arXiv:hep-ph/0209125]; C. H. Chang, arXiv:hep-
ph/0205112.

[351] A. Faessler, T. Gutsche, M. A. Ivanov, J. G. Korner and V. E. Lyubovitskij, Eur. Phys. J. directC
4, 18 (2002) [arXiv:hep-ph/0205287]; C. Q. Geng, C. W. Hwang and C. C. Liu, Phys. Rev. D 65,
094037 (2002) [arXiv:hep-ph/0110376].

[352] M. Gronau and D. Wyler, Phys. Lett. B 265, 172 (1991).
[353] V. V. Kiselev and O. P. Yushchenko, Phys. Lett. B 568, 219 (2003) [arXiv:hep-ph/0211382].
[354] C. Quigg, FERMILAB-CONF-93-265-T Presented at Summer Workshop on B Physics at Hadron

Accelerators, Snowmass, Colorado, 21 Jun - 2 Jul 1993.

281




